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Internal Conversion Coefficient of Bal37 


By Toshio AZUMA 
Physics Department, Naniwa University, Sakai, Osaka 


(Received June 8, 1953) 


Internal conversion coefficient of Bal’? has been investigated with 


a double coil, magnetic lens beta-ray spectrometer. 


The relative 


intensities of the internal conversion electrons of the 663 KeV gamma- 
ray for K and L, L and M energy levels have been estimated as 
4.62+0.18 and 15.0+0.8, respectively. The value of K/L is in aceored 
with the previous experimental values and that of L/M is presented 


as a new value. 


$1. Introduction 


The radioactive decay of Cs'°7 was deter- 
mined by Waggoner as shown in Fig. 1. 
The spin of the metastable state of Ba’? was 
determined by the analysis of the 518 KeV 
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Fig. 1. Decay scheme of Cs!87 with spins 
and parities to the nuclear levels in its 
decay. 


beta-ray spectrum and of the internal conver- 
sion of the 663 KeV gamma-ray. The shape 
of the 518 KeV beta-ray spectrum was found 
to be first forbidden of either tensor or axial 
vector form®*#), The experimental a, was 
in accord with the theoretical value of the 
magnetic 2'-pole radiation. But the value of 
K/L obtained experimentally was lower than 
the theoretical value, the latter, however, 
is supposed to be erroneous owing to the ap- 
proximation method used in the calculation. 

Recently semi-empirical curve of A/Z of 
magnetic 2!-pole radiation was presented by 
Goldhaber and Sunyar®. There exist many 
isomers which deviate from it. The experi- 
mental value of K/Z of Ba"? is one of those 
which deviate from it, which is 10 percent 
lower than their semi-empirical value. The 
amount of TOO eae seems to be beyond the 
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experimental erros. There are none of ac- 
curate theoretical and semi-empirical values 
of K/Z of Ba’, and also none who tried to 
check these values after Goldhaber and Sun- 
yar. We have intended to so with the beta- 
ray spectrometer of 1.4 percent resolution, 
and also estimate the value of Z/M. 


§2. Experimental Arrangement 


A double coil, magnetic lens beta-ray spec- 
trometer was used in these measurements. 
The aluminium baffle system in the chamber 
was arranged as almost the same as those of 
Van Atta et al®, so the effect of scattering 
in the chamber could be eliminated almost 
entirely. The axis of the spectrometer was 
improved by the final alignment of the cham- 
ber with the K peak of the internal conver- 
sion electrons from Ba'%’, and was ascertained 
by the photograph of the x-ray film which 
was set at the position of the counter window 
and exposed during five hours. 

The radioactive isotope used was obtained 
from the Oak Ridge National Laboratory. 
The sources were prepared by first defining 
the source area with insulin on a thin Aqua- 
dack Zapon film of about 30 ug/cm? thick to 
avoid the source charging up”. The active 
material in solution was then applied to this 
area and dried quickly under an infra red 
lamp. The resolution of the spectrometer 
used was 1.4 per cent with the source size of 
2mm in diameter and the counter window 
of 3mm in diameter. The G-M counter 
used for the detection of beta-particles was 
one of end window type whose mica thick- 
ness was 2.9 mg/cm’. 

The coil current was stabilized at better 


than 1/50,000 by the stabilizer circuit of 
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Lawson and Tylor type!™, and was measured 
by the potensiometer and galvanometer 
system, using the standard resistance of 0.1 
ohm, 15 ampere. The sensitivity of the 
galvanometer system was such that the 10 
mm division on the lamp scale correspond 
to the 1 milianipere deviation of the coil 
current. The steady state of the coil tem- 
perature was attained by the method of water 
cooling which was flowed in the space be- 
tween the aluminium frame and the chamber. 
The measurement was performed after it 
was ascertained that its steady state was 
reached. 


§3. Shape of the 518 KeV Beta-ray Spec- 
trum and the Value of a, 

We have reinvestigated the shape of the 
518 KeV beta-ray spectrum and obtained the 
value of the internal conversion coefficient 
a,. The uncorrected Fermi plot, and the 
Fermi plot corrected with two kinds of 
correction factors (a) and (c) are shown in 
Fig. 2 A, B and C respectively. The correc- 
tion factors (a) and (c) are 
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Fig. 2. The Fermi plot of the 518 KeV beta- 


ray spectrum from Cs137, A; The un- 
corrected Fermi plot, B; The Fermi plot 
corrected with the correction factor (a), 
C; The Fermi plot corrected with the 
correction factor (ce). 


where W is the electron energy in unit of 
mc, and W, is the total energy available 
for the beta-ray transition in unit of MpC?. 
A rather good fit of the correction factor (a) 
was in agreement with the previous 
results”), and indicate that the interaction 
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is of either tensor or axial form, obeyed the 


selection rule of 4J=-+2, and change of parity. |} 

There are two methods to evaluate the ex- | 
Waggoner tried | 
both of them and estimated the value of ax |} 


perimental value of @,». 


of Bal? within the errors of 4 percents, which 


agreeded the theoretical value for magnetic |f 


2!-pole radiation, M(2‘).1 2 The spin of the 
Bal? isomer was assumed to be —11/2 from 
the selection rule of the 518 KeV beta-ray 
spectrum and that of the radiation type of | 
the 663 Kev gamma-ray. 

We have evaluated the value of a, in these 
measurements following the method of the 
comparison of area. The momentum plot of 
the beta-ray spectrum was reconstructed from 
the corrected Fermi plot with the correction 
factor (a). The effect of the thickness of 
the counter window in the energy region be- 
low 120 KeV was eliminated by this proce- 
dure. The value of a, was then obtained as 
the ratio of the reconstructed area of the 
beta-ray spectrum and the area of the inter- | 
nal K conversion electrons. The mean value 
of a, obtained was 0.096-++0.005. This value 
agrees with those obtained by others”). 


$4. K/L, L/M Ratios and Discussions 


A typical example of the data obtained for 
the determination of the relative intensities, 
K/Z and Z/M ratios, are shown in Fig. 3a 
and b. Fig. 3b depicts the counts of the Z 
and M region enlarged. Observation records 
are taken at an interval of 5.6 gauss-cm 
which corresponds to 5 miliampere of the 
coil current and 2.3 gauss-cm around the M 
conversion peak. The M conversion peak 
could be detected clearly when we used the 
stronger sources of about 30 and 60 micro- 
curie equivalent intensities, with the resolu- 
tion of 1.4 percents. The relative intensities 
of these conversion peaks are estimated from 
the area under each peaks. We met some- 
times some ambiguities in estimating the 
area, but the values of the ratios K/Z and 
L/M obtained in 5 runs agreed with each 
other within the error of about 5 percents. 
The results obtained are shown in Table I 
together with the diameter of the source in 
mm and the intensities in micro-curie. The 
mean values obtained are 4.62-+0.18 for K/L 
and 15.0+0.8 for Z/M. The value of K/L 
obtained is in general accord with those of 
previous authors, which are 4.79, 4.8, and 
5.0%. The value of Z/M is presented as a 
new value. 
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Fig. 3. The internal conversion lines for the 
gamma-ray from Ba37. Fig. 3b depicts the 
counts of L and M region enlarged. 


Table 1. The relative intensities of the 
internal conversion electrons of the 663 
KeV gamma-ray for K and L, Land M 
energy levels. 


Source Intensity Size 

NG, ae nae K/L. L/M. 
1 5 3 4.68+0.18 — 
2 8 5 ea lO) -- 
3 14 2 4.5440.17 — 
4 20 2 4:61+0.18 14.5+0.7 
5 60 2 4.68+0.18 15.4+0.8 

mean 4,.62+0.18 15.0+0.8 


The experimental values of K/Z hitherto 
obtained are, therfore, agrees among them- 
selves, but if they are compared with the 
theoretical calculations, rather distinct dis- 
crepancy appears. The existing theoretical 
calculations are expected to involve consider- 
able errors owing to the approximations used, 
and the values obtained by them may not be 
accurate. If we estimate the value of K/L 
for Ba!’ from the theoretical curves of 
Tralli and Lowen, and Hebb and Nelson® 
for the magnetic 2!-pole radiation, we get 
8.2 and 6.2 respectively. This is in contrast 
with the fact that the value of a, obtained 
experimentally agrees well with, in this case, 
the accurate theoretical value within the ex- 
perimental errors. 

The value of K/L of magnetic 2!-pole radi- 
ation for a number of elements are sum- 
marized recently by Goldhaber and Sunyar”. 
In their paper semi-empirical curve of K/L 
versus Z?/E is shown, which gives the values 
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of A/Z for quite a number of elements very 
well. But there are also many elements 
where experimental K/Z values deviate from 
the curve and Ba!®’ is one of them. 

It may be possible that the experimental 
value of K/Z for Ba!8’ came out too small 
for some reasons, but it may also be possible 
that the values for Sr8’, In!3, and In™® which 
are used to construct the curve in the neigh- 
bourhood of Bat? had been estimated too 
large. It may be necessary to check the 
values of K/Z of these isomers to see if they 
were really accurate, especially because of 
their very short half lifes. It seems that latter 
case is rather probable as a cause for their 
deviation considering the experimental values 
which are hitherto obtained, and their semi- 
empirical curve of K/L versus Z?/E of mag- 
netic 24-pole radiation is 10 percents too high 
at the position of Ba?37. 

The value of Z/M which was obtained in 
the present experiment by the same method 
as used for K/Z is 15.0+0.8. No theoretical 
and experimental values of Z/M to be com- 
pared with this, however, exist. 

In conclusion the author express his sincere 
gratitude to Professor K. Kimura of the 
University of Kyoto for his encouragements 
and valuable discussions, and also to Dr. K. 
Shinohara for his kind instructions during 
the publication. Acknowledgement should 
also be made to Mr. K. Tsumori and Mr. 
S. Sato for their assistances with the opera- 
tion of the instrument. 
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Higher Order Focusing Pair Spectrometers 
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For the field of pair spectrometer two batterfly shaped fields of high 


character are shown. 


One is for low energy use and the higher order 
focusing is achieved for all radii of trajectories. 


The boundary of 


the magnetic field is a line through the origin and its angle is 35°16’ 


and the focal plane is also a line through the origin. 


for the use of high energy. 


The other is 


When the boundary is a 45° line, the 


boundary is the focal plane itself, and the wide position focusing is 
given at a point, which is determined by the curverture of the coverter. 


For the electron pair spectrometer the direc- 
tion focusing should be provided when the 
energy of gamma ray is low. 180° focusing 
uniform magnetic field is conventionally used. 
We studied the pair spectrometer which has 
a sharp focusing for all radii of the beam 
and has a linear focal plane, with a com- 
paratively small magnet. 


$1, Low Energy Pair Spectrometer 


In Fig. la, consider a linear boundary of 
the magnetic field through the origin O with 
the angle e, and take the coordinate P—«y 
with respect to the standard beam which 
starts the origin O with incident angle a=0. 
In the coordinate, the trajectory of a general — 
beam (incident angle a) is expressed as: 
y=al—a+rsin 2e] 

+ a?7[1/2—(3/2) cos 2e] 

—a[(z/3)+(27/3) sin 2e] 

+ a(7r/24)[5—3 cos 2e]+ O(a) , 
the first order focusing point, z= 
Zl, is given by 


LESIONS ~ 


(1) 
The second order focusing 
fulfilled when 

ee 


cos 2e=1/3 , 
S=scoeloee 
o=nm—2e=109°28’ , (3) 
where ¢ is the angle of deflection 
and the deflection is comparatively 
large for the size of the magnet. 


In the case, 3rd order y-aberration 
is, 


is 


A=—La.. (4) 


The focusing is applied for all 
radii of trajectories and the focal 


Fig. 1. (b) Low energy pair spectrometer. 


4 


plane is a line through the origin 
O with the angle o. 

In general, 

sin 2e-(1—cos 2e) 
(2—cos 2e)(1+-cos 2e) ~ 
In the special case of (2), (3), 


tan o= 


1954) 


tan o=1/ 2/5, 
DEUNUTE - a 
The above calculation is included in the 


general condition for higher order focusing 
given by Hintenberger’) (The sign of ¢ is 
inverted). 

The comparison of aberration for several 
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Graphical comparison of several 


Fig. 2. 
focusings. 


types of focusing graphically obtained is 
shown in Fig. 2. The pole piece is practically 
made as shown in Fig. 1b and the correction 
for stray field effect may be done by shifting 
the position of the slit O along the incident 
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direction of gamma ray experimentally. 

This pair spectrometer is now being con- 
structed and the results will be published 
later. These results of focusing may be ap- 
plied for the beam analyzer or massspectro- 
graph and -meter. 


§2. High Energy Pair Spectrometer 

When the energy of gamma ray is ex- 
tremely high, the ejected angle of the elec- 
tron is very small (a=mc?/hv<1). In this 
case the direction focusing may be abandoned 
and the wide position focusing may be pos- 
sible with large area converter. Ina similar 


way as in Fig. 1, the first order position 
focusing is achived for all radius on a line. 
Especially when the angle e is taken to be 
45°, the focal plane concurs with the field 
boundary. 


(Fig. 3) In this case at the point, 


Converter 


Fig. 3. High energy pair spectrometer. 


v=R, (7; the radius of the trajectory. R; 
the radius of curverture of the converter), 
the perfect focusing is obtained. A very 
intense pair spectrometer for high energy 
may be possible by this method. 

This type of pair spectrometer has been used 
by De Wire, Ashkin and Beach in a some- 
what different way®. This type of focusing 
is the limited case where the radius of the 
inner circule of Smythe analyser® is reduced 
to zero, and has been used by Bothe” to get 
a parallel beam of beta-ray. The author 
wishes to thanks Prof. M. Kimura of Tohoku 
University and also to Prof. Nishiwaki of 
Osaka City Medical University. 
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Nuclear Interactions of Secondary Shower Particles 


of Cosmic Rays in Lead and Carbon 


By Isao KiTA and Osamu MINAKAWA 
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Nuclear events produced by secondary shower particles of cosmic 
rays have been observed in a cloud chamber operated at Mt. Norikura, 
2,840 meters altitude. In the chamber were mounted lead and carbon 
plates, and a comparison was made for penetrating showers originat- 
ing in these two materials. The results show that the nuclear cross 
sections for lead and carbon are given to be in the ratio of geometrical 
values. The multiplicities of shower particles in lead are difenitely 
larger than those in carbon, and the angular distributions, however, 
show no differences in both cases. These results can be interpreted 
quite naturally if we consider that the shower particles contain inevitably 
high energy protons besides mesons and that the created meson or recoiled 
proton which is emitted at large angle from the initial direction of the 
colliding particle has no sufficient energy to produce energetic particles. 


§ 1. 


Recently nuclear interactions of cosmic ray 
particles have been extensively investigated 
by means of various experimental techni- 
ques)-9), and a comparison was made for 


Introduction when the multiplicities of shower particles 
produced in heavy and light elements are 
compared ; that is, some authors found a 
definite difference between them®) and some 
others found no apparent difference?®. In 
order to make clear this problem, we intended 
SPsslk0 ee hi cloud chamber observations of showers. In 
i H the previous paper! a preliminary result 
was given for the nuclear events in lead, and 
in the present experiment an investigation 
was made for nuclear interactions of second- 
ary shower particles of cosmic rays in lead 
and carbon with a multiplate cloud chamber, 
in which were mounted lead and carbon 
plates. The experiment was performed at 
Mt. Norioka (2,840 meters altitude) in the 
summer of 1952 and approximately 5,000 
stereo-scopic cloud chamber photographs were 

taken and analyzed. 


$2. Experimental Apparatus 


Ro The arrangement of a cloud chamber and 
counter trays are shown in Fig. 1. The in- 
Cd side dimensions of the cloud chamber are 38 


cm in diameter and 20 cm in depth and three 
lead plates and four carbon plates, each 10 
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Fig. 1. Diagram of counter and cloud 


chamber arrangement. 


penetrating showers produced in a heavy 
element as lead and in a light element as 
carbon. The results are at qualitative vari- 
ance with each other, however, especially 


mm thick, are mounted in the chamber, as 
shown in the figure. In order to compare 
the nuclear interactions in lead and carbon, 
it is desirable that the charged particles have 
the same range in the plates of two different 
materials and so the lead plates should be 
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much thinner. But such a thin plate can 
hardly distinguish heavy charged particles 
such as protons from electrons and conse- 
quently the lead plates as well as the carbon 
plates were made to be 10 mm thick. 

The chamber was filled with 88 cm argon 
saturated with the mixture of alcohol-water. 
This was situated in a constant temperature 
box so that the temperature inside could be 
controlled to about 0.2°C. 

The counter system contained eight trays 
of G. M. counters, as shown in Fig. 1. 
Trays D*, E*, F* and G* were used in hodo- 
scope and the coincidence between a master 
pulse and any of the individual counter in 
those trays resulted in flashing a neon lamp 
which was photographed together with the 
cloud chamber, and this allows us to estimate 
the ranges of charged particles in the lead 
blocks below the chamber. A sextuple co- 
incidence A=* B=? C=!—H was required for 
the master pulse which triggered an expan- 
sion of the chamber. Hence the penetrating 
showers produced in the lead above the 
chamber were detected and nuclear interac- 
tions of the secondary shower particles 
entering the chamber were observed. The 
tray H with area of about 400cm”, was 
located at a distance of 120 cm from the 
chamber and used as an anti-coincidence 
tray against air shower. 


§3. Identifications of Nuclear Interactions 
and Some Typical Events 


As described above, the chamber is trig- 
gered by the coincidence A=* B=? C='—H and 
then are detected the penetrating showers 
produced by the high energy N components 
of cosmic rays in the lead I above the cham- 
ber. The lead II was placed to prevent 
knock-on electrons from triggering the 
chamber. 

Penetrating particles originating in the lead 
I enter the chamber below and have only to 
discharge one of the counters in tray C. 
Hence the triggering of the chamber is not 
necessarily accompained by nuclear interac- 
tions in the slabs mounted in the chamber, 
and most of penetrating particles pass through 
the chamber without any nuclear interactions, 
giving the poor efficiency for detecting sec- 
ondary events produced in the chamber. But 
such a loose triggering has an advantage to 
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avoid a bias to energetic events and enables 
us to detect low energy events as well as 
high energy penetrating showers. 

Secondary particles of evaporation stars, 
however, are of about 10 Mev. in the average 
energy and very few of them exceed 20 Mev.!»), 
while the range of a proton of about 10 Mev. 
is 0.1 mm in lead and 0.7 mm in carbon. 
Hence most of these small stars with only 
evaporation particles escape from _ obser- 
vations. 

In order for any event to be classified as 
a nuclear event produced in the chamber and 
to eliminate electrons, one of the following 
criteria is required to be fulfilled." If 
these criteria are too severe, we may fail to 
take all of genuine nuclear events and if too 
loose we cannot separate electron showers 
from nuclear events. 

(1) If two or more heavy tracks are ob- 
served to emerge from a point within a 
plate, the event is classified as a nuclear dis- 
ruption. The requirement that two or more 
heavily ionizing particles are ejected rules 
out the possibility that this event be electro- 
magnetic. 

(2) If one or more penetrating particles 
and one or more heavily ionizing particles are 
ejected from an origin in a plate this event 
is considered as a nuclear collision. 

(3) If two or more penetrating particles 
emerge this event is classified as a nuclear 
collision. 

(4) If a penetrating particle exhibits a 
sharply defined single scattering, larger than 
15° in a lead or carbon plate, it is assumed 
that the scattering is due to a single nuclear 
encounter. 

A penetrating particle is a lightly ionizing 
particle that passes through a lead plate 
without producing any secondary particles. 
A lead plate has about two cascade units 
and when an electron hits the plate, the 
average number of emerging electrons is 1.5 
and 3 for the incident energies of 100 Mev 
and 500 Mev respectively. Particles which 
ionize less than about two times the minimum 
ionization were classed lightly ionizing parti- 
cles. These particles, if they are protons, 
have energies above 260 Mev and if z-mesons, 
above 40 Mev. We designate these particles 
as shower particles and the number of these 
shower particles in a nuclear event as the 
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multiplicity of the event. But the energy 
range of the shower particles in the present 
experiment is somewhat different from that 
of nuclear plate experiments.'© 

Even when an event is identified as a nu- 
clear interaction, some lightly ionizing parti- 
cles of shower may get away from illumina- 
tion without penetrating a lead plate. These 
particles may be electrons. Electrons were 
not found to be ejected directly in nuclear 
interactions!, but the neutral z-meson pro- 
duced in the event may give rise to electrons 
in the same plate. Such a probability is 
quite negligible in case of the shower pro- 
duced in carbon, but the apparent shower 
particles produced in lead may include some 
electrons which must be strictly corrected 
when a comparison is made between the 
showers originating in lead and carbon. This 
will be described subsequently. Since a con- 
siderable variety of cosmic ray events was 
photographed in the course of this experiment, 
it seems desirable to show some _ typical 
photographs demonstrating the nature of 
these events. 


Bigs 2: 


Fig. 2 shows the core of a penetrating 
shower originating in the lead above the 
chamber. Many electron showers appear. 
The nuclear events which probably have 
taken place in the plates are invisible, being 
covered by electron showers. Almost all of 
the counters in the trays below the chamber 
are tripped. 

In Fig.3 several penetrating particles traverse 
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the plates in the chamber. The event at the 
fourth lead plate is produced by a non-ioni- 
zing particle, and two regressive particles 
appear. At the second carbon plate a small 
nuclear disruption is seen. The event at the 
fifth plate is not classed as a nuclear disrup- 
tion according to our Criteria. 


Fig. 4 shows complicated nuclear events 
including many ionizing and non-ionizing 
particles. At the fourth plate an event with 
many lightly and heavily iozing particles 
appears. The shower at the fourth plate is 
presumably an electron shower produced by 
a decayed photon of a neutral z-meson in 
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the event at the second plate, that is not 
clear by poor illuminations. 


$4. The Ratio of Protons and Pi-Mesons in 
Penetrating Showers Produced by 
Primary Nucleons 


The values of mean free path, multiplicities 
and angular distributions obtained in the 
present experiment can be considered to be 
average values for the mixture of protons 
and mesons which are present in the second- 
aries of penetrating showers. Fowler!” has 
shown that more than 90% of the minimum 
ionization particles emitted from high energy 
nuclear events observed in photographic 
emulsions are z-mesons and that majority of 
the remaining 10% are protons. However in 
this experiment the fraction of z-mesons 
among the secondary shower particles emitted 
from nuclear events originating in the lead 
I differs from 0.9, as described just below. 

An estimate of the fractions of protons 
and z-mesons among the secondary shower 
particles can be made by observing the 
number of secondary neutrons that give rise 
to further nuclear interactions in the chamber 
since the numbers of protons and neutrons 
produced are expected to be roughly equal 
or proportional to those contained in target 
nuclei*. 

For this purpose the numbers of secondary 
nuclear interactions produced by ionizing or 
nonionizing particles are given in Table I. 


Table I. Character of the initiating particles 


no. of tertiary 
shower particles Total 


n=0 n=1 EZ - 


no. of secondary 
nuclear interactions 
produced by 


non-ionizing 27 49 o7 69 
particles 

ionizing particles 51 oT 57 148 

quetionable 15 22, 18 | 37 

Total 93 161 102 254 


We assume that the numbers of protons 
and neutrons are equal and the nuclear 
mteraction cross sections of neutrons, protons 
and z-mesons are the same also for the 
secondary showers with two or more shower 
particles.) Then from the table we obtain 
he ratio of the numbers of secondary protons 
and m-mesons among the secondary shower 
yarticles as follows. 


27 : 30=47+9% :5310% . 


In the same way for the secondary events 
with one or more shower particles, the ratio 
is found to be 


42 :52=44+-7Y : 56-47% 


These figures show the smaller fraction of 
m-mesons among the secondary shower 
particles than that of Fowler! . This is due 
presumably to the differences between the 
energies of initiating particles and between 
the probabilities of plural collisions of second- 
ary particles within the nuclei of lead and 
emulsion materials. Sitte found that 65% 
of secondary shower particles consisted of 
7-Mesons. 

The stars with no penetrating particles ( 
=0 in Table I) are produced by rather low 
energy particles among which some of pro- 
tons will stop in the absorbers due to ioni- 
zation loss. Hence we cannot expect the 
same number of protons and neutrons and 
moreover it is known that in such a low 
energy events the nuclear interaction cross 
sections of protons and z-mesons may be 
different’). And the probabilities of detecting 
the stars in lead and carbon will not be same 
due to the absorption in the plates. In con- 
sequence, large errors are inevitable for 
estimating the meson fraction among shower 
particles producing such low energy stars. 


§5. Interaction Mean Free Paths of Char- 
ged Shower Particles in Lead 
and Carbon 


In order to determine the mean free paths 
for nuclear collisions in Jead or carbon, the 
numbers of nuclear events and traversals of 
penetrating charged particles through the 
plates in the chamber are necessary and 
presented in Table II. 

The corrections for the nuclear events 
produced by undiscerned particles were made, 
as shown in the table. Moreover, the cor- 
rections for the stars absorbed in the plate 
and the unidentified genuine nuclear events 
by the criteria given in §3 should be made. 
Since it is difficult to find the absolute values 
of these corrections’, the absolute value of 


* Among these secondary particles some V- 
particles are included and 4-shaped tracks were 
photographed in the experiment. But these are 
very few as compared with other particles and 
are not taken into account here. 
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| 
Table II. Numbers of secondary interac- to the values of traversals because of the 
tions produced in lead and carbon —_—S inclination of the tracks in the chamber. 
nee ee ae These values are obviously too large, be- 
fii arcais ot i ; P e ee ot if. ay cause of the undetectable nuclear interactions, | 
charged particles ae ae _ though it is difficult to find the absolute | 
Nuclear events produced corrections. Hence, by taking the mean free | 
by ee 96 {75 = , 124 2 {33 56 path in lead to be 142 gcm~? and considering ]} 
Se AE ies A it ieee the ratio of those in lead and carbon to be | 
particles 38 46 31 33 given by the above values, the mean free 
by undiscern 91 0 6 0 path in carbon is determined to be 7016 |} 
-ed particles gem~*. Consequently it is concluded that | 
Observed Cor- Observed Cor- the nuclear interaction cross sections of 
rected number rected 


number 


the mean free path subjects always to rather 
large errors, as is the case with other cloud 
chamber experiments. Hence in the present 
paper corrections are made for the difference 
between the efficiencies for detecting the 
showers in lead and carbon, so that a com- 
parison between the nuclear events produced 
in the both materials can be made, and only 
the relative value of the two mean free 
paths will be discussed. 

Generally the detecting efficiency is a func- 
tion of the number and energies of the 
shower particles in nuclear interactions and 
of the location of points of origins. We 
may, however, assume that the efficiencies 
for detecting the high energy penetrating 
showers with two or more shower particles 
are equal for the showers produced in lead 
and carbon, since the penetrating particles 
takes a main part in identifying the nuclear 
event. On the contrary, the nuclear disrup- 
tions or stars without or with only one shower 
particle will have a larger probability to be 
detected in carbon than in lead, because of 
the absorption of heavily ionizing particles 
in plates. Hence let us assume that the 
small nuclear events without or with only 
one shower particle in lead should be detec- 
ted in the same efficiency in compared with 
small nuclear events in carbon. Then we 
obtain the corrected number of relatively 
low energy nuclear interactions in lead to be 
38 x (33/19)=66 from Table II, and a total of 
124 nuclear interactions in lead are obtained. 
Then, the apparent mean free paths in lead 
and carbon are given as follows. 


Pb: 4567 x 11.34 x 1.06/124=442+40 gcm-?, 
C: 6894x 1.66 1.06/56 =217+30 gcm-?. 


A small correction totalling 6% was applied 


shower particles in lead and carbon are given | 
to be in the ratio of geometrical values for | 
the both materials within the experimental 
errors. 


§6. Multiplicity Spectra of Secondary 
Showers Produced in Lead and Carbon 


The numbers of nuclear interactions with- 
out or with one, two three, etc. penetrating 
shower particles were compared for different | 
producing materials. For each material a 
histogram of the number of showers with 7 
shower particles versus m has been plotted in 
Bigino: 


Fig. 5. Uncorrected differentia] multiplicity 
spectra of nuclear events in lead and 
carbon. 


From the figure, the multiplicity of shower 
particles produced in lead seems to be larger 
than that in carbon, but in order to ascertain 
this conclusion, we have to make the follow- 
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ing corrections. The frequency of small 
nuclear interactions without or with one 
shower particle was corrected in §5. The 
most serious error to be considered in addition 
arises from the fact that some electrons may 
be present among the apparent shower 
particles. As described above, from all of 
the lightly ionizing particles of the identified 
nuclear interactions, the electrons which may 
exist among them have to be removed 
statistically. 

Let us consider »;, the number of protons 
and z-mesons among 7 lightly ionizing parti- 
cles in an identified nuclear event and a, the 
fraction of z-mesons in m;. Then the de- 
cayed photons amount to max3x2=n;a, 


Table III. Estimates of corrected 
multiplicities 
Observed 5 ‘ 2 
multiplicity | e ° si at: z 
Electron Ont. W106. 0.20 = 
fraction 
Corrected 1.8 2.6 38.84.14.8 5.6 
multiplicity | 
No. of | 
observed | 33 16 12 Sa 6? ACL 
showers 
Corrected p 
no. of | 35 vAN 12 Sed .o 5 
showers | 


Fig. 6. Corrected integral multiplicity spectra 
of nuclear events in lead and carbon. 
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where we assume the neutral z-meson to be 
half as frequent as the charged mesons ”), 
When such a photon of about 300 Mev is 
emitted in the lead plate2, it will be materi- 
alized into two electrons when going through 
the plate), Hence electrons in a penetrating 
shower are increased in number to 27.a, and 
so the electron fraction in a nuclear event 
is estimated to be 2n;a/n=2a/(1+2a). In 
Table III are presented the electron fractions 
and corrected multiplicities for various ob- 
served multiplicities, using the results of the 
nuclear plates”), and the corrected integral 
multiplicity spectra are plotted in Fig. 6. 

The figures show a large difference between 
the multiplicity spectra of the showers pro- 
duced in lead and in carbon. Comparing 
this result with that of the nuclear plates, 
the average energy of the initiating particle 
is estimated to be about 3 Bev®. It is well 
known that the number of created mesons 
in a penetrating shower is not alway a good 
measure of the shower energy, but on the 
average 1.5~2 mesons have to be produced 
in the showers described above®. Hence it 
must be noted that among the shower parti- 
cles obserbed in this experiment a consider- 
able fraction of protons is included, while 
each of them cannot be identified as a proton 
or a z-meson. For the showers with one or 
more shower particles, average multiplicities 
are given 


Pps <g> 0.925024 
C: <ms>=2.440.2. 


§7. Angular Distributions of Shower Parti- 
cles Produced in Lead and Carbon 


In the experiment of the nuclear plates 
the angular distributions of the shower parti- 
cles with respect to the line of motion of an 
initiating particle have been determined, 
separating into two classes according to the 
number of heavy tracks”, where the showers 
with seven or more heavy tracks are con- 
sidered to be produced from such heavy 
elements as Ag and Br, and the showers 
with six or less heavy tracks, from light 
elements as C, N and O. In the present 
experiment a comparison was made for the 
angular distributions of shower particles for 
nuclear events in lead and in carbon. The 
integrated angular distributions of shower 
particles with respect to the shower axes 
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were ploted in Fig. 7. From the figures it 
is seen that there is no definite difference 
between the angular distributions of the 
shower particles produced in lead and in 
carbon. This would seem to be in agree- 
ment with the results of the nuclear plate 
investigations”. 
The average projected angles are deter- 

mined as follows, 

Phi OS aie Ales se 

CG OS 184 ass 


giving the same value. 


“0° 10° 20° 30° 40° 50° 60° 70° 


Fig. 7 Integral angular distributions of 
shower particles of penetrating showers 
in lead and carbon. 


§8. Discussion and Comparison with Other 
Experiments 


Gregory and ‘Tinlot!?) found that for the 
production of penetrating showers by second- 
ary penetrating particles, the cross section 
in lead was more than a factor of (208/27)?/8 
greater than that in aluminium, and the ex- 
plained the result by the theory of trans- 
parency. This agreed qualitatively with the 
experimental result of Lavati et al. In the 
present experiment, however, it was found 
that the ratio of the mean free paths in lead 
and carbon is given by that of geometrical 
values within large experimental errors. This 


(Volee9; 


result agrees with that of Walker et al» 
whereas the initiating particles in their ex- 
periment were primary nucleons. C. Chede- 
ster et al) showed that the nuclear interac- 
tion mean free paths of 85 Mev negative 
m-mesons in various matters (Li, Be, C, O, 
Al, Cu, Cd and Pb) were found to be geo- | 
metrical values approximately, with the | 
exception of hydrogen. 

In the following table are presented the | 
mean free paths of secondary penetrating 
particles in several materials, obtained by 
many workers. The apperent mean free 
path in carbon in the present experiment is 
given by 217+30 gcm~? and is in agreement 
with that of Green®. 

As described above, the energies of the 
penetrating showers investigated in the 
present experiment are about 3 Bev, and 1.5 
~2 mesons are created in the events. Con- 
sequently the multiplicity spectra in Fig. 6 
must be accounted for by one or two created 
mesons and several recoiled protons, and it 
is not appropriate to discuss the problem 
that mesons are emerged by the process of 
multiple or plural productions in the high 
energy nuclear interactions. 

Fretter, Green®), Chang et al) and others 
have concluded that lead and carbon are 
about equivalent as generators for penetrating 
showers. ‘This seems to indicate that mesons 
are produced from nucleon-nucleon collisions 
according to the process of multiple produc- 
tions and plural collisions do not occur in 
the nuclei. If, on the other hand, successive 
collisions occure fairly frequently within the 
same nucleus, appreciably higher multiplicity 
of shower particles would be expected from 
lead than from carbon. From comparison 
of showers starting in lead and carbon in 
Fig. 6, it seems apparent that in the showers 
observed secondary collision occurs inside 
the target nucleus. Walker et al®) found 
large differences in comparison of showers 
produced in lead and carbon, in agreement 
with our result. 

As seen in the figures the multiplicity 
spectrum of lead decreases exponentially with 
increasing ms; but, on the contrary that of 
carbon has a knee at m;=2 or 3. This will 
be explained qualitatively as follows. If a 
penetrating shower in carbon has four or 
more shower particles, the scattered nucleon 
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Table IV. Some determination of the interaction mean free 
path of shower particles 


Observed MFP 


| . coe 
Authors | MFP in gem~-?2 | Geometrical MFP Ea eae 
Lovati et al) 200+50 Pb 1.25+0.3 ead chamber : 
Hartzler™) 230460 Au | 1:51 04 | ” 
Lock & Yekutieli!®) 120+ 20 emul. | 1a eEOr2 | emulsion 
Brown & Mckay! 316470 Pb 2.0 +0.4 | cloud chamber 
Green) 237429 C By aed 05) ” 
Gregory & Tinlot! 172+30 Pb Tel 2-052 y 
” 164+50 Al 2.0 +0.6 yi 
Cool & Piccioni2) 208+38 Pb 1.3) 022 counter 
” A+ 7C hoa 20a ” 
Kita & Minakawa 442+40 Pb 2.8 +0.3 cloud chamber 
YA 217+380 C 8.4 +0.5 1 
Ya 78+16 C* 1.2 +0.2 1 
Walker et al) 76+ 8 C*T £2 S001 ” 


* The nuclear interaction mean free path in lead is assumed to be geometrical value. 
t The result of Waeker et al is that for primary nuclear. 


or the created meson must have had succes- 
Sive collisions in the nucleus, but such a 
particle is supposed to have rather lower 
energy and has a long mean free path for 
recoiling another nucleon, and hence the 
multiplicity spectrum decreases steeply from 
Ms=2 or 3. For a penetrating shower in 
lead, on the contrary, the energetic particle 
with a little change in its direction 
can have succesive collisions several times, 
and so the spectrum does not show a knee 
as in carbon. 

As for the angular distribution, there is no 
definite difference between the two multipli- 
city spectra. This fact seems to indicate that 
recoiled nucleons or created mesons which 
are emitted at large angles with respect to 
the colliding particle have a quite long mean 
free path in nuclear matter for successive 
collisions and they do not repeat nucleonic 
collisions in the target nuclei, so that such 
particles do presumably not contribute to 
change the angular distribution. ‘Thus, since 
the particles which are scattered at large 
angle from the initiating particles have no 
successive collisions in the struck nuclei, it 
is expected that the angular distributions of 
shower particles produced in lead and carbon 
do not exhibit a definite difference, as verified 
in the present experiment. 

The present work was supported in part 
by the research expenditure from the Ministry 
of Education. 
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By expanding the grand partition function, we obtain the expression 
for partition function of two dimensional free particles which is seen 
to be of the same form as that of one dimensional harmonic oscillators. 
For such systems it is shown that the difference in statistics does 
not appear in thermal behavior. When the energy levels of the 
particles are modified as ¢y,4,n,= 4 +0(m2+2”), J>0, the Bose condensa- 
tion oceurs and, if we set 4=2b, the condensation temperature 
qualitatively agrees with that of Osborne. The speciffic heat of free 
Bosons in a narrow box is calculated as the function of temperature, 
its width d being taken 7.1A and 14.2 A. The results show that the 
maximum of the specific heat occurs at higher temperatures than that 
of the case d=>0, and its height becomes lower. 

The weak excitation of a Fermi system can be treated as excitons 
which obey Bose statistics. And we can show, by the method analogous 
to that of Ward and Wilks and Dingle, that the sound wave in a 
Fermi gas should be considered as the second sound, or the propaga- 
tion of fluctuation in exciton distribution. Its propagation velocity 
is shown to become 7/,/3m, where po is the momentum at the Fermi 


surface. 


$1. Introduction 


Recent development of the theories of 
superconductivity and of liquid helium is 
pressing new attentions on the quantum 
statistics of Fermi- as well as Bose-systems. 
Especially the problem of the Bose-condensa- 
tion was attacked with some doubts in custo- 
mary methods, e. g., the method of steepest 
descent or so. By several authors, however, 
it is justified that the Bose-condensation 
actually takes place and that despite of the 
apparent uncertainty conventional method 
leads to correct results. 

On the other hand, statistical treatment of 
system of particles with strong mutual inter- 
action seems to be of much difficulty. Even 
the question whether the difference in statis- 
tics (Fermi and Bose) has nothing to do with 
the apparent parallelism between the phase 
transitions of superconductor and of liquid 
helium, or the super-flow of electrons and of 
helium II, is not solved yet. The only one 
fact which will be reliable in this connection 
is that the isotope He’, obeying Fermi sta- 
tistics, has no helium II region. 

It seems difficult to approach these problems 
by the usual methods in statistics and per- 
turbation theory. The method of sound 


quanta developed by Tomonaga” threw light 
upon the relation between the two statistics. 
It is likely that Fermi and Bose statistics 
are, contrary to what is believed, intimately 
connected to each other. In these notes we 
begin with the special cases where the both 
statistics are equivalent, and then apply the 
results to some problems. 


§2. Systems for which Both Statistics are 
Equivalent 


We shall seek now for compact expressions 
of the partition functions for systems of 
Bosons as well as of Fermions. Formally 
speaking we can do so by expanding grand 
partition functions and taking up the term 
for the given numbers of particles. But it 
is convenient to make use of the fact thata 
strict expression can be obtained in the case 
of particles in a common parabollic field. 

1) System of oscillators.» Let Zy denote 
the partition function for N particles. The 
grand partition function is given, for non- 
interacting particles whose energy levels are 
&; ; by 


Hh) 
where B=1/kT and the upper sign is for 


B= 3 ¥Zy=T(1bde-8s)* , 
W=0 j 
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Fermions and lower for Bosons. By the 
Euler’s theorem 
I (l-taz)t=3 KN (ery il Geaey 
R=1 N=0 1 $=1 


(2) 
we obtain for the system of oscillators in a 
common field, €,=nfw , 


Zameen | it (1—e-sphw) : 
s=1 


NW-1),, 5 (3) 
rin)=| GS ca ae 
\ 0) B. 


where £,(NV) is the zero point energy. This 
result is rigorous and is generalized as fol- 
lows: If the level is quasi-continuous and 
its density g is constant, the excitation of 
the system can be described by the partition 
function of the form 


NV 
ZN Wa OmaSeL Se) ae (4) 
s=1 
for both Fermi and Bose statistics. 
2) Two dimensional free particles. When 


the quasicontinuous energy levels can be 
written as 

En = (7 +27)b , 
the level density is a constant, given by g= 


7/4b. Then we can use the above formula 
(4), and the partition function is written as 


ei — ee es 


WV 
Zy=e7P¥ 0") | TI (1—e-84?/), 


s=1 
E = een F. 
.= 
0 B. 
This result can be considered rigorous if 
bBS>1 and NS>1. 

For a system of free particles in a two 
limensional box of length Z, we have b= 
n?/8n L*. 

It is trivial to justify the classical limit 
where N?b8<1, Zy approaches the well 
<cnown formula: 


(9) 


N 
lim Zy=1/IIs 


B>0 S=1 7 


eee Nv ypN 
np) N! 


-3. Application 

1) Two dimensional Bose condensation. 
Ve have seen above that thermal behaviors 
f the two-dimensional free particles obeying 
‘ermi and Bose statistics exhibit no difference. 
ind it is shown that two-dimensional free 
sosons do not show Bose condensation (see 
Iso Eq. (12), below). 
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If we assume that the energy levels are 
modified as 


&)=0 ’ 


we have 


En .ny= 4+ b(17,?+,2) , 
N n 
Zy=1+ 3,704 / Tt (1—ese) 
n=1 s=1 


(m1, m=1, 2, 3, --- ), 
} 
K=4)/z , 


we shall replace the summation by the lar- 
gest term, which is given by 


i log (l—e-F4)-1. 

KB 
Thus as the temperature is raised from the 
absolute zero, the number 7% of excited parti- 
cles increases. As it is bounded, however, 
Bose condensation will take place at the 
temperature given by 7=WN, provided that 
the number of particles is sufficiently large. 
The conventional method gives for the 

condensation point 
n=\" g(€) dé aay dé 

o eF—-1 46),€e8*—1 
ei 


~ 468 


which is same as Eq. (7). 

Osborne®) pointed out that the conventional 
method failed when the temperature was 
sufficiently low as the summation could be 
no longer replaced by the integration and 
that the lowest level must be separated from 
the integral. In such a way he obtained an 
apparent Bose condensation, or a beginning 
of the abrupt accumulation in the ground 
state. In our treatment setting 4=2b, we 
obtain for the condensation temperature, 


e74B/t—][—e-228 | 


In the notation of Osborne, 4bBN/z=T1'/T, so 
the left hand side becomes a’=exp (—T0'/T). 
Thus the Osborne’s conditions for an abrupt 
accumulation a’=5b8/2 is compared with the 
above equation a’=1l—e-*’2b8 if bB<1. 
The difference of the factore 5/2 and 2 comes 
from the fact that in replacing a summation 
by an integral he used the formula 


(7) 


low —¢-Fs)\ee 


or ee fim)dm , 


m=a a= j/2 


whereas we have used 


Sf on=(" f(m) dm. 


mM=a4 
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2) Bose condensation in a narrow box. 
Let us consider a system of free particles in 
a parallelpiped box of dimensions Z, Z, and 


d energy levels are given by 


En=O(N2+n?)+cn7, (2, %, M=1, 2, 3,---), 
(8) 
b=h?/8mL’ , C= Sma" 
We must pay a special attention to the low- 


est state, and so it is convenient to take the 
lowest state as the zero of energy, which 
involves 


En =Ob(1y?7+n,7)+en?—(2b+¢) . 


Extracting the zero state, we have 
S=(1—4)-1 Il I (1—Aen#en)-2 


NM N1,N2Q 


ees Eas oe | 
Nn 
- exp (—8Nicw—1)) al irae : 
s=1 


(9) 


co 


a A” 


v=0 M=l SNy=Kh n=1 


Thus we obtain 


N : co Nn 
Zy=l+ Se""r SY TF 


N= =N,=N’ n=1 s=1 
Jen oer — e464] (10) 
It is trivial to show that these expressions 
coincide with the classical ones in the limit 
of high temperature. 
We shall replace the summation in (10) by 


a Vn 
Z=II e~¥ne8n? TL (L—e-40Bs/x) | 
7 s=1 
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the maximum term, which is given by 


N’=N and Ni pee ee 


(1) 


where a@ is the factor determined by the tota 


number of particles, WN, means the number’ 
of particles on the level 2, (m, m=1, 2, 3,UM 
--). Customary method leads to the same'fj 


result, i. e., 


=) g je —&—e8n2)—1 | 
458 og U—e } 


From Eq. (11), the total number of particles 
is given by 


dn, dny 


A St = Je ee 
Nn = Nanny ert eBne+ VB(m 2+ R97) __] 


N1,2 


oS log (l—E>8 eae : 


ISS ee ee 


nn 
(12) 
This equation, determining a, has always a 
solution a>>—b8, which means that the so- 
called Bose condensation cannot take place 
when the width d of the box is finite. An 
abrupt transition of phases occurs only in|} 
the limit doo. 
We calculate the value of a and then the 
specific heat as a function of the temperature. 
To do so we use the following equations. 


RF gi te Abs , re wz (*n oda 
E=>\N CN See Mee pbs 1 cn? +-——— —— 
Bn Wai aele ea ha nat Fo ear ae 
let OL ee Cy SEs {( cant Tn oe ONn Nn en a =a xd 
N 08 INR “nn e*n—1]N 0B N etn—1 4bBN }, et—1)’ 
Table 1. 

DT 0.85 0.87 1.16 | 1,78) | $4615 5 3.654 uyiaee 
ee aa 8.15 | 2.04 8 | =0.52 | S125 t= 1gp | =5.00 
Pee ORC veer 0.95 1.08 | ps | 

Marea: 95 1.08) 1.81) 1.54 | 1.68 | 1.50 
herr loner 1.15 1.78 3.46 
bier ech ale: 0.025 | —0.28 | -0.48 | —1.25 
| 2 OF 36 
eee 1.36 1.91 1.38 
where determines the temperature. We take A=1 


tn=A4bBN,,/7 . 


The ratio A of 4bBN/z to cB determines the 
width d of the box, and the value of c@ 


and 8, which correspond to d=7.11A and J 
14.2A, respectively. The results are shown 
in Table I and Fig. 1. 
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Fig. 1. The specific heat of free Bosons in a 
narrow box. Its width d is taken 7.11A 


(curve I) and 14.2A (eurve Il). The dotted 
.» curve corresponds to d=. JT) is the con- 
densation temperature in the case of d= oo, 


From the Fig 1, we see that the maximum 
of the specific heat occurs at a higher tem- 
perature and its height becomes lower when 
the width of the box becomes thinner. 

3) Fermi system. The energy expression 
of Fermi particles, i. e., 

[Re | S egmejae 
9 HRT AY 


can be written as 


> 


Ho f {ro 
B=E,—| e-ngeae+t| ee 
a 0 


+\" outa} dz , (13) 
0 


x 
eT LY 
the first term is the zero point energy. An- 
alogous computation for the total number 
immediately shows that »—/» is proportional 
T*. The second term in the right hand side 
of Eq. (13) is therefore proportional to Tt. 
Expanding the third term, we have, up to 
the term T?. 


B= By= 2g RT|” Ede (+1) _ 4) 


This gives the well-known Sommerfeld’s 
term (x?/6)(RT )’9(H0). 
Now, Eq. (14) is written as 


eae 


t= B-Ey=0)\ ery ; (15) 


by using the identity 
(+1) =(e—-) 4 —2e*-]l)t, 


0 eel z 0 e&—] : 


Eq. (15) shows that the weak excitation of a 


i Act age ye! \ Ed 


Notes on Fermi and Bose Statistics ie 


Fermi system can be regarded as the ex- 
citation of Bosons at the Fermi surface. 


$4. Sound 


1) In the first instance, Iet us consider 
free Fermions in a one-dimensional box of 
length Z. The energy levels are given by 

Cea Om nst, BB) 2- 
If there are WN particles, the levels, are oc- 
cupied up to the Fermi surface m»=N; the 
zero point energy of the system is 
ee a ye 
8mL 2: bine 
Since the level density at the Fermi surface 
is given by 


dé 4m L? 
§ my = ae ae = 
de, : [ dn Ie Wag” 


the Sommerfeld’s term of excitation energy 
is 


Ey 


_ 2x? mL? 


3 WN 
It is shown that this is the excitation energy 
of the ‘‘ Hohlraum ’”’ for sound waves whose 
propagation velocity is given by 
Nh Do h 
C— ————————(—— =- i 
2mL m’ Po Palle 
and whose energy is 
€=Cp; P=Ni A A= Ll n\, = al, ee eee ce 


periodic condition being used. Indeed such 
an sound system has an energy at sufficiently 
low temperature 


Sees ae 
L2 ele — The 3° he 
which coincides Eq. (16) when Eq. (17) is 
used. 

It is important to note that the above 
coincidence shows that the excitations near 
the Fermi surface may be regarded as ex- 
citons, which obey Bose statistics and have 
the energy €=(p?/2m) —(po?/2m)~(Po/m)(P— Po). 
The excitons belong to each electron and 
move with the velocity of electrons near the 
Fermi surfrce, which is equated to sound 
velocity. 


2) Sound velocity. It has been pointed 
out in a preceding paragraph that the ex- 
citon in one dimensional Fermi gas propa- 
gates with the velocity of sound f/m. In 
three dimensional Fermi gas, the velocity of 


Ey* VBL ye .. (16) 


N, (17) 


(18) 
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whereas the velocity 
The factor 1/3 is 


exciton is again p/m, 
of sound is ~)/V 3 7. 
due to the fact that the ‘‘sound” is the 
propagation of fluctuations in excitons. The 
direct proof is quite analogous to a treatment 
of second sound in liquid helium, where the 
disturbance or the fluctuation in phonon dis- 
tribution at very low temperature propagates 
with the velocity 1/1/ 3 times the velocity 
of sound. The sound in a Fermi gas is ra- 
ther the second sound, the propagation of 
the fluctuation in distribution of excitons. 

In Landau’s treatment of liquid helium it 
was predicted that as the temperature ap- 
proaches to absolute zero, the velocity of 


second sound would become the value 1/// 3° 


times the velocity of ordinary sound. But 
as Ward and Wilks and Dingle) have 
pointed out, one gets the above results start- 
ing from the Maxwell’s general equation for 
transfer. In fact, the equations for energy 
and momentum transfer along the x direction 
are, respectively, 


e ee Yip d= —j|\z0 f'P'dp , (19a) 


ot 


ae i= -) aie fob dp (19b) 


where £, p and wv denote respectively the 
energy, momentum and velocity of a parti- 
cle or an exciton, /) the equilibrium distri- 
bution function and /’ a measure of its dis- 
torsion. For a phonon gas (w=c=const., 
E=fc) we can readily eliminate f’ from the 
above equations (19), and the wave equation 
thus obtained leads to a velocity c,=c/// 3. 

For a gas of particles, we have an equa- 
tion for the number density of particles in 
addition to Eq. (19); that is 


=|srrap, 
7 aA ae epee ane 
qy\fe p=— lor P . 
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The energy and velocity of a particle are} 
given by 

E=pP/2m, v=0EH/Op=p/m . 
We can eliminate /’ from Eqs. 
(19b), the result he 


pe \feP™ dp= | fobidd 
For a degenerate Fermi gas, 


ye fo dp~ po Po , jail fobtao~ Pot e wey 


Ot? 
where pp) denotes the maximum momentum. 
Thus the wave equation 07D)/02?=c?0"p)/Ox* 
is obtained, leading to a velocity c=p)/V 3 m. Ff 

For a classical gas fy~Ce-?*/2™*T, and Eq. | 
(21) gives 


(20) and 


(21) 


239 cs 


_ O(nkT) 

Oa? i 

If the change is adiabatic as is widely 
known, T~mn?/? and thus we see that for a 


classical gas the velocity of sound is given |} 


by the well-known formula (5kT/3m)'/”. 
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Some Physical Properties of Nickel Oxides* 


By Yasumitsu SHIMOMURA and Ichiro TSUBOKAWA 
Department of Physics, Naniwa University 
(Received July 20, 1953) 


Variation of the magnetie susceptibility, electric resistivity and 
specific heat with temperature have been observed for various nickel 
oxides containing different amounts of copper. The anomaly 
temperatures of these properties and also of their lattice generally 
differ from one another. Among these temperatures the last one is 
the lowest and the magnetic one is the highest, and the higher is 
the copper content the larger is the difference. It may be concluded 
from these results that the deformation of nickel oxide must be 
originated from the antiferro-magnetic exchange interaction as 
proposed by Greenwald and Smart,) but at the same time it seems to 
be affected by the other factors e.g. the ionic radius ratio and the 


vacancies. 


~§1. Introduction 


Nickel oxide has, at room temperature, a 
| face centered rhombohedral structure de- 
formed slightly from the rocksalt type, and 
| at higher temperatures, it becomes cubic.” 
Similar phenomena have been found in some 
| other antiferromagnetic compounds”, and 
considered to be originated from the exchange 
interaction between magnetic atoms of these 
substances. But the lattice deformation of 
cobaltous oxide cannot be explained in such 
a way»). Moreover it must be noticed that, 
at the ordinary temperature, the surface 
_ oxide film of nickel is cubic, the composition 
of which is nearly the same as that of the 
ordinary rhombohedral oxide. If the lattice 
deformation arises only from the exchange 
' force, the Néel point of the oxide film should 
_ be lower than the room temperature which is 
much deeper than that of the rhombohedral 
oxide. 

It is, therefore, very important to know 
how high the Néel point of the oxide film 
fis, but it is very difficult because of the 
presence of the ferromagnetic substratum. 

The rhombohedrality of nickel oxide, how- 
ever, can be controlled by dissolving copper 
in it, and it is able to obtain even a cubic 
oxide similar to that in the oxide film (as 
| shown by the dotted line in Fig. 3). If the 
oxides thus obtained are used, it will be pos- 
sible to determine the Néel point of the 
cubic oxides as well as those oxides having 
various rhombohedralities. This paper re- 
ports the results of such determinations and 
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also of the observations for the specific heat 
and the electric resistance. 


§2. Method of Experiments 


The specimen was made from nitrates in 
the following way. A definite amount of 
nickel nitrate and that of copper nitrate were 
dissolved together into water in the same 
vessel, stirred thoroughly and boiled down 
nearly to dryness. Then the nitrates were 
calcinated to become oxides, each of which 
was verified to be in the state of a complete 
solid solution, by the method mentioned in 
the previous reports®. 

The magnetic susceptibility was measured 
by an apparatus of Hirone’s type”, and the 
specific heat by Sykes’ method modified by 
Nagasaki and Takagi®. For the observation 
of electric resistivity change with tempera- 
ture, sintered specimens of about 3.5 mm. 
in diameter and 6 mm. in length were em- 
ployed. 


§3. Results of Experiments 


The magnetic susceptibility change with 
temperature for all the specimens investigat- 
ed is similar to that of pure nickel oxide 
observed by Foéx and Blanchtais®**, For 
example, the results of two specimens con- 


* his paper was read before the 7th annual 
meeting of the Physical Society of Japan held 
in Kyoto, in October, 1952. 

*&k Ag for a specimen caleinated at a rather 
low temperature, the susceptibility decreases 
monotonically with temperature as in the case 
of ferromagnetics. 
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taining 0 and 24 at. % Cu*, which have a 
rhombohedral and a cubic structure respec- 
tively, are illustrated in Fig. 1, where the 
anomaly points are indicated by arrows. 
The heating curves do not coincide with the 
cooling ones, perhaps owing partly to the 
rather rapid change of temperature., The 
mean anomaly temperatures in both curves 
are plotted against the copper content in 
Fig. 3. 

The electric resistivity depends greatly on 
the degree of sintering but its anomaly point 
does not**. The two typical examples are 
shown also in Fig. 1. It can easily be ver- 
fied that the decrease of the resistivity with 
temperature is exponential in the region far 


from the critical point. 
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Fig. 1. Variation of the magnetic susceptibility 
(x) and the electric resistivity (0) with 
temperature. 


The specific heat varies with temperature 
as shown in Fig. 2, the change is not so 
large but the anomaly showing a distinct 
peak is always found. This anomaly tem- 
perature as well as that of the resistance 
are also plotted in Fig. 3. 


§4. Discussion 

The lattice transformation point of pure 
nickel oxide may be considered to be 250°C., 
because a sharp anomaly was observed at 
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Fig. 2. Variation of the specific heat with 
temperature. 


— Temperature. 
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—— Copper content 


Fig. 3. Anomaly temperatures for physical 
properties of nickel oxides containing copper. 
(The dotted line indicates the variation of 
lattice constant « with the copper content). 


this temperature in the dilatometric measure- 
ment by Foéx!9***, On the other hand, the 


copper concentration of the oxide having a 
lattice transformation point at the ordinary 


* The copper content is referred to the 


cation only. The same expression will be used 
hereafter in this paper. 

** In this case, the results of both measure- 
ments, heating and cooling coincide with each 
other. 

*k* Tt is difficult to determine precisely this 
temperature by means of X-ray erystal analysis. 
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temperature (25°C.) should be 21.5 at. 9). 
These two points are marked with © in 
Fig. 3*. Then it becomes clear that there 
generally exist marked differences among 
the anomally temperatures for the different 
kinds of physical properties**. Such a 
phenomenon has not been hitherto observed 
on the ordinary phase transitions. This is 
perhaps due to the reason that the transfor- 
mation of this oxide owes to the antiferro- 
magnetic origin as reported by Greenwald 
and Smart*). 

However it must be also noticed that the 
magnetic transformation point of the speci- 
men containing 24 at. % Cu is observed to 
' be as high as 182°C., the structure of which 
is cubic at room temperature***. This fact 
shows that, in some cases, the nickel oxide 
lattice does not deform under the action of 
antiferromagnetic exchange force. Moreover 
_ when the oxide contains aluminium, it be- 
comes to have a tendency to increase its 
lattice deformation inspite of lowering of the 
number of magnetic ions”. These phenomena 
may be explained only from the exchange 
interaction. Another consideration may be 
also possible that the lattice deformation 
Owes not only the exchange force but also 
the other factors e. g. the ionic radius ratio 
and vacancies. That is, if there is no deforma- 
tion force, the lattice does not deform even 
though the oxide has vacancies or the ionic 
radius ratio unfavourable to its crystal struc- 
ture as in the case of the ordinary crystal, 
but when the force acts, the lattice deforma- 
tion must depend on the ratio or the vacan- 
cies. Thus, if the ratio is too large as in 
the case of the oxide of rather high copper 
content, or if there are very few vacancies 
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as in the case of the oxide film, the lattice 
can not deform inspite of the presence of 
the exchange force.**** 
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* The two points seem to have an intimate 
relation with the resistivity curve, so it may be 
possible to consider that the lattice transforma- 
tion point changes as shown by a broken line. 

** But the higher one of the two temper- 
atures at which the anomaly of specific heat 
vanishes can be considered to coincide with the 
magnetic anomaly point. 

*ek Tt may be considered that the lattice 
transformation point is generally much lower 
than the magnetic one. The difference can be 
estimated by comparing the broken line with the 
magnetic curve in Fig. 3. 

eK When there is a special (e.g. ordered) dis- 
tribution of vacancies, the lattice may deform 
in the direction different from that of the ex- 
change force as in the case of cobaltous oxide. 
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External Photo-Emission of Thin Films Deposited 


by Evaporation from Barium Oxide 


By Sin-ichiro NARITA 
Kobe Kogyo Corporation, Hyogo-ku, Kobe 
(Received March 26, 1953) 


The properties of thin films, deposited onto clean metal surfaces 
by evaporation from barium oxide cathode, were studied simultaneously 
by means of photo-electric and thermionic procedures. Both photo- 
electric and thermionic emission had close dependence upon the con- 
centration of atomic barium in the barium oxide source cathode. So 
far as the deposited layer was very thin, the spectral distribution of 
photo-emission fitted well to Fowler’s plot, but as the layer became 
thicker, semiconductor type photo-emission appeared gradually. The 
maximum sensitivity of photo-emission from several molecular layers 
of BaO displaced 2.72 to 2.30ev., together with the decrease in 
thermionic work function from 1.7 to 1.0ey by increasing barium 
density of the layer. 


$1. Introduction more accurate knowledge on the properties 


The evaporation from an oxide coated Of the films. 
cathode and the properties of thin film, de- 
posited by evaporation onto clean metal sur- 
faces from the cathode, were recently studied (1) Construction of experimental tubes 
by many investigators. 

Several ten years ago Davisson and Pidgeon’? 
studied the properties of the thin film, con- 
’ cluding that the thermionic emission occurs 
through the agency of aggregates of BaO 
molecules. Kawamura” evaluated the heat of 
evaporation of BaO through measuring thermi- 
onic emission from the thin film assuming that 
the initial increase of emission with evapora- 
ted time is due to the formation of BaO 
dipoles. Arizumi and the author* investiga- 
ted the properties of thin film concluding 
that its thermionic emission is influenced 
by barium atoms contained in deposited 
layer. On the contrary, Moore and Allison” 
asserted that only alkali-earth oxide can be 
evaporated from the evaporator and their 
dipoles moment reduce the work function. 
Noga® mentioned that the first rapid increase 
of thermionic emission with the increasing 
of contamination may be ascribed to BaO 
dipoles, however, as the layer become 
thicker semiconductor type emission may 


In the present paper both photo-electric Fig. 1. Experimental tube. 
and thermionic properties of thin films, depo- The activator in base nickel of the Coon 


sited on molybdenum and tantalum by eva-  rator cathodes was silicon to avoid the eva- 
poration from BaO were studied to obtain poration of other kinds of material than 


§2. Experimental Procedure 


One of representative structure of experi- 
mental tubes is shown in Fig. 1. The surface 
of the receiver filament F, was polished, if 
necessary, and mounted on a plane at angle 
of 45° to the incident light beam for studing 
the effect of electrical vector of the incident 
beam upon the photo-electric emission current. 
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barium and barium oxide, and sleeve nickel 
of the cathode B was richer in silicon than 


that of the cathode A. 


Thus the cathode B usually had a better 
activity than the cathode A and the thermi- 
onic emission was taken as a measure of 
their activities. At the same temperature the 
Same amount of barium oxide evaporated 
from both cathodes, but the amount of barium 
evaporated differed largely from one to 
the other. This construction was convenient 
for obtaining the deposited films, differing 
in relative composition of barium and barium 
oxide. 


(2) Measurement 


'to make free from 


After againg BaO coated source cathodes, 
the receiver F was flashed up to about 2,000°C 
involved gases. The 
source cathode A or B was then heated at 
1,250°K to evaporate some amount of active 
materials for a certain interval, with the 
receiver F being kept at 800°K. Then the 
thermionic emission from F was measured 
near at 800°K. The spectral distribution of 
photo-emission was studied at room tempera- 
ture. Such a procedure was repeated for 


/each evaporation until the thickness of the 


contaminated layer grew to nearly ten mole- 
cular layers of BaQ. 

The light source for the photo-electric 
measurement was an incandescent lamp 


whose white light was resolved through an 
infra-red monochrometer with a quartz prism 
‘to focus on the filament F. A DuBridge- 


) 
| 


Brown amplifier and a galvanometer were 


used for the reading of photo-electric current. 


The relative intensity of the light source 


was calibrated by a vacuum thermo-couple, 


connected to a galvanometer of high sensi- 


tivity and low resistance. 


Temperature of the source and the receiver 


was determined pyrometrically and necessary 


corrections were made for emissivity of the 

radiator and transmissivity of glass bulb. 
The amount of deposited barium oxide on 

the receiver was computed from the vapour 


-pressure-temperature curve of barium oxide 
-and tube geometry. When the temperature 


of evaporator fixed to 1,250°K, the surface of 


‘the receiver was covered by a mono-mole- 


cular layer of barium oxide after evaporation 
of about 7 mins. 
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§3. Experimental results 
(1) Tantalum 

The tube used for this experiment had an 
evaporator cathode, and tantalum receiver 
surface was not polished. No essential dif- 
ference in both photo-electric and thermionic 
emission from deposited thin films could be 
found between tantalum and molybdenum 
receiver. 

(a) Effect of amount of contamination. 

The thermionic emission from the receiver 
filament usually increased with the contami- 
nation of active substances (Fig. 2) and the 
emission current could be always expressed 
in term of Richardson equation 

I=AT? exp (—%e/kT) . 

I, A and @ are tabulated in Table 1. The 
spectral distribution curves of photo-electric 
emission are shown in Fig. 3 with linear 
scale and in Fig. 4 with logarithmic scale. 

As far as the contamination was small, the 
curves obtained fitted fairly well to Fowler 
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Fig. 2. Thermionic emission current from oxide 
thin film at 800°K vs. evaporated time 
curve 1. 


plots (I and II in Fig. 3) as plotted in Fig. 
5, but it became to deviate more and more 
(III-VIII) with the appearance of tails. 

In the present work the photoelectric work 
functions were determined, for convenience, 
under the assumption that the photoelectric 
emission could be expressed by Fowler 
equation, so long as the considered region 


they agreed well with those obtained by ap- 


24 Sin-ichiro NARITA (Vol. 9, 
Table I. 
| Evap. time | Therm. Curr. Richard. Const. Work Function 
No. | t | i (800°K) A yg (therm.) ¢ (photo.) 
min. | Amp./em? | Amp./em?2 degree? ev ev 
1 6 ’ Deon Ome 15 2.35 2.35 
IT tb OFS Oss 8 Paves. 2.25 
III 9 4.0x10-7 ple) 2.08 2.10 
IV 10 hal >eLO me 0.8 os 199 
V 12 LO >alOSs 2.2x10-2 1.61 1.87 
VI 19 1A 10-6 1.5x10-1 5 a5) 1.85 
VII 80 4.0x10-6 6.01072 1.61 I est 
VIII 60 OTOP lds 5.7x10-3 1.20 1.69 
Table II. 
36 amas “ar Tt Ar T a 
ey Heater Volt Thermionic Emission 
> NO. 
cay ae cle Ef A (Inactive) | B (Active) 
354+ tt 
te 3.5 V | 0.055mA | 0.37mA 
= a 
aah a 3.25 0.025 0.20 
a ww 
eee) 3.0 0.012 | 0.095 
ike ee = ee 2 ee SSS 
z Br 
eek was sufficient narrow near at the threshold. 
< La , The results are appended to Table I, but 
is 1S i7 19 ol 288 285 27 29 Bt 3S 
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Fig. 3. 


Spectral distribution of photoemission 


from oxide thin film on tantalum. 
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Logarithmic photocurrent vs. photon 
energy curves. 
i se eee 


LOG Fy =LOG GAT P( KY“ KT)*C 


25 


100 = 105 


plying Nishibori et al’s methode”. 

The photoelectric work function at which 
the photo-current began to deviate from a 
Fowler plot depended upon the activity of the 
evaporator cathode. Generally in the case 
of more active source, the photo-emission 
curve fitted to Fowler plot until the work 
function became smaller. The curves I’ in 
Figs. 3 and 5 are the example in which the 
work function was estimated 1.95 ey. 

(2) Molybdenum 

In the case of molybdenum receiver, two 
source cathodes A and B with different ac- 
tivities were mounted in the same tube. The 
thermionic activities of both sources are 
shown in Table 2. The surface of the moly- 
bdenum receiver was polished carefully and 
it was settled at angle of 45° to the incident 
light. 

(a) Activity of source cathodes. 

Fig. 6 shows the time change of the 
thermionic emission from a molybdenum 
filament onto which evaporated substances 
deposited from the cathodes A and B respec- 
tively. Figs. 7 (a) and (b) are their spectral 
distribution curves of photoemission, and 
corresponding thermionic data are summa- 
rized in Table 3. 
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Fig. 6. Thermionie emission current from 
oxide thin films at 845°K vs. evaporated 
time curves 2. 

A: evap. from inactive cathode 
B: evap. from active cathode 
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Fig. 7 (a). Spectral distribution of photoemiss- 
ion from oxide thin film on molybdenum 
evaporated from active cathode B. 
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Fig. 7 (b). Spectral distribution of photcemiss- 
ion from oxide thin film on molybdenum 
evaporated from inactive cathode A. 


Table III. 
Eyvap. | | Evap. Time | Therm. Curr. | Richard. Const. Work Function 
Nolr t | 4 (845°K) | A gy (therm) ¢ (photo) 
Cathode | min. | Amp./em2 | Amp./em? degree? ev ev 
| I 4 eal | = 2.15 
From Inactive | I 6 2.1x10-7 4.0 2.20 2.15 
esa 8 8.9 10-7 2.7 2.09 2.10 
(A) | IV 12 1.3%10-8 B.2 x10-2 1.94 1.90 
V 27 1.8x10-6 1.05 «10-1 1.83 2.00 
VI 60 1.1 10-6 1.6 x10-1 1.85 2.00 
Tom i 4 3.4% 10-7 3.9 x10-1 2.00 2.00 
From Active II 6 4.0% 10-6 2.2 1.97 1.95 
Ill 9 8.0 «10-5 1.1 «10-3 1.35 1.80 
(B) IV 24 2.3x10-6 2.4 x10-3 1.57 1.80 
V 60 2.0 x10-4 5.7 x10-4 1.0 1.70 


When the filament was exposed to the 
evaporation from the active source, the photo- 
current was represented by a Fowler equa- 
tion at first (I in Fig. 7 (a)), but then began 
to deviate from this equation. On the other 
hand, when the filament was exposed to 
the evaporation from the inactive source, 


the photocurrent did not follow Fowler plot 
from the beginning. (where the thermionic 
emission showed initial rapid increase) and 
the current maximum in the long wave 
length did not displace to 2.3 ev even after 
deposition of several molecular layers, but it 
ramained 2.72 ev. (Fig. 7 (b)). Parallelly the 
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thermionic emission remained much lower 
(Table 3) however, such an inactive state 
could be activated by evaporation of active 
substances from the active source as will be 
mentioned in the next paragraph. 
(b) Displacement of maximum sensitivity. 
Preceeding to this experiment the active 
source cathode B was flashed at 1,470°K in 
increase the content of barium 
atoms and the molybdenum receiver was 
cleaned by flashing. At first the active sub- 
stances evaporated from the inactive source 
A at 1,250°K was deposited on the receiver 
at 800°K. The spectral distribution curve 
obtained is shown by the curve I in Fig. 8 
together with the thermionic data, then 
lighting the cathode B at 1,250°K and the 
receiver at 800°K, the active substances were 
evaporated further on to the receiver for 1 
min. The spectral distribution curve changed 
to the curve II in the same figure. The cur- 
rent maximum displaced from 2.72 to 2.3 ev 
and at the same time the thermionic work 
function lowered down from 1.73 to 1.06 ev. 
corresponding to a large increase of thermi- 
onic emission at 800°K by the factor of 5,000 
times. 


order to 
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g. 8. Displacement of sensitive maximum of 
photoemission from oxide thin film on 
molybdenum. Thermionie datas are obtain- 
ed from Richardson’s formula, 


I= AT? exp(—ge/kT) (T;: 800°K). 


(c) Vector effect of the incident light 

For simplicity the light polarized with the 
electric vector parallel and perpendicular to 
the plane of metal are symbolized by | and 
// respectively. In Fig. 9 (a) are shown 
photo-emission curves for 1 and // for a 
thin film deposited by 4 mins evaporation. 
Both curves fit to Fowler plots, but the cur- 
rent for // is usually about twice larger 
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Fig. 9 (a). Effect of the direction of electric 


vector of the incident light on the metallic 
photoemission. 
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Fig. 9 (b). Effect of the direction of electric 
vector of the incident light on the selec- 
tive photoemission. 


than that for |. Fig. 9 (b) are photo-emis- 
sion curves by 30 mins evaporation, in 
which the selective photoemission whose 
maximum situates at 2.3 ev is clearly observed 
only for // and the ratio of ||/_ often exceed 
by the factor of ten in the low energy region. 


$4. Discussion 
(1) On the curves fitting to Fowler Plots 


The photoemission current from a clean 
metal has been known to be expressed by 
Fowler equation, 

I= AQT?¢{h(v—)/RT } . 

When a metal surface is covered by a 
mono-atomic layer of other kind of metal 
and the surface dipoles reduce the work 
function of the base metal, its photo-current 
should have the similar expression, because 
electrons participated to the emission may be 
free electrons in the base metal, as supported 
by many investigators”. 

The present study revealed that the photo- 
emission from thin films deposited by evapo- 
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ration from BaO initially expressed by Fow- 
ler equation. This suggests that the dipoles 
of BaO or Ba are formed on the surface of 
receiver at the beginning of evaporation. If 
BaO dipoles are assumed to be formed, the 
photoelectric and thermionic emission at the 
beginning of the evaporation must be inde- 
pendent of the source cathodes, standing 
against the experimental results shown in 
Fig. 6 and 7. Also the present photo-electric 
work showed that the active evaporators give 
the Fowler plots having smaller work-func- 
tion. These results seems to lead to the 
conclusion that barium atoms evaporate from 
a source cathode and form their dipoles on 
the receiver surface locating independently 
jupon barium oxide molecules at the first 
stage of contamination. 


(2) Selective photo-emission 

As the amount of contamination became 
larger, the photo-emission curve became to 
have an abnormal tail in low energy side 
‘and began to deviate from the Fowler plot. 
(Finally the curve had the maximum of 
|photo-sensitivity at the lower energy region. 
It may give an evidence for denying the 
iformation of BaO dipoles at the stage. Per- 
haps evaporated barium oxide molecules 
‘combine with barium atoms on the surface 
of the receiver to have a crystal structure 
of semi-conductor type. The displacement 
Of maximum of sensitivity also indicate the 
powerful role of barium atoms in the emis- 
sion. 
| In the case of (K)—-KH—K cathode, re- 
ported by Fleisher, the photo-sensitive 
maximum at 427 my has an abnormally 
vector effect and correspond to the absorp- 
tion maximum of light. DeBoer®) explained 
this results by the anisotropy of the layer. 
In the present work, the maximum of sensi- 
‘tivity at 2.3 ev showing abnormally vector 
affect may have some relation with the ab- 
sorption by F center of BaO single crystal 
| bserved by Kane!), and the anisotropy of 
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the present layer may be attributed to surface 
barium on BaO layer.‘ > It seems, however, 
difficult to give a complete interpretation for 
the present experimental results in term of 
energy level diagram. 

The vector effect of the photoemission 
seems to suggest additionally that the aggrega- 
tion of the evaporated materials may not 
occur on the receiver. 


(3) Thick Oxide Coating 


It is quite interesting that the photo-elec- 
tric threshold of active thin film of several 
molecular layers quite resembles to that of 
the thick oxide coating of good activation 
reported by Nishibori et al’s™ as is the case 
for the thermionic work function®”, 

These resemblance may be explained by 
the conception that these work functions of 
both emitters are determined by the structure 
near the surfaces. 

The writer wishes to express his thanks to 
Dr. T. Arizumi for his helpful suggestions 
and discussions. 
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Several phenomena caused by electron bombardment for barium 
oxide films deposited from oxide coated cathode are described. Oxide 
cathode used as electron source is largely deactivated by electron 
bombardment applied for deposited film. Origin of emission decay is 
found to be ascribed to evolved gas from deposited film under bom- 
bardment. 

Furthermore, details of change of deposited film’s activity under 
bombardment are described. Emission of film increases or decreases 
by electron bombardment due to whether deposition is carried out at 
low or at high cathode temperature. Change of work function is also 
measured. In connection with the electron bombardment, temperature 
effect for films are studied and an activation or a deactivation 
phenomenon was found. These results obtained for nickel and molyb- 
denum sleeves are applicable for the case of grid emission in com- 


mercial tubes. 


§1. Introduction 


Effect of the ‘‘ contamination of positive 
electrodes ’’’ on cathode emission is investiga- 
ted from several points of view. Some de- 
scriptions» are already given of the emission 
decay phenomenon due to the anode contami- 
nation. For the contamination of anode 
material itself, gas evolution from the anode 
under electron bombardment and the effect 
of pretreatment of the anode material on 
emission decay were also investigated®. To 
prevent the emission decay, clean-up of posi- 
tive electrode is quite important and appropri- 
ate methods in pumping, activation and aging 
process are desirable. 

Another interesting problem originated 
from the contamination due to deposition 
from oxide cathode is the variation of emis- 
sion in deposited film under electron bom- 
bardment. In this article, activation and 
deactivation phenomena in the deposited films 
under bombardment and temperature effect 
for films after bombardment are mentioned 
in detail. These provide a very interesting 
clue which clarify the mechanism of emission 
of the thin film composed of evaporated sub- 
stance from the oxide cathode. 

In order to outline the full behaviour of 
electron bombardment effect, main points of 
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phenomena observed at bombarding cathode 
and of gas evolution data will be added _be- 
fore the description of phenomena in the 
deposited film. | 


§2. Survey on Previous Results 


It was found that if an anode is contamina- |f 
ted by deposited film from oxide cathode, | 
d.c. emission of the latter is smaller than | 
is faced to noncontaminated |} 
Further investigations indicated that, |f 
in former case, large emission decay took H | 
place by the dissociation of deposited barium | | 


that which 
anode. 


oxide.) In some extreme cases, it is difficult 
to draw sufficient anode current necessary 
for normal operation, unless adequate aging 
process is applied after thermal activation.» 
This result implies that one purpose of draw- 
ing emission during thermal activation and 
of aging process after activation lines in 
cleaningup of contamination on the positive 
electrodes.°) Mechanism of emission decay 
due to the presence of contaminated anode 
was also confirmed by founding the threshold 
potential for dissociation of deposited barium 


oxide. Anode voltage at which abrupt change 


in saturated anode current occur is 6.0 V and 
in considering the contact potential difference 
between cathode and contaminated anode it. 
was concluded that dissociation of deposited 


| 


| 
; 


i 
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barium oxide will occur at about 5.0eV. In 
practice, life test data indicated a very inter- 
esting result, that is, one batch carried out with 
Ep=3.0 V has stable emission while the other 
one carried out with Ep=8.0 V has a seriously 
‘slamped emission in spite of same anode 
‘current (10 mA) for both cases.®) 

Furthermore, when an anode contaminated 
with deposited film is employed, a particular 
phenomenon appeared in decay process, i.e., 
emission decay curve has a hump. Degree 
of humping is different from case to case 
according to circumstances, e.g., the propor- 
tion of barium to barium oxide in deposited 
film, activity, temperature of bombarding 
cathode, etc. 


'§3. Gas Evolution under Electron Bombard- 
ment 


Experiments were performed to ascertain 
whether gas evolution takes place at con- 
taminated anode. Test tube used is shown 
in Fig 1. in which A and B are diodes, C is 
Pirani gauge and D getter chamber. At 
first, saturation current is drawn in diode A 
and after steady state is established, emis- 


Fig. 1. Experimental tube for measuring the 
variations of emission and gas pressure 
shown in Fig. 2. A and B are diodes, C is 
Pirani gauge and D is getter chamber. 


sion current is drawn in diode B having an 
anode with deposited film, thus emission cur- 
rent of a diode is measured in function of 
gas pressure and the emission current of an- 
other diode. Fig. 2 is an example of the 
results obtained and shows increase of gas 
pressure and decrease of the emission current 
in A due to current drawing in B. In diode 
B, anode material is cleaned up by electron 
bombardment for long hours, and deposition 
from oxide cathode is made after the gas 


avolution has ceased. Inerease of gas 
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pressure in Fig. 2 is, therefore, ascribed 
reasonably to deposited film, and origin of 
emission decay for both cathodes will be as- 
cribed to the evolved gas. Furthermore, it 
was found that the higher the bombarding 
voltage and the larger the time of deposition, 
the greater the gas evolution. An example 
is illustrated in Fig. 3 and this curve implies 
enhancement of dissociation as bombarding 
energy increases. 


(mA) 


Gos Pressure 


6 strat ; 
o- nw An on o —> Gas Eressure (Arbitrary unit) 


(0) | 2 3 4 5 6 7 (min) 
— Time 
Fig. 2. Variations of emission and gas pressure 


eaused by electron bombardment applied for 
contaminated anode with deposited film. 


@® After deposition for 
30 min. at Ey =8-0V 
@® After deposition for 
60 min. at E¢=8-OV 
@ After further deposition 
for 
30min. at Ef =9-0V 


—-> Gas Pressure ( Arbitrary Unit) 


—» Time (min.) 
Fig. 8. Evolution of gas from the deposited 


anode under electron bombardment for 


various quantities of deposition. 
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Comparison of gas evolution for the depo- 
sited nickel and tantalum anodes are also 
examined. Inthe same test tube nickel and 
tantalum anode were deposited with cathode 
materials by flashing the oxide cathode in 
equal conditions e.g. at about 1200°K for 10 
minutes, then bombarded at an equal anode 
voltage (=200V). Gas evolution result is 
given in Fig. 4, which represents marked 
difference for two anodes. This marked dif- 
ference in gas evolution for two anodes will 
be due to the difference of dissociation pro- 
bability for deposited barium oxide. 


—> Gas Pressure (Arbitrary unit) 


° 2 3 4 5 6 


: (min.) 
— Time 


Fig. 4. Comparision of gas-evolutions from Ta 
and Ni anodes on which deposition from 
oxide cathode were made. 


It is obvious from these results that depo- 
sited film from oxide cathode liberates some 
gas, probably oxygen, under electron bom- 
bardment and the liberated gas affects the 
cathode to cause emission decay. 


§4. Change of Emission at the Deposited 
Film 

We can suppose, from what we saw in 
previous sections, that a marked change of 
activity would be brought about in the depo- 
sited film by electron bombardment. Measure- 
ments of emission and work function of 
deposited film during bombardment were 
carried out associated with the observation 
of the temperature effect of the film. Pre- 
liminary experiment gave such inconsistent 
results as indicating increase and decrease 
of emission from case to case by bombard- 
ment. Detailed systematic experiments were, 
therefore, undertaken and a consistent ex- 
planation for various experimental results 
were obtained. Test tube, shown in Fig. 5, 
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have two sleeves, the one coated and the 
another uncoated, of which normal rating 
of heater is 6.3V. The uncoated sleeve isi} 
attached by P;—P:-Rn thermo-junction and |} 
is shielded by sliding plate from the coated fj 
sleeve whenever undesirable deposition takes fj} 


place. 


Ni or Mo SLEVE 


| 


/| , OXIDE COATED 
is CATHODE 


SLIDING PLATE 
“—— “FOR SHIELDING 


THERMO-JUNCTION 


Fig. 5. Experimental tube for measuring the 
behaviour of activity in deposited film 
eaused by electron bombardment. 


Experiments were carried out for nickel 
and molybdenum sleeves and for commercial 
tube’s grid. Emission from the deposited | 
film was measured by a galvanometer, whose 
sensitivity is 2.3x10-!° A. 

(4-1) Variation of Contact Potential and of 
Asseciated Emission during Deposition 

In order to get a measure of deposited 
quantity, measurements are performed for 
the variation of contact potential between 
deposited film and cathode as well as for the jf 
emission of deposited film during deposition. | 
One of these results obtained for nickel |ff 
sleeve is illustrated in Fig. 6. Contact poten- 
tial is measured by so called method of | 
“‘initial velocity characteristic’. If we! 
assume that emission current is saturated | 
when monolayer is formed, then, in the case | 
shown in Fig. 6, formation of monolayer | 
would be completed in several minutes. The 
behabiour shown in Fig. 6 are qualitatively | 
similar to those obtained with molybdenum 
sleeve. 


(4-2) Activation and Deactivation by Electron 
Bombardment 

The fact that electron bombardment effect 

is different for individual cases even under 

the same bombarding condition, means that 

there will be some difference in the nature 

of deposited film before bombardment. This 
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“difference in nature’’ will be ascribed to 
the difference of composition in deposited 
films, and this difference of composition 
would be originated from the fact that each 
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O 10 20 30 
——> Time of deposition (min.) 
Irig. 6. Variations of emission in the deposited 
film and of contact potential difference be- 
tween film and oxide cathode during deposi- 
_ tion. Emission is measured at 600°C. (Ni 


sleeve used). 
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cathode is flashed at different activity and 
maintained at different temperature on de- 
positon. In this experiment, test tube has 
good activity of the order of 100 mA/cm? at 
about 800°K. To ascertain the above con- 
sideration experiments were performed at 


various temperatures of cathode during 
deposition. Results are classified into two 
general groups. (1) When deposition was 


made at high cathode temperature, deactiva- 
tion is caused by electron bombardment. 
(2) On the other hand, when deposition was 
made at low temperature, electron bombard- 
ment causes activation. In the case of activa- 
tion, however, further successive bombard- 
ment brings about deactivation. An example 
of the first case is shown in Fig. 7. After 
deposition for 20 min. at Ef=7.5 V (about 
1150°K), marked decrease in emission accom- 
panied by the increase in work function 
appeared by bombardment as shown by 
Richardson plot @, @, @ in Fig. 7 (a). These 
variation of emission and work function are 
re-illustrated in Fig. 7 (b) as a function of 
time of bombardment at a certain temperature. 
An example of the second case is represented 
similarly in Fig. 8 (a), (b). The latter result 
is obtained for deposited film after deposition 
of 2 hours at Ef=7.1V, and shows marked 
activation due to bombardment, though far- 
ther bombardment brings about deactivation. 
If the deposition time is longer, activation 
process is transformed into deactivation 
process in much shorter time of bombard- 
ment though bombarding and depositing 
conditions remained the same. ‘This means 
that it becomes easier to deactivate as the 
deposited quantity becomes larger. In the 
above examples, conditiones of bombardment 
are 100 V. for bombarding voltage and 7mA 
for bombarding current in all cases, but if 
bombarding condition is less severe, e. g. 
50 V, 1mA, activation process becomes much 
more gradual. In this series of experiments, 
medium temperature range was also ex- 
amined. It was found that, if deposition is 
made at Ef=7.3 V (even for 1 hour) activa- 
tion appeared by bombardment and if tem- 
perature exceeds that corresponds to Ef=7.4 
V, deactivation takes place except for very 
short time of deposition (shorter that about 
5 min.) 

For molybdenum sleeve, activation-deacti- 
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SS Emission 


Fig. 7. Electron bombardment effect for Ni sleeve on which deposition was made at 


Ef=7.5 V for 20 min. 


(a) Logarithmie emission vs. 1/T' plots. @: 
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Immediately after deposition. 


@): After electron bombardment at 100 V,7 mA for 38min. @): After further 
bombardment at 100 V, 7 mA for 15 min. 


(b) Variations of emission at 440°C and of work function as a function of 


bombarding time. 


vatirn critical temperature is much higher 
than that for nickel sleeve. Even when de- 
position temperature is about 1200°K (Ef= 
8.0 V) activation due to bombardment ap- 
peared. If deposition is made at Ef=—9.0 V, 
deactivation due to bombardment is appeared 
excepted for a very little deposition. 

Effect of temperature of sleeve on which 
deposition is made is also examined for 
molybdenum sleeve. Curves @ and @ in 
Fig. 9 indicate the electron bombardment 
effect for molybdenum sleeve which main- 
tained at room temperature and 600°C re- 
spectively during deposition. In the latter 
case, initial emission is smaller than that for 
the former and activation process appeares 
at first, though flashing temperature and 
bombarding conditions are kept same for 
both cases. The mechanism for this dif- 
ference will be considered later. 

(4-3) Temperature Effect 


Marked temperature effect was observed|f 
which represents a serious decrease in emis-|ff 
sion together with a appreciable increase injf 
work function by raising the film tempera-|ff 
ture momentarily after activation due tolf 
bombardment. Detailed study of emission| 
decay phenomenon was made and the decay| | 
is found to become more rapid as tempera-| 
ture increases. Fig. 10 (a) indicates this be- 
haviour and if we plot the” quantity of de- 
crease in emission per unit time against 1/T,| 
on a assumption that emission decay is ini 
proportion to time, a straight line shown iniff 
Fig. 10 (b) is obtained. Slope of this linet 
corresponds to energy of about 2.0~2.2 eV. \f 

On the other hand, after deactivation duelf 
to bombardment, activation appears by rais-if 
ing film temperature slightly. Even in thisi 
case, however, raising film temperature} 
further, strong decrease in emission is causedif 
in the same manner as mentioned above. | 


> Emission 
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os 


Ef=7.1V for 120 min. 


bombarding time. 


Degree of this activation is comparatively 
small for nickel, while for molybdenum 
narked. An example of result obtained for 
olybdenum sleeve is shown in Fig. 11. In 
fig. 11 (a), emission was measured at a cer- 
in temperature after film was heated at 
nore higher temperature for several minutes. 
Aspect of the emission increase against time 
5 shown in Fig. 11 (b), which represents a 
‘trong increase in emission after equilibrium 
s established in temperature. Difference of 
Be eecs of this emission increase for nickel 
nd molybdenum will be ascribed to the dif- 
erence of reduction ability for these two 
leeve materials. 

4-4) Adoptation for Grid Emission 
Phenomena similar to that mentioned in 
wevious sections must be found also in grids 


f commercial tubes. Results obtained for 


— Emission 


(a) Logarithmic emission vs. 1/T plots. 
@): After electron bombardment at 100V, 7 mA for 3 min. 
further electron bombardment at 100V, 7 mA for 15 min. 
further electron bombardment at 100 V, 7 mA for 50 min. 


(b) Variations of emission at 440°C and of work function as a function of 
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Fig. 8. Electron bombardment effect for Ni sleeve on which deposition was made at 


@: Immediately after deposition. 
@: After 


@: After 


CZ-504-D, a repeater power amplifier pentode, 
after an over-heated life test at nearly 1300°K 
of cathode temperature for several hours is 
quite similar to that of Fig. 7 obtained for 
sleeves on which deposition were made at 
high cathode temperature. On the other hand, 
result obtained for CZ-501-D, a_ repeater 
voltage amplifier pentode, operated at normal 
rating for several thousands hours indicates 
strong increase in grid emission by bombard- 
ment. In this case, the behaviour is analo- 
gous to these obtained for sleeves on which 
deposition were made at low cathode tem- 
perature. In (43), we found that large 
decrease in emission would be brought about 
by raising the temperature of film even when 
marked activation is caused by bombardment. 
In the case of grid emission, however, direct 
heating of grid wire is impossible. Heating 
is carried out, therefore, by flashing the 
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cathode momentarily, for example at about 
1350°K for 1 minute, thus raising the tem- 
perature of grid wire by radiated heat from 
the cathode. This heat treatment is very 
sensitive to decrease the grid emission as 
shown in Fig. 12. It is very interesting and 
important fact that grid emission decreases 


to a value lower than initial value. 
-10 
x2-3 xlO (A 
io Eee eee 


: at room temp. 


O) 


: at 600 T 


10" 
& 
‘So 
3 
= 
tu 

he 

O 10 20 30 40 (min) 
~—>» Time-of alectran bambardment 
Fig. 9. Effect of temperature of sleeve on 


which deposition is made. Deposition is 
made on Mo sleeve at Ef=9.0 V for 30 min. 
Bombarding condition is 100 V, 7 mA and 
emission is compared at 380°C. 


(4-5) Consideration 

It will be expected from the results men- 
tioned above that there is optimum 
condition for thermionic emission from 
deposited film. Our present interest lies in 
finding the main factor which affects this 
optimum condition. Deposited materials from 
oxide coated cathode are considered to be a 
mixture consisted of a large number of 
barium oxide molecules and a few 
atoms.) If this is the case, gas 
at electron bombardment should be oxygen 
and it is quite natural to expect the produc- 
tion of free barium atom in the deposited 
film by electron bombardment. For the elec- 
tron bombardment effect to oxide cathode, 
Becker®) as well as Yoshida, Takeda and 
Arata” have performed already very interest- 


barium 
evolved 
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ing works and pointed out that activation or |}} 
Pos ; Tl 
deactivation phenomenon appeared owing to) 


the production of free barium atoms in the 
cathode under bombardment.* In present 


experiment also, if we assume that emission | 
of deposited film has a maximum value at) 


the appropriate quantity of surface free) 
barium atom, the results obtained will be 
explained. 


If the flashing temperature is high, depos- | 


ited film will be at optimum state from the 


beginning and so free barium produced by | : 
bombardment will bring about deactivation. |f} 
if the flashing tempera- |] 


On the other hand, 
ture is low, deposited film will not reach to 
an optimum state even if deposition quantity 
is much larger. 
film. 


It is clear from these consideratious 


that even in the case of activation, successive |) 
bombardment will deactivate the film owing |} 
to the over production of free barium. Result | 


shown in Fig. 10 representing a difference 
of electron bombardment effect for molybde- 


num sleeve maintained at room temperature | 


and 600°C will be explained in terms of re- 
evaporation of free barium. In the later 
case, quantity of barium atom in the depos- 
ited film is smaller than that in the former 
case, and so the emission in the latter is 
smaller and increases by bombardment. The 
dependency of activation due to bombardment 
on whether the evaporating material compos- 
ing thin film comes from the cathode with 
inactive core metal, e.g. platinum, or comes 
from that with active core metal, e.g. tan- 
talum, furnishes a powerful proof for the 
free barium theory mentioned above.** 


Temperature effect also seems to be ex- jf 
plained by diffusion or evaporation of free. 
barium, and variation of density of surface 


free barium will cause activation or deactiva- 
tion. 
emission decay mentioned in (4-3), the fol- 
lowing consideration is possible. 

If decreasing velocity of suaface density of 


* More recently, Wood and Right) performed 
similar experiment for deposited BaO film. Ishi- 


kawa, Sato, Okumura and Sasaki also carried 


out the electron bombardment effeet for oxide 


cathode in a different point of view (Presented 
orally at the meeting of the Society of Electronic 


Emission, Tokyo, Japan, 29th. Sept. 1950.) 
** These results will be reported later. 


Free barium produced by | 
bombardment will then activate the deposited | 


For the temperature dependency of | 
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Fig. 10. Degree of emission decay affected by 
film temperature (Ni sleeve). 
(a) Decrease of emission as a function of 
time after raising film temperature. 
(b) Logarithmic plot of degree of emission 
decay per unit time vs. 1/T obtained 
from (a). 


free barium (n,) in the deposited film is con- 
sidered to be proportional to ng and also 
emission (I) from the film is considered to be 
proportional to ny, as a first approximation, 
we obtain 
dl/dt=—KT, Cie) 
where 
K=K, exp (—E/rT). (2) 

If we denote the maximum emission before 
decay starts as h, then, 7/4 plotted against 
time in a semi-log. paper gives a straight 
line, of which slope coincides with K. Thus 
if we take the slope K for various tempera- 
ture and plot this value against the reciprocal 
of temperature in a semi-log. paper, we ob- 
tain &. Value of £ thus obtained for the 
result shown in Fig. 10, is 0.7eV. and this 
value is considered to correspond much more 
naturally to diffusion energy of free barium. 
From this consideration, variation of emission 
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electron bombardment. (Mo sleeve) 
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Activation due to raising of film temperature after deactivation caused by 


(a) Variation of emission is measured at 380°C. 
(b) Increase of emission continues after establishment of equilibrium in film 


temperature. 


will be ascribed to the variation of due 
to diffusion into deposited film. The value 
of 2.0~2.2eV. obtained for the same data on 
an assumption that emission decreases linear- 
ly against time, indicates that the value of 
work function of the film corresponds to 
about 1.3~1.5eV. This value is seemed to 
certify the validity of the assumption Jx«m) 
as a first approximation. 

Increase of emission caused by raising 
temperature would be explained similarly in 
terms of the diffusion of free barium atoms. 
Raising of film temperature after over pro- 
duction of free barium by electron bombard- 
ment would cause the decrease of surface 
free barium due to it’s diffusion towards 
sleeve. Increase of emission, thus, continues 
until the density of surface barium decreases 
below the optimum value. 

The fact that variation of emission is al- 
ways associated with variation of work 
function is analogous to that for oxide 
cathode, in which activity is affected by den- 
sity of excess barium. Increase cf work 


function due to over-bombardment will be 
ascribed, however, to metallic barium at the 
film surface owing to the excess production 
of free barium. 

Above considerations appear to provide 
consistently a good explanation for results 
obtained, but following points will remain 
unexplained in the present experiment. The 
deposited film has, unless quantity of deposi- 
tion is not sufficient,“ an amorphous struc- 
ture. From the result shown in Fig. 6, if 
the formation of monolayer takes place at 
saturation point in emission, it will be natural 
to consider that the deposited layer remains 
at the amorphous state. If the emission 
mechanism of these thin films and role of the 
free barium in it are unknown, therefore, 
above considerations do not hold. 

On the other hand, Arizumi and Narita** 
recently performed photo-electric investiga- 
tions for deposited film. They found that 


* More than about 100 A. 


** Report of the Society of Electronic Emission 
of Japan, March, 1953, 
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Fig. 12. Logarithmic grid emission vs. bom- 


barding time plots for repeater pentode 
CZ-501-D. Bombarding condition is 50V, 
100 mA. Temperature effect also clearly 
appeared in this case. 


maximum point of photo-emission from films 
made of evaporated materials from active 
cathode lies at 2.3eV. This result obtained 
for very thin film, even at about several 
molecular layer thickness, is quite similar to 
that obtained for oxide cathode. In consider- 
ing this result and our electron bombardment 
result, emission mechanism for both deposited 
thin film and oxide cathode seems to coincide. 
It may not be unreasonable, therefore, to 
doubt the validity of semiconductor model of 
electron emission in oxide cathodes. If this 
is not the case, it may be reasonable to as- 
sume the formation of crystallized non-uni- 
form thick layer in Patch form during a 
_ short deposition time. 


§5. Conclusion 
In a vacuum tube with oxide coated 
- cathode, evaporated film of cathode materials 


contaminates other electrodes during the 
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pumping, activation and normal operating 
processes. When the deposited films of posi- 
tive electrodes such as anode and screen grid 
are subjected to electron impact, they liberate 
gas which causes the decrease in electron 
emission from cathode. 

The fact that the emission from evaporated 
thin layer exhibits various behaviours due to 
electron bombardment will become an effec- 
tive clue for the clarification of emission 
mechanism of thin deposited film. In prac- 
tice, these result will suggest a measure to 
lower grid emission and also to renovate 
tubes having failure with respect to excessive 
grid emission. 

In conclusion the author wishes to express 
his sincere thanks to Mr. Z. Oda for his 
friendly cooperation on the gas evolution ex- 
periment. He wishes to Dr. Y. Takeda and 
Mr. K. Amakasu for their kindly guidance 
and encouragement. Thanks are due to Mr. 
Y. Nakamura of the Laboratory for his cordial 
assistance in preparing English text. 
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In the previous paper, it was shown by the writer that the space 
eharge may be formed up in the oxide eathode layer near the surface. 
In this paper the theory was extended to clarify the transient pheno- 


menon in oxide layer forming up this space charge. 


The theory 


shows some short time transient phenomena having 10-8~10-° second 


transit time. 


$1. Introduction 

In the previous papers»* the writer has 
shown that the space charge may be formed 
up in the oxide cathode layer near the surface 
and the static character of a planar diode 
can be well understood as an effect of this 
space charge. Recently Wright and Woods” 
have proposed similar theory independent of 
the writer’s work. Unfortunately, however, 
their theory was somewhat restricted and 
mathematical treatment was unfavorable in 
some detail. 

In recent years porous characters of the 
oxide layer have been studied by many in- 
vestigators and it would be certain that the 
oxide layer may have some porous characters 
in well activated state». In the present 
status of affairs, however, it would be worth 
while to publish a theory based upon the 
bulk conduction of the oxide layer. The 
essential parts of the theory that follows 
have been accomplished about three years 
ago to clarify the short time emission decay 
observed by Sproull® and others without any 
knowledge of the pore conduction. 


§2. Fundamental Equations 


Considering one dimensional model of the 
oxide layer and, for simplicity, an interface 
which usually exists between the base metal 
and oxide layer shall be neglected (see Fig. 1). 


X=L 


When the diode acts stationary a space charge 
may be formed up in the oxide layer near 
the surface, as was shown in (I) and (ID. 
As an initial condition we shall suppose that 
the density of conduction electron in the 
oxide layer is uniformly distributed across 
the layer if the anode potential is properly 
chosen. When fairly large anode potential 
is suddenly applied at any instant, the 
cathode will show some transient phenomenon 
forming up the space charge in the cathode 
layer. It is the purpose of this article to 
develope a theory concerning these transient 
phenomenon. 

The density, z7(z,7), of the conduction 
electron at any point, x, in the cathode layer 
at any time, 7, will satisfy the continuity 
equation : 
e 


eterno mes \+ — 
at Ox Ox Ox T OM 
(2.1’) 
where 
EO: resultant electric field at that point 
in the cathode layer, 
é,u,D: charge, mobility and _ diffusion 


coefficient of the conduction electron, 
recombination time of excess con- 
duction electron, 


the density of the conduction elec- 
tron at thermal equilibrium. 


The third term in the right hand side of 
Eq. (2.1’) denotes the increase (decrease) of 
conduction electrons due to thermal equili- 
brium. When the transient phenomena due 
to the drift of conduction electrons occurs 
rapidly compared to the time, r, as in our 
case**, we may safely omitt this term without 


bp | 


(a 


* These papers will be referred hereafter as 
() and (II). 


** In §6 some numerical evidences will be 
shown. 


1954) 


serious error. A transient phenomena tend- 
ing to the thermal equilibrium may be re- 
garded to occur when the drift of the con- 
duction electron has attained to its stationary 
state. Accordingly, Eq. (2.1’) may be written 


er = 2 (un- Ex) = = (p fe: 
(21) 
‘The electric field, £,, is composed of two 
parts, the one is that due to the conduction 
electron E~-, and the other is due to the vacant, 
active center, E*; that is 


EO fo+ ES. 
‘These fields are in turn related to the charge 
densities by Poisson equations : 


Gime Arce ; 

=———— -=WV, aS ) 
es ll +fx)| a 
gE*_n | CA 
dz fe 


( if i ct =constant 
0 K 0 * 


where K is the dielectric constant of the 
oxide layer, m is the density of the conduc- 
tion eleciron at the time <<—0 and a func- 
tion f(z,t) denotes the excess electron in the 
conduction band. ‘The resultant field, #,“, 
ican be obtained from Eqs. (2.2) as 


BAO=E-+E+=NJ \fia dot Ba @| ; 
(223) 


in which £,(¢) is a constant of integration. 
The constant, /,(f), is related to the anode 
voltage, V, and the distance, Z, between the 
electrodes by an equation: 


v= | E,Oda+ KE |e-o, 
= 


where Z is the thickness of cathode layer 
‘see Fig. 1). Inserting (2.3) in above equa- 
tion, we obtain 


v=Nj | ‘n fE)dE-do+ El | 


-lJ-1 
+NokKz fade Ey | . (254) 
=L 


Usually the thickness, J, is much smaller 
chan the distance, Z, and we have 


! LEK--IXYLE . 
Solving the Eq. (2.4’), we obtain 
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Ey=Eqo+ Lot > 
Lena VIN,.LE) , 


1 0 x 5 0 

E Se Cave fem — Co: Bp 

: a d: "fede. 
(2.4) 


Inserting the Eqs. (2.3) and (2.4) in (2.1) and 
neglecting all but the first order terms in f, 
we obtain 
OF 1 Of UNoEw Of 
Ot) Or, D 


__ No _ 
dt D 
(2.5) 


This is a partial differential equation to 
determine the function f(z,2). 
The boundary conditions to be imposed on 


(2.5) are 
where f,(¢) is an unknown function, for the 
moment, which can be determined by the 
other condition (see §3). As an initial con- 
dition we have 
f(z,0)=0 t<—0. AREA 

A solution of the Eq. (2.5) satisfying the 
conditions (2.6) and (2.7) can be easily 
obtained and we have** 


t 2 XG 
CXG A) = Cae -O-9) “75 == f(r) d 
A pk (e . Vata Z 
Y fa 2 2 x? BE 
ee LO (02+? 4°) ( \av , 
iv Te Ve ( 0 fo Ay? 
(2.8) 
where 
A= —2h\/D , B= (MN Eo0)/24/ D > 
C=B?-- LNs 3 B=1/C /2. 
§3. Continuity Equation at the Emitting 
Surface 


The function f(¢) in Eq. (2.8) is an 
unknown function which can be determined 
by the continuity of the conduction electron 
at the emitting surface. The electron 
emission from hot cathode obeys the well 
known Fowler-Dushman equation and, there- 
fore, we must set up another continuity 
equation than (2.1) at the emitting surface. 


* It should be kept in mind that the con- 
duction electron is not in thermal equilibrium 
in the course of the drift. 

** ef., for instance, Bayerly, ‘Fourier Series 
and Spherical Harmonies’? Ginn and Company 
(1893), p. 90. 

*** The solution (2.8) satisfies a boundary con- 
dition at x= —l approximately. 
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Considering a thin layer below the emitting 
surface whose width, 2, is equal to the mean 
free path of the conduction electron, the con- 
tinuity of the electron in this layer can be 
written as follows. 


Inflow of the electron : 


c 


(3.1) 


Out flow of the electron: 


(n-D) x =o 
b aie. 3 (a2) 
@=9,exp ( VE) , 
hs 
where 


Dy=Dyy/ FT e-a0 and £,9O= KE,OO) , 
2rm 


in which k is the Boltzmann constant, T is 
the cathode temperature in °K, m is the 
mass of the electron, % is the hight of the 
surface potential barrier and D, the mean 
transmission coefficient for electron at the 
emitting surface. An exponential term in 
Eq. (8.2) is due to the Schottky effect and a 
coefficient 6 should be chosen as 4.39 if the 
field strength, £,“, is measured in volts per 
centimeter. The continuity equation can be 
written, therefore, as 


_ pn? E 0 
& Mey“ alee at: OD) - aidan 


633) 
The quantity (3.1) can be written in terms 
of f@,z) as 


(x aEo—De pe ae avn] (lth) 


+Eu+| fa |—Dm ge (3.4) 


Similarly, 1/E#,© can be written as 


VE-O= VEN Eph t F 
MV EN Eyl +4F), 


where 


1 : (ne . ie 
BA |_,Aeddet iy) 


Sean 5 ete 1 
hy| »E ral v—O, 2E,. CER Gar AD (B+ VSO —2s |= "(O.—vEw) : 


The /-Function h,(s) can be obtained at once: 


(Vol. 9, 


Whereby 


jk BaiV- 
sae ’ (ory z) 
= 0.0] DE, We fee Sa | 
(3.5) | 


| Y sae de \" fae | - 65) i 


Inserting Eqs. (3.4) and (3.5) into (3.3), wei 


obtain 


| 
| 
H | 
| 
i 
| 


yEg(1+P) 4 val Ory») | Reed) 
pZ_o+p =i 


ot 
(0, =D,e", v=yN,). (3.6) 


The function f(z,z) in Eq. (8.6) is a slowly } 
varing function of # and we can take¥ 


approximately 


[he t)|- =- afi ? t) = Jat) : 


Thus we obtain an equation to determine 
the function f,(Z) : 


0 
me? |_| AB de ae 
00 -l)j— 


pf 6] ots syn r th 
x=0 


oad 
ae (3.7) 
§4. Determination of the Function f(t) 


We are now in position to solve the Eq. 
(3.7). It is very convenient to use the Laplace | 
transformation and we define the /-Functions 
of f(a,z) and f,(Z) as follows : 


VOR |, efe tbe 
0 


(4.1) 
bs) [ett : 
0 


From the Eq. (2.8), we have 
h(s,2)=e2 2407 P. hfs) 2) (452) 


By the use of Eqs. (4.1) and (4.2), the Eq. 
(3.7) can be transformed as 


(4.3) 
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h(sy=_—___————AIS) (1 — vw) (B+ 540) 
Moe 


(YE q—9,—As) (B+7/s-+0—V/ D (B+ ate mae (4.4) 


¥,=V—D,7/2E go 


We have, now, to transform the /-Function, as i a a 
ho(s), to Z-Function, f,(¢). For this purpose vi wee Jee e=anee wees 
it is convenient to rearrange the Eq. (4.4) as 
' follows. Putting 


In(s)- = CH=), 1) 


where %-! denotes inverse Laplace trans- 
formation and ¢¥(x) is an Error integral 
(4.5a) defined by 


R sq(s) 
we have oa)= Fol" edz, 
| ey taste 2Bi/ ste | ! 
we have finally 
((as+b)i/ste Beas Gu il 
+\S+dste Bt+s+cl1/ste Fi eet A a BE sea SD: 
\(as+b) 2B | + SBe~*! /\/c—a, P/ (C—ay)t) - (4-7) 
=p,(s)+p.(s) , (4.5b) . 


The coefficients in Eq. (4.7) can be rewritten 
: ACE ee ie RS as follows. We can subdivide the roots of 
q(s)=(s'+ds+e)—(s+ey(as+b)’, (4.5¢) the equation, qg(s)=0, into two groups; that 


_ and 


' where the coefficients a,b,d and e are is, those satisfying an equation 
4 SUP (4 2 Pe #+dste=(ast+b)/st+e=ai (a:>0), 
A D and others satisfying 
= ae ( 4 gE s+ds+e=—(ast+b)\/stco=—a (ak>0). 
P a J Denoting the first group of the root as —a; 
er fis = and the second as a;,, the coefficients A’s and 
= *Biy/2A+ (s/2( 9+ 2 ew *) +e D/AKE . B’s in Eq. (4.7) can be written as 
| A, =U Bi=rs) 
| (4.5d) aa) 11=2Bi/e—a, 
| The function g(s) is a quadratic function in (r:—Bi) A Be a 
s and we can put Bi =a,/c—a; Te an) 
Q(s)=(s+a;)(st+a2)(s+a3)\(St+a:) . phe 
Consequently we have 4, — 208s +1) mam 
Bee) Sti Ax LRTI seat eae) q'(—ax) pad ee 
met ed: id 0 
sq(s) x=0 Stax TVste k=0 STOx jon SS (Cee) =B’+c+ar. 
(4.6a) k= — An /o— (Ci oe Ax) 


Ax=p(—4ax)/q'(—ax) With these expressions the Eq. (4.7) can be 
Bi =p(—a;z)/q'(—ax) . oP) written in the form 


na 
Dy 
oO 
bat 
ie’) 


From the Eqs. (4.6) we can obtain the L- fD= Art Bret Ss i(Bi— 


Function, fp(é), of fo(s) as follows. By the pg = a 
well known transformations : x e-%'[1—-9G/@—a) D1 
1 = AA Be +7e) aot ao 
ae sap Ke, — ete J14 9 )p|- 
f Sta | ees = g(a) [ V (c-+ax) 


(4.8) 


= 1 -ct 
ie rary, rae In our case, the equation, g(s)=0, have only 
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such the roots as —a; and we can omit the 
last term in Eq. (4.8). On the other hand, 
from the asymptotic expansion of the Error 
integral*, we see that the third term in Eq. 
(4.8) can be written as 


e-tt[1- 0 CHa blre“'[(e— ant ]", 


and we have for the function /j(Z) 


abt = o CE Biay pCi Pind 
DD SE NERV IOT ee ee a 
(4.9) 


The emission current ratio, j(¢)/j(0), where 
j(0) denotes emission current at ¢=0, can, 
therefore, be written as 


j{D)/jO)=1+folZ) . (4.10) 


§5. Relaxation tending to Thermal 
Equilibrium 

In the previous sections we have concerned 
only with the transient phenomena due to 
the drift of conduction electrons in the oxide 
layer. The electron distribution given by 
the Eq. (4.9) is not in thermal equilibrium 
with donors at any time. As was remarked 
in §2, these treatments will be correct so 
long as the transit time of the drift motion 
is far shorter than the relaxation time, vc. 
In this section we shall concern ourselves 
with the relaxation tending to thermal 
equilibrium. 

According to our assumption we shall con- 
sider such a process that the excess of 
electrons, over thermal equilibrium, be caught 
by vacant donor centers. First of all, we 
shall estimate a difference of the emission 
current given by the expression 


j=ebn- =[edmAt+fo)lk-», (8.1) 


and the steady state current j;, which is 
given by the Eqs. (3.1) and @.2) of (1), 
taking into account of the thermal equili- 
brium. The emission current (5.1) has been 
given by the Eqs. (3.1) and (3.2) of (I) and 
in the present notation we have 


: ) | (5. 1a) 


jren- avexp( Or VEO 


Nn =Mme % 


(Vol. 9, 


B,.O= K(e7 11D/p—B,gi/ay*) 


otis (5.1b) 
= Arn kT 
B= eee 


On the other hand the Eqs. (3.1) and (3.2) | 


of (II) can be written as 


js=eme 70 , (5.2a) 
B,O= Kle~ 1] u— Byrar*) : 
9 —, [Sano kT Crd 
iT 


Comparing the Eqs. (5.1) and (5.2), we see 
that the values of g; given by the two equa- 
tions, for a given value of £,, are almost 
same for small value of y. In other words, 
we can expect such a small relaxation 


phenomena in the transition to the thermal 


equilibrium that we can neglect this pheno- 


mena, for small values of g; as considered 
here. Of course, for larger values of gq, 
these relaxations should be accounted for, 
but, unfortunately, for such a large value 
the linearized theory, as developed here, 
cease to be valid and more elaborate treat- 
ments should be required. 

The physical understanding of these facts 
would be clear enough if one considers the 
mechanism of the space charge emission 
given in (I) and (ID. 


$6. Numerical Calculations 


In line with the general theory developed 
above, the transient phenomeon in the cathode 
layer shall be calculated numerically. In this 
paper we shall employ a value, 10 cm?/volt. 
sec., aS a reasonable value of the electron 
mobility in the cathode layer». This value 
may be considered as a constant independent 
of the temperature. The other constants are 
same as those given by (I) and (ID); that is, 


K=105 
AE/2=0.7 ev., 
X=0.3 ev., 
Dj=1.0 
N=9 X10“%cem=-* at 1000°K . 
The values of g:, in the quasi-equilibrium 


* cf., for instance, Jahnke-Emde, “ Funktion- 
entafeln’”’ S. 98. 


: 
I 
: 
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ate, given by the Eq. (5.1), employing the 
mnstants quoted above, are given in Table 

From these values of g; we see that the 
alue of y in the quasi-equilibrium may have 
msiderable dependency on the plate voltages 
ad may have negative values as well as 
sitive values, for the case may be. For 
le negative value of g; the emission increase 
1ould be expected. The values given above 
‘e restricted to small values of gq in order 
» fit with our linearised theory. In the 
-actical case, however, much larger values 
buld be expected. 


Table I. 
PC K) Vp (KV) ge 
809 10 —0.016 
8590 10 . 230 
900 10 .454 
800 10 —0.016 
800 8 147 
809 6 | 0.863 
px 10 em?2/volt. see. DL=-lem 
Vp: Plate voltages 
Table II. 
i (CK) | Vp (KV) | ay, zc (sec.) 
900 10 | —8.43x 108 | 2.92x10-9 
'850 10 | =1.85x108 | 5b.41x10-9 
800 10 no decay | = 
1800 8 —0.948 x 108 1.05 x 10-8 
'800 6 Imaginary Oscillatory 
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For the values of g; given in Table I, the 
decay constants (reciprocals of |a;|’s) were 
calculated taking the constant 2 to be 1004 
for In Table II these 
As is seen from these 
data the transit time of the conduction 
electron is extremly short and it may be far 
shorter than the life time, r, of the excess 
conduction electron. 


all temperatures. 
values are shown. 


Concerning the values 
of t we have as yet no reliable value. In 
the non-polar crystals, such as Si and Ge, 
we have r~10~° second as a reasonable value 
and this is much larger than the transit time 
given above. Considering these data, it would 
not be much in error to neglect the last 
term jingthesbamCe la): 

In conclusion we can advocate the view 
that the microsecond emission decay observed 
by Sproull and others 
phenomena from that considered here. 


is quite different 
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Observation of the Grain Boundary in Soap Bubble Raft 


Part II. Dynamical Behaviour of the Grain Boundary 
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The dynamical behaviour of the grain boundary is observed in the 
process of relative displacement between the two grains. Each type 
of the grain boundaries, classified into three types in respect to 
their statical transition structure, behaves in discriminatively dif- 
ferent manner from each other. 

The relative displacement between two grains separated by the 
grain boundary of type A has the issue of shifting the array of 
constituent parallel dislocations normal to the boundary. The relative 
displacement between two grains separated by a straight boundary 
of type B is accommodated wholly by the independent rearrangement 
of the bubbles in the boundary layer of a few bubble diameters 
thickness. As to the grain boundary of type C, the dynamical be- 
naviours of the constituent dislocations can be analysed into two 
modes. In the mode (i), rather similar to that of type A, the con- 
stituent dislocations displace themselves as a whole. In the mode 
(ii), rather similar to that of type B, the constituent dislocations 
remain stationary but change frequently their characteristic Burgers’ 
vectors, which is accompanied by local yielding in portions along the 
grain boundary. 

The statical feature as well as the dynamical behaviour in the mode 
(ii) of the grain boundary of type C has much analogies with the 
Mott’s theory on the viscous flow along the grain boundary. To 
interpret the mode (ii), it is proposed to introduce transient disloca- 
tions, traversing along the grain boundary and reacting with the 
constituent dislocations. In terms of the transient dislocations the 
activated state in the process of viscous flow corresponds, to an 
intermediate stage involving transient dislocations, whence the rate 
of flow is determined by the energy required to decompose a con- 
stituent dislocation to activate a transient dislocation, under fayour- 
able influence of the local strain. 


$1. Introduction 


The grain boundaries observed in the soap 
bubble raft can be classified into three 
types)”, in respect to the statical feature of 
the transition structure. The grain boundary 
between two grains with the angle of dis- 
orientation smaller than about 10° is con- 
stituted of dislocations all on parallel slip 
planes (type A)**, the boundary between the 
grains with the disorientation angle ranging 
from 20° to 40° is composed of disordered 
groups of atoms or the diffused holes (type 
B)**, and the grain boundary between the 
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grains with the disorientation angle greater|fl 
than about 50° is constituted of two sorts of | | 
dislocations each on non-parallel slip planes 
(type C). 

Under shearing stress along the grain 
boundary, each type of the grain boundary 
according the above statical classification 
responds in discriminatively different 


* Member of the Kobayashi Institute ofl 
Physical Research, Kokubunji, Tokyo. 


** The nomenclature of type A and B is the 
same with that in reference (2). Henceforward 
the nomenclature in reference (3) below is 
abandoned. 
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manner». The observed dynamical behaviour 
of the grain boundary of type A has been 
predicted theoretically, qualitatively by 
Bragg” and quantitatively by Read and Sho- 
ckley», and detected experimentally, by 
Lomer and Nye® in the soap bubble raft and 
by Washburn and Parker’ with the bicrystal 
of zinc. The observed dynamical behaviour 
of the grain boundary of type B has features 
corresponding to the viscous flow mechanism 
along the grain boundary, proposed by Ké®) 
concerning the anelasticity in the polycrystal- 
line metals, and is detected in the soap bubble 
raft by Lomer-Nye™®. The grain boundary of 
type C is predicted by Read-Shockley® but 
the fuller account of the dynamical behaviour 
of this type boundary is yet available neither 
theoretically nor experimentally. 
The present paper reports in the main on 

| the observed dynamical behaviours of the 
boundary of type C, including some short 
accounts on those of type A and B on the 
benefit of explaining and comparing the 
dynamical features of the three types of the 
grain boundary. 

The apparatus used is the same as that 
reported in Part I. 


-§2. Observations 
I. Grain Boundary of Type A. 


Fig. 1 shows a grain boundary of type A 
etween two grains with an angle of dis- 
forientation 6=12°. The left grain is fixed 
‘and the right grain can be shifted upwards 
‘or downwards by driving the right frame by 
micro-manipulator. In Fig. 1 the upper half 
(a) corresponds to the state before displace- 
ment and the Jower half (b) to the state after 
displacement of the right grain upwards in 
pdistance amounting to 1.5 times the bubble 
‘diameter. It can easily be observed that the 
array of parallel dislocations constituting the 
‘boundary displaces itself rightwards in per- 
fect cooperation in the process of upwards 
displacement of the right grain. 

. The amount of displacement of the grain 
boundary is measured conveniently referring 
ito some fixed point, such as the light spot on 
top of the left frame in the lowest part of 
tthe figure. In Fig. 1, the amount of displace- 
‘ment d of the grain boundary amounts to 7 
itimes the bubble diameter. 

As to the dynamical behaviour of the grain 


Observation of the Grain Boundary in Soap Bnbble Raft IT 45 


boundary of type A, 
the geometrical relation 


D,=2d sin (6/2) , es) 


where D, is the corresponding amount of 
relative displacement between the two grains. 


it is predicted) that 
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Bigs ale (enn Ae of type A with dis- 
orientation angle @=12°, (a) before and (b) 
after upwards displacement of the right 
grain. 


With 6=12° and PD, amounting to 1.5 times 
the bubble diameter, we expect d, according 
to Eq. (1), amounting to 7.2 times the bubble 
diameter. This is in fair agreement with the 
observed value. 


Il. Grain Boundary of Type B. 


Fig. 2 shows a nearly straight grain 
boundary of type B between two grains with 
disorientation angle 0=28°30’, (a) and (b) 
corresponding, respectively, to the states 
before and after downwards displacement of 
the right grain. It can be seen that the grain 
boundary remains stationary, which signi- 
fies that the two grains behave as rigid bodies 
in the process and that the relative displace- 
ment between the two grains is wholly ac- 
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commodated by rearrangement of the bubbles 
in a thin boundary layer of a few bubble 
diameters thickness. The observed dynamical 
behaviour of the boundary is believed to 
correspond to the viscous flow along the grain 
boudary in polycrystalline metals». 


*y 
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Fie. 2. Nearly straight grain boundary of type 
B with disorientation angle @=28°30’, (a) 
before and (b) after downward displacement 
of the right grain. 


In the process of relative displacement 
between the two grains along the straight 
grain boundary, the bubbles in a thin bound- 
ary layer are observed to change frequently 
their allignance from one grain to another 
grain. It is worth noting with the grain 
boundary of type B that the changing allig- 
nance of each of the bubbles is nearly inde- 
pendent to each other, in marked contrast to 
the rather cooperative dynamical behaviour 
of bubbles along the stationary grain boundary 
of type C (see later). 

The viscous flow mechanism along the 
grain boundary of type B is obscured in case 
of non-straight boundary. When the boun- 
dary is not straight, it can be observed the 
generation of new dislocations at turning 
points of the boundary (see upper left in Fig. 
2b). In an extreme case, a portion of the 
sharp grain boundary degenerates into a 
diffuse bended raft portion, as is shown in 
the central part of Fig. 3b which corresponds 
to an upwards displacement of the right grain 


(Vols 95 


in Fig. 3a. In some cases, it can also be 
observed the rearrangement of bubbles in a 
hump portion of one grain to allign with the 
other grain such as to effect a straight 
boundary, which may correspond to some 
stress induced grain boundary migration. 
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Fig. 3. Non-straight grain boundary of type B, 
(a) before and (b) after upward displacement 
of the right grain. 


Ill. Grain Boundary of Type C 


The grain boundaries of type C are con- 
veniently subdivided into two cases in regard 
of their dynamical feature. 

Type C,: the case of large spacing be- 
tween the constituent dislocations and of 
zig-zag arrangement of them. 

An example of this case, with the angle of 
disorientation 6#=53°, is shown in Fig. 4, 
where the grain boundary is constituted of 
six dislocations, each characterized by alter- 
nating Burgers’ vectors and with centers 
nearly ona straight line. Specifying the dis- 
locations from upper to lower by contracted 
notations 1D,2D,---,6D, respectively, the 
spacings between each neighbouring disloca- 
tions are 

1D—2D=11 bubbles 


2D =3D="6 ae 
3D 4D= se 
4D = 5) 
5D—6D= 6 


Displacing the right grain in Fig. 4a up- 
wards 0.75 mm (about 3/4 times the bubble 
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diameter), we have the state shown by (b). 
In the process of the relative displacement 
of the two grains from the state of (a) to 
that of (b), the dislocations 1D,2D,3D, and 
6D displace themselves leftwards in amounts 
of 6,6, 3, and 5 bubbles respectively, without 
change of each characteristic Burgers’ vector, 
while the dislocation 4D moves rightwards 
amounting 1 bubble and the dislocation 5D 
moves leftwards amounting 3 bubbles, both 
with change of each characteristic Burgers’ 
vector. 
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'Fig. 4. Grain boundary of type C; with dis- 
orientation angle ¢=53°, (a) before and (b) 
after upwards displacement of the right 
grain by amount of about 3/4 times the 
bubble diameter. 


The displacement as well as the changing 
hature of the constituent dislocations are 
schematically depicted in Fig. 5, where the 
site of the dislocation is shown by the site of 
he representative short line, in reference to 
n arbitrarily chosen ground line in the fixed 
left) grain, and the characteristic slip plane 
if the dislocation is shown by the direction 
f the representative short line. The number- 
ng suffixes 1, 2, and 3, attached to under 
light of the dislocation notation D, signify 
he each stage of displacement; the suffix 1 
or the stage before displacement (Fig, 4a), 
ie suffix 2 for the stage of 0.75 mm upwards 
isplacement of the right grain (Fig. 4b), and 
ye suffix 3 for the stage of further 0.25 mm 


i] 
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Fig. 5. Map representing 
constituent dislocations 
of grain boundary of 
type C;, for each stage 
of upwards  displace- 
ment of the right grain. 


upwards displacement. 

The rather complicated dynamical behaviour 
of the dislocations constituting the grain 
boundary of type C, can be analysed into two 
modes : 

(i) The displacement as a whole of the con- 
stituent dislocations along each character- 
istic slip plane, the leftwards displace- 
ment of the dislocations coupled with the 
upwards displacement of the right grain. 

The alternation of the characteristic 
Burgers’ vector or the slip plane of the 


(ii) 


constituent dislocations from type (011) + 


(110) to type (101)’ (011) and vice versa 
(refer to the notation given in Part J). 

Speaking in general, the mode (i) is predo- 
minant so long as the spacing between the 
constituent dislocations is large, and the total 
displacement of the dislocations is the larger 
the wider the initial spacing between them. 
This mode can be understood with the 
mechanism analogous to that underlying the 
parallel displacement of the grain boundary 
of type A. 

However, in contrast to the boundary of 
type A, the displacement of the dislocations 
constituting the grain boundary of type C has 
in the mode (i) the consequence of decreas- 
ing the spacing between some pairs of dis- 
locations, as they approach the crossing point 
of their characteristic slip planes. This pair 
of dislocations repulsive to each other can 
not approach nearer than a minimum spacing, 
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of about 5 bubbles in the present case of raft 
of bubble diameter of about 1mm. The 
further relative displacement between the two 
grains is always accompanied with the mode 
(ii). For the study of this mode, the second 
case, type C., is more convenient. 


Type C,: the case of small spacing be- 
tween the constituent dislocations and of 
nearly straight arrangement of them. 


Fig. 6a shows the initial stage of the grain 
boundary of type C, with an angle of dis- 
orientation @6=49°, constituted of eight dis- 
locations 1D, 2D, ---, and 8D, each character- 
ized by alternative Burgers’ vector and with 
the centers nearly on a straight line. The 
spacings between the successively neighbour- 
ing dislocations are 3, 5, 6, 5, 4,5, and 4 
bubbles respectively, and the displacement of 
the dislocations as a whole (mode (1)) is ex- 
pected almost prohibited already in the initial 
stage. 

The right grain in Fig. 6a is shifted up- 
wards successively, in each stage by amount 
of 0.5mm (about 1/2 times the bubble dia- 
meter), the second stage and the fifth stage 
being shown in (b) and (c), respectively. The 
general view of affairs involved in the process 
can be obtained with the aid of Eig. 7, which 
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(a) Ist stage 


(b) 2nd stage (c) 5th stage 


Fig. 6. Grain boundary of type Cy. with dis- 
orientation angle 6=49°, (a) before and (b) 
and (c) after upwards displacement of the 
right grain by amount of about 1/2 and 
about 2 bubbles respectively. 
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is analogous to Fig. 5. We see that the 
grain boundary is nearly stationary through- 
out the stages while the alternation in nature 
of the constituent dislocation is rather 
frequent. This process in the mode (ii) can 
be continuated until the two grains depart 
from each other. 

In the respect that the relative displace- 
ment between the two grains is wholly ac- 
commodated by the rearrangement of the 
bubbles in a relatively thinner boundary layer, 
the dynamical behaviour of the grain boun- 
dary of type C, is thus much analogous to 
that of the grain boundary of type B. It 
deserves noting, however, that between stages 
a local yielding in portions of the grain 
boundary can be detected with caution. This 
cooperative rearrangement of a group of 
bubbles along the grain boundary ot type C, 
is in marked contrast to the nearly independent 
rearrangement of bubbles along the grain 
boundary of type B (see above). This point 
of contrast is discussed below, in connection 
with the theoretical interpretation of the 
process of viscous flow along the grain boun- 
dary. 
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Fig. 7. Map representing 
constituent dislocations 
of grain boundary of 
type Cs, for each stages 
of upwards  displace- 
ment of the right grain. 


$3. Discussions 


The dynamical behaviour of the grain 
boundary of type A, constitued of parallel 
dislocations, has been discussed, as was related 
in the introduction, by many authors. The 
dynamical behaviour of the grain boundary 
of type C, in the mode (i) may be understood 
in the similar line. In contrast with these, it — 
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in be detected discriminatively different 
iaracteristics with the viscous flow along the 
rain boundary of type B and with the rela- 
ve displacement of the two grains along the 
ationary grain boundary of type C, in the 
1ode (ii). 

In his theory on the viscous flow along the 
cain boundary, Mott® has proposed a grain 
dundary model composed of regions in good 
t and of regions in bad fit, where the 
ementary process of viscous flow under 
ress is ascribed to local yielding of regions 
1 good fit. It is easy to see that the grain 
oundary of type C has the static features 
orresponding to those postulated in Mott’s 
leory, the region near the center of disloca- 
on corresponding to the region in bad fit and 
ie region between the dislocations correspond- 
ig to region in good fit. Moreover, the 
ynamical characteristics postulated in Mott’s 
ieory have correspondences in the dynamical 
ehaviours detected with the grain boundary 
f type C in the mode (ii). Under the 
ircumstances, it is believed interesting to 
iscuss on the details of the mode. 

The most characteristic feature associated 
ith the relative displacement of the grains 
long the grain boundary of type C in the 
10de (ii) is the alternation in successive strain 
cages of the Burgers’ vector or the slip plane 
haracterizing the constituent dislocations. 
‘he general view of the alternating nature of 
haracteristic slip planes can be obtained by 


Table I. 
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the aid of the schematical Table I. 

In connection with the characteristics, the 
previous remark in the last paragraph relat- 
ing the observation deserves to be taken into 
account. It was noted that with much caution 
a local yielding in portions of the grain boun- 
dary can be detected between stages. We 
propose accordingly to introduce fransient 
dislocations traversing along the grain boun- 
dary with characteristic Burgers’ vector or 


slip plane parallel to (101) of the right grain 


or to (101) of the left grain, both directions 
coinciding with the average direction of the 
grain boundary in its vicinity. The introduced 
transient dislocations are to traverse between 
stages through only local portions of the 
grain boundary, such as to effect the detected 
local yielding. 

The alternation in nature of the constituent 
dislocations between successive stages is then 
understood straight forwards as the issue of 
reaction between the constituent dislocation 
and the transient dislocation. The dislocation 
reaction involved are, with the notation de- 
fined in Part I, the followings : 


Der pie | (2) 
>, a, Se 


where, in each case, an energy is required to 
decompose a dislocation. 

The spatial process of a transient disloca- 
tion traversing a region between two neigh- 
bouring constituent dislocations is shown in 
Fig. 8, where the two alternatives (b’) and (b’’) 
are shown as the intermediate stages. From 
the view point of the theory of rate process, 
any one of the intermediate stages corresponds 
to the activated state, the relevant activation 
energy being primarily determined by the 
energy required to decompose the constituent 
dislocation according to Eq. (2). In Table I, 
in each rectangle are shown the constituent 
dislocations taking part in the relevant dis- 
location reactions with a transient dislocation 


in each successive stages. At any rate, the 
constituent dislocation changing its character- 
istic Burgers’ vector between two _ stages 
marks, so to speak, the initial or the terminal 
point of a transient dislocation activated be- 


tween the stages. 
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(aye SUR aon) make) 
initial intermediate final 
stage stage stage 


Fig. 8. The spatial process of a transient dis- 
location traversing a region between two 
constituent dislocations, thereby changing 
the characteristic Burgers’ vectors of the 
two dislocations. 


We note in some rectangle the dislocations 
which do not change its Burgers’ vector. It 
is of course natural that the characteristic 
Burgers’ vector of a constituent dislocation 
shall be preserved, notwithstanding a transient 
dislocation passing through the constituent 
dislocation. The conservation of the Burgers’ 
vector of a constituent dislocation does not, 
however, necessarily mean that the constituent 
dislocation is indifferent to the transient dis- 
location. In the respect we remark the feature 
displayed by the dislocations, such as 1D,6D, 
and 7D between the stage 1 and the stage 2 
(see Fig. 7). They preserve in the process 
their characteristic Burgers’ vectors, but are 
shifted on other slip planes parallel to the 
initial ones. As the current view of forming 
or of annihilating vacant sites at the disloca- 
tion center associated with the climbing motion 
of an edge dislocation is untenable with the 
soap bubble model, this character can only be 
understood by the process of dislocation reac- 
tions with the transient dislocation. The three 
alternatives of the dislocation reactions con- 
cerned are shown in Fig. 9. 

As the characteristic Burgers’ vector of a 
constituent dislocation is unaltered in the 
process of a transient dislocation passing 
through the dislocation, there remains under- 
mined whether an excess transient disloca- 
tion traverses through the whole length of 
the grain boundary. The relevant ambiguity 
can be decided in reference to the total 
amount of the relative displacement between 
the two grains. With the experiment abstract- 
ed in Fig. 7 and in Table I, the right grain 
is shifted, from the stage 1 to the stage 6, 


(b) 
downward 
traversing of 
a transient 
dislocation W 


| 


(a) 
upward 
traversing of 
a transient 
dislocation 


pair creation} 
of transient] 
dislocations | 


Fig. 9. Three alternatives of dislocation reac+ 
tions involved in the process of shifting a 
constituent dislocation normal to the slip} 
plane, taking account of transient disloca- 
tions. i | 


upwards in amount of 0.5mm x5=2.5mm 03 i 
of about 2.5 times the bubble diameter. This} 
amount is to be accommodated in main by 
the relative displacement D, in the mode Gii)| / 
induced by the traversing transient dislocall 
tions, with minor correction of the relatival 
displacement D, in the mode (i), induced by 
the displacement as a whole of the constituen | 
dislocation array. The relative displacement 
D,, due to the transient dislocation is estimated 
according to the formula 

D,=(i/L) x (bubble diameter), (3) | 
where Z is the whole length of the grai | 
boundary and /7 is the total length traverse 
by transient dislocations. In accordance wit 
Table I, withont any excess transient dis-if 
locations traversing through the whole length 
of the grain boundary, we have D, of about 
3.2 times the bubble diameter. The relative} 
displacement D, due to the constituent dis- 
location array is estimated by formula 
analogous to Eq. (1). Referring to Fig. 7, 
we have D, of about 0.4 times the bubble} 
diameter, in opposite sign to D,, corespe aa 
ing to the rightwards displacement in average 
of the dislocation array. The estimated re 
lative displacement, D,—D,, amounting in 
total to about 2.8 times the bubble diameter, 
is in fair agreement with the output displace- 
ment of 2.5 times fhe bubble diameter, which 
excludes the possibility of any transient dis.| 
location traversing through the whole length 
of the boundary. With the foregoings, it can 
be traced with some confidence the trajectories 
of the transient dislocations, which are shown 


; 
| 
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by vertical chain line segments in Table I. 
Table I has another feature, that a local 

region between neighbouring dislocations 

which has not yielded just before a stage 

does yield just after the stage, and that a 
local region which does not yield just after 
a Stage has yielded just before the stage. 
Such a temporal correlation between the local 
yielding processes in successive stages is in 
sympathy with the inhomogeneous distribu- 
tion of the local strain along the grain boun- 
dary, alternating with elementary unit 
jtraverse of the transient dislocations. The 
distribution of the local strain is necessarily 
determined by the configuration of the con- 
tituent dislocations in each stage. In a rather 
‘crude yet direct estimation, we have the con- 
venience in detecting the sense of the local 
train along the grain boundary by direct 
bservation of the relative arrangement of 
he bubbles there. The plus and minus signs 
in Table I signify, in respective regions, the 
ocal strain in the same sense and that in the 
pposite sense to the applied strain. 

In an ideal case where yielding proceeds 
ver a single region, it can be expected! 
hat the region under local gtrain in the same 
ense with the applied strain before yielding 
is put over into local strain in the opposite 
sense after yielding, and that the local strain 
in regions not yielding is shifted towards the 
same sense with the applied strain. In the 
present observation, from a stage to the next 
yielding proceeds in several regions, and the 
ode of changing local strain is not so simple 
as in the ideal case. Speaking qualitatively, 
however, it is evident that the local strain in 
egions traversed (not traversed) by transient 
dislocation is shifted towards the opposite 
same) sense to the applied strain. 
| The above mentioned correlation between 
ithe local yielding processes is understood, in 
erms of the alternating inhomogeneous dis- 
tribution of the local strain, in the line that 
for the site of yielding a region under local 
strain in the same sense with the applied 
train is preferred to a region under local 
train in the opposite sense. In this concern, 
it is note-worthy that the local strain favours 
the dislocation reaction decomposing a con- 
stituent dislocation according to Eq. (2) and 
that we have an expectancy of decreasing 
the necessary activation energy substantially 
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under the influence of the local strain field. 

In terms of the transient dislocations, the 
temporal correlation between yielding pro- 
cesses signifies the temporal continuation of 
the trajectories of them. A tentative manner 
of continuating the trajectories is shown by 
horizontal chain line segments in Table 1, 
which are legitimate only provided the up- 
wards traverse of all the transient dislocations. 
But this is admittedly not the unique poss- 
ibility. We have then the problem of decid- 
ing between numerous possibilities in the 
manner of continuating the trajectories. For 
the problem to be clarified, we must decide 
with the respective constituent dislocations 
between the alternatives as to the inter- 
mediate stages of the dislocation reactions, 
such as shown in Figs. 8 and 9. In the pre- 
sent stage of experiment, it can not be decided 

etween the alternatives, and a cinemato- 
graphic photograph of the processes is under 
preparation. 

In concluding the discussions, at any rate, 
it may be said that the activated state in the 
process of ‘viscous flow’ along the grain 
boundary of type C in the mode (ii) corres- 
ponds to an intermediate stage involving 
transient dislocation, whence the rate of flow 
is determined by the energy required to de- 
compose, under favourable influence of the 
local strain, a constituent dislocation to 
activate a transient dislocation. 
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The Scattering of Slow Electrons by the Diatomic Molecules 
Il: Elastic Scattering by the Hydrogen Molecules 
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The author has applied the general theory developed in the preceding 
paper) to the elastic scattering of slow electrons by the hydrogen 
molecule, using the more exact molecular potential than those used 
in J. B. Fisk’s paper.2? The calculation has been made for the fol- 
lowing energies of the incident electron: 27.2ev, 17.lev, 6.8ev and 1.7 


ev: the corresponding total cross 


33.23 atomic unit. The remaining discrepancy with the observed 
values may be attributable to the effect of exchange and of inelastic 


collisions. 


§1. Introduction 


The problem of the elastic scattering of 
slow electrons by the hydrogen molecules has 
been studied by J. B. Fisk. Although he has 
obtained fairly good results, especially in 
low-energy domain, his method is still open 
to question, because he modified the molecular 
field for the purpose of obtaining separability 
of the wave equation. Since a fairly accurate 
molecular potential is available in the case 
of the hydrogen molecule, it seems to us 
worthwhile to calculate the scattering cross- 
section more accurately, applying the general 
method developed in the preceding paper. 


§2. Interaction Field between the Incident 
Electron and the Hydrogen Molecule 


As the wave function of the hydrogen 
molecule, we use the one obtained by T. 
Inui* iLe., 


2 ¢ ( 
Bi oe ae cosh B(m1—%2) ? (1) 


where &; and 7; denote the elliptic coordinates 
of the zth electron (@=1,2), a, 8, numerical 
parameters, and N, the normalization factor. 
In the present paper we assume the follow- 
ing values for these parameters 


GaN MD - Beste 
and R=1.424 
for the internuclear distance. 
With the use of the wave function (1), the 


electronic charge density in the hydrogen 
molecule is calculated as 


University 


sections being 9.163, 19.43, 43.84 and 


ine —2)iver.r) idol, (2) 
and the potential energy of the incident 
electron due to the molecular electrons is 
given by 


VAr)= Sle ee ror dr’dcl’ | 
|r—r’ | lr—r’’| | | 
(3) 


Substituting the Neumann expansion for 
1/(|r—r’|) and carrying out the integrations 
with the use of elliptic coordinates, V.(r) can 
be expressed in the following form: 


Vr) = Di {a:R,(2,6)—b-Re(0,£)}Pa(n) ,(4) 


where P;(7) are Legendre polynomials and 
a;, b; are numerical constants.* The auxiliary 
functions 


R(i,£)> ("OED PuAEe-*e hae ha! > 
(5) 


have been calculated numerically with the use 
of tables published by M. Kotani and _ his 
collaborators. **) 


§3. Integration of the Wave Function 
In this case, for simplification of the cal- 
culation, the wave function is expanded in 
terms of the function P,™(y) (Legendre func- 
tion), instead of the function pe;(y) : 
Ov E 59) = Digus™E)P3™() « (6) 


The relation between the function g,;(£) 


* Numerical tables of these constants and — 


functions [77/:0], bj;5/(é), ete., will be sent on 


request. 
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d the functi — in li i ea — mv ijn 
ad the function /f;;(&) defined in I is obtained ie 0)}= 3.04 Pt ea) t+ Wij 


ith the use of transformation matrix be- (2-12 g pep: 
veen pe,"(y) and Py) as follows (15) 
Table I. To obtain the wave function, we integrate 


. == ——-————— (13) in the following three different ways ac- 
e=0504 ee aren 


i 
S 
th 
Il 
S | 
bo 
on 


3 cc . cording as the domain of the variable £. 

me) 4 1 | 4 rs Firstly when € is in the neighbourhood of 1, 
log | -0.0069307 —0.027556 —0.061366 —0.10748 we substitute (1-++7) for £ and expan bps 
‘a | 0.000074  0.0001179 0.0005890 0.001828 .~ Lie O+9) ed exon ae 
Io | 0.0013861 | 0.00551 | 0.01227 | 0.02150 and Gis(E) in power of y, ie., 
"22 i 1 et! ew 
‘4 |—0.0015307 —0.0061237 —0.013778 —0.024479 peels bs Cin y” (16) 
40 | O 0 0 0 
42 o : ? Gu™E)=yO* MPAA arr as”Yy+ aris? + «- 5 
= i 1 1 1 Gig(E)= 15, YS * Ole ee, (17) 
13 |—0.002501 —0.010022 —0.02261 |—0.04085 where 
1s |—0.00000177 —0.000028 —0.000148 —0.000453 
31 ara Sao es | en Cijr:-2"=4( 1—m)0 53 , Ciirn™ =Cir5.n™ 
3 | 
jo | 0.0021226 —0.008504 |—0.020071 —0.034247 Ait,o” = aio” =0 (<j) 

0 0 0 <0 Substituting (16) and (17) in (13), we can 

: : : | : obtain aij,n™. 

pev™(n)= ddis"Pj™(n) , (7) 


g5™MEN= DSi, ™ENAG™,5 « (8) 
abstituting (6) in (2) given in I, we obtain: 


2 Pint Le—fJt)+eH(e—7) 
—WE.WE—a)}9us™(E)=0, (9) 


— eRe 


9 Ve 
B (5%). 


We, n= 


by P;-"(y), the following equations are 
ined : 


Le ii+ Dns E+ Serbs) Fig. 1. Gw(@) curve. 
—wsyE)nmE)=0 , (10) publ 


rere 


| bum(E)=|Pmne a Pimadn. (11) 


py [Pino DPm adn } Maid 


‘se are numerically calculated. 
ntroducing the function 7/2—19.j(&)= 
v(E), (10) can be written as follows : 


AG15"(E) 


Ge TEL teIGuME)=0, (3) 


Fig. 2. Goo%(). 


ve roe b55°™E) Secondly, using the numerical values of 
(Rie 2 as RU a ai » Oh [j7’ :«] and applying Stormer-Levy’s method 
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Table II. 
Goo(E) g 
Z aj mZN jm p 
SS OAS 
iene i | 
| Cn a a cs | 
ee eee (00) 0.16497 0.84887 9.84880 0.38278 |} 
ee ¥ =0-75 (02) 0.00005 0.00000 0.00000 9.00000 |} 
2 , (20) 0.00004 0.00573 0.01660 0.01141 |] 
Bin = — (22) 0.00017 0.02292 0.00468 0.01415 | 
ee (11) 0.00004 0.00003 0.00000 0.32080 | 
Sy 0.16527 0.87205 0.86958 0.72914 | 
1 An A jm2N 5 
7 , oe ee a Im jm ele 
Fig. 8. Gyo°(€). © ie sie Ayr 2g? ges | 
Q: 38.28 48.84 19.48 9.168 


to (13), the functions Gi;” are numerically 
integrated onwards, starting with the values 
obtained by the first method. We have 
integrated eleven functions GE), Go2°(&), 
Goi(E), Gos(E), G20%(E), Ga2(E), Gxr%(E), Gr20(E), 
Gy), Gi3%(&) and G,s&) numerically for 
E=0, 0:25, 0:5, 0:75 and 1700. "Gyles Goo) 
and G,,.°(&) are given in Figures 1—3 as ex- 
amples. 

Thirdly, when € is very large, (which is 
realized practically for £=4) the poteintial 
W(E,7) becomes negligible and the equation 
(13) reduces to the differential equation of the 
spheroidal wave function so that its general 
solution is expressed as a linear combination 
of S,(&) and C,”‘&) defined in Stier’s paper.» 


AigE) = aj Sy™(&)+ Bis@Cy™(E) 
sin («é — = j+ 5" ) 


~Brj™ Y 


AimlN jm ce 


(18) 


Calculation of Phase Shifts and the 
Total Cross Section 


§ 4, 


If we find the transformation formulae 
P,™(y) into pe.(y) and apply them to the 
following equation, 


OE 9) = Dag E) Pi) = 


Gi) 
= 272] 


Di fis ber) 


=P") = Se my) 


(19) 
we obtain F,,;” respectively from G,;” obtain- 
ed by the first and second methods, thus, let 


us equal fi;"(&), fis/™(E) above obtained by the 
two methods at the adequately large value of 


| (2 3" 4 eae 
Fig. 4. Total cross section. 
Cale. (J. B. Fisk) 
Sem 
x Cale. (The author) 


— (which the author takes to be 4.0), then 
the phase shifts are obtained as follows: 


tan 07j"= Bi;"/ar5”, BP Va ae a} | 
(20) 

In calculating the inverse matrix o;,/™, 
although the order of the matrix is infinite 


the author takes only the first several terms# | 


and neglects the others, i.e., 
m=0, 4=0>2; 


A 


4° =30,2 
j=l 

The results are given in Table 2. The tota 
cross section is obtained by substituting above} 


obtained values for oj;," in (15) given in I 1] 
The results are given in Fig. 4. 


1954) 


§5. Discussion and Conclusion 


The comparision of the results obtained 
here with those by J. B. Fisk and with the 
experimental is given in Fig. 4. 
Closer approachment is obtained to the ex- 


values 


perimental values than Fisk’s values. Also in 
the molecule Ramsauer’s effect is acturally 
proved as in the case of atom. In the case 
of the hydrogen molecule, this effect is caused 
lower in the low-energy domain than in the 
case of, for instance, nitrogen and oxygen 


molecules. Herein lie experimental difficulties 


and is to be found the reason why few ex- 
periments have been made in this field up to 
now. ‘Therefore, it is, henceforth, desirable 
that more experiments should be made in the 


low-energy domain. 


§ 6. 
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Prof. M. Kotani for his much helpful advice 
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Acknowledgment 


The Scattering of Slow Electrons by the Diatomie Molecules II 55 


References 


1) S. Nagahara: “Scattering of slow elec- 
General 


This 


trons by the diatomic molecules. I: 
theory” J. Phys. Soc. Japan 8 (1953) 165. 
paper is herin referred to as I. 

2) J. B. Fisk: Phys. Reg. 49 (1936) 790. 

3) T. Inui: Proce. Phys. -Math. Soc. Japan 20 
(1938) 790. 

4) M. Kotani ete.: Proc. Phys. -Math. Soe. 
Japan 20 (1938), 22 (1940) Extra No. 

* Those who are interested in the numerical 
values of the functions and also of other func- 
in the present paper 


tions and parameters 


may obtain a mimeographed copy on application. 


5) Stier: Zeits. f. Phys. 76 (1932) 439. 
6) Brode: Rey. Mod. Phys. 5 (1933) 257. 
Briicke: Ann. d. Physik 82 (1927) 912. 


Ergeb. d. exp. Naturwiss. 8 (1929) 185. 
Ramsauer, Kollath: Handbuch der physik 
22/11. 


JoURNAL OF THE PHYSIGAL Society OF JAPAN Vol. 9, No. 1, JAN.—FEB., 1954 


The Viscoelasticity of Linear Polymeric Substance 


By Shizuo HAYASHI 
University of Gumma 
(Received October 25, 1952) 


The viscoelasticity of highpolymeric substance is discussed from 
the stand point of a molecular theory. The strain of a substance 
consists of the elongation of polymer and the intermolecular slipping. 
These two kinds of strain of substance and the elongation of polymer 
are named the macroscopic elongation and the microscopic elongation 
respectively. Supposing the rate of the intermoleclar slipping obeys 
the Eyring’s formula the relation between the macroscopic elongation- 
factor 4 and the microscopic elongation-factor « is obtained as follow 


da da 


dey” dh 
Where A, } and « are physical constants. Solving the equation above 
we obtain the following results. First; at the constant strain the 
retractive force decays exponentially against the time as expected. 
Second; when the velocity of elongation is constant the retractive 
force shows a maximum against the elongation and decays gradually 


+Abe(a—1). 


as elongation goes on. 


$1. Introduction 


It is considered that the viscoelatic behavior 
of the polymeric substance results from the 
elongation of polymers which construct the 
subtance and the intermelecular slipping of 
polymer. The elongation of the substance 
and the elongation of polymers are named 
macroscopic elongation (or strain) and the 
microscopic elongation respectively. The 
macroscopic elongation is expressed by the 
superposition of microscopic elongation and 
the intermolecular slipping. Therefore we 
would be able to investigate the viscoelastic 
behavior by examing the relation between 
the macroscopic elongation and the micros- 
copic elongation. 

In this article it is supposed that the linear 
polymers are arranged as sticks make a fag- 
got and when the substance is elonged each 
polymer in the substance is not only elonged 
but also slips each other, these microscopic 
elongation and the intermolecular slipping 
results the macroscopic elongation of the 
substance. According to the consideration 
above, the relation of retractive force to the 
elongation-velocity and to the time are in- 
vestigated. 

When the elongation-velocity is constant 
the retractive force shows a maximum and 
decays gradually against the elongation, in 
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the other hand, the experimental results show 
that the retractive force has a maximum} 
against the elongation and then increase as} 
the elongation goes on. This second increase! 
of stress will result from the effect of cry- 
stallization of polymer at the large elongation. 
When the macroscopic elongation of substance 
is constant the retractive force decays ex- 
ponentially against the time as expected. 
From the results above this theory seems to 
explain qulitatively the viscoelastic behavior 
of the high polymeric substance. 


§2. Theory 


When a sample is streched along a direc-+ 
tion by a factor 4, each linear polymer is 
assumed to be streched by a factor @ and to | 
slip by a factor 8, and the relation 


di=da+dB , (1) 


is obtained. Where, a@ relates to the elasti+ 
city and B relates viscocity. The time de+} 
rivertive of Eq. (1) becomes 


di da, dB 
di ae co 


The second term of the right hand side 
dB/dt means the rate of slipping per unitil 
time, so it is proportional to 


1954) 


Ly ee ‘ (£ Z 
ne sin AE 
after Eyring’s textbook”, provided that the 


slipping occurs when a polymer is acted by 
the force f. Therefore 


dp é 
——=A " 
ee Simin (Ojo) 


(Gey) 


(3°) 


is obtained where A and 5b are constants. 

As the force contained in Eq. (3’) can be 
regarded to be the retractive force of a 
linear polymer it might be regarded to be a 
microscopic force which acts on a linear 
polymer, so f might be set by 


where, a means the degree of microscopic 


elongation of linear polymer. 
From Eq. (2) and Eq. (4) it becomes 


GA Lod ds: 


dt & dt 


+Asinh(d-f), Ca 
which has the identical form with Tobolsky- 
Eyring’s formula”), accordingly Eq. (5) is 
idential with Maxwell’s formula when bf is 
small enough. But the force contained in 
‘Eq. (5) expresses the microscopic force and 
in this point Eq. (5), though it is identical 
iin form, has the different concept from 
‘Tobolsky-Eyring’s formula. 

As the macroscopic force is not contained 
in Eq. (5), in order to obtain the results which 
relate to the macroscopic force we must re- 
turn to Eq. (2). Letting bf be small enough 
'dB/dt is nearly equal to Abf and Eq. (2) 


Gh AGE 4 naga). 


dt dt 


olving the Eq. (6), we obtain some results. 
Letting the elongation-velocity be constant 


(6) 


it becomes 
a=do(1 (7) 
K=ADE , (8) 


under the condition that ~w=1 for t=0, where 


—¢ “1 
b=Aee : 


2 denotes the elongation-velocity. 
When 2 is constant and equal to 2 it be- 


comes 
a=Ch, je "+1 Go) 


where C(A)) is constant of integral and means 
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that it contains the initial elongation-factor 
Ay aS a parameter. 

From the consideration above we obtain 
the microscopic elongation a@ at the special 
case, then we must investigate how the 
retractive force becomes through the para- 
meter a. 


§3. Retractive Force 


Letting unit volume of the substance con- 
tain N linear molecules the free energy of 
the substance per unit volume will becomes 


=4N&(a—1)?, (10) 


using Eq. (4). Differentiating Eq. (10) by &, 
the retractive force o per unit initial cross- 
sectional area is obtained. 


Gale 
On a Oa P “On 
When the elongation-velocity is constant, 


from Eq. (11) and Eq. (7) the retractive 
force becomes 


(11) 


ee (= a) aa ee (12) 
Kk 
And when the length is constant, from 
Eq. (11) and Eq. (Q) 
dC Oe 
Pe c(< ace ; (13) 


is obtained. 

The results computed from Eq. (12) and 
Eq. (13) are shown in Fig. 1 and Fig. 2. In 
Fig. 1 the strain-stress curve for constant 
elongation-velocity are shown. The curves 
from below correspond to the rate of elong- 
ation-velocity 1, 1.3, 1.5, 2. 3 and 4 respec- 
tively. The times which correspond to the 
maximum stress in Eq. (12) are equal for 
all curves, but if the elongation-velocity be- 
comes greater the elongation correspond to 
the maximum stress becomes greater. The 
greater the elongation-velocity is the greater 
the retractive force becomes against the 
same elongation. 

In Fig. 2 the stress-time curves for con- 


stant elongation are shown. From below 
the curves correspond to the rate of elonga- 
tion 1, 2 and 3 respectively. The retractive 
force decays exponentially as expected. It 


is the evidient fact that the greater the 
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elongation is the greater the retractive force 
becomes against the same elongation. 


Fig. 1. Strain-stress curve in arbitary scale. 


So 


I 


ee gate 


Fig. 2. Stress-time curve in arbitary scale. 


§4. Conclusion 


From the consideration above this theory 
can explain qualitatively the viscoelastic be- 
havior of high polymeric substance. This 
idea had already been presented by Dr. 


(Vol. 9, 


Sakai in his work*®, but the method treated | 
in this theory is different from his work. | 
Accordingly, we have a little different results, 
but the qualitative property is seemed to be | 
identical. For instance when the elongation | 
is constant Dr. Sakai’s formula is expressed 
by 


o AE ce(et4+0), 


0 
in which the notations in this theory is used. 
The formula is a little different from Eq. 
(13), but it is identical qualitatively except 
the additional term, because, if C«d, is 
assumed C?/4)~C(dC/d2,). 

If the substance is subjected to a constant 
stress, the macroscopic elongation 4 is ex- 
pressed, through the parameter a, by the 
time ¢. In this case the elongation becomes 
greater and greater as the time goes on, and 
it is easily shown that the elongation in- 
creases more rapidly than expected from 
Maxwell’s equation. 

In conclusion the author wants to express 
his cordial thanks to Professor K. Fuchino 
for his kind discussion about this problem. 
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On Molecular Sound Velocity of Liquids. I 


Consideration on the Rao’s Relation between the Temperature 


Coefficient of Sound Velocity in and the Coefficient of 
Thermal Expansion of Liquids 


By Tadashi KISHIMOTO and Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Read April 29, 1953; Received August 15, 1953) 


(a) The temperature coefficient of the isothermal compressibility 
(1/87)(d87/dT) and the coefficient of thermal expansion « have been 
computed for liquids employing Lennard-Jones and Devonshire’s 
equation of state as improved by Wentorf, Buehler, Hirschfelder and 
Curtiss and employing the numerical tables by these authors. The 
computed value of the ratio of these two coefficients is about 6.5 at 
temperatures corresponding to 0.9 T,, where TJ, means the boiling 
points. This gives a rough explanation of the Rao’s relation between 
the temperature coefficient of the adiabatic compressibility 8, and the 
coefficient of thermal expansion «; i.e., (1/8;)(dBs/dT)=Ta. (b) Re- 
examination of Rao’s relation has been performed on many organic 
liquids, some liquified gases, and some molten metals employing 


fod 


about 7 
seattered in molten metals. 


1. Introduction 


It has been pointed out by Rao” that the 
mperature coefficient of sound velocity in 
ich organic liquid is proportional to the 
ermal expansion coefficient of this liquids, 
e ratio being nearly independent of tem- 
sxrature and nearly common (=3) fomany 
‘ganic liquids, i.e., 


4 (Ge) 2 =H) : al 28h si) 
TNOT: } » VEO US. 
here T means the asbolute temperature, V 
e sound velocity, v the molar volume, and 
ithe coefficient of thermal expansion. 
‘As the sound velocity is related to the 
sity p, and the adiabatic compressibility 
by 


V=1/1// 0B; > (dea) 
> have from (1.1) the relation : 
+ (28: =-12 (26) ape (1.3) 
BOL / > pe \0OT J» 


Although the Rao’s relation (1.1) or (1.3) 
known to be valid for many organic liquids 
proximately well, the theoretical back- 
ound of this rule is not clear as yet. This 
‘per intends to interprete this rule from 

nard-Jones and Devonshire’s liquid model. 


existing ultrasonic velocity data. 
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The ratios (1/8s)(d@;/dT):« are 


in organic liquids, about 5 in liquified gases and rather 


Also a re-examination of this rule has been 
performed in §4, employing existing ultra- 
sonic velocity data on many organic liquids, 
some liquified gases and some molten metals. 


$2. Relation between the Temperature Coef- 
ficient of the Isothermal Compressibility 
and the Coefficient of thermal 
Expansion of Liquids 


Although the adiabatic compressibility 


ea 


of the liquid is also to be computed from 
the equation of state of the liquid directly, 
it is more convenient to compute the isother- 
mal compressibility 


(2.1) 


(2.2) 


at first and obtain the adiabatic compressibility 
therefrom by adding a small correction term, 
i.e., by employing the well-known relation : 


Ta 
Bs=Br— : (2.3) 
OCp 
Here cy» means the specific heat at constant 


pressure. 
We will employ the Lennard-Jones and 
Devonshire’s liquid model», postulating the 
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intermolecular potential of force 


conse]. a 


where means the intermolecular distance 
and —& the minimum value of &(7). 7% is 
the value of 7 for which &(7)=0, and means 
the collision radius at low temperature. 

The equation of state of liquid (and com- 
pressed gas) has been obtained by Lennard- 
Jones and Devonshire using their liquid model. 
This equation has been improved by Wentorf, 
Buehler, Hirschfelder and Curtiss® (in the 
following, cited as WBHC) by taking the 
effect of the second layer and the third 
layer molecules also into consideration. The 
molecules are assumed to be spheres and the 
arrangements as closest packings, so that the 
number of nearest neighbours are 12. 

The WBHC’s equation of state is as follows: 


p MET er 42-4090( 22) 


kT 
-zonn( 2) Beye 
(2.5) 


Gye]: 


where p means the pressure, N the Losch- 
midt number, k the Boltzmann constant, 
and G, gz, and gy are the functions of T 
and (v,/v) given by 


0.30544 
G= { yl exp | == ae: 


denen My hay . 


kT 
0.30544 
n=\' y' PL (y) exp | a Sk L(y) 
24 Em 
aa aT ay Mahay, 
0.30544 
=| pe exp —Uea( 2)‘ 
JO 
+5 a) Mwhdy, 
(2.6) 
where 
Liy)= 1y)+ ae Z(y/2) ‘79 L(y/3) , 


M(y)= m(y)-+ fern (yl2) += Zmty/3) ; 


(2.7) 
with 


(Vol. 9, | 
| 
U(y)=(1+12y4+25.2y+12y+y)d—y) YI, | 
Ky) | 
In these equations, y denotes | 
(2.8) J 
where a@ means the molecular distance (Wé 
have Na’=7/ 2 v). | 
In the following, we employ the simplified] 
notations : | 
¢r,=49./G , Pu=4gu/G , (2.9) | 
which transforms the equation of state (2. 5 
into i |) 
p=(NRT/v)[1— (126 n/RT){(2.4099 + P ag)(Uo/V)? | 
—(2.0219+ @r)(vo/v)*}] . (2.5a) 
By differentiating this equation with respec} 
to p under constant T, we have, considerin 
(2.2), the relation 


12 Ep | 
a ia (7. 2270+ 39 w)( Ye 


10.1095-++5 a) Ge), 

2 +50)(° 8) B+ ( Ap 
sey lero in 

As we have further the relation : 


(ap) (oo) ap 27°) 


Gail, NYO). 


y=r'la, 


1=nj *P Bort 


(2.10) 


2.11 


we have from (2.10) the equation giving th 
value of the isothermal compressibility : 


1 RT 12& v\? 
—=N 2 m : Ay) 
a [e +5 (7.2270+39a)(%*) 


+(10.1095-+5p2)( 7°) (28), v aa | 

v v Ov Jr 

aA) eh area 
v Ov /v) |~ 


Differentiating the both sides of this equa-f 


tion with respect to T under constant p, and | 
taking into consideration the relations 


(2.12) 


Ogi _ 0%: \ 
Ge E =(5 ml here T), (ar a 
_( 0¢: 0g: 
- (48 as of aa cy 
BOF CaN |e eae es Oe 
Tes Jak, = 6Tov + of Ov? )o4 


we have as the temperature coefficient of th 
isothermal compressibility : | 


| 1954) 


1 PoE 
B(OH) va Eo) 
Ha Vv v v 
«(or), +(0) GE) 
) OME Jie 
X% eu’ (% Per 
+( al Wer — (2's o (sort | 
—NBral —2F 12S 91 68104994) 
aa —(50. 5975-+25¢n( ) 
= 2)'o( Mf (2 
v Ov v v Jr 
Vo\? ,f OO Vo\* O7P 1, 
a (et) (tee) oo) eae) 
vy)” av po ND” COE 7 


(2.14) 


The right-hand side of this equation con- 
‘sists of terms containing afr and those 
We make use of the 
thermodynamic relation 


‘containing By, only. 


p> (# Tt (2.15) 
to transform the later terms so as to contain 
a. We obtain from the equation of state 
(2.5) by differentiation with respect to T 
under v=constant, the relation 


! 12Em{ (Vo (ee) 
| Ga r), =n it eae) OT /» 
(G YC; amit 
hi oT 
|By substituting (2.15) and (2.16) into the 
| Br-terms of equation (2.14) (but not into aPr- 
terms), and dividing by a, we obtain the 
‘ratio of the temperature coefficient of the 


isothermal compressibility to the coefficient 
of thermal expansion : 


(2.16) 
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(3) eG: 
Br OTs Dp ; B “2h , 
where 
ee we =| 3( Yo (= 
yD v OUD s 
5( 2 ea (2 ; 
2 (3) OT Lee v f 
(204) 
Ov0dT 
B= Pie Op me UP te ie 
OT v DE NSO | KOLG 
ly ( yy 
OT 
ZIPS WB = 


C2 
Vv v 


BS 


OP aw 
OvdT 


(2.18) 


(2.19) 


(21.6810-++9 on) 
Vv 


~ (60.5975 +259)( 2°) 
Vv 


am AOXCE, V\t (Oe 
(2) CHP, +98) (9 
(3 3 Ov rae v Ov /n 


V\ O° om = ald (le Be 
Slagle a) 8 ae 
(2.20) 
i Rian Vo\2 
jD= =a m ; % 
oe oe (7 2270+ 304+) 


+ (10.1095-+5¢:(-*), 
Uv 


(BV, (OGx\ _( %\*, (ex 
| ie WG ) 2) AC Jf. 
(2.21) 
WBHC have computed the values of G, gz, 
gu and pu/NkT as functions of 


reat BIS ee 


2=0/Upn 


wee (2.22) 
We have computed the values of gr and gy, 
from WBHC’s tables and obtained the values 
reproduced in Table I. 


Table I. The values of g,; and yy as functions of w and z. 
PL Pu 

z e=0.70 w=0.75 xv=0.80 wv=0.85 w=0.70 w=0.75 w=0.80 «w=0.85 

q 0.8485 0.2592 0.2826 0.2988 0.3149 0.0601 0.0656 0.9691 0.0726 
0.9899 0.5328 0.5652 0.5972 0.6289 0.1203 0.1272 0.1340 0.1408 

1.0607 0.7380 0.7703 0.8115 0.8520 0.1635 0.1702 0.1786 0.1869 

1.1314 0.9876 1.0421 1.0985 1.1495 0.2140 0.2249 0.2354 0.2459 

1.2728 ees 1.8136 1.8950 1.9747 0.3544 0.3696 0.3839 0.3978 

1.4142 2.920 3.0340 3.1412 0.5381 0.5568 0.5739 0.5905 
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The substitution (2.22) transforms (2.17) into 


Ae pee Es (2.23) 
Br\OT baa 
where 
Ba Ok ‘e 1 OP x , iz 1 O¢r 1s OP uw _ tt 0? Ae 
asA> —ltl2)— 3. om op Hm Gane Renee: 
a Ee pi a Ze Peal ZmOw 
o= 2 Cae e124 ¥ (21.6810+9¢») 60. 5975 +2597) 
ois (2.24) 
1 0¢m 1 00, .0Cr y lL Oy 
5 dz z dz af a2 OR J’ 
d=! D=« +12) —— (7.221043 ») + (10.1095 + 52) 
MOE raps 
z 02 025° 
We have to know the values of #«=kT/En T=0.90T, , (2.27) 


and z=v/v) to perform the numerical com- 
putation. As the ordinary experiments are 
performed under atmospheric pressure, the 
value of z is determined when the value of 
z is given. In case of liquid under atmos- 
pheric pressure, the equation of state (2.5a) 
takes simple form 


wee 4090+ eu * Pe (2.0219 + en)(- a 


=1, (2.25) 


by omitting pv/NkRT as compared to unity. 
This means 


(pv) NRT)*= (2.25a) 


where (pv/NRT)* means the value of 
(pv/NkT) computed from (2.5a) employing 
the known values of G, gz and gm, and given 
in WBHC’s tables. 

The value of the parameter z=kT/&m de- 
pends on the value of the potential &, and 
the temperature 7, so that an appropriate 
value must be appointed to 2 according to 
the nature of the liquid examined and the 


temperature of observation. We have, how- 
ever, selected the value 
2=h1/EA—0.00), (2.26) 


from the following two reasons. 

In the first place, our computation was 
limited by the computed range of the WBHC’s 
tables, the lower limit of x for these tables 
being 2«=0.70. The second reason is that 
this value of x corresponds to the state of 
liquid at temperature roughly equal to 


where J, means the boiling point ; and this 
was so to speak the upper limit of our de- 
sired range of x, the liquid at room tempera- 
tures corresponding to lower values of 2 
than given in (2.26). 

The relation (2.27) follows from the fol- 
lowing considerations. We have the values 
of &,/k for various gases determined from 
viscosity data and second virial coefficients, 
among others. Table II indicates the values 
of this ratio taken from the paper of Hirsch- 
felder, Bird and Spotz®). The values of the 
boiling point JT, and the ratio T, :&m/k are 
also indicated in this table. We see that this 
ratio is constant in rough approximation and 
is given by 

Po =0. 786, (2.28) 

On the other hand we have from WBHC’s 
theory that the critical temperature T, is 
proportional to &,,/k and given by 

Lo=1. 3067) he (2:29) 
while the original Lennard-Jones and Devon- 
shire’s thory gives a similar relation T,= 
4/3+Em/kR=1.33E,/k. There is also a relation 
between the critical temperature and the 
boiling point, i.e., 

To—0.607 2), (2.30) 


(cf. Fowler and Guggenheim”), so that we 
have from (2.29) and (2.30) the relation (2.28) 
again. 

The relation (2.28) may be considered to 
hold true also for ordinary organic liquids, 


1954) 


because of the fact that the Trouton’s rule 
S10 ri) 
is known to hold true in these liquids, indi- 


cating the constancy of the entropy of eva- 
poration 


S=0.628 x 12&n/To , (2.32) 


for all the liquids. Here we will assume 
that the relation (2.28) holds true for ordinary 
liquids and liquified metals. 
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corresponding value of z=1.040 as determined 
from the equation of state (2.25) or (2.25a), 
by approximate numerical calculation includ- 
ing graphical interpolation and extrapolation. 
These are as follows: 


¢r=0.672 , Cr Ober 


2 OP mu 
OEE 220,56, EY One 
(ee) (7), 0187 


The relation (2.27) follows from (2.28) and < ke 
(2.26) immediately. Cera OO #24. 20e 
We have computed the values of the func- Oe tae 
tions ¢;, % and their differential coefficients fe a =0:05), Ce) 0.83 , 
from the values of ¢; and gy» indicated in On 72 02" Js 
Table I, for the value of z=0.70 and for the ss) 
Table II. The values of 7), &»/k and their ratios in various gases 
(see Hirschfelder, Bird and Spotz) for literatures) 
ce. Ik - bs 3 
gases “Viscosity virial coefficients "values (°K)? Ell 
Hy Se SHOR Sone 20.4 0.58 
No 91.46 5) 93.68 rhalte 0.83 
N,O 220 189 204.5 184.5 0.90 
NO 119 131 120 eA: 1.01 
CH, 136.5 142.7 139.6 109.2 0.78 
Os 7322 1B fats 115.4 SOR 0.78 
CO 110.3 95.33 102.8 root Tf O57) 
A 124.0 IBIAS 121.8 87.2 0.72 
Ne 35.7 35.7 35.7 ela) OS 
He 6.03 6.03 6.03 4.4 0.73 
mean 0.789 


The values of the functions defined in (2.24) 
are obtained from (2.33) as 


12.5% 
c=—248 , 
a=29.0 . 


Finally, the ratio between the temperature 
coefficient of isothermal compressibility and 
the coefficient of thermal expansion is ob- 
tained from (2.23) as 

i ae 
Br\ OT Jp 

This result is only approximate, because of 
the inevitable interpolations and extrapola- 
tions employed in the calculation. Especially, 
the values of the coefficients (0’¢:/0z0x) and 
(@’yx/0z0x) determined in this manner are 
not precise, and a slight variation in these 


:a=6.16+1, (2.35) 


values affects the result in a serious manner. 
The deviation of +1 is perhaps rather an 
underestimation for the ratio (2.35). The 
ratio of (2.35) is also affected by a slight 
variation of the value of x. For example, 
z=0.75 gives 8.6 and z=0.80 gives 10.2 as 
the values of this ratio. We may write 


1 oa 
—— ) :a=6.5, 
“at Or p 


considering the approximate nature of our 
computation. This means, perhaps, that the 
ratio is between 6 and 7, approximately. 


(2.36) 


$3. Relation between the Temperature Co- 
efficient of the Adiabatic Compressi- 
bility and the Coefficient of 


Thermal Expansion 


We have from the relation (2.3) between 
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the adiabatic and the isothermal compress- 
ibilities, the relation 


ewe Br 1 oe be aie 


Bs Fig) Br Ole). 0Cp 
Ta® [ 0C» a a Ta’) 
se ay 2 ey ts ee 
0Cp” es. i ° 0Cp OT ei 0Cp J 
(3.1) 


The value of (1/8s)(08;/OT)p»:a@ have been 
computed by assuming (2.36) and employing 
the experimental values of Freyer, Hubbard 


Table III. The ratio between the temperature coefficient of the adiabatic 
compressibility and the coefficient of thermal expansion of various liquids. 


and Andrews) and others for Bs, Br, Cp an 
o on the right hand side of the above equa 
tion. These values are indicated in Table III} 
together with the experimental values. The 
result indicates a rough correspondence be-| 
tween the calculated and the experimental 
values and shows the approximate validity’ 
of the Rao’s relation (1.3). The Rao’s rela-j 
tion is, also experimentally, an approximate 
relation, and the ratio is scattered between} 
Sycs) ual oe, 


ratio 
Liquids temperature (1/8 s)(085/0T) »: difference 

ae 

(eale.) (exp.) 
earbon disulfide 20°C 6.00 5.8 OBZ 
acetone 30 6.33 (Sep Onl 
benzene 20 7.25 Ue! oaliss 
earbon tetrachloride 30 7.20 6.6 0.6 
ehloroform 30 6.68 6.6 0.08 
toluene 30 8.00 eee 0.8 
ether 20 6.40 Use —0.8 
chlorobenzene 30 7.48 6.9 0.58 


$4. Experimental Relation between the 
Temperature Coefficient of Adiabatic 
Compressibility and the Coefficient of 
Thermal Expansion: Discussion of 
the Results 


In the following, we will examine the vali- 
dity of the Rao’s relation (1.3), which is 
known to hold true approximately in organic 
liquids, as is also indicated in Table III, on 
more organic liquids, some liquified gases, 
and some molten metals. Fig. 1 indicates 
the relation between (1/8;)(08;/OT)p» and @ in 
these liquid substances. The numerical tables 
and the literature of data are reproduced in 
Part II of the paper together with other 
results (cf. Table IJ in Part I). The straight 
line in the figure corresponds to the ratio 
(1/Bs)(0B;/OT)» : a=6.85. The experimental 
results for organic liquids correspond roughly 
to this value, the mean value for 28 organic 
liquids (except glycerine) being 6.85. (Gly- 
cerine is an exceptional example with ex- 
tremely low value of this ratio, 2.56. This 
may be due to the OH-bonds of this molecule.) 

The results for liquified gases indicate de- 
finitely smaller values of this ratio, the mean 


value being approximately 5.5. The values 
of this ratio are various in molten metals, 
ranging between 2.68 of Cd and 7.2 of Sn. 
(cis Table wills Partalh: 

Our calculation is based on the Lennard- 
Jones and Devonshire’s type liquid model, 
assuming spherical molecules, and the closest 
packing arrangement of molecules with 12 
nearest neighbours. Experimentally, the 
relation (1.3) holds true also in organic liquids 
with somewhat longer molecules or with 
dipole moments. 


Smaller values of the ratio in liquified gases 
and in some of the molten metals may pre- 
sumably be ascribed to structures with many 
holes, especially at temperatures near the 
boiling point. | 

So far, we can conclude that the Rao’s | 
relation (1.3) is also to be expected theoreti- | 
cally on Lennard-Jones and Devonshire’s 
liquid model, at temperatures corresponding 
to 0.9T,, where T, means the boiling point. 
It is, however, not clear whether this rela- 
tion holds true or not independently of tem- 
perature. In order to check this point, it is | 
necessary to make calculations at smaller | 
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Fig. 1. Relation between the coefficient of 
thermal expansion and the temperature 
coefficient of adiabatic compressibility in 
various organic liquids, some liquified gases 
and some molten metals. 
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values of e=kT/E, than 0.70. We could not 
perform this computation because the calcu- 
lated range of WBHC’s table does not cover 
this range. At higher temperatures than 
0.90 T,, however, the Rao’s relation does not 
seem to be valid from Lennard-Jones and 
Devonshire’s liquid model, because the ratio 
between the temperature coefficient of adia- 
batic compressibility and the thermal expan- 
Sion coefficient increases with increase in 
temperature in this range. 
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On Molecular Sound Velocity of Liquids. IL 


Dependence of the Thermal Expansion Coefficient and the 
Temperature Coefficient of Compressibility of Liquids 
on the Boiling Point 


By Tadashi KisH1motTo and Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo - 
(Received August 15, 1953) 


The coefficient of thermal expansion « and the temperature coef- 
ficient of isothermal compressibility (1/87)(087/0T)» of liquids calculated 
on the basis of the Lennard-Jones and Devonshire’s equation of state 
as improved by Wentorf, Buehler, Hirschfelder and Curtiss have been 
shown to be inversely proportional to the boiling point of the liquids, 
if we consider the liquids at absolute temperatures 7'=constant x T,, 
where 7', means the boiling points. At temperatures T=0.9 T,, we 
have theoretically «=0.140/T, and (1/87)(087/0T),=0.865/T,. If we 
assume the same temperature dependence for the adiabatic compressi- 
bility 8; as for Br, we have for the temperature dependence of the 
sound velocity in liquids (1/V)(0V/0T),=—0.36/T,. These linear 
dependency of the coefficient of thermal expansion, the temperature 
coefficient of the adiabatic compressibility, and the temperature coef- 
ficient of the sound yelocity on the reciprocal of the boiling point 
have been investigated in many organic liquids, some liquified gases 
and some molten metals employing existing ultrasonic velocity data 
and proved to be true in rough approximation, though the measure- 
ments do not correspond to temperatures satisfying 7 =const. x7. The 
experimental values of the proportionality factors, however, proved 
to be about three times larger than the caleulated ones, i.e., «=0.41/T,, 
(1/8 s)(08s/0T)p=2.8/T, and (1/V)(0V/0T)»= —1.2/T,. 


$1. Dependence of the Coefficient of Therm- OP x Uo\7 ne 
al Expansion, the Temperature Coef- of Ov \\( ) + (219. 1095+5¢, 
ficient of the Compressibility, and the 0%, ae 
Temperature Coefficient of Sound of av \ )( | | (1.2) 


Velocity on the Boiling Point 
Pei eribcd iimmine spreriousapare wan and the coefficient of thermal expansion (cf. 


the following cited with (J), we have from Dirt) 

the equation of state of Wentorf, Buehler, a=(0p/0T)»- Br, (3) 
Hirschfelder and Curtiss» (WBHC) based on here (cf. (I), (2.16)) 

the Lennard-Jones and Devonshire’s liquid 


model®? ea) =n =. ales) OP; 
ge ey OL). v'ov v OT )s 
{es 2 
pe E pee 2..4090(-%*) D\?/ OY » 
r _ (2% 1 
ee AMS C)Gr)j]- o 
Vo\~ Vo Uo\2 
~ 2.0219( 7°) + ) CE i Pu | There is further a relation between @ and 
(1.1) the temperature coefficient of Br (cf. (I), 
; GAN 
the reciprocal of the isothermal compress- Ie 
ibility Br, (D, (2.12)), 1 Sel weal Dae 
alan Gs 


ili sit: 2Em 
ey EE 22ee (- 7 .2270-+39 x 


Br v oat where (cf. (I), (2.18)(2.21)) 
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A= Rk acalk 1G 0” M = ty OP a ate 
v OvoT v 
OP 1, 4) Pr, { v 4 . 3 
5 ss =O 
+4 ale Pra csike JI. ool 
1 (0p 
“NH ale coe 
C= — 54 | {21.6810 190 y4—5v i. s) 
v Ov 1 
4 yt” “Get fp) —489-5975-+25¢ 
Ov? v 
OG, } Or er v 
aa’) INS =e Sy tea at 0 : 
Bee ), ° Ov? res GaP) 
1 
Seas (1.9) 


The relation (1.5) can also be written as 
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where G, gz and g» are the functions of 
Em/RT and v,/v as defined in (I), Eq. (2.10). 
As these functions are rather complex in 
form, it is not easy to evaluate the variations 
of ¢; and ¢w by variation of €m/kT and v/v 
from analytical expressions of these func- 
tions. 

It is, however, possible to evaluate these 
variations from the numerical tables calculat- 
ed by WBHC. The numerical values of the 
functions g,; and gy» have been reproduced 
in (I), Table I. These are nearly proportional 


to x(=kT/Em) at least in the narrow range 


of parametars here employed. If we put 
kT 
? fi — Pree) (B,8 9 WU, 
= a Gm : ( ) 


Of 
r a) =—(A+Ca)-Br. (1.10) we have for the values of f; and fi the 
‘j a Table I, indicating that these functions are 
In these equations %; and ¢x are defined by nearly independent of « and mainly deter- 
gr=49,/G, Su=4gu/G, E10) mined by the value of 2(=v,/v). 
Table I. Values of the functions f,; and fy; as functions of.x and ¢. 
St Su 
=o a0s10) oO 4De a= 0.50) 08h) e070 70575.) 7=0.80) 08h 
0.8485 0.3703 0.3768 0.3735 0.8705 0.0859 0.0875 0.0864 0.0854 
0.9899 0. 7609 0.75385 0.7463 0.7399 ORT, 0.1696 0.1675 0.1656 
1.0607 1.0543 1.0269 1.0148 1.0024 0.2336 0.2268 0.2233 0.2199 
1.1314 1.4107 1.3893 1.3698 1.3524 0.3056 0.2999 0.2943 0.2893 
LA PAVAS: 2.469 2.418 2309 2.3202 0.5063 0.4928 0.4799 0.4680 
1.4142 4.007 3.393 3.1925 3.696 0.7687 0.7417 0.7174 0.6947 
It follows, therefore, that the derivatives ae {ey oe of rea @ °} 
(0¢,/0v), (OGu/Ov), (0?¢z/0v7) and (@?yx/0v") v dv /r\v 


are also approximately proportional to 


a == 11 |Em). 

It follows also that in the neighbourhood 
of x=0.70 the variation of the functions ¢, 
and ¥y, are approximately linear with 
respect to x as is indicated in Table I, or 


(1-15) 


Pe andal\ay ah 


As was also the case in (I), we will consider 
the temperature corresponding to 


RT =0.70 €,=0.90 RT; (1.16) 
(cf. (I), (2.26), (2.27)), then we can transform 


(0¢,/0x)z=const., (0¢%x/0x)z=const., (1.13) 
(1.15) into 
i.e., we have from (1.12) 
1 12NkRT, Vo\" 
Ce aT ea Em. | 
(1.14) Es 10.1095( °°) 
First we will consider about 87. Eq. (1.2) 


+0.904 15 -—(3fa- fa) Hea 
eG Mies a 


becomes by substitution of (1.12) as 


Lvs eS 7. 2270( 28 *) +10. 1095(° aa 
Br v 
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This equation shows that 87 is approximate- 
ly inversely proportional to T,/v, i.e., 
Broov/T, . (1.18) 


Table II. The variation of g; and gy with x 

in the neighbourhood of #=0.70 (v/vo=1. iia 
ey Age 
= 0.70~0. 15 0.032 0.07 
v=0.75~0.80 0.038 0.07 
0.08 


ii =: 80~0. 8b 0.088 


For the practical calculation of the propor- 
tionality factor it is more convenient to 
substitute the relation (1.16) and the rela- 
tion 

Bis Sa—00(8, or Ce leeo kT», 
(cf. (I), (2.28)) into (1.2) and write 


(1.19) 


Tv 


top b| 0.90-+12 1.28{ (7.2270 
B eli 


5 2 4 
+39 ni 2) + (10.1095 ++ 592)( +") 


(2H) o(%) (2) Ce) 
v 
(1.20) 

Next we will consider about a, the coef- 
ficient of thermal expansion. This is given 
by (1.3) as product of Bz and (0p/0T)», the 
latter being given by (1.4). We have on the 
right-hand side of this equation the term 
proportional to &,,/v. The coefficient of this 
term, however, is proportional to Rk/& by 
(1.14), so that the right-hand side of (1.4) is 
approximately independent of €or T,). The 
quantity (0p/0T), is, therefore, approximate- 
ly independent of & or Ty, and inversely 
proportional to v. Now that 8» is approxi- 
mately proportional to v/T, by (1.20), we 
have the relation 


aXK/]/T,©1/T> . (21) 


The constant of proportionality K is given 
by (1.4) and (1.20) as 


K=(B/D)T, , (1.22) 


taking (1.7) and (1.9) also into consideration. 
If we define the functions 6 and d as in (1), 
Der, CPs WeSs5 Loyy 


B=(k/v)b, and D=(Ep/v)d , 
we have by (1.19) 
K=0.78 b/d Gez23) 


where 6 and d are the known functions and 


(1.23) 


and O. Nomoto 


(Viol? 


computed in (I), (2.34) for the case when 
RT) S72 0000 Or e000 7 oo: 
We have in this case 


k=0.140 (1.24) 
or 
a=0.140/T, CHEZ a) 
by de20). 
Finally, we will consider about 
(1/Br)\OBr/OT)» , 
given in (1.10). In this equation, the coef- 


ficient of Br on the right-hand side, A+Ca, 
is independent of ZT, and inversely propor- 
tional to v from following reasons. The 
quantity A, given by (1.6), is inversely 
proportional to v and independent of &n, 
because the coefficient of &, in (1.6), (0¢z/0T), 
(0°?,/0v0T), etc., are inversely proportional 
to & by (1.14). The quantity C, given in 
(1.8), is inversely proportional to v and pro- 
portional to €, or T, at any given temper- 
ature, where R7/&, is constant (cf (-12)): 
So the quantity Ca is also independent of 
T, and inversely proportional to v. 

Thus the quantity (1/87)(OB7/0T)» is pro- 
portional to B7/v and accordingly inversely 
proportional to ZT, by (1.18), i.e 


(1/Br)\(0B7/OT) p= K’/T, 1/7, . (1.26) 
The proportionality factor K’ is given by 
K’=—(A/B+C/D)K 
lone (OL) 8 xe 
K’ = —0.78(a/b+c/d)(b/d) QZ 
if we use the quantities 6, d, given in (1.23), 
and 4a, € given in, (1), (2.24), 1.e. by 


A=ak/v); C=cGz/0, (1.28) 
and use (1.24) for K. 
As we have 
(1/B8r)\OBr/OT)»:a@=6.16 (1.29) 


by (1), (2.35), we have at temperatures 
corresponding to T=0.90 T;, 
| K’=0.865 , (1.30) 
or 
(1/8r)(OB7/0T)»=0.865/T,. (1.31) 


The temperature coefficient of the adiabatic 
compressibility is to be computed from (I), 
(3.1) from the temperature coefficient of the 
isothermal compressibility. Though it is not 
simple to compute (1/8;)(0B;/OT)», the correc- 
tion term being different for each liquid, the 
correction is usually not so great, as is seen 
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Table III. Values of the boiling point (t,), 1/7, the thermal expansion coefficient a, the 
temperature coeflicient of the adiabatic compressibility (1/8s)(dBs/dT) », the temperature 
coefficient of the sound velocity (1/V)(dV/dT), and the ratio between (1/8s)(d8;/dT) and 
« for some liquified gases, many organic liquids, and some molten metals; arranged 
after increasing order of the boiling point. 


v7 ~ 7 1dg,; 1d 
liquids boiling oe a Bs = a ratio Tange Of authors of sound 
point 10-3 in &s:dT VdT 1 dp bate a velocity or other 
Aes = -3 i j Ree ad Yr i 7 
3(°C) deg-1K 10 faa we a a ted (°C) data 


I. liquified gases 


Nz —195.8 12.8 5.60 32.6 13.5 5.7 —197~-—203 Liepmann?) 
A —185.8 ile eleval 202, 11.25. 6.00 -186~—189 Liepmann®) 
24.4 —186~—189 Itterbeek- 
Verhaegen!) 
O, —183.0 BESO Bias) 20.5 S255) 5.4 —193~—183 Liepmann®) 
4.20 QO 8.00 4.8 -—-193~-—183 Itterbeek, de 
Bock, and Ver- 
haegen10) 
propane — 45 4.35 1.85 — (8~— 24 1.C.T.12 
NH; — 33.4 ASOOR 2a: — 78~— 33 I.C.T.1) 
II. organic liquids 
ethyl ether 35 3.24 1.60 11.6 Yee 10 ~ 30 Freyer, Hubbard 
and Andrews” 
earbon disulfide 46 Selswdie1s9 6.8 Pagel. 53705) 10 ~ 30 F.H.A.” 
acetone 56 3.05 1.48 9.2 Baths (2) 20 ~ 40 F.H.A.” 
ehloroform 61 2e99 30 8.53 3.62 6.6 20 ~ 40 F.H.A.Y 
earbon tetrachloride 76 gay Alpal 8.0 32390" 6.0 20 ~ 40 F.H.A.Y 
n-butyl chloride 78 mates AL seHiL 8.72 moral Wee) 20 ~ 40 Lagemann, Mc- 
Millan, Woolf) 
methyl-ethyl ketone 80 gts pay 8.60 3.64 6.50 20 ~ 40 L.McM.W.®% 
benzene 80 2.83 1.206 8.50 8.65 7.05 10 ~ 40 F.H.A. 
fluorobenzene 85 2ETO wt 19 8.25 8.58 6.92 20 ~ 40 L.McM.W. 
methylene bromide oS Zio PALO 6.50 ef OA US) 20 ~ 40 L.McM.W.*) 
n-butyl bromide 100 2.68 1.04 7.85 3.36 6.90 20 ~ 40 L.MeM.W.® 
toluene TUL 2.60 1.09 ee) Baas Wor 20 ~ 40 F.H.A 
n-oktane 125 PS ON ab ails) 8.27 Se DOUss: 10 ~ 30 F.H.A.Y 
n-butyl iodide 130 2.48 1.06 6.95 2.95 6.55 20 ~ 30 L.McM.W.®* 
chlorobenzene 132 Zee O20 6.90 Bris) Ogg)? 10 ~ 30 L.MceM.W.® 
0.985 6.8 Pn 6810) 20 ~ 40 F.H.A.4) 
propyl bromide 142 2.41 0.955 6.50 Pot Berets 20 ~ 40 L.MeM.W.%) 
bromoform 149.6 7.302 0.99 5.80 PAL tet) 10° 3309 Ee eA 
bromobenzene 156 Mees UeSy 6.41 Prattsy eek) 20 ~ 40 L.MceM.W.® 
o-chloro-toluene 159.5 PAA Lan Or e3S, 6.60 2.00 {AQ 20 ~ 40 L.McM.W.®) 
p-chloro-toluene 162 2.30 0.915 6.62 Mekelan » ASPAS 20 ~ 40 L.MeM.W.®) 
m-chloro-toluehe 161.6 2230) OS925 6.45 2200 Os Oil 20 ~ 40 L.MeM.W.9 
p-dichloro-benzene 17S 2.24 0.92 7.45 Biaratl — teic(d) 72 ~ 94 Schaags? 
o-bromo toluene 181 yey AU ae Ot s\6) 6.10 ekeya lati) 20 ~ 40 L.MeM.W.% 
p-bromotoluene 183.6 el) (DR eiH( 6.25 Bae) EPAD 30 ~ 50 L.McM.W.%) 
aniline 184 2.18" 0.85 5.82 2.486 6.7 10 ~ 30 F.H.A.%) 
iodobenzene 189 2.16 0.83 5.80 DeAOe e00 20 ~ 40 L.MeM.W. 
p-nitrotoluene 225 2.00 0.83 5.60 2.385 6.8 74 ~ 123 Schaaffst” 
glycerine 290 Le OAS 2.46 Onib) 9.259 20 ~ 40 F.H.A.# 
sulphrie acid 830 1.66 0.53 UCD 
III. molten metals, ete. 
Ss 444.55 1688) 1.08 Kleppal®) 
Cs 670 106 023% B99 Ossi» 2.69 29 ~ 130 Kleppal) 
Kk 759 OVoia0s29 0.84 0.28 2.90 64 ~ 160 Kleppal 
Cd 766 0.96 0.15 0.60 0.28 4.00 821 ~ 360 Kleppa™ 
Bi 1560 0.580 0.12 0.73 QsBil eal 271 ~ 3865 Kileppat2) 
Pb 1755 0.528 0.12 0.67 0.28 5.6 827 ~ 880 Kleppal 
Sn 2362 0.395 0.10 One O23 a2 232 ~ 380 Kleppal) 
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in (I), Table III. The average value of (1/8s) 
x (08;/0T)» is not so different from that of 
(1/Br)(OBr/Or)p; the average computed value 
for 8 liquids tabulated in (I), Table III is 
(1/8s)(O8s/OT)»=6.92 a when the value of 
(1/Br\(0B7r/0T)»=6.5 a is assumed. It may, 
therefore, presumably be permitted to assume 
the same temperature dependence for f; as 
for Br and write 


(1/Bs)(08s/OT) »=0.865/T, 


in first approximation. 
Now that the sound velocity is given by 
V=1/(0Bs)?=(v/MBs)'” (1.33) 
the temperature coefficient of the sound 
velocity is given by 

(1/V)OV/OT)p=3{a—(1/Bs)\(OBs/OT) »}, 1.34) 
and we have from (1.25) and (1.32) 

/V)OV/OT ) p= —0.36/Ty , (1.35) 
a relation, which is to be expected at tem- 
peratures corresponding to kT/&,=0.70, or 
T=0.90 T, for each liquid. 

The equations (1.25), (1.32) and (1.35) are 
expected to hold true only at temperatures 
corresponding to constant values of RT/E&,, 
(=0.70), or T/T,=0.90. If the temperature 
is different from this, aw and (1/B87)(087/0T)» 
become approximately proportional to 

P,(v/0).)T1+Q:(v/vo)T , @=1,2), (1.36) 
where P,; and Q, are the known functions of 
(v/vy) and z=1,2 corresponds to a@ and 
(1/Br)(OB7/0T)» respectively. 

As, however, these functions become de- 
pendent on T through the equation of state, 
if the experiment is performed at constant 
pressure, the temperature dependence are not 
simple for both a and (1/8r)(087r/0T)». The 
circumstance is similar also for (1/8;)(08;/0T)s 
and (1/V)@V/0T)p. 


(1.32) 


§2. Comparison with Experiments 


We have made use of the existing ultrasonic 
velocity data by Freyer, Hubbard and 
Andrews®, Lagemann, McMillan and Woolf®, 
Schaaffs®) and others®)-"),13)-16) in order to 
test the validity of our results, eq. (1.35), 
@E25) eanda Gis? 

Table III shows the values of 1/Ts, a, 
(1/8:)(08;/OT)», and (1/V)(OV/OT)p in many 
organic liquids, some liquified gases and 
some molten metals. Table IV shows some 
more results on the temperature coefficient 
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Fig. 1. The relation between the coefficient of 
thermal expansion «a and the boiling point 
Ty, in organic liquids, liquified gases and 
molten metals. 
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Fig. 2. The relation between the temperature 
coefficient of the adiabatic compressibility 
(1/8s)(08s/0T)» and the boiling point T, in 
organic liquids, liquified gases and molten 
metals. 


oe L 1 
liquids ont —— — author 
(eC) Ty V dT 
ethyl ether 35 3.25 5.4 S 
pentane 36 3.24 4.2 S) 
iso-pentane 4.8 W 
n-propylehloride 46 3.14 4.03 S 
tert-butyl chloride 52 3.08 4.3 W 
| acetylendichloride 55 8.05 ell W 
acetone 56 3.03 4.6 S 
methanol 65 2.96 229 WwW 
| n-butyl chloride 78 2.85 4.1 S 
ethanol 78 2.85 3.3 W 
benzene 80 2.84 329 S 
methyl ethyl ketone 80 2.84 4.1 S 
eyclohexane 81 2.82 4.4 S 
acetonitrile 82 2.82 Sets! ‘§ 
eyclohexene 84 2.80 4.1 Ss 
trichloro ethylene 87 2.78 4.2 S 
diacetyl 88 tt 3.70 W 
n-butyl bromide 100 2.69 4.0 S 
_ dioxane 101 2.68 4.5 S 
methyl cyclohexane 101 2.68 AS Ss 
crotonaldehyde 102 2.67 sa(0, S 
nitromethane 102 2.67 3.6 S) 
formamide 114 2.58 1.4 W 
propyl iodide 116 2.51 320 Ss) 
n-butyl alchol 117 2.56 PAG WwW 
paraldehyde 124 2.52 4.2 Ss 
tetranitro methane 126 AS SAL 3.8 S 
n-octane 126 2.51 3.7 S 
morpholine 129 2.49 2.6 W 
n-butyl iodide 130 2.49 3.7 iS) 
n-amyl bromide 130 2.49 Beil Ss 
chlorobenzene 132 2.47 3.4 Ss 
p-xylol 136 2.45 326 Ss) 
ethyl benzene 136 2.45 Se3 iS) 
| acetylacetone 137 2.44 3.8 S 
eyclohexyl chloride 142 2.41 3.6 S) 
' cyclohexanone 155 2.33 nee ay) 
| eyclohexanol 161 2.30 2.45 W 
Bao Ss 
'mesitylene 163 2.29 3.5 s 
_furfuryl alcohol 170 2.25 Zab W 
| benzaldehyde 179 AEN Det S 
benzylchloride ieee, VAN Bey S) 
n-octyl chloride 180 Deol Ba) s 
_ aniline 184 2.20 2.8 S) 
o-cresol 191 ZeAG ae WwW 
| dimethyl aniline 194 2.14 2.4 S 
/acetonyl acetohe 194 2.14 3.4 S 
acetophenone 202 raaital ew S 
-n-octyl bromide 202 Zt Alp al S 
_tetraline 206 2.09 3.0 S 
' nitrobenzene 211 2.06 PANS S 
| diethyl aniline 216 2.04 ll S 
eitral 223 2.01 2.6 S 
-earvacrol 238 1.95 3.4 S 
quinoline 238 1.95 3.0 S 
| nicotine 247 192 3.4 S 
‘diethylene glycol 250 Oi ae WwW 
einnamaldehyde 252 Ae Pr AVS: WwW 
‘triethylene glycol 285 Ute) 2.4 WwW 
‘glycerine 290 ILS LO 1.1 Hunter!® 
. Acids 
| valeric acid 187 Pall 3.6 Ss 
/eaproic acid 205 2.09 RoW S 
-oenanthylic acid 223 2.01 Biante, S 
‘eaprylic acid PRE lathe Ball Ss 
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Table IV. Relation between the boiling point 
and the temperature coefficient of ultrasonic 
velocity in organic liquids (after measure- 


ments of Willard (W)!® and Schaaffs (S)®) 


boiling 


av 


WV x10 


Sl 
V dT 


Oglycerine 


oO \ Z 3 


i 3 
= 1 


Fig. 3. The relation between the temperature 
coefficient of sound velocity (1/V)(@V/dT)» 
and the boiling point T, in organic liquids, 
liquified gases and molten metals. 
©: data taken from Table III; @: Schaaffs’ 
data; A: Schaaffs’ data on acids; x: 
Willard’s data. 


of ultrasonic velocity in organic liquids, the 
data being taken from Schaaffs® and Willard’s 
paper?). 

Fig. 1 shows the relation between 1/T, and 
a(=—(1/0)(00/0T)») and Fig. 2 shows the 
relation between 1/T, and (1/8;)(08;/OT)>». 
These figures correspond to the data re- 
presented in Table IIJ. Fig. 3 shows the 
relation between 1/T, and (/V)@V/0T), for 
all the substances tabulated in Table III and 
Table IV. The straight lines in the figures 
represent rough averages of experimental 
slopes. In drawing the straight line in Fig. 
3, the data of Schaaffs (marked with 
black circles for ordinary liquids and with 
triangles for acids) and those of Willard 
(marked with x) are not taken into con- 
sideration, It seems that Schaaffs’ value of 
the tamperature coefficient of ultrasonic 
velocity are about 10% higher than other 
results as far as comparison is possible on 
the same substances. Also Schaaffs himself 
admits, that his temperature coefficients are 
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not so exact as compared to other data, be- 
cause the temperature range of his measure- 
ments was rather narrow (5 degrees interval). 
On the other hand, Willard’s values of the 
temperature coefficients are too low, as far as 
comparison is possible. 

The approximately straight line relation- 
ships are perceptible in all the three figures 
though the molten metals do not lie on the same 
straight line. The experimental data, how- 
ever, are rather scattered. This may be due, 
at least partly, to the fact that the straight 
line relationship is to be expected only at 
temperatures corresponding to kT/Em= 
constant (=0.70 for example), or T/7T,= 
constant (=0.90 for example), while the ex- 
periments do not correspond to this condition. 
As regards the temperature coefficient of §;, 
scattering is also to be expected from 
omittion of the correction terms, because the 
linear relationship is expected, strictly speak- 
ing, only for Br and not for Bs. The same 
source of error is included also in the tem- 
perature variation of the ultrasonic velocity. 

Thus we may conclude that the expecta- 
tions of our theory, the linear relationships be- 
tween 1/T, and the coefficient of thermal 
expansion, temperature coefficient of the 
adiabatic compressibility, and the tem- 
perature coefficient of the sound velocity, 
respectively, are also observed experiment- 
ally. 

The slopes of these straight lines, however, 
are not in accord with predictions of the 
theory, the experimental relations being 


a=0.41/T, , (2.1) 
(1/8s)(OBs/OT) »=2.8/To , (2.2) 
and 
(1/V)@V/OT) »=—1.2/T>» (2.3) 


respectively as compared with theoretical 
relations (1.25), (1.32) and (1.35) respectively. 
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The experimental proportionality constants) 
are larger than the theoretical ones by 
factors of 2.93, 3.24 and 3.33 respectively, | 
or roughly about 3. 

The reason of this discrepancy is not clear. 
It is perhaps partly attributable to the in- 
adequacy of the Lennard-Jones and Devon- 
shire’s liquid model and the equation of state 
(including that of WBHC). 
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On Molecular Sound Velocity of Liquids. III 


Consideration on the Rao’s Relation on the Dependence of 
Molecular Sound Velocity on Critical Constants 


By Otohiko NomMoro and Tadashi KisHrmmoro 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received August 15, 1953) 


(a) Theoretical derivation of the Rao’s relation Ry=a(T,/M)\/6v, 
has been performed on the basis of the Lennard-Jones and Devonshire’s 
liquid model and using Wentorf, Buehler, Hirschfelder and Curtiss’ 
equation of state. Here Ry; means the molecular sound velocity de- 
fined by Ry=(M/o)V1/3, with M the molecular weight, o the density 
and V the sound velocity; T, and v, mean the critical temperature 
and the eritical volume respectively, and a@ is an empirical constant 
with average value 2.68, according to Rao. The theoretical value of a 
obtained in this paper is 4.64, 

(b) Re-examination of Rao’s relation has been performed on 
organic liquids and on some liquified gases employing existing 
ultrasonic velocity data and the following average values have been 
obtained: -dexp=2.86 (on five liquified gases), dexp= 2.69 (on 21 organic 
liquids except alcohols, acids and acetonitrile). The dexp for alcohols 
and acids are somewhat lower, the lowest example being dexp=1.825 
for acetic acid. These substances are known to be associated liquids 
and show extremely low values of R;, deviating from the additivity 
rule of Ry for atomic increments or bond increments. This is also 
the cause for the low values of dexp in alcohols and acids. The 
average value for 27 organic liquids including alcohols, acids and 
acetonitrile are dexp=2.60. 

(ec) A modification of Rao’s relation has been proposed in the form 
Ry =b((T',/M)1/6v,, where y means the ratio of the specific heats. The 
constant b is theoretically 4.44 and the average experimental value 
for 3 liquified gases proved to be 2.53, and for 13 organic liquids 2.53. 
The average value for 11 organic liquids excluding alcohols and acids 


proved to be 2.56. 


§1. Introduction 

There are proposed two _ experimental 
formulas relating the molecular sound velocity 
R, of organic liquid with critical temperature 
and/or critical volume. The relation obtained 
by Rao* (cited in Rao”) is 


Ry =a(T./M)*v- GL1)) 


where T,; means the critical temperature, U. 


the critical volume and M the molecular 


weight, and @ an empirical constant with 


average value 2.68 for organic liquids. As 
is well known, the molecular sound velocity 
| R, is defined by 


Ry =(M/o)V"” , (1.2) 


where M means the molecular weight, o the 


| 


density of the liquid and V the sound velocity 


in it. It is known to bea quantity satisfying 
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additivity rules with respect to constitutive 
elements of the molecule, i.e., with respect 
to atomic inrements a; (Rao*)) or bond incre- 
ments 5; (Lagemann and Corey)”. 


Ry= Sia, (1.3) 
Ry=>ibi. (1.4) 


The relations proposed by Lagemann and 
Dunbar® 


T,=A+BlogR, (1.5) 
and 
T.=C+D log R CieS) 


are applicable only to those substances which 
constitute homologous series and we will not 


* The present authors have no oceasion of 
seeing Rao’s paper as yet. 
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potential constant of the liquid (cf. (I), (2.4)). 

If we consider further that the temperature 
is such that T=0.9 T,, where T, denotes the 
absolute temperature of the boiling point, 
we have by (1), (2.34) 


d=29.05 (2.7) 


while we have 

Gm Rig L230 (2.8) 
after WBHC, where k means the Boltzmann’s 
constant and TJ, the critical temperature. We 
have accordingly as the quantity inside the 
bracket of eq. (2.2) 

v/MB;=7rv/MB8r=NkydT-/1.30M 
= RdFT | TIS0M 2 42-9) 

where R (=8.3136x10' erg/deg.) means the 
universal gas constant. Substituting (2.4) and 
(2.7) we have 


v/MB;=2.411x10°Tc/M. (2.10) 


On the other hand, we have in this case of 
kT/Em=0.70, or T=0.90T,, the molar volume 


v=1.0400, Gat 


from the equation of state for liquids (cf. (1), 
(2.25)), while we have 
Pee MES Oy (2.12) 
for the critical volume (cf. WBHC,® Eq. (14)). 
With substitution of (2.10), (2.11) and (2.12) 


in (2.2) we have as the value of R, expressed 
in CGS-units 

(Rigs = 2) 04 loc To hey. (2 3) 
As it is customary to express R; in such a 
unit that in eq. (1.2) the density o is ex- 
pressed in CGS unit but the sound velocity 
V is expressed in mm/sec, we have the relation 


Ry =(1/100)/3(Ry-)ecgs = (1/4.64159) (Ry )ogs » 
(2.14) 


and we have finally as the theoretical form- 
ulation of Rao’s relation (1.1) 


Rr=4.640T2/M)”® . (2.15) 


This relation is derived on the assumption 
that 7=1.30 (cf. (2.4)), but the result is only 
slightly dependent on the value of 7, and we 
have as the value of the coefficient @eq,=4.44 
in case y=1,.and d.;=4.99 in case 7=2. 
Thus the Rao’s empirical relation (1.1) is 
to be expected also theoretically from the 
basis of the WBHC’s equation of state based 
on Lennard-Jones and Devonshire’s liquid 
model. But the value of the proportionality 
constant @ is greater by a factor of about 7/4 
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than the experimental one. 
As the theoretical expression of Rao’s con- 
stant 


_y/ Rdy \* 
=(100 eae ee 
oa Vel Vo FL ol Em 


1.040 (a5)" (2.16) 
= 4,642 x 1. 768\ 1.30 


is dependent on 7, it may be better to use 
a formula 


Re =O 7d of) MAY ae Gol) 
in place of the Rao’s relation (1.1), if the 
value of 7 is known. The theoretical value 
of the coefficient b is given by 


1.040 ( Rd 


/ 
ae 40 im) <4 (2.18) 
4.642 x1.768\ 1.30 


though also this may be greater than the ex- 
perimental coefficient in the same ratio as in 
the case of a. 


§3. Comparison with Experiments 


As the Rao’s original paper is not avail- 
able to us as yet, and as our theoretical 
result (2.15) was not in full agreement with 
Rao’s empirical formula (1.1), we have per- 
formed a re-examination of the Rao’s formula 
employing existing ultrasonic velocity data. 
At the same time we have intended to extend 
the formula on liquified gases. 

The result is reproduced in Table I, which 
contains the values of the critical constants 
te, Pe» Oc taken from the “ International Critical 
Tables” and the molecular weight M, the 
values of the quantity (T./M)/%v, calculated 
therefrom, and the ultrasonic velocity V, 
density o, and the experimental value of the 
molecular sound velocity obtained (Ry)exp 
therefrom, and the calculated value of the 
molecular sound velocity (Ry)ca; obiained from 
the additivity rule (1.3) employing Rao’s 
values of the atomic inrements or from the 
additivity rule (1.4) using the Lagemann and 
Corey’s (cf. also Lagemann and Dunbar) values 
of the bond increments, values of 7 (taken 
from Hiedemann’s book?)), and finally the 
empirical value of a@ and b. The authors for 
ultrasonic data are also indicated in the 
table. 

As is to be seen in the table, the values of 
the proportionality factor @ is fairly constant 
in many of the organic liquids and liquified 
gases. The value of a is slightly greater in 
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liquified gases, the average for 5 liquified with a slightly higher constant. The asso- 
gases being ciated liquids as alcohols and acetic acids 

Ghiq eta 2.86 (3.1) show lower values of a, which is presumably 


while the average for 21 organic liquids ex- 
cluding alcohols, acids and acetonitrile are 


org. liq. (2) =2.69 . (except alcohols, acids) 
(eZ) 

The values of @ are lower in such compounds 
as alcohols and acetic acids and marked with 
asterisks in the table, the lowest value in- 
vestigated being a=1.825 of acetic acid. 
These liquids are known to be associated 
liquids possessing unusually low molecular 
sound velocity (R;)exp as compared to (Ry)cal, 
the value computed from the additivity rule 
(cf. Table I). If we include also these liquids 
into consideration, we have as the average 
for 27 organic liquids 

org. ita = 2h OU S @rs) 
The value for ordinary organic liquids is in 
good agreement with Rao’s orginal result (a= 
2.68). 

The slightly higher value of the constant 
a for liquified gases is to be attributed to the 
higher values of 7 for these substances, 
because the values of the constant Db are 
nearly the same for liquified gases as for 
organic liquids, the average values being 


Brig. gas=2.53 (3 liquified gases) , 
and 
Borg. liq. =2.96 (11 organic liquids 
except alcohols, acids) , 
Dorg. lig. =2-53 (13 organic liquids in- 
cluding alcohols) . 
(3.4) 


The absolute values of the constants @ and 
b, however, are not explicabie by our theory. 


Conclusion 


Although the Rao’s relation (1.1) is also to 
be derived theoretically on the basis of the 
Lennard-Jones and Devonshire’s liquid model, 
the theoretical value of the proportionality 
factor a is larger by a factor of about 7/4 
as compared with the experimental value. 
On the other hand, the re-examination of ex- 
perimental data affords a value in good 
agreement with Rao’s orginal result. Rao’s 
relation is also applicable to liquified gases 


due to the lower values of R,; in these sub- 
stances. 
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Measurements of density and ultrasonic velocity have been per- 
formed in dilute benzene solutions of methyl methacrylate of different 
polymerization stages, including the monomer and the final product 
of polymerization. The apparent molal volume and the apparent molal 
compressibility have been computed from the experimental results. 
The amount of polymerization (the ratio of reacted monomers to 
initial ones) of each intermediate product has been estimated from 
the molal properties respectively, taking account of the fact that 
these molal properties of polymer with high polymerization degree 
are independent of polymerization degree. The values of the amount 
of polymerization, estimated from each of the molal properties, are 
in satisfactory agreement with each other and also with the value 


computed from the ultrasonic absorption in the previous paper. 


§1. Introduction 


In an intermediate stage of polymerization 
process, a mixture of polymer molecules and 
unreacted monomer is formed. A _ physical 
property of a dilute solution of such a mixture 
may be derived from the property of solutions 
including polymer alone and monomer alone, 
if the interaction between polymer and mono- 
mer can be neglected at a high dilution. 
Furthermore, in the case that the property of 
the solution of polymer alone be independent 
of polymerization degree, the property of the 
mixture of polymer and monomer would de- 
pend only upon the fraction of polymer and 
monomer in the solute and would be inde- 
pendent of the molecular weight distribution 
in the polymer. 

As well established in the earlier paper,” 
the ultrasonic absorption in benzene solutions 
of methyl methacrylate corresponds to the 
above case. In that paper, the ultrasonic ab- 
sorption in dilute benzene solutions of methyl 
methacrylate monomer, perfect polymer and 
several intermediate products was measured 
and the amount of polymerization was estima- 
ted for each specimen. 

In the present paper, the density and the 
ultrasonic velocity of the same solutions are 
measured and the amount of polymerization 
is estimated from them. The values thus 
obtained are compared with those from the 
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ultrasonic absorption. 


§ 2. 

The specimens were prepared in the same 
way as the previous experiment!) and were 
denoted as follows: A the monomer, B (ra- 
ther viscous), C (highly viscous), D (soft) and 
E (hard) the intermediate products and F the 
perfect. polymer. The specimen F is the 
precipitate from acetone solution of the final 
product of polymerization. Benzene solutions 
of three or four different concentrations are 
prepared for each specimen. 

All the measurements were performed re- 
latively to the solvent at room temperature, 
ca. 10°C. The measurement of density and 
viscosity was carried by a pyknometer and a> 
viscometer of the Ostwald design respectively. _ 

An ultrasonic interferometer of a new type 
was used for the measurement of ultrasonic 
velocity. The schematic circuit diagram and 
the details of the vessel are illustrated in Fig. 
1. The interferometer, whose essential fea- 
ture consists in making use of the free liquid 
surface as a reflector, is of a simplified form 
of that developed by Hunter” and has follow- 
ing advantages to usual ones: 

(1) The interferometer is quite simple in 
construction, because it lacks a_ reflecting 
plate and a precise screw which drives it. 

(2) The setting of parallelism between the 
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quartz and the liquid surface can be assured 
in a simple manner by the optical method 


which has been described in the earlier paper). 


Variable 
Frequency 
Oscillator 


(Transitron) 


Fig. 1. Ultrasonic interferometer. 

(A) The essential details of the vessel. V: 
vessel. Q: quartz. L: lamp for parallelism 
setting. B: burette. C: capillary. 

(B) The schematic circuit diagram. 


(3) If the vacuum tube voltmeter is sensi- 
tive enough, the radiofrequency potential 
applied to the quartz transducer can be low- 
ered to a few tenths of volt and the local 
warming of the liquid can be avoided. 

The height of the liquid column in the 
vessel is changed by adding the liquid from 
the 50 cc burette through the inlet which is 
below the reflecting surface. The rate of 
raising the liquid column height is regulated 
to any desired rate by a capillary tube which 
is connected with the top of the burette by a 
rubber tube. The readings of the liquid 
volume in the burette are taken when the 
rf voltage across the quartz falls to minimum, 
answering to the formation of the standing 
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wave in the column. 

The vessel is a cylinder of 76 mm diameter 
and the change of liquid volume by unit 
cubic centimeter results in the change of 
column height by 0.220 mm. The tranducer 
used in the present work is an X-cut quartz 
plate, 3x3 cm? and 3 mm thick, whose reso- 
nant frequency is about 927 kc/s. As half 
wave length of ultrasonic waves in benzene 
is about 0.755 mm_ at this frequency, forteen 
resonant points can be observed in the course 
of adding liquid of 50 cc. 

The error of the relative value of wave 
length caused by this equipment is usually 
0.02% or less. The frequency of ultrasonic 
waves, the sectional area of the vessel and 
the calibration of the burette are not required, 
because only the relative value of sound 
velocity of solutions to that of the solvent is 
necessary to the present work. 


$3. Results 


All the experimental data are listed in 
Table I. The unit of concentration is gram > 
per 100 cc solution throughout this parper. 

As illustrated in Fig. 2, the density of the 


1:01 


A 
OE 
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Fig. 2. Concentration dependence of density of 
methly methacrylate solutions relative to 
benzene. 


solution increases linearly with concentration 
within the range studied and the apparent 


molal volume of solute V., computed from 
the equation, 


V=7 1 mes (ad) | é 
dy Cc 


ay 


becomes independent of concentration. In Eq. 
(1), M is the molecular weight of monomer, 
c concentration and d and d, are density of 
solution and solvent respectively. The com- 
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80 
Table I. 
(All the data are relative to benzene. ca. 10°C) 
mcs ra ee ear > [ ; : 
joncen- : | Sound | Adiabatic sseORit 
Specimen cee Density | velocity | compressibility Viscosity 

; Sins FP a ie 1.00068 0.9970 1.0053 1.00 
= aan 1.00137 | 0.9948 1.0090 1.00 

3.01 1.00203 0.9935 | 1.0110 1.00 

25 1.00130 On 992 1.0043 1.16 

a 1.00258 0-9950 1.0074 1.22 

3.75 1.00424 0.9936 1.0086 1.43 

= 26 

eos 1.00150 = . ily? 

ii 246 1.00275 0.9952 1.0069 1.60 

3.68 1.00448 0.9938 1.0079 TTA 

idly 1.00250 0.9996 0.9983 2.17 

- 2.38 1.00481 0.9992 0.9968 8. 80 

3.50 1.00779 1.0001 0.9920 Gus 

t) eats 1.00306 0.9998 0.9971 2.70 

ie 2 1.00620 1.0002 0.9936 5.3 

B43 1.00903 1.0024 0.9888 9.6 

| a . 

q 0.90 1.00248 1.0002 0.9971 3.26 

: 1.61 1.00456 1.0019 0.9916 6 3 

2838 1.00676 1.0084 0.9866 11.2 

4.02 1.01169 1.0087 0.9715 27.5 

1-01 3 aA B 
iF f 
/p, oe Cc 
1.005 
1-00 


C (NYooce) 

(o) | 2 3 

Fig. 8. Concentration dependence of sound 
velocity of methyl methacrylate solutions 
relative to benzene. 


puted values of V, for each specimen are 
listed in Table II. 

Fig. 3 shows how the sound velocity varies 
as a function of concentration. The adiabatic 
compressibility 8, calculated from the sound 
velocity « and density d by the equation B= 
1/wd, is plotted in Fig. 4. The apparent 
molal adiabatic compressibility of solute, K,, 
varies almost linearly with concentration. K, 
can be computed from the following equation, 


1007 Bo d\ 1 
CNB: dy e a ; 
where 8 and £, are compressibility of solu- 


K.= Ma) (2) 


0-99 


0-98} 


O 2 
Fig. 4. Concentration dependence of adiabatic 


compressibility of methyl methacrylate solu- 
tions relative to benzene. 


tion and solvent respectively. The extrapola- 
ted value of K, to infinite dilution is shown 
in the second column cf Table II. In the 
calculation of V, and K,, d, and 8, are as- 
sumed as 0.8896 g/cc and 59.5 x 10-2 cm?/dyne 
respectively, taken from a current table. 

It is interesting to note that the plot of 
compressibility against concentration is con- 
vex upwards contrary to the case of aqueous 
solution of electrolyte, and the value of K, 
differs so markedly for monomer and polymer. 


4 
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Table II. Apparent molal volume and compressibility and amount 


of polymerization estimated from them 


| ae eer oad ee wee = 
ee | ve | Fe Amount of polymerization Viscosity average 
Specimen | 2 2 estimated from Saar 
| | nat. eaees | tes molecular weight 
ce) | ( egs) i RK, ultrasonic | (elative to F) 
Bile u ok absorption 
A | 105.7 | 99 0 0 0 0 
B OU 85 OS Osis) 0.19 0.05 
Cc | 100.8 | 83 0.23 0.21 0.25 0.10 
D | 91.6 | 49 0.62 0.67 0.66 0.44 
E 85.7 | 38 0.88 0.83 0.80 0.69 
F 83.0 | 26 i 1 1 1 


No attempt will be made in this paper, how- 
ever, to give explanations about this fact. 


$4. Discussions 


If the interaction between polymer and 
monomer can be neglected in highly dilute 
solutions of mixture of them, the apparent 
molal volume and compressibility of an inter- 
mediate product of polymerization can be ex- 
pressed as linear combinations of those of 
monomer and polymer. It follows thus 

V2=(V2)a(1—a)+(Vo)p-2 (3) 
and 

K,=(K2)y1—2)+(Ka)p-2, (4) 
where z is the amount of polymerization, here 
defined as the ratio of reacted monomers to 
initial monomers, and the subscript M is for 
monomer and P for polymer. 

As ascertained from our preliminary ex- 
periment and others”, the apparent molal 
volume and compressibility of polymer at a 
high dilution, (V2)p and (K.)p in Ea. (3) and 
(4), are independent of the polymerization 
degree except the polymers of very low de- 
gree such as dimer, trimer etc.. The values 
of V, and K, of the specimen F can be sub- 
stituted in (V2)p and (K.)p in Eqs. (3) and 
(4) respectively and so it follows 


V,.=105.7(1—2x)+83.0- 2 (5) 


and 
K,=99(1—2x) +262 . Te 

The effect on density and compressibility 
of polymers of such a low degree of poly- 
merization as dimer, trimer etc. may be 
intermediate between monomer and high 
polymer. If the intermediate product of 
polymerization contains such low polymers, 


the value of (1—x) in Eqs. (5) and (6) means 
not only the fraction of monomer, but also a 
part of the fraction of the low polymer. 

The values of « computed from Eqs. (5) 
and (6) are tabulated in Table II, together 
with those estimated from ultrasonic absorp- 
tion in the previous paper. In the previous 
paper, the fraction of unreacted monomer has 
been estimated, corresponding to (l—2) in 
this case. The specimen A in the present 
experiment corresponds to A in the previous 
experiment, B to intermediate of B and C, C 
to D, D to E, E to intermediate of F and G, 
and F to H and I. ‘Three values of the 
estimated amount of polymerization are in 
satisfactory agreement with each other for 
each specimen. 

The last column of the Table II shows the 
relative values of average molecular weight, 
calculated on the assumption that the intrin- 
sic viscosity is proportional to the 0.76th 
power of the average molecular weight*. 
The values are much smaller than the amount 
of polymerization for each intermediate pro- 
duct. This may be ascribed to the fact that 
the polymerized part of an intermediate 
product has a smaller average molecular 
weight than the final product. 

In conclusion, the authors wish to thank 
Professor Yoshio Suge for his continuous en- 
couragement. 
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Concentration Shift of Nuclear Magnetic Resonances 


in Some Concentrated Acids 


By Yoshika MASUDA and Teinosuke KANDA 
Department of Physics, Kobe University 
(Received July 238, 1953) 


Chemical shifts of nuclear magnetic resonances are caused when 
two nuclei of the same kind have different magnetic shieldings 
caused by their environments. When there are two species of 
molecules having a chemical shift between them and if they are 
exchanging their states very rapidly by chemical reaction, we cannot 
observe their nuclear magnetic resonances separately but we observe 
a single resonance at the position of the field averaged over the two 
states with a weight of their populations. We observed such 
resonances for Nit, Cl35, Br8! and [127 in concentrated aqueous solutions 
of HNO;3, HClO,, HCl, HBr and HI, respectively. In these cases, the 
chemically exchanging states are ions and undissociated molecules 
and from the measurements of the shifts we can get some knowledge 
of the concentrated acid solutions, such as the degrees of dissociation, 
the type of the undissociated molecule and so on. All the nuclei 
examined here have the quadrupole moments, and from the measured 
line width in HCl, HBr and HI, we concluded that the undissociated 
molecules are not the HCl, HBr and HI molecules which possess large 
quadrupole couplings but some other molecules which have much 


smaller quadrupole couplings. 


§1. Introduction 


It was noted in a _ preliminary note 
that the N' nuclear magnetic resonance 
frequency in nitric acid was concentration 
dependent. 

Independently, Gutowsky and Saika”) observ- 
ed that the position of the proton magnetic 
resonance iS concentration dependent in 
aqueous solutions of electrolytes yielding 
hydrogen containing ions.* 

A resonance frequency shift exists between 
the dissociated ion and the undissociated 
molecule, because the nuclei should experience 
a different magnetic shielding in the dis- 
sociated and the molecular states. In aqueous 
solution, a dissociation equilibrium between 
the undissociated molecule and the dissociated 
ion is set up. Gutowsky and Saika2) showed 
that when the correlation time for life times, 
Tion and Tmoi, Of the dissociated and the mole- 
ecular states is extremly shorter than the in- 
verse frequency separation of the chemically 
shifted components, the nuclear resonance will 
be observed ai the frequency corresponding 
to the average shielding for the states. The 
frequency shift S measured from the reso- 
nance frequency of the dissociated ion is 


given by 


Tmol 
, 
Tmol-t Tion 


S= Smol ( il ) 
where Smo is the shift of the undissociated 
molecule. The apparent degree of the dis- 
sociation @ is given by 


Tion 
OO 


Tmoi+Tion 


(2) 
Then 
S=Snoi(l—a@) . (33) 

Since the changes in concentration will 
alter the degrees of the dissociation, the re- 
sonance frequency should be concentration 
dependent. 

We have found the magnetic resonance to 
be concentration dependent in aqueous solu- 
tions of some strong acids and obtained results 


which may be correlated with the dissociation 
of the electrolyte. 


§2. The Experimental Procedure 
Apparatus and Procedure 
Fig. 1 is a block diagram of the experi- 


* We are indebted to Dr. Gutowsky for 
sending us a copy of his article prior to pub- 
lication. 
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Fig. 1. Block diagram of experimental device. 


mental arrangement. All the experiments 

were performed with a large permanent 
' magnet made of 110 kgs. NKS-1 steel with a 
_ total weight of approximately 1,300 kg deliver- 
ing 6,220 gauss. Each of the permanent 
magnets (@ in Fig. 2), weighing 55kgs., isa 
cylinder of 23cm in diameter and 20cm in 


aa 


Fig. 2. Permanent magnet. 


‘length, and consists of ten bar magnets of 
|NKS-1 arranged parallel to the directron of 
‘the magnetic field. The pole pieces (@ in 
Fig. 2) were machined from low carbon iron 
with a 37° taper leading from the 25cm- 
‘diameter to the pole face, which is finished 
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below 0.01mm and kept parallel to the 
another by three distant pieces (@ in Fig. 2) 
of non-magnetic steel, 3cm in length. Ring 
shims of Rose type (@ in Fig. 2), 2.5mm in 
height and 1.5mm in width, are attached to 
the pole faces fixed by magnetic force. The 
frame of the magnet is 970cm by 860cm in 
its outside dimensions, and 25cm thick of 
low carbon iron. 

The assembly was magnetized by passing 
approximately 160 amperes through a total of 
4,000 turns of 3.2mm copper wire about the 
NKS-1 poles. It was magnetized to satura- 
tion. 

The magnetic field distribution is almost 
circular in the meridian plane. The measured 
variation of the magnetic field along a 
horizontal line passing through the center of 
the gap amounts to 0.012, 0.06, and 0.18 
gauss at diameters of about 1, 2, and 3cm, 
respectively. The field appears to be homo- 
geneous within 0.05 gauss over the sample, 
(10mm in diameter and 12mm in length) at 
the center of the gap. Further attempts of 
improving the field homogeneity have not been 
done. 

The magnetic field is biased linearly by a 
pair of coils with one milliampere producing 
a change in field of 0.269+-0.010 gauss. 

The spectroscope used was an authodyne 
detector». To investigate the concentration 
shifts in N'“, ClI**, Br®?!, and P”’, the autodyne 
detector at fixed radiofrequencies of 1,920, 
2,598, 7,140, and 5,290kcs., respectively, 
corresponding to a field of 6,221 gauss, was 
employed, and a sweeping magnetic field was 
superposed upon the permanent field. How- 
ever, hysteresis of one twentieth of a gauss 
results when large currents are applied first 
in one direction and then reversed. All the 
measurements were made at an_ identical 
position in the magnetic field, at room 
temperature. 

The chemical shifts were measured as 


S= (Eigerapie A raf) | Hfeeg 10" ? 

where Ure and Heampie are the applied 
magnetic fields required for resonance, at fixed 
frequency, of nuclei in the reference sample 
which showed no concentration dependence 
and in the solutions, respectively. In these 
experiments the maximum experimental error 
in S was about 0.3. 
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Materials 


The nitric acid samples were obtained by 
diluting anhydrous nitric acid which had been 
prepared by vacuum distillation from a sulp- 
huric acid solution. Titration with sodium 
hydroxide solution gave values of 100 percent. 

For the preparation of anhydrous perchloric 
acid the distillation was performed under the 
following conditions.4? A mixture of 40 ml. 
chilled sulphuric acid and 10ml. of chilled 
perchloric acid (60%) was sealed in a distilling 
flask and distilled at about 58° in the vacuum 
of an oil pump. In a period of 3 hours, 
approximately 5ml. of colorless anhydrous 
acid was collected in a receiver cooled by 
means of dry ice. The samples were obtained 
by diluting the anhydrous perchloric acid. 

The hydrochloric acid samples were obtained 
by diluting the saturated solution at 15°C 
which was prepared by passing gaseous HCl 
through commercia! hydrochloric acid. 

The hydrobromic acid samples were 
obtained by diluting the chemically pure acid 
of the highest concentration commercially 
obtainable. 

Hydroiodic acid is quite rapidly decomposed 
to I;- ion becoming reddish colored, and a 
slightly colored sample does not show 
magnetic resonance. To obtain colorless 
samples we adopted the following procedure. 
Hydrogen sulphide gas prepared from pyrites 
and hydrochloric acid was passed through 
commercial, colored hydroiodic acid (S.G.= 
1.48). After an hour the sample became 
transparent by the reaction J,+H.S=2HI-+S. 
Removing the free sulphur by filtration, H,S 
was passed again through the sample for half 
an hour and finally we got the sample slightly 
colored yellow, perhaps owing to colloidal 
sulphur not removed by filtration. The con- 
centration was determined to be 5.0 Normal 
according to the Mohr titration. The sample 
contained a small quantity of H,S gas and 
this is of use to prevent the oxidation of HI. 
The measurements of the chemical shift were 
performed soon after the preparation of the 
samples. 


$3. Results and Discussions 
Nitric Acid 
The results observed for nitric acid are 
plotted against the concentration in moles per 
liter in Fig. 3, where the 0-origin was taken 
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at the resonance position of NaNO; aq., which | 


indicated no concentration dependence within 
experimental error. We obtained the chemical 
shift of the “molecular” nitric acid, Smou= 
5.2+0.3. Using this value, Eq. (8) can be 
used to evaluate the apparent degrees of dis- 
sociation a from the S observed at inter- 
mediate concentrations. 
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Fig. 3. Chemical shift of N14 magnetic reson- 
ance signals of HNO; dissolved in water 
from those of NaNO; aq. 
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Fig. 4. Apparent degrees of dissociation of 
HNO, aq. 
1 Redlich and Bigeleisen, Reference 6 
2 Gutowsky and Saika, Reference 2 
8 Masuda and Kanda, Reference 1. 


Gutowsky and Saika®) also obtained the 
degrees of dissociation of nitric acid from the 
measurement of the proton chemical shift of 
nitric acid. 

Another criterion which can be used to dis- 
tinguish sharply between molecules and inter- 
acting ions is a shift of vibration spectra.9® 
Raman experiment distinguishes molecules and 


| 
: 


i 
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the dissociation products when their life times 
are much longer than the molecular vibration 
period, between 10-" and 10-14 seconds, and 
separate Raman lines are obtained. In con- 
centrated nitric acid, Raman lines correspond- 
ing to a nitrate ion and a nitric acid molecule 
appear. The presence of a shifted single line 
in N'* magnetic resonance and of the separate 
two lines in Raman experiment shows that 
the life times of the interacting ion and 
molecule are between 10-?sec. (inverse 
frequency shift) and 10-!%sec. (molecular 
vibration period). 

The degrees of dissociation of nitric acid 
versus its concentration obtained by three 
different experiments are plotted in Fig. 4 
showing a qualitative agreement between 
them. 


Perchloric Acid 


The shifts are given in Fig. 5. The 0- 
origin was taken at the Cl®* resonance posi- 
tion of NaClO. dil. ag. which showed no 
concentration dependence within experimental 
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Fig. 5. Chemical shift of Cl* nuclear magnetic 
resonance signals of HC1O, dissolved in water 
from those of NaClO, aq. . 


error. The most concentrated acid com- 
| mercially obtained (60% or 9.2 moles per 
| liter) is almost completely ionized and the 
| degrees of dissociation is much greater than 
' that of nitric acid. 

We obtained the chemical shift of anhydrous 
| perchloric acid, Snui=4.0+0.3. Inserting this 
} value into Eq. (3), we can determine the 
apparent degrees of dissociation a from the 


S observed at intermediate concentrations. 
The values computed in this manner are listed 
in Table I. Gutowsky’s experiment?) showed 
also the existence of the undissociated mole- 
cules. 


Table I. Apparent degrees of dissociation 


of HClO, 
ce ae Normality g - 
21 oS 0 1.00 
3h Alt 0.05 0.99 
60 ae, 0.30 0.92 
78 1278 ae 0.72 
84 14.8 1.87 0.49 


The Raman spectrum of perchloric acid 
furnishes a fairly general and unambiguous 
criterion of the existence of molecules, also.” 
Apparent degrees of dissociation obtained 
from the Raman experiment and from the 
present study are compared in Fig. 7. 
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Fig. 6. Resonance line width of HClO, aq. 
Circles are experimental points, dotted line 
is theoretical curve. 


The observed line width varies from 0.12 
gauss in extreme dilute solution to 0.67 gauss 
in 100% HClO, as shown in Fig. 6. In the 
mixed state of ClO.- and HC1Ou, if their spin- 
spin relaxation times are assumed to be the 
same as in extreme dilute solution, (T>)ion, 
and in 100% HCIlO., (T2)moi, respectively, the 
line width is given by the weighted mean, 
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Fig. 7. Apparent degrees of dissociation of 
HCIO, aq. 
1 Redlich, Holt, and Bigeleisen, Reference 4 
2 This research. 


Eq. (20) of Gutowsky and Saika® leads to 
the same formula. The line width calculated 
from this formula using the a values obtained 
from the shift is plotted in Fig. 6 by a dotted 
line. The discrepancies between theory and 
experiment are much greater than the ex- 
perimental errors and this fact shows us that 
(T2)ion and (T:)moi depend upon the concentra- 
tion appreciably. 


Hydrochloric Acid 


The S values observed are plotted against 
the concentration up to the saturated solution 
at 15°C, in Fig. 8, where the 0-origin was 
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Fig. 8. Chemical shifts of Cl, Br8l, and [i127 
magnetic resonance signals of HCl, HBr and 
HI solutions from those of NaCl, NaBr and 
and KI solutions, respectively. 
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taken at the Cl* resonance position of NaCl 
aq. which showed no concentration depen- 
dence. There are chemical shifts proportional | 
to the concentration of the hydrochloric acid. 
Therefore, we may point out the appearance 
of the undissociated molecule. 

In the Raman data on HCl at concentra- — 
tions greater than 9 normal, a diffuse Raman 
line appears at 2,630cm~! characteristic of | 
molecular HCl showing the existence of an | 
appreciable amount of undissociated molecules 
HCl.7> But from our experiment, for the 
reason stated below, these undissociated mole- 
cules can not be regarded as HCl molecules. 
A recent experiment of pure nuclear quad- | 
rupole resonance showed that the Cl** quad- 
rupole resonance frequency in solid HCl is | 
about 26.5 Mc.®) Spin lattice relaxation time 
T, due to quadrupole coupling was given by | 
N. Bloembergen,* 
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Te pe Sioa Ox 
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rg ba aay hogan 
Lea Te 
UG: oes ee 
1 / 0K, OF: (OE, OE. \") 
alg eae oe 
(5) 


A rough estimate using this formulas and 
Meal and Allen’s data gives a resonance line 
width of 15kc. for pure liquid hydrogen 
chloride. In the most concentrated HCl 
solution (14.3N), if the degree of dissociation 
is assumed to be 80% the resonance width 
would be 3kc. which entirely disagrees with 
our experiment (0.15 kc.). Undissociated 
molecules in concentrated solution may not be 
HCl molecules but certain molecules having 
quadrupole coupling much smaller than HCI. 
On the other hand, Gutowsky and Saika” - 
showed that HCI solution is completely dis- | 
sociated up to 12N. To interpret, without 
contradiction, the results of the three ex- 
periments, first the complete dissociation 
by Gutowsky and Saika, secondly the 
existence of the undissociated molecules 
by the Raman experiment and thirdly our 
result indicating the existence of undissociated 
molecules having small quadrupole coupling, 
we assume the undissociated molecules to be 
ion pairs (H;0)*Cl-. Cl-~ in this ion pair is 
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assumed to be in such a state different from 
the free ion Cl- that it suffers a chemical 
shift and small quadrupole coupling. The 
protons in this ion pair keep a nearly 
equivalent state to the free hydronium ion 
H;0* and so will not show a chemical shift. 
Concerning this problem, further evidences 
ALC expPected. 


Hydrobromic Acid and Hydroiodic Acid 


The shifts are plotted in Fig. 8, where the 
0-origin was taken at the resonance positions 
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Fig. 9. Line width of Cl, Br8!, and [17 
magnetic resonances in HC], HBr and HI 
solutions, respectively. 


heb ie Naboag., and of 12° in Ki aq, 
respectively, each indicating no concentration 
dependence. HBr and HI show the chemical 
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shifts similar to HCl in character (H is 
decreasing for increasing concentrations) in- 
dicating that the undissociated molecules in 
these solutions are alike. For HI, the results 
are not so precise as for HCI and HBr owing 
to the large line width (Fig. 9) and to the 
chemical instability of the sample. 

In conclusion, we wish to express our ap- 
preciation to Dr. Y. Inoue and Y. Kitano of 
the Department of Chemistry, Kobe Univer- 
sity, for the preparation and the chemical 
analysis of all the samples in the present 
study. This work has been supported in part 
by the Scientific Research Expenditure of the 
Ministry of Education. 
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On the Excitation of Oscillations in a Thermal Plasma 


By Masao SUMI 
Electrical Communication Laboratory, Tokyo 
(Received October 9, 1953) 


In an ionized gas neutrized on the average plasma oscillations are 


considered for an arbitrary distribution of electron beams. 


Under 


the assumption of small signal and of the absence of any static fields, 
the fundamental equations are derived in one-dimensional treatment. 
The dispersion relation obtained from the fundamental equations is 
found to describe the behavior of propagation of localized initial dis- 


turbances with electron beams. 


It is applied to the case of excitation 


of thermal plasma by an injected electron beam and the rate of wave 
growth is obtained. The numerical results are compared with the 
circumstances corresponding to the investigation by Merrill and 
Webb. Abrupt scattering of electron beam observed may be ascribed 
to the excitation of plasma oscillations. 


$1. Introduction 


Relating to the problems of gaseous dis- 
charge tubes and solar enhanced noise, the 
excitation of plasma with Maxwellian distri- 
bution of electron velocity have been treated 
by several authors)-®). In particular the ex- 
citation of thermal plasma by an injected 
uniform homogeneous beam has been discus- 
sed by Feinstein and Sen, They employed, 
as model of thermal plasma, first sharp cut- 
off distribution of electron velocity and second 
a Maxwellian velocity distribution. In the 
latter case, however, questionable is the ap- 
proximation which they employed for the 
integration including the Maxwellian distri- 
bution function. Furthermore in both cases 
the ranges over which wave growth can exist 
was shown in figures. but the magnitude of 
the rate of wave growth itself was not pro- 
vided. In this paper the dispersion relation 
is separated into real and imaginary parts for 
the complex frequency and the integration 
including the Maxwellian distribution function 
can be carried out with use of appropriate 
approximations. Then the magnitude of the 
rate of wave growth is given as a function 
of several parameters. In the later section 
this will be applied to the problem of electron 
scattering by the plasma oscillations. 


§ 2. Fundamental Equations 


In an ionized gas containg a suitably high 
density of electrons and positive ions, it is 
assumed that the medium is uniformly 
smeared-out by the positive charge of ions 


and is neutrized by the time-averaged negative 
charge of electrons. Therefore, the total 
stationary space charge is always absent ; that 
is, Pot +0o=0, where o.* and po represents 
the stationary density of positive ions and 
that of electrons respectively. Thus the 
density of total charge becomes equal to the 
oscillating density of electrons p, and hence 
no electrostatic field is considered to be 
present. 

Let a distribution function of electron velo- 
city be f(v, «, #) which can written as 


S101) = folv,~,t)+ fivr~rt) , 

where f) and /; correspond to the stationary 
and oscillating part respectively. In terms of 
these functions the densities and current of 
electrons can be represented as follows 

0o(%) = —e\ folv.x)dv > 

Ax,t)= —e\filv,x,t)dv ? 
J=Jt+S,=—e\vf (v,x~)dv—e\vfiv,x,t)dv , 
where —e is charge of an electron and dv= 
dv;,dv,dvz . 

The distribution function /(v,~,7) changes 

with time in accordance with the Boltzmann 
equation 


Of a8 OF fof 
ater f—-1E+ ulox MeL Behe 


ee 
where yy is the permeability of vacuum* and 


(0f/6t)con the rate of change of f by inter- 
particle collisions. In general the electro- 


* Throughout this article we use the ration- 
alized m.k.s. system of units. 
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magnetic fields EF and H satisfy Maxwell's 
equations, but, since we are only concerned 
with the longitudinal wave in one-dimension 
throughout this paper, the field can be re- 
presented by the electric field only satisfying 
the Poisson Equation 
p-E=~p, (2) 
<0 
where ¢) is the permittivity of vacuum. It 
will be assumed in Eq. (1) that the function 
fo is uniform in space and the collisional 
term on the right hand side (6f/62cou will 
be neglected. If the static magnetic field is 
taken in the same direction as those of elec- 
tron-flows and wave propagations, it does not 
affect on the oscillatory behaviour of the 
system. In this case, therefore, the static 
magnetic field is not needed to be taken into 
consideration. Furthermore the oscillating 
parts of equations are linearized under the 
assumption that one is concerned with only 
small amplitude oscillations, so that terms 
quadratic in f, HE, and A are neglected. 
(Hereater all the oscillatory parts of the 
quantities concerned are denoted by the 
letters without suffices, e.g., f, E and H.) 
The linearized Boltzmann equation becomes, 
in absence of collisions, 


(3) 


If all the quantities are considered to be one- 
dimensional, then Eqs. (2) and (3) reduce to 


EEN" Sun tdu, (4) 
Ox Eq = 
0 gato 
0) Fd ai) 5 
beaks u Sues me 7 (5) 


where 2 is the z-component of electron velo- 
city and E the longitudinal component of the 
electric field. Eqs. (4) and (5) can be used as 
the fundamental equations in this case. 


§3. Dispersion Relation 

In an infinite medium a dispersion relation 
can be obtained by taking that f and & have 
the space-time factor expz(wf—kz). The 
dispersion relation D(k,w)=0 thus obtained 


from the fundmental equations is solved for 
w as a function of k or inversely for k asa 
function of w. The former solution corres- 
ponds to that for the spatial initial condition 
extending to infinity and the disturbance con- 
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sidered is always of the standing-wave form. 
The latter corresponds to a steady state solu- 
tion for the temporal boundary condition and 
the space charge wave is amplified as it is 
conveyed in space. In an actual case, on the 
other hand, the spatial initial disturbance is 
confined within a finite region. How the dis- 
turbance localized in a small region can be 
propagated through the medium may be seen 
by solving Eqs. (4) and (5) by means of La- 
place transform method. ‘Twiss®) has discus- 
cussed the case of propagation through double 
beams. It has been analysed that the distur- 
bance localized in a bounded region at an 
initial instant is propagated with the flow of 
space charge and is seen to be amplified ex- 
ponentially with time due to the mutual 
interaction of beams. The propagation in this 
case can be described by a solution of the 
dispersion equation for w as a function of 
real R. 

In order to obtain the dispersion relation 
connecting w and k, let E and f be propor- 
tional to exp z(wf—kxz). Then the fundamental 
equations (4) and (5) can be written as 


ye SEE (6) 
m au 


AC) 
(7) 


From (6) we get f=(e/m)E(dfo/du)/t(@—uk) 


Ee as ae 
Eo J —00 


which is substituted into (7). Then (7) be- 
comes 
Ss Lnhafoueh 
du. H=0. 8 
{FA csoal lees du ri ve) 


Consequently, for non-vanishing field the sum 
in the parenthesis in (8) must be equal to 
zero and it gives the dispersion relation re- 
quired : 


> Lien @fo 
0m 
LAS lig os NE 


(9) 
Hence if the steady distribution function f» 
is given, the relation between and & is 
determined from (9). 


§4, Excitation of Plasma by an Injected 
Beam 
We consider the case where a homogeneous 
beam of electron density 7, is injected with 
uniform velocity #, into a plasma of density 
mM» with Maxwellian velocity distribution of 
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electrons. The steady distribution function 
fo in this case is given by 
SF (u)={,0(u—m) + p(n /2rKT)? 
xexp (—mu?/2«T)} , (10) 

where 6 is the usual delta function and « is 
the Boltzmann constant. When (10) is inser- 
ted into (9), the following characteristics of 
6-function is ve 


\" gue Fo ajdu = | an | . 
a du w= a, 


Then we get from (9) after simple calculations, 
IBOATS tagged = Ste m ih 
(o—mk)y? «T V20\ «T 


o) 2({ co wo _ mu 
x eal) = S Se =kIva = le, 
RY \=O—Uke 


where o,2=,e?/me, and w,?=MNpe?/mey. In 
(11) suppose & as real and w as complex. If 
we put w=a +20, then we can divide (11) 
into real and imaginary parts. ‘The real part 


yields 
1 ae m er {(@)— u,k)—o*}o? 
eT\ RR] {(wy—mk)?+ 07} 
1 € m G2) \" Oy) —uk) +c? 
Ley or eT Rk co (Wy—uk)?+ 0? 


mu 
2x7 du, (12) 


(11) 


xe 


while imaginary part yields 


Ser SERVIER 
{(@— uk)? + 07}? V 22 kT k 
uk a ae 
x" omens e %*T du. (13) 


Integrations appeared in the right hand sides 
of (12) and (13) can be carried out approxi- 
mately if the following condition is satisfied 


alo) m a ae : 
Wo Ag de k 


(14) is obtained when the gaussian function 
in the intergrands does not change appre- 
ciably in the domain where other factors in 
the integrands have main contributions. Then 
integrations appeared in (12) and (13) can be 
approximated as follows respectively : 


(14) 


2 
co w,(o unk o Z mw X _ meg" 
Oy Oo =U) + e *l du+=— @ «Tk , 
— co (@— uk)? +o? k 
(15) 
and 
= uk mau de) mag 
7 ————— gE dupe. 9 KT 
-co (Wy—uk)?+ o? : 


(16) 


QViolen9} 


Furthermore assuming |o|/@<1, the quanti- 
ties higher than the second order of |o|/@o 
can be neglected. As a result, we get from 
(13) 


Ek, Sl IN ee\( a ee 
ae Ye 7 sen) i a k 3 ; 
(17) 
and from (12) we obtain 
{ies ral el feats 18 
5 2eT \o,/ (@—m ky? CF 


since with use of (17) the second term in the 
right hand side of (12) is found to be of 
higher order for g/m, . For an growing wave 
o must take a negative value, and it is seen 
from (17) u,—®,/k must also be negative 
since @) is taken as positive. Furthermore 
the value of k is needed to be positive so that 
the growing wave is found to be propagated 
in the beam direction. If mu, is defined as the 
absolute value of (2%,—0 /k) ; 


Uyp=|%—@,/k| , (19) 
we get from (18), 
(@;/@o)? (@/k)? 3 
cn Feara (o/h)? (@v/@o)” 7 be 


When the mean square speed for a one- 
dimensional distribution, 2«T/m, is denoted 
by v.? and when the relation (20) is taken 
into account, (17) can be written as 


memaiculesicyi a 
(21) 


The relation (20) which gives m, is then re- 
written in the form 


SCR CON Gr ie 


The condition (14) under which the approxi- 
mation is valid becomes 


is(ey ean 


If (21) and (22) are compatible under the 
condition of (23) it is concluded that the 
growing wave can exist in the beam direction 
and the wave phase velocity oO /kR=uUu+u, is 
greater than the velocity of injected uniform 
beam 24 . 


(23) 


To get the value of o/ap, it is necessary 
first to solve Eq. (22) for 2/2, . Denoting 
@o/@, and [2(@p/o,)2(g;/v,)]" 2 as a and b re- 
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spectively, w)/2#, can be obtained from the 
intersecting points of two groups of curves 
with parameters a and b; y=a?/(1+x)? and 
y=(1/x)?—(1/b)?> where x=u,/u,. They are 
drawn in Fig. 1 and abscissas of intersecting 
points indicate the needed values of up/z; 
corresponding to two parameters a and b. 
For the values of @ smaller than 1, 2/2 are 
a little smaller than the corresponding values 
of b. The larger the values as a become, 
the more the required values of w/z; are 
reduced. For the values of 6 much smaller 
than 1 the needed values of w/z; are little 
changed with the variation of a. As men- 
tioned in the previous section, (1+-2)/z;) is 
the ratio of the wave phase velocity (#+2;) 
to the injected beam velocity 2, and is greater 
than 1 in these cases. 


3-5 : | 


q = 

(Shae 
0-5 ay V3 
ble eed 

| 

is = Ae 
O 0-2 0:4 0-6 0:8 1:0 1:2 
ZB (= ) SS 
Fig. 1. Two groups of curves; y=a?/.+w)? and 


y=(1/a2)—-(1/b)2. The needed values of x 
correspond to the intersecting points of two 
curves. (1+) means the ratio of the wave 
phase velocity to the injected beam velocity. 


The formula (21), the ratio of wave growth 
rate o to oscillating frequency  , is express- 
ed in terms of three parameters: e.g., ;/p, 
u,/vp and m/w. In Fig. 2, |o|/@> is plotted 
against w/w» for the value of @,/#,; and for 
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° oO2 04 06 0-8 10 12 14 16 ie 


Ved. aaa 
Fig. 2. The ratio of wave growth rate to 


oscillating frequency, |o|/w 9, as a function 
of w,/, for different values of 6. 


the values of parameter b from 0.2 to 1.2. 
The value of |o|/w) grows up from zero at 
o,/@p=0, reaches its maximum at @,/Wp= 
b/(1+u,/2#,) and beyond the maximum it de- 
creases rather rapidly with the increasing 
values of @,/@p. The maximum value of 
\o|/w) increases gradually with the increasing 
value of 6. It is readily seen that even for 
the values of 6 below 0.2 or beyond 1.2, 
|o|/w) is found to have as similar tendency 
ANS ital JE 2. 


§5. Discussions 

In the preceding section we have discussed 
the rate of wave growth in a plasma injected 
by an electron beam under various conditions. 

In this section we shall compare the results 
obtained thus far with the investigation by 
Merrill and Webb®. Electron beams injected 
into a plasma has long been known to be 
scattered much more rapidly than can be ac- 
counted for collisions with other particles. 
It has already been suggested that plasma 
oscillations causes such a rapid scattering. 
We shall give an explanation of abrupt scat- 
tering, such that in a plasma injected by an 
electron beam a localized disturbance builds 
up to large amplitude as it proceeds in a 
medium and the oscillations thus growing up 
causes the scattering of beams in a sharply 
narrow region. 

In an investigation made by Merrill and 
Webb, it has been found that an electron 
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beam of about 20 ev. energy near the cathode 
and of about 10° electron concentration is 
scattered to have a uniform distribution of 
energy from zero to 30 ev. at a distance of 
about 4.3 mm to 6.1 mm from the cathode. 
Oscillations picked up was about 10° r.p.s. 
and the electron temperature in the plasma 
about 30,000°K. 

Corresponding to the experimental data, 


we get the following values: wy,y=1x 10", 
1 = @)=7.5X 109, (w,/v9)?=0.8. These leads 
to a=1, b=0.6 and w,/@p=0.75. This gives 


|o|=4.8x108 per second. The wave phase 
velocity u=m,(1+,/#,) is found to be 4.0 x 10° 
meters per second. The time of wave growth 
is of the order of 1/|¢| and in the meanwhile 
the wave travels the distance x=x/|o| which 
becomes about 8 mm in this case. This im- 
plies that the disturbance localized initially in 
the vicinity of the cathode plane is propagated 
with the electron beam and it grows up toa 
large amplitude at a distance of about 8 mm 
from the cathode plane where electrons in 
the beam can be abruptly scattered. The 
distance thus calculated corresponds to that 
obtained from the experiment of Merrill and 
Weeb. Fairly good agreement of the distance 
seems to be satisfactory for the interpretation 
presented here. 


§6. Conclusions and Summary 


In an ionized gas neutrized on the average, 
the electromagnetic oscillations are considered 
in an arbitrary distribution of electron beams. 
The fundmental equations are derived in one- 
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dimensional treatment under the assumption 
of small signal and in the absence of any | 
static fields. The initial disturbance in a> 
localized region can be found to be propaga- 
ted with electron beam and to be amplified 
exponentially with time. The behaviours of 
propagation are described by the dispersion 
relation which connects wave frequency 
and propagation constant k. 

This is applied to the case of the excitation 
of thermal plasma by an injected uniform 
beam. From the dispersion relation we can 
get the rate of wave growth as a function of 
several parameters specified by the character- 
istics of the plasma and the beam. The 
results thus obtained are compared with the 
investigation by Merrill and Webb. Fairly 
good agreement is attained as to the distance 
from the cathode where electron beam scat- 
tering takes place. 

Finally the author is indebted to Mr. Y. 
Honda for computing and drawing the curves 
in figures. 
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Hyperfine Structure of the Spectrum of Pr II 


By Kiyoshi MURAKAWA and Shigeki Suwa 
Institute of Science and Technology, Komaba-machi, Meguro-ku, Tokyo 
(Received August 15, 1953) 


Analysis of the hyperfine structure of the term 4/%(47)6s of Pr II 


resulted a(6s)=0.426em~71, ayy=0.0227 em-!. 


From the value of a(6s) 


the nuclear magnetic moment of Pr was deduced to be »=+4.0 n.m., 


in agreement with the value given in the literature. 


From the value 


of ayy the screening constant o of the 4f electron was deduced to be 


32.9. 


x 10-24 em2. 


The quadrupole moment of Pr was found to be Q=(0.0+0.2) 
This is in agreement with the value Q=—0.05 x 10-24 em? 


ealeulated from the data published by Lew regarding the hyperfine 
structure of the ground term of Pr I. 


Si. 

The hyperfine structure (hfs) of the spectrum 
of Pr II was published by White? who took 
the photograph with a large grating and con- 
cluded the nuclear spin to be 5/2. Using 
atomic beam magnetic resonance method, 
Lew”) analysed the hfs of the 4f% 4/y/. level of 
Pr I and ceduced the nuclear magnetic 
moment to be w=+3.8n.m. Using the data 
of White and the value of a:; published by 
Lew”), Brix®) deduced the value w=+3.9+ 
0.3n.m. 

Since the hfs of the Pr II spectrum is a 
prototype of the hfs of rare-earth spectrum, 
it seemed worth while to photograph the Pr 
II spectrum with an instrument having a 
larger resolution than the grating of White 
and analyse the hfs more fully than Brix did. 
This is the purpose of the present work. 


Introduction 


§2. Experimental Arrangement 


The spectrum of Pr II was excited by a 
hollow cathode discharge tube, and the hfs 
was examined with a Fabry-Perot etalon. 

Fig. 1 is a reproduction of some of the 
interference patterns of the spectrum of Pr 
Ge 


§3. Nuclear Magnetic Moment 


The gross multiplet structure of Pr II was 
analysed by Rosen, Harrison and McNally”. 
Fig. 2 shows schematically the deepest 
terms of Pr II that arise from the configura- 
tion 4f*6s. The Zeeman effect data published 
by the above-mentioned authors show that 
the terms 4/%(‘2)6s *J and *J are of Jj-coupling 
rather than LS-coupling. 
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Each of the strong lines of Pr II was found 
to consist of six components* having a flag 
pattern. This is to be expected when the 
J-values involved are sufficiently high. How- 
ever, in order to know the hfs splitting of 
each level, some off-diagonal components must 
be detected, and this was met with success 
at least in the cases of 24225 and 44101. The 
hfs of these two lines are shown schematically 
in Fig. 3 and 4 respectively. When the /J- 
values are larger than 13/2, the existing tables 
of hfs component intensities are useless, so 
the authors prepared a table) useful for 
larger J-values. 

For other lines it was sometimes possible 
to detect off-diagonal components but difficult 
to measure them accurately. Table 1 gives 
the result of measurement of the lines other 
than 24225 and 24101. White’s measurement 
is also listed as W for the sake of comparison. 

Specially from the hfs of 24225, we get for 
the level 4f?(4J9.)6s°L4 : 


A=—0,0100.em=*,  B=0,0.41057 cms 


All the hfs constants that can be deduced 
from Fig. 3 and Fig. 4 and Table I are 
summarized in Table II. 

The level 4/%(4%5/.)6s°/;° has a hfs constant 
independent of coupling and it is given by** 


* Of course this refers to the number of 
diagonal components; there are more components 
when the off-diagonal components are taken into 
account. 

The same notations as those of Breit and 
Wills) are used here. 
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Fig. 1. Enlargement of some of the interference patterns of the spectrum of Prenin 
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5 ce 3 As shown in Table III, the relativity correc- 
4f 76s) ae ; tions for the 4f electron can be neglected, so 
we can put 
eens 1743, 
es 3 = 15.4.5.5 a= a, » a oe , a = bs : 
Ip 21 35 14 
We get, therefore, 
ee ee Alhsp)= oO ay 
Ness wb 0.0 opyct 15/2 J 


Pr IT SS eat i ae 
* ‘The term ApssT is assumed to be of an LS- 
Fig. 2. Deepest levels of Pr IT. coupling. 
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Fig. 3. Hfs of the line Pr II 44225. Fig. 4. Hfs of the line Pr II 24101. 
and consequently Table I. Measured hfs of the Pr II spectrum 
i 1 (A) Flag-pattern structure degrading towards 
ACh) =e az teas) - the violet 
yz (Combina- Te ee Ae 
| In a similar way we get | __ tion Since oe: pe ees 
1306 l 438A | 5J,0—5T, 0.288 0.252 0.222 0.191 0.159 
ACI) + ACh) =F 75 art 47 Us) WHOS 29 0225 1012101 Omniy 
: 4306 | 57,0—5T, 0.290 0.255 0.221 0.185 0.068 
18 1 = dda, 4223 | 5J,0-5K,| 0.2436 0.2076 0.172 0.136 0.096 
boon Or qq US) =1.66082 a, +77 al) - "IW:0.25 0.21 0.18 0.15 0.18 


3730 1 4207 | 570-57, | 0.266 0.241 0.215 0.190 0.165 

A(Ie)+ ACh) = 335 a;+5 4) W:0.27 0.25 0.28 0.21 0.17 
4164 | 5J,9—5J, | 0.275 0.243 0.210 0.177 0.149 

1306 W:0.380 0.26 0.22 0.18 0.14 


Ty ogee 1 
+5965 27 qq US=1-92286 a7 + als) - gig] sz0_s7, | 0.294 0.255 0.216 0.175 0.185 
W:0.28 0.25 0.21 0.18 0.15 


AGI) + ACI) = o> ay + als) 8877+ 57,0 X, | 0.334 0.292 0.250 0.208 0.166 
3730 1 1 (B) Flag-pattern structure degrading towards 
Be ag) ae ay +79 a9) : the red A i 

ie i ee Se A ee 
CTs) 395 81779 FO) 4352 | 210-57, | 0.196 0.170 0.144 0.118 (0.092) 


Wi O19) OO MAO T0508 


From the values of A listed in Table II, 
fairly consistent values of a(s) and a; can be 
obtained : This value of a(6s) is to be compared with 

a(6s)=0.426cm=!, aszy=0.0227 cm7}. that of Brix a(6s)=0.416+0.015 cm“. 


* Newly classified by the authors. K,=26226.5. 
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Table II. Observed hfs constants of the terms 


Term | A (em-}) Term A (em-}) 
70 |) 0.0100 | 8% — 0.0082 
570 0.0622 
5,0 0.0536 

Ts 0.0437 
Table III. Relativity correction for 
the f-electron.* 

Zi 7a y ee G 
20 1.002 1.004 1.001 
30 LAGOS || 1.008 1.003 
85 1.006 1.011 1.004 
40 1.008 1.015 1.006 
50 1.013 1eO023nen 1.009 
60 1.018 1.038" |. 1.012 
70 1.025 1.046 Ody 


* Relativity correction for a’(f7/2): 
Fr = 252/0'(40'2-1). 
Relativity correction for a!’(f5/2): 
F'=105/0''(40/!2—1). 
Relativity correction for a’’’: 
G=[24 sin x(0’ — 0!’ —1)]/rZ7202. 
P=v 2—Z202, «=0.007284. 
k=1+1 for j=l1+3; k=-—l for j=l—-3. 


The authors’ 
magnetic moment 


#=+4.0+0.1n.m. 


This is in agreement with Lew’s w=+3.84 
10% n.m. and with Brix’s w=+3.9+0.3n.m. 

Q47=0.0227 cm! is in fairly good agree- 
ment with a,,;(Pr I)=0.02356 em-! deduced by 
Lew. However, we should expect ay; (Pr II) 
to be slightly larger than a,;(Pr I). At 
present the authors are unable to find reason 
for the slightly smaller value of a4, (Pr II) 
than a4, (Pr I). 

From the value of a,y; we can deduce the 
value of the screening constant o defined by 
Zi=Z—o, Putting: ~=—4.00.m., J=5/2, = 
2392.3cm7! (Pr ID) in the formula 
eo 1 
I (7/2)HZ;i 1838 

6 =doublet splitting of the f electron, 
we get 


a(6s) gives the nuclear 


(Of 


Z:=26.1, o=32.9. 


This is to be compared with Lew’s o=35.5. 
It will be interesting to compare the hfs 
constants with calculation, and this is done in 
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Table IV. It is clear that in this case Jj- 
coupling is a better approximation than IES: 
coupling.* In the authors’ calculation it was | 
assumed that the ion 4f' forms the term ‘J } 
by an LS-coupling. 


Table IV. Comparison of observed hfs con- 
stants (in unit of em-1) with calculations. 


obs. cale. cale.* 
Jj- LS- Brix 
coupling | coupling | _ 
A(®I5°) | 0.0622 0.0694 | 0.0149 0.0647 
A(3J;°) — 0.0032 —0.0096 | 0.0449 |—0.0006 
A(®I¢°) 0.0536 0.0574 | 0.02895 | 0.0552 
A(2Ig°) | (—0.0049) | —0.0087 | 0.01975 'F 0.0057 


* Deduced by Brix from the measurement of 
White. 


$4. Nuclear Quadrupole Moment 
As mentioned above, B=0.0x10-&cm7™ 
was obtained for the level 4/%(4J9/.)6s °J;. This 
level is independent of coupling and we get 
g=p ZHlel— 1) J(2J—1)1988 
€ ,(28/121)(14/15) 
Putting the above-mentioned value of B in 
the formula, we get 
Q(Pr)=(0.0+20.2) x 10+*4 cm? 
On the other hand, Lew found B=—0.00045 
x10-*em™!, ay;=0.02356cm~-! for the level 
4f? 4Jy(Pr I). When these values are put in 
the formula 


g— Blel—DJeaJ—1)1988_ |v 
(28/121) 1838 a; a 
the following value of @ is obtained : 
Q(Pr)=—0.05 x 10-24 cm?. 
The value of @ obtained from the Pr II 
spectrum is in agreement with this, and we 


will consider —0.05x10-24cm? as the final 
value of Q(Pr) at present. 
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The Optical and Electrical Properties of Cadmium 
Sulphide Films 
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The optical and electrical properties of evaporated CdS film were 
measured. The optical properties are similar to those of the single 
erystal, that is, the absorption edge lies at 2.4eV; the photosensitivity 
peaks near the edge; with temperature decrease, the absorption edge 
and photosensitivity maximum shift towards shorter wave length; 
while the electrical properties show wide variation from sample to 
sample and by heat treatment. The photoresponse shows large 
dependence on the temperature and is closely related with the dark 
conductivity. By baking in the air, the conductivity at room tem- 
perature decreases by a great deal and the activation energy increases. 
By baking in the reduced atmosphere, the conductivity, the activation 
energy and photoresponse almost restore their initial values. In this 
process, the adsorption or desorption of oxygen on the surfaces of 
microcrystals plays an important role. The bimolecular recombination 
argument for the interpretation of spectral sensitivity curves seems 


inadequate. 


§1. Introduction 


In the last ten years, much attension has 
been paid to the photoconducting semi-con- 
ductors concerning infrared sensitive detectors 
and television pick up tubes, and many ex- 
perimental results have been reported. Mott 
and Gurney” gave a fundamental explanation 
on the relation between optical and electrical 
properties of insulators and semiconductors. 
‘There remain, however, many inportant pro- 
blems yet unsolved, such as the interpretation 
‘of spectral sensitivity curves and the mecha- 
nism of the so called sensitization with oxygen, 
and more over it seems to us that, for photo- 
‘conductors of practical importance, which are 
used in the. most cases as thin films, these 
relations are far more complicated. It is gener- 
ally supposed that the optical or electrical pro- 
perties of thin films differ appreciably from 
those of single crystals, and it is necessary 
to distinguish whether the observed pheno- 
mena may be attributed to the properties of 
single crystals or to the peculiarities of thin 
films. This paper is intended to clarify these 
problems, and the evaporated film of cadmium 
sulphide, whose properties in the single crys- 
tal have been extensively studied”, is chosen 
as a typical photoconductive film. 
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§2. Optical Constants 


Cadmium sulphide powder used in the pre- 
sent experiment was prepared by passing H,S 
gas through the cadmium sulphate solution 
at p.H 2 to 6, and the precipitate was puri- 
fied. The colours of the precipitates vary 
from yellow to orange according with p.H 
of the solution, but the properties of the 
evaporated films show no difference. The 
film was obtained by evaporating the powder 
from a tungsten coil onto a glass substrate in 
the vacuum of ca. 5x 10-' mm Hg. For optical 
measurements, the film was evaporated on 
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Fig. 1. Reflection and transmission of CbS film. 


the half of a polished glass (BK-7, 20x20 
mm), and then in order to measure the 
thickness of the film by the method of mul- 
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tiple beam interference, silver was evaporated 
on the halves of the film and the transparent 
part of the substrate. Five specimens of 90 
my to 1.2 yw in thickness were prepared. 
The transmittance and reflectance between 
400 mz and 1000 mz were measured with 
the photoelectric photometer reffering to the 
transparent part, and the effect of reflec- 
tions within the glass was corrected as in 
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the previous paper®). One of the results wai} 
shown in Fig. 1. In the long wave lengtl 
region, a few maxima and minima due tq 
interference can be perceived. Let the re 
fractive index of the film be 2—zk, then the 
reflection and transmission coefficients of the 
film on a substrate in the air are expressed] 
by the following formulas. 


ies es be 16m PTR) i (1) | 
1, eXp Gore Ms exp (— poe co os A” ne »sin eg | 
I, exp hes a )-+ my, exp (— =a )+ Di ese? —— " d+q sin an 
wee aah ne ee (2q 
I, exp Peel m, exp (= a)+ P. Ee 7 geting 1 | 


=[(2—1)?+ Rk? |[(2+m)+hR?] 
any. +R \[(2—m)?+ R?] 


Di = 2[ (920? + I)? + R*)— (0? +R’)? — 09" — 


riers a aatialet 
m2=[(n—1)? +R’ (n—m)? +R] 
Anok?| 


D2=2[(90" + 1)(90? +R”) — (0? + R?)? 
n=4k(n—1)(n?+ k?+ 19) 


where d is the thickness of the film, and 7, 
is the refractive index of the substrate. In 
the non-absorbing region, at the wave 
length, where the reflection or transmission 
shows the extremum can be easily obtained. 
In the region, where the film shows strong 


absorption k and » were determined by the x 


successive approximation with the formulas 


oe As \g rea \ 
A Ga i aes Su 
_l@—D?+ R*] 
Need Sarit 4 
TEI BY’ Na 
irae 
i =F q\ 27 
+log NOrial (5) 


[(72+1)?+ R?][ a2+-200)?+ RJ’ 
and (1), (2). In the region near the absorp- 
tion edge, a pair of » and k which gives the 
measured values of T and R was determined 
by try and error using the rigorous formulas. 
With these procedures, the refractive index 
and absorption coefficient between 400 my 
and 1000 mz were determined within the 
error of 3% and were shown in Fig. 2. 

The absorption coefficient, rising steeply 
at 520 my, attains to 1.5x104 mm-! at 400 
my and the absorption edge lies at 2.4 eV., 
which is supposed to be the energy gap be- 
tween the filled and the conduction band. 


Ny” 4n k?| 


Qo =4R(n-+ 1) (7? + k? — 19) 
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Fig. 2. Refractive index and absorption 
coefficient. 


The main features of the absorption curve is 
similar to that reported by Frerichs and 
others for a single crystal. However, the 
weak absorption, which may be due to excess 
Cd atoms, extends to rather longer wave 
length and the colour of thick films appears 
orange rather than green. 

The absorption at the lower temperature 
were measured with the Dewar vessel as 
shown in Fig. 3. By decreasing the tempera- 
ture, the absorption edge shift towards shorter. 
wave length with the rate of ca. 1 A/1°C 
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Fig. 8. Dewar vessel for mersurements 
at low temperature. 


between the room temperature and —140°C, 
conforming to the result for the single crystal. 
The refractive index, increasing from 2.35 at 
1000 my towards shorter wave length, attains 
the maximum value of 2.65 near the absorp- 
tion edge, and then decreasing steeply shows 
-an anomalous dispersion in the region of lat- 
‘tice absorption. The general rule that the 
high refractive index is associated with good 
-photoconductivity is valid for CdS. 


§3. Electrical Properties 
(a) Spectral Sensitivity 

In order to measure the conductivity and 
the photoconductivity, the two aquadag elec- 
trodes with the separation of 2 mm were 
drawn on a glass substrate and the film was 
evaporated on it. In the measurement of 
photoconductivity, the film between the elec- 
trodes was illuminated uniformly and the 
D.C. voltage was applied. The relative 
spectral sensitivities for the specimens of dif- 
ferent thickness were shown in Fig. 4. In 
the case of thick films, the photoconductivity 
peaks at the absorption edge i.e. 520 my as 
in the case of the single crystal. The spect- 
ral sensitivity including the peak, however, 
is independent on the applied voltage between 
50 and 500 volt/em and shows no anomalous 
behavior. As the thickness of the film is 
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Fig. 4. Spectral sensitivity of photoeonductivity. 


decreased, the peak of the photoconductivity 
shifts towards shorter wave length according 
with the shift of absorption, and the relative 
height of the maximum also decreases until 
it almost disappears for the film of 90 my in 
thickness. The photoresponse varied con- 
siderably even among the specimens of nearly 
the same thickness. The relative quantum 
yield, that is, the photocurrent per absorbed 
energy was also shown in Fig. 4 which is al- 
most independent on the thickness of the film. 
The quantum yield peaks near the absorp- 
tion edge. The decrease of spectral sensitivity 
on the red side of the peak is mainly due to 
the decrease of absorption, while the reason 
for the drop of sensitivity on the blue side 
is not clear. As will be stated in the next 
section, however, the usual bimolecular re- 
combination argument often reffered seems 


inadequate. 
The threshold of the photoconductivity 


extends to as long as 0.8 wu, where the ab- 
sorption can be hardly measured with the 
evaporated films. The photocurrent rises or 
decays with the time constant as long as a 
few seconds or more, and while decaying, 
neither stimulation nor quenching of the cur- 
rent with infrared radiation can be perceived. 
The spectral sensitivity is independent on 
the temperature except the shift of sensitivity 
maximum according with that of the absorp- 
tion edge at low temperature. 


(b) Correlation between the Dark Conductivity 


and Photosensitivity 
In Fig. 5, the dark- and photo-currents 


100 


were plotted versus the applied voltage. Both 
of them show non-ohmic character and can 
be expressed as J=kV”, where the power 2 
is nearly equal to 1 for the specimens with 
high conductivity and approaches to 2 for 
specimens with low conductivity. If we de- 
fine the sensitivity as S=(o,—on)/on instead 
of photoresponse (¢;—op), where op and ox 
are the dark- and the illuminated-conductivity, 
the sensitivity is independent on the applied 
voltage. The non-linearity of the conductivity 
suggests the granuality of the film and ex- 
istence of the potential barrier between crys- 
tallites. 
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Fig. 6. Photocurrent versus light intensity. 


The specimen was illuminated with white 
light from the tungsten lamp of the colour 
temperature of 2780°K and the photocurrent 
was measured as a function of light inten- 
sity. The results were shown in Fig. 6. At 
low light level, the photocurrent varies line- 
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arly with the light intensity, while at higtt| 
light level, the deviation from the linearit 
occurs and can be expressed as (¢;—¢n)=RI 
where J is the light intensity and m is 0. 
for high intensity. This relation was also} 
measured for 3 monochromatic lights, that 
is, the light shorter than 460 my, longer than} 
570 my: and that with the intensity maximum 
at 540 my, which were obtained by the: 
combination of the tungsten lamp and Wrat- | 
ten filters. The relation between the light) 
intensity and photocurrent is the same for 
these four kinds of lights. 
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and photoresponse. 


In Fig. 7 the logarithm of the dark con- 
ductivity was plotted versus 1/T between the 
room temperatnre and —140°C. With tem- 
perature decrease, the conductivity varies 
according to the formula op=ae-*/‘? as is 
usual with the semiconductors. However, the 
activation energy € shows rather large varia- 
tion between 0.06 eV and 0.28 eV among the 
samples of different thickness, and the activa- 
tion energy decreases as the conductivity at 
room temperature increases. The tempera- 
ture dependence of photoresponse is also ex- 
pressed as (¢,—0p)=Ae-*/*?, The activation 
energy for photocurrent is generally smaller 
than that for the dark conductivity. Accord- 
ingly, (oz—on)/on increases as the temperature 
de pendence of the photocurrent is quite the 
same for all wave length on either the blue or 
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the red side of the absorption edge, that is, 
the spectral sensitivity is independent on the 
temperature except the shift of the sensitivity 
peak accompanied with the shift of the ab- 
sorption edge. Therefore, taking the photo- 
current-light intensity relation into considera- 
tion, it can be supposed that the low 
sensitivity on the blue side is due to the inher- 
_ ent low efficiency in creation of free carriers. 
_ The thermal activation energy determined by 
the measurement at low temperature is far 
smaller than the half of that corresponding 
to the absorption edge or threshold wave 
length of photoconductivity. In the high 
temperature range, the thermal activation 
energy attains to 0.8 eV or more and approa- 
ches to the half of that determined optically. 
' As will be shown in the next section, how- 
ever, it is quite doubtful that the energy 
determined from the conductivity in the 
present experiment corresponds directly to 
the energy between the filled band or impurity 
levels and the conduction band. 


(c) The Effect of Baking 
The thick films freshly prepared show high 
conductivity, low activation energy and large 
photoresponse. The temperature dependence 
| of the photocurrent is also quite small. Up 
to 150°C, the film shows quite reproducible 
| behavior either in the open air or in the 
vacuum. However, when these specimens 
are heated above ca. 200°C in the open air, 
the conductivity at room temperature de- 
} creases by as much as 10-1~10-° times and 
| the activation energy greatly increases. By 
| this treatment the photoresponse also de- 
creases, but its decrement is less than that 
of the conductivity and (¢;—¢p)/¢» increascs. 
| As the conductivity decreases, the tempera- 
ture dependence of the dark conductivity and 
‘that of the photoresponse increase, always 
keeping the relation €>€’, and the close 
‘correlation exists between the dark- and 
 photo-conductivity. This process is reversible, 
‘that is, the specimen, which has been baked 
in the open air, can almost restores its initial 
conductivity, thermal activation energy and 
photosensitivity by baking above 200°C in the 
‘reduced atomosphere of 10-*mm Hg. As 
‘above stated, according to the conditions of 
baking, the conductivity at room temperature 
shows wide variation, which is, for the most 
part, due to the change in the activation 
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energy. It is supposed that the oxygen plays 
an important role in this process. Meyer 
and others®) have also reported the large 
changes in conductivity and activation energy 
of ZnO, TiO, and other oxides caused by 
baking and found an experimental relation 
between € and a. In the present experiment 
on CdS, however, a@ shows only a little 
variation, while € varies as much as 4 times 


or more. By baking, the thickness and 
spectral sensitivity show no _ appreciable 
change, but the absorption edge becomes 


slightly steeper. The electron diffraction 
study shows that the fresh specimens consist 
of hexagonal microcrystals, and by baking 
either in the open air or in the vacuum, the 
diffraction pattern turns to more diffuse halo 
corresponding to far finer polycrystalline 
structure without orientation. This remark- 
able change in the submicroscopic structure, 
however, seems to have little effect on the 
electrical properties of the film. 


§4. Discussions 


The main features of the electrical proper- 
ties are the wide variation of activation 
energy by baking and the close correlation 
between the conductivity and photoelectric 
sensitivity. In order to explain the former, 
there are four hypotheses: 

(1) Before baking, the activation energy & 
is equal to £/2, where — is the energy gap 
between the conduction and the impurity 
levels, and by baking in the air € tends to LE. 

(2) According with the impurity concent- 
ration, the impurity level is shifted upwards 
relative to the conduction band due to the 
interaction between impurity centers. By 
baking in the air, the impurity centers (Cd 
atoms) decrease as a consequence of oxidation 
and the impurity level is lowered. 

(3) The change of the submicroscopic 
structure or the crystallization of the film by 
baking. 

(4) The change in the height of the poten- 
tial barrier between microcrystals due to the 
adsorption or desorption of oxygen on the 
polycrystalline surfaces. 

The first and the second hypothesis can 
not explain the large change of activation 
energy observed in our cxperiment. Because, 
by the first hypothesis, € can not change by 
more than 2 times. If we assume that the 
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mobility of charge carriers is nearly constant 
throughout baking, and analyse the curves 
using the conventional model of n-type semi- 
conductor, the ratio of the impurity concent- 
rations can be obtained by the square of the 
ratio of a, i.e. the conductivity extraporated 
to T'=oo. The change of the impurity con- 
centration by baking is less than a few tens, 
which may not cause the large change of 
interaction between them. The third hypo- 
thesis fails to explain the experimental results, 
because, according to the electron diffraction 
study, the change in the submicroscopic 
structure is caused by baking in the open air 
as well as in the vacuum, and is irreversible. 
The fourth hypothesis seems to be the most 
plausible. The evaporated film is consisted 
of microcrystals, and there will be a poten- 
tial barrier between them, which is formed 
by the adsorbed oxygen on the surface.” The 
carrier concentration within the microcrystals 
varies exponentially with the inverse of the 
temperature and in D.C. measurements, the 
carrier must pass through or over these 
potential barriers, which increase the resis- 
tance by a great deal. The probability of 
passing through the potential barrier depends 
upon the temperature and the height of the 
barrier, which will be greatly modified by 
the amount of oxygen adsorbed on the sur- 
face. The non-ohmic character of the film 
of low conductivity suggests the existence of 
such barrier. If we assume that the proba- 
bility of creation of free carrier by photon is 
independent on the temperature, the activa- 
tion energy of the photosensitivity, &’, is the 
energy associated with the probability of 
passing through the potential barrier, while 
the thermal activation energy € determined 
by the conductivity is the sum of the energy 
to raise the electrons from the bound levels 
to the conduction band and that is needed to 
pass through the barrier. It is uncertain 
whether the photocurrent is caused by the 
modification of potential barrier due to the 
absorption of light near the surface®) or by 
the increase of carrier inside the micro- 
crystals. In order to clarify these points, the 
measurements of Hall effect, A.C. conductivity 
and rise or decay process of the photores- 
ponse are desirable. It may be certain, how- 
ever, that the photon does not directly eject 
the electron from the surface level and modify 
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the barrier as assumed in the explanation of 
long wave tail of PbS®, because by baking | 
in the open air or in the vacuum, no appreci- | 
able change is observed in the spectral sen- | 
sitivity. 
§ 5. | 

The optical and electrical properties of the 
evaporated CdS are measured. The optical } 
properties, such as the absorption edge, | 
spectral sensitivity or their temperature de- 
pendence are reproducible and can be regard- | 
ed the same as those of the single crystal ; | 
while the electrical properties, such as the 
conductivity, the photosensitivity and their | 
temperature dependence are sensitive to the — 
conditions of evaporation, and vary according 
with the after-treatment; they are much | 
more complicated than those of the ideal 
crystal. The drop of the photosensitivity on 
the blue side of the absorption edge may be 
due to the inherent low efficiency in creation 
of free carriers. There exists close correla- _ 
tion between the conductivity and photo- 
sensitivity, in which the potential barrier be- 
tween the microcrystals probably due to the 
adsorbed oxygen seems to play an important 
role, and there is little correlation between 
the energies determined by conductivity, 
optical absorption in the visible or the thresh- 
old wave length of photoconductivity. 

In conclnsion, the author wishes to express 
his thanks to Dr. G. Honzyo for the electron 
diffraction analysis, to Prof. Z. Koana, Prof. 
K. Isiguro and Dr. H. Miyazawa for their 
encouragements and discussions. 
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Extension of von Karman’s Transonic Similarity Rule* 
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An attempt is made to extend von Karmian’s transonic similarity 
theory so as to cover the whole range of Mach number from subsonie 
to supersonic. First, the equations for the two-dimensional com- 
pressible flow past a slender body are reduced to 
ny ace . P24 fn Pb 
ag =B( at ) (aly or ie ce Bt Oe 
by assuming that the perturbation velocity is small of order « and 
neglecting small quantities of O(e3). Here we have written @ = U(«x+4), 
¥=UYy+y), (=t+in=xtiuy, V=py, Ptiy=A(pitin)=AG, ¢,=g2+ 
§/4B, B=vA/4, h=Y1—Me, v=4M1+(7+1)M2/42], where @ is the 
stream function, U and M are respectively the free stream velocity 
and Mach number, y is the ratio of specific heats, A is a constant 
of order O(c), and G(¢,¢), 91(€.7), x7) are O(1). 

Then, it is shown that B=O(t) for M1, and that (v/yt is an 
appropriate parameter for M1, where ¢ is the thickness ratio of the 
body. For the case M=<1, either subsonic or supersonic, the procedure 
of successive approximation can be applied to Eq. (1). It is to be 
noted that Hq. (2) is exact to the order O(<?) in contrast to the fact 
that the similar equation in the usual transonic approximation theory 
is correct only to the order O(¢). Hence it is suggested that the 
parameter (v/u)t may be used with advantage in place of the usual 
transoniec parameter (y+1)t/y3 or (y+1)t/d — MP)2/2. 

Finally, Ligpmann and Bryson’s experimental data on the transoni¢e 


(2) 


flow past wedge sections are analyzed using the parameter (v/y)t. 


§1. Introduction and Summary 


It is well known that von Karman’s 
transonic similarity rule [5] is based on the 
two assumptions, namely, that the perturba- 
tion velocity due to the presence of an obstacle 
is small and that the free stream velocity is 
very near to the sound velocity. In this paper, 
an attempt is made to extend von Karman’s 
_ approximation theory so as to cover the whole 
range of Mach number from subsonic to 
supersonic. For this purpose, only the 
assumption of small perturbation velocity is 
made, without making any special assumption 
concerning the free stream Mach number. 
Moreover, in contrast to the usual transonic 
approximation, second order perturbations are 
also taken into account. Thus, the theory 
reduces to the usual transonic approximation 
4 for M1 and goes over smoothly to the 
second approximation of Prandtl-Glauert’s 
theory for M<1 and to Busemann’s second 
order approximation for M>1. In particular, 
it is found that the usual linearized theory 


yields result correct to the second order for 
the special Mach number M=[4/(3—7r)]}}?, r 
being the ratio of specific heats. 

As examples of application of the theory, 
we can deal with subsonic flow along a 
sinusoidal wall and past an elliptic cylinder 
at zero angle of attack; and the result will 
be reported in a separate paper. Also, 
Liepmann and Bryson’s experimental data on 
the transonic flow past wedge sections [4] are 
analyzed by using the transonic parameter 
introduced in the present approximation 
theory. 


§2. Basic Equation for the Small Perturba- 
tion Theory 
The two-dimensional irrotational flow of a 
compressible fluid is governed by the equa- 
tions : 
CS ke? 


Oz p Oy’ el) 


Uu= 


* Presented at the Highth International Con- 
gress on Theoretical and Applied Mechanics held 
in Istanbul in August, 1952. 
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y . oe . 
=o = Pes (2.2) C=E+in, €=E-m, (2.11) 
c vc s 
sal I ea G=b.tin (2.12) 
a = 1-7 5 M” ( aie t , the above two equations can be combined into | 
* (2.3) a single equation : 
P=w+0, (2.4) er Abie Maar) 
where (w,v) are the component velocities in nada 
the x- and y-directions, gq is the magnitude of of i ( + :)| . (oils) 
velocity, 9 is the density, @ is the velocity eR 
potential, Y is the stream function, U, M, where 


and p. are respectively the velocity, Mach 
number, and density of the free stream, and 
y is the ratio of specific heats. 

If the disturbance due to the presence of 
an obstacle is small, we can write 


O=U(a+), P=Uy+9), ©@.5) 


where ¢ and ¢ can be assumed to be small, 
say of order O(€). Then we have, from (2.4) 


and. (2.3), 
T= 142b2+b2+ by" f (2.6) 

f= 1-M b.— (2—7)M} 
Pern (2.7) 


where ¢2:=0¢/0x, 
(2.2), we obtain 


gy=0¢/0y. From (2.1) and 


© (14 $2)—(1+¢y)=0, 


byt %2=0 . 


co 


Employing (2.7) and putting 


E=e, n=uy, %=uX, (2.8) 
M=V/1—M? , (2.9) 
@=Agd,, ~=An, (2.10) 
we have 
M? © eA. 
Pile epee het) VE —— 2" 
we 
Me & 
eee Neat 
: bu'tO(a), 


dint M1e= 


& 

Ap ) : 

Here A is a certain constant to be determined 
later on. 

In the first place, we shall consider the 
subsonic case: M<l. The supersonic case: 
M>1 will be considered in § 6, 

Putting 


yaa 14 te ah (2.14) 
We now assume that ¢,, y,, and G (hence | 
dic and gz, but not ¢,) can be taken to be | 
O(1) by suitable choice of the constant A. 


Then, remembering that ¢6=O(€) and ¢=A¢,, 
we must have 
A=Of¢(&) . (2.15) 
Now (2.13) gives 
0G & e2 Se ) ( S ) 
a= 0) (| ==> |) 
0g we Lu Ve we 


where only the most significant terms for 
M-z+1 are retained on the right-hand side. 
Hence 


G=f(QC)+O€E/x?) , 
where f(€) is an arbitrary analytic function 
of €. Hence we have 


br _ ye? 


j S 


Substituting this into ee we have 
6G M? df \? & 
yA 2 
ae= ge ZA Ge) 40(Fa). 
which, on integration, gives 


Gasp aS Pics 6) 


se ee [neat+0( =) s 
LU 


Usually we are only interested in the state | 
of affairs on or near the surface of the 
obstacle, where €—€=2iy=O(ut), ¢ being the 


thickness parameter of the obstacle. There- 
fore 


G=—A betdl+O(ent+ os : 
4 eB 


It will be seen later that €=O(¢/y). 
neglecting O(2?/*), we have finally 


€-0(2). 


Thus, 


(2.16) 
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with 


B=——A. 


A (2.17) 


The equation (2.16) will be useful as a 
basic equation for compressible flow past thin 
obstacles. Indeed, remembering that ¢+7y= 
AG, A=O(), it will be seen that the error 
caused by the adoption of (2.16) instead of 
the exact equations of motion (2.1) and (2.2) 
is only of the order O(63/2)=O(8/15). 


§3. Comparison with the Usual Transonic 
Approximation Theory 


Separating real and imaginary parts of 
(2.16) we have 


Gie—%in=2BHi# , (3.1) 
din tyie=0 , (eZ) 
whence, eliminating y,, we obtain 
Pieet dinn =4Boiebiee : (3.3) 
| If we put 
& 
= /jpok 3. 
oy bot 4B ? ( 4) 
the equation (3.3) becomes 
O° bs Og2 Ob» 
245 —? 319 
07? OE OF ee) 


| This is exactly the same as the basic equa- 
tion of the usual transonic approximation 
i theory. But, whereas in the usual theory the 
equation is derived by assuming M1 and 
neglecting O(é?), the present analysis shows 
| that it is also valid for any Mach number, 
and, moreover, it is correct to the order O(€”’). 


§4. Boundary Condition 
The boundary condition at the surface of 
‘the obstacle is 
Y=0 for (4,1) 


(4.1) can 


y=t9 (x), 
t being the thickness parameter. 


|}be written as 


mE ,2)= 496) for y=ytg(E) . 


(4.2) 
Expanding y,(£,y) in Taylor series in 7, we 
ihave 
| ml 0)= Zea) — nto zav(E,0)+ OWE) 
(4.3) 
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Putting 
t 1 
k=——_=—— +17 4.4 
Au 4B u Ce 


and neglecting O(u2), we have from (4.3) 


41( ,0)= —kg(E) . (4.5) 


The equation (2.16) together with the bound- 
ary condition (4.5) gives similar flow 
patterns for the same value of k. This is 
well known as von Kaérmdan’s transonic simi- 
larity rule [5]. 

By assumption 7,(E,0)= 
that 


OW), y(€)=OU), so 


k=O(1). 


Combining A=O(€) with (4.4) and (4.6) we 
have 


(4.6) 


E=O7/z) » 


which has been used in deriving the equa- 
tion (2.16). Now, it follows from (2.17) that 


B=OVA)=O€€/u?)=OG/u). (4.8) 


Therefore, two cases can be distinguished as 
follows. 


(4.7) 


(i) The case: M1. Here we have 
B= OO 
(ii) The case: M1. Nowthe case B= 


O(1) can take place, if <=O(*) so that 
€=0) =O). 
Here we have 


r+1 il 
< we? 4B 


G+)et , 

ag yt 
the latter combination (7 +1)z/3 is well known 
in von Karman’s transonic similarity theory. 
(As seen from (3.5), von Karman’s treatment 
corresponds to the adoption of the special 
value B=1/2. If this value of B is adopted 
not only for M==1, but also for M=<1, we have 
k=O(t) for M1, so that k is equivalent to 
the thickness parameter in the usual thin- 
wing-expansion method.) 


§5. Specialization for the Case M<1 
Equation (2.16) can be expressed as 
0G 


0G BG ie 0G 0G \2 
at Sees cel na? ae) > co 
with 
ni B pei 2 
ea (5.2) 
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Since B=O(Z) for M1, (5.1) can be integrated 
by successive iterations. Thus, for the zero 
approximation, we have 


0G 
<==0, 
0g 
so that 
G=f©), (5.3) 


where f(Z) is an arbitrary analytic function 
OW (& 
Inserting (5.3) in (5.1), we have 
OG we se ee 
alc EieeaL. 
where f’=/f'(€)=df/d€ and f’= f'(©)=df/dZ. 


G=f+a(2r 7+ \7 af) 
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Integrating we get 


G=Bh2f' f +\f?dE+(E—f) f7 1+ FE), 


where F(€) is another arbitrary function of 
€. It may be remarked here that although | 
in the above expression the term —€/” could 
be absorbed in the arbitrary function F(¢), | 
the combination (C—€)f’ has been preferred | 


to the simpler expression €f’?; the reason | 
will be made clear below. Further, remember- | 
ing that f(C) itself is arbitrary, we may con- | 
veniently take Fi\QC)=f(). 

Repeating similar calculations we obtain 


+ BOS *F4ASS FAS PIs Fe+12 p\ Feats Frag) 


200 


4B eS OFH LOL LF MOSH PEMS SP +8 I LY FP BLT P40 SF 


Hap FFes sr Prise sl Frat ssp pracs ea 7 | Prat ra Py’ sae 


tog | fade a \reatl+- - 


+ 8C—O] 4B L2p 4 4f 77-28 F — 


a 


PB ESAS TABS L TF +82S Pf FBI PP! BPP AMF VP 


8 fff" —20 ff? — Af Ff?—2f ++ aff oh nal i | 


+ BEE) AF f+ BSF +A Sf VISES FF OLS P FAG OF FA») 


Heo Surry eee pee 
+ eee 


It is to be noted that near the surface of 
the obstacle €—€=O(ut) and so the terms 


involving @(€—C) as a factor can be neglected 
in our approximation ; indeed (5.2), (4.7), and 
(4.8) give O(8(€—€)) =O(But) =O) =O(&), 
which has already been omitted in deriving 
the basic equation (2.16). Further, it may 
be mentioned that f would in general involve 
terms of order O(t), on account of the bound- 
ary condition at the surface of the obstacle. 

In a previous paper [1] the author has de- 
veloped a convenient procedure of the thin- 
wing-expansion method in order to deal with 


(5.4) 


the subsonic flow past arbitrary thin aerofoils. 
Thus, the expressions correct to O(#?) were 
obtained in explicit forms for the velocity 
distribution round the aerofoil as well as for 
the lift and moment. Later, in collaboration | 
with Oyama, the author [2] obtained the ex- | 
pression for the complex velocity potential 
which is correct to O(¢°), and, as an applica- 
tion, investigated the flow along a sinusoidal | 
wall [3]. | 

It can be seen that (5.4) is in perfect agree- | 
ment with the previous result up to the term _ 
of O(8). Moreover, it should be mentioned 
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that the terms of O(@2) represent the most 
Significant terms, for high subsonic speeds, 
among those of order O(¢*) in the (complete) 
thin-wing-expansion method ; and hence (5.4) 
is particularly suited for treating transonic 
flow past very thin aerofoils. 

The procedure to be taken for this 
“transonic thin-wing-expansion method’’ is 
the same in principle as for the usual (com- 
plete) thin-wing-expansion method, but the 
labour involved in the practical calculation is 
considerably less with the former than with 
the latter. Application of the method to flow 
along a sinusoidal wall and past an elliptic 
cylinder at zero angle of attack will be pre- 
sented in a separate paper. 


§6. Specialization for the Case M>1 


For supersonic free stream velocity, the 
analysis proceeds in a similar manner. We 
have only to make the following substitutions 
in the various formulae. 


pain , n=i7 , 2= HY ? (6.1) 
p=V M1, (6.2) 
Seat HED | | 6.3) 
C=a+ uy=E+7, 
G=¢6,4%, , G=¢,—%, , 11= 4/2 . (6.4) 
And thus we have 
0G aG 
—= 2 > ene ==/8} a ° (6.5 
at git ac prt : ) 


(It should be noted that the bars do not mean 
the complex conjugate in this case.) Corre- 
sponding to (5.4), we have two equations: 
(5.4) and its complex conjugate (of course in 
formal sense). 

For flow past a thin obstacle whose equa- 


tion is 

y=ty(a) , (6.6) 
the flow field in the upper half plane can be 
shown to be given by 

G=f+O(6") , 

G=B\ fdl+O(B) , 
in view of the fact that the incoming wave 
f(©)=f(w+ xy) should not appear in this case. 
Thus we find 


(6.7) 
(6.8) 
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= (4 BS fal) + O(8) . 6.9) 


From the boundary condition similar to (4.3) 
we get 

Oi te? aratypttal\iles 
fas 9g + 0(—) \o7al. 6.10 
Introducing (2.7) in the adiabatic relation 


b/po=(0/0.), Wwe can find the pressure 
coefficient in the form: 


=—2$2+W'b2?—$by?+OS). (6.11) 


Substituting (6.9) and (6.10) into (6.11), we 
finally arrive at 


SS eS Or (6.12) 
L o 


C 
4 Ds Gh 
This is in complete agreement with Buse- 


mann’s pressure formula derived by the use 
of an entirely different method. 


§7. Simplification Obtained for the Special 
Mach Number M=[4/(3—7)]'” 
It is readily seen from (2.14) and (5.2) that 
eli) Oe WW) . 
In this case (6.5) gives 


G=f0)+O), G=f(€)+OC). 


Hence 
Amie 
0) (G+G) 
A i f| Pt 3 
=a fle ny + fet nyt O€ ie 


For this special Mach number, therefore, the 
usual linearized theory gives result correct to 
the order O(é?). For air y=1.4, and so such 
a Mach number is given by M=7/5/2 = 
15511. 


§8. Analysis of Experimental Data on 
Transonic Flow past Wedge Sections 


Recently Liepmann and Bryson [4] made an 
experimental study of transonic flow past 
wedge sections, and compared the results with 
recent theoretical work of Guderley and 
Yoshihara and especially of Vincenti and 
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Wagoner and of Cole. The semi-apex angles 
0 of the wedge sections investigated were 
4.5°, 7.5°, and 10° respectively. They plotted 
the measured drag coefficients by using von 
Karman’s transonic parameters. Thus they 


employed the reduced drag coefficient op 
defined as 


— 1 1/3 s 
Cp = Ce ; (8.1) 
together with the parameter 
— 
= —W— , 8.2) 
*=TGrbep? 
According to the present theory, it is 


suggested to change the definitions a little, 
thus 


oat (wey)/3 
Cp, = 95/3 D+; 


ona)" 


which reduce to (8.1) and (8.2) respectively 
for M=1. 

If Liepmann and Bryson’s experimenial 
data are plotted using the new parameters 


(8.3) 


(8.4) 


OF and &,, the values for the three wedges 
lie nearly on a single curve, though some 
systematic deviations still exist, just as when 
using original parameters Cp and & (Fig. 1). 
However, with our new parameters, the de- 
viations are solely ascribable to the large 


values of 0, whereas in the Coe. plot the 
deviations may have arisen partly from the 


Isao IMAI 


(Vol. 9, 


large departure of the Mach number from 1. 

Therefore, it is expected that the effect of 
finite values of @ may be taken into account 
by considering the more accurate boundary 
condition (4.3). This problem will be con- 
sidered in a future paper. 


© 725| wedge 
* 155] wedge. 


F 


Fig. 1. Drag coefficients of wedge sections 
(Liepmann and Bryson’s experiment). 
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Electromicroscopie de la Surface d’une Cassure de Verre (11)* 


Par Nobuzo TERAO 
Institut de Physique, Faculté des Sciences, Université de Tokyo 
et Shigeo SAKATA 
Institut du Microscope Electronique, Université de Tokyo 
(Regu le 27 juin 1953) 


The mirror surface appearing at the starting point of a crack pro- 
duced in a glass rod is observed through the electron microscope by 
the method of the methyl methacrylate-aluminium-chrome shadow 
casting replica. First, photographs were taken of the entire view 
of the replica sample with the low magnification and then each part 
of mirror surface with the magnification of 400~500 and next with 
the much higher magnification. Comparing these photographs with 
each other, we are led to notice the morphological variation of the 
glass fracture surface from place to place. We observed especially 
the small circular bodies which appeared on the flat part of the 
fracture surface. It is presumed that these small bodies do not exist 
actually on the fracture surface but arise from some secondary reaction 
between the fresh smooth fracture surface of glass and the replica 


material. Special forms of cracks such as fiber, comb, foil, feather, 


arch ete. were observed. 


Nous avons rendu compte par la note pré- 
cédente» de I’observation au microscope 
électronique d’une cassure de verre appelée 
le foyer d’éclatement. Nous y avons signalé 
surtout les petits corps ronds qui se trouvent 
dans le domiane spécialement plan. La con- 
clusion était la suivante: Si ces petits corps 
existent réellement dans une cassure de verre, 
on peut considérer qu’ils sont des cassures 


' en forme de Ientilles qui se produisent locale- 


ment avant que la surface principale de rup- 
ture se développe. Mais, d’un autre cété, il 


-y a encore une possibilité que ce soit un 


phénoméne produit par l’effet secondaire di 
a la réaction particuliere entre la matieére de 


réplique et Ia surface de Ia cassure. Pour 
| éclairer ce sujet nous avons fait encore les 
- essais suivants. 


Aprés avoir fait une réplique en aluminium 


de la surface du foyer d’éclatement d’une 
baguette de verre suivant Ia méthode du 
_méthacrylate de méthyl-aluminium, nous 
_l’avons ombrée avec le chrome comme pré- 
-cédemment. Nous avons mis cet échantillon 
de réplique sur un réseau mince de cuivre qui 
a beaucoup de trous ronds rangés réguliére- 


ments, d’environ 0.1 mm de diamétre (Fig. 
0) et nous I’avons observé avec le micro- 
scope électronique. Le microscope électroni- 
que employé ici est de type électromagnétique 


de Hitati HU 4 amélioré, dont le voltage 
accélerateur est de 50kV. Ce microscope 
n’est pas convenable pour |’observation des 
grossissements trés faibles parce qu’il n’a que 
l’objectif et le projectif en outre du con- 
denseur. Cependant nous avons d’abord photo- 
graphié l'ensemble de la réplique avec un 
grossissement d’environ 100 en mettant 
V’échantillon dans une position plus proche 
du condenseur que d’habitude et sans action 
du projectif. La Fig. 0 est un de ces 
exemples. Puis, nous avons photographié 
chacun des trous du réseau métallique avec 
un grossissement de 400 a 500 a peu 
prés en approchant I’éhantillon de la 
position habituelle et en utilisant un peu 
l’action du projectif. Les figures 28 et 33 
montrent ces exemples. Dans ces deux sortes 
de clichés on trouve inévitablement une dis- 
torsion assez remarquable. Nons avons enfin 
observé les places qui se trouvent dans une 
répliqne, chacune a son tour, avec un gros- 
sissement d’environ 3,000. La Fig. 29, par 
exemple, correspond a l’endroit entouré par 
un cercle dans la Fig. 28. (La Fig. 28 est une 
partie de la circonférence du foyer d’éclate- 
ment et une fléche montre la direction de 
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croissance de la cassure.) Nous avons ainsi 
pu identifier l’endroit observé plus nettement 
que précédemment par comparaison |’une avec 
autre des photographies de grossissement 
plus fort et plus faible. Les figures 1 a 27 sont 
des microphotographies électroniques qui 
représentent respectivement les points mar- 
qués par les chiffres correspondants dans la 
Fig. 0. Nous avons aussi arrangé ces 27 
figures de sorte qu’elles indiquent Ila meme 
direction que la Fig. 0. On sait de cette fagon 
la variation morphologique de la _ surface 
d’un foyer d’éclatement. 

Le point A dans Ja Fig. 0 montre Ie point 
de départ d’un foyer d’éclatement. Les nom- 
breux petits corps ronds signalés par la note 
précédente et qui sont convexes par rapport 
au plan de réplique, existent dans la partie 
spécialement lisse pres du point A, comme 
on les voit dans les figures 1, 2, 3, 4, 5 et 
13. A mesure que la surface de sectionnement 
s’approche de la circonférence, elle devient 
de plus en plus inégale et orientée comme 
les fizures,.6, 9, 12; 14, 15, 19, 20; 23 etc. 
La cassure se ramifie prés de la circonférence 
du foyer d’éclatement et il se produit locale- 
ment a nouveau une surface assez plane.” 
On y trouve encore une fois les petits corps 
comme |’indiquent les figures 7, 8, 10, 11, 16, 
17, 18,21, 22,24, 25, 26, 27 etc.. Le fait que 
la forme de ces corps est moins réguliére que 
précédement doit étre causé par ce que la 
polymériésation du méthacrylate de méthyl 
est insuffisante. Les corps ronds spécialement 
géants que l’on voit dans les figures 3 et 27 
nous donnent l’idée qu’ils proviennent d’une 
sorte de bulle. La cassure ne se développe 
pas toujours en forme simple du rayon du 
point A et, de plus, la vitesse de croissance 
d’une cassure semble différente d’une place 
a l’autre. Par exemple les figures 21, 22 et 
25 montrent que la direction de croissance 
change localement. Et on remarquera une 
relation géométrique entre la direction de 
croissance et les figures d’arc ogival que 
montrent les figures 9, 12, 15, 19, 20, 23 et 
37. (La fléche dans la Fig. 37 montre la 
direction de croissance de la cassure.) La 
cassure comme celle-ci est celle que I’on ob- 
serve souvent macroscopiquement et micro- 
scopiquement dans la cassure d’une dalle de 


verre, de bitume ou de résine. La cassure en 
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forme de peigne, observée dans les figures 
D1, 29, 24, 25, 26) 29,7 3m ete, se trouve, pees 
de la circonférence du foyer d’éclatement et 
les dents du peigne sont a peu prés perpendi- 
culaires a la direction de croissance de la 
cassure. Les corps noirs en forme de cheveux | 
des figures 25, 26, 29, 35 sont du _ verre 
fibreux lui-méme détaché de la partie de dent | 
du peigne et qui s’attache a la surface de 


la réplique d’aluminium. On voit de méme } 


dans la Fig. 24 un fragment mince de verre 
qui n’est pas divisé en eheveux. La cassure | 
en forme de plume comme la Fig. 7 est une 
forme que nous avons quelquefois observée. 
Les petits corps qui apparaissent dans | 
l’endroit plan de la surface d’une cassure de 
verre se rattachent étroitement a la poly- 
mériésation du méthacrylate de méthyl. La 
Fig. 30 a été obtenue quand la polymériésation 
semblait plus ou moins insuffisante et elle 
ressemble a un liquide gluant adhérant a la 
surface du corps solide. La Fig. 38 représente 
le cas ott I’on a fait la réplique de métal par 
l’évaporation dans le vide aprés avoir laissé a 
lV’abandon la réplique de méthacrylate de 
méthyl polymérisée sur la surface d’une 
cassure pendant environ 20 jours; on y 
voit des corps ronds dont les surface sont 
déformées comme des fleurs de chrysanthéme 
sauvage. Si le temps de polymériésation est 
long, le contour du petit corps devient un 
cercle plus complet, comme dans la note pré- 
cédente, et des corps concaves par rapport 
au plan de réplique, apparaissent de temps 
en temps. Les figures 31, 32, 33, 34 ete. 
sont de ces exemples. On trouve dans les 
figures 31, 32 et 33 de grandes surfaces con- 
caves sphériques qui contiennent des corps 
convexes plus petits. La Fig. 32 correspond 
a la partie marquée --> dans la Fig. 33 a un 
grossissement plus faible. La fléche dans 
la Fig. 33 montre la direction de la crois- 
sance de la cassure. Nous avons essayé 
de faire des répliques a plusieurs reprises 
sur une surface du foyer d’éclatement, mais 
nous n’avons a obtenir des 
figures coincidant complétement. En effet, les 
figures 31, 32, 33 et 34 sont toutes celles que 
nous avons obtenues dans une réplique de la 
méme surface de rupture que la Fig. 0. Les 
corps spécialement géants sont si grands que 


nous pouvons les observer aisément avec le 


pas réussi 
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microscope optique, mais il va sans dire 
qu’ils n’existent pas réellement sur la surface 
elle-méme d’une cassure de verre. Lorsqu’on 
observe une réplique que l’on a faite de la 
meme fagon que précedemment, apres avoir 
recouvert la surface de rupture du verre avec 
une couche mince d’aluminium par l’évapora- 
tion dans le vide, on ne peut presque jamais 
trouver €es petits corps ronds. La Fig, 39 
est un de ces exemples. Cependant les corps 
ronds paraissent méme dans ce cas trés 
rarement comme on les voit dans la Fig. 40 
(marquée —). Quand aprés avoir recouvert la 
surface de rupture du verre par une couche 
d’aluminium on fait la membrane polymérisée 
de méthacrylate de méthyl et qu’on arrache 
cette membrane, il arrive quelquefois que la 
couche d’aluminium est arrachée de la sur- 
face du verre et s’attache a la membrane 
polymérisée. On peut faire ainsi une réplique 
métallique en ombrant cette membrane avec 
le chrome. La Fig. 41 est un de ces exemples. 
La partie P est constituée par une couche 
double d’aluminium et de chrome et la partie 
Q est seulement formée de chrome. Méme 
dans ce cas, les corps ronds n’apparaissent que 
trés rarement. La Fig. 36 est celle que nous 
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avons obtenue par hasard sur l’observation 
de la surface du monocristal d’aluminium par 
la méme méthode de repligue que ci-dessus ; 
il s’y trouve un corps rond. Ce serait le méme 
que ceux que l’on voit dans la réplique de la 
surface d’une cassure de verre. Donc, bien 
qu’il ne soit pas vrai que l’on ne _ puisse 
jamais trouver un petit corps rond sur la 
réplique du méthacrylate de méthyl sur 
d’autres objets, c’est en général trés rare. 
En conclusion, nous supposons que les corps 
concaves et Cconvexes qui apparaissent abon- 
damment sur la partie plane de la réplique 
d’une cassure de verre, n’existent pas en 
réalité sur la surface de rupture du verre, 
mais sont causés secondairement par quelque 
réaction spéciale entre la surface de rupture 
fraiche du verre et la matiére de réplique. 
Et la distribution des points de réaction 
comme ceux-ci serait liée intimement avec 
Vinégalité de la surface de rupture du verre. 

Nous tenons a remercier le Professeur M. 
Hirata pour les conseils bienveillants qu’il 
nous a donnés au cours de ce travail: enfin 
c’est grace aux allocations du Ministére du 
l’Instruction Publique que nous avons pu le 
mener a bien. 
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Feed-Back Resonance Amplifier for the Infrared Spectrometry 


Part. i 


By Kuniya FUKUDA 
Department of Physics, Faculty of Science, Kyoto University 
(Received May 23, 1953) 


The amplifying system employing two galvanometers was success- 
fully used for the infrared spectrometry in Firestone’s periodic radio- 
meter. Our amplifier, having also two galvanometers, is characterized 
by the negative feed-back circuit, which connects the photovoltaic 
cell-secondary galvanometer circuit with the primary galvanometer so 
that the latter may oscillate under the resonance condition analogous 
to the resonance radiometer of Hardy. In this case the primary 
galyanometer has much higher sensitivity for a signal frequency than 
in its ordinary use, and then the whole amplifying system can be 
exerted free from both zero-drift and noises. In this paper will be 
given the theoretical analysis of the feed-back circuit, especially of 


the motion of the primary galvanometer. 


§1. Introduction 


The amplification with galvanometers for 
the infrared spectroscopic purpose was success- 
fully accomplished by Firestone) and 
numerous data of infrared molecular spectra 
were obtained by Randall and others”. 
Firestone’s “ periodic radiometer ” consists of 
two electric circuits; the thermocouple — 
primary galvanometer circuit and the photo- 
cell—secondary galvanometer one. These two 
parts are connected by the wellknown simple 
optical system*®), which converts the oscilla- 
tion of the primary galvanometer to the 
photo-current in the photocell. This photo- 
current, amplified by the amplifying circuit 

' employing FP-54, makes the secondary 
galvanometer oscillate, whose deflections can 
be recorded on the photographic paper. In 
this system the primary galvanometer is used 

| under approximate critical damping, and not 
| in resonance, to get a short time of response. 

'When used in resonance as in Hardy’s 
resonance radiometer”), the galvanometer has 

_ high sensitivity and low noises, but a long 

time of response, which is unsuitable for the 
spectroscopic purpose. The brief descriptions 
of a galvanometer will be given below, for 


Biy sin (wt+o) 


VP(or— 0 P+ P20 


salalto _— gg-rortsinh fog Poteet} 


it may be useful in understanding of our 
method of amplification. 

In general the motion of a galvanometer is 
expressed by the following equation ; 


10+P0+D0=B], pa af, (1) 


The symbols used in this equation are as 
follows: 

@ : angular deflection of a galvanometer coil 
in radian. 

I:moment of inertia of a galvanometer 
coil in gram cm?. 

P:moment of damping, which is the sum 
of electro-magnetic damping B?/r and 
damping by mechanical causes /f. 

B:moment of displacement in dyne cm. 

f: resisting torque per unit angular velocity 
due to mechanical resistances in dyne cm 
per radian per sec. 

D :torsion constant of coil suspension in 
dyne cm per radian. 

y:total resistance of galvanometer and ex- 
ternal circuit in emu. 

J : signal current in emu of current. 


When the signal current J is expressed as 
Zpcos wt, the solution of Eq. (1) is given by” 


4p? (2) 


o=tana— 


Ka?) 


wo 
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Here ) is 27 times the natural frequency of 
galvanometer in radian per sec and equal to 
VD/I. 

In the ordinary usage of a galvanometer 
under critical damping (i.e. P=21/7D ) the 
expression (2) becomes 


ao Bisin (wt-+a) 
I(@o?+ w?) 


Ce-0!, = (3) 


In this case the sensitivity, which is de- 
fined by 00/dz),* decreases with increase of 
signal frequency. 

In another case, when a galvanometer is 
brought to extreme under damping (i.e. P< 
21/ ID) by means of weakening its magnetic 
field, the expression (2) has a maximum value 
approximately at the natural frequency of 
galvanometer and yet this maximum sensi- 
tivity becomes highest by making the electro- 
magnetic damping equal to the resisting 
torque due to mechanical causes (i.e. B?/r=/); 
that is, under the condition B?/r=f the 
sensitivity of galvanometer has the highest 
value at w= and falls off for lower and 
higher frequencies, which makes the galvano- 
meter free from zero-drift and noises. The 
maximum sensitivity for w) is given by 


(for current sensitivity), (4) 


where the suffix 7 means that the magnetic 
field of the galvanometer satisfies the condi- 
tion B’/r=f, for which B will be designated 
below as B,. This is Hardy’s use of a 
galvanometer. 

For an ordinary galvanometer, however, 
the high sensitivity enough for practical use 
cannot be necessarily obtained, as described 
later, even if the magnetic field is diminished 
to the point B,=7/7f. In Hardy’s radio- 
meter a galvanometer was newly constructed 
and its constants were suitably adjusted sco 
that the actual high sensitivity could be 
secured. In spite of its high sensitivity and 
small noises (zero-drift and Brownian error) 
this resonant galvanometer is so sharply 
tuned that the steady state of oscillation 
cannot be reached till about thirty seconds 
or more. In Firestone’s periodic radiometer 
Hardy’s method is improved for spectroscopic 
purpose; the primary galvanometer is ad- 
justed to approximate critical damping in 
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order to shorten the response time, say to 6, 
or 8 sec. On the other hand, this method|] 
makes the sensitivity of the primary galvano-| 
meter lower and its noises (zero-drift and | 
Brownian limit) higher to some extent, but | 
these disadvantages are compensated by the 
FP-54 amplifying system. | 

The amplifier described in this paper has | | 
also two low resistance galvanometers, the 
primary and secondary ones, and a spescially | 
deviced photovoltaic cell. These are con- | 
nected by the simple electrical circuit, which 
feeds the optically induced current on the | 
photovoltaic cell back to the primary galvano- | 
meter and makes it act under the state analo- 
gous to Hardy’s resonant galvanometer. Then | 
the primary galvanometer has the maximum 
sensitivity at a certain resonance frequency, 
which can be arbitrarily selected, and its } 
value is much higher than that under critical 
damping or in Hardy’s use. The zero-drift 
and the Brownian error also become much | 
smaller in the primary galyanometer and are 
completely eliminated in the secondary 
galvanometer by the same way as in Fire- 
stone’s method; the out-put current is fed 
through the condenser to the secondary 
galvanometer under critical damying**. Thus 
it may be expected that the stable amplifica- 
tion with high sensitivity can be realized by 
the feed-back resonance amplifier. 


§2. Arrangement of Amplifier 


The whole system of our amplifier is 
schematically depicted in Fig. 1. The wire- 
type thermocouple (Th) in the spectrometer 
impresses onto the primary galvanometer 
(G,) the simple harmonic signal emf produced 
by the radiation chopped immediately before 
the entrance slit. The oscillation of the 


* The current sensitivity is defined by 6@/dio 
and the voltage sensitivity by 6@/6Ey. Here @ 
is, of course, the amplitude of galvanometer de- 
flection (half the full swing) and Fp (or %) that 
of the simple impressed emf. In another defini- 
tion of the sensitivity # is taken in the effective 
value, but, when this sensitivity is compared 
with that of the steady deflection, @ and H must 
be rewritten in the double amplitude and the 
voltage change respectively; that is, the sensi- 
tivity must be written by our definition. 

** The resonance of the two galvanometers at 
the same frequency, which is the case of the 
resonance radiometer, makes the Brownian error 
of the whole system increase. 


Separation line 


Image of Window 


Fig. 1. The whole system of the feed-back 
resonance amplifier. 


primary galvanometer is transferred to that 
'of the image of the window (W) on the 
photovoltaic cell (P) by the simple optical 
system ; that is, the image of the light source 
| (Q) is focused on the mirror of the primary 
galvanometer through the lens J, and that of 
the window on the photovoltaic cell through 
the lens 7, after reflection on the galvano 
-meter mirror. The photo-conducting surface 
of the photovoltaic cell is cut off into two 
parts along its diameter by blade and the 
rectangular image of the window is. placed 
symmetrically with respect to the separation 
line as shown below in Fig. 1. Thus, when 
the window image translates transversally, 
the voltage on the photovoltaic cell may be 
considered as the difference of those induced 
_by the image in each part and accordingly, 
on the oscillation of the galvanometer, the 
momentary voltage may be proportional to 
the angular deflection of galvanometer.* 
This voltage supplys the feed-back current 2, 
to the primary galvanometer through the 
/resistance R, and the out-put current z, to 
' the secondary galvanometer (G,) through the 
condenser C and the resistance R,. R is the 
series resistance to the photovoltaic cell, 7, 
%, are the coil reistances, and 7’, 7’ the 
critical damping resistances of the primary 


and the secondary galyanometer respectively, 


the thermocouple resistance being, of course, 


contained in 7’. 


| 


§3. Theoretical Analysis 

On discussing the behavior of the primary 
galvanometer in the feed-back circuit the 
equation of motion is given by Eq. (1), where 
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as the signal current J the current 
z(t) fed from the photovoltaic cell 
must be taken into account in addi- 
tion to the intrinsic signal current 
z(t) from the thermocouple. 

The momentary voltage E(Z) of 
the photovoltaic cell is propor- 
tional to the angular deflection 
®, of the primary galvanometer as 
mentioned in the preceding section 
and so defined by 

E)=x- Od) , (5) 
where xy iS the proportional con- 
stant, characteristic of the photo- 
voltaic cell employed. For this photo-voltage 
the following equations hold, as easily under- 
stood from Fig. 1: 


E@)=(,+%)R+ 7 leat LR, 


E(é)=(4,+2.)R+0,R, : 
By using the operator d/dt the feed-back 
current z,; and the out-put current z, are ex- 
pressed as follows: 
1 — 
RR, ) d 
et Se ny On| eae 
ion a SG 


ay 


te peed ( 


EW)+CRy 4 EW 
. R+R, , 


d 
E(t) +CR, 4-Ett) 
R 


(6) 
Here, strictly speaking, the resistance symbols 
R, and R, have to be written as 


Ht 1 
i alae Glue (ie at 
eet aoe, eee ee 
dail T1 To 12 
respectively, but they may be used for 


simplicity. 

The current fed to the primary galvano- 
meter must be considered as the sum or the 
difference of z(¢) and 7,(¢) according to 
positive or negative feed-back : J=<(¢)=-ni,(2), 
where 7 is the ratio 7;//(7,+7’) and so m7,(Z) 


* The validity of these considerations will be 
experimentally proved in Part IT. 
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is the net current fed back to the primary 
galvanometer from the photovoltaic cell. 
The current z(f) is, of course, the sine wave 
having the chopping frequency w of the 


sector ; that is, which is given as follows*; 
i(Z)=asin wt=2,(e'*—e-'")/22 . 
gee = ] Cet Bean tan7'0, >» ig Ui ed 
RG et eR gr a ee, _1+CR, wA jeu CRR, ¢ 
a aie a ‘ 2 Ib 2 )2 
spider PER, Me gal ee eee 
Eh 1+0?A? | aie Sm ky) 
CRR, 
NY = (ie) 
ieee 
x l 1+0*A? 
4) .7 - 3 anes Ee 2 3 
Bunt: Lae Af 
—7h+D = 5457 
1+0?A 
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Expressing the signal current J in terms of 
®, by using the expressions (5) and (6) andj 
substituting it into Eq. (1), we obtain thes 
equation of motion about @,, the solution o 


with the abbreviation A={RR,/(R+R,)+ R}C, 
where the suffix 1 is attached to distinguish 
the constants of the primary galvanometer 
from those of the secondary one and the 
suffix f means that the galvanometer is put 
in the feed-back circuit. 

From the form of the expression (7) it may 
be expected that the sensitivity of the primary 
galvanometer has the maximum value near 
a certain frequency wy, for which the first 
parenthesis term in the root of the deno- 
minator is equal to zero. This is the condi- 
tion analogous to the resonance of Hardy’s 
galvanometer. We call this condition the 
“ feed-back resonance ” and w,; the “ feed-back 
resonance frequency ”. Under this condition, 
in order to obtain high sensitivity, the second 
parenthesis term in the root of the deno- 


for the frequeucy w;. This requirement for 
high sensitivity cannot be satisfied in the case} 
of positive feed-back, but can be satisfied in 
the case of negative feed-back. 

In order to realize the feed-back resonance 
in experiments, the circuit constants of the 
amplifier must be determined for a certain} 
frequency w, so that the above-mentioned two 
conditions may be fulfiled, but it is difficult 
to carry out this process directly on the 
complicated expression (7) containing many 
parameters. For the sake of simplicity, R, 
in the expression (7) is made of the negligible 
order compared with the other circuit con- 
stants; that is, R, in Fig. 1 being taken 
away, then R, in the expression (7) becomes 
equal to 1/(/m+1/r2’), of the order ten ohms. 
Then the expression (7) takes the following 


minator must be made considerably small form for negative feed-back ; 
Gane ee Bin SI a) ee 
Byny_ : Bink _ Age, (8) 
\ [orl D, + Rt } + oP as Scie 
with the abbreviation A=RR,C/(R+R,). For is small. Accordingly the cikehit constants, 


a given resonance frequency w, the condition 
of the feed-back resonance is 

Binz 

R+R, 
1+ @ 7A? 
and the condition for high sensitivity is that 
Bing | 
R+R, 
1+o,;?A? 


0,21 Dik =0, (8.1) 


l=P,— (8.2) 


which give to the primary galvanometer a 
high maximum sensitivity at the resonance | 
frequency w,, can be calculated from the 
expressions (8.1) and (8.2) by selecting a 
suitable small value for J. (In practice, the 
resistances R and R, were calculated by fixing 
the capacity of the condenser C to a proper 
value under a small J-value**.) Thus, in the 


* See Appendix I. 
** See the experimental procedures in Part II. 


: 


7 


1954) 


feed-back resonance use of the primary 
galvanometer the sensitivity distribution in 


' square frequency takes such a shape as shown 


in curves J of Fig. 2, The maximum sensi- 
tivity at the resonance frequency w 7 is given 
by (Si,r)os=0(D,,,)wr/d%), where (®,,;)oy is the 
maximum deflection at o;; 


O'77 
(7-1 sec) 


0-29 
(11-6 sec) 
The sensitivity distribution curves in 

various uses of a galvanometer. 


0-5 


oo 


Fig. 2.* 


Bito sin(oa—F ) 


Orel 


(9) 


(Dy s)or= 


In this case the sensitivity for the direct 


' current (w=0) is 


(S17) =0=(S1,y)aritt 


0(D;,7)o B, 10 tok 
7 Oly 7 D,+ Byun i ( ) 
R+kR, 


| This indicates the zero-drift of the primary 
_ galvanometer 


in the negative feed-back 


circuit. Fig. 2 shows also two sensitivity 


curves II and III for Hardy’s method and the 


critical damping use, 


as applied to the 
primary galvanometer employed in our ex- 


periments. In Hardy’s method the sensitivity 


distribution follows the expression (2) and its 


maximum value at the natural frequency 


is given by the expression (4). The ex- 
pression (4) can be rewritten in the form 
O0;,-/0% =By,/2f,% , where B,, is the value of 
B, satisfying the condition B,?/r=f,. When 
the sensitivity (S,,;)oy=B,/w;-1 is compared 
with this in consideration of the fact B,>B,,, 
it is expected that the sensitivity in the nega- 
tive feed-back resonance can be brought up 
to a much higher value than that in Hardy’s 
resonance by making 7 comparable to f,. 
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The sensitivity for zero frequency, i.e. the 
zero-drift, is given by B,,/D, for Hardy’s use 
and by B,/D, for critical damping, each of 
which can be derived from the expressions 
(2) and (3) for »=0. It is easily seen that 
the expression (10), representing the zero-drift 
in the negative feed-back, is smallerthan B,/D,, 
but it cannot be easily estimated without nu- 
merical calculations, which is larger, the 
expression (10) or B,,/D, in Hardy’s use. 
From the considerations just described it 
has been clear that the primary galvanometer 
in the negative feed-back circuit has very 
high sensitivity and suffers extremely small 
zero-drift. 

The out-put current z, can be derived by 
substituting the expressions (7) or (8) into Eq. 
(6) according as R, is negligible or not. Writ- 
ing the complicated terms in the root of the 
denominator of (7) as Q, the current z, has 
the subsequent form***; 


I | sin (wit—tan710.,) 


1+oCRz_ {wt—tan-19,,—tan-1(Aw)} | 


Vis+eA? 
In our case, when R, is negligible, the ex- 
pression of 2, for the negative feed-back 
resonance becomes 


wee y Awr 
aro Gunes 7g aan 
*Zy Sin {o t-Fttan"( aI} Gia 
‘ aie > Aor 
at the resonance frequency w,;, where (S,,;)w;s 
is, of course, B,/w;-1. From this formula 
the current gain 7,’/z can be easily estimated, 
Z,/ being the net current fed to the secondary 
galvanometer, i.e. the product of 7. and the 
ratio n’=72'|(%72+7’) . 

The sensitivity of the amplifier can be 
defined by the deflection of the secondary 
galvanometer per the intrinsic signal current 
from the thermocouple, that is, 0(®,,;)0;/d% 
and this is the product of the current gain 
and the sensitivity of the secondary galvano- 
meter at the frequency w;. The value of the 
amplifier sensitivity will be computed in Part 
II by the experimental examinations. 


* Fig. 2 will be explained again according to 
the experimental results in Part II. 

** See Appendix I. 
#** See Appendix II. 
HK See Appendix II. 
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§4. Brownian Limit 


The deflection error produced by ~ the 
Brownian motion of the galvanometer coil is 
one of the most serious noise in the amplify- 
ing system using galvanometers. The 
Brownian motion of the coil can be estimated 
from the fact that in the degree of freedoin 
under consideration each of the mean kinetic 
and the mean potential eneries of the coil is 
equal to the mean kinetic energy of a air 
molecule per degree of freedom; that is®, 


}I0?=3DP=3kT, or 1/M=VRTID > 


(12) 


where k is the Boltzman constant and @ is 
the mean square deflection of the galvano- 


meter due to the Brownian motion. 1/@ is 
also called the “mean Brownian deflection ”. 

In the same way as Hardy’s definition the 
Brownian error is defined by the root-mean- 
square of the periodic emf of the working 
frequeney, which will produce a_ periodic 
deflection of the galvanometer whose root- 
mean-square is equal to the mean Brownian 
deflection. Thus in Hardy’s use the Brownian 
limit of the galvanometer can be obtained 
from the expressions (4) and (12) for the 
resonance frequency ); it is 


E,=2B,wo/RTID » (13) 
under the condition B,/r=f. From the ex- 


pressions (3) and (12) the Brownian limit in 
the critical damping use is given by 


Ex=a-BooYkT/D (14) 
for a working frequency w under the condi- 
tions P=2);/7p and) B*/r>f, where “a= 


(@o?-+ w?)/2m?.. For the natural frequency of 
the galvanometer this becomes 


E;z=BaoVkT/D . (15) 
As for the primary galvanometer in the 
negative feed-back circuit the expression (12) 
must be somewhat modified. In this case the 
torsion constant of the primary galyanometer 
may be considered as 


D,+[{Biny/(R+ Ri)}/1+ 0? A?)] 


for an arbitrary frequency w from the ex- 
pression (8), which is also proved by the fact 
that it becomes D,+[Binz/(R+R,)] for zero 
frequency as shown in the expression (10). 
Accordingly the mean Brownian deflection 
becomes 
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a kT 
Vo ii Binx = 
R+R 
Pe le 
Sle Re 
From this expression and the expression (8)) 
the Brownian limit for the resonance} 
frequency w; can be written as 
lroo [kT 
et (See 16 
oe pe VoD (16) 


under the conditions (8.1) and (8.2) because) 
of a very large maximum value (9) of the}} 
Taking into account } 


expression (8) at w;.9 
that the constants of the primary galvano- 


meter satisfy approximately the relations of | 


critical damping, P:=21/7,D, and BY/r>f, 


we can write the expression (16) in the follow- | | 


ing form ; 
Ez=B-Bywo/RT/D, > (17) 


where 


\ 


B=UP, . 

It is easily seen from the expressions (13) 
and (15) that the Brownian error in Hardy’s 
resonance is lower than that of the critical 
damping use at the- natural frequency of 
galvanometer because of B,<B. This 
Brownian advantage of the resonant galvano- 
meter, however, comes at the expense of an 
increase in response time, for the time 
of response is defined by 2J/P of the 
exponential factor of the expression (2). The 
Brownian limit in the negative feed-back 
resonance (17) is also much smaller than that 
of critical damping for the feed-back reson- 
ance frequency w;; in the frequency w; near 
to the natural one of the galvanometer a in 
the expression (14) is of the order 1, whereas 
B in the expression (17) is much smaller than 
unity. Next, when the expressions (13) and 
(17) are compared with one another, it cannot 
be easily determined without experimental 
examinations which is larger, but it will be 
possible for the Brownian error in the negative 
feed-back to become lower if 8 is bronght to 
a smaller value than By,/By=V/f,/P, , that is, 
if 7 is made smaller than f,. This is realized 
by the sharp tuning of the galvanometer in 
the negative feed-back circuit, but in this 
case it must be examined whether the time 
of response is prolonged as in Hardy’s reson- 
ance or not. At the sharp tuning, which 
gives low noises (Brownian error and zero- 


1954) 


drift) as well as a high sensitivity, the 
response time tends in general to become 
long. 


§5. Conclusions 


From the whole discussions described above 

_ it may be expected that the primary galvano- 
meter in the negative feed-back circuit has 
the superior properties as compared to the 
other uses of galvanometer and that our 
amplifier is successfully used with high 
sensitivity and low noises. Furthermore our 
amplifier has the advantage that the feed- 
_ back resonance frequency and the sensitivity 
_at this frequcncy are adjustable at will to 
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considerable extent, which will give much 
convenience in practice. In this paper remains 
undiscussed the problem of the response time 
of amplifier, which will become important 
with respect to the scanning rate and the 
resolving power in the spectroscopic measure- 
ments. In the subsequent papers will be 
given the experimental procedures, by which 
the feed-back resonance is realized, as well 
as the discussions of response time. 

The author wishes to express his sincere 
thanks to Prof. Y. Uchida for his continual 
interest and directions in this research and 
is indebted to Mr. H. Yoshimura for his helpful 
discussions in the course of this work. 


Appendix I 


The equation of motion of the primary galvanometer is given by 


L.O,+P,0,+D:0;=B,J,  J=it)+ni,(2), (1) 
es : Et) + CR. 9 E(t) 
. =e _» 6 ) 
na RR d R+R ? ( 
pro SER) Se 
POs ee 
and E=y7z0\(8) (5) 
By using these expressions Eq. (1) becomes 
- CR. ; p 
OREO Diop PP CR Ole ey, (1) 
d R+R, 
14+A -—— 
dt 
with the abbreviation A=( pb TR: Je. To solve this equation, first @,(¢) is expanded 


into Fourier series as 0y( aa \ 


Thus we obtain 


*“oilw)et*-deo and then this is substituted into Eq. (1%. 


ism Fins 2 ; —- Bi nzx1+tCR,o) Jeiet-do=B a(t) . 
eh Poo I,t+toP,+ D1 CiiAe R+R, W(t) 
Multiplying the both sides of this equation by e~‘®” and integrating with respect to 7, we 
| obtain 
iff ws Bajihey tt Pussy pA ICR se) fic-do-at= ("2 i(e-""t dt. 
Palo @ KttoP\t+D,+ PEM R+R, ss: 1 
Then by using 6-function 
B,\ "aber dt 
Oi(@) = a 2 CRR 
: Bang AL Bint p. 
—wh+ DF to : tio] Po het AB d 


js obtained ; 


When this is substituted into @,(4) as expanded into Fourier series, the following expression 
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; 1 BS reek —iwt 
0,(t)=—— i(t) e-**-dd 
Teel aes \eses nee 
ew Sigs 
1+CR,0?A CRRi_ 
le ar Gy BRR, 
2 — if * 
a L+D,5 Los Ae +20 {Pt igo? } 
When the intrinsic signal current from the thermocouple PS the sinsoidal one of the 
chopping frequency wp», that is, when z(t) is expressed by =~ raat tor f@ot)==f9Sin wot , 
0,(t) becomes 
NEN nee es Se'5 5 iofeton-ort—ertonrrat| 
ZT VEE AOU ones 
iw 
a ee ee cea CT ae 
ae es Bees Be 
—«p2 7 1 Pee es es 
wih+ DF [hots tio | ‘ ito A? 


Using the 6-function again and writing the denominator of this expression in the exponential | 
form, we obtain 


"ees 4B {O(@)—o)—A(m+to)fe oy 
Ba | ee ni ee 
—wlh+ DF ot RIK tie Pit are at 
1 1 14 0A? — 1+@*A? 
1 HB eC 4009) — @- *Crut ee ou Pe cat 
nt / = ar B > 1+CR,0,2A eae y CRR; ‘ ees) 
1 — 1 7p 2 
Sipe ri R+R, t {PR ER | 
| O7?h+ DF Tora a nae | fats T+0,2A? 
where jy ERR 
OR Raa 
Os0= oof Pt _._ lrorZ 
og Bae 1+CR,@,?A : 
af 
7 = R+R 
= 074+ Die —— ey am = 


The real part of this expression becomes the expression (7), in which the signal frequency | 
is written as w. The solution (7) is the particular one of Eq. (1’) and corresponds to the 
steady state of motion. 

As for the zero-drift, setting the signal current z(¢) as z) in Eq. 
pression (10). 


(1’), we obtain the ex- 


Appendix II 
Substituting the expression (7’) for @,(¢) into the expression of 7, in (6) under E=%-@,(2), 
we can easily calculate the out-put current 7). 


When R, is negligible and the negative feed-back resonance consists at the frequency o,, 
the expression of 7, becomes 


i= R - (Sipe : id sin (wst—7/2)— Ae 


s T(a;A 
ae 


Vitopa® 
This leads to the expression (11). 
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The negative feed-back resonance has been brought about at the 
resonance frequencies of about 0.9 sec-1 and 1.65 see-1 according to 
the numerical computations carried out on the discussions of Part I 
with experimental corrections and the circuit constants of the ampli- 
fier for various sensitivities at these frequencies have been deter- 
mined. Our amplifier can be worked under resonance at any fre- 
quency in a wide range with sensitivity up to the order of 1x10-10 


volt by adjusting the circuit constants. 


The spectroscopic works 


with the amplifier have been carried out at the resonance frequency 


eurves haye been obtained. 


$1. Introduction 


In part I it was theoretically proved that 
the primary galvanometer in the negative 
feed-back circuit resonated under the suitable 
circuit constants at any signal (or resonance) 
frequency in a considerably wide range and 
that the amplifier had adjustable high sensi- 
tivity and low noises. In this paper the ex- 
perimental procedures, by which the negative 
| feed-back resonance is realized, will be des- 

cribed in detail, as well as the properties of 

the amplifier constructed in our laboratory. 
In order to find the circuit constants for 
the feed-back resonance, the constants of the 
/ primary galvanometer and the constant % of 

the photovoltaic cell must be first determined 
| by the experimental examinations. 


-§2. Determination of Primary Galvanometer 
Constants 


When a galvanometer is set in under 
| damping, its transient behavior can be ex- 
_pressed by the second term of the express- 
jon (2) of Part I; after the switch-off of an 
_impressed voltage the galvanometer oscil- 
Jates with the period T=2z2/1/o,?—(P/2T 
and the amplitude of this oscillation decreases 

according to e~?/7 , where P=f+B?/r, a= 
| VDii, and R is the total resistance of the 
' galvanometer coil and the outer circuit. The 
_ galvanometer constants can be easily deter- 
| mined by cbserving the above two constants, 
| the time swing and the decay constant, for 
various values of R. In our case 


1.65 see“! with the sensitivity of 1x10-9 volt and fine absorption 


R=<co% f/21=0.074 secs 


r=2n// (2) (2) =1.6 sec, 


R=3000  Pi27—0.115 sec: 


7D\Y_ [PY 
roan y(B)-(E) =n. 
13 ( 7 oF 11.95 see 


R=100 QO: P/27=0.191 sec, 


7D\F_(P\ 
T29 IV/(?) — (55) =12.54 sec. 
Tt A oT 54 sec 


From these observed values the values of 
D/f, B?/I, and f/I can be calculated. Using 
these values, we can derive the galvanometer 
constants for its given sensitivity. For the 
sensitivity D/B=2.2x10-° amp/rad of our 
primary galvanometer the following values 
of the constants were obtained; J=15.5x 
10-3 gr.cm?, B=2.04x104 dyne.cm/emu. of 
current, f =2.30x 10-3 dyne.cm/rad/sec, D= 
4.50x10-* dyne.cm/rad. By using the con- 
dition P=2)/7D=B’/r.+/f for critical damping 
P=16.8x10-3 dyne.cm/rad/sec and 7=29 
ohm, where 7% is the total resistance under 
critical dampin.  , 2z times of the natural 
frequency of the galvanometer, becomes 0.54 
sec"! from )=7/D/I and accordingly the 
characteristic period of the galvanometer is 
MiG sec: 


§3. Linearity Constant % of Photovoltaic 
Cell 


The photovoltaic cell used in our amplifier 
is the selenium one and the relation between 
its induced voltage and the deflection of the 
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primary galvanometer was measured by the 
statical method employing a quadrant electro- 
meter. The optical system, which converts 
the oscillation of galvanometer to that of the 
window image on the photovoltaic cell, is 
depicted with its dimensions in Fig. 1. The 
rectangular window of 2 cm width and 3cm 
long is illuminated through the leng 7, from 
the light source Q (head light lamp 6 volt-5 
amp.) and focused on the photovoltaic cell 
through the lens J, at the rate of two-thirds. 

The procedure of the measurements of 
photo-voltage is as follows. First the mirror 
of the primary galvanometer is fixed so that 
the image of the window may take a sym- 
metrical position with respect to the cutting 
line of the photo-conducting surface and then 


Fig. 1. 
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the photovoltaic cell is moved to right and 
left. Thus the photo-voltage caused by the 
translation of the photovoltaic cell was mea- | 
sured by the quadrant electrometer, the | 
sensitivity of which was 350 div/volt. Fig. | 
2 shows the results of this measurements. It | 
is found here that the range, in which the 
linear relation between the induced voltage | 
and the translation of the photovoltaic cell | 
holds, becomes wider with lowering of the | 
resistance R inserted parallel to the photo- | 
voltaic cell; for R=oo the linearity is des- | 
troyed at the distance of about 2 mm and 
for R from 50 kO to 20 kQ it holds up to 
3 mm or more from the symmetrical position 
of the window image. | 

Now it is necessary to find the relation ke-.. 


The optical system converting the galvanometer deflection te the 


photovoltaic cell voltage 
l,: f=10 em, ly: f=24 em, WG,=35 em (= WG), Gilg=25 em, l2P=40 em, Ql;=14 em. 


te 


3 Ds 1 2 
ei ool inmm 
Irans. 
to right 


2 
AE 


Fig. 2. The relation between the induced photo- 
voltage and the translation distance of the 
photo-voltaic cell. 


tween the galvanometer deflection and the 
translation of the photovoltaic cell, which may 
be considered as that of the window image. 
Provided that the window image translates 
from one point a to another point 6 on the | 
photovoltaic cell by the galvanometer deflec- 
tion @,, it may be considered that this trans- 
lation ab is caused by the translation a’b’ of 
the window in lieu of the galvanometer de- 
flection (see Fig. 1). Then the relation be- 
tween the translations ab and a/b’ is easily 
comprehended by forming the mirror image 
of a‘b’ with respect to the plane of the 
galvanometer mirror as shown by dotted line 
in Fig. 1. (There W, @ and b’ are the 
mirror images of W, a’, and b’ respectively.) 
It follows that 20, can be calculated as the 
ratio a’b’/a'G,=3/2(ab/a’G;). Under the | 
dimensions of the optical system indicated in 

Fig. 1 the deflection of the galvanometer 

1/470 rad. causes the translation 1 mm of the 


} meter, 


_ breviation A= RR,C/(R+ R). 
ratio ™'/(7i+n’) and becomes 6/13 in our 
case, where the coil resistance (7,) of the 
_ primary galvanometer is 160 and the resis- 


1954) 


window image, which induces the photo- 
voltage about 0.01 volt as shown in Fig. 2. 
Accordingly the expression (5) of Part I be- 
comes 


E@®=%XO\(2) , and X=4.7 volt/rad. (5.1) 


The value of % essentially contains the factors 
concerning the intensity of illumination on 
the window, the dimensions of the window 
and the optical system, and the sensitivity of 
the photovoltaic cell. .It is, however, rather 
important that there is the dependence of the 
linearity relation on the outer circuit of the 
photovoltaic cell, which limits the magnitude 
of the primary galvanometer deflection in 
practice. 


§4. Negative Feed-back Resonance and 
Correction of %-value 


Now the circuit constants of amplifier must 
be determined by applying the values of the 
galvanometer constants and the linearity 
constant to the expression (8). For the 
constants given above, however, there remain 
still four variables w, C, R, and R,. Hence 
the values of w and C were fixed to 0.88 sec“! 
or 0.86 sec-1 (7.1 sec or 7.3 sec in period) 
and 72 wF respectively and then the resis- 
tance R and FR, for the feed-back resonance 
were calculated for a given value of 7. In 
selection of these w- and C-values there was 
no spescial reason except the presumptions 
that the sensitivity of the primary galvano- 
accordingly that of the amplifier, 
would considerably fall down for a higher 


_ signal frequency and that the condenser of 


small capacity would not fit for such a low 
frequency current as used in our amplification. 
As was described in Part I, the conditions 


for the negative feed-back resonance and the 
high sensitivity are given by 


J5h N %/(R+ FR) oe 8 1 
—07L,4+D,+ 1+0/A? OF ( ° ) 

| and 
p,{Bint(R+R)}A_ 7, “ 


1+0,*A? 
for the resonance frequency w, with the ab- 
Here m is the 
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primary galvanometer is given by 
2 By % sin (w,t—7/2) 
Or 1 


(D;,7)o , (9) 
and the sensitivity by (Sj,;)o;=6(O1,7)07/O%= 
B,/w,l. I may be considered as the sensiti- 
vity parameter of the primary galvanometer 
in the negative feed-back resonance. 

In our case the numerical computations 
gave the following results; for J/=2x10-10* 
R=36 kQO, R,=167 kO at w;=0.88 sec“! and 
R=38 kQ, R,;=120 kQ at w,=0.86 sec-)**, 
where C=72 uF on both cases, while /=2x 
10-19 gives the sensitivity 1.16x10® rad/amp 
and 1.19 x 10° rad/amp to the primary galvano- 
meter in each case. In experiments, how- 
ever, the feed-back resonance could not be 
realized just at these calculated values of the 
resistances, but in the neighbourhood of them 
within ten kilo-ohms. This error resulted 
chiefly from the ambiguity contained in the 
z-value (4.7 volt/rad) measured by the statical 
method and so the %-value had to be corrected 
so as to be consistent with the experimental 
results. 

The negative feed-back resonance was 
found in experiments by observing the fol- 
lowing three conditions of the amplifier. i) 
If the switch S; for the feed-back current is 
off (see Fig. 1 of Part I), the primary galva- 
nometer deflects under critical damping only 
for the signal current from the thermocouple. 
Then the sensitivity of the galvanometer 
(S;)oy becomes 1.23x10° rad/amp for w,;= 
0.88 sec“! and 1.27 10° rad/amp for w,;=0.86 
sec“! by calculating from the expression (3) 
of Part I***. On the other hand the sensitivity 
for the feed-back resonance is given by the 
above calculated value of (S,,,)o, for 7=2x 
10-!° and, therefore, the ratio vf (S,,,)o;/(S))o;z 
becomes equal to about 9.5 for both a,, 
which is also the ratio of the linear deflec- 
tions of the primary galvanometer on feed- 
back and on no-feed-back. Thus the reso- 


* The unit of /-value is the same as P. 

** From the expressions (8.1) and (8.2) the 
quadratic equation of R can be derived, the lar- 
ger root of which may be taken as the value of 
R, and the smaller as that of R because of the 
gain in the out-put current for a smaller value 
of R (see the expression (11) of Part I). 

*e* Under critical damping the galvanometer 
sensitivity at a frequency » is given by (S) = 


‘tance of the thermocouple circuit 13.7 Q. 
For the frequency , the deflection of the 


(S)o-92/(wo? +2), where (S)o is the sensitivity for 
o=(0, 
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nance can be testfied by observing the magni- 
tudes of the window-image translation on the 
photovoltaic cell for these both cases by a 
telescope. ii) The primary galvanometer 
has the maximum deflection approximately 
at the resonance frequency w;. This can be 
examined by observing the primary (or the 
secondary) galvanometer deflection for the 
variation of chopping frequency of the sector. 
iii) In the feed-back resanance the phase 
difference between the chopping sector (i.e. 
the signal current) and the deflection of the 
primary galvanometer is z/2 as shown in the 
expression (9). This fact can be confirmed 
with some exactness on visual observations. 

For the chopping frequencies w;=0.88 sec7} 
and w,;=0.86 sec"! the negative feed-back reso- 
nance was found by the above method and then 
the resistances R and R, were measured for 
each case. As the result the following values 
were obtained; R=33 kQO, R,=167 kO. for 
w,;=0.88 sec") and R=36 kOQ, R,=163.kO 
for w;=0.86 sec-!. By applying these re- 
sistance values to the expressions (8.1) and 
(8-2) the %-value was calculated as 6.5 volt/rad 
for both frequencies. Under this value of % 
it was found that the calculated values of the 
amplifier sensitivities and the circuit constants 
fairly coincided with the experimental results 
and accordingly it was concluded that this 
X-value was correct. 


E@=2.0,¢) aud y=6.5 volt/rad. (5.2) 


§5. Properties of Amplifier and Noises 


Table I shows the characteristic values of 
the amplifier for w;=0.88 sec-1 and C=72 
uk. The listed values are the calculated ones 
for various /-values under %=6.5 volt/rad. 
The values of R and R, can be calculated 
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from the expressions (8.1) and (8.2) for each 
J-value and (S,,,)or and (S,)o; are the sensiti- 
vities of the primary galvanometer on feed- 
back and on no-feed-back, the ratio of which 
was proved to be in good agreement with 
the observed one. The cucves Z, £, and & 
in Fig. 2 of Part I indicate the sensitivity 
distribution for 7=1, 2, and 3, respectively. 
If Hardy’s method were applied to our pri- 
mary galvanometer, the maximum sensitivity 
S, for @) would become 3.3x10° rad/amp jf 
from the expression (4) in Part I. It follows | 
that the sensitivity of an ordinary galvano- 
meter cannot be made so high in Hardy’s use. 

The current through the secondary galvano- 
meter n’z, is calculated from the expression 
(11), where »’ is the ratio 7,’/(7.+72') and 
becomes 30/43.7 for the coil resistance 13.7 O 
of the secondary galvanometer and its ex- 
ternal parallel resistence 30 Q. The ratio 
N'to/to9 18 the amplification factor of current. 
The sensitivity (S.,,or is defined by 6(@sz,r)or 
/6%, that is, the deflection of the seeondary 
galvanometers for the resonance frequency 
wy; per the intrinsic signal current from the 
thermocouple. The galvanometer, used as 
the secondary one in the amplifier, has the 
sensitivity (S,)w;, Hence the — sensitivity 
(S.,;)e7 can be calculated from the product of 
(Ss)or and ’2,/%. From the above definition 
(S:,7)er gives the sensitivity of the whole 
amplifying system. When the deflections of 
the secondary galvanometer are recorded at 
the distance of 1 m, the sensitivity of the 
amplifier is about 1x10-* volt as shown in 
Table I, which is superior to the sensitivity 
3x10-° volt of Firestone’s type amplifier used 
by Randall and others. 

(Si,r)arir: in Table I is the current sensitivity 


Table I. The characteristic constants of the amplifier for 0.8 see-1 
(7.1 see in period) and C=72uF 
if R Tey Sis)oz ro] ip (S2,s)oy7 (Si, s)aritt Ey 
: ; in x105 in x10° jin x10-9| in x10°/in x10- 
x10-19 in ko in ko | rad/amp x 102 rad/amp | volt/mm rad/amp volt 
—— E £ | 
1 37 147 23ec 2.4 182 0.8 0.53 2.1 
2 33 167 TBE} 13 99 hss 0.58 4c1 
8 30 195 Vol ital 74. 2.0 0.64 6.2 


(Sy)o =4.5 x10° rad/amp (=3.3x10-8 volt/mm) 
(Si)o7=1.23 x 10° rad/amp, 9=0.54 see-1 (11.6 see in period) 
(S2)o =1.66 15° rad/amp (=1.1x10-7 volt/mm) 
(S2)o=0.76 x10° rad/amp, )=0.805 sec-1 (7.8 see in period) 
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of the primary galvanometer for »=0, which 
indicates the zero-drift, and its listed values 
are very small compared with the same 
quantities for the galvanometer under criti- 
damping and in Hardy’s use; the zero-drift 
is calculated as 4.5x10° rad/amp from (S,)p 
for the former and as 2x10° rad/amp from 
B,,/D, for the latter. Table I shows that 
the value of (S,.;)arir; becomes smaller with 
decrease of /-value, that is, with increase of 
the sensitivity of the primary galvanometer. 
Although the secondary galvanometer is free 
from zero-drift by the condenser in the 
amplifier circuit, the large magnitude of zero- 
drift in the primary galvanometer makes the 
long time measurements impossible, because 
the window image goes away from the cut- 
ting line of the photovoltaic cell*. In our 
case any disturbance from zero-drift does not 
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the mechanical causes. This noise is consider- 
ably reduced by the negative feed-back cir- 
cuit, but the whole amplifying system cannot 
be operated free from the mechanical vibra- 
tion without the vibrationless support for the 
primary galvanometer. Although no spescial 
device was applied to stabilize the globar, 
the signal to noise ratio could be brought 
down to about 1/100 by taking cautions 
against the above two points. Fig. 3 shows 
the magnitude of the noise detected under the 
working condition of the amplifier with the 
sensitivity of about 1x10~-® volt for the reso- 
nance frequency w,;=0.88 sec! (7.1 sec in 
period), for which the deflection of the 
secondary galvanometer is 100 mm. The 


amplification at the resonance frequency wy; 
=1.65 sec™! (3°8 sec in period) was carried 


occur during the measurements of one day | 


long. The Brownian limit, which is designa- i 
ted as EZ, in Table I, is calculated from the | 


expression (16) of Part I for the resonance | - 


frequency w,; and the listed values are one- 
tenth as small as those under critical damp- 


ing and in Hardy’s use; the Brownian limit | 


of the primary galvanometer becomes 6.1 x 
10- volt at the frequency w; from the ex- 
pression (14) for the former and 2.7x«1071!° 
volt at the frequency w, from the expression 
(13) for the lattar. The 
the primary galvanometer in the amplifier, 
which also falls down with increase of the 
galvanometer sensitivity, has the magnitude 
of the order 5x10-™ volt and this does not 
cause any noise in measurements under the 
condition of the amplifier with the sensitivity 
of about 1x10~-° volt. In practice the detect- 
ed noises seem to be produced by the other 
various causes than the Brownian random 
motions. 

When the chopping sector was driven by 
the phono-motor, the long-time measurements 
were impossible because of the unsteadiness 
of the motor caused by the line-voltage 
change. This noise, however, was avoided 
by using the synchronous motor employed in 
an electric clock. Under the ordinary work- 
ing condition of the amplifier the fluctuation 
produced by the cycle change did not cause 
any remarkable noise in measurements. Be- 
sides the noise induced by the rotating sector 
there is the most serious noise produced by 


Brownian error of ! 


Fig. 3. The magnitude of the noise recorded 
by the amplifier (of full size). 


out by the same way as described above and 
the good coincidence between the calculated 
and the experimental values of the amplifier 
constants was found for various sensitivities 
(say from the order of 1x10-* volt to 1x 107 
volt). 

Lastly the capacity of the condenser C will 
be examined. In our experiments the capa- 
city was fixed at 72 wF, but this value can 
be varied in a wide range. However, there 
is a lower limit in the capacity value, which 
is determined by the quadratic equation of R 
derived from the expressions (8-1) and (8-2); 
it is the lower limit that makes the discrimi- 
nant of the equation equal to zero, and then 
the equal roots correspond to the values of 
R and R,. For a capacity larger than this 
lower limit there are two distinct roots in the 


“* In the Firestone-type amplifier the primary 
galvanometer suffers from this disturbance. 
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quadratic equation, the larger of which is 
taken as R, and the smaller as R. As the 
out-put current 7, increases for smaller R- 
value, it is desirable to make the capacity of 
the condenser as large as possible. 


§6. Response Time 


It was experimentally found that under the 
resonance frequency 0.88.sec"! the time of 
response varied from more than 40 sec. to 
about 30 sec. in the range of /-value from 
1x10-2" to 3x10-?° and that it became longer 
with sharp tuning of the primary galvano- 
meter. Even with these values of response 


Table II. 
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time, the amplifier may be used satisfactorily 
for the automatic measurements of absorp- 
tion, combined with slow rotation of the Lit- 
trow mirror in a monochromator. However, 
in order to secure a high resolving power and 
a high scanning rate, a compromise between 
the two incompatible factors, high sensitivity 
and short response time, is necessary, and 
the best working condition of the amplifier 
should be so selected as to give as short a 
response time as possible under a reasonably 
high sensitivity. 

The response time of the amplifier is deter- 
mined by the time constant of the primary 


The properties of the amplifier at the resonance period of 3.8 sec. 


l Ry, R | (Si,y)oy | (So poy | (S41, p)aritt | Ep | Resp. 
| | | in x105 | in x10°|m x10-9/ in x10° |m x10-4) time 
ey SOO) thn atid), Lo) | rad/amp | rad/amp _volt/mm |} rad/amp | volt in sec 
| | 
1 108 5. 6 |-a | 169") on 0.34 2.5 33 
2 1055 6.2 s6° | 1.7 0.35 4.8 20 
3) 2 4416) ) 55 4.1 ot a 0.36 14~18 
| | 
ee beet oe a af Eo ess 0.37 9 10 
56 | 128.5 | 4.5 2.5 5 4.2 0.39 12.0 8~7 


galvanometer according to the general solu- 
tion of Eq. (1) of Part I for the negative 
feed-back. The computations of the response 
time and the sensitivity for various resonance 
frequencies indicate in accordanc2 with the 
experimental results that the best working 
condition of the amplifier exists in the neigh- 
bourhood of the resonance frequency of 1.25 
sece+ © Sec im period); for example, the 
response time is about 30 sec., 10 sec., and 
15 sec. for response periods 7.1 sec., 5 sec., 
and 3.8 sec. respectively under the same 
sensitivity of the amplifier of about 110-9 
volt/mm, where the deflection of the second- 
ary galvanometer is recorded at the distance 
Of Zam: 


§7. Spectroscopic Work with the Amplifier 


For the spectroscopic works our amplifier 
has been used at the resonance frequency of 
1.65 sec! (3.8 s2c. in period). ‘Table II shows 
the various properties of the amplifier at this 
resonance frequency. The working condition 
of the amplifier at this frequency is somewhat 
out of the best one, but good enough to make 


the practical fine measurements possible. In 
our case the secondary galvanometer has been 
used at a scale distance of 2 m so that a high 
sensitivity may be secured with a short re- 
sponse time. The sensitivities of the ampli- 
fier (S.,y)er listed in Table II are, of course, 
for the scale distance of 1 m and so the 
sensitivity was twice higher in our real scale. 

Our spectrometer is of Beckman-Littrow 
type ; 60° prism is of 6cm in edge and of 5cm 
in height and the main concave mirror has 
the focal length of 80 cm and F=10. For 
the automatization the wavelength drum and 
the recording one are connected by a gear 
system and driven by the synchronous-motor. 
The entrance and the exit slit, simultaneously 
operated by a gear system, are coupled to 
the wavelength drum for a continuous slit 
drive. As this coupling is linear in our case, 
the compensation for intensity change with 
wavelength is not complete, but it has become 
possible to a considerably extent by separating 
the whole range of wavelengths (3~15/) into 
three stages (8~6, 5~10, and 9~15y/1) and 
by changing the coupling ratio in each stage. 


1954) 


The automatic absorption measurements 
were carried out under the atnplifier condition 
with the sensitivity of about 1x10-° volt and 
the response time of about 15 sec. The exact 
trace of absorptions was successfully obtained 
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as shown in the recorded curve for pyroxyline 
film (see Fig. 4); the whole measurements 
can be worked out completely free from the 
zero-drift and with extremely low noises and 
the scanning time from 3 to 15 (for the 


Fig. 4. 
region of NaCl prism) is about one and a 
half hours. Under the best working condi- 


tion of the amplifier at the resonance period 
of 5 sec. a greater scanning speed with the 
same sensitivity would be obtainable. 


§ 8. Conclusions 

It has been experimentally proved with 
good agreement to the theoretical results that 
the stable amplification with high sensitivity 
is possible by applying the negative feed-back 
device to the amplifying system of galvano- 
meters. In practice it may be somewhat 
troublesome to determine the galvanometer 
constants and the linearity constant of the 
photovoltaic cell, but, once these constants 
have been known, the negative feed-back 
resonance can easily be realized by adjusting 
the circuit constants (the resistances in our 
case), in accordance with their calculated 
values for various sensitivities at any reso- 
nance frequency. The adjustable resonance 
frequency and the adjustable sensitivity will 


The recorded absorption curve of pyroxyline film (from 4 to 15y). 


give much convenience to the practical use of 
our amplifier. In some range of the circuit con- 
stants a complicated transient phenomenon 
appears, but this range can be easily found 
in experiments. 

In ordinary use for the automatic absorp- 
tion measurements our amplifier has been 
employed at the resonance period of 3.8 sec. 
The negative feed-back device, in fact, has 
extremely reduced the noises (those by me- 
chanical causes, zero-drift, and Brownian 
error) ; contrary to the case of the periodic 
radiometer, no disturbance occurs from the 
zero-drift of the primary galvanometer in the 
course of a long-time automatic measure- 
ment. The extremely small Brownian limit 
enables a spectroscopic work with very high 
sensitivity (of the order of 1107! volt). 

The author wishes to express his sincere 
thanks to Prof. Y. Uchida for his continual 
interest and directions in this research and is 
indebted to Mr. H. Yoshimura for his helpful 
collaboration in this work, 
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It has been found that the resistance of the Ge 
erystal rectifiers can be reduced by the illumination 
of the contact point. This phenomenon is different 
from the so-called photoeffects. (See Fig. 1) As 
shown in Fig. 2, the current at the bias voltage 
of —0.2 V is increased about 6 times larger than 
the normal value 7) by the illumination of 90 sec- 
onds, and it decreases to 7) with time. The currents 
were measured with the bias voltage which were 
applied instantaneously to ayoid the creeping ef- 
fect. These curves could not be expressed either 
by the form of exp(—t/r) or exp(—ay’T ). 

The half-value time 7/2, which is defined as the 
time required for the current inerement (i—i9) 
to decrease to half the initial value, is independent 
of the applied voltages, time of illumination, but 
depends on the temperature as shown in the Table 
Ife 

The possible physical processes underling this 
phenomenon are as follows; 

(1) The temperature rise of the contact by the 
illumination. 

(2) The polarization of the barrier caused by the 
impurity migration. 

(8) The action of the remainder of the hole- 
electron pairs produced by the light quantums. 

(4) The modulation of the shape of the barrier, 

(a) caused by the action of the surface states, 
(b) caused by the inerease of the space charges. 

These possibilities were inquired experimentally 
as follows: 

(1) The temperature rise at the vicinity of the 
contact was measured by the thermocouple inserted 
into the wax protecting the contact. The mea- 
sured temperature rise was smaller than 0.5,C. 
The temperature rise at the contact point itself 
must be less than this value so we cannot explain 
the experimental results on this picture. 

(2) We could not find any indication of the 
current by shorting the rectifier through a galva- 
nometer just after the illumination. This implies 
that the phenomenon is “conductive” but not 
“voltaic”. Therefore, the possibilities of (2) and 
(8) mentioned above ean be eliminated. 

We tried to analyze the experimental results on 
the following physical picture; 

(1) There is a “Schottky” barrier at the contact. 
(2) The top of the barrier is lowered by the 
“image force”. 


(8) Thus, the effective barrier height ¢o 1s ex- 
pressed for the first approximation as follows; 
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Fig. 1. Graphical description of the photoeffect 
and photoaftereffect. 
(1) before the illumination. 
(2) under the illumination. (so-called photo- 
effect). 
(8) after the prolonged illumination. (photo- 
aftereffect). 
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Fig. 2. Recovery of the current at —0.2 V after 


the illumination. (time of illumination 
Ti=90 sec.) 


where ¢, is the barrier height of the Schottky 
barrier without the effect of the image force, 
N the space charge density, « the dielectric 
constant, and V is the applied reverse voltage. 
(4) Only the portion #(<1) of the total contact 
area A is illuminated. The value of £ is ex- 
pected to be between 0.04 and 0.4 theoretically. 
(5) The current depends on the effective barrier 
height ¢o mainly by the form of exp(~—e¢o/kT). 
(6) ¢o is lowered to ¢go9-¢%s5 by the illumination, 
and ¢; decays to zero exponentially after the 
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Ulumination. 

From these assumptions the current variation 
after the illumination could be obtained as a fune- 
tion of time as follows, 


i) =t0 |B exp (SF geet) +1 — ah. (2) 
The analysis of the results gave the value of £ 
about 0.1, and the experimental points showed 
fair agreement with the theoretical curve. The 
decrease of ¢o(=¢;), is shown as a function of 
the time of illumination 7, in Fig. 3. It tends 


to saturate for the prolonged illumination. 
As shown in Fig. 4, ¢, depends on the bias 


Table I. 
| ics gonur aren j 
| 1.eeec 11.5°C 
Ti | 100+30 sec. 30+15 sec. 
eV 
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Fig. 4. Dependence of ¢; on the bias voltage. 
Ti=380 sec. A is the experimental points, (1) 
and (2) are theoretical curves. 


voltage for fixed 7;. The curve (1) in Fig. 4 is 
calculated from the physical picture assuming 
that the illumination lowers ¢, primarily, and ¢o 
decreases by the relation of Eq. (1). In this case, 
the impurity concentration N chosen to fit the 
theoretical curve with the experimental points 
was 1020~1021 em-3 which is considerably larger 
than the reasonable value. 

This phenomenon was observed also in the p-n 
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junction) so the explanation with the action of 
the surface states mentioned above seams to be 
inappropriate. It must, however, be noted that 
if we use the model of the p-n junction given by 
Stuetzer2) the explanation need not be rejected. 

The curve (2) in Fig. 4 is caleulated assuming 
that the space charge density N is inereased by 
the illumination. The agreement is worse than 
(1). In this case N and AN (the increase of N 
by illumination) were determined to be 1018 and 
0.1~0.5x1018 em~3, respectively. 

All of these experiments were performed on 
IN34 Ge diodes. We found out four phenomena 
in these units, i.e., 

(1) The photo-aftereffect (mentioned above). 

(2) The positive current creep in the backward 
direction. 

(8) The “photo-creep”. 
under wulwmination. 

(4) The positive creep of photocurrent. 

It must be noted that a unit showed all or 
none of these four phenomena and these pheno- 
mena occurred with the time constant of the 
same order of magnitude. Therefore, the photo- 
aftereffect seems to be closely related with the 
creep phenomena. 

We are proposing that something like “surface 
states” or “traps” which have large time constants 
in ionization and trapping processes?) must be 
considered in the barrier to explain those ex- 
perimental results. 

It might be curious that the traps have such 
a large time constants as observed but it is help- 
less to explain the results with any existing 
theories on existing models. 

There are evidences that these results are cau- 
sed neither by moisture nor by impurity migration. 

(1) The contact point was protected with wax 
during experiments. Moreover, if these results 
are caused by moisture, they must be observed 
on every unit of 1N34 diodes. 

(2) Even if one uses the model of impurity 
migration which causes the change of the effec- 
tive barrier height, he will come to the conclu- 
sion in the end that it is necessary to consider 
the large time constant in their ionization pro- 
cesses. 

Our results are qualitative rather than quanti- 
tative, but we believe that there are some keys 
in these phenomena to solve the essential problem 
of “creep” and other related phenomena which 
might also be relateb with the action of some 
kind of “traps”. 


(The remarkable creep 
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On the Electrical Properties of Silicon 
Single Crystals (1) 


By Yasuo KANAI 


The Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Public 
Corporation, Tokyo, Japan 


(Read Oct. 31, 1952, Received June 26, 1953) 


Recently remarkable progress has been made 
on the researches of the electrical properties of 
germanium) to develope the transistor electronics. 
Silicon has the same erystal structure (diamond 
type) as germanium, it is, therefore, very inte- 
resting to investigate the electrical properties 
of silicon to compare with those of germanium. 
Several years ago, Pearson and Bardeen2) have 
studied the electrical properties of pure, n-, and 
p-type silicon, but unfortunately their studies 
were made on the polycrystalline materials. Since 
the grain boundaries between cristalites will af- 
fects seriously the electrical properties of the 
polycrystals, it is desireable to study the single 
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curves of electron mobility as a 
the inverse absolute temperature. 


Table I. 

Sample type Carriers/e.c. in Experimental 

saturation range arrangement 
No. 1 n 6.6 x 1017 Single erystal Applied electric field is 

: in the [122]-direction 

No. 2 n 4.5x1017 Single crystal [110]-direction 
A n 1.05 x 1017 Polyerystal Pearson and Bardeen’s data 
B n 1.25 x 1018 Polyerystal Pearson and Bardeen’s data 
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crystals of silicon. 

Electrical conductivity and Hall effect of the 
n-type silicon single crystals, which were made 
by the author’s method), were measured between 
+500°C and ~—150°C. The experimental results 
are plotted in Figs. 1, 2 and 8. Pearson and 
Bardeen’s results for polycrystals are also plotted 
on the same figures for comparison. Some charac- 
ters of the samples are listedin Table I. In Fig. 
2 the electron concentrations (m) are calculated 
from the Hall coefficient (R) by the equation 

n=8r/8eR , 
where, for simplicity, the coefficient 8x/8 was 
used in all temperature ranges. 

The experimental results show that the electron 
mobility in silicon single crystals are larger than 
in polycrystals. Especially at lower temperatures 
the descrepancy becomes much larger, and this 
descrepaney may be interpreted by the grain 
boundary scattering. 
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On the Delocalization Energy in Molecules 


By Kenji NUKASAWA 


Research Institute of Applied Electricity, 
Hokkaido University, Sapporo 


(Received September 4, 19538) 


The merit of the MO theory combined with the 
perturbation method for the purpose of estimat- 
ing the delocalization energy in molecules, has 
been appreciated by several authors. Many suc- 
cessful results are being obtained also in the 
chemical field according to this course.) But 
there are many ambiguous points, setting aside 
for the moment the question of configuration 
interaction. One of the most controversial 
problems is how to decide the orbital energies of 
localized molecular orbitals. The usual procedure 
where we assume the energies « and # for each 
atom and each bond respectively, seems to re- 
quire much careful consideration, even if the 
problem be limited to = orbitals of C atoms.” 
The situation is much more serious when we 
come to the system containing hetero-atoms or 
o orbitals. Another treatment using the experi- 
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mental values of ionization energy and electronic 
spectra,3) is more reasonable, but has its own 
weakness too. For instance, in order to assign 
the orbitals responsible for the transition, we are 
obliged to take some kind of averaging process 
because the electron interaction splits the de- 
generacies. But the usual method of arithmetical 
average seems to have no sound base, and after 
all these data cannot supply the knowledge for the 
electron affinity of each orbital. 

On the other hand, there will be no trouble at 
least theoretically to caleulate the delocalization 
energy non-empirically within the LCAO approxi- 
mation. We shall only have to solve Roothaan’s 
SCF equation and to compare this energy with 
another one which may be obtained for the loeal- 
ized orbitals. Thus Mulliken and Parr have suc- 
cesfully caleulated the delocalization energy of the 


Delocalization energies (in e.v.) 


| ate 3 peas benzene 

M-P | 0.34 0.28 3.17 
Intl, dite 0886 0.31 1.35 
TI YP rio 88 0.79 3.10 
TAP) aeg4aG 0.43 0.87 
IV 0.89 0.94 2.63 


The numerical values necessary for the energy 
integrals were taken from Parr-Mulliken®) and 
Parr-Craig-Ross.®) 


x electrons of 1,3-butadiene and benzene in this 
way.) But to solve the SCF equation rigorougly 
is neither always easy nor able to give far-reach- 
ing views in general cases. 

Making allowance for these cireumstances, we 
examined to apply the perturbation method to 
Roothaan’s equation. The electronic energy of the 
molecules containing 22 electrons which lie on 
orthogonalized orbitals 1, Wo, ---+ ~, making a 
closed shell, can be expressed as 


H=¥ +L, (1) 


where —J; and —Z, are the energies necessary to 
take off one electron from y,, the former leaving 
bare atom-cores while the latter leaving cores plus 
n—-1 remaining electrons without changing their 
orbitals. The delocalization energy can be obtained 
as the sum of the changes of J’s and L’s. The 
approximate non-localized molecular orbital ¢; may 
be expressed, applying the second order perturba- 
tion method to Roothaan’s equation, as 


Bi=Nibitd dads") » (2) 
2 


Qj = (Lig — Sip Dui) (Lj 5 - Lia) » (3) 


where w/, Wo/, -+-+ Ym! mean the available vacant 
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orbitals of the system and the quantities such as 
Ij; have the same meaning as given by Parr and 
Mulliken.5) The orbitals which are contained in 
the integrand of the Z,; are supposed to be un- 
perturbed ones. The change of the orbital energies 
will become approximately 


m 
Aly= Xi dusLis— Sista) , (ey 
cps 
mn 
ALy= 2 Ayj(Tj5 — Sij Lis) + (5) 


The values in the row I of the table are the 
delocalization energies of 1, 3-butadiene and ben- 
zene calculated by the use of Eqs. (1), (3), (4) and 
(5). For butadiene they agree fairly well with 
those due to Mulliken and Parr (M-P),4) while for 
benzene not. This results should have been anti- 
cipated because in benzene the delocalization 
energy would be too large to permit the simple 
perturbation method. If we use 3S;;(J;;+J;;) and 
39;5(Dj; +037) instead of S;,;l;, and S;;L;, respec- 
tively, we can have a better result for benzene 
as shown in the row II. 

The values listed in the rows I’ and II’ are 
those which were obtained starting with the non- 
orthogonal orbitals which reflect directly the local- 
ized bonds. The difference between I’ and II’ cor- 
respond to that between I and II. Kgs. (1), (4) 
and (5) are not precise for these cases. However, 
the calculations are much easier and able to be 
interpreted into empirical quantities. Thus the 
values of D;; and Z;; have close relation with 
ionization energy ¢; of occupied orbital ~,; and 
electron affinity <«j; of vacant orbital ~;’, respec- 
tively, of the localized system. This procedure 
could be expected to get more reliability if we 
should treat the cases of intermolecular complexes 
or the others where the non-orthogonality would 
become smaller. 

It should be noticed that «; 
called “unacceptable’5) has this clear physical 
meaning in fact. However, no exact way has 
been ever found to obtain this value from empiri- 
cal data, even though there exists a relation such 
as Eq. (39) of reference 5) connecting ¢; to absorp- 
tion spectra. The correction terms for the inter- 
electronic energy would be unfortunately too large 
to be replaced by some constants. 


whieh Mulliken 
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The Magneto-resistance Effect in a Cubic 
Semiconductor with the Spheroidal 
Energy Surfaces 


By Motoichi SHIBUYA 
Electrotechnical Laboratory, Tokyo 
(Received September 30, 1953) 


In order to discuss the magneto-resistance effect 
in oriented single erystals of germanium observed 
by G. L. Pearson and H. Suhl,) we must use the 
idea of the nonspherical energy surfaces in the 
Brillouin zone, as suggested by W. Shockley.D As 
an example of sucha model we use here the sphero- 
idal surfaces which may be expected in germanium 
from the study of the electronic energy band 
structure.?) 

The collision frequency of electrons, whose 
energy surface is the spheroidal one, with the 
lattice vibration has been treated approximately 
along the same line as in Seitz’s theory) and we 
have found that the collision frequency of rather 
high energy electrons is approximately proportional 
to the square root of their energy. 

Using this result, we can easily discuss the 
magneto-resistance effect in semiconductors in 
closed form with the same procedure as that used 
by D. Blochinzey and L. Nordheim*) who discussed 
that effect in divalent metals. 

We treat here only three special cases, namely, 
those in which the bottom of the conduction band 
(or the top of the valence band) appear along (a) 
six (100) axes, (b) twelve (110) axes and (@) eight 
(111) axes. The rotation axes of those spheroidal 
surfaces are also assumed to coincide with the 
above mentioned axes in each case. Those assump- 
tions satisfy the condition of the cubic symmetry. 

Weak magneto-resistance constants introduced 
by F. Seitz can be obtained with series expansion 
in H, and are tabulated in Table I, where the con- 
stants having a suflix 0 are those that have been 
obtained with scalar electron mass mm) under the 
assumption of the constant mean free path; M= 
m/mo and r=m2/m, here m, is the component of 
mass tensor along the rotation axis and mz is that 
along two other principal axes. 

Saturation values of 4/0 or 0./o at infinite 
magnetie field can be obtained with asymptotic 
expansion, and some results are shown in Table IT. 

Saturation Hall coefficient R.. becomes in those 
three cases +(Nec)-1 which is independent upon 
the directions of both current vector and magnetic 
field. 


The ratio of the Hall mobility to the conduc- 
tivity mobility is equal to the ratio of the normal 
weak field constant R to Re, 


1954) 


| 


Short Notes 135 
Table <I. 
ee J RECN opel Been edn | A etal lt, wade —— 
0,0,B8,%,0,8',A', 7! | Case (a) | Case (b) Case (¢c) 
M5/2726 /69 (2+) /3 ee ae eo J 
Morte (1+2r)/8 (1-+27)/3 | (1-+27)/3 
ee ani —(1+7+272)/3 —(1+7)2/4 | —(2+7r)1+2r)/9 
M aa r | (1+4r +72) /6 (2+r)(1+2r) /9 
M 15/2763 / yo (1—7)2/8 | ~(1—r)2/12 ~2(1—7)2/9 
M 10788! / Ao! (1+27) /3 | (1+27 +872) /6 (1+29)2/9 
M0782! / Ag! r(2+r)/8 | (B+2r 4772) /12 (1+272) /8 
Mi0y87! | Ay! r(2+7)/3 | (B+2r-+772) /12 (1-+272)/8 


* 9>0. About the sign of yo, one may find some confusion in the paper referred (1). 


Table II. 
Longitudinal Effect, 1 AWE Apolo i 
Direction of H. Case (a) Case (b) Case (c) d 
(100) 0 (1~r)2/(1+57) 2(1— rp ho 
(110) (1—r)2/(1 +57) 3(1—1)2/(1+20r +872) (1—7)2/3(1 +27) 
(111) 2(1 —1°)2/97 (1 —7)2/3(27 +1) 2(1 —7)2/387r(7 +27) 
Transverse Effect, H | J. (9% /82)(0../ 0) 
Direction of ‘i 
H r Case (a) Case (b) Case (c) 
raat 2+ r)(1+8r-+37?) 
100 TN ET, 2+-r)(1+2r ( a+r)? 
(100) (2--r)( r)[9r 1S(leeryr | (2+-7)2/38(1 +27) 
: r 247r)(2+7r +7?) 
110 001 2+7r)(1+27) /9r ( 2 
(110) | (001) rr) +27) /97 BL 48r)r (1+%r +r?) /9r 
| = (2+r)(6+7) (2+7)1+7)Q1r +1) 
110 O11 Saree i y 
ore Crp 9(1+7r) 18r(1+3r) gales 


(Ha/Uo) =(R/ Rx) =(9n/8)1+2r) /(2+7r). 

In conclusion we may say the large magneto- 
resistance effects including the longitudinal effect 
in germanium observed by Pearson and Suhl are 
qualitatively understood with this spheroidal model. 
For instance, the effects observed at room tem- 
perature in p-type sample are analyzed pretty well 
by the case (a) putting 2 or 0.5 as the value of r, 
and those in n-type sample are analyzed by the 
ease (c) with 7=10 or 0.1. However there are 
some quantitative discrepancy between this theory 
and the experiments. We suppose that they may 
be overwhelmed in future better theory, if one 
consider the more complicated nonspherical energy 
surfaces and the complicated collision frequency 
due to the transitions of electrons between dif- 
ferent families of energy surfaces which are 
neglected in this calculation. 

The writer is much indebted to G. M. Hatoyama 
under whom this research was planned and carried 
out and to W. Sasaki, for valuable discussions. 
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New Spectra of H,C'?O in 6 mm 
Wave Range”) 


By Akira OKAYA 
Department of Physics, Kyoto University 
(Received November 24, 1953) 


The author has observed two new rotational 
spectra of formaldehyde in 48,000 Me/s and 45,000 
Me/s frequency range, and has compared the mea- 
sured frequencies of these spectra with the values 
which are calculated by the continued fraction 
method of King, Hainer, and Cross about the 
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Table I. 
Assignment - Measurement Freq.  Caleulated Freq. Correction —_—‘Residual Error 
(J, K-1, K41) (Me/s) (Me/s) (Me/s) (Me/s) 
Sle peli; «| aid8, Olas pom 48, 615.39 ~120.13 +2.69 
193, 17-193, 16 45,063.10+-0.1 45, 064.82 —~ 438.56 +1.72 
Ay a a ees Z es MYR 
asymmetric rotor, and corrected by taking 


into account the four correction terms Xj, Xjx, 
X;, and X;x of centrifugal distortion, semi- 


empirically introduced by Lawrance and Strand- 


berg2). The measured and the calculated values 
and the corrections of the new lines are given in 
Table I. 

The residual error which is the difference be- 
tween the measured and the calculated values is 
about 4~5x10-5 in ratio against the measured 
value. The author has sueceeded in observing the 
Stark patterns of 444-413 and 10-09, lines in 
6 mm and 4 mm wave ranges. 

All these spectral lines have been observed by 
use of the Stark effect spectrograph which includes 
new devices. The frequency multiplier is const- 
ructed such that the crystal is demountably situated 
in a K-Band wave guide section and driven by a 
2K33A klystron oscillator. 

The harmonic components are led into the wave 
guide section with variable gap and taper (squeeze 
section) and the desired component is matched into 
the K-Band absorption cell by it. 

The Sark cell is composed of one meter long K- 
Band copper wave guide, on the narrow side of 
which the groove is cut and the aluminium foil 
Stark electrode on both sides of which mica plates 
are pasted using melanin resin, is inserted through 
the groove into the wave guide. 

In conclusion, the author wishes to thank Prof. 
I. Takahashi for his encouragement and helpful 
advices and also Mr. T. Nishikawa for his valuable 
assistance in calculation and Mr. T. Ogawa for his 
useful collaboration in experiments. 
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A Filter Transmitting near the Mercury 
Line, 25387A 


By Kikusaburo OSADA 


Faculty of Engineering, Nagoya University 
(Received November 26, 1953) 


In the case of study for the photo-luminescent 
phenomena of materials, we have frequently used 
a monochromatic light at 2537A, because a low | 
pressure mercury lamp emits very intensive radia- 
tion at this wave-length. Accordingly, many 
investigations in order to obtain some filters which 
can isolate this mereury line, have been carried 
out, and we have obtained several sorts of filter)2)3) 
available for this purpose. One of these filters?) 
is made from starch solution containing iodine. 
This liquid filter, however, makes its treatment 
inconvenient. So, we wish to make this filter in 
a solid state, if possible. If we coat a quartz 
plate with gelatine film containing soluble starch 
and make iodine adsorb to the starch, then we 
may obtain a required solid filter, gelatine being 
transparent to 2300A. 

Therefore, a filter was prepared by the following 
process: Soluble starch (1g) is dissolved in hot 
water (15ec). Gelatine (1g) is dissolved in another | 
hot water (15cc). By mixing these two solutions, | 


Transmission (%) 


O 
2400 2600 s. 2800. 
Wave-length (A) 


Fig. 1. Transmission in ultraviolet region. 


we coat a quartz plate with this mixture. Instead 
of the quartz plate, if we wish, we can take 
special glass used in the bulb-wall of germicidal 
lamp. After drying, this plate is dipped for a few 


_ thermopile over 0.8 n. 
| shown in Fig. 2. 
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seconds in a solution (20 ce) containing iodine (0.82) 
and potassium iodide (1.6), in order to adsorb the 
iodine in this solution to the starch. Then we can 
obtain a required filter. 

Optical properties of this filter were measured 
in the range:0.18~3 pn. 

In Ultraviolet Region:—An ultraviolet absorp- 
tion spectrum was measured to 1800A with a 
small quartz spectrograph), and density of photo- 
graphic plate was measured with a microphoto- 
meter. The result obtained is shown in Fig. 1. 

This filter is transmissive in the range: 2800 
~2440A, and a maximum of the transmission is 
3.7% at about 2560A. 

In Visible and Infrared Regions: —Absorption 
spectra in these regions were measured to 3 » with 


Transmission (%) 


BS 2 
Wave-length ( /) 


2:5 See 


Fig. 2. Transmission in visible and infrared 
regions. 


a self-recording infrared quartz spectrophoto- 
meter.5) A tungsten lamp was used as a light 


| source, and as a detector we used a photomultiplier 


tube (931A) under the wave-length 0.8 and a 
The result obtained is 


This filter is transmissive over 0.55» and the 


_ transmission is 75% over 1.5 un. 


From these results, we know that this filter is 
transmissive not only near 2537A, but also in the 
infrared region. 

In conclusion the author wishes to express his 
sincere thanks to Prof. S. Hattori at the Aichi 
Liberal Arts College for his approvement of using 
his infrared spectrophotometer. 


References 


1) P. Pringsheim u. M. Vogel: Lwmineszenz 
von Fliissikeiten und festen Kérpern (Verlag 
Chemie, 1951) p. 48. 

2) Y. Hoshino: J. Electrochem. Soc. Japan 18 
(1950) 6. (in Japanese) 

3) Y. Hoshino & S. Yoshida: «bid. 17 (1949) 
221. 

4) K. Osada: J. Phys. Soc. Japan 8 (1953) 226. 

5) S. Hattori: Memoirs Aichi Liber. Arts Coll. 
1 (1952) 64. (in Japanese) 


Short Notes 


137 


J. Puys. Soc. JAPAN 9 (1954) 187~139 


On ‘* An Unusual Star’’ by 
Nakagawa et al 


O. MINAKAWA and J. NISHIMURA 
Department of Physics, Kobe University 


(Received December 2, 1953) 


In a recent note, Nakagawa et al.) concluded 
that they obtained an example of nuclear capture 
in flight of a K-meson from the analysis of the 
grain density variation of a track in G5 emulsion, 
exposed to upper air cosmic rays by free balloon. 
However, because of the importance of such a 
conclusion, as explained later, we think it is 
justified to examine their analysis in an especially 
critical manner. 

The production of stars by K-mesons coming to 
rest, is one of the most important problems in the 
present cosmic ray physics, and was discussed 
several times and especially at the Bagnéres con- 
ference in this summer by Rossi, Powell, and 
others. At that time, generally accepted examples 
of K-meson capture were only 6 cases (4 from 
Peters at Bombay, 2 from Manchester and Ecole 
Polytechnique). Obviously the most clear case 
attributable to K-meson capture is that in which 
one can find out the original nuclear event from 
which the track in question is emitted, besides 
the proper length of the track. In the case of 
unknown origin and of track length less than a 
mm in G5 emulsion, even when the grain density 
is so large that the gap counting method is avail- 
able, it is not generally accepted that the star is 
definitely caused by K-particles, because one cannot 
be ready to put full confidence in finding the 
direction of motion of the particle.2) 

The conclusion of Nakagawa et al. rests on the 
following two points: 

(1) The variation of grain density of a track 

of 2.9mm in G5 emulsion, 

(2) energy consideration. 

We wish first to note that in the case of K- 
meson or proton it is hardly possible to decide 
with certainty the direction of a particle from the 
variation of grain density in the region of 3~4 
times minimum ionization along a track of only 3 
mm in G5 emulsion even when it was carefully 
processed. We have met with such examples 
frequently, and an example, the grain density of 
which is just the same as the track (1) of Naka- 
gawa et al. is shown in Fig. 1. (a) represents the 
direct observed plots of grain density/100u, and 
in (b) grain density/100u averaged over 500, is 
plotted with (x) along the track length.3) Origin- 
al data of Nakagawa et al. are also shown in the 


figure with (©). (The similarity of both observa- 
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tions is quite accidental.) From the figure it seems 
to us that it is not sufficient to decide definitely 
the direction of particles which produce these 
tracks from the observed change of grain density 
in 8mm track length. 

To ascertain the observed rapid variation of 
grain density of their track (1), Nakagawa et al. 
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compared the variation of grain density of tracks 
of a z-meson (lem long) and of a proton (1.6em 
long) with the curve obtained from Goldschmidt- 
Clermont in Fig. 8, and they seem to believe that 
in the case of protons the grain density changes 
more rapidly than in the case of p-mesons in 
these density regions. But in our opinion it is 


not appropriate to use the rewritten curve of | 
Goldschmidt-Clermont to discuss such small region, | 
because the original curve of the latter author is 
calculated for the grain density versus scattering | 
parameter, and ranges are shown only as a 
calibration, and consequently in converting the 
original curve into grain density versus range 
curve, some error might be introduced in detailed J 
portion. This curve, however, is in good accord | 
with the curve obtained by Fowler‘) as a whole, | 
except the small unevenness due to the above | 
mentioned reason, which does not correspond to | 
any real physical meaning. To show these cir- 
cumstances clearly, we compare the _ results } | 
obtained by Nakagawa et al. with grain density | 
versus range curve of proton established by Fowler | 
in Fig. 2. From the figure it may be clear that 
their observed points are interpreted as due to | 
fluctuations. 

Contrary to the above, if we accepted their data 
shown in Fig. 3 as a real fact not due to fluctua- 
tions, with Nakagawa et al., then it would be 
obvious that the fundamental relation 


BRycv) Fuw) M 
Se es 2 2 i if : mass). 
M> Mis (R: range mass) 


would be invalid, in other expression, the relation 


grain density=/(e,v) e: charge, v: velocity 
would not hold in this case. Inspite of these 
circumstances Nakagawa et al. used the above 
relation implicitly (mass ratio displacement), in 
the process of estimation of the mass of the 
particle. So their argument is self-inconsistent, 
because there are no reason, in their case, to 
justify to use the method of mass ratio displace- 
ment. . 

Even if we ignore their estimation of mass of 
the particle, their data in Fig. 3 are quite in- 
sufficient to deny the above basic relations which 
are yery well established from experimental and 
theoretical backgrounds and on which all mass 
estimations in cosmic-ray work are based. 

From the above discussions it seems quite 
natural to attribute their results concerning the 
grain density measurements to the fluctuation or 
the instability of grain density in G5 emulsion. 

Apart from the decisive criteria mentioned above, 
there are further several points which seem to us 
not so convincing in their interpretation of the 
star. The first of all is the track (6). Nakagawa 
et al. interpreted it as a recoil track of 2.7. but 
it has a very thin density with a gap. This is 
quite an unusual interpretation. The second point 
is the momentum balance. It is very improbable 
that the charged and neutral projectiles are so 
separated inspace. The third point is the direction 
of their ‘<‘ K-meson.’’ It comes upwards from the 
side, independently of the paraffin block situated 
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above. 

Considering the above points it seems to us that 
this star is naturally interpreted as an “usual” 
star induced by high energy neutron which comes 


from right above, contrary to their “ unusual’ 


interpretation. 
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On the Photocurrent of High Purity 
SiC Single Crystal 
By Kinzo SATO and Masaharu NAMBA 


Fuji Denki Seizo K.K., Material Laboratory, 
Kawasaki 


(Received June 3, 1953) 


In studing the various characteristics of SiC 


| single crystals we observe currents flow by illumi- 


nation of suitable wavelength. The direction of 


currents is the direction of easy flow by metal- 
| SiC point contact rectifiers. 
| observed only by very pure SiC crystal (P-type, 
| 0-104 ohm em) and not by impure black SiC 


This effect is 
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Fig. 1. Change in photopotential with photo- 
eurrent at various temperatures. 
erystals. According to Brattain the surface 


of the P-type semiconducting crystals becomes 


negatively charged when illuminated by radiasion 
of the wavelength shorter than the wavelenhgt 
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limit for the photoelectric effect of the crystals. 
Then we must expect the currents flow in the 
easy direction of the metal-crystal contact recti- 
fiers and the current-voltage characteristics very 
similar to the forward characteristics of this recti- 
fiers. This arguments are confirmed by our ex- 
periments as shown in Fig.1. Fig. 1, shows the 
photopotential vs. photocurrent at various 
temperatures. Furthermore from the activation 
energy of the acceptors of the SiC crystal we 
must expect the absorption to lie in the infra- 
red and actually in this sample the photocurrents 
are observed in this region and not in ultra-violet. 
The photoecurrents are proportional to the light 
intensities but the photopotentials are not. The 
relation between the current and exposure times 
is shown in Fig. 2. 
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On the Change of Density of Copper Single 
Crystals by Cold Working 


By Sadabumi Issiki and Hiroshi KIMURA 


Institute of Industrial Science, 
University of Tokyo, Chiba City 


(Received June 11, 1953) 


It is well known that the density of metals is 
decreased by cold working,)2)3) and we may find 
two causes for this effect. The one is the lattice- 
strain due to dislocations and the other is vacancies 
produced by cold working. 

C. Zener) calculated the decrease of density by 
cold working as a result of the elastic strain of 
iattice. That is, 


af 
AV=——5(Catn€s)-W, 
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where 4V is the increase of volume by cold 
working (em3/g), W is the stored energy in speci- 
mens by cold working (erg/g), Cq and Cs are 
constants for each metals —=in the case of copper 
Cq=7.3 x 10-12 em3/erg and C;=2.3x10-) em3/erg, 
and m is a positive number showing the ratio how 
the strain energy is distributed to the normal com- 
ponent of and to the tangential component of lat- 
tice strain. 

m ean be ealeulated by the measurements of 
decrease of density and stored energy by cold 
working. If x2 caleulated is positive, we may 
conclude that the decrease of density is caused by 
the lattice-strain. 

The energy required to form a vacancy has been 
estimated®) 30 cal/mol for copper by the study of 
diffusion in metals. On the other hand, we can 
estimate the number of vacancies produced by cold 
working from the change of density. Then we can 
caleulate the stored energy. Comparing this cal- 
culated value for stored energy with the measured 
one, we can examine whether the decrease of den- 
sity is due to vacancies or not. 

We have used copper single crystals as specimens 
for the following two reasons. The first: As most 
of studies ever performed were with polycrystalline 
metals, the results obtained are not suitable for 
the theoretical consideration because of an effect 
of grain boundaries. The second: Stored energies 
for the working of various degrees have been 
measured only in copper single erystal by H. 
Kanzaki.® 

Three crystals, about 10 em in length and 1.8 
cm in diameter, were made by Tammann’s method. 
Specimens, 2 em in height, were cut off from the 
bottoms of each crystal, polished smoothly and 
pressed. The density was calculated by the com- 
parison of weights measured in the air and in the 
water. These values were corrected with every 
precision according to temperature and the atmos- 
pherie pressure. The changes of density were so 
slight that the measurement were repeated ten 
times. 

The specimens were pressed and decreased about 
15% in height‘ which corresponded to about 30% 
slip. The results obtained are shown in the Table 
lig 


Table I. Change of Density 


Specimen number if 2 38 


Initial values (at 20°C) 8.92969 8.92868 8.92579 


99% Confidence Limit 0.00011 0.00018 0.00110 
Values fatter; tac uh Oy) teak ae oer 
Compression (at 20°C) 8.92964 8.92848 8.92549 
99% Confidence Limit 0.00008 0.00038 0.00016 
Decrease of Density 0.00005 0.00020 0.00030 
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The difference between the values before and after 
the compression was found to the significant in) 
more than 90% confidence degree by the satistical 
treament of data. 

From these results it may be concluded that 
the change of density does not exceed 3 x 10-3% by | 
cold working as large as 30% slip. 


| 


According to H. Kanzaki, energy, 0.018 cal/g, is | 
stored in copper single crystals by the slip 30%, |} 
and by heating are 0.016 cal/g and 0.002 cal/g of | 


this energy released respectively in the successive 
two stages. 


| | 


If we assume that the decrease of density is due 
to lattice-strain, we must take the total energy 
values as W in Eq. (1). Then, it is obtained that 


AV|W=44x10-2 em3/erg and z=1.4. Now, n is | 
positive, so it can be concluded that lattice strain | | 


decreases density. 


On the other hand, if we assume that the vacan- | 
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cies are the cause of density decrease, it is better 
to think that the energy released in the first 
stage is associated with vacancies because the 
activation energy of diffusion of vacancy is less 
than these of dislocation and others. 

The energy value is found 0.016 cal/g by H. 
Kanzaki’s measurement, and the energy correspond- 
ing to 8x10-89 decrease of density is calculated 
0.014 cal/z by the number of vacancies required 
to decrease density 3x10-39 and by the energy 
required to form a vacancy. An agreement be- 
tween these two values is so well that we can 
conclude that the vacancies are the cause of the 
decrease of density, too. 

From the above experiments alone it cannot be 
concluded whether the main cause of density de- 
crease is lattice strain or vacancies. It is desirable 
to perform any other studies. 
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_ Magneto-Resistance of Cs,Sb Photo-Cathodes 


By Toshimichi SAKATA and Seiji MUNESUE 
The Electrical Communication Laboratory 
(Received August 25, 1953) 


The experimental studies on the physical pro- 
perties of Cs;Sb have been reported several 
times)-3) by the author with the conclusion that 
the thermo-electromotive force for Cs;Sb indicates 
that this is P type and the acceptor concentration 
must be approximately 1020em-3. The purpose of 
this investigation was to get the mobility b as a 
function of temperature from the reliable values 
of the change of resistivity in a magnetic field 
40/00- 


Fig. 1.j{, Typical experimental tube; 1 Cs,Sb; 2 
aquadag; 3 copper bar; 4 thermo-junction; 5 
Mo wire; 6 hard glass; 7 heater; 8 Sb. 
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Fig. 2. Cireuit diagram of the pre-amplifier (1) 
sample (150-200 Ka) ; (2)-(5) dial resistor (1 Ka) ; 
(3) variable mica condenser (several ppF); (4) 
resistor (150-200 Ka); (6) Oscillator: (7) (8) (9) 
CZ-501-D. 


The tube used in this experiment is schematically 
shown in Fig. 1. Cs,;Sb was evaporated on a 


narrow space, 2 to 3mm long and 5mm wide. 


‘ 


) 


Aquadag was used to make electrodes for the film. 
Both ends of the sample coated with aquadag were 


- eonnected to small strips of copper through which 


A.C. current was supplied. The resistivity of 


specimens was of the order of 150-200 Ko at room 


_ temperature. 


In order to avoid electrolytic con- 
duction in Cs;Sb, A.C. method was adopted. The 


resistance measurements were made by means of 


null method with impedance bridge circuit at 
1500c/s. The outputs of the bridge circuit were 
fed into a narrow band amplifier, which was 


Short Notes 


141 


followed by a low and high pass filters and a main 
amplifier. The amplified signals were led into an 
oscilloscope or a vacuum tube voltmeter. The 
circuit diagram of the preamplifier used is given 
in Fig. 2. 

Applying A.C. voltage of several volts to the 
sample, the change of resistivity with temperature 
was examined in the temperature range from 
218°K to 364°K. 4/2, given by the equation 
0=0) exp (4H/2kT), was found to be 0.2-0.3eV, 
in accordance with that obtained by the D.C. 
method previously performed and no appreciable 
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Fig. 4. 


anomaly appeared in the measurement by A.C. 
method. The change of resistivity in a magnetic 
field 49/00 was measured in the same range of 
temperature as that for resistivity measurement. 
Since the resistivity is strongly temperature- 
dependent, small fluctuations of the temperature 
in the sample may obscure the effect of the varia- 
tion dependent on magnetic field. So the measure- 
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ments were carefully carried out at temperature 
available as constant as possible. But fluctuation 
of the signals of the output was not suppressed 
entirely. This is presumed to be caused by films 
themselves. The contacts of Cs3;Sb-aquadag-copper 
were found to play an important role in the 
stability. Measurements were made in the 
magnetic field from 200 to 6000 gausses. 

The magnitude of the observed effect is consider- 
ably different from sample to sample. In the region 
of low fields, however, the H2 law is valid as may 
be seen in Fig. 3. The effects for high fields were 
not investigate! in further details. For weak 
fields), the change of the resistivity in magnetic 
field is given by 

40/00=B(T)x EH. 

The coefficient B(T) which depends an temperature, 
is proportional to the syuare of the mobility i.e. 
BY@)=rqxb?, 

Where rz is a numerical factor. Using the value 
given by Seitz) and Estermann and Foner®), the 

mobility is approximately given by 

6=1.616 x 108 x (4p / 00)'/2 x H-1 em?/volt-sec. 
The results for several samples calculated in this 
way are shown in table I. 


Table I. 

Tube | a 7 em? t- ee 
No: | i | Ap/ po u( oe Bes 
1 | 301 |1.9x10-5| 218 | 3.30 x 103 
2 289 |2.6x10-5| 330 | 2.50 «103 
8 | 289 |1.1x10-4| 564 | 3.16 x 108 


Table II shows the change of the mobility with 
temperature in a sample. 


Table II. 
abe f [iicopes nh eee 
| °K a -3/2 
No 40/0 i( volt-see ) | 

8 | 216 |3.25x10-4 922 3.15 
| 258 1.89 7 La (ZOB 2.41 
(278) LATO ocr 664 2.22 

| 289 {1.10 7 564 2.04 
825 0.91 7 484 1.71 

| 344 ORT 457 Loe 

| 364° 0.65» 412 1.44 


According to the theory of lattice scattering the 
temperature dependence of the mobility should go 
with 7-3/2. As may be seen in Fig. 4 linear rela- 
tion holds for Cs;Sb approximately. It will be 
noticed that considerably higher values of 40/9 
were found even at room temperature. The 
results so far obtained may be roughly checked 
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by calculating the conductivity, for instance, for] 
the room temperature, making use of the results 
found for the mobility and the concentration of 
charge carriers. Though we cannot know the exact 
value of conductivity, it will be shown that the 1 | 
order of conductivity is about 10-lohm~-!em-1. 
With 6=300 cm?2/volt-see and 2~1016em-3, we get 
o=4.8x10-lohm~-!em-1 for T'=300°K. (The present | 
values of are based on the previous report!-3)), J 
This value turns out to be too high by a factor 
of at least 3-4. At low temperatures, further 
studies are necessary in order to confirm the effect | 
of the impurity scattering. In order to get still | 
more reliable quantitative results, considerable im- | 
provement of experimental techniques will be | 
necessary. We communicate these results to in- 
dicate some of the difficulties inherent in the 
measurements of 40/00. 
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Decay of Shear Turbulence 


By Yutaka SHIGEMITSU 


Transportation Technical Research 
Institute, Tokyo 
(Received October 27, 1953) 


Recently, it has been proved experimentally that 
in a turbulent wake with a uniform undisturbed 
velocity the distributions of turbulent intensities, 
ul, v2, w'v’, across the flow have their respective- 
ly similar forms at any point along the mean flow. 
When the w-axis is taken parallel to the mean 
flow, the following expressions hold independently 
upon the value of 2; %2/%)/2=fi(y/b), 0/2 /%!2= 
faly/b), wv! [ulvo! =faly/b), Where wo!2, Bo!2, %!Vo! 
and 6 are their representative (for instance, their 
maximum) values and the width of wake at a 
section across the z-axis. As for their changes 
along x-direction the experimental result of b20ct 
is widely known, but the changes of %/’2, ete. 
have not been clarified. We made measurements — 
of distribution of «2 across the flow at many — 


points along the w-axis, and have found that the | 


1954) 


following relation 
Up!200t 71 
holds in a fairly wide range behind a body. It is 


Significant that this decay law of shear turbulence 
has the same form as that of isotropic turbulence 


6! 
60 


rots 
So _ 


0 40 
measurements of decay of 
shear turbulence. 7/2 is the maximum value 
of w’-intensity across a turbulent wake. © 
is measured point behind a circular cylinder 
and @ is behind an airfoil. 


Experimental 


in its initial period. The present experiments were 


| made concerning w/-fluctuation but it is expected 


| Of Uo/2 and w/v’. 


that there is the same relation also in the cases 
Measurements were done on the 


_ wakes behind a circular cylinder (d=1.5em, Up= 


3.74m/s) and an airfoil (NACA-2412, c=17cem, 
a=5°, Uy=7.28m/s), and the aspects of change 
of uw’ maximum yalue at many sections are shown 
in the figure. Detailed descriptions of the above 


experimental results and of theoretical derivation 


of decay law of shear turbulence will bep ublished 
in this journai. 
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On the A. C. Characteristics of Silicon 
p-n Junction Alloy Diodes 


By Yasuo KANAI 
The Electrical Communication Laboratory 
Tokyo, Japan 
(Received November 9, 1953) 


Silicon p-n junction diodes were prepared by the 
imethod)) of alloying aluminium to the n-type sili- 


‘con. As reported previously by Pearson et al,1) 


the d.c. characteristics of our silicon p-n junction 


diodes were well fitted by the theoretical formula 
T=I)(e2V/*” —1) in the low level forward direction, 
but inthe reverse direction there were no saturation 
parts. 

' The low voltage a.c. admittances of these junc- 
tion diodes were measured at room temperature in 
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the frequency range from 0.3 k.c.p.s. to 150 k.e.p.s. 
The typical chracteristies of these admittances are 
shown in Fig. 1 and Fig. 2, and these are quite 
similar to the theoretical curves which were derived 
by Shockley.2» From the characteristic shown in 
Fig. 1, which corresponds to the case of the uniform 
n-region, the lifetime of excess holes in n-type 
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silicon was calculated as was done in the case of 
germanium p-n junction,®) and we have obtained 
approximately 27 wsec. in this sample. From the 
characteristic shown in Fig. 2, which corresponds 
to the case of the retarding field in n-region, we 
could calculate the lifetime of excess holes by the 


(s:) 


ct: the liftetime of excess holes in n-region. 


formula: 
Sd ae 


WT aaale 4 


the angular frequency and susceptance at 
the point where the conductance is equal 
to the susceptance; G,=S}. 

the angular frequency and susceptance at 
the point where the conductance is one 
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half of the susceptance; 2G,=S). 
This formula gave approximately 300 psec. in this 
sample. 
Further investigations are now in progress. 
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On the Lattice Anomaly of Bismuth Film 
deposited from its Vapour 


By Yoshibumi FuJIKI and Ry6dji SUGANUMA 


Department of Physics, Faculty of Science, 
University of Kyoto 
(Received November 16, 1953) 


In a previous note the writers reported that 
the structure loosening of bismuth film deposited 
from its vapour in vacuum occurs at a temperature 
appreciably below its melting point in the massive 
state. While the study on the cause of this pheno- 
menon was going on, some anomalies of the axial 
ratio and the lattice constant of bismuth film were 
found. 

By the transmission method, the electron dif- 
fraction study was carried out, both at room and 
higher temperatures, on bismuth films deposited 
from their vapour on quartz or on collodion films 
in the vacuum (2x10-4~6x10-5 mmHg.) of the 
diffraction apparatus. 

To examine the probable deviations of the axial 
ratio and lattice constant from their normal values, 
the writers employed the following method. The 
lattice spacing do(hk-l) of normal bismuth, referred 
to the hexagonal axes of aj=9.0735A and Co/Qo 
(=Co)=1.3047 (at 25°C), is given by the follow- 
ing equation: 

Wee guts 
Arhk-l) Bao? 

If small deviations of the lattice constant and the 
axial ratio from their normal values are 4a and 
AC respectively, and that of the lattice spacing do 
is 4d, the following equation would be obtained 
by putting a+4a, Co+AC and dy+4d in place 
of a, Co and dp in equation (1): 

Ad Aa if 


=~ +— dl . 
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If the values of 4d/d) for some spacings of a 
specimen were plotted against their values of do2J,2, 
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these points would lie on a straight line. The 
Aa/d) would be given by the ordinate where th 
straight line intercepts the verticel axis, ont 
AC /Co by the slope of the straight line. 

One of the graphs obtained from experiment 
at room temperature is shown in Fig. 1, fro 
which one may obtain the numerical values o 
about —0.15% and +1.48% for da/a) and 4C/Cy 
respectively. These deviations showed no change 
even after the annealing for about an hour at: 
about 225°C. 

Then the temperature dependence of these devia- 
tions was examined, but little change was observed 
till the temperature attained to just below that 
of the structure loosening. 

When the specimen was heated up to the tem- 
perature of the structure loosening and the} 
amorphous halo pattern began to superpose on) 
the crystalline pattern, 4C/Cy of the remaining 
crystalline pattern became negative, 4a/a having ' 
been unchanged.* The circles in Fig. 2 show, 
AC/Cy in such a state for some specimens. The 
densities calculated from these data showed inter- 
mediate values between that of the crystalline} 
and liquid state (about 9.70 and 10.04 respective- 
ly®) of bismuth in massive state at the melting 
point. This seems to show that the crystalline} 
bismuth of these films passes through such inter- 
mediate states in the process of structure loose- 
ning. 

Though it may not be allowed to suppose the 
direct relation between the anomalies of the axial 
ratio and the lattice constant at room tempera- 
ture, and the lowering of the temperature at 
which the structure loosening takes place, the 
relation between the observed values of 4C/Cg 
of some specimens at room temperature and the 
temperatures of their structure loosenings are 
shown by crosses in Fig. 2. 


It is seen from Fig. 1 that the errors introduced | 
in the measurements of diffraction rings are | 
about 0.1% and those of 4a/a) may be somewhat | 
larger than 0.1% because of the difficulty of | 
setting the reference material in just the same | 
position with the specimen. Though this order | 
of accuracy is not sufficient to perform the de- 
tailed examination as to how 4C/Cy and 4a/ag 
change their values with temperature and thick- 
ness of film, it is highly probable that these 
values will depend upon the temperature, thick- 
ness of film and conditions of the preparation of 
specimens, and perhaps be one of the causes of 
variation of temperature at which the structure 
loosening occurs. 

Considering the facts that the axial ratio be- 
comes smaller than that of the normal one, which 
means that erystal symmetry of the film approa- 


ches to the eubie one, and also the density takea) 
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intermediate value between solid and liquid state 
when the structure loosening begins, it is sug- 
gested that crystals do not change their states 
abruptly but through such certain intermediate 
states as nearly cubic structures in the process 
of the structure loosening. 

For the purpose of detailed investigation, the 
improvement of the diffraction apparatus and 
further experiments are now proceeding. 
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Frequency of Slow Cosmic-ray »-Mesons Stopped 
in the Photographic Emulsions at 
23 m.w.e. Underground 


By Shin-ichi KANEKO, Tadayoshi KUBOZOE 
Institute of Polytechnics, Osaka City University, Osaka 


and Masaomi TAKAHATA 
Department of Physics, Osaka University, Osaka 
(Received October 5, 1953) 


The absolute frequency of slow »-mesons stopped in the photographie 


emulsions at a depth of 23m.w.e. underground was measured. 


The 


result is 0.22+0.03 particles em-%day-!, which is greater than the 
value published by George and Evans by a factor of about 2.5. 


§1. Introduction 


The photographic observations below 
ground were carried out by George and 
_Evans?)3) at various depths. They have 
obtained the results which indicate that the 
most of slow particles came to rest in emul- 
| sions are “-mesons and also that the fast 
charged particles produced nuclear disintegra- 
tions are energetic w-mesons. To draw fur- 
ther decisive conclusions, we have undertaken 
to accumulate more extensive data concerning 
the underground events with photographic 
emulsions. 

In the course of our observations, we found 
out that the result obtained on the frequency 
|of slow -mesons is considerably different 
‘from that published by George and Evans, 
| although the statistical accuracy of our result 
is poor. In this paper, the result we obtained 
is described and discussed in detail. 


§2. Experimental Details 


The coating of emulsion was performed in 
an observing station at about 300 m.w.e. depth 
of the Underground Cosmic Ray Observatory, 
Osaka City University in the disused Isohama 
Railway Tunnel, Shizuoka Prefecture (24° N 
geomagnetic latitude). The emulsion used 
for coating was Ilford G5 in gel form, from 
which two plates of 600 microns thick were 
‘prepared. 

The plates were exposed vertically at about 
23m.w.e. depth, and after having been ex- 
posed for 68 days they were processed accord- 
ing to the usual temperature cycle method 
at about 300 m.w.e. depth. 

' The observations were made under the 


total magnification of x225. The single 
particles came to rest in emulsions were 
carefully examined with oil immersion ob- 
jectives and those of which projected residual 
ranges are longer than 100 microns were 
recorded. 


§ 3. 


In the examination of 6.9 cm? of emulsion 
(assuming that the shrinkage factor of the 
emulsion is 2.5), a total of 134 meson tracks 
have been observed to come to rest. In al- 
most all cases, the tracks of stopped particles 
allow easily to discriminate whether they are 
due to mesons or to heavier particles by in- 
specting of the characteristics of the track, 
i.e., meson tracks have a large amount of 
small angle scattering and a greater rate of 
change of grain density with residual range. 
Individual meson tracks observed are classi- 
fied phenomenologically as follows: (i) p-e 
decays, (ii) o-mesons and (iii) p-mesons. No 
m-yz decays have been observed. The observed 
numbers and the frequencies of various parti- 
cles are shown in Table I. 

(i) w-e decays....An electron from yp-e 
decay would be observed only if it is emitted 
at a sufficiently small angle to the plane of 
the emulsion. Thus, the frequency of y-e 
decays given in Table I is the value correct- 
ed on the basis of the geometrical considera- 
tion, and its proportion to that of all the 
stopped p-mesons is 60 per cent, which agrees 
reasonably with the results of Cosyns et al. 
and of Fry.) We may then conclude that 
the loss of minimum ionization tracks after 
68 days exposure was negligible under our 
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Table I. The observed numbers and the uncor- 
rected frequencies of various particles stopped 
in the emulsions. 


Percentage of 


| 
Type of | Observed | Frequency the frequency 
| | to that of all 
particle number (em-sday-!) the p-mesons 
| : } stopped 
p-e decay | 81 0.17 +0.02 | 60 
| 
o-meson | 5 0.011 40.005 4 
@-meson | 48 (0.10 +0.02 36 
total of | = 
icmezons) -184_—«|0-29. £0.08 100 
condition. 
(ii) o-mesons.... The proportion of frequ- 


ency of o-mesons to that of all the stopped 
yve-mesons, 4 per cent, is consistent with the 
result of George and Evans.» It seems also 
that the o-mesons observed are not z-mesons, 
as described by George and Evans.” 

(iii) o-mesons....The mesons excluded 
both y-e decays and o-mesons are grouped 
together as the g-meson. Among this group, 
6 mesons emitted Auger electrons at their 
ends of range are included, and the frequen- 
cy of these mesons is about 5 per cent of 
that of all the mesons stopped. 

Since no z-y decays and no z~-meson star 
were observed, it may be assumed that the 
p-mesons we observed are exclusively sp- 
mesons. In order to obtain a direct evidence 
of this view, an attempt was made to mea- 
sure the multiple Coulomb scatterings along 
the tracks of p-mesons. The experimental 
distribution of angles of multiple scattering 
is in well agreement with the one expected 
for the ~-meson. It is therefore found that 
the observed frequency of -mesons stopped 
at 23 m.w.e. is 0.294 0.03cm-?day-! from 
Table I. 

It is now necessary to correct the observed 
frequency taking into account of the configu- 
ration of our tunnel. Although the configu- 
ration is complicate, the earth surface is 
thought to be nearly flat in the region inside 
the cone with half-angle of 33° about the 
vertical. In the total number of stopped p- 
mesons observed, there are 38 mesons at 
actual zenith angles (not projected) smaller 
than 33°. Assuming the zenith angle dis- 
tribution? of cos?0, it is able to obtain the 
frequency of stopped s#-mesons in vertical 
direction. The frequency of all -mesons 
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stopped in the case of the flat surface on 
earth is then obtained from this vertica] 
frequency assuming cos?@ distribution ; thus 
the frequency is 0.20++0.03 cm~-* day7?. 

Moreover, the observed number of stoppecf 
y-mesons must be corrected geometrically} 
since the tracks whose projected ranges aréf 
smaller than 100 microns have not been 
recorded in order to avoid misidentifying the 
particles. Lattes, Occhialini and Powell’] 
have determined the geometrical correction 
factor in the case of high altitude observatio 
assuming the isotropic angular distributio 
of slow mesons. This correction factor is 
inapplicable to a case of underground mesons: 
because the angular distribution of these 
mesons is considerably different from the 
isotropic. According to a similar calculation, 
however, we can obtain the corresponding 
geometrical factor to the case when th 
angular distribution of slow mesons is as 
sumed to be cos?@ and the plates are exposec 
vertically : 

No 2d @+?? 

N 2@+P-tYa@t+e’ 
where, WN, is the total number of tracks, 
the observed number of tracks whose projec 
ted ranges are longer than ¢ microns, and 
the thickness of emulsion in microns. I 
our case, this correction factor is then No/NVio 
=1.1. It is therefore found that the cor 
rected frequency of all the ~-mesons stoppay 
at 23 m.w.e. depth is 0.22-+0.03 cm~* day". 


$4. Discussions 


In order to compare our result with th 
theoretically predicted value, we have roughl 
calculated the expected number of s-meson 
stopped in emulsions at 23 m.w.e. using th 
intensity-depth relation of -mesons in verti 
cal direction given by George (Fig. 4, p. 40 
of the ref. 3). By differentiation of the inten- 
sity-depth relation the expected vertical fre-+ 
quency of stopped -mesons is obtained, from 
which the total frequency can be determined 
assuming the cos?@ distribution. Thus, the 
frequency of slow s-mesons expected fro 
the intensity-depth relation is 0.69 cm-%day71. 

Comparing this with our value of 0.22 
0.03 cm-*day~1, it seems to be discrepanc 
of a factor of about three. However, sinc 
uncertainties in the prediction and in the ex 
periment are considerably great, any decisiv 
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‘conclusion may not be drawn from this dis- 
crepancy. 

George®» has given the frequencies of yz- 
‘mesons stopped at 0, 20, 34 and 60 m.w.ee. 
depth. By interpolating his values, it is found 
that the frequency at 23 m.w.e. is about 
‘0.088+0.005 cm-%day-}!. Our value is greater 
‘than that of George by a factor of about 2.5. 
“This discrepancy may be, however, mainly 
attributed to the difference of thickness of 
emulsions used; i.e., it seems that in the 
| George’s observation (200 microns emulsion) 
a greater number of 4-mesons had escaped 
‘from the detection as a result of their short 
‘lengths. According to the George’s new 
data®?, in fact, he obtained the corrected 
i value of 0.20+0.01cm-%day-! at 23 m.wee. 
‘using 400 and 600 microns emulsions, which 
‘is in well agreement with our value. In Table 
| II are shown the values of ours and of George 
‘together with the one expected from the 
‘intensity-depth curve. 


Table II. Frequencies of »-mesons stopped in 
emulsions at a depth of 23 m.w.e. in em~sday 71. 


Value expec- 
ted from 
intensity- 
epth curve 


! George’s | George’s Our value 
value un- _— value 
_ correct2ed*) | correctec®) corrected d 


a 0.20+0.01 | 0.22+0.03 0.69 


-§5. Conclusions 

The slow particles stopping in emulsions 
at 23m.w.e. depth ere mainly ~-mesons as 
pointed out by George and Evans. The cor- 
rected frequency of ~-mesons stopping at 23 
'm.w.e. is 0.22+0.03cm-*day-, which is 
| greater than the value published by George 
‘and Evans by a factor of about 2.5. 


| 
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Study of Thin Crystalline Films by Universal Electron 


Diffraction Microscope* 
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In ordinary electron micrographs of MoO; erystals and mica films, 
which were obtained by using our universal electron diffraction micro- 
scope as ordinary electron microscope unit, there observed the well- 
known patterns which may be called “a group of closed contours”, 
“dark spots” and “ feather-like patterns” and further some patterns 
were also observed which may be called “ wave-like patterns”. These 
patterns could be analysed by using the universal electron diffraction 
microscope as shadow microscope unit and high resolution electron 
diffraction camera. 

In the high resolution electron diffraction patterns and in the dif- 
fracted parts of shadow micrographs of bent films of the crystals 
obtained by the universal electron diffraction microscope, the subsidiary 
maxima were observed which correspond to the intensity region in 
the reciprocal lattice extended in the direction normal to the film sur- 
face, and from the angular distances of the subsidiary maxima, the 
thickness of the film, Fourier coefficient of periodic electric field in 
the crystal and the external form of bent film could be obtained. 

Takagi and Konig observed that MoO; crystal transforms into minute 
MoO, cystals when MoO; erystal is irradiated by intense electron beam. 
Besides the transformation of MoO3 to MoOs, another type of trans- 
formation MoO; -— MoO,’ > MoO, was observed in our experiment. The 
intermediate substance MoO,’ is obseryed as homogeneous parts in 
ordinary electron micrographs. By using the universal electron dif- 
fraction microscope as micro-diffraction unit, it has been possible to 
show that the intermediate substance belongs to monoclinic system 
and that some hexagonal holes produced in it are bounded by its net 


planes. 


Introduction 


§1. 

In ordinary electron microscope images of 
thin crystalline films such as split mica films, 
MoO; smoke and chemically produced MoO, 
crystals having thin plate-like shape, it is 
easy to observe the extinction contour lines 
due to Bragg reflection, so that many ob- 
servations have been done with these speci- 
mens.*)»*);3)-4),) In such electron micrographs 
some patterns were often observed which 
may be called ‘‘a group of closed con- 
tours ’’’).") and ‘‘dark spots’’® and in the 
case of MoO; crystals ‘‘feather-like patterns’’®) 
similar to ‘‘Fiedelung’’ named by Konig 
were observed. In order to clarify the nature 
of these patterns, some observations have 
been carried out by using the universal elec- 
tron diffraction microscope devised by K. 
Tanaka and the present writer.»** 
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In the course of observation, the so-called 
“wave-like patterns’’ as well as the subsi- 
diary maxima of electron diffraction pattern 
by thin crystalline films illuminated by paral- 
lel beam were observed.*** The externa 
form of the film in which such ‘‘ wave-like 
patterns’’ were observed was surmised from 
the shape of extinction parts due to Bragg 
reflections and the surmise was further con- 


* Presented before the Society of Electron 
Microscope of Japan held at the Nagoya Univer- 
sity on Oct. 16, 1952 and at the annual meeting” 
of Physical Society of Japan held at the Kyoto 
University on Noy. 1, 1952. 

** The universal electron diffraction microscope 
can be operated either as the three stage electron 
lens microscope! or the high resolution electron 
diffraction apparatus!). 

*** The similar subsidiary maxima of MoS» 
film were also observed independently by R. Uye- 
da and his co-workers), 
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firmed by the shadow micrograph and_ high 
resolution electron diffraction pattern of the 
film. The subsidiary maxima of electron 
diffraction pattern by thin crystalline film are 
due to the intensity region in the reciprocal 
lattice extended in the direction normal to 
the film surface as have already been obser- 
ved in divergent beam diffraction patterns of 
thin crystals’) as well as in ordinary elec- 
tron microscope images.®) In the case of 
parallel beam diffraction patterns, Finch and 
Wilman’ observed fractional order rings due 
to polycrystalline graphite and attributed them 
‘to the subsidiary maxima above mentioned. 
‘But it was reported later’ that these rings 
might preferably be attributed to the parti- 
‘cular structure of graphite. Further, they 
‘obtained very beautiful rotational patterns of 
‘single crystals of graphite and molybden- 
ite!™-18):19) and mentioned that some _ subsi- 
diary maxima were observed, but they did 
not analyse the series of maxima in detail. 
As will be mentioned later, the angular dis- 
tances between the observed subsidiary max- 
ima in this case are very small compared 
‘with those in the case of divergent beam. 
In order to carry out refined observation, 
therefore, the high resolution electron diffrac- 
tion pattern is necessary. Thus, we have 
measured, on such a high resolution electron 
diffraction pattern, the angular distances be- 
tween the observed subsidiary maxima and 
the thickness of the film, Fourier coefficient 
of the periodic electric field in the crystal and 
angle of bending of the film have been ob- 
tained. 

Takagi» and Kénig® observed in electron 
micrographs that MoO, crystal transforms 
into minute black crystals when MoO, crystal 
is irradiated by intense electron beam, con- 
cluding, by electron diffraction method, that 
these minute crystals are MoO, crystals. We 
have observed in electron microscope images 
hat, besides the direct transformation of 
oO; into MoO., there exists another type 
of transformation. Namely, we have obser- 
ved that some homogeneous parts are formed 
in the original MoO; crystal and in these 
parts are produced some hexagonal holes. 
The homogeneous parts have been analysed 
by microdiffraction method and it has been 
ound that they are composed of an inter- 
ediate substance between MoO; and MoO,, 
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which may be called MoO,’ and also that 
the edges of the hexagonal holes are parallel 
to some definite net planes of this substance. 


§ 2. Experimental Observation 


(a) A group of closed contours and dark spots 

In ordinary electron microscope images as 
well as in shadow microscope images of thin 
crystalline film, we observe the extinction 
contour lines due to Bragg reflection of elec- 
tron beams)»*)) and often ‘‘a group of clo- 
sed contours’’® and ‘‘dark spots’’,® and it 
is supposed that the latters are certain modi- 
fications of the extinction contour lines. In 
order to ensure this supposition, the writer 
has carried out detailed observation by using 
the universal electron diffraction microscope 
as shadow microscope unit. Fig. 1 (a) and 
Fig. 2 (a) are the examples of shadow micro- 
graphs of mica film and MoO, respectively. 
Since these micrographs are shadow ones, 
the reflected images can also be observed at 
the same time.?) / Fig. 1 (b) and Fig. 2 (b) 
are the enlarged photographs of the shadow 
images observed at the centers of Fig. 1 (a) 
and Fig. 2 (a) respectively, where ‘‘a group 
of closed contours’’ and ‘‘ dark spots’’ can 
be observed respectively. Fig. 1 (c) and Fig. 
2 (c) are the enlarged photographs of the 
reflected patterns as shown in Fig. 1 (a) and 
Fig. 2 (a) respectively, in which we can see 
bright closed contours and a bright spots 
which correspond respectively to ‘‘a group 
of closed contours’’ in Fig. 1 (b) and one of 
<Sdarkspots ine hiow2n( bandanas potas 
shown by a large mark {f in Fig. 2 (b) cor- 
responding to a bright spot in Fig. 2 (c)). 
From these correspondences, it can be con- 
cluded that these patterns are due to Bragg 
reflections and the indices of the net planes 
which reflect the electron beams are deter- 
mined. 

From these reflected parts of shadow micro- 
graphs as shown in Fig. 1 (c) we can suppose 
that the shape of the film in which are ob- 
served ‘‘a group of closed contours ”’ is such 
that one region of the film is projected so as 
to form nearly hemi spherical shell as shown 
in Fig. 3 (a). In Fig. 1 (c) a bright closed 
contour due to (220) reflection is divided into 
two by a line contour of the same reflection, 
so that a ¢-shape contour is observed. In 
such bright ¢-shape contour, which is due 
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(a) (b) (c) 


(220) (200) (150) 


(110) (130) (240) 


eigea, ale 
(a) Shadow micro-diffraction pattern of split mica film, showing extine- 
tion contours and its reflected patterns. ; 
(b) Enlarged shadow image at the centre of (a), showing “a group of 
closed contours” as shown by mark ¢. 
(ce) Enlarged reflected patterns corresponding to “a group of closed contours”. 


(a) (b) (ec) 


ioe s 
(a) Shadow micro-diffraction pattern of MoO, film. 
(b) Enlarged photograph of the shadow image at the centre of (a) show- 
ing “ dark spots” as shown by mark %. 
(c) Enlarged reflected patterns of (2 2 1), n=0, 1, 2, 3, showing a re- 
flected bright spot image as shown by mark >. 


to reflection by a net plane normal to the 
surface of the film (in this case it is a part 
of (220) plane), a line contour is caused by 
the reflection from a part of narrow band 
which passes through near the top of the 
projected part of the film and along this con- 
tour Bragg condition is always satisfied, 
though the azimuth of the net plane to the 
incident beam varies continuously. The trace 
of such line contour on the film is shown in 
Fig. 3 (a) as curve 1. A closed contour due 
to reflection of the same plane, is shown in 
Fig. 3 (a) as curve 2 and is caused by the 
Bragg reflection in an annular part of the 
film, ditch or projection, near the base of 
the main projection. Along this contour, the 
azimuth of the net plane to the incident 
beam is not varied. When the Bragg condi- 
tion is satisfied by certain other net plane 


at a portion which aparts a little from the 
top of the film, the locus of such a portion 
forms a D-shape closed contour between the |} 
top and the base of the main projection, be-— 
cause the film takes the same orientation to 
the incident beams near the base of main 
projection. In this case, (200) (150) (110) 
plane satisfies this condition. If a very small 
portion of the projected part further project — 
abruptly, an extinction contour line passing 
through this portion forms a very small clo- | 
sed contour there and as the result it seems 
as if the contour line vanishes there so that 
¢-shape contour becomes S-shape as is seen 
in (130) contour. And other contour line pas- 
sing near this portion varies its form abrupt- 
ly and a contour with a loop is obtained 
such as (240) contour. If the indices of the 
two nearest extinction contours can be known, 
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(a) 
1 curve 1 of ¢-shape contour 
2icurve X of $-shape contour 
3; D-shape contour 


vertical cross section 
of the film 
1 


i ‘a film whose one portiort 
iS projected 


Zz micrograph of d-shape 
and D-shape contours 


(b) (Cc) 


incident beam extinction contour line 
> net plane 


SS Et 
“vertical cross 
section of film 


(a) Geometrical construction of the relation 
between a film whose one portion is pro- 
jected and a group of closed contours. 

| (b) The relation between the angle of bend- 
ing of the film and two points either of 
which is on each two extinction contours. 

(ec) The vertical cross section of the film 
whose one part is projected and composed 
of uniformly concave and convex part. 


he angle of bending of the film between any 
jwo points either of which is on each con- 
ours is given, from Fig. 3 (b), as: 


cos 6=cos #, cos #,+sin 6, sin 7, cos a, 


vhen the part of the film can be regarded 
‘is a portion of a spherical shell. Here, #7, 0, 
ire the Bragg angles of the net planes cor- 
esponding to the two contours and a@ is the 
mngle between two planes each of which in- 
Judes the incident beam and one of the re- 
ected beams from the point on the extinc- 
ion contour. In the case of a=0, @ is equal 
b (0,.—0,). From the above relation, the 


i 
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angle of bending of the uniformly bent por- 
tion of the projected part of the film can be 
known. For example, from ¢-shape contour 
corresponding to (220) plane and closed con- 
tour corresponding to (240) plane which is in- 
cluded in one half of the ¢, the angle of 
bending in the neighbourhood of the top and 
the base of the projection can be given as 
6=9.50x10-% rad., since in this case 0,=2/ 
2aosny Us A)2douy ANG) a— 11-3 TE the above 
calculation is applied to the whole extinction 
contours, the shape of projected part of the 
film can be known completely. Since, in the 
present case, all the net planes corresponding 
to the closed contours are normal to the film 
surface, the gradient of the surface of the 
projected part to the base is in the range of 
the Bragg angle (~10-*rad.). If the shape 
of film is nearly the one as shown in Fig. 3 
(c), the ratio of the height, 6, of projected 
part to the diameter, 2a, of the base is given 
as: 


biza=tanG 2-0/2 = 2.12 Ors. 


In the neighbourhoods of ‘‘ dark stops ’”’ it 
is observed that the shapes of extinction 
contours are distorted. For example, it can 
be seen in Fig. 2 (b) that many contour lines 
meet at “‘dark spots”’ or one of “‘ dark 
spots’ is situated at the centre of a group 
of closed contours. From the forms of the 
extinction contour lines around ‘‘dark spots’’, 
whose indices are different from those of 
contour lines, it can be supposed that a small 
portion of the film is projected and the cur- 
vature of the projected part varies abruptly. 
So it can be concluded that the dark spot is 
an extreme case of a closed contours. 


(b) Feather-like pattern 


In the ordinary electron microscope images 
of MoO, crystals, many smal! parallel stripes 
such as shown in Fig. 4 are observed when 
the specimens are irradiated a little while by 
electron beams. Similar stripes have already 
been observed by H. Kénig® and R. Takagi”. 
These patterns may be conveniently called 
‘‘feather-like patterns’’. The size of such 
stripes differs slightly from each other for 
different specimens, but they make equal 
angle of about 33.5° with the direction of c- 
axis of MoO, crystal. The large stripes as 
shown in Fig. 4 (b) have the harpoon-like 
shape and the edges of this harpoon are 


parallel to the net planes (102) and (304) of 
MoO, (Fig. 5) and in each harpoon small 
streaks are observed along c-axis. 


(b) 

Fig. 4. Electron micrographs of the “feather- 
like patterns” of MoO; crystals. Many parallel 
stripes are observed in (a) and large stripes 
having harpoon-like shape are observed in (b). 


Fig. 5. (010) plane of MoO; showing the relation 
between the edges of harpoon and net 
planes. 


The positions of these stripes do not change 
even when the orientation of the specimen to 
the incident beam is varied, but their bright- 
ness, which differs from that due to the part 
of the base crystal, varies. Thus, it can be 
supposed that the orientation of the stripes 
differs from that of the base crystal. 

The high resolution electron diffraction 
pattern of this specimen is the N-pattern 
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of MoO, as shown in Fig. 6 (a) and on each} 
spot the needle-like intensity region is obser- 
ved which elongates in the direction normal 
to the stripes. In some cases, this needle- 


like intensity region is splitted up into small 


(a) (b) 


Fig. 6. The high resolution electron diffraction | 
patterns of MoO, films whose micrographs show 
the “feather-like patterns ”; (a) shows the N- 
pattern of MoO, and needle-like intensity 
regions are observed on each spot; (b) is the 
pattern of (100) plane showing, on enlarged | 
seale, that the intensity region is split up into | 
small spots. 


spots as shown in Fig. 6 (b). This can be} 
explained as follows; since all the strires 
have almost the same width and are parallel 
to each other, the electron beam will be dif- 
fracted by these parallel narrow windows 
and will give splitted spots around each N- 
spot which is caused by reflection by Bragg! 
condition. If the stripes are not the same 
for different ones, the difiraction patterns 
will not be splitted up into small spots, but 
will become spikycross pattern. From these 
splitted spots, the width of stripes can be 
calculated. From the observed value of the} 
intervals of the splitted small spots, the width 
of stripes is obtained to be 325A. On the} 
other hand, from electron micrographs of} 
the same specimen, the width of stripes is} 
obtained to be about 300~350A, in good] 
agreement with the above value obtained 
from splitted spots. © 


(c) Wave-like patterns 


| 


In ordinary electron microscope images, as} 
shown in Fig. 7 (a), many lines are observed 
with specimen of MoO, crystals chemically] 
produced which are nearly straight and paral} 
lel to each other and which seem to be some 
boundary lines of crystalline film. Many 
small parallel stripes are the ‘“‘ feather-like 
patterns’ as stated above. Since, in suc 


micrographs, the extinction parts due t 
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Bragg reflection overlap on them, the patterns 
become very curious, which may be called 
the ‘‘ wave-like parterns’’*?, By varying 
the orientation of specimen to the incident 
beams, the extinction parts due to Bragg re- 
flection vary continuously, but the situation 
of the boundary lines do not change. In case 
when the film is bent uniformly, it is expec- 
ted that the extinction parts due to Bragg 
reflection become continuous dark bands. 
However, it is observed, in Fig. 7 (a), that 
the extinction parts are discontinuous at the 


| 
AK extinction part 
" 


\; 
y 


IR, Po 

(a) Electron micrograph of MoO;, showing the 
wave-like pattern composed of many lines 
which seem to be some boundary lines of 
crystal sections, and the extinction parts due 
to Bragg reflection (dark parts). 

(b) The relation of the periodic bending of 
erysal and extinction parts due to Bragg re- 
flection. 
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boundary lines and their fringes are like the 
blade of a saw. From the appearance of 
these extinction parts, it can be supposed 
that each sections between the boundary lines 
are bent along its boundaries and at the same 
time the whole films is bent uniformly as 
shown in Fig. 7 (b). (By this bending broad 
extinction band is caused.) As the result, 
the film is in the state of periodic bending. 

This fact also be ascertained in the reflec- 
ted parts of shadow microgragh (Fig. 8 (a)) 
as well as in the high resolution electron 
diffraction pattern (Fig. 8 (b)) as follows. 
Fig. 8 (a) is an enlarged reflected part of 
(002) plane of shadow micrograph of MoO, 
film, in which is observed a part correspond- 
ing to the wave-like pattern as indicated by 
mark f. As will be seen in this part, since 
the reflection of (002) plane occurs periodically, 
it can be concluded that the film is in the 
state of periodic bending. Also it can be 
estimated that the angle of bending (4a) of 
the periodic bending as shown in Fig. 7 (b) 


(b) 


Fig. 8. 

(a) Enlarged reflected part of (002) plane of 
shadow micrograph of MoO; film, showing the 
wave-like pattern. 

(b) Enlarged part of high resolution electron 
diffraction pattern of the same plane (002) of 
the same specimen, showing a cross spiky part 
corresponding to the wave-like bending of the 
film. 


is at least not greater than 2/2(1/doo2.—1/do12) 
=1.8x10-‘rad., because in each section only 
one reflection of (002) plane satisfies the 
Bragg condition and if the section is further 
bent, (012) reflection will occur. Fig. 8 (b) 
shows an enlarged part of high resolution 
electron diffraction pattern of the same plane 
with the one as shown in Fig. 8 (a). Since 
these photographs are taken at the same 


* The similar pattern was also observed inde- 
pendently by T. Hibi (1952) in the case of split 
mica films. 
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situation of the same specimen, a cross spiky (d) Bent specimen and subsidiary maxima of 
part observed in the diffraction patierd cor- electron diffraction. 

responds to the wave-like pattern of a reflec- From the electron micrograph of MoO; film 
ted part of shadow micrograph. The three 2 shown in Fig. 9, it is supposed that the 
direction of the cross as shown by mark 7 

coincide with the directions which are normal 
to the parallel lines in the reflected part of 
shadow micrograph of the wave-like pattern 
in Fig. 8 (a). Since, as will be shown later, 
the diffraction spots of thin crystalline film 
elongate in the direction along which the 
film is bent, it can be concluded that one of 
the directions of the cross coincides with the 
direction of the bending of film and the 
specimen is in the state of periodic bending. 
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(b) 
(b) : 


Figo. 10. : 
(a) The high resolution electron diffraction pat- Fig. 11. 
tern of bent MoO, film. (a) The shadow micro-diffraction patterns of 
(b) An enlarged part of (a), showing the sub- bent MoO, film. 
sidiary maxima of a group of indices (0 k iD), (b) An enlarged part of (0% 1) group showing 


ley PS BS a subsidiary maxima. 


film is bent uniformly, because its extinction micrograph. The external form of this bent 
contours are nearly straight lines, though film can easily be seem from the diffraction 
the angle of bending is not known from this pattern as follows. In high resolution elec- 
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tron diffraction pattern and shadow micro- 

diffraction pattern of uniformly bent film of 

MoO;, a series of diffraction spots were ob- 

served whose indices of reflection plane are 

not only (h 0 27) but also (kh k 1) k=1, 2, 3, 

A ..-.,. rom these diffraction patterns 

the angle of bending of the specimen can 

be known. In Fig. 10 (a), a high resolution 
electron diffraction pattern of MoO, is shown 

and in Fig. 10 (b) a group of indices (0 R 1) 

k=0, 1, 2, 3, 4 are shown. From this Fig. 

10 (b), it can be found that the angle of 
_ bending is nearly 46°27’ in the range of ir- 
radiation (this being the angle between the 
planes (001) and (041)). In this pattern, the 
subsidiary maxima were observed around 
each spots and similar subsidiary maxima 
were observed in diffracted parts of shadow 
micrographs of Fig. 11 (a) and one part of 
which is shown enlarged in Fig. 11 (b). These 
subsidiary maxima of electron diffraction can 
be similarly observed in split mica film. Ac- 
cording to the theory of electron diffraction, 
it is expected that a series of subsidiary 
maxima can be observed around the reflected 
spots of N-pattern in the case of thin bent 
film, and from those subsidiary maxima the 
Fourier coefficient of the periodic electric 
field in crystal and the thickness of the film 
' can be computed, as will be discussed in the 
following section. 

(e) Transformation of MoO, crystal, MoO,’ 
| and fiecagonal holes 

When the intensity of the incident electron 
beam is increased, the temperature of the 
' specimen becomes higher, and in the case of 
MoO, specimen the transformation of the 
' structure takes place. The fact that the 
original MoO, crystal transforms into the 
minute MoO, crystals by electron irradiation 
-is well known.” 

We have observed in detail changes of the 
structure in the course of such a transferma- 
| tion. When the intensity of electron irradia- 
ition was increased, it was observed that 
many small black grains were created in 
some parts of the original MoO, and simul- 
| taneously some homogeneous parts were pro- 
duced in other parts of the specimen as shown 
in Fig. 12. In high resolution electron dif- 
‘fraction pattern of such specimens we have 

been able to see not only an N-pattern due 
to MoO, and Debye-Scherrer rings due to 
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MoO, but also another N-pattern due to an 
unknown substance which belongs to mono- 
clinic system and whose lattice constants are 
a=3.92A c=3.44A @=93°. (The length of b- 
axis could not be determined.) The first N- 
pattern is surely due to a part of the original 
MoO; crystal which has remained unchanged. 
By the electron micro-diffraction method, the 
second N-pattern has been proved to be due 
to the homogeneous parts. Therefore, it is 
seen that the Debye-Scherrer rings corrospond 
to the black grains. 


SPE. S723 3 me 

Fig. 12. Electron micrographs of thin MoO; 
erystal, showing the reduction process by 
electron bombardment. Minute grain crystals 
are those of MoO, and homogeneous parts 
having hexagonal holes are MoO,’ erystals. 


By continuous irradiation of electron beams, 
many black grains of MoO, crystal grew 
larger to about 0.2 in diameter and there 
produced around them irregular holes which 
grew larger as the black grains in them be- 
came larger. From these observations it can 
be supposed that the MoO, crystals grow by 
sublimation or diffusion of the original MoO, 
crystal and in these processes reduction of 
MoO; to MoO, may take place. On the other 
hand the homogeneous parts become larger 
and in them some holes of nearly hexagonal 
shape were produced at the same time. When 
the former overspread to small grains of 
MoO, crystal, irregular holes around them 
vanished and MoO, crystals were surrounded 
by the homogeneous parts and stayed there 
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as black spots. As to the monoclinic crystal 
stated above its value of a (=3.92A) coincides 
with the spacing of (100) plane of MoO, and 
the value of c (=3.44A) coincides with the 
spacing of (110) plane of MoO,. Two inter- 
mediate substances between MoO, and MoO, 
have already been known?, but the present 
monoclinic crystal differs from either of 
these two and it may conveniently be called 
MoO,’ because of the fact that such crystal 
is also finally changed, by further illumina- 
tion of electron beam, to black small grain 
of MoO,. The angles between the edges of 
hexagonal holes as produced in homogeneous 
parts are 90°, 110°, 130° and 138°, and there- 
fore the holes are supposed to be bounded 
by the net planes (201), (301) and (103) of 
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irradiation in vaccum consist of the indirect 
transformation MoO,—MoO.’/—MoO, and the 
direct transformation Mo0O;,—MoO,. In the 
case of thick specimens of MoO;, they become 
dark and small holes are also formed by 
intense illumination of electrons. The shadow 
micro-diffraction image and electron diffrac- 
tion pattern of the film in this state show 
the formation of MoO,’ crystal only. 


§ 3. Discussion 


The dynamical theory of electron diffrac- 
tion developed by Bethe??? was extended by 
other workers!*)»?5) to the Laue case. Ac- 
cording to their results, in case when there 
is only one reflection, the ratio of the inten- 
sity of the reflected beam to that of the 
slab of 


MoO.’ crystal. incident beam is, for a_ crystal 
From the above observations, we can con- thickness D, given by 
clude that the changes produced by electron 
sn Vn fe , Vin : CH ) Vis" = 
lias V2? & cos Ap Ez: cos O, cos O;,/ | &2 Cos A cos A), 
Ty 2. COS Oy COS On ye Vig See Se ee are (als) 
Ge cos 0, ~ 2k cos On " cos *) ay re COS Ao C08 Op, 


where the notations are almost the same as 
Bethe’s one, namely : 
M,=the angle between the normal of the 
film and the incident beam, 
0,=the angle between the normal of the 
film and the reflected beam, 
O;=the Bragg angle, 
h and g=reciprocal lattice vactors, 
E= accelerating potential, 
V=inner potential of the crystal, 
V,=mean inner potential of the crystal, 
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The potential V(v) can be expanded in a 
Fourier series as follow : 
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In the last expression Q is the volume 
of the unit cell and >, the electronic structure 


factor for the (h k Z) reflection. The quantity 
€, is the ‘‘excitation error’? and the geo- 
metrical relation to (@)—@z) is given by Mac- 
Gillavry as €,=«(@)—6z)sin 260, to the net 
plane normal to the crystal surface. 

For our present discussion, however, it is 
convenient to construct the geometrical rela- 
tion between @, and 4g to all the net plane, 
where 4g is the angular deviation of the re- 
flection from the angle 20, when the crystal 
is illuminated by parallel beams. From the 
geometrical construction of bent crystal and 
wave vector of electron beams as shown in 
Fig. 13, the deviation angle 40) of the inci- 
dent beam from that corresponding to the 
exact Bragg condition, which is equal to the 
angle of bending 4a of the crystal, is given 


as: 


40) = ZLOL=sa= LLy = on 
kK Sin 20,’ 


(2) 
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and the deviation angle 40, of reflected beam 
that corresponding to the exact Bragg con- 
dition is given as: 

e0 Eh Phil! Ln 


K Kk 


pat 
= 4 (cot 26z+tan@). (3) 


Now, from Fig. 13 4g is given by 


AG =(On—9)—262= 9 —20n=40n—AB, : (4) 
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The value of 4¢ can be computed by Eqs. 
(2) and (3). 


Ag= t On, j a a Z 
"(tan n+cot 26, = 20, 


sin 
_ Sn 


K 


(tan 6,—tan Oz) - (Gy) 


From Eq. 5, the intensity of reflected beam 
can be written as 


: sin? t «D A 4g y+ Be 2 
Ly ae Pe _ \ cos (tan 6,—tan Ox) J &* cos 8) Cos On 
I,  x*cos @) cos 6 ( _ 4¢ y+ Vy? oe (6) 
cos @,(tan 6, —tan 6z) k* COS G, COS Ox 
‘The relative maxima in the reflected intensity will occur 
1 V 4¢ ‘ye Vr? 7 
—r«D es = w =a Son By, (ear oF a 
2 lee 6,(tan 6,—tan 6) ) hae COs 0, COS On 2 ee) 
Therefore 
m2 2 Vert 2771/2 
49). = | St ‘ = 
(4Y) Nea?) (gore By cas x) | cos 9,[tan 6,—tan 6x] , (8) 


and when @;<@; this becomes 


(raf (22) 


—( Vint yf sin 0, 
Ev/cos 8, cos 6n a 


As can be seen from Eq. (8), if @, is equal 
130 Oz, (4%)m becomes zero. Since this condi- 
cion is satisfied on a plane which is normal 
iio the crystal surface, e.g..in electron 
Hiffraction spot of (001) plane of MoO, film, 
the subsidiary maxima can hardly be 
iybserved as shown in Fig. 10. 

| For large m and 0,>6,, the angular spac- 
ing of adjacent maxima is given by 


(AP) m+2—(4P)m=(4/D) sin On * 


(9) 


- 


(10) 


» From the angular distance of the subsidia- 
-y maxima of electron diffraction of bent 
MoO, film, the thickness of the film and 
Fourier coefficient of inner potential can be 
‘computed by using Eq. (9) as 


[ 


= 22 cos #,{tan 9, —tan Ox] : 
€ V (4)s?—(4¢)3” 


V _ V9 (A )s2—25 (AP)s? VCOS Io V/ cos On . 
a 4 cos 0, [tan 6,—tan 9x] 


(11) 


For example, the values for (041) plane are 
computed by using the values of cos = 
oa; /@o01= 0.689, 202=A4/do4;=0.0246, cos 6,= 
cos (89 +26z)=0.671, tan 6,=1.104, tan @;= 
0.0116, E=40 x 10? volts and 4=0.062 x 10-§cm. 
Making use of the values (4%);=18.46 x 10-5 
rad. and (4%),;=31.31x10~-° rad. as measured 
on the enlarged photograph whose effective 
camera length of electron diffraction is 3608 
cm, the values of D=360A and V ,,;=1.6 volts 
are obtained, while the calculated value of 
Vos. from the values of structure factors is 
1.57 volts. 
is fairly good. From the shadow micro-dif- 
fraction pattern of a specimen, the value of 
(4v) can be measured and the values D=230A 
and V .;=3.13 volts have been obtained, while 
the calculated value of V 2, is 3.16 volts. The 
agreement between theory and experiment is 


It will be seen that the agreement 


again satisfactory. 

If an ideal thin crystalline film of thickness 
D is bent into a form of cylinder of radius 
R, the location of relative maxima, S, mea- 
sured from the point A in Fig. 13 (a) will be 
given from the figure as S=4a(R+D/2). From 
Eqs. (2), (5) and (9), dw can be given as 
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(a) Geometrical construction of bent crystal and electron beams. 

IA and AD: Incident beam and reflected beam at a point A respectively where the 
Bragg condition is satisfied exactly. 

I/B and BD’: Incident beam and reflected beam respectively at a point A which is 
apart from A at a distance s, where the Bragg condition is not satisfied exactly. 

The angular deviation of BD’ from the direction AD is Ag. 

(b) Wave vectors of electron beams in reciprocal space of crystal. 

O and H: The origin and a reciprocal lattice point respectively. OH=2rh 

Plane of this figure is determined by the vector A and «=Z)O. 

Sp and S;,: Spheres of radius «, drawn O and H as centres respectively. 

In: Laue circle, i.e. intersection of Sp and S),. 

InOQ: The direction along which the incident beam JA (Fig. 13 (a)) will aneeed in 
the crystal after the refraction of an amount given by Snell’s law. 

InH: The direction of reflected beam in the crystal when the Bragg condition is 
satisfied exactly. 

LO: The direction along which the incident beam J’B (Fig. 13 (a)) will proceed in 
the erystal. 

At the point B, as the crystal is bent through an angle 4« from the point A, the 
reciprocal point H must be rotated around O through the same angle. da= 
LBCA= ZLj,OL. 

veva: Normal of the crystal surface which passes through a point Z and intersects 
with S, at point L,. 

[L,H: The direction of reflected beam in the crystal which Corresponds to BD’. 

S,: Sphere of radius «, with Z as centre. 

H’: Intersection of S; and L,H. 

LN: Parallel line to L,H. 

L’: Intersection of S, and LN. ¢,=HH’=LL’. 


A Uhl Cr Ae Vieidnxr AF ie 
RE sata = ee ee — eS COS Dy, . 
k «sin2@, (tan @,—tan 9,)sin 2p JEV/ cos 6) cos O», | 
; | 
a ( ae ( Varidaxt i) wi eG (13)* 
Ps) NOD LEV/ cos 0) cos Oy, } 
sian * On the plane normal to the crystal surface j 
aierile (12) COS 6) =co: ineli 3 
o0=Cos 6,—~=1, but on the plane inclined to the 
and S is given as erystal surface normal, cos 8,~cos@,-1. For ex- 
D D DF s ample, in some planes of MoO; the values of 
S=da( R+ = )=2(R+ )( .) COS % are given as 0.967, 0.887, 0.788 and 0.689 
2 2 2D respectively for (011), (021), (051) and (041). 
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If the value of D and the indices of net 
plane can be known by other methods, the 
value of R can be computed by measuring 
the value of S on the electron micrograph. 
Since, in the case of divergent beam dif- 
fraction method, the deviation angle of 
transmitted dark parts from that correspond- 
ing to the exact Bragg condition in the 
central image is equal to 4) and the devia- 
tion of reflected beam from that correspond- 
ing to the exact Bragg condition is given as 
4@,, it can be known that 4¢ is given as the 
difference of them as shown in Eq. (4) and 
is very small compared with 40, or 44. 
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Morphology of ZnO Crystals formed on the Surface of 


Brass or Zinc at High Temperatures 
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It was electron-microscopically observed that thin needles are project- 
ing on the surface of brass or zinc heated in the air. Electron dif- 
fraction diagrams proved that they are needle-shaped crystals of 
hexagonal ZnO with axes parallel to [110] direction; which presents 
an interesting contrast to the ZnO smoke needles having axes parallel 
to [001]. For brass, needle-shaped crystals begin to form at about 
300°C, and the largest crystals grow at 550-650°C. At temperatures 
higher than 700°C the growth of the needles is suppressed and no 
oxide is found at all near the melting point. In the case of zinc, the 
largest erystals are obtained at 450-550°C (melting point 419°C), where 
dendritic crystals having 60° branching are observed together with 
flat sword-like crystals. When the substrate brass or zine is mechani- 
eally distorted heavily, plate-shaped ZnO crystals showing rotational 


slips are obtained. 


Introduction 


§1. 

Ever since the advent of high resolution 
electron microscope more than ten years ago, 
the white smoke produced from burning zinc 
in the air has attracted general attention be- 
cause Of its fantastic aggregates of sub- 
microscopically thin needle-shaped crystals. 
In 1944, Fuller? reported that the needle axis 
of these crystals is coincident with [0J1] 
direction of ZnO. Anomalies in intensity of 
the electron diffraction Debye-Scherrer rings 
obtained from these needle-shaped crystals 
as reported previously®? were explained by 
Cowley, Rees and Spink from the refraction 
effect®) and the shape factor of the crystals. 
Similar conclusions were reached independent- 
ly by Honjo e¢ al.*; these authors further clari- 
fied that the needle-shaped crystals are bound- 
ed by six ((100)) planes. Later observations of 
Cowley et al.© elucidated the structure of 
webbing stretched between needles. 

On the other hand, it has been revealed by 
electron diffraction studies that the surfaces 
of polycrystalline zinc”, zinc single crystal®”, 
zinc evaporated on to copper surface!™, zinc 
alloy such as brass!», and zinc mineral such 
as zincblende’», are covered with minute 
crystals of ZnO when heated in the air. 
There has been given, however, no direct 
observation on size and shape of such surface 
oxide by electron microscope. We found 


recently the fact that though ZnO crystals 
formed on the surfaces of brass and zinc at 
hign temperatures in the air possess electron- 
microscopically either needle- or plate-like 
shape analogous to the habit of ZnO smoke 
particles, their electron diffraction patters 
are such that which correspond to a quite 
different crystal habit. Thereupon detailed 
investigations were made about the size, 
shape and structure of ZnO which forms on 
surfaces of zinc and brass heated in an 
electric furnace or by a flame. 


§ 2. Experimental Methods 


As brass specimen, commercial brass 
meshes (200 #) were employed. The chemical 
analysis showed: Cu 80% and Zn 20%. 
Their surface had a characteristic brass 
lustre. Brass meshes of a little different 
constituent ratio gave almost the same results. 
The clean meshes punched into discs, 3mm 
in diameter, were put into an electric furnace 
and heated at 250-1000°C for a period from 
an hour up to twenty days, the furnace be- 
ing kept automatically at a desired tempera- 
ture with a precision of -++15°C. Some of 
them were heated by an alcohol lamp. They 
were then examined by a magnetic electron 
microscope or electron diffraction camera. 


Accelerating voltage of about 70kV was used 
in either case. 
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As zinc specimen, commercial extra pure 
sranular zinc was generally used. Zinc was 
dled into fine particles, 0.1-0.3mm in di- 
ameter. A number of the particles were 
jlaced on nickel meshes (200 #), which were 
hen heated and examined in just the same 
way as for brass*. High purity zinc (99.99%) 
zave quite the same results. 

In order to observe the oxide on zinc single 
crystal, the following method was attempted. 
\ thin zinc single crystal, 0.4mm in diameter 
ind 3mm in Iength, was fixed to a specimen 
iolder of an electron microscope, so that its 
sleavage surface stood parallel to the electron 
seam. This crystal was heated together with 
he holder in the furnace, and then mounted 
n the electron microscope. In this way, 
ircumference of the cleavage surface could 
ve observed from a direction parallel to the 
urface. 

To make sure the correspondence between 
lectron microscopical image of a certain 
rystal and its diffraction pattern, a three- 
tage electron microscope of Japan Electron 
Yptics Laboratory Co., Ltd., was used.** Its 
ccelerating voltage was about 50kV. 


3. Needle-shaped ZnO Crystals 


_ When brass was heated at 450°C for an hour, 
aany needle-shaped crystals grew from the 
urface (Fig. 1). Dimension of most of these 


‘ig. 1. Needle-shaped ZnO crystals projecting 
. from brass surface after 1 hr heating at 450°C. 


systals was 10-20 my in thickness and 1-2 
1 length. Some of them were as long as 
yw, and vibrating incessantly during obser- 
ation in the electron microscope. 

It is very likely that the axes of these 
bedle-shaped crystals have a definite crystal- 
graphic direction while their azimuth dis- 
ibutes at random on the substrate. Their 
ectron diffraction pattern obtained by the 
‘ree-stage electron microscope is shown in 
g. 2, where an arrow indicates normal 
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direction of the brass surface. The spacings 
are those of hexagonal ZnO. From the arc- 
ing direction of the rings from plane (002) 
which is parallel to the basal plane and from 
planes (103) and (102) which make small 


tees 


"O03 
Pe 
: teapot 


jee 


Fig. 2. Electron diffraction pattern of needle- 
shaped ZnO erystals. Arrow indicates direction 
perpendicular to Brass surface. 


angles with the basal plane, it may be sup- 
posed that the direction of the axis of needle 
crystals, which are lying mostly nearly paral- 
lel to the arrow, is parallel to the basal plane. 
Absence of the orientation which may be ex- 
pected to exist in the (100) ring is ascribed 
to the circumstance that the angles between 
the needle crystals and the substrate normal 
are distributed in a wide range (considerably 
over 30°). On the other hand every diffrac- 
tion spot is more or less elongated into a streak 
because of the peculiarity in crystal shape. 
Among the spots on the (110) ring, those which 
are elongated along the ring circumference 
show an appreciable arcing, while the others 
on the same ring are not distinctly arced; the 
former spots can be interpreted to be due to 
reflections from planes perpendicular to the 
axis of the needle crystals which are 
actually directed to the position of the spots 
from the direct spot in the pattern. 

The same habit was ascertained for the 
needle-shaped crystals grown on zinc surface 
at elevated temperature. 

* On the surface of nickel heated above 400°C, 
plate-like oxide of spotty appearance was some- 
times observed with an electron microscope, which 
was identified as an assembley of minute crystals 
of NiO. But this NiO was easily discernible 
from zine oxide, and offered no trouble in the 


present investigation. 

**k The author is very much indebted to Mr. 
K. Ito and Mr. T. Ito for kindly allowing him 
to use their three-stage electron microscope. 
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$4. Effect of Temperature 


1. Brass 

Brass was heated for an hour at tempera- 
tures 250-1000°C, and observed in an electron 
microscope. Needle-shaped crystals began to 
appear at about 300°C. The largest crystals, 
3-5 2 in length, grew densely at 550-G50°C. 
Some of them were apparently flat ; the flat 
surfaces are supposed to be parallel to (001) 
plane as will be mentioned later for the oxi- 
dation of zinc. At 750°C, a few thick needles 
were seen here and there; at temperatures 
higher than 850°C no oxide crystal was seen 
up to the melting point (about 995°C). 
Be, LEgiixe 


Fig. 8. ZnOerystals grown on zine surface after 
1hr heating at 550°C. 


Fig. 4. Elevation (E) and plan (P) representation 
of ZnO in reciprocal spare. c*-axis is perpen- 
dicular to P and parallel to E. Four planes 
described by sections I, II, III and IV are 
perpendicular to E. 


When zinc was heated for an hour at vari- 
ous temperatures below melting point (419°C), 
needle-shaped or flat crystals began to appear 
in an electron microscope at about 300°C and 
grew larger at higher temperatures, but nei- 
ther branching nor any other complicated 
shape was noticed. 
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On the other hand, when zinc was heatec 
above melting point (419°C) for an hour, thd 
electron microscope image revealed varioug 
shapes of oxide crystals. Between 450°C ang 
550°C, the growth of ZnO crystals was mos 
remarkable, the zinc surfaces being coverec 
with long, flat sword-like ZnO crystal# 
throughout (Fig. 3). From these specimens 
single crystal electron diffraction patterns 
such as those corresponding to the cros¢ 
sections of the reciprocal lattice by the sphere 
of reflection as illustrated in Fig. 4 by I, II 
III and IV were often observed, but no singlé 
crystal pattern corresponding to the cros¢ 
sections parallel to c*-axis was obtained. In 
view of these facts as well as that ZnO seemg 
habitually to grow parallel to (001) plane ag 
will be described in later paragraphs, it wil) 
be quite reasonable to suppose that the flat 
sword-like crystals in Fig. 3 are parallel td 
(001) plane, having [110] axes. Some of them 
had a dendritic appearance (Fig. 5). All of the 
branchings are practically included in a com 
mon plane (z.e., basal plane) and they maké 


eT ee Eee 
Fig. 5. Dendritic ZnO erystal grown on 
surface after 1 hr heating at 450°C. 


zine 


angles of about 60° with one another, as was 
found by stereoscopic electron micrographs. 

Behaviors of the oxidation at higher temper- 
atures were as follows: The growth of 
ZnO became less prominent at 650°C ; only} 
a few thick crystals, about 5y in length, | 
were seen at 750°C, and then still fewer 
crystals, about 1 » in length, remained visible} 
at 850°C. Finally at 950°C, no needle crystal 
but irregularly shaped minute crystals, about} 
0.1 in diameter, aggregating on the surface 
was observed. 
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$5. Effect of Heating Time 
1. Brass 

When brass was heated for five hours at 
990°C, a number of rape leaf-shaped ZnO 
crystals were obtained (Fig. 6), besides nor- 
mally shaped needle crystals. These curiously 
shaped crystals must be a modification of the 
needle crystals produced by developing later- 
ally in the basal plane as assumed before. 
Heating for a day at the same temperature 
generally resulted in rod-like crystals (Fig. 
7). By a further heating for more than six 
days, though there was found no striking 


Fig. 6. Rape leaf-shaped ZnO crystals on brass 
after 5 hr heating at 550°C. 


Fig. 7 Rod-like crystals on brass after 1 day 
heating at 550°C. 


Vldis 


Fig. 8. Electron diffraction pattern of a rod-like 
ZnO crystal formed on brass after over 6 days 
heating at 550°C. Taken by the three-stage 
electron microscope. 
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change in their external shape except for 
considerable increase in length, the corre- 
sponding electron diffraction pattern became 
as shown in Fig. 8; in which all the diffrac- 
tion spots extend in direction perpendicular 
to the needle crystal, forming almost a_pat- 
tern of equal-spaced parallel lines. The 
space changed from crystal to crystal ; their 
minimum value seems to be half the recipro- 
cal of the spacing of the (110) plane. This 
anomalous pattern may be ascribed to im- 
perfections along a longitudinal direction of 
the needle crystal similar to those reported 
by Cowley e¢ al. for the webbing of ZnO 
smoke particles. 


Ze ZUNC 

On heating zinc for several hours at 300°C, 
below melting point, only the needle-shaped 
or small flat ZnO crystals were observed, but 
after heating it for more than ten hours, 
circular flat crystals, about 1 y in diameter, 
were also detected. 

When zinc was heated for twenty days at 
450°C, above melting point, some large 
crystals, 1 ~ in diameter and more than 10 
in length, were produced. 


§ 6. 

When brass was lightly heated in an oxi- 
dizing flame of an alcohol lamp and immedi- 
ately withdrawn, needle-shaped crystals pro- 
jecting from the surface with somewhat 
rounded heads were observed (Fig. 9) ; their 
electron diffraction pattern exhibited, natural- 
ly, a clear fiber diagram of ZnO. But after 


Heating in an Oxidizing Flame 


Fig. 9. ZnO erystals on brass after heated 
lightly with an alcohol lamp. 


strong heating ina similar flame, the surface 
was covered with irregularly shaped ZnO 
crystals, about 0.1 in diameter ; their elec- 
tron diffraction pattern showed normal ZnO 
rings. 

When zinc was similarly heated with an 
alcoho! lamp, thick and short rod-like ZnO 
crystals projecting from the surface were 
observed. 


§7. Flat ZnO Crystals 


When a brass surface was hit heavily with 
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a clean hammer, and then kept for more 
than ten hours at 500-600°C, seaweed-like 
flat crystals, 5-10 ~ in diameter, as well as 
needle-shaped crystals were found to form 
(Fig. 10). In their images many fringes due 
to Bragg reflections'™ are running irregularly, 
corresponding to severe distortion of the 
crystals. When an electron beam was direct- 
ed approximately normal to the surface of 
such a flat crystal, either one of the two 
diffraction patterns as shown in Fig. 11, a, 
b, and schematically drawn in Fig. 12, a, b, 
was obtained. In each diagram of Fig. 12, 
it is easily seen that two sets of hexagonal 


Fig. 10. Flat ZnO erystal formed on the sur- 
face of deformed brass after 1 day heating at 
550°C. 


Fig. 11. Two kinds of electron diffraction patterns 
taken by a. ordinary diffraction camera, and 
b. three-stage electron microscope. 
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single crystal patterns expressed by @ and 
© are superposed on each other with a defi- 
nite angle of rotation, 27°48’ or 38°13’ (or 
21°47’), having additional weak spots. Both 
of the two diagrams can be explained in the 
following way by the idea of the rotational 
slip of crystals introduced by Wilman™. 
Let Fig. 13, a, b, represent the basal planes 
of ZnO crystals. For the sake of simplicity 
we consider the arrangement of zinc atoms 
only, and denote their possible positions by @, 
e and ©. It may be easily seen that in the 
normal structure of ZnO crystal a two-dimen- 
sional arrangement of atoms expressed by 


Fig. 13. 
projected on basal plane. [100] directions are 
indicated by a full line (before slip) and a dot- 
ted line (after slip). 


Atomic arrangement of ZnO erystal 


@ and that by e lie alternately in planes 
with a distance c/2 in the c-direction. We 
represent the crystal of this orientation by 
@. We assume that there are two contacting 
crystals, each represented by @ and O, re- 
lated by a rotation about a common [fattice 
direction, z.e., the direction of c-axis. Bound- 
ary plane where two crystals meet is here 
normal to the common lattice direction. Then 
these two crystals, each of which is repre- 
sented by @ and O, give single crystal 
patterns denoted in Fig. 12 by @ and o, 
respectively. Weak spots in Fig. 12, which 
look as if they were originated from large 
unit cells enclosed in Fig. 13, may be ascribed 
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to the secondary reflection similar to that 
observed by Wilman in »-C;,.Hg, crystalized 
from solution on a collodion film'™. 

The flat crystals as shown in Fig. 10 al- 
ways gave diffraction patterns with the rota- 
tional slip. In the pattern as Fig. 11, a, 
short arcs of (kl) can often be seen just 
outside of (hk0) spots. This is indicative of 
the distortion of crystals already mentioned. 
‘Appearance of forbidden spots such as (111), 
(301), (803) and (411) in Fig. 11 may probably 
owe to the multiple reflection of electrons. 

The plate-shaped ZnO crystals formed on 
highly distorted zinc surface mentioned be- 
fore gave sometimes the evidence of the same 
rotational slip, but in other cases no trace 
of rotational slip was found. Thus it seems 
to be that the growth of ZnO with rotational 
slip takes place only when the substrate 
crystal is in a state of excessive distortion. 
Hence it may be suggested that here the 
distortion in the substrate crystal led the 
surface oxide to rotational slip. Wilman 
cited many examples of occurrence of rota- 
tional slip'?', but no such case as described 
aere was ever reported. 

In connection with the rotational slip oc- 
curring in crystals grown from_ solution, 
Wilman said that rotational slip ts generally 
along the atomic or molecular layers which 
are first formed on the substrate’. That the 
nasal plane of ZnO, where we observed rota- 
ional slip, is one of such layers can be seen 
iulso from the following experiment: Thin 
ransparent film of ZnO was obtained from 
molten zinc by the copper loop method!” ; 
his film has a fiber structure with the sur- 
‘ace normal parallel to [001] direction’. 
Ybservation of this film with an electron 
nicroscope revealed that it is generally a 
lat plate, though it is constituted of domains, 
vbout 0.1% in diameter, corresponding to 
very sharp electron diffraction Debye-Scherrer 
ings at normal incidence. 


8. Discussions 


It is worth mentioning to find that oxide 
‘formed by atmospheric oxidation of brass 
x zinc is really a needle projecting from 
he surface, since the previous investigations 


l 
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performed by means of electron diffraction 
have overlooked it. For instance, Miyake,! 
studied oxidized surface of brass by reflec- 
tion and merely reported very clear pattern 
of ZnO; Tanaka and Hashimoto™ found ZnO’ 
pattern on oxidized surface of copper evapo- 
rated by zinc in vacuum and explained it 
with a ring fiber structure in which [001] 
direction of ZnO distributed at random in the 
surface. These results may be readily under- 
stood from the consideration that ZnO needles 
of [110] direction were growing on the sur- 
faces. 

As mentioned before, Cowley et al.© report- 
ed faults running in a definite direction in 
the webbing of ZnO smoke crystals. It will 
be remarkable that their direction is coinci- 
dent with that of the needle axis of ZnO in 
the present experiment. 

Vernon ef al. reported, in their study of 
atmospheric oxidation of zinc below melting 
point, that below 225°C the surface was 
covered with smooth amorphous zinc oxide 
film accompanied by a little weight increment, 
whereas above 225°C crystalline zinc oxide 
was formed with far more rapid weight in- 
crement wherein the surface showed no 
interference color on account of roughness. 
In our electron microscopic experiment, small 
needle-shaped crystals of ZnO were barely 
observed by heating zinc up to 250-300°C 
for an hour. But it may be plausible to 
suppose that the critical temperature of 225°C 
found by Vernon ef al. is the temperature 
at which the needle-shaped crystals of ZnO 
begin to grow. Accordingly it can be said 
that the crystalline island of ZnO assumed 
by Mott in the theory of logarithmic oxida- 
tion of zinc! seems to be a reasonable as- 
sumption. 

As for the oxidation of the cleavage sur- 
face of zinc single crystal, Raether® investi- 
gated, after heating for thirteen hours at 
250-400°C, by electron diffraction and deduced 
that needle crystals with [001] axes were 
distributed irregularly in the oxidized surface. 
We also obtained a diffraction pattern of 
ZnO shown in Fig. 14 from a cleavage sur- 
face of zinc single crystal of high purity 
heated for six hours at 350°C. This pattern 
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is a superposition of an orientated spots 
with [100] direction perpendicular to the sur- 
face on a fiber diagram with [001] direction 
tending to be parallel to the surface. We 


Fig. 14. Electron diffraction pattern of cleavage 
surface of zine single crystal after 6 hr 
heating at 350°C. 


suppose that the latter fiber diagram is as- 
cribed to the needle-shaped crystals with [110] 
axes projecting from the surface, naturally 
explaining the circumstance remarked by 
Raether that the intensity of (110) is stronger 
than that of (103), and the former orientated 
spots are probably due to small flat crystals 
growing upright from the surface. Actually 
in the circumference of the surface flat 
crystals can be observed among needles. 

In the course of this experiment, no posi- 
tive evidence Of pseudomorphic zinc oxide!” 
was obtained. Though some of oxidized brass 
surfaces gave diffraction pattern showing an 
extra ring composed of spots just outside of 
(110) ring, we are interpreting it as (100) 
ring of Zn’. No further pursuit of this 
phenomenon has been attempted. 

In conclusion the author wishes to thank 
Mr. T. Kawada and Mr. S. Yoshida for 
many helpful advices. He also thanks Prof. 
S. Miyake and Prof. R. Uyeda for useful 
discussions. 
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The general intensity equation for X-rays difracted by a one- 


dimensionally disordered crystal i.e. J= N Spur VF+S = n) Spur VFQ* 
n=1 


+eonj. which was derived for the correlation range s=1 was found to 
be valid for any s-value by modifying slightly the elements of the 
matrices. SjSj,,* as used by Wilson and Jagodzinski was shown to 
be equal to Spur VFP® for any s-value. In our present method, layer 
form factors are refered to single layers and the preceding (s—1) 
layers are used only to classify them into 71 subgroups where 7 is 
the number of the kinds of layers and / that of combinations of (s —1) 
preceeding layers. This method which we call the “antecedent” one 
is found to be equivalent to another one as used by Hendricks and 
Teller in which each layer form factor is taken over the whole s 
layers hence there are R=7l different layer form factors and which 
we call the “whole s layers” method. We discussed the relation be- 
tween the cases of ranges s and (s—1). A simple example is shown 
in the case of r=2 and s=2. 


$1. Introduction 


In the first report the general intensity equation for X-rays diffracted by a one- 
dimensionally disordered crystal was derived as 


I=N Spur VF+S (N—n) Spur VFQ”-+conjugate , Gls) 
n=1 


which was derived at first by S. Hendricks and E. Teller?» and rearranged by us from a rather 
intuitive standpoint. The symbols in (1) are 


VitVy- ViFVa- ~ + Vi*Ve> Poa ¢ 3 Pig 
VEAVeev Vee * > VIVE yy cA eh oe 
Vea : : ; Pz : 
VatXV, Var*¥V,- + + Va*¥ Vee nt bg > Res 
fi hares 
is en's 
F= f O= 5 
, fr, R gone R 
| Q=OP. 


i Seon sthe 
e sod the * In the first report) we used “S 
Ress ite ain Bar ary “ Reichweighte” i.e. the correlation range but in 


lisplacement of the layer s along the c ¢ di- the present and following reports we use “s”, 


; which V, is the layer form factor of the 
ve fas the probability of finding V; at as was used by JagodzinskiY), not to confuse 


ny q-th position, Ps, the probability of find- with the layer form factor S. 
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ing V, after V;, and N the number of layers. 
F and P” were shown to have the follow- 
ing properties ; 


Spur F=1, (2) 
P’?M,=™M,, €3:) 
and HP] By ho = ME). (4) 


where M, is a matrix whose elements are 
alee 

SjSjan*, as used by A. J. C. Wilson® and 
H. Jagodzinski®, was shown io be equal to 
Sia = Soule WIHES, SS pe syoune (Aa oye 

anda Sjo;5— pul yr « (o) 

In the present report it will be shown that 
(1) and (5) are also valid for s>2 provided 
the elements of the above matrices are slight- 
ly modified. We shall discuss the relation 
between the cases of ranges s and (s—1), the 
agreement between our antecedent method 
and the “whole s layers” method used by 
Hendricks and Teller”, and a simple example 
of the case of 7=2 and s=2. 


$2. The Validity of (1) in the Case of s>2 


Assume that there are 7 kinds of layers the 


Fa 
F, 
F= j and 
F, 
R 
and 
e~*%1]; 
e-*?2], 
= é 
e~'?rl, 
7R 


in which 1, is an unit matrix of the J/-th 
order. 

The way to classify S» layers into 7 sub- 
groups according to their antecedents is shown 
in Table I in which an example of S, is 
shown in the case of r=4 and s=3. In Table 
Teach triangle shown by a circle has a counter 
clockwise order of 1, 2,...,7 in which, how- 
ever, the number at the right side vertex of 
each triangle is doubled. 

Let us consider the probabilities of finding 
etter So). If one,Ofs Vik. acids 3 
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layer form factors of which are S,,Sz,.. 


of these preceding layers ; then we classify, | 


for convenience, the S, layers into 1V’s ac- 
cording to their 7 sets of antecedents as. 
follows : 


== Vien = Sac 
(6) 
Hence there are R=/r=75 V’s with which 


we can construct such a V matrix of the 
R-th order as (V)ss=V;*V; or 


Vea-1)141= Voq-i+2= G 


Si*S,M Si*S,M ee aA Si*S;M 
S.*S,;M Sen ye ee he = S.*S,;M 
V= . - . 
S*S, MV SSM er a ES S*S;M /R 
(7) 


where M is a matrix of the /-th order with 
elements all 1. Corresponding to this V ma- 
trix, F and @ must be taken as 


JF Cosine 
J (P-1)l+2 


(9) 


whose antecedents are (1,1), (2,1), (3,1) and 
and (4,1), respectively, for example, is fol- 


lowed by S,, the antecedent of this S, be-9 
comes (1,1) for each case of V;, Vo, V3; and | 


Va. 


V; and V3 can be followed only by V,. =m 


such a way we can construct P,, matrix of 


the /-th order as 


ral 
When s>2, the probability of finding Sp fol- | 
lowing on S, depends not only on the kind ¢ | 
but also on the kinds of the (s—1) layers pre- | 
ceding to g. There are 7=r7*-! combinations. 


Therefore these four V’s can not be | 
followed by any one of V’s from V, to Vie 
but only by V, because none of V’s except : 
V, has the antecedent (1,1). Similary V;, Ve 


| 
} 
\ 
| 


| 


j 
| 


| 
q 
| 


: 
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An example of the way to classify S, layers 
into lV’s according to their antecedents is shown 
in the case of r=4 and s=3 then /=16 and 


R=64. 


Sh 


Antecedent 


as 
as 
az 
As 


Py,= 


os 
r 


i matrix of the R-th order as 


ce} 
~” 


4 the other elements 


are all 0. 


Chae 
y 


Similary we can obtain 7Pp,’s (p,q; 1,2, 
.,7%) with which we can construct the P 


Py; Py» - P,, 
Py, Pr c Po; 

j ate) ie : (10) 
Pi P 2 acats P,., R 


As a result of such modifications of defin- 


] 


mor s—) for kV’s. 


| 
i 


ing elements in V, F @ and P, we have 
been able to reduce the case of s=>2 to that 
In this meaning, the inten- 
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sity equation (1) is also valid for the case of 
SZ, 
§3. Notes on F and P Matrices 


Using (8) and (10) we can transform (2), 
(3) and (4) into 


Spur Psi Spur Fp=1, (11) 
p=l 
P"My=M,—} (P") | M=M 
q=1 
Fe Ny (12) 
and 
lake = > 3, Hy PP”) pe = ig 
p= 
Oe SARA cs (13) 
where 
Hp=MP,, (14) 


and (P”)»q does not mean the individual gq- 
element of P” but the pq-minor matrix of 
the I-th order in the expression of P” similar 
to (10). 

The general structure of P is that each 
column contains va’s whose suffices are 
., &r for the j-th column 
G=1, 2224). and, that each, .aw trom 
Qcq-1)rR+1 tO Q@gr-ca-yi belongs to the 
{i—(q—1)(R—J)}-th row where g=1,2,...,7 
and each a; from @ gr_cq-1)141 tO @qr to the 
{i—qR+(q—1)J}-th row where q=2,3,...,7 
all such a;’s giving Py, where p=1,2,...,7. 


Qcj-1)r+1» Ai-1)r+29-+ 


§4. The Validity of (5) in the Case of s=>2 

As was s2en from the papers of Wilson®” 
and Jagodzinski®? S)Sj,n* used by them can 
be expressed by 


Ase 


= AS 8 (ag 
Soe FpSpSy*Pp™ , 
p=lq=l 


in which F» is the probability of finding Sp. 
at the j-th position and Pp, that of finding 
S, at the (j+z)-th position when the j-th 
position is already occupied by Sp. 

On the other hand, our Spur VFP” can be: 
expressed by 

Spur VFP”= >; 2 Sa* Sp Spur H)(P”) pa, 

q=l p= 
from (7), (8), (14) and the expression of P” 
similar to (10). Then the proof will be given 
when 
Apa®@=F pPeg™ =Spur Hy(P”) nq ’ (15) 

will have been verified where A»,“ is the 
probability of finding Sp and Sq at the j-th 


and (j+)-th positions, respectively, at the 
same time. Since the layer form factors of 
1V’s from —Vtocairan £0. Voreate, ail op trom 
(6) in our case then 


i 
Ep= 2 fo-pist= Spur Fy , (16) 


from (8). The zk-element of (P”)pq is the 
{(p—l1l+7}, {(q—ll+k}-element of P” 
which is the probability of finding Veq-yi4x 
at the (j+)-th position when the j-th posi- 
tion is already occupied by V¢p_y1+:. Hence 
the probability A@¢p»_y14%,ca-11+n Of finding 
Voep-pi+i and Voq-yi+x at the j-th and (j+)- 
th positions, respectively, at the same time 
is expressed by 


AM ¢p-1)141, (a-1)148= SF -pist{ (PP achine 


Therefore we can obtain 


7 
Ap = DAM @-vi41,@-vi4k 


Z 
=> XS (Ab) ci{(P”) pat ix=Spur Ay(P”)pa , 


t=lk=1 


from (8) and (14) what is the same as (15). 
From (15) and (16) we can abtain 


Poo = Spur Hp(P™)ne/ Spur Fo - 


§5. A Simple Example 


In this section a simple example is solved 
in the case of r=2 and s=2 by the difference 
equation method.*? 

) 


7 


Si*SiM "Sy*S,*M 
S*S:\M S.*S,M 


poe F, 0 
ANIA 
1—a 
H=MF)= == 1 = 8 
TOF a ee ae 2 
2 
and O=e-*1, 
If we put 
a l-a 0 


PP may be expressed by 
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In this case, P can be generally expressed 
as 


ih 2 2a 
Va mere 
1 2 
Vaal a l-—a 
s.! : > ; 
\ Ve 2, As l—a, 
==) 2. 
We Dy. as l—a; 
Stee ys: 
V, i as l—a, 4 
i 
Antecedent 


in which the condition (3) is already included. 
We treat here the special case of a, =1—a;=a 
and a,.=l—a,=8. Hence P becomes 


a l—a 
B 1—8 
P= 
l-a@a@ a 
9 pee 8 
From (2), (4) and the above P we can obtain 
Py pen 
Si=hs x1 —aaB) 
l-—a 
d =f = : 
ee. snags 


The necessary quantities, therefore, may be 
expressed as 


eae ae 
CONG =] 
fs IC *) 
TaD Y Y i 
4 
Av, Av, 
Av, Av,},- 


By mathematical induction we can show 
Pr= Xn Yn : 
DOG 


* We can solve the problem also by the 
agonalizing matrix method). 


Yn 


di- 


1954) 


Substituting this and H) into (4), we get 
A(X,+Y,)=H, (17) 
from which HA =H and Spur HX,,+SpurHY,, 
=1 can be obtained by the use of the relations 
BLP EX y= Avi,’ Y= Avy oat yy=1" “and 
Spur H=1. Using above relations we can 
calculate Spur VFQ” as follows: 
Spur V FQ" =e-”e3{S,*S,+S,*S, 
+(S:—S.)(S;*—S,*) Spur HX7} . 
Comparing the corresponding minor matri- 
ces on both sides of the equation P”=P”-!P 
and multiplying the equation just obtained 
with A from the left side we can get 
AXn=HXn_-;Av,+ HYn_ Av, . 
Eliminating HY,_,; from this equation and 
(17) and using HA=H we obtain the dif- 
ference equation of 
HX,—HX,-,A(v,—v.)= Mr, . 
Solving this equation we can obtain 
Spur HX, =cyxy" +222" +4, 
where 
a= —(l—a—B-—y y+ )/2 
=—G—a-— B47" )/2 
7=U—a— BY +Xe—B), 


De=e,§ dato") 08 0 = 220 Sin 0 sin (P—4) 
he 1+279?—225 cos (g—@) 

in which we put z=2e", x 

expressed by 


2 
==> OG; VA ea 
af a7 (+a? 
' and 
H.=H™ cos p+ H.™ sin 0 Kone RAW). 


in which 
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ai *1{cos (N+1)¢—2a1 cos N¢+2,? cos (N—1)} +221?—a#i(1+2i”) cos ? 
—2x; cos ?)? 


173: 
and 
ol (ate eS) 
| {1 ieee aig Vr) 
Lal) Saeedepy 
a= {1 Cereal 
Hence Spur VFO” becomes 
S.)(S1*+ S,*) 
Spur Oe ee +83 
as * 
FST SIG" —S, CD eeee re aI 
After all (1) becomes 
x 4 sin? 9/2 
+S SSE 2 H+ND), (18) 


where D is the diffuse term and expressed by” 


Lee 
vie WAL ae ecos./ 
G3 eae for y>0, 


~ L+an2—22, cos 


and 


(1—2”) cos p+22 sin p sin (P+) for r<0, 


1+2)?— 2x) cos (+8) 


‘ : : 
=x,e-'8, c. =e’? and c.=c,e~’, and # is the higher term andi 


tore re=0) 


H,=(replace c; and x; in H, by c and 2 and replace ¢ by (¢—@) and (¢+6) for 7=1 


and 2, respectively.) 
Ti) — Oc ap *1{sin (N+1)(¢—8) 
c ss Co — 7 


—(replace @ in'the former by —@). 


' Several special cases are summarized here. 
Dm) a=) and 0< px. 
7 _ SS, *+S,S.*sin? N¢/2) 
a 2 sin? ¢/2 
which corresponds to the mixed structure of 
| the regular S,S,S,... and S,S,S,... with the 
/ same ratio. 


? 


— 22 sin NP —8) +242 sin (N—1(9—0)}—a(1 2) sin (9) 
me {1+-2%)?—2z) Cos (P—O)}* 


2) 0<a<1 and B=0. 
(S, +S,\(S.*+S.*) sin? N(G/2) 


fao= 4 sin? ¢/2 
(Si —S,)\(S,*—S.*) sin? N¢+7)/2 
uy 4 Sint lee 


which corresponds to the regular structure: 
Ola Spo Sila. oe a 
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DS) a= 0Fand=s= lr 
I — (Si +S,)(S,*+S,*) sin? M(¢/2) 
ie 4 sin? ¢/2 


(Si—S.)(Si*—S,*) (sin? N- (9 —7/2)/2 
a 8 “gin? (—7/2)/2 
sin? N-(?+7/2)/2 ) 

sin? (Y+7/2)/2 J’ 


to the regular structure 


which corresponds 
Gi DiGiSsSySisnGesShaos « 
4) a=1 and B=0. This is the only case 
that makes /f; indefinite but we can easily 
directly calculate (1) obtaining 


Do=(F1S1*Si + f3S2*S2) oie ee 


sin? ¢/2 
(S:+S.XSi+S,*) sin? NG/2) 
ce ; 4 sin? ¢/2 
4 Si SMS = Ss") Sn Nee 
4 sin? (-+7)/2 
(fi=Ff2) ’ 


which corresponds to the mixed structure 
Of Vewulat S$) 5, S:.san orpoeceds ANG aor ies 

5 Welle, 2 TIO OH IGE eA, OM Wine 
other hand, when a=1 and B=0, x,=1 and 
%=—1, (18) becomes 


a a rr sin? N(¢/2) 
dE CS, Si+ Ss RET yr ta 9/2 
(S,+S,)(S,*+S,*) sin? N(¢/2) 
+ 2es4 4 sin? 9/2 
(S:—S,(Si*—S,*) sin? N(Y+7)/2 
as 4 sint(G+m)/2 J’ 
which is a special case of J) in which 


Si=Sa- 


Now as seen from the expression 


(0,1) 


of 


R(0-828, |) 
(ait) 


(0,0:172)Q 


(1,0) 


Fig. 1. The locus of y=(1—«a—8)?+4(a—8)=0 is 
shown by the broken line which is a parabola 
whose vertex is at P(4,3) and whose axis is 
the line a+f=1. It passes through Q(0,3—,/8 ) 
and RUy’8 —2,1). 


Jiro KAKINOKI and Yukitomo KOMURA 


(Vol. 9, 


y=(1—a—§)?+4(a—B), the curve of ,=0 is 
such a parabola as shown by the broken line 
in Fig. 1. + is positive under the parabola 
and negative above it. 

Keeping this curve and the four special 


cases mentioned above in mind, (18) can be 


plotted for any set of a and @ giving Fig. 2. 
In Fig. 2 the four special cases in which 


there are Laue functions only without giving |] 


any diffuse line are shown by vertical lines. 


The other curves show only the diffuse term | 


D in (18) and we omit the first Laue term 
for simplicity, the higher term H being neg- 
lected. 

In Fig. 2, the curves corresponding to a=8 
show the case of s=1 as will be expected 


from §6. When 7=0, the maxima of the | 


diffuse line appear at =0 or =z or both 
but when ;y<0, they appear at the other 
places which become nearer ¢=7/2 and 37/2 
at which the regular structure S,S,S,S,S,S,S,S, 
... gives Laue maxima as 8 goes nearer 1 
and @ nearer 0. As a result of examing the 
expressions of D, and D,. the two curves 
whose parameters are {a, 8} and {1—8, 1—a} 
are found to be the same except that ¢ of the 
one proceeds that of the other by z. 


§6. Discussion 


The general intensity equation (1) which 
was derived for the case of s=l1 and was 
found to be available also for s=0 by putting 
P=H) in the first report! was found to be 
available also for s=>2 by taking the elements 
of V, F, ® and P as (7), (8), (9) and (10), 
respectively. After all (1) is available for 
any value of s. 

The R=?r* elements in F and the rR=r5*! 
elements in P were not independent on each 
other but connected by the relations of (2), 
(3) and (4) or (11), (12) and (13). These re- 
lations are well used to solve the problem as 


shown in § 5, to prove some general relations — 


as will be discussed in following and especial- 
Iy to solve the problem on the close-packed 
structure which will be discussed in the third 
report. 

We could prove that S;Si4n* 
Wilson® and Jagodzinski?® was equal to 
Spur VFP”. At the same time it was shown 
that the probability Ap. of finding the two 
layers of p- and q-kinds at the j-th and 


(j+mn)-th positions, respectively, at the same ~ 


used by 


——————— 


| 
| 


| 
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0580-410 05) 06 


0:7 


eummensRteatioieg 1 fee 


5 Sere me juctgs ede 
(F.+ f5* 27,= ) 


SiS aes Sz ae 


08 O09 1-0 


Fig. 2. The diffuse lines are shown for allsets of a and 8. When y=(1—-« —8)?+4(a—8)>0, 


a = 4? 


2 
they are expressed by D,= > c¢; 


(aie 1+%;2 —2%; cos oy 
(1 —a2) cos 0 +22 sin p Sin (y+) \ 


(1 — 2") cos p —2a9 sin p Sin (g—8@) 


and when <0, they are expressed by 


ee { 
4 1+ 2% 9?— 2% Cos (gy — 6) 


Laue term and the higher term H are omitted here. 


1+ 2%? — 2% cos (y+ 6) ie Boe 


The vertical lines show the Laue 


maxima corresponding to the four special cases mentioned above. 


time, was equal to Spur Ho(P”)pq and that 
the probability Py.“ of finding the layer of 
| q-kind at the (j+)-th position when the j-th 
_ position was already known to be occupied 
|by the layer of p-kind is equal to 
Spur H,(P”)pa/Spur Fp . 

The case of range (s—1) should correspond 


to the special case of range s. Namely 
/ when 
DOG r= aC re a, 
dA oss Fe, *) (19) 


the case of range s may be reduced to the 
case of range (s—l) in which 
ajC-D= aj, 
and ~f»,@ Y= Dy JO wm-vr+t» 
Pali 2-» 0), *) 


This conclusion can be verified at least for 
the case of r=4 and s=3* but we think that 
it may hold in the case of any values of 7 
and s because (19) means that the kind of 


the furthest antecedent has no effect upon 
the probability of Ps, this fact being equi- 
valent to reduce s to (s—1l). 

Another method of treating the case of 
s=>2 was given in the case of the close-packed 
structure with s=2 for graphite by Hendricks 
and Teller? who took the layer form factor 
over the whole s layers including (s—1) antece- 
dent layers which method we will call the 
“whole s layers” method in distinction from 
our antecedent one. The agreement between 
both methods was at first suggested by Mr. 
I. Shoji**® and can be verified by us for the 
case of 7=4 and s=3°. We think that it 
may hold for any values of rand s». In the 
“whole s layers” method, the corresponding 
matrices Vs), Os) and P,s)*** have the much 


* The number in the bracket of the superscript 
on « and f shows the correlation range. 

** Here we wish to express our hearty thanks 
to him (in Osaka University). 
*kk The subscript (s) shows the corresponding 
quantity in the “whole s layers” method. 


complicated forms comparing with those in 
our antecedent method». For example, there 
is not or littlé zero element in Pis)(=P*) 
while there are many zero elements in our 
P. The facts that there are many zero ele- 
ments in the matrix to be used and that the 
forms of the matrices are simple are very 
much desirable in performing the calculation 
of matrix. These points will become clearer 
when the close-packed structure will be dis- 
cussed in the third report. 

In a simple example discussed in §5 the 
relation (4) namely (17) were well used to 
obtain the difference equation and its special 
solution. In such a simple example many in- 
tensity curves corresponding to all sets of two 
parameters a and # can easily be calculated as 
plotted in Fig. 2. But when there are many 
parameters for larger s value it may not al- 
ways be easy to show all curves correspond- 
ing to all sets of many parameters. However, 
as will be seen from the third report and 
especially from the following report in which 
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he-(s=3) and hec-(s=4) structure of the close- }} 
packed structure will be discussed, many ]} 
parameters may be sometimes much reduced 
to a few parameters according to the problem | 
or by the use of the experimental data given. | 
In conclusion it depends on what symmetrical ] 
properties the matrix P has if it is easy or | 
difficult for the given problem to solve. | 
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The general intensity equation for X-rays diffracted by a one- 
dimensionally disordered crystal with any value of the correlation 


. y N-1 . 
| range s i.e. J=NSpur VF+ > (N—7) Spur VFQ”+conj. was applied to 
n=1 
the ease of the close-packed structure. The obtained result is 


(1 — ayo?) COS Py + 2Hy9 Sin Oy Sin (y — Oy) 


Z 
T= aver NS Cryo 
y=1 1+ Lyp” — 22 cos (y — Oy) 


i 


y= 


+ DS ¢y)(Hy® cos py +Hy® sin py) for 2h+k=3m+l1, 


in which Vp is the layer from factor, N the number of layers, 
1=25-1, xr,=x,)28% which are the J roots of the characteristic equation 
of 


det [x22 +28 + {a8 + (1 —a)Bu} {a8 -— (1 —a Bu} ]=0, 


Cy = Cyge!Py which are the roots of the / simultaneous equations of 


2 u;Ac,=3 sp. x, —4 (A: 0.1,..., 1-1) and two H’s the higher terms 
which, when |a2,|/=1, give the Laue function whose maximum is at 
g=6,. The characteristic equation is derived from the general dif- 
ference equation 
Xn +Xyn-xB+x,-ofoB +(1 —a)Bu} {aB -(1 —«)Bu} =hAaB , 

from which we can easily obtain the difference equations that Wilson 
and Jagodzinski derived in the cases of s=2 and 3 by the use of rather 
complicated genealogical tables. We showed the correspondence of 
our results in the cases of s=2 and 3 with those obtained by Wilson, 
Jagodzinski, Hendricks and Teller. The above matrices are those of 
1/2-th order. The elements in x, are the probabilities of finding the 
same kind of layer at the (j+7)-th position as that at the j-th position 
and h=x). Those in aB and (1—a)Bu are the probabilities of finding 
the layer after the other layers in the cubic and hexagonal manners 
respectively. When 2h+k=38m, I=VoVo*(sin?N¢g/2)/(sin’g/2) without 
giving any diffuse line. 


$1. Introduction S*S:M Si*S,M - «+ - SSM 

In the second report” the general intensity S*S.\M S.*S.M- - + S.*S,M 
equation for X-rays diffracted by a one- V= a 
‘dimensionally disordered crystal was derived : : ; 
as SAS:M S*S.M - +: - SA#S,M/ x 


N-1 
I=N Spur VF+ > (V—n) Spur VFQ” 


+conjugate , (1) * This paper was read at the Second Inter- 


‘for any value of the correlation range (“Reich- national Congress of Crystallography in Stockholm 
weite”) s. The symbols in (1) are (July (1951) by Dr. S. Miyake (representative)). 
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Um F, 
2 F, 
/ i = s: f 
fr LR F/R 
e~ #11, \ 
e~ 21, 
O= / 
e- rl, / Re 
Py, Pi ae 
P,; P.» oo 8 Pp 
Pele ' and “O=9P., 
Py 1225 i es Pe R 


Expression (1) is based on the assumption 
that there are 7 kinds of layers whose layer 
HOGMme LACTOnS Mabey 191 +55 see Oa wWhOSe 
phase shifts along the ¢€ directionare ¢1, 
Y.,...,,. N is the number of layers. M 
is a matrix of the /-th order whose elements 
are all 1, 1; an unit matrix of the /-th order, 
where 7 is the number of combinations of 
(s—1) antecedents, namely 7=7°-1, and R=7°. 
Each Sp group is conveniently classified into 
ZV’s from Vcp_1141 to Vp; according to their 
antecedents, fs; the probability of finding V; 
at any q-th position and Ps, that of finding 
V, after V;. 
F and P” have the following properties : 


Spur F=1, (2) 
P"’M,=M,, (3) 
A,P"=H, (H)=M>F), (4) 


where M, is a matrix of the R-th order whose 
elements are all 1. 

In the preceding report? a simple example 
of the case of r=2 and s=2 was shown but 
the most suitable example will be found in the 
case of the close-packed structure with any 
s-value ; this will be discussed in detail in 
the present report. 


$2. The Close-packed Structure 
As seen from Fig. 1, in the close-packed 
structure, there are three positions 
A (0,0), B@,4) and C @,4), 


for the origin of each layer whose layer form 
factor, therefore, may be expressed by 


Su=Vp ’ Six ane or Sco= Voe* ? 


Jiro KAKINOKI and Yukitomo KoMURA 


(Vol. 9, 


A(0,0) 


Table I Table II. 
s=4, [=8 ch-order 
Vi A SC Cc. 
(G \ 
V2 B fo me h/ 4 
B 
Vale 
Vi Bi ay, AS h~ 
I 
Our ee 
Sa Vv Jes 
A 7 h 
Vere > ye fo 
Wi C 
Vs A fe c/s 
Antecedent 


according to taking its origin at A, B or C 
where e= e% (22/3) 2n+k) i 

Since two adjoining layers of the same 
kind are prohibited in the close-packed struc- | 
ture, then J/=2*-1 and R=71/=3x2°"1. The} 
antecedent diagram of S4 corresponding to 
Table I in the preceding report is shown | 
in Table I in the case of s=4 hence /=8. 
As was done by Jagodzinski»®, each order 
of A,B,C,-letters belonging to each V may 
be conveniently rewritten according to the 
cubic order (c) or the hexagonal one (h) as 
shown in Table II which we will call ch- | 
order. ch-orders for Sg and Sc are found to 
be the same as in Table II. 

Following Jagodzinski? we assume that 
the layers with the same ch-order are equi- 
valent to each other. Then V, F, @ and P 
may be conveniently expressed as 


M «eM e*M 
V=V,*Vo|e*M M 


eM 


eM 


“eM M )pi3 95-1 
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and the condition (3) is already included. 
By mathematical induction we can easily 
show that P” has such a form as 


An UNG =e 
Pr= Vitiimn, (UOYAU 
OX Uae Xn J), 
and, An= 01x Ur 
? Substituting these F and FP” into (2) and (4), 
we get 
Spur W=Spur H=2, (5) 
J =28-1 and AX,+tY,+UY,W=H, (6) 
where H=MW ,, from which Spur HY,= 
1—1/2 Spur HX, can be obtained. With these 


quantities and relations the intensity equation 
(1) can be calculated as 


& sin? N¢/2 


T=VoV 
* * sin? g/2 


, for 2h+k=3m, 


which gives only the Laue spot without giv- 
ing rise to any diffuse line, and 


N-I1 
(?=1,, I=ViVit N+ (N—nje- ie 


n=1 
x 1/2(3/2 Spur HXy—1)+ conj.} ila) 
for 2h+k=3m=1. 


Hence we shall calculate (7) only for 
2h+k=3m+1. 


§3. Calculation of (7) 


0 In order to perform the calculation of (7), 
each matrix of the /-th order used in the 
preceding section is conveniently devided into 
four minor matrices of the //2-th order as 


following : 
l—a@, 
—G, 
l—a, 1 
SS 
1/2 
Wy 
We 
w 0 
Wa s w= 
¥ uw |, : 
W1/2 1/2 


@Viol +92 
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‘0 1 
il 
O u es 
Uf , u= 3 ete he) 
wi Off, 
1 ),). 
deat Nee 1 
m m leak iL 
M= ’ Lf ? 
it. ats, ; 
{1 hy ee 
W1 We W1/2 
h hu a te 1” 
H= ‘ h=mws|. . : ; 
Y y l . . ~ 
PN ee ee) if’ 
l/2 
/ 2) 
en En MnO Tro 
Ga= 5 Y= a nee ; 
uk, u ug nl l Nn‘ Qn A 
wv, Xn ; 
ERXG= ‘ Xn=hEnt+€n 1L)1/2 “ 
” ” ; 
Yn Vn Vr =A(BnO? tuynr??)r/2 
AY a= ‘ § 22 
” ” ; yn@ =A(gnO” + une) 1/> i 
i 
QA, 1 l 
B 0 - 1 
at 
cA 5 a= , (= : 0 7 
UuAyj.—a)pu 0 /, - 
A/a Ji)» 1 
1 L/2 
— 
1/4 


considering their properties. Then (7) can 


be rewritten immediately as 
N-1 
iA Vor {N+ S (W—n)e-ie 
n=1 
x (3/2 Spur ¥,—1/2)+ conj. } " (8) 


and (5) and (6) can be found to be equivalent 
to 


Spuni7— lee (9) 

and Kn tVnP+ynu=h , (10) 
respectively, which becomes 

h{a@6+(1ij.—a)Bu}=h, (11) 


when n=1. 

Comparing the corresponding minor matri- 
ces of the /-th order on both sides of the 
relation P”=P”—'P, multiplying the equations 


just obtained with H from the left side and 
substituting the above minor matrices of the 
1/2-th order, we can obtain 
#2 =Yn-1P(Lij,—a@) But yn-1ua , 
Yn? = Xn -1{a@B+(11j2—@) Bu} ’ 
and 
Vn =Yn-1PaeBut yn_.@u(lij,—a@)9 : 
Eliminating yra® and y,@ from (10), (12) 
and (13) we obtain the following general dif- 
ference equation for x, 
Xyn+>Xy AB +Xn-2{aB + (11.—a)Bu} 
X{¥3—(lip,—a)Bu}=haB. (14) 
Solving this difference equation®” we get 


(12) 
(13) 


* Concerning the way to solve the difference 
equation Prof. and Dr. T. Nagamiya (Osaka Uni- 
versity) gave us some hints whom we wish to 
express our hearty thanks in this place. 
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2a 1 
Spur Xv, =— > 62," ; 
Sy en * 
where /x,’s are the roots of the characteristic 
equation 


(15) 
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in which 


C=2711/. +2a8+ {aB+ (di /2—at) Bur} 
x {aB—(lij,—a@) Bu} , 


and /c,’s can be determined from the 7 simul- 


cenG—Ur (16) taneous equations 
Cit hac” Ce A. verse =1, 
ViCp= 6 Bel, A Uap es OIC, = Tift 
: i : oy GE 
W7Cy "Cg + gg + - + + + aie; =p, Wi , 
50h i (17) 
23°C; + Capea + %a°C5 + Sy PRs + L1°C1 Sse spe twi BO: > 
"le, ay'al6, +23" 1¢3 poe cas +27 I¢, = 2 Spur x11 5 
Substituting (15) into (8) we obtain 
U N-1 
l= VoVor {N+ Cy > (N—272) 7 Pay? + conj.} : 
yv=l1 n=1 
which can be calculated as 
l 1—2,? 24 (1—ayo?) COS Py +22y9 Sin py Sin (P—O,) 
[=V,V.4 NS Cy “i= Dae SRL aed AN a = 
dts | lye 1+2,?—22y Cos 2S i. 1+2,,?—2z,, cos (? —6y) 
_ SS cy ylTy + S Cul Hs © cos op, +H, sin oy) i (18) 
yv=2u+ 


| where 


te (1+2,? 


7, @) =2 


9 /**1{cos (N+1)¢—22, cos N¢+a,? cos (N—1)9} +{22,?—a,(1 +27) cos 9} 
aN cos #)? 


xt ov *H{sin (N+1)\(¢—89, y= 22ry4 sin M(Y—8@,) +2y,? sin (NER) Qe 9y)} —ay9(1— 


, 


H,©=(replace x, and ¢ in Hy by. 2, and (Y—@,), respectively) , 


&y,2) sin (P—8,) 


in which the real roots cf x,, hence the real 
coefficients of c,, are labeled with y=2y-+1, 

,Z2 and the complex ones with y=1,..., 
2m the latter being put in the form 

By =Xye'9v and Cy= Cy?” . 

In (18) the terms with N give the difuse line 
‘and the remaining terms are the higher terms 
which, when |z,|=1, give the Laue function 


‘whose maximum is at ¢=9,”. 


s=2. Comparisons with Wilson’s and 
’ Hendricks-Teller’s Results 
This case is treated by Wilson? and Hend- 


§4. 


and equations being put in [ ie 
When s=2 hence /=2, we may put 


a=a(=[a]}) 


dL Aha,” —22y, cos (Y—O,)}? 


‘ricks-Teller® their corresponding quantities) 


? 


9=u=w=h=m=1 
Xn = n(=[Pj+n]) 


BA CA : CB AB: AC BC 
BA las a 
CA a l-a 
CB ij, PN ea 
and P= - . 
AB | l—-a@ a 
AC l—-aia a 
BC a  l—a@ 
(19) 
then (16) becomes 
det C=2?+axz—(1—2a)=0 (20) 
(the characteristic equation of [7]) ;; 


whose roots are 


Jiro KAKINOKI and 


tae sree (=[eeJ) , 


ey ey My ake al oy 
v= ag! ee (=[oo]) . 


cy can be calculated from (17) as 


: c Tare he @.|) ; 
+a \-[3¢) 


q= 


Ly? 


V4—8a+ 
The diffuse term in (18) may be calculated as 
D=NV,Vo* 


a ae) 
ee —~8a+5a?+4a? cos — a —2a) cos? ¥ 
(21) 
for both real and complex cases of 
V4—8a+a? . (21) can be derived also from 


the equation [14] given by Wilson by using 
the corresponding quantities shown above, 
{[K]=(e+e*)/2 and [z]=3N. 

Hendricks and Teller’s treatment is what 
we called the “whole s layers” method in 
§6 of the preceding report?. Then their 
quantities may be expressed by our quantities 
as 

ING ON, 
and 


QU 29, PUTT) =P? 


MOS) 

wise 
Using these quantities their complicated equ- 
ation [34] for the diffuse term can be found 


to be the same as our (21)”. 
$5. s=3. 
Result 
This case was treated by Jagodzinski® by 
using a complicated genealogical table. 
When s=3, /=4. He took the probabilities 
as 


Comparison with Jagodzinski’s 


hh—l|—a, ch—>1—- 8, 
io a cc— PB , 
which correspond to 
a= and Vin =O . 
in our expression. Then we may put 
1 0 


2/8 =( =(4" 1.) 
a=( nike BST 0)? at Oe 


We Wy 
2 ( ) : “ * ( } ) ‘ 
” y 


from which we can calculate 
wet 
1+a—8 
referring to (9) and (11). 
sen =( Pn 


we can easily show” 


Pn=[Dn] , 


2 
Weoy— Ie) 
If we put 


Pntdn = [Pr] ? 


and Wr= 


We= 


Yukitomo KoOMURA 


and (14) becomes 


Qnt+Ban-1+Abn-1+dn-2f{ 8? +a(1—B)} 
ee ee 

4 fr-.a1—a+f)= rey 
—dn_-(1—B) d— at+p) 


—Pn_-2{a(1— 8)+(1—a@)?}=0 , 


from which we can eliminate qg, obtaining 


Dn 


s 


pat BbPn-1— —a+8)\1—a—B)pn-> 
+(1—a)(aA—B)pn-3—(A—B)*Pn-4 
_ AaB ae fa 2 (22) 
1+a—8 


If we add (22) to (22) multiplied by (a—f) in) 


which 2 is replaced by (7—1), we get 
Put+Qpn-1+{2a—1—a(a—B)}hn-2 
+(a—B)\A—Q?+ B*)Pn-3—O(A—B) Pree 
—(a—B)*hn-s=a(1—B)1—a+ B) » (23) 
which is the same as his equation [7]. Hence 


he obtained a difference equation of unneces- 


sarily high order. 
(16) becomes 
a*+ Ba’?—(1—a+B)\1—a—B)z? 


+(1—ay\(a—B)az—(a—)?=0 (24) 


(Vol. 9.) 


which is the same as his equation [10]. If 
we put a= in (24), it becomes 
2° +axa—(1—2a)=0 (25) 


which is the same as (20) in conformity with 
§6 of the preceding report.” 


$6. Discussion 


In the present report the general treatment 
of the close-packed structure was discussed 
but concerning its applications to the indi- 
vidual cases as s=2 and 3 we showed only 
the correspondence of our results to those 
obtained by other investigators the detailed 


applications to these cases being omitted here.. | 
One of the important results obtained is that | 
the general difference equation (14) could be. 
In the case of s=3 Jagodaieeiegy 


obtained. 
obtained the difference equation (23) using | 
such a complicated genealogical table as 
Table II in his 2nd report.» But such a 


| 


table is so complicated that he could not | 


obtain the difference equation in the case of 
s=4 which would serve to calculate such an 
intensity curve as plotted in Fig. 6 in his 
3rd report® and also that he obtained a dif- 


ference equation of unnecessarily high order 


as seen from the comparison of (22) with — 
(23). On the other hand the general difference — 
equation obtained by us has no such fears 
although it may become more difficult or 
practically impossible to solve det C=0 (16) 
as s becomes much larger. But when we use 


‘ 
: 


p respect to z. 


. 
4 


1954) 


well the experimental data given and an ap- 
propriate approximation it will be not always 
so difficult as thought at first to solve the 
equation of the /-th order with respect to 2 
and also to determine c,. Namely, as seen 
from §3, we can know some roots of det C=0 
for the fundamental regular structure from 
the positions of the Laue spots since they 
are found at ¢=+6, when |z,|=1 including 
real roots. When these roots substituted into 
det C=0, some of a’s can be determined hence 
the equation to be solved actually is not of 
the /-th order but of much Jower order with 
Namely if the fdentity period 
is m times of that of ¢ then the order of the 
equation to be solved is (J—m) since other 
BOOtSMALG Be — ECU peipeine 15 2s55.72 - 
And if the Laue spots corresponding to some 


' of these z,’s do not appear, it may be enough 
' only to put cy’s accompanying such z,’s as 


zero Since Cz is proportional to the intensity. 
Then we can put 


n l-n 
det C=II (x#—e?@7/™#) IT (z7—ay), (26) 
y=1 


peal 
from which we can determine m a’s, the 
remainning (J—7) a’s being undeterminate 
in which case the corresponding wi,’s to these 
a,’?s may be put Zero.*? 

Next we assume that the true values of 
a’s, z’s and c’s may deviate so slightly from 
those just determined for the fundamental 
regular structure that the higher term of 


' these deviations can be neglected in (11), (17) 


and the eguation corresponding to (26). As 


a result of such an approximation the de- 


terminations of z’s, c’s and some of a’s will 


_ be comparatively easily made and moreover 
'the number of the remaining a@’s may be 


sometimes further reduced when the inten- 
sities at the special points along the observed 
diffuse line will be zero. 

The detailed and numerical discussions will 
be reported in the following report where 
the cases of s=3 and 4 will be treated for the 
he (4 layers and s=3) and hec (6 layers and 
s=4) structures of SiC. It will be shown 


there that the curve in the case of s=3 will 
be in agreement with that shown in Fig. 5 
_in the third report by Jagodzinski® when the 
values of parameters given by him will be 


used and that our curve, however, will be a 
little more excellent than his because his 


omission of the small quantities will be found 


to be larger than ours. 
In the present treatment, because of the 
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assumption in §2 that the layers with the 
same ch-order are equivalent to eech other 
both intensity equations for the cases of 
2h+k=3m-1 are identical with one another 
as seen from (7). Therefore the intensity 
equation in the case of s=1 will be derived 
from such a P as obtained from (19) by put- 
ting a=l—a .. a=}, namely 
1 O it al 
pas 
9 (: 0 | : 
bh i @ 


A more and the most general expression of 
P in the case of s=1 may be 


1 0 l+a l-a 

pa} LSet PO lee 
lt+a l-a 0 

1 0 I1+a l-a 
a(ade AS), 

lty 1l-r 0 
respectively, when the above assumption is 
not considered. With respect to these points 
(especially the rhombohedral structure) we 
may discuss in future. 

As was shown in § 4 our antecedent method 
was found to be simpler than the “ whole s 
layers ” method (Hendricks and Teller) also 
in the close packed structure although both 
methods were generally equivalent to one 
another as was shown in §6 in the preceding 
report.» 

The agreement of (20) and (25) can be 
considered to show again the validity of the 
result in §6 of the preceding report! where 
the relation between the cases of ranges s 
and (s—1l) was discussed. 

In conclusion the general treatment of our 
antecedent method discussed in the preceding 
report? has found one of the suitable appli- 
cations in the close packed structure. 


Andale = 
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* Concerning the fundamen*‘al regular struc- 
ture with any ch-order, we shall discuss in more 
detail in the following paper. 
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Fine Structure due to Refraction Effect in Electron 


Diffraction Pattern of Powder Sample 


Randomly Oriented Smoke Particles of 
Magnesium and Cadmium Oxide 


By Goro HONJo and Kazuhiro MIHAMA* 
Tokyo Institute of Technology, Ohokayama, Tokyo 
(Receivel September 22, 1953) 


Fine structures eomposed of sets of doublets as expect2d by the double 
refraction effect, an effect coneluded by the dynamical theory of 
electron diffraction, are studied in details for reflexions given by in- 
dividual smoke particles of magnesium and cadmium oxides having 
random orientations. The configurations of doublets vary according 
not only to the azimuths of the crystallites but also to the angles of 
deviations from Bragg condition, namely, the errors of resonance of 
Bragg reflexions. By determining these two parameters from the 
configuration, the mean and periodic terms of the Fourier expansion 
of the inner potentials of the crystals are obtained from the inter- 
doublets and intra-doublets separations in the fine structures. The 
results show a reasonable agreement with the theoretical values. 

The intensity anomaly of the double refraction effect, suggested in 
Part I, are found to be a general phenomenon. It is observed that 
between the two spots of a doublet, that of larger deviation is always 
weaker in intensity than its companion of smaller deviation, and that 
the intensity difference is more conspicuous for strong reflexions, 
that is to say, reflexions which show large double refractions. This 
anemaly seems to be explained when we assume for erystals complex 


Multiple Structures due to Double Refraction given by 


periodic inner potentials. 


$1. Introduction 

In this paper** we will be concerned with 
the fine structure due to the double refrac- 
tion effect. This is an effect expected from 
the dynamical theory of electron diffraction 
due to Bethe.» A reflexion given by a particle 
of a particular shape will split by the effect 
into a set of doublets. Sturkey” has pointed 
out, at first, such fine structures for reflexions 
given by smoke particles of magnesium and 
cadmium oxides, the particles which are well- 
known by electronmicroscopy to have clean- 
cut cubic shape. Kato» has extended Bethe’s 


theory, which was confined originally to. 


plane parallel crystal plate, to wedge shaped 
crystal relevant to the fine structure. Photo- 
graphs showing the fine structures given by 
smoke particle of magnesium oxide have 
been published by Cowley and Rees’ and by 
the present authors.» In the followings we 
will call a set of doublets of this kind given 
by a particle ‘‘a double refraction multiplet” 


| or briefly ‘‘a multiplet’’. 

Sturkey has applied the observation of the 
double refraction multiplets to a determina- 
tion of mean inner potentials, Vj, of crystals, 
and reported a reasonable result. In his con- 
sideration, however, it was assumed that 
Bragg condition is to be satisfied exactly, 
while, as well-known by the dynamical theory, 
| a reflexion by a lattice plane may take place 
| with an appreciable intensity not only at the 
exact Bragg condition but within a finite 
angular width, that is to say, within a finite 
range of the error of resonance. As is seen 
from the more refined theory of Kato and 
really observed in our previous photographs, 
the aspect of the double refraction multiplets 
should depend on the resonance error on ac- 
count of the corresponding dispersion of 


* Now at Japan Electron Opties Laboratory 
Co., Ltd., Kamirenjaku, Mitaka, Tokyo. 

** This paper is to be read in conjunction with 
the previous paper, Part I, of one of the present 
authors (G.H.) (J. Pays. Soc. J. 8 (1953) 776). 
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electron waves in crystal. 

Detailed observations of the double refrac- 
tion effect for magnesium and cadmium oxide 
}smokes and their comparison with Kato’s 
theory will be presented in this paper*. Here- 
upon we will mention that an important 
| interest about the double refraction effect con- 
sists in the fact that we can determine there- 
by not only V, but also V,, the Fourier coeffi- 
cient of the periodic potentials of crystal, for 
which Sturkey has assumed calculated values 
_and the experimental determination of which 
can be performed, in usual, only by intensity 
measurements. Our special interest in the 

investigation for the smoke having a fibrous 
orientation, reported in Part I of the present 
| paper, was the determination by taking ad- 
vantage of the simple condition furnished by 
the sample that azimuths of crystallites 
participating in reflexions are easily known 
‘and the effect of the resonance error needs 
not be concerned. But the result was not 
successful except for (002) reflexion of magne- 


sium oxide on account of a reason as will be 
mentioned in § 2. 

In general a crystal giving rise to reflexion 
may have an arbitrary azimuth around the 
normal of the reflecting net plane, and any 
angle of deviation from the exact Bragg con- 
idition, that is, the resonance error. In the 
following paper we will see, at first, in what 
/way the configuration of the double refrac- 


tion multiplets varies according to these para- 
jmeters and then V, and VY, will be deter- 
‘mined by eliminating the parameters. 

In Part I we have mentioned a fact that, 
‘though well-separable double refraction effect 
is expected, it is hard to be observed for 
cadmium oxide smoke. Concerning this fact 
we have called attention, as mentioned in 
Part I, to the intensity anomaly found for 
(002) reflexion of magnesium oxide, that 
doubly refracted rays are different in inten- 
sity, and suggested a fact that the anomaly 
might be predominant for cadmium oxide 
making one of spots of double refraction 
vanishingly weak. It will be found that the 
anomaly is a general phenomenon and, in 
fact, very conspicuous for cadmium oxide. 
This point will be mentioned and discussed 
in later sections (§ 6, 7). 
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§ 2. Experimentals 


In the earlier period of the present experi- 
ment the same camera as mentioned in Part 
I, which has a specimen plate distance ZL= 
15cm, was utilized. In the later period, a 
camera** with L=38cm and capable of a 
much higher resolution, was utilized. To the 
former camera comparatively low accelerat- 
ing voltages about 25~30kV. and to the 
latter camera higher voltages about 30~50 kV. 
were applied. 

The advantage to utilize the smoke sample 
deposited on a flat substrate to have a fibrous 
orientation was found to be limited, in prac- 
tice, by the following condition. When we 
reduce very much the amount of deposition 
in order to prepare the sample aligned in the 
orientation as well as possible, it was found 
that the fibrous reflexions themselves become 
spotty, as seen in Photo. I. 


Otome 


Such a sampling was favourable, how- 
ever, to observe the multiplets due to parti- 
cles of arbitrary orientations, since the effec- 
tive number of such particles is so small in 
the sample than usual that individual multi- 


* The authors overlooked the fact that H. 
L. Altenhein, K. Moliere & H. Niehrs (Naturwiss. 
39 (1952) 447) had been published obserbations and 
discussion of the double refraction effect for 
magnesium oxide smoke similar to that given in 
the present paper. The works in the present 
paper were carried out independently therefrom 
and the results were reported for several times 
at meetings of Japan Physical Society in 1949~ 
1952 and at the second international congress of 
erystallography (July, 1951, Stockholm). 

**k An electronmicroscope of three lenses®) fur- 
nished with an additional specimen holder be- 
tween 2nd and 3rd lenses. With a specimen on 
this holder and the 3rd lens unexcited, a high re- 
solution diffraction pattern can be obtained 
following the scheme of Hillier & Baker®. 
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Photo. II. Double Refraction Multiplets of MgO. Photo. IIT. 


Double Refraction Multiplets of Meo. 


1954) 


Photo. IV. Double Refraction Multiplets of 
(220) of CdO. 


olets are easily obtainable well-separated from 
he others without confusions. When we 
leposite the sample on a mesh to take photo- 
sraphs by the transmission method, it was 
ound to be useful to insert the mesh between 
wo screening fine meshes in order to reduce 
he effective number of the particles. 

We have thus observed a number of multi- 
lets well-separated from each other as repro- 
uced in Photo. II~V. Those in Photo. II 
rere obtained by the camera of Z=15cm, 
hile the others, by the camera of ZL=38 cm. 
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(3) 


Photo. V. Double Refraction Multiplets of 
(111)- and (200) of CaO. 


One division of the scale in the photographs 
corresponds to 0.1mm. on the original plates 
and the arcs drawn indicate the position of 
the corresponding Debye rings. 
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§3. Results of the Observation 


An electron beam impinging on a cube of 
the smoke particle will run across it, in 
general, by (a) six paths as defined in Table 


I and (b) the paths through two parallel 
surfaces. 
Table I. 

: “Path | | Entrance Surface Exit Sur face 
= ig) | (100) (010) 

p! | (010) (100) 

qd (001) (010) 

a’ (010) (001) 

r (100) (001) 

v (001) (100) 


We can find that each multiplet reproduced 
in our photographs composed of a set of 
doublets which show a configuration charac- 
teristic of the index of reflexion and cor- 
respond to the paths (a) as seen below, 
while spots corresponding to the paths (b) 
are, in general, not found on account of ab- 
Sonpuone (Ci. 4 (i) Okelartel): 

Concerning refraction effect of powder pat- 
tern it is convenient, in general, to look for 
the deviation of a reflexion from the point 
of the reflexion expected when there were no 
refraction effect, which we will call, for 
brevity, ‘‘a Zs-point’’ in the followings. The 
deviation may be accounted for by the prism 
action of a wedge of a path on the electron 
ray which may be considered to run almost 
along the reflecting lattice plane, because 
Bragg angles in electron diffraction and the 
deviation due to refraction itself are very 
small (Cf. § 4 (i) of Part I). One of the pre- 
sent authors has previously discussed the con- 
figuration of refraction multiples by taking 
account of the ordinary refraction effect in 
this way”. According to it the one to one 
correspondence of doublets in the observed 
multiplets to the paths mentioned in Table 
I can easily be seen as depicted in Fig. 1: 
the deviation by a path takes place along 
the direction perpendicular to the projection 
on the screen of the edge of the wedge and 
the deviations due to a pair of paths, (p, p’), 
(gq, q’) or (7, 7’), occur in directions Opposite 
to each other so that the corresponding pair 
of doublets lie in a line forming a linear 
quartet. Speaking in details, for (200) refle- 
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| 
(Vol. 9, | 
xion only (q, q’) quartet, which is always | 
tangential to the Debye ring, is observed, | 
while the other paths, as easily seen, do not | 
ae to this reflexion. (Photo. II (1), | 
Ill dG), @), V @)).. In (220) multiplets, (psp P| 
ee is ee radial to the Debye ring,| 
while (q, gq’), and (7, 7’) quartets run across | 
the former making equal angle, the angle |} 
varying from one multiplet to another, |] 
certainly, on account of varying azimuths |} 
of the participating crystallites (Photo. II (2), | 
(3), ILL (6), @Z),. (8), LV- G5 (2), <3) aes (111) | 
and (222) multiplets, (p, p’) and (q, q’) quartets | 
run across the Debye ring making angles about | 


Index Crystallite 


$ 
7 Reflecting 
CP “lattice plane 


2 q a 
(220) gq q— Debye ring———‘# @ x “@ - 
A_ Ls point 
p 
q’ * ee 
1@ aw 
°e Ss 
(220) —— Debye ring- Sag 
i o> eS 
« q 


Multipleis 


mo} 


/ Direction of electron beam ) 


\ is Ly to the plane cf paper 


35~45° to the radial direction, while (7, 7’) 
making angles about 80° to the direction. 
(Photo. II (2), III 3), 4), ©), V d), (2), @y 
Sturkey has assumed, as mentioned above, 
always exact fulfilment of Bragg condition 
so that concluded two refractive indices of 
crystal as given by Equ. (3) of Part I, which 
are constant for reflexions of a certain index 
of a substance. Then the angular deviations 
of doubly refracted reflexion from Zs-point 
might be proportional to the constant unit 
increments of the refractive indices 


‘Ak : 
Bo 0n= ot Vol Val} , ei) 


where £ is the accelerating voltage of the 
electron beam, and to a geometrical factor 
similar to that of the ordinary refraction 
effect given in the previous paper”. The 
geometrical factor dependent upon the ex- 
ternal shape of the crystal varies according . 
to the azimuth of crystal, but is identical in 
magnitude for a pair of paths mentioned 
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above. Thus Sturkey has considered that, observed values of a and 6, multiplied with 
for linear quartets of h-reflexion, the ratio of E/L, together with that of the angle 7 be- 
the intra-doublet separation a, which may be tween the line of quartet and the radial 
then equal for the pair of doublets, to the 
' inter-doublets separation b, is given by 
On/Oo=|Val/Vo . 

We can see that such a pair of doublets 
have in fact almost equal intra-doublet sepa- 
rations, but our observation deviates from 
_Sturkey’s proposition in the following points, 
which may bs, as supposed well, on account 
|of the resonance error. A number of (200) 
‘quartets found for magnesium oxide are plotted 
in Fig. 2, where the ordinate and abscissa 
correspond respectively to a and } multiplied 
with #/2Z. The plots evidently do not show 
)constant a/b. In the left half of Table II, 


Table II.* 
| | erat a 
| pal « | 33.1 | 35 2.10 | 15.7 . 
| | 40.5 $5 1 Grea) 46M a7, 6) neat NTs ire 
Bie on) oisve pray sebar Sacto 2s 9.6 | 69.4 | 75 4.60 | 15.0 | 2.1 
6.0 5.8 
pp! 11.5 34.6 0 2.15 16.0 
25 Ape 16.5 Hol GOMES 16.5 5.2 ~0 
ae gay) Maan 2a, 17.5 | 49.2 | 70 } 8.17 1505 | 5.7 
5.5 6.5 
| pp! 18.9 45.5 0 2.93 15.5 5 He 
; |- 4850 ! 16.4 39.2 | 53] 47 IBi9\| 6.) ay 
satel tg sieirs cal as 15.2 | 40.4 | 55 2.48 | 16.4 lnhee 
La 16-8 6.8 
pp! 1682s 88,805) a0 2.39 | 16.: 6 .Sa(lt aha 
5) | 41.0 G 16.2 | 38.8 | 61| 38 Gu lo B. Waeey 
BE} CPP] LING) At fer | 1712 | 39:9 | 62 2.48 | 161 | 7.0 
| 2.99 15.3 8.7 
pp! 25.6 | 44.8 | 0] a pe 
Meo | 5 / 22.4 | 40.5 | 55| 47 16.5 iyeoek 
| MgO (220) ITI(3) 40.5 ay 21.3 38.4 | 53 } 2.46 15.6 8.8 (>) 
| 2.30 | 16.4 4.8 
pp! 9.9 37.9 | 37 ‘ 6 
225 ety i BLO ae | aoe EP giao PMs ye sige eee 
ea a ala Ae] ae tie 57.6 80 8.72 | 15:4. | 4:0 
| pp! 16.0 | 48.7 | 38 ae 16.8 he : 
a ae : * | 39] 28 PS Ae coe eS 
oe Mie Re tnTLETCD ats A0sBeeiioatily | tel Bed). oil ig 3.45 | 16.1 | 6.2 
Daw: | 3.45 | 22.4 | 10.4 
pp! 85.9 | 75.2 | 41 4 
Oa 88 89.0, | 22095 | o22. 2.) GO.8. leasing 
CdO (111) Vd), 44.0 a7) oe 51.0 ‘ ate s 
2.35 | 20.6 | 10.8 
| pp! 25.5 | 48.6 | 38 1 
rgiol4i 22.6% |) 8245. | 20°) 1h 10.400) teas 
Re OE Oe eae ie ee |idkeDBabinn toate 
pp! 20.0 | 45.6 |. 0 a 2.60 | 17.2 co P 
ay Ke 9. eS elie Ose, . poe 
Ons 2201), TVG) | MBdbs Pag! |) 3ST giaes }2.40 4 ee 
2.38 | 18.8 8.9 
pp! P11 44.2 0 20 Ne 9.3 ~1/8 
3. 48.4 | 61| 32.5 | 19.4 8 
iO.) 220) | TVG) | 40.0 | ag | er | 46.8. | 62 } 2.50 185 | 88 |) 
2.45 | 18.5 | 10.1, | 
s ’ 3.6 | 48.1 | 58] 35 feel ie ye : : 
CcdO | (220) | IV(2)| 39.0 q7 oe ao walked 2.45 | 17:9 9.2 eo 


(* Bin kV, a-B/L, b-E/L, Vo |Val/1i+e in volts, y, gin degrees.) 
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direction of the Debye ring, are tabulated for 
the linear quartets found in the multiplets of 
our photographs. It may be seen that also 
for these quartets the ratio a/b are not a 
constant of a reflexion. 

A more apparent disagreement of the ob- 
servation against Sturkey’s theory can be 
found when we observe the symmetry of the 
configuration of doublets in multiplets. Ac- 
cording to the theory, the configuration of 
doublets given by cubic particles should have 
in general a centre of symmetry at Z;-point; 
especially the configuration in (220) multiplets 
should have symmetries across the radial 
axis as well as the tangential axis. However, 
observed multiplets show such symmetries 
only in exceptional cases and certain distor- 
tions from the symmetric form are noted in 
general. (220) multiplets in our photographs 
show more or less asymmetry across the 
radial axis, while the symmetry across the 
tangential axis is always almost preserved. 
For example, a slight distortion of this kind 
can be seen in Photo. II (2), and considerable 
mes) si ME G)E JN ©), A, Cel, IY CO, 
(222) multiplet of Photo. II (2) and (111) multi- 
plet of Photo. III (3) have the centrosymmetry, 
while (222) of Photo. III (5) and (111) of Photo. 
V (1), (2) show apparent asymmetries. 

As the matter of fact, it was rather seldom 
to find full set of component doublets expec- 
ted for multiplets, though it was not so difficult 
to observe only certain component doublets. 
By taking a hundred of plates we found 6, 
10, 7, 4and 9 multiplets of fuller set of com- 
ponent doublets, respectively for (111), (220), 
(220) reflexions of magnesium oxide and (111), 
(220) reflexions of cadmium oxide. These 
will be utilized in a. detailed analysis of the 
observation given in §5. For (200) reflexion 
of cadmium oxide it was very seldom to find 
tangential quartets as that of Photo. V (3), 
which has a-#/2£L=16 and b-#/2L=22 volts. 
We found more frequently pairs of spots 
along the Debye ring having equal intensity 
and separations, multiplied with #/2Z, about 
5~10 volts (Phot. V (1)). As will be seen in 
later sections, the pair of spots should be 
considered to be two inner spots of the tan- 
gential quartet. 


§4. Theoretical Consideration 


We will now give a theoretical considera- 


Goro Hongo and Kazuhiro MIHAMA 


(Vol. 9 


tion on the configuration of the double re} 
fraction multiplet according to Kato’s theory] 
of wedge shaped crystal. In the theory the} 
double refraction effect is constructed by the 
wave vector relation in the reciprocal spacef} 
(See Appendix). When we utilize the appro- 
ximation mentioned in the last section, the 
effect is accounted for by assuming double} 
refractive indices of crystal, the unit incre-]} 
ments of which are given by | 
8 p= by + dn(EXV/1+&) 
for primary ray and by (2) | 
6;0}@) = O94 On(—EX/V/1I+2&) 
for thesreflected ray, where (1) and (2) cor- 
respond respectively to + and — signs and 
€ is a parameter representing the error of | 
resonance, which is defined by the relation: ] 
E-0,=0-40, (25 
@ being the Bragg angle of the reflexion 
concerned and 40, the angular deviation of 
the given electron incidence from the direc- 
tion which satisfies exactly the Bragg con- 
dition in the case when there were no re- 
fraction effect. 

Now let us define (&, 7, €)-axes in sucha 
way that €-axis is the normal to the lattice 
plane which gives rise to the reflexion con- 
cerned, &-axis the intersection of the lattice 
plane with the plane containing €-axis and 
the direction of the incident electron, and 7- 
axis perpendicular to the former two. Then 
7€-plane is nearly parallel to the photogra- 
phic plate and the y- and €-axis are parallel | 
respectively to the axes which are tangential 
and radial to the De ye ring through Z;-point. 
We denote the tangential and radial devia- | 
tions of the reflexion due to refraction from — 
the Zs-point by angles a, and ag respectively, 
then those for a reflexion doubly refracted | 
by a path can be given by 

tt = E-Bq-8y —(DvEOn-V/ LEE) “ty » 

A, = E-Oy,+S¢— (Do HOn- /I FE) te - 

(3) 

Here s,,, and z;,< or (s; 8) and. <(Z, 7) are 

given by 


| 


Sy=s-sin B=(m/l+m’/l') , (34) 
St=s-cos B=(n/l+n'/l') , 
tn=t-siny=(m/l—m’' |’) , (3% 
ty=t-cos 7=(n/l—n'|I') , 


(1, m,n) and (/’, m’, n’) being the direction 
cosines of the outwards normals to the en- 


> trance and exit boundaries respectively, and 
| are determined if the azimuth of the crystal 
‘relative to the incident electron beam are 
} given. The azimuth can be represented by 
fthe angle, ¢, of rotation of the crystal 
)around the normal € of the reflecting lattice 
plane from such a zero position that a cer- 
)tain zone axis of the crystal, contained in 
) the lattice plane, coincides with £-axis. 

Utilizing the above relation we can con- 
struct the double refraction multiplet given 
by a particle of any external shape in terms 
of two parameters Y and &, provided 6) and 
| 0x. The only task is to find the expressions 
)of ¢,s and s,,, in terms of ¢, which are 
dependent on the external shape and the re- 
)flecting lattice plane: “The expressions for 
'(110) lattice plane of cubic particles are 
shown, for example, in Table II, where ¢ is 
assumed to be zero when the electron ray is 
= to [110] axis. 


Table III. 
Sy Se ty tr 
| p —2tang | 0 0 | —2see ¢ 
ie —2tang | 0 | 0 | —2 set og 
q —2 cot 2¢ —seeg  —2cosec2y) —secy 
| | 
i gq’ —2cot2g | —seeg | —2cosec2y! —secg 
| | 
lr —2eot2g | —secy | —2cosee2y| —secy 
7! —2cot2p9 | —secy | —2cosec 29 | —set 


In general for cubic particles, a pair of 
doublets corresponding to a pair of paths as 
mentioned in the last section form a linear 

quartet, because, for the pair, 7¢,,, merely 
reverse their signs and s,,; are identical. 
The intra-doublet separations are given by 


a 2 D) ae , ( ) 
while the inter-doublets separations, by 
J 0 
=2-.-——-[-t, (ay) 
we 2E 


the angle + between the line of quartet and 
the radial direction, together with ¢ in the 
above expressions, being given by Equ. (3). 
On account of the effect of resonance error the 
centre of the linear quartet deviates in gene- 
ral from Z;-point: to give the deviation it is 
convenient to define s and 8 as Equ. (3’). For 
the sake of the next section, ¢ and 7 are 
plotted against ¢ in Fig. 3 (a),2(b) “for™(110) 
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and (111) lattice planes, for the latter lattice 
plane also ¢=0 when the electron ray is 
parallel to [i110] axis. Similar plots of s and 
8 can be easily obtained. Thus, in Fig. 4 
(a), (b), theoretical configurations of double 
refraction multiplets for (220) reflexion of 
magnesium oxide and (111) reflexion of cad- 
mium oxide are illustrated for different values 
of ¢ and &, anticipating for 4,/6) the values 


in an arbitrary scale) 


d ( 


Fig. 3 (a). t, y, d for (110) lattice plano. 


d (in an arbitrary scale ) 


Fig. 3 (b). ¢t, y, d for (111) lattice plane. 


5.5/15 and 10/20, respectively, which are in 
an accordance with our experimental values 
obtained in the next section. It may be seen 
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that the theoretical configuration can repro- 
duce very well the general features, as men- 
tioned in the last section, of the observed 
refraction multiplets. As the results of dif- 
ferent displacements of centres of different 
quartets, the configuration is distorted when 
€<0 from the symmetric forms of €=0. For 
reflexions due to the same lattice plane but 
with different values of 6,/d9, the intra-doub- 
let separations relative to inter-doublets 
separations and the degree of the distortion 
are different, but the main characteristics of 
the configuration dependent on (¢, 7) and 
(s, 8) are similar: the larger 6,/6) is, the 


ey} a al 
0 tyte ote she 
4 oogher she vce 
a a i ON ; 


40° 


Fig. 4 (a). Double Refraction Multiplet of 
(220) of MgO (theoretical). 


30° 


Fig. 4 (b). Double Refraction Multiplet of 
(111) of CdO (theoretical). 
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| 
more conspicuous the intra-doublet separa- 
tions and the degrees of the distortion. 


§5. Determination of V, and V;, 


We will now determine V, and V, fro 
the observation and compare them with their 
theoretical values. | 

Except for (200) multiplet which consists of| 
only one tangential quartet, the analysis goes}#} 
as follows. The results for the multiplets|}} 
reproduced in our photographs are tabulated 
in the right half of Table IJ. At first, the value 
of ¢ for an observed multiplet can be known) 
from the observed angle 7 utilizing the plots) 
as Fig. 2 (9th column of Table II). Thea 
the corresponding values of ¢ can be known |f 
by the same plots (10th column), and Vp and | 
|Val-7/1+€ are obtained from the observed | 
values of a and b according to Equ. (4) and | 
(5) (11 and 12th columns). The agreement | 
in each multiplet among the values of Vj and 
|Vnl-1/1+e2 from different quartets is fairly | 
satisfactory. 

In principle, &€-|V,| might be obtained by 
measuring the displacements of centres of | 
guartets relative to Zs;-point utilizing the 
known values of (s, 7) so that |V,| can be 
calculated. However, the position of JZs;- 
point is not given directly and the analysis 
of the displacements is somewhat involved. 
We preferred, therefore, an alternative method; 
namely, € is estimated roughly (13th column) 
by comparing the observed configuration of 
the multiplet with the theoretical ones, as 
given in Fig. 3, drawn for €=0, 1/3, 2/3 and 
1, assuming approximate values of 6,/dp. 

The values of V, and |V;|-1/1+& obtained 
from multiplets observed with fuller com- 
ponents for (220), (222) reflexions of magne- 
sium oxide and (111), (220) reflexions of cad- 
mium oxide are plotted against the values of 
€, estimated as above, in Fig. 5 (a), (b), (c), 
(d). 

The mean values of Vy) and |V;,|, the latter 
being obtained from the above | V;| “YW1+e 
utilizing the estimated &, are tabulated in 
Table IV. In the same table are tabulated 
the values of |V;,| and Vo calculated utilizing — 
the known atom form factors®, the former 
by the equation given by Bethe» (Equ. (2) 
of Part I) and the latter by the method given 
by Tull. The full lines drawn in Fig. (5) 
1epresent the theoretical values of |V;,|- 
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Fig. 5 (a). 


(220) of MgO. 
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Fig. 5 (b). 


(222) of MgO. 
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oO 
Q it ee 
10 : 
1@) 
COMMON O14 10:5 0-8 
€ 
Fig. 5 (c). (111) of CaO. Fig. 5 (d). (220) of CdO. 
Table IV. 
Reflexione! Observation Calculation Vo Correction 
| le (Val Vo |Vin| Vo (Sturkey) Va! Vi! 
GD fark, fo 16.6 1.25 0.22 0.51 
Meo (200) | ~7 | .~16 7.66 12:8 13.0 0.90 ‘ieo 
(220) 5.5 15.8 5.47 12.7 0.17 0.26 
| G22 | a. 4.2 15.4 4.28 = =O. Ouy HeOgkO 
(111) | 9.9 20.9 9.68 ay 2.85 3.06 
CdO (220) | 8.2 18.3 | 9.96 18.1 0.51 0.71 
(200) | — - | 13.75 20.0 3.63 4.61 


V1+& for varying €. 
| For (200) quartet @ and 0b are given by 


Equ. (4) and (5) with <=2sec¢ (¢=0 when 
slectron ray is parallel to [101]). For each 
»bserved quartet we can not know € and ¢. 
Jowever, the distribution of plots in Fig. 2 
seems to be reasonable when we assme 16 


volts for V) and 7 volts for | Vn]. 

Thus we can obtain the values of V, and 
|V,| which show an agreement with their 
calculated values. In details, however, there 
are considerable fluctuations in individual. 
values and those for V) of magnesium oxide 
and for V;, of (220) reflexion of cadmium. 
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oxide show systematic deviations from the 
calculated values. 

When the detailed values are concerned, 
the following circumstances must be taken 
into account. In the above consideration 
only one reflexion is considered to exit. As 
the matter of fact, however, a reflexion may 
be accompanied by other reflexions, strong 
or weak, and influenced by the presence of 
the laters. When some other strong reflexions 
occur simultaneously the influence may be 
considerable. The anomalous values for V, 
of magnesium oxide obtained from (111) and 
(113) reflexions of the sample having [001]- 
fibrous orientation (§4 of Part I) seem to be 
typical examples of such cases. By this 
sample, the crystallites giving rise to a cer- 
tain (h, h, 1) reflexion assume such an azi- 
muth that is very favourable for the other 
th, h, 1) reflexions to occur simultaneously. 

The crystallites participating in the refle- 
xions concerned in this paper are in general 
not in such especial condition, but it is very 
much probable that the considerable fluctua- 
tions of individual values of observed Vj and 
V, are due to the effect of simultaneous oc- 
currence of some other reflexions. It was 
observed, moreover, that sometimes a com- 
ponent doublet corresponding to a path show 
higher multiplicity than simple doublet as, 
for example, ~, 7, qg’-components in Photo. II 
(3), p-component of Photo. II (4). This is sup- 
posed to be due to strong coupling of other 
reflexions. 

Even for arbitrary any azimuth of crystal, 
a reflexion is always accompanied by refle- 
xions of the other orders at the same lattice 
plane, though the latters may not become 
strong. It has been known that the values 
of mean inner potential obtained from rota- 
tion spectrum of single crystals show always 
anomaly at lower order reflexions which may 
be attributed to the effect of simultaneous 
weak reflexions of this kind.1 Therefore, it 
seems to be natural to take into account of 
similar effects also for our values of V, and 
V,. The corrections, V;’ and V,’, which are 
to be substracted from our values in 3rd and 
Ath columns of Table IV, are calculated by 
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means of the summation correction for wea ‘| 
rays in Bethe’s theory, assuming exact Bragg 
condition for the main reflexion concerned} 
and tabulated in the last two column of thé 
table. When we make these corrections, the 
agreement with the calculated values of ou i 
values of V;, for (220) and (222) of magnesiunt 
oxide is damaged somewhat, the discrepancy} 
of Vos.) of cadmium oxide is enlarged andlf 
our value of V¢i31) of cadmium oxide becomes} 


also to be discrepant with the calculated value.) | 


(Vol. 9, 


In the mean while, our values of Vy o 4 
magnesium oxide higher than the calculated] 
values are not improved sufficiently. 

In might be impossible, especially for cad-| 
mium oxide, to speak of such details up tol 
one or two volts, since there were sometimes} 
uncertainty in locating the spots in multiplets} 
and the observed multiplets were not suf-| 
ficiently numerous. On the other hand, the 
weak rays correction itself does not seem to 
be satisfactory to such extend also for the] 
values of mean inner potential obtained from | 
very low order reflexions of the rotation 
spectrum. But, im our case the correction | 
is not satisfactory even in its tendency. As| 
to V, of magnesium oxide, Sturkey’s result, 
listed in 7th column of Table IV, seems, ata 
glance, to be in a better agreement with the | 
theoretical values than ours, but it is evident | 
that his method of analysis is obliged to give 
too lower values than really obtainable ones | 
from the observation. From the photographs 
given by Cowley and Rees (Fig. 3, 1947), we 
obtain also about 15 volts. Therefore, the | 
discrepancy of our values does not seem to 
be only a fortuitous one. We can not find 
at present any reasonable explanation of the 
minor discrepancies of our results against the 
theoretical values. 


§6. Intensity Relation in the Double Re- 
fraction Multiplets 


We will now turn our attention to the 
intensity relation in the double refraction 
multiplets. 

According to Kato’s formulation, the inten- 
sities of doubly refracted rays relative to 
that of the incident ray are equal to each 
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“other, being given in the present approxima- 
tion by 


Lo b= Oh 8 (6) 


fe 


i) Relative Intensity of Doublets 


At first, we will discuss the relative inten- 
sity between each other doublet of a multip- 
‘let assuming the above expression. Since 
this expression depends only upon the com- 
‘mon parameter € for all the doublets of a 
‘multiplet, the relative intensity is considered 
to be proportional to the cross section of the 
corresponding paths, namely the area common 
‘to the entrance and exit surfaces looked 
j.along the ray direction. It is expected, then, 
»that the pair of doublets forming a linear 
‘quartet should have equal intensities, while 
the relative intensities among different 
‘quartets vary with the azimuth ¢. For the 
latter, the following relations are expected 
as known from the plots of the cross sections, 
_d, against ¢ given in Fig. 3. In the multip- 
let due to (111) lattice plane, (7, 7’) quartet 
‘should be always very weak, while either 
quartet (p, p’) or (q, g’) is the more predomi- 
‘nating corresponding to ¢ being either the 


smaller or the larger than 30°. In the mul- 
tiplet due to (110) lattice plane, it should be 
that the smaller the azimuth ¢ is than 35°, 
‘the more dominant is the radial quartet 
‘(p, pb’), while (q, q’) and (7, 7”) quartet become 
predominating in the neighbourhood of 45°. 

As mentioned in §3, it was seldom in 
practice to find the double refraction multip- 
‘lets of full set of components, some doublets 
‘being often absent or distinctly weak even 
when considerable intensity are expected. 
‘For example, p’-doublet and q-doublet are 
distinctly weaker than p doublet and q’- 
doublet, respectively, in (222) and (220) multi- 
'plets in Photo. II (2) and p’, q’ and q’, r are 
absent, respectively, in Photo. II (4), III (5), 
IV (3). However, we can see that the re- 
imainders show reasonable intensity relation 
and it was found that the absence takes 
|place quite at random except when very 
‘small intensity is expected according to the 
‘very small cross sections of paths. It is very 


5 
much conceivable that the erratical extinction 
is due to the fact that the corresponding 
path is shielded by the other particles in the 
sample on account of the insufficient disper- 
sion of the particles. 


(ii) Relative Intensity between two Spots of a 
Doublet 

According to Equ. (6), the intensities of 
two spots of a doublet should be almost 
exactly equal. 

We have mentioned in Part I a fact that, 
contradicting the theory, outer two spots are 
considerably weaker than the inner two spots 
in (002) quartet of magnesium oxide. A simi- 
lar fact can be observed, more or less, for 
all multiplets reproduced in our photographs. 
As far as we have observed, there was no 
exception to the tendency of the intensity 
difference. 

Moreover, we can see that the degree of 
the intensity difference has certain relations 
to substances and indices of reflexions as 
seen from our photographs. In general, it 
is very much conspicuous for cadmium oxide 
than for magnesium oxide. Among the re- 
flexions of the former, it is so conspicuous 
for (200) quartets that the outer two spots of 
the quartets are almost vanishingly weak. 
It is nearly so also for (111) and (220) refle- 
xions, but the outer spots of quartets of these 
reflexions can be observed more easily than 
those of (200). Among the reflexions of 
magnesium oxide, it is conspicuous for (200) 
reflexion, becomes less conspicuous for (220), 
(222), (420) reflexions, in this order, and, 
finally, is almost indiscernible for (111) re- 
flexion. It is a notable fact that the degree 
of the intensity difference shows a similar 
tendency as the magnitude of the double re- 
fraction effect according to substances and 
indices of reflexions.* 


* Altenhein et al. seems to have overlooked 
such intensity anomaly. This is presumably due 
to the fact that the accelerating voltages applied 
for their electrons were higher than those for 
our electrons. 
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Discussion on the Intensity Anomaly 
of Double Refraction 


In Bethe-Kato’s theories the crystal is as- 
sumed to be nonabsorptive. But, as the 
matter of fact, it is recognized that real 
crystals are more or Jess absorptive, so that 
the inner potential V may be considered as 
complex quantity, V,+7zV;, as assumed by 
Moliére!. Then, let the mean inner poten- 
tial and the Fourier coefficient of the poten- 
tial be given by 


Vo = Vor +2Vo; ? 
Vn = Vi, roe tVni , ( 7 ) 
Vi=VirttVini, 


V, and Vz; are not conjugate to each other 
as in nonabsorptive crystal. For centrosym- 
metric crystals like magnesium and cadmium 
oxide, Var=Vz, and Vz,=Vz; and these four 
quantities are all real. 

The explanation of the intensity anomaly 
mentioned in the last section may be naturally 
sought in the absorption corresponding to 
such a complex inner potential. The inten- 
sity relation in an analogous case in X-ray 
diffraction was discussed by von Laue’) and 
his result may be utilized here®». The com- 
plex inner pctential amounts to assuming 
double values not only for the refractive 
index but also for the absorption coefficient 
of electrons within crystals. When we utilize 
an approximation similar as that for Equ. 
(2), the double values of the absorption coe- 
fficient are given by 


gt 42 V 


: _WVp r* Vas 
2K 


hee = 

| Var | VW1+e2 
where the superfix (1) and (2) and =+ signs 
correspond respectively to those as used 


formerly for the refractive indices and K is 
the wave number 


\, (8) 


of electrons in vacuum 
(See Appendix). 

Consider a beam of electrons which run 
across the crystallite through a part where 
the total path length within the crystal is 7, 
then its contribution to the doubly refracted 
spots, (1) and (2), will be proportional to 
exp (—o)-7) and exp(—o@-J) respectively. 
Since the particles in our sample are supposed 
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to be sufficiently large on account of the) 
reason mentioned at the beginning of §3,, 
the intensities of the double spots can be 
obtained by summing up the above contribu-| 
tions from J=0"to “co, Then the intensity 
ratio R of (2) spot to (1) spot is given by : 


co | {co 
R=| exp (0) -at/| exp(—a@-1)-dl 
. / Jo 


_ | Var os Vo: "Y1+e+ Vnr> Vas 


a Ve |-Vo:- aes e— Vars Vai ; 


| 
Here, V,; representing the ordinary absorp- | 
tion must be naturally considered to be posi- | 
tive and V,:, as well, be smaller than Voz, | 
because otherwise it results in a negative 
intensity. Our observation that always R=1, | 
requires that V,; should have the same sign 
as Vn;,, thereby R being given by 


pe Vie +] Vail /Vor 
V1it& —| Vail /Vou 


When we assume further that the magnitude 
V,; varies similarly as V,, according to in- 
dices of reflexions, as supposed by Moliére, 
the observed features of the intensity anomaly 
can be explained by the periodic imaginary 
potential. 

If we assume the potential, the measure- 
ment of the intensity ratio amounts to giving 
the values of |V,.|/Vor. For example, the 
ratio seems to be about 10 or higher for the 


(9) 


lowest three reflexions of cadmium oxide, 
where (1)-spot is almost vanishingly weak 
compared to (2)-spot, then values of | V,;|/7 
Vo:, about 9/11 or nearer to 1, might be con-. 
cluded. The observed ratio R should vary- 
depending upon the reasonance error &, de-. 
creasing with increasing values of € and the- 
variation being more conspicuous when the: 
value of |Vn:|/Vor is larger. At the present 
stage of our observation, we can hardly 
speak of the latter variation definitely and. 
work out the analysis through on account of’ 
difficulties of the intensity measurement. 

As the matter of fact, the periodic imagi-- 
nary potential of crystal to electrons is only- 
a phenomenological assumption, the theoretic- 
al basis being not yet so obvious as the: 
analogous quantity in X-ray diffraction. The: 


: 
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intensity anomaly of double refraction seems 
to require more through experimental as well 
as theoretical investigations. 


$8. Conclusion 


The duplicated multiple fine structure due 
to the double refraction effect of electrons at 
Bragg reflexions are studied in details for 
reflexions given by cubic smoke particles of 
Magnesium and cadmium oxides. Thereby 
the following facts were found. 


1. The structure of the double refraction 
multiplets vary according to not only the 
azimuths of the crystallites but also the angle 
of deviations from the Bragg condition in a 
way characteristic of the index of reflecting 
lattice plane. 

2. Thus, for fuller understandings of the 
structure, Sturkey’s first simple consideration 
is not sufficient and Kato’s more _ refined 
theory of wedge shaped crystal taking account 
of the error of resonance is neccessary. 


3. According to the latter theory, the de- 


Fig. 6. 


viations of a reflexion due to the effect by a 
wedge are represented by simple expressions, 
with a reasonable approximation, in terms of 
the Fourier coefficients, V, and V,, of the 
periodic inner potential of crystal and two 
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parameters corresponding to the above men- 
tioned two angles. By the expressions, V;, 
as well as V, can be determined by measur- 
ing separations in the multiplet, yielding 
values in an agreement with calculated values. 

4. The double refraction show an intensity 
anomaly of certain regularities which is not 
expected by Bethe-Kato’s theory and seems 
to be explainable when periodic absorptive 
potential, as mentioned by Moliére, are as- 
sumed for crystal. 

The method to determine V; and V, can 
be applied to other substances of arbitrary 
external shape containing non-parallel clean 
cut surfaces ; the refraction effect itself gives 
an usefull information to know the necces- 
sary ;crystallographic relation of the external 
shape, which might be difficult to be known 
only ‘by’ electronmicroscopy. In_ practice, 
however; the application of the method might 
be limited on account of the following rea- 
sons. The double refraction effect is difficult 
to separate for: higher order reflexions of 
It is considerably influenced by 
simultaneous existences of other reflexions, 
especially.in lower orders. Finally, for re- 
flexions of large V, the intensity anomaly 
may make difficult the separation measure- 


small Vj. 


ments. 


Appendix 


Fig. 6 dipicts the wave vector relation of 
the double refraction effect according to Kato’s 
theory. (Cf. Fig. 1 of Kato (1952): 2; D@ 
D@; A®, A® represent the wave points, 
respectively, of the incident vacuum wave, 
the doubly refracted waves in crystal and 
the doubly refracted reflexion emergent from 
crystal, they being connected successively by 
the lines parallel to the ourwards normals ve 
and v4 of the entrance and exit surfeces. 
(In the figure the wave number of incident 
vacuum wave K=EO(=L*O=L*H) is taken 
to be the unit of length). 
condition that Bragg angle and the refraction 
effect itself are very small, the relative posi- 
tion along &-axis of the wave points is given 
as indicated in the figure. From this relation 


According to the 
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Equ. (2) and (3) can be drawn immediately. 
Here it is assumed that the electron ray is 
not grazing to the surfaces of the wedge. If 
the ray becomes grazing to the surfaces up 
to a glancing angles ~5°, the errors of the 
approximate Equ. (3) amounts to serveral 
percent, but in such case the intensity of the 
deviated reflexion is vanishingly weak (Cf. 
§4 (i) of Part ID. 

When imaginary inner potential is assumed 
for crystal, the displacements of the wave 
points of crystal waves from those of the 
vacuum waves contain imaginary parts. From 
&-components of these the linear absorption 
coefficients along &-direction result in as Equ. 
(8). Here |V,,-|S>|Vn:| is assumed following 
von Laue and according to Moliére’s estimation 
that | Vac}/| Varl~Vor| Vor~0.1. If this ratio 
the intra-doublet 
separation might be dependent also upon 
|Vn«|, being proportional to 7/| V,,.|/?—|Vail?. 


is not sufficiently small, 
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The collision between two diatomie molecules is treated quantum- 
mechanically. Group theoretical arguments are used, and the dif- 
ferential equations for the internal wave functions are derived. The 
procedure is due originally to Curtiss and Adler, but is more direct 
and suitable for collision problems. The equations are solved by 
Zener’s method, and transition probabilities are obtained in terms of 
integrals of interaction potential and a set of phase shifts. It is also 
shown that the collision between two polyatomic molecules can be 
treated in quite similar way. 


+1. Introduction &,=X,—-X, , &.=X;—X,, 


| The collisions under gas kinetic conditions _ mX,+m,X, m3X,+mX, 
vere discussed by various authors, e.g.,  _m+m,  mstm ” 
Zener)), Devonshire”), Jackson and Mott”? ile 1 4. 1 il i? Le aetln 
nd Schwartz, Slawsky and Herzfeld®. In M mm m,’ NW. | Giliw * 
most cases the problmes were treated one- sa acens 1 il 
limensionally. Curtiss, Hirshfelder and M”- m+m ~ mztm ’ 
\dler# developed a useful theory, separating Cop WK Sip ke 

7” 


he rotational coordinates from many particle 


eens, (2) 
chroedinger equations, and applied it to the 
: : : we have 
cattering of atoms by diatomic molecules. i . ' 
: ; : 1 il 
(hough their method is very comprehensive, AE bh 8s 4 ae ym Agee 
ie ed me, “4 Si te, 


t seems somewhat indirect and lengthy so 
ar as the impact problems are concerned. 
n the following sections the more straight- 
orward method is used for collisions be- 
‘ween two diatomic molecules and between 
\olyatomic molecules. (The notations similar 
o those in reference (4) are used as far as 


sossible.) 


2. Collisions between two diatomic 1 
Fig. 1. Vectors specifying the configuration. 


oats Atoms 1,2 belong to molecule 1, and atoms 
i] Wave equations 3,4 to molecule 2, O,, O. being the centers of 
The Schroedinger equation for two diatomic mass of the respective molecules. 
aolecules may be written as On separating the motion of the center of 
p [Be 


2 mass, equation (1) becomes 
{4 s 1 bx, +8’—V\P=0. Gly) ‘ 


2 n=1 Mn 


1 1 i 2 f 

: E—-V)\o=0. 
bart ir) Races oS ) 

(3) 


We assume that the potential energy function 


f we introduce the vectors &:, 9, X illustrat- 
d in Fig. 1., and the reduced masses M,, 


%p, M, defined by 
199 


200 


V is made up of three parts 
V= Vi(E,)+ Vi(E.)+ WE1, &:, 0), (4) 


where W&,, &, 0) is the collision potential and 
Vi(E:) is the potential of each isolated mole- 
cule. Making use of the wave functions 
Yr aymz, t=1,2, and Yy(63%3) (surface har- 
monics of degree /), satisfying the respective 
equations, 


1 2 ) 
L as EG Vig i) Vine a =ll) 
tage paanenmn) RENO estes 
(5) 
and 
1 
{doo t AEE ) TY n(0ies)=0 Hee G5) 


where 4,9.) is related to 4, by the equations 
OP DB gl 


4p=4 9,93) +4p , 4,= do? 0 do > (7) 
we may expand ¢ as 
¢=  p,a,m(I191E1)¢ poaymy(O2P2Fo) 
Di IUjjmyy 
x Vj(O3%3) 9m, vl Didi ps (8) 


where Ym y(pigi J) stands for Ymyno( Di PoQi@ J). 
In these equations 41, 9; 62, 92; 63, ¢3 are 
polar and azimuthal angles of £,,& and p 
respectively. Substitution of (8) into Eq. (3) 
yields 
$ py 0,7 (91 P1E1)$ py aymo(O2P2E2) Y j(O3P3) 
DyUIjmyzy 
1 HIV 
x 4——4,—- = 
lee idea: 
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2 
+4, (k-E. 


—E nes W)h gm Pegi f)=0 : (9 ) 
The eigen-function of each molecule Yn a4m, 
may be expressed as 


¢ ngaymy= Yaym,(9i¢1)Zp,0,(Es) . (10) 


If RF is the rotation of coordinates system, 
which brings the system of particles to the 
standard configuration, 


Yim(@P) = 2 D(R)*; smm! Y um (O’ 9’) ’ 


where D(R), is the /-th irreducible represen- 
tation of the three dimensional rotation group, 
and the primed coordinates are the coordi- 
nates after rotation. Now we specify the 
standard configuration as follows: p is in 
the positive direction of z-axis. The polar 
and azimuthal angles of &, and £, are 0,9 
and 6’, 7/2 respectively. (The azimuthal 
angles are mesured from yz plane.) Then we 
have 
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Yn(Oses)=(—1)( EY DR, 
Yaym (A101) = 2 D(R)* a; m0, ¥a,0,(O9) , 
Yagns(O02)= 3. (—2)%2 

XDD RY gs mses) asa Cae 
(11) 
We may also use the following relations. | 


D(R)* 91 my04D(R)* 93 mary 
= 2 Sai¢9,4¢m—mg)mg 
19) - WIS + ay 


x Saja, (a —a)0.JI(R)* 9 me (12); 
DRY; yo D(R)* q,ma 
= Sass Ce— myo 
' wehyepeais 
x Sia,s0aD RY*5 wo (13) 


where m=m,+m,, a=a;+a, and p=v+tm. 
On substituting Eqs. (11), (12), (13) in Eq. (9), | 
we multiply both sides by D(R)y-,ws and 
integrate them over R. On account of the 
orthogonality relation of the irreducible re- | 
presentation matrix elements, we have (after 
dropping the primes) 


rly — a(t a 


x S¥a,7¢4—m)mSaqa9,0¢m—my)mgSay dy ,4(8— ety), 


x Yays- a»)(OQ) Ae i aA oe al 


Diqyim IMy%o 


1 HI+1) 
x | M 4,— Mo? + (E—-Ep,a, 
— Enea W)haem-msrmatucm( bid )=0- 
(14), 
If we put 


SS Sia, T( mb mmD4y dy ,4¢m=— My )Mox 


eh e ai 
Ax mms 


x Jom=mymo(—m) = Gyaul Digi D $ 
Eq. (14) becomes 


(15), 


py (—2)*Sjq,r708Sa,45,0°8=0)S Yaycs- a)(O¢@), 


Py ayjaa ; 
x Ya,e F/O) Zp a (EvZy 0 Eo ) 


1 —KI+1),, 2 
x| M fe Mo? ja ES 


= ae ae > (tee 


Enya, 


where we write @ instead of a». Eq. (14) iss 


multiplied by 
Zoya, AE1)* Zing ay(Ex)* Yas -a)(Oy)* Yayrar(O’0)* 


sin@ sin 6’ and integrated with the result | 
(after dropping the primes) 


1954) 


- 1 Beers 
E Si,s0s Sryanats-a4 M A aie a 


2 
+ (E—Ena, Ere) } Grol dae 


ar BS D Sia,r0sSa,ra9 »4CS —a’)a’ 


a 
D; "ay de Sia 


X Graul Di’ Qi’J) Ws(piqialpi'qi’a’) , 
‘where 
Ante 


Ws(piqia|pi'qi'a’) = ee | WZ rAE) 
x Zpy0,(E1)* Loy! ee )Z pga. (Es lg val CS — a (OP) 
f x Ya cs- a(OP)* Yasar (0 0) Yova(0’ O)*E aye 
xsin @sin 0'd&,dE.d0di'd¢ . (17) 
Operating first D1 Say ay,0"¢S- aa X (multiply 
‘by Saa,acs-a« then sum over a), then 
= Sj-ar,sos X on Eq. (16), and making use of 


‘the orthogonality relations given by Curtiss 
and Adler, we obtain (changing q’ to q and 
j to j after operation) 


(16) 


1 i+] 2 
Fale ee re S(E-E na. Eve) 
xX Graul pigi J) 
= 2,3 X Wal bia ja pias) 
X Grau Di'Qi's’) , (18) 
where 


Wil digi sabi ais) 
2j+1 
X S5q,208Sj7q7;20s Ws( piqia! pi'qi'a’). (19) 


fii] Approximate solution 


We can get a solution of Eq. (18) by per- 
'turbation method assuming that the coupling 
is weak, by the method similar to that used 
by Curtiss and Adler, which is originally 
due to Zener. 

Now we consider the equation 


1, s+) 
ii) al Mo? M 
— Wi par ja\daia} £=0. (20) 


with k?/M= (h?/2)(E— Epa, — Epyay)- Let i be 
‘the solution of Eq. (20) wnich is bounded at 
p=0 and is normalized so that asymptotically 


(eee ECON (21a) 
ko 


6 being a phase angle defined by the asym- 
‘ptotic form. Further let X be the solution 
which is asymptotically 


ee exp (ho+-6)). (2b) 
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To the zero approximation we take 
(EC AO h. (22) 
and substituting this into Eq. (18), we have 
ig Dee 
M°’ Mo? | M 
Ws (bia fala ja} G 
= a MU Wi dis jal di qi’ 77’) 
Oe A! ie 
(23) 


U, X, 6, A, G are the abbreivations of Uya,p,a,5 
etc. and Azyau,p,a,3, Grau(biges); U’, A’ etc. of 
Usa’ 5D4/44'57s Aya ru,p;fa,75r ELC. 

We obtain the exact solutions of Eq. (23) 
as follows 


G=AU-» mba x\"O0) Wil 0’) 


“X(0’) Wal |(0’) 


x U(e'\e*ao'+U\ 


x U(o'o*do' | (24) 


The asymptotic form of this function is 
GA sin (ko+@)—> Ares 
ko eS ko 


x exp{z(Ro+9)}Bs(|") 
= MED OA —2t > A’B A ‘} 


2ko 
+ 55) xPC—AkO+ OIA | (25) 
where 
Bs |\=Bs (Digi sa| bi a7) 
=Mk\ UW. \QU‘e'do. (26) 


[III] Asymptotic form of the wave function 

As the procedure to obtain the asymptotic 
form of the wave function and the scattering 
amplitude in this and next subsections is quite 
similar to that used by Curtiss and Adler, 
only a brief description will be given. 

The wave function correct in the region in 
which the two molecules are not interacting 
may be expressed as 

yO =exp (¢k, Xy’) exp (tk, Xo’)Zn1,(E1) 

X Zngty(E2) Y14m(1P 1) Yigmy(O2P2) , (27) 
where X,/ and X,’ are the coordinates of 
the centers of gravity of respective molecules. 
Using the relations 
m+ My 


m3+m 
Boal —p 


5 X,/ =X — 
Mk 


2 nine 
(28) 


Ay =A 
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we have 
exp (¢k,_X)’) exp (zk, X.’) 
=exp{z(k +k.) X}exp (zkp) , 


where 
a (3+ Dad aC sai es ’ (29) 
Mk 
represents the relative momentum. The wave 


function which describes the relative motion 
in the center of gravity coordinate system 
can be written as 
gO =exp (thp)Zn41,(E1)Znyty(E2) 
x Vim (A191) Yigmy(42P2) 
=27(27/kp)'” > 2" Y 19393 Yiym(191) 


x Yigmy(92%2\ Vr(O0)Jz41/.(Ro) 

X Zny1y(E1)Zngty(Es) ? (30) 
where @ rnd @ are the direction angles of k. 
We suppose that the incoming wave is along 
the z-axis (in the positive direction, 9=0) 
with relative momentum & and that the 
collision may cause the transition in the states 
of molecules from states specified by (7:5, li, 
m:,) to states (m,1:, mi). Considering the 
asymptotic behavior we have 


¢——27t es MI? 3) Yiymy (Ai? 1) 
Maly my L 


x Vigmg(92P2)Zn41,(E1)Znyty(E2) 


Xx |p oP (ko) | .n 16m, ae ay 
ko 


X Dn jnjoOt aidmonedroh -=- exp (—zkp) 


zy, 
aI “se Jnana jy 1d | ; 


where @zy,n,;1;m, iS the scattering amplitude. 
Comparing (8) and (31) we have 


Sey 
Ai 


(31) 


iis ier . 
Im (nil J) — 7 | exp G0) atm 
(2j+1 
+1 ap 7 i Pooabisabece 


2j+1 
—eCxp (— ike)" hate yo min vadtitaPm mado | 


(32) 


{IV] Scattering coefficients 
If we operate: iirstm >) Sian cum and 
J 
then D Say ay,aCm?—mg"my" X on Eq. (15) and 
q 


put w~—m=v, we have 


' 1/2 
Imymyv( PigiJ)= can? @ oa 
> Sja,tvmSay09,amymyGsacm+y)( DQ, J): (33) 
Substituting Eqs. (25), (82) in Eq. (15), and 
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equating the coefficients of exp(—zkp) on botk 
sides, we obtain 

A= (=1% 294 1)S5q TOW, Is Cw mMog)mg9 | 

a On ngoOa42y9Oumo exp (z0) . (34) | i 

If we substitute Eqs. (25), (32) in Eq. 33} 

and compare the coefficients of exp (zko), wef 

obtain | 


(2i+1)? | 
= Weyl Joe 
anes ) | 


x On 4490142 ;gOmymjoOv0 
+(—1(Ar25+D}-2E SimSita,tmoma| 


x exp(z0){A—27 >> Aas since OM 

ae j 

(35) | 

Using (34), the scattering amplitude is obtain- 


ed in the following form, which is similar 
to that appears in reference (4). 


= {4r(27+1)}- 129 Ovemg—m) pS) (2 jo+)) 


Tjgttg 


Ajy,njlymy 


Ajy nym; 


X S51, rvmSi Ly, tmymyDiglg,TOmy ty 9la9»%9m1 9M9 
X EXP (29o)[Ongn jg 424905 5Ott9 
x {exp(#4)—(—1)/exp (—26o)} 
—21(1— On yn p00 42499559011) —1)4* 40 
Xexp (20)B5(mili J1| Miol io Jolo)] - 
In the Eqs. (35), (36) we put 
=O 51,5145 , 
A=Apjumey),njtyd , 


(36) 


Os=O0 sin milissos 

A’= Agiiemey) nytt iti" : 
As a special case this involves the scatter- 

ing amplitude of atoms by diatomic mole- 

cules, in which case the result is the same 

as that obtained by Curtiss and Adler. 


§3. 

Consider two particle systems (polyatomic 
molecules) 1 and 2. The Schroedinger: equa- 
tion for the whole system is 


Ee Se ee 2 Vi(---Xn---yh 


31,2 e=1 Jin 


Collision between polyatomic molecules 


1A Wu} I =0, (37) 


where W is the interaction potential between 

two systems ; we consider that W is invariant 

under the rotation of the whole system. 
Changing the variables as follows 


LMicX tx 
.O= = =m, — 
i= sesaane SMix Mi, M+ M,=mM, 
he 
Xixn= Xi t+Eix, 
Xx! 2 2 Si 
X= mA ante = ’ Q xX, Xz ’ 
i 1 b] 
M my, 3 Ms ” 
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we have 
ft 1 il 1 
Ax,+ Axe Ax 
i xi a x i 4x + Ap (39) 


On separating the motion of the center of 
gravity, Eq. (37) becomes 
1 el 0? 0 a) 
<2 Bees eee 
a 4 iot,24 Kel Mix OF? ign OF OF in 


Ue ee 
Vi Ene) 14 2 Ww Oo, Eu} | 
h? je 
=0, (40) 
‘where 0°/0&? means 4¢. 
As before 
H Oa @ 
4p=4r+4, > CA ge are ae , (41) 
0p” p Op 
Uae )¥n(R)=0, (42) 
0? 
{"s es hE @ 
k=1 Mix 0€ ix PLL OE i. 0E ip 


2 


+. i (= Vi) bs cagmi( Exes +)=0. 
(43) 
%p,a,m, being the bases of the q-th irreducible 
representations of the rotation group, we can 
express them as 


P p,aym,(° : Ei: => D(Ri)* a; my; 
% 


X Zpzayvi(- Men? -*) , = 2? ---N,—2. 
(44) 

| where 
GPa emg ay - (45) 


The meanings of the rotations R and R; 
are as follows: 

Operate first the rotation R~ around the 
‘center of gravity which brings the whole 
system to its standard configuration, then the 
rotation w,;~} (¢=1,2) around the center of 
\gravity of z-th molecule which brings the one 
definite particle of z-th molecule on the z 
vaxis and another one in the xz plane with 
1 positive «.—thus obtaining the standard con- 
figuration of 7-th molecule. (Notice that 
“among (3+3) parameters of wm, and » 5 of 
‘them are independent.) The. rotation R is 


‘expressed by 


Ri= Rez . (46) 
We can specify the internal configuration 
‘of the system by the distance between centers 
‘of gravity of the molecules po, the rotations 
‘wi, and the position vectors of the consisting 
particles yi defined by Eq. (45). The ac- 
ate differential equation for Zp,a,», is de- 
‘duced in the first part of reference (4), but 
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in case of practical applications we could 
neglect the interaction between vibration and 
rotation of each molecule. 

By these functions we can expand ¢ as 


¢= D(Ry)* a, myy° D(R2)* ay move 


DEM{IMyVEY 
x Y (R)Z 010144 Zpyaqv2Jmjv (Digi J) . (47) 
Putting (47) in (40), we have 
21 D(R1)* ay mr D(Re)* a2,myvy ¥iv(R) 


DiQgjmypYyy 


x Zr,14>4 Zrase{ dy K sare ib ae a} 
x Imyv yw Digi 7)=0 4 (48) 
where 
AWE . 
R= ie (Eos Fe 9 a4 =o Eee, ) : (49) 


Corresponding formulas to §1 (11) are 
(2j+1\'2 
¥p(R)=(—1y("FE*) D(R)*50 5 (60) 
D(Ri)*a; miyp= D(R)* a; mjc," D(oi)* a; 059; : 
é 


(951) 

As the further calculations can be carried 
out quite analoguously to those of the forego- 
ing section, we should like to omit all the 
results except a little remark that normaliza- 
tion coefficients for Z)»,a,,, must be added in 
the expansion of Ws. 

We are now attempting to calculate the 
probabilities of transition in the states of 
molecules of several species using appropriate 
potential functions, and to discuss the pro- 
blems concerning the relaxation time and 
supersonic absorption. 
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In order to grow single crystals of metals and alloys with fairly 
high melting point in large rods with any desired orientation, a meth- 
od is developed from the Bridgman method, using a vacuum Tammann 
furnace and porcelain crucibles with no bottom, sometimes with a 
perforated sectorial plate, and inserting a seed into the lowest part of 
We have succeeded in obtaining single crystals of 3.2% 
and 4.0% silicon steel, and pure nickel, 8 mm diam and 25 em in 
The rod axes can be fixed in any desired direction. It is noted 
that the maximum velocity to lower the crucible and its contents, be- 
low which a large crystal can grow at each orientation, shows very 


the crucible. 


length. 


large anisotropy. 


Introduction 


§1. 


For the study of anisotropic properties of 
ferromagnetic metals and alloys-it is desired 
to prepare their long rods of single crystals, 
properly oriented with respect to the crystal 
axes. As a rule, because these materials 
have melting points as high as 1500°C, spe- 
cial methods are necessary to prepare their 
long single crystals. For iron, which has 
transformations in solid phase, Fujiwara and 
Tatsumoto’) developed the strain-annealing 
method for growing single crystals with the 


above condition; and for silicon steel with 


less than 2% silicon we used their method 
successfully?».. On the other hand for nickel, 
its alloys and iron alloys, which have no trans- 
formation in solid phase, and, by the above 
method, tend to produce some twins during 
annealing, Williams and Bozorth® proposed a 
technique for growing rather large crystals by 
slow cooling from the melted state and for 
cutting them in the desired form and accurate 
orientation. The single crystals thus obtained 
are not so long as several centimeters. For 
copper, silver and gold, though these are not 
ferromagnetic and have rather low melting 
points, Graf and Glocker‘) developed the 
Bridgman method» for properly orientating 


single crystals to grow by seeding in the 
bottom of graphite crucible. Furthermore, | 
he suggested that for nickel, the same method | 
would succeed, using the porcelain crucible 
instead of the graphite. A method herein 
described is also a modified form of the Bridg- 
man method for large rods of single crystal 
to grow in the selected orientations, using a 
Tammann furnace and long narrow porcelain 
tubes with no bottom, sometimes with a per- 
forated sectorial plate, and inserting into the 
lowest part of the tube a seed, a portion of 
which melts and-constructs the bottom. We 
have successfully obtained long rods, 3mm 
diam and 25cm in length, of single crystal 
of 3.2% and 4.0% silicon steel and pure 
nickel with three principal directions and 
some selected ones. The orientation of their 
rod axes with respect to the crystal axes is 
determined by the back-reflection Laue pat- 
tern. 


* Read at the annual meeting of the Physical 
Society of Japan, November 1950. ; 

** Present address: The Research Institute 
for Iron, Steel and other Metals, Tohoku Univ., © 
Sendai, Japan. 

*“** Present addres: Saganoseki Factory, Nip-- 
pon Mining Co., Ltd., Saganoseki, Japan. | 
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§2. Apparatus 


A Tammann furnace is mounted with its 
axis vertical in the casing of 16 in. steel tube 
of 1/4 in. wall thickness, on the outside of 


which is welded electrically a thin steel ja- 


cket to form a water cooling chamber. The 


_ upper and lower plates are held in place on 


' each end of the tube, are sealed gas-tight and 
insulated electrically with rubber gaskets, 


and are water-cooled, using brass boxes in 
place. On the central holes of these plates 
are welded electrically outwards 3 in. steel 
tubes of respectively 350 and 200mm in 


at 
ie 


Zapato 
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Apparatus. 


length, among of which the upper cylinder 
mounts gas-tightly a similar cylinder pro- 
viding a glass window and an apparatus to 


lower specimens through the furnace and the 
lower one is sealed by a brass bottom with 
a rubber gasket. The power input is led 
through two fittings, welded on the walls of 
the 16 in. steel tube and the lower plate, 
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into the heating element of carbon tube. The 
constructionn is show in Fig. 1. The casing 
is held in vacuum, about 0.1 mm Hg, by a 
rotary vacuum pump during operations. The 
temperature is checked with an optical pyro- 
meter through the top glass window. The 
velocity lowering the crucible through the 
furnace can be controled from 0.03 to 10 
cm/min, using reduction gears and motor. 
Porcelain crucsbles prepared* are all 3: mm 
i.d. and 6 mm o.d. and are classified in three 
classes ; straight one, 20 cm in length, with 
a bottom, straight one, 50 cm in length, with 
no bottom, and straight one, 15 cm in length, 
with a sectorial plate of 6 mm thickness on 
the one end (Fig. 2 a). They are sintered at 
about 1400°C and porous adequately so that 


A son ae hea 


ape 


eel 2 a, 
a & 


Fig. 2. Porcelain crucible with a sectorial plate ; 
a, unperforated. 6, perforated by an abrasive 
point with a proper angle to the axis of its 
upper straight tube. 


they can be removed easily from the speci- 
men by the sliding grind cloth after opera- 
tion and the sectional plate can be perforated 
easily by a dental so-called ‘‘ Hand piece ”’ 
with an abrasive point, held in place, before 
operation. During the operation, in order to 
keep the temperature constant, we must hold 
the voltage of current constant between the 
ends of the heating element within +0.1%, 


* The crucibles was prepered through the 
kindness of the late Mr. T. Nakamura, managing 
director of Nippon Tokushu Togyo, Kaisha Ltd., 
Japan. 
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which is performed by regulating the resis- 
tance by hand. We are planning to remove 
this hand regulation by obtaining an appara- 
tus keeping at constant voltage at 5 KW. 


$3. Materials and Procedure 


Materials to be melted are commercial 3.2 
% and 4.0% silicon steels and nickel of high 
purity. These chemical analyses are as fol- 
lows (Table 1): 


Table 1. Chemical analyses of materials. 
3.2% silicon steel (in %) 


Si Mn Cr Ni other elements, 


unanalysed. 
3.2 0.019 Trace 0.045 


4.0% silicon steel (before annealing, in %) 


Si Cc Mn Ve Cr Cu SS) Ni 
4.03 0.08 0.07 0.02 0.026 0.31 0.07 0.031 
nickel (in %) 

Ni C Si Mn Cu Mg Fe 
99.86 0.02 Trace 0.18 0.21 


0.22 «001 


The silicon steel was purified by annealing 
in a wet hydrogen atmosphere at 750°C for 
Spire: 

The first procedure is a preparation of seed 
with any orientation which was performed by 
usual Bridgman method, using the crucible 
of 20 cm length with a bottom. The seed 
thus prepared is ascertained by etching and 
is cut off to become a rod of 2~3 cm length 
and its crystal axes are determined by the 
back-reflection Laue pattern. Then, the 
second procedure is to obtain the rod of seed 
with a given orientation with respect to the 
crystal axes. A crucible with a sectorial part 
is used and is perforated through the sectrial 
part by the dental hand piece with an abra- 
Sive point, fixed on the table, with a proper 
angle to the axis of its upper straight tube 
(Fig. 2 b). The proper angle is determined 
from the orientations of the above seed and 
the desired one, and is limited to less than 
30° to make an easy process. Then, the 
crucible is filled with the seed in the sectorial 
part with a proper position and with a poly- 
crystalline wire in the upper straight tube. 
The bottom of the crucible is stopped slight- 
ly with an angled plate of molybdenum. On 


‘ 
the other hand, the distribution of tempera- 


ture along the furnace is measured at th 
operating stationary state, and its lower posi- 
tion, indicating the melting point of metal or 
alloy, is determined exactly (Fig. 3). In ou | 
case, the maximum temperature in the fur-. 
nace was raised to over 100°C above the: 
melting point and the temperature gradient } 
in the crystallizing region was about 80°C/] 
cm. Thus the crucible was hung from the 
apparatus lowering it by the 0.1 mm diam] 
molybdenum wire in the position where the) 
middle point of the seed would be just situa- 
ted at the position of melting point. When J 
the temperature is raised and the stationary 
state is reached, the crucible is lowered 

through the furnace at an appropriate velo- 

city. It is noted that as soon as the lower | 
portion of molten metal, before the lowering 
process, is dropped below the position indi- 
cating melting point through the narrow gap 
lying between the seed and the crucible, it 

is solidified to become the bottom of the 
crucible, while the seed becomes the nucleus 

for growing of a single crystal. The molten | 
metal usually becomes a perfect single crystal, 

exept sometimes near its uppermost end. In 

the latter case, it would be explained by the 


1300 /400 /500°C 
Temperature —= 


Fig. 3. The distribution of temperature along 
the furnace and the position of a crucible held | 
in the furnace before lowering it. 


repelling of impurities. The crucible being | 
15 cm in length, the rod of single crystal is 
about 10 cm, that is short for our purpose. © 
Then, the third procedure is to obtain a long 
rod of single crystal, using the 50 cm straight 
crucible with no bottom and the seed witha 
given orientation. The detail of the proce- 
dure is similar to the second one, exept for 


— 


-_ 
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using a different crucible. It is necessary 
that the polycrystalline wire of specimen 
inserted in the crucible be slid down easily 
and smoothly through the tube as it is being 
partly melted, and the crucible is lowered 
through the furnace at the appropriate velocity 
for growing of a single crystal. The appro- 
priate velocity depends upon the rod orienta- 
tion of the single crystal. We can, however, 
produce single crystals of every orientation 
by certain very slow velocities, but when the 
velocity is rather fast we can not obtain 
Single crystal rods with some orientation. 
That is to say, the single crysral has the 
maximum velocity for growing largely in 
each crystallographic orientation. We could 
succeed for 3.2% silicon steel and nickel in 
near [001] at 10 mm/min and 8.8 mm/min, in 
near [101] at 5 mm/min and 1.8 mm/min, and 
in near [111] at 0.4 mm/min and 1.4 mm/min 
respectively. These values are not the maxi- 
mum velocities exactly, the determination of 
which is in progress. It is noted that the 
anisotropy of the maximum velocity seems to 
be very large. 

After each procedure, the specimen is 
carefully removed from the crucible by using 
a sliding grind cloth, etched in a concentra- 
ted nitric acid to ascertain the domain of a 
single crystal and its crystallographic axes 
are determined by the back-reflection Laue 
pattern. Great care must be taken to prevent 
any straining of the crystal by excessive 
pressure or heat. 


§4. Results 

In the first procedure, the lowering velocity 
of the crucible and its contents has been 
rather fast so that one among differently 
oriented seeds that were produced in the bot- 
tom of the crucible, would assume superiority 
over the others and seed the remaiving bulk 
of the melt. In our case of 3.2% silicon 
steel and nickel, the surviving seeds had 
their [001] axes near the rod axis (No. 0 in 
Fig. 4 and No. 2 in Fig. 5). 

In the second procedure we have succeeded 
in obtaining seeds of new orientations indi- 
cated in Fig. 4 on 3.2% silicon steel and in 
Fig. 5 on nickel respectively. The signs of 
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the arrows in the figures indicate the succes- 
Sive changes of orientations of seeds thus ob- 
tained. Then, in the third procedure we ob- 
tained long reds, 3 mm diam and 25 cm in 


Ci 


4 
10 


Fig. 4. The orientations of seeds obtained by 
the second procedure on 3.2% silicon steel. The 
signs of the arrows indicate the successive 
changes of orientations of seeds. 


length, of single crystal with the same orien- 
tations as the above seeds. The efficiency of 
the growing seed was almost perfect, provi- 
ded that the lowering velocity was within 
the above maximum values for each orienta- 
tion. To accurately bring the orientation of 
the new seed in the desired one depends upon: 


7 LD 
° 
nee 
x 
fo 0 
D soft a 
ZX d 
We x27 \ 90 
3 
xX 
x/9 a ie 
02 
BS.3 iL i i | - ry) 
Cool] 10 20 30 40°C/0/] 
= ; 
Fig. 5. The orientations of seeds obtained by 


the second procedure on nickel. The signs of 
the arrows indicate the successive changes of 


orientations of seeds. 


the determination of the orientation of crys- 
tals by X-ray, the processing of the perfora- 
tion in the sectorial part, the setting of the 
seed into the bottom of the crucible and the 
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slight bend of the crucible during the heating 
Our accuracy for the both 
+2°, when carefully 


in the furnace. 
materials is about 
treated. 

We have also succeeded in obtaining single 
crystals of 4.0% silicon steel, using the seed 
of 3.2% silicon steel and the straight crucible 
with no bottom. There was no change in 
the orientation between the seed and the new 
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Fig. 6. The change in concentration through 
the specimen from the seed (3.2% Si) to the 
other end (4.0% Si). A in the figure indicates 
the position of malt in the seed. 


single crystal but there was a change in con- 
centration through the specimen from the seed 
to the other end, which was determined by 
the analysis of the spectrum as indicated by 
the example in Fig. 6. A new seed of 4.0% 
silicon steel was cut off from the upper part 
of the above specimen; and by the third 
procedure we have obtained long rods of 4.0% 
silicon steel with the same orientations as 
the 3.2% silicon steel. 

We are interested in that the anisotropy of 


| 
| 
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the maximum velocity is very large and the} 
maximum velocity in [001] is largest in both. 
the body-centered and the face-centered cubic. 
crystals, where in the former the anisotropy | | 
seemed to be larger than in the latter, and : 
these facts correspond to the data that the | 
fibre structure of the columnar crystals in|} 
cast has [001] axis along the columnar axes 
in both cubic types. About this fibre struc- | | 
ture in the cast silicon steel we have studied | 


in more detail®. 

In conclusion we wish to thank Professor 
S. Kaya of the University of Tokyo for his | 
kind interest and encouragement throughout | 
the work and Professor K. Iwase of the 
University of Kyoto for his kind permission | 
to employ some apparatus in his laboratory 
and encouragement. We should also like to | 
thank Mr. Y. Deguchi and Mr. K. Nakamura 
for their helpful assistance. The expense of | 
this research has been partly defrayed by the 
Scientific Research Expenditure of the Edu- 
cational Ministry. 
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The Electric Quadrupole Splitting of the Nuclear Magnetic 
Resonance Lines of Sodium in a Single Crystal 
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Splitting of the nuclear magnetic resonance lines of sodium due to 
the nuclear electric quadrupole interaction was measured in a single 


erystal of sodium thiosulphate pentahydrate. 


Sinee each molecule 


contains two sodium nuclei which have different electric quadrupole 
interactions, and there are two groups of molecules with different 
orientations in a unit cell, twelve lines were observed in general. 
The experimental results were compared with the theoretical calcula- 
tion of Bersohn and the values of e2¢Q, 7 and the directions of the 
principal axes of the field gradient tensor were determined for each 


nucleus. 


The values of e?¢Q and 7 are 2.26 Mc/see and 0.334, and 


0.830 Me/see and 0.41 respectively for two nuclei in the molecule. 


$1. Introduction 


The electric quadrupole splitting of the 
‘nuclear magnetic resonance lines was first 
observed by Pound’. He-also developed the 
theoretical calculation and his experimental 
results fit well with the theory in the case of 
axially symmetric electric field gradient. 
Since then, Volkoff et al®#, Becker® and 
some others® observed similar electric quad- 
ruple splitting in some other single crystals. 
Volkoff et al®* extended the calculation to 
‘the case of. non-axially symmetric electric 
field gradient and applied it to the explana- 
tion of their experimental results. Lately, 
‘Bersohn® made the theoretical calculation of 
‘the electric quadrupole splitting more ex- 
tensively upto the third order perturbation 
terms in quadrupole interaction energy. 

We have made an experiment of the electric 
quadrupole splitting of the nuclear magnetic 
‘resonance lines of sodium in a single crystal 
‘of sodium thiosulphate pentahydrate. The 
experimental results shall be compared with 


‘the calculation of Bersohn. 


-§2. The Experimental Apparatus and 
Procedure 

The detector of nuclear magnetic resonance 

is similar to that already described in our 

previous paper®. Briefly speaking, it consists 

of an autodyne detector, resonance amplifier, 


phase sensitive detector, and recording 
‘milliammeter. With the use of small modula- 
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tion of the magnetic field, the derivative of 
the absorption curve is recorded on the 
recording milliammeter chart, when the static 
magnetic field is swept very slowly over the 
resonance field. The magnetic current is read 
by a potentiometer and recorded simultaneous- 
ly on the recording milliammeter chart. The: 
frequency used throughout.in our experiment 
is 6.1 Mc/sec calibrated by a standard quartz 
oscillator. 

The electromagnet used is a closed-yoke: 
type magnet, similar to that designed by 
Bitter and Reed®. It has cobalt steel pole 
pieces of 8cm in diameter with the magnetic. 
gap of 2.2cm. The magnetic field is almost 
linear with the magnet current upto 20,000: 
gauss and the magnetic field of 24,000 gauss 
is easily obtained at about 16 ampere of the: 
magnet current. Relation between the 
magnetic field strength and the current has. 
been calibrated precisely by observing nuclear’ 
magnetic resonance lines of sodium or lithium 
at various frequencies and the hysteresis 
effect of about 0.3% has been found to exist 
in our magnet. Therefore, our measurement 
used to be done after the field strength was 
increased upto a certain definite higher value 
in advance of attaining the value where the: 
measurement was performed, in order to 
reduce the effect of irregularity in the 
hysteresis. By this procedure the magnetic 
field has been able to be reproduced within 
0.03%. The values of the magnetic field. 
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strength where nuclear magnetic resonances 
occured is expressed by the magnet currents 
in Figs. 3,4,5 and 6. Very slight effect of 
non-linearity between the field strength and 
the current is corrected in the final results. 
The single crystal has been cut in a de- 
sired shape and mounted on a rotative rod 
which was screwed on a shielding box of the 
radiofrequency coil which covers the crystal. 
The box was made rectangular, its upper 
and lower surfaces being made parallel with 
each other, and also parallel to the axis of 
the rotating rod. The box was inserted in 
the pole gap of the magnet so as to make 
the upper and the lower surfaces parallel to 
the pole faces. The cutting and mounting 
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of the crystal and the setting of the box 


were performed carefully, but on account of | 
being the delicate procedures, the angle may | 
The 


effect of these errors in angles will be dis- 


be in error within 1 to 1.5 degrees. 


cussed in § 5. 


§3. The Crystal Structure 


The crystal structure of sodium thiosul- J 


phate pentahydrate, Na,S,O;-5H.O, was deter- 


mined by the X-ray analysis of Taylor and | 
It has monoclinic symmetry with | 


Beavers”. 
a=5.94, b=21.57, c=7.53A, and @=103°587 
and its space group belongs to Cyr°—P2,/c. 
A unit cell contains four formula units. Fig. 


1 shows the projection diagram of the crystal | 


Fig. 1. 


sulphur atoms, and N; and Ny are the sodium atoms. 


Projection of a unit cell of Na.S,O;-5H,0 on a plane which is perpendicular to 
the a-axis, given by Taylor and Beavers (ref. 9). 1, 2, and 3 are the oxygen atoms 
in S,0; group, 4, 5, 6, 7, and 8 are the hydrated water molecules, S, and S, are the 


p- and q-axes are the twofold 


screw axes and O and O’ are the points of symmetry. Two dash-lines are the glid- 


ing planes. 


on a plane perpendicular to the a-axis. As 
shown in the figure, there exist four twofold 
screw axes, p and q, which are parallel to 
the b-axis, and eight centers of symmetry at 
O and O’. Therefore, the four molecules in 
a unit cell are equivalent: The molecule J/ 
can be derived from the molecule J by the 
screw operation around the _ p-axis, the 
molecule JV can be derived from J by the 
inversion with respect to the center of 
symmetry O and the molecule JJJ can be 
derived from JV by the screw operation 
around the q-axis. By the symmetry charac- 
ter with respect to the point O, it is easily 
shown that, for arbitrary orientation of the 
crystal, the nuclear magnetic resonance lines, 
including the quadrupole splitting, of the 


I, II, IJJ and IV mean four molecules in a unit cell. 


molecules J and IV coincide exactly with 
each other and also the similar situation is 
valid for the molecules JJ and JI/I, since, by 
the inversion with respsct to the point O, an 
orthogonal axis system. X, Y, Z fixed in the 
molecule 7, of which the Y-axis is chosen 
parallel to the b-axis, is transformed to 
—X, —Y, —Z axes in the molecule JV and, 
further, this change has no effect on the 
nuclear magnetic resonance fields. On the 
other hand, by the screw operation around 
the p-axis, X, Y, Z axes in the molecule J 
are transformed to —X, Y, —Z axes in 
the molecule 77. This means that, when 
the crystal is rotated around the b-axis 
(that is, the static field is rotated in the b- 


plane), the magnetic resonance lines, includ-. 
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ing the quadrupole splitting, of the molecules 
IT and IJ coincide exactly with each other. 
‘Therefore, in the case of b-axis rotation, it 
is sufficient to consider only one molecule in 
a unit cell, On the contrary, when the 
crystal is rotated around the X- or Z-axis, 
that is, around an arbitrary axis which is 
perpendicular to the b-axis, the magnetic 
resonance lines of the molecule J, which are 
splitted by the quadrupole interaction, and 
those of the molecule 77 do not coincide, but 
the angular dependence of either one of them 
is just the inversion of the other with respect 
to the b-axis and also to the axis which is 
‘perpendicular to both the b-axis and the axis 
of rotation. 

We have used two crystals, one of which 
was cut in a plane perpendicular to the b- 
axis and the other was cut in a plane per- 
pendicular to the c-axis. In the former case, 
the crystal was rotated around the b-axis, 
while in the latter case, it was rotated around 
the c-axis. 

Since each molecule contains two indepen- 
dent sodium nuclei, two different sets of the 
nuclear magnetic resonance lines will be 
observed for each molecule. 


$4. The Theoretical Calculation 


Theoretical calculations of the electric 
quadrupole splitting of the nuclear magnetic 
resonance lines have been carried out by 
Pound», Volkoff et al», Becker‘? and 
Bersohn®. Among these authors, Bersohn 
treated the problem most extensively, the 
energy formulae upto the third order perturba- 
tion terms in quadrupole coupling energy 
being given in his paper. However, since 
ais formulae are too general to be applied 
‘o the direct comparison with our experi- 
nental result, the reduction to the suitable 
‘orm has been made in the following. 
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The Hamiltonian of the nucleus which is 

rigidly bound in the lattice will be 
9=98HI+Q-yE (1) 

apart from the terms which have no con- 
tribution in our problem, where H is the 
applied static magnetic field, g the nuclear g- 
factor, 8 the nuclear magneton, I the nuclear 
spin vector, Q the electric quadrupole moment 
tensor of the nucleus and jE is the electric 
field gradient tensor at the nucleus. /E, 
Which is irreducible, has five components 
which are given by 


(E),= -1( oF.) 


7 \ GF 
1 OF: OE 
FE )e;= + —— Soe us 
VE )-+1 =e ae | 
1 OE. OF . OF, 
BD ce ee er ee 
(VE )+» nel Ps ay 2224 mall 


(2) 

We assume that the second term in (1) is 
much smaller than the first term. Then, 
according to Bersohn, in the representation 
that diagonalizes the Zeeman energy (the 
direction of the static magnetic field is chosen 
as the z-axis), the eigen-energy of the 
Hamiltonian upto the second order terms in 
the electric quadrupole moment, Q, is given 
by 

En=mgBH+ A[3m’?—ITI+1)|(vE)o 


At EI es 1 [4 T-+1)—1—8m"] 


434? (VE)AVE)_» 


BH m{21( [+ 1)—1—2m?] 
(3) 
where A=eQ/21(2J—1). In our case, since 
sodium nucleus has the value of spin 3/2, 
there are four separated terms, and by the 
selection rule 4m=-+1, three resonance lines 
are expected to appear in general, which are 


given by 


A? 
Daa = 98H+6A(E)y—~e(7E)\PE)-1 


(4) 


E_ip,— E- 3/2 =9BH—-6AVE ~~" or VE VE) - 1 


fhough Bersohn calculated upto the third 
»rder terms in A, it is sufficient to take only 


the first and the second order terms in our 
case, since the value of A(yE) is consider- 


ably smaller than the Zeeman energy and 
then the third order terms in A are quite 
negligible.* 

Now, we must calculate the quantities (7), 
etc. in more explicit form. Let the principal 
axes of the field gradient tensor be 2*, y*, 
and z*, in which the direction of the largest 
field gradient be z*. The irreducible tensor 
of the field gradient referred to the principal 
axes has the components 


OEY* 
E)yt=—> 
(VE )o O2* ad | 
(VE) .,:*=0 
‘ OR.* 
sweat) | 
PE) 2 6\ dz* 
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where y is the asymmetry factor of the field | 


gradient, e.i., 
0=[0E.*/02*—OEy*/0y*]/(OE*/0z*) (6) 
we express a fixed 


Now, in the crystal, 


coordinate system by X, Y, Z and let the) 


Eulerian angles between (2*, y*, 2*) and (X, 
Vo 2). be. @, fetter. 


field H, is denoted as @. 
among (z*, y*, z*) system, (X, Y, Z) system 


and the direction of H are shown in Fig. 2.** | 


Following the general theory of Bersohn, 


(VE)o, VE)\(VE)-1 and (yE).(y#)-» in (4) are: | 


calculated respectively to be 


(PE) =| 5 Sint B cos?(7 +0)—5 [ret ai & 6 sin’?B cos 2a(pE).* 


alae 


(PE) (VE)-.=—[A?+B'], 
(VE).(pE )-2=[C?+ D*] ? 


where 


v [(1+cos?8) cos 2a cos 2(¢+7)—2 cos 8 sin 2a sin 2(@+7)|\(VE)o* , > 


(7) 


festa 6 sin’?8 sin 2(¢6+7)(VE)o* + 5 (1-+c0s'8) sin 2(@+7) cos 2a 


+cos B sin 2a cos 2(¢+ 1) |B . 


B=V 6 
2 


—sin 8 sin 2a sin (¢+7)|(VE).* , 


C= “e 6 ~-sin?B cos 2(6+ ee. 6 e 9 -cos?3 — 2) [rE 


sin 8 cos 8 cos (¢+7)(VE)o*+ [sin 8 cos 8B cos 2a cos (¢+7) 


SIO. ‘ 
+4 sin?8 cos 2a+ 4 (-+c0s! B) cos 2a cos 2(¢+7) 


~ 5 cos PB sin 2a sin 2(¢+ 1) |r Be 
p=Vv 6 
2 


+sin 8 sin 2a cos (¢+7)|(PE).* , 


In our experiment, the frequency of the r-f field was kept constant, while the magnetic: - 
field strength was varied. Therefore, by transforming (4), the expressions for the resonance 


sin 8 cos 8 sin(¢+7)(VE)o*+[sin B cos 8 cos 2a sin (¢+7) 


fields H,, H,, and H; in case of the fixed frequency should be computed, which correspond 
to the transitions 3/2<-—>1/2, 1/2--+—1/2, and —1/2--+—3/2 respectively. However, since the: 
electric quadrupole interaction energy is considerably smaller than the Zeeman energy in 


* See appendix. 
** Bersohn used the coordinate system given 
in the book of Winger (Gruppentheorie und ihre 


Anwendung auf die Quantenmechnik der Atom- 


spektren), where the left-hand system is used im 
the discussion of the rotational group. Therefore 
the angle ¢ is defined as the angle between the: 
Y-axis and the direction of H. 


The Z-axis is chosen | 
as the axis of rotation, and the angle of | 
rotation, which is equal to the angle between } 
the Y-axis and the direction of the static ] 
Mutua! relations. | 
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our case, H in the second order perturbation terms can be replaced with good approxima- 
tion by the Zeeman field, Hy, for the frequency v, and then the expressions for H,, H., and 
Hy; can be easily obtained.* fie 
Making use of the expression (7), the final results for the resonance fields are given by 


1 (x 
H, or Hy= Hy] pl {a cos 2(6+7)—b sin 2(¢+ 7} (ae 


(4H)? ae hk ee atliys : 
7 sa + b°+-¢°+ d*)+{(a?—6") cos 4(¢+7)—2ab sin 4(¢+7)} 
—{(C—d?) cos 2(6+7)—2cd sin 2(¢+ 7)}] 
(4H)? 
8H 


(9) 
A,=AH)+ 


Tea ae bre. Oh ae : 
E 8 (a4 o)—P +-5(c +a} — (eB) cos 4(¢+7) 


—2absin4(¢+y7)}— {| 20+ aa _ | cos 2(¢+ 7)+ (3ed— pb) sin 2(@+ Dt | 
where 
sH=— (e*qQ) = 5 (—eQ0E.*/02%) 


a 


a= 
4 


sin? +5 vase +cos?8) cos 2a 


b = cos B sin 2a 
VY 6 


AP78 x 2 
Cc 5 sin 8 cos Be 


d=—— 
V 6 


sin 8 sin 2a 


(10) 


sin 8 cos B cos 2a 


p -VF( 1— > Sint 44 7 sin?@ cos 2a . 


‘Fig. 2. Definition of the Eulerian angles, rota- 
tional angle, and the relative orientation of 
(X, Y, Z) and (a*, y*, e*) axes. Ellipses are the 
intersections of a unit sphere and w*y*-, XY-, 
and 2*Z-planes. 


Eulerian angles a, B, and 7, the electric 
juadrupole energy e’qQ, and the asymmetry 
factor y will be obtained from the experi- 
mental results for Ay, A, and H;, together 


ul 
1 


with (9) and (10). 

Equations (9) and (10) are seen to coincide 
with the formula given by Volkoff et al”, 
when applied to the case treated by them. 


§5. The Experimental Results and Dis- 
cussions 


In Fig. 3 and Fig. 4, the results of the 
experiments when the crystal was rotated 
about the b-axis and the c-axis are shown 
respectively. The experimental plots are in- 
dicated with the circular marks, while the 
solid curves in Fig. 3, a and b, and those in 
Fig. 4, b are the calculated ones which will 
be discussed later. On the contrary, the 
curves in Fig. 4, a are simply those connect- 
ed smoothly the experimental plots and the 
comparison with the theory will be shown 
later. In these figures, the ordinates are the 
values of the potensiometer readings. The 
potentiometer reading of 3,000 corresponds 
to the magnetic field strength of 4730 gauss. 


* See appendix. 
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(b) 

Fig. 3. Resonance fields observed in the ease of 
b-axis rotation. Fig. 8a shows the components 
which are largely separated while Fig. 8b 
shows the central components in an enlarged 
scale. Circular marks are the experimental 
plots, while the solid curves are those caleulat- 
ed uSing the constants given in Table I. 


Now, as discussed in §3, in the case of 
the b-axis rotation, ‘the resonance lines for 
all of four molecules in the unit cell are ex- 
pected to coincide with each other. But, since 
there exist two independent sodium nuclei in 
each molecule, six resonance lines are ex- 
pected to appear in general. Beside these six 
lines, there appeared two more lines which 
correspond to the resonance lines due to Cu® 
and Cu® nuclei contained in the winding 
wire of the r-f coil. To eliminate small 
irregular effect due to the hysteresis, the 
values of A, line, which lies very close to 
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Fig. 4. Resonance fields observed in the case of 
c-axis rotation. Fig. 4a shows the components 
which are largely separated, while Fig. 4b 
shows the central components in an enlarged 
seale. Circular marks are the experimental 
plots. The solid curves in Fig. 4a are simply 
thos2 joining the experimental plots, while 
curves in Fig. 4b are those calculated theoreti- 
eally with the constants given in Table I. a’ 
is the projection of the a-axis on the plane 
perpendicular to the c-axis. In Fig. 4b only 
two of four components are shown, the other 
two being just the inversion of those shown 
in the figure with respect to the line ¢=0° (or 
¢=90°). 


the Cu® resonance line, are determined by 
observing the difference between A, and the 
Cu** resonance field, since the latter is in- 
dependent of the rotation of the crystal. 
Intensity of H, line is stronger than - those 
of H, and H;, but owing to the non-constancy 
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of the sensitivity of our instrument, the 
quantitative comparison was not possible. 
‘The width of each line is of few gauss for 
any orientation of the crystal. 

As shown in Fig. 3, there appeared, con- 

trary to the discussion given above, closely 
spaced doublets in H, and AH; lines for some 
range of the angle of rotation. This splitting 
into doublet was caused by the small errors 
in the cutting of the crystal along the desired 
plane, in the setting of the crystal on the 
rotating rod, or in the setting of the shield 
box perpendicular to the direction of the 
static field. Slight discrepancies due to the 
/same origin can be seen also in Fig. 4, a. 
The effect of these errors in the instrumental 
setting and material-cutting upon the values 
of the resonance fields shall be considered 
briefly. 

As the error in the angle will be quite 

/ small, only its effect on the first order per- 
turbation term, which is proportional to 4H, 
‘is to be considered. Thus it has no effect on 
H, line. If the direction of the axis of 
rotation. has the poler angle (06’,% )) with 
respect to the Z-axis and if the static field 
makes an angle of z/2+é€ with respect to 
the axis of rotation, where & and 0” are 
‘very small angles, then 6H given by the 
following equation should be added to H, and 
_H; of (9) (— for HA, and + for H;,). 
6H=+1/ 6 4H[c cos (¢+7) 

—d sin (¢+7)] [&’ +0’cos (6—4$)]/2 


(11) 
Now, in the case of the b-axis rotation if the 
‘Eulerian angles for the molecule J or lV be* 
(a) 
‘where the X-axis is chosen in the direc- 
tion of the c-axis, then those for the mole- 
scule IJ or I/I are given by 
| (a, B, T+7) 
| (12) 
‘Therefore, though H, and H, in (9) are 
identical for these two, 0H changes its sign 
for each of them, with the same absolute 
values. By this consideration, it is conclud- 
‘ed that the mean value of resonance fields 
for doublet corresponds to that for the exact 
b-axis rotation with €’=0'=0. 
Similar consideration holds for the case of 
c-axis rotation. In this case, the Eulerian 
f ngles, which are denoted with dash to be dis- 


criminated from the case of b-axis rotation, 
are 


(a’, BY, ry’) and (x+a’, x—f’, 2x—7’) (13) 
for the molecule J or JV and for that JZ or 
IIT, respectively, where the Y-axis is chosen 
in the direction of the b-axis. For the rota- 
tion angle ¢ for the molecule J and the angle 
-¢ for the molecule //, H, and also H; given 
by (9) have the identical values respectively, 
but 0H has the different value for each of 
them. The situation is not so simple as in 


Angle of Rotation 
20__40 60 60 100 120 140 60 180° 


38. Ore. 


Potentiometer Reading ( x10) 
w 
oO 


Fig. 5. Resonance fields in the case of c-axis 
rotation, after corrected in the way given in 
the text. Circular marks are the experimental 
plots while the solid curves are those calculat- 
ed theoretically. Only one of two groups are 
shown, the other one being the inversion curves 
with respect to ¢=0° (Cor ¢=90°). 


the case of the b-axis rotation, but, by com- 
paring the calculated formula for 6H with 
its experimental value, €’, 0’, and ¢) can be 
determined, and A, and A; for the case of 
&’=6’=0 can be easily calculated. Since 
these corrected values of H, and H, for the 
molecule J/ at the rotation angle of -¢, 
coincide exactly with those for the molecule 


* Only the direction of the axes is to be con- 
sidered, so the Eulerian angles for the molecule 
I and IV can be regarded as the same. The 
similar situation holds for JZ and JZ/J. 
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I at the angle of ¢, it is sufficient to com- 
pare the experimental data for one of these 
two molecules with the theoretical values. In 


Fig. 5, the corrected values of H, and H, results, some convenient relations will be 
are plotted with circular marks for one of obtainable from (9). These are 
two groups of the resonance lines. The 
4 

(HH (6+ 5) +h HN) =2< Hav =e 

(Hy Hy) 6 +5) HNO) = V/ 6 A/a +B 008 (26-41) +9) 

At A, ile (AE 

=H)—~— ob d 

— 9 >av =p 8 Hy (7+2+c+d’) 

(BEBO 5) (AO = ap CFP) c08 264746) 
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values of & and 6’ are within about 1.5° in 
both cases. } 

Now, for the analysis of the experimentall]} 


2 2 
Ho )) —H,(¢) = Wee ) pa— a —a@)|' + Bed— pb)? cos [2(¢+7)—E] 
(6 ip 5 ) + Fad) -2<Hs>av= e+) me cos [4(+ 7) +26] 
where the experimental errors and a definite con- 
b clusion is unobtainable. By the amplitudes 
d=arctg C and the phase angles of the curves joining 
Fi the plots in Fig. 6, the quantities a to pare 
ee Cer, (15) calculable easily by using (14). But, since 
3cd — pb the experimental values of the left hand sides. 
E&=arctg pa—3/2(c?—a?) of (14) containing the factor (4H)?/H) are not 
and, for example, (#644) mean the value Tvurte nou, 9 that, 0 ths calla 
of H,—H; at the angle ¢. By these relations, : ; 


the values of a,b,c,d and p can be easily 
obtained from the experimental results. As 
an example, the experimental values of the 
left hand sides of (14) in the case of b-axis 
rotation are plotted in Fig. 6 for the group 
of the larger separation in H, and H;*. All 
of these plots except that for 


(EH a5) 


lie exactly on sine curves, as expected from 
the theoretical consideration. The plots for 


(2) (942) (FAB \6 


have very small amplitude, 


almost within 


analysis was made for the case of the c-axis. 
rotation, and using the relations for the 
Eulerian angles in both cases, the most con- 
sistent values for 4H, 7, Hy and the direction 
of the principal axes with respect to the 
crystal ones were determined. The same 
procedure was made for the group having 
the smaller separation. The final results. 
obtained are shown in Tab. I. 4H given in. 
the table are the values corrected allowing 
for slight non-linearity of the magnetic field. 

* It is not known a priori which one of two 
curves in Fig. 3, b or Fig. 4, b corresponds to Hy 
line of nucleus having the larger separation in 


H, and H3. This correspondence is made clear 
only after these analyses have been performed. 
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Fig. 6. Comparison of the experimental and the 
theoretical values of 
(A — Hsyp+n/2)— (Hi — Hs A) 
and other similar quantities given in (14). 
Circular marks are the experimental plots while 
the curves are the calculated ones. 


@® (AM -H3)(¢+n2/2)-Ch —H3XP) 

@ ((M\+Hs)/2(¢+2/2)+(Ai+Hs)/2f) 
—2<(Hi + H3)/2>4» 

@) ((A\+H3)/2)(¢ +x/2) -—(Ah + As)/2)(P) 

@® H(¢+7/2)+ Hd) —-2<He>4v 

® H(¢+n/2)—H2(¢). 


‘The solid curves shown in Fig. 3, a and b, 
Fig. 4, b, Fig. 5 and Fig. 6 are those cal- 
culated by these values using Eqs. (9), (10) 
‘and (14). The agreement with the experi- 
mental plots seems satisfactory. The values 
“of a,® and y for the molecule derived by 
‘the screw operation are obtained by the 
‘relations (12) and (13). 

Now, since the positions of atoms in this 
“crystal were well determined by the X-ray 
analysis”, except those of hydrogen atoms, 
it will be interesting to compare the atomic 
configuration around sodium nuclei and the 
direction of the principal axes of the electric 
field gradient. Configuration of the nearest 
‘neighbors around two sodium nuclei is shown 
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Table I. 


Sodium nucleusha ving the larger quadrupole 
interaction energy. 


For one a= 66.8°+3° a!’ =154.6°+8° 
molecule B= 96.5° 41° p= 71.6°+1° 
Y= 18.5°+1° x! =276.9°+1° 
For the othe oes 66-893° > ()a! = 83416943? 
molecule ; B= 96.5°41° B’=108.4°+1° 
~¥=198.5°+1° yl= 83.1°+1° 

AH =1270+10 7=0.3384--0-015 


eqQ=2.258+0.018 Mc/sec. 


Sodium nucleus having the smaller quadrupole 
interaction energy- 


a=181.0°43° a’ = 220.494 8° 
B=111.5°+1° p= 88.4°41° 
(= 1.7°H1° y= 291.6°X1° 
a=181.0°43° a= 40.4, 48° 
HO Mec ate tee VR aMLD HE ley Pl eye peed 

y=IBL.7°E1° y= 68.4°41° 


AH=466+5 7 =0.409+0.015 
e2qQ=0.830+0.010 Mc/sec. 


For one 
molecule 


a 
| Smaller 
e*aQ 


Larger 
e*aQ 


Projection on the plane projection on the plane 
perdendicular to the c-axis perpendicular to the b-axis 


Fig. 7. Projections of sodium nuclei and their 
surrounding atoms in one of four molecules in a 
unit cell, on the planes which are perpendicular 
to the b- and the c-axis respectively. The lower 
figures show the projection of unit vectors in 
the directions of the principal axes of the field 
gradient on the same planes, for both two 
groups having the larger and the smaller 
quadrupole interaction energies. Arrows in- 
dieate the signs of the axes, the head of the 
arrows indicating the upward direction. The 
dotted.lines are the projections of the axes 
derived from th2 solid groups by 180° rotation 
with respect to the b-axis. Solid and dotted 
axes correspond to those for two types of 
molecules in a, unit cell, respectively. a’ is the 
projection of the a-axis on the plane perpendicu- 
lar to the c-axis. 
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in Fig. 7. One of sodium nuclei is surround- 
ed by six oxygen atoms forming a slightly 
deformed octahedron, while the other one is 
surrounded by five oxygen atoms and one 
sulphur atom forming a more deformed 
octahedron. Direction of the principal axes 
of the field gradient determined by our ex- 
periment is also shown in the figure. (Since 
it is not known which of two cases given in 
(12) or (13) corresponds to the molecule shown 
in Fig. 7, the principal axes for these two 
cases are shown with full and dotted lines in 
the figure). No simple correlation between 
the atomic configuration and the direction of 
the principal axes is seen to exist in this 
figure. It may be expected that the group 
having the larger value of 4H corresponds 
to the sodium nucleus No. 2, since the sur- 
rounding atomic configuration is more deform- 
ed for this nucleus than that of the other and 
thus may give rise to the larger value of 
electric field gradient. But it is not clear 
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whether this expectation is the actual case or 
not. To get some more knowledge about 


the electric field gradient at the nuclei, proton: | 
resonance experiment was performed, and. } 
proton-proton distances and proton-proton | 
directions for five water molecules in a unit | 
The results of the. 
experiment } 


cell were determined. 
proton magnetic resonance 
together with some discussions will be given 
in the forthcoming paper. 


In conclusion, we would like to thank Dr. | 


R. Kiriyama and Mr. Y. Saito for providing 
us the single crystal of this salt, and also 
for some discussions in the last part of this. 


paper. 


Appendix 


Third order perturbation terms in the expres- 


stons of the resonance fields 


According to the theory of Bersohn®, the 
third order perturbation terms, which must 
be added to the eqations given by (4), are 


(6A)*/(GBH)- VE )o(VE)\(VE)-1—"/1- 6A (98H): (VE )(VE)AVE )-» 


0 for Eyj2.—-—F_ 1/2, and 


for E3p,—— Ey, 
(16) 


—[6A)*/(98H)?- (VE (VE), VE )-1—"/s-6A)*/(GBH) “VEE )APE)-2] 


respectively. When we transform these 
formulae for the resonance energies to those 
for resonance fields, the following relations 
are obtained : 

A, 3=My4F+S/A,3+T/AM,,3 ) 

H, =H)+0+S'/H,+0. s 
F is the term which is proportional to 4H, 
S and S’ to (4H)’, and T to (4H)3, the former 
three of which are given in (9). Now, since 
T/H,.3?<(S/H,,; and S'/H.)\<F, H,,; in the 
denominator of S can be replaced by MF, 
and H, in the denominator of S’. and G,,; 
in the denominator of T both by Hy. More- 
over term T can be expressed as 


F-Q/2-S+1/2-S‘), 


(17) 


while 
S/H, .3=S/Hy- 1+ F/A) . 

Therefore (17) can be rewritten with good 
approximation as 

A, ,3= Ho tF+S/Hyt/2-F/Ay: (S+S')/ Ap 

A, =H)+S'/M 

(18) 

The forth term in the right hand side of 
H,,3, which corresponds to the third order 


for £_4,,-—>E_»;; 


term in (4H), was calculated with the 
numerical values given in Tab. I to be less 
than 1/3,000 of Hy, which is about the order 
of experimental inaccuracy for the determina- 
tion of the resonance fields, and can be 
neglected in our case. 
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Simultaneous Excitation and Dissociation of Water Molecule 


by Hydrogen Canal Ray Impact 


By Tadao HorIg and Masamoto OTSUKA 
Faculty of Science, Osaka University 


(Read November 4, 1950; Received August 29, 1951) 


By electron impact, a water molecule dissociates into an OH radical 
in the excited state and a H atom in the ground state. Immediately 
after the dissociation, the excited radical makes a transition into the 
ground state, emitting the intensive (0, 0)-band of OH. According to 
the studies on intensity measurement of the rotational lines of the 
band, it has so far been shown that the excited radicals have an ex- 
cesdingly abnormal distribution of rotational energy. Any sufficient 
interpretation of this phenomenon, however, has not yet been given 
from a theoretical standpoint. In order to obtain a key to solve the 
problem, the present paper is concerned with the measurement of the 
rotational intensity distribution of the fragment molecule OH dissocia- 
ted from water molecule by hydrogen canal ray impact. 

According to the experiment, it does not show so much abnormality 
as in the case of electron impact, but up to a certain extent it fades 
into a normal Maxwellian distribution in the case of hydrogen canal 
ray impact. 


§1. Introduction 


Experimental studies on the abnormal rota- 
tion in the process of the simultaneous ex- 
citation and dissociation of water molecule 
have already been published by many au- 
thors). Several attempts at theoretical 
interpretation of the experimental results 
have also been reported». In all of the 
studies mentioned above, however, collision 
between electron and water molecule seems 
to play the leading part. To obtain any 
other available key in order to approach 
to the mechanism of abnormal rotation, the 
rotational energy distribution of the fragment 
molecule OH in collision between.proton and 
water molecule is desired. The present 
paper is concerned with the first report on 
this study which is now in progress. 


§2. Experimental Procedure 


Collisions in which a water molecule is 
excited and dissociated by hydrogen canal 
ray are observed in the apparatus as shown 
schematically in Fig. 1. Hydrogen gas is 
supplied through the side tube a, and glow 
discharge takes place between the anode A and 
the cathode C. Hydrogen canal ray squeezed 
‘into the two narrow rectangular slits S, and 
S, (0.5mm in width, 5cm in length) shoots 
through the two rooms Uand Z. The upper Fig. 1. Experimental apparatus. 
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room U is connected to a pumping system 
through the side tube b. Water vapour is 
sent into the lower room Z under the pres- 
sure of 2/100 to 3/100 mmHg through the side 
tube c. The band-spectra emitted from the 
fragment molecule OH created along the path 
of canal ray passing through water vapour 
in the room Z is observed through a window 
with a fused quartz plate. 

Canal ray is captured by the Faraday cage 
F and its intensity can also be known. In 
order to observe collisions between electron 
and water molecule, A is used as cathode 
and C as anode. To increase the intensity 
of canal ray, the surface of cathode is covered 
by the insulator I except the neighbourhood 
of the slit. The surface exposed to glow 
discharge is made of Al and moreover cooled 
by water running from d to e, in order to 
depress sputtering at the cathode. 


$3. Band Intensity and Anode Potential 


The intensity of the band-spectra emitted 
from the fragment molecule OH depends on 
the vapour pressure of water in the room Z, 
the intensity and the energy of the positive 
ion beam. The intensity and the energy of 


20 40 60 80 |QQVolt 
ELECTRON IMPACT 
et 


Band-intensity ——>- 


5 kV 


/ 
3 ‘ 4 
Fig. 2. Excitation function. 


hydrogen canal ray vary with the discharge 
voltage. Both the canal ray intensity J, and 
the band intensity J, increase along with the 
anode potential V. The relation obtained be- 
tween I,/J, and V is shown in Fig. 2, in 
comparison with the excitation function in 
the case of electron impact*®, The anode 
potential V does not represent the energy of 
the incident canal ray in itself. Therefore, 
the curve in Fig. 2 tells us approximately 
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only the excitation function, that is, the rela-} 
tion between the excitation probability and 
the energy of the incident particle. | 

Under constant pressure, the band intensity) 
is plotted against the intensity of canal ray} 
in Fig. 3. It shows a linear increase of the} 
band intensity with increase in the positive] 
ion current captured by the Faraday cage up 
to 100 zA. Therefore, the band-spectra mea-] 
sured may be attributable to the fragment 
molecule OH created in the process of the} 
simultaneous dissociation and excitation of | 
water molecule by canal ray impact. If the} 
re-excitation of free radicals remained un- 
evacuated in the gas room Z by canal ray. 
impact were being essential,- the band inten- 
sity should increase in proportion to the 
square of the positive ion current. 


Fess 
G 
Cc 
® 
e 
9 
5 
[+2] 
50 100 BA 
Positive ion current —» 
Fig. 38. Band intensity and positive ion current. 


§4. Rotational Intensity Distribution 


It needs a rather long exposure for ten | 
hours or more to make a photographic photo- | 
metry measurement of the rotational lines of 
the (0, 0)-band emitted from the fragment 
molecule OH. The anode voltage is desirable 
to be taken as high as possible, also other con-~ 
ditions being necessary to be kept unchanged 
in the course of such a long exposure. Photo- 
graphs are taken faicly easily under the anode 
voltage ranging from 4,000 to 4,500 volts. 

The rotational intensity distribution curve 
due to canal ray impact is shown in Fig. 4 
in comparison to that of electron impact. It 
may be admitted that the intensities of the 
lines with higher rotational quantum numbers 
are fairly weak in the case of canal ray im- 
pact. Such a fact can be acknowledged even . 
by the naked eye, if we compare two plates : 
having equal densities in the neighbourhood _ 
of the band-head, the former one due to canal 
ray and the latter electron impact. Observing 


from one to the other, it is noticeable at once — 


1954) Molecular 
hat the P; and P, branches extending to the 
pand-tail vanish more rapidly in the plate of 
he former one than the latter. 


In conclusion, it may be said experimentally 
hat the rotational intensity distribution in 
the case of hydrogen canal ray impact does 
10t show so much abnormality as in the case 
of electron impact, but to a certain extent it 
‘ades into a normal Maxwellian distribution. 


CANAL RAY IMPACT 


tr 


Intensity —~> 


eer | 


5 \!0 5 20 425 


Rotational Quantum Number —-> 


ELECTRON IMPACT 


I : | | i 4 


Rotational intensity distribution of 
Q,-branch. 


Fig. 4. 


$5. Some Considerations 


As regards to the excitation function of 
the atom by electron and canal ray impact, 
quite similar differences as shown im Bigs 2 
jave already been known, for example, in 
‘he collisions of He with electron and H.” 
The problems of collisions between such mas- 
sive particles should be ploughed in the light 
of quantum mechanics, unfortunately, while 
‘he theory in this direction is at present not 
30 well developed as that of electronic col- 
lisions. According to London and Massey- 
Smith», the colliding system makes a quasi- 
molecule and the excitation probability is 
negligible until the energy of the incident 
article exceeds a certain value, which is 
onsiderably greater than the excitation 
anergy. Above this “activation energy’ the 
excitation probability increases rapidly, there- 
ore we take the anode potential as high as 
possible. 

According to the experimental result, the 
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striking abnormality which is characteristic 
of electron impact fades remarkably into a 
normal Maxwellian distribution in the case 
of canal ray impact. It may, however, be 
too early to attempt any theoretical interpre- 
tation on this point because the canal ray 
used may be considered to contain not only 
proton but also H,*, H;* and neutral parti- 
cles created by recombination processes in 
the course of flight. 


§6. Origins of Errors 


In the emission spectrum of OH molecule, 
the most prominent (0, 0)-band is accompanied 
by the (1, 1)-band of the same system with 
a considerable intensity, which is overlapped 
in the portion of the band-tail of the preced- 
ing one. As a matter of course, each of the 
(0, 0)-band lines with higher rotational quan- 
tum numbers are apt to be misread somewhat 
higher than its true intensity. Let us call 
this the (1, 1)-overlapping briefly. 

The relative intensity of the (1, 1)-band to 
(0, 0) may vary considerably from electronic 
excitation to canal ray impact. The question 
may, therefore, arise whether the (1, 1)-band 
appears more strongly in electronic excitation 
than in canal ray impact. If so, it may be 
doubted whether the result obtained is only 
due to the (1, 1)-overlapping or not. In order 
to make this ambiguity clear, it is necessary 
to examine the overlapping effect from the 
view-points of both the dispersion of spectro- 
graph used and the relative intensity of the 
(1, 1)-band in detail. 

The microphotometer figure of the (0, 0)- 
band taken in the dispersion of 3 A/mm, by 
making use of the fourth order Of alle meter 
concave grating, is shown in Fig. 5. The 
Q,-branch lines are marked with circles. The 
quantum number K”’ of each line is indicated 
in parenthesis». The lines ranging from @, 
(14) to Q, (26) are of great importance to the 
abnormal intensity distribution. According 
to Fig. 5, owing to the (, 1)-overlapping, 
among the thirteen lines ranging from Q, (14) 
to @, (26), the number of lines which can 
surely be reliable in intensity estimation 
seems to be reduced to only seven as follows, 
Q, (4, @: (15), O (19), @ (23), (24), @ 
(25) and Q, (26). Among the lines ranging 
from Q, (1) to Q, (13), it may also be seen 
readily that the number of the lines with 
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Microphotometer figure of (0, 0)-band 


The (0, 0)-band emitted by a Geissler discharge is taken by the fourth order of a 1.5 meter 
coneave grating with a dispersion of 3 A/mm. The spectrogram obtained is traced by a 


microphotometer of Riken B type. 


higher reliabilities is only three as follows, 
Q, (4), Q; (5) and Q, (6). Any of the other 
lines is interfered in some degree with the 
Ri, R-, P-, P- and Q branches of, tie 
(0, 0)-band. Let us call this the (0, 0)-over- 


The Q,-braneh lines of the (0, 0)-band are most free from 


lapping briefly. 

If the dispersion is much poorer, or if the 
intensity of the (1, 1)-band is much more 
intensive, it is to be expected that not only 
the reliability of the line affected by the 
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superposition with other lines and marked with circles. The rotational quantum number, K’’, 
| is assigned in reference with the paper of M. R. Fortrat; Jour. d. Phys., 5 (1924) 20, and 
+ shown in parenthesis. The Qi’ branch lines of the (1, 1)-band are marked with dots. The relative 
intensity of the line, Q,’ (4), to the line, Q, (4), is equal to 28.5/100. 

id, 1)- or (0, 0)-overlapping will decrease fur- §7. Influence of Dispersion 

‘ther, but also some of the ten lines chosen The effective intensities of the Q,-branch 
‘will happen to lose their reliabilities. lines of the (0, 0)-band emitted by a Geissler 
discharge are plotted intentionally without 
regard to their true values in Fig. 6G. Ube 
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upper is obtained in the dispersion of 3 A/mm 
and the lower in a dispersion of 8 A/mm. In 
comparison with each other, it may be seen 
that the influence of dispersion is very great, 
since the poorer is dispersion the more seri- 
ous are the overlapping effects. It is, how- 
ever, quite fortunate that the ten lines men- 
tioned above persist in the same curve 
irrespective of dispersion. As far as the ten 
lines are concerned, they may be considered 
not to lose their reliabilities considerably 
until the dispersion decreases down to 8 A/mm. 


1 


= 
i | 
ep) 
ZB 
uw 
[= 
= 
K" 
Fig. 6. Overlapping effect. 
$8. Intensity of (1, 1)-Band 


The @,-branch lines of the (1, 1)-band are 
marked with dots in Fig. 5. To avoid con- 
fusions, the branches belonging to the (1, 1)- 
band are denoted by ’such as Q,’. Both of 
the lines, Q,’ (4) and Q, (4), are isolated suf- 
ficiently from other lines and therefore taken 
as the representatives for the (1, 1)- and 
(0, 0)-bands respectively in order to estimate 
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the relative intensity of the line, Qy’ (4), to} 
the line, Q, (4), equals 28,5/100 for electronic |] 
excitation and 36/100 for canal ray impact. | 
This difference seems to indicate that the | 
(1, 1)-band appears more strongly in canal | 
ray excitation. 

Smith-Arnott” studied on the excitation of 


nitrogen molecule by electronic and canal ray 


impacts. The bands with higher vibrational | 
quantum numbers were shown to appear 
more intensively in the case of canal ray ex- 
citation. The present result in the collision 
of water molecule with canal ray is quite 
analogous to the case of nitrogen. 

If the rise and fall of the second maximum 
in the intensity curve were due to the (1, 1)- | 
overlapping, the plateau should be much 
more high, since the (1, 1)-band is more 
intense in canal ray excitation. Actually 
while this does not take place, all doubts as | 
to the (1, 1)-overlapping are removed. 

The authors wish to express their thanks 
to National Research Council, Ministry of 
Education, for the financial aid. 
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Studies of Light Absorption under Conditions productive 


of Joshi Effect in Mercury Vapour under 
Ozoniser Discharge 


By V. VENKATESWARLU and N. A. RAMAIAH 
Faculty of Science, Delhi University, Delhi, India 
(Received October 12, 1952) 


A new phenomenon ealled Joshi effeet (47) which involved a marked 
diminution of gaseous conductivity under irradiation, was described. 
Data for the production of 4i corresponding to 100 per cent photo- 
red iction of the conductivity in mereury vapour excited by potentials 
near ‘threshold potential’ V,,, were presented. Light absorption of 
mercury vapour was studied against hydrogen discharge when a fine 
absorption line occurred at 2536A whose intensity remained sensibly 
the same for the excited vapour; that excited near V,, and also when 
irradiated to give appreciable 47. Results using the tungsten lamp 
and mercury are also showed no noticeable difference between normal 


| and excited vapour under conditions causing large 4i. It is considered 
that Joshi effect is not a consequence of selective light absorption by 


the gaseous phase. 


§1. The New Phenomenon—Joshi Effect 


| While a few theoretical considerations on 
photo- and thermo-electric effects require 
‘that the conductivity of a gas should be 
enhanced under light, it has been observed 
by Prof. Joshi») that the current (z) passing 
through a gas excited by electrical fields 
\decrease under external Jight. This current- 
jdecrease (47) under irradiation, called Joshi 
leffect, is sensibly instantaneous and com- 
pletely reversible in the sense that when the 
{external radiation is cut off, the initial value 
‘of z is restored. The phenomenon is observed 
| in all gases which are electronegative in 
‘character like chlorine, bromine, iodine, 
fetc.28) and in those which give under excita- 
‘tion atoms or/and radicals with large electron 
laffinity, e.g. OH radicals from H,O vapour.” 
‘For other characteristics of the phenomenon, 
‘the reader is referred to the reviews thereon 
‘published elsewhere.” 


s 2. A Mechanism of the Phenomenon 


For the occurrence of the effect 47, Joshi® 
‘postulates that (i) an adsorption-like layer 
consisting of excited particles, ions and elec- 
trons is formed under discharge; (ii) light 
‘releases electrons from this boundary layer ; 
and (iii) negative ion formation due to 
capture of photo-electrons by excited neutral 
\particles reduces the current to give 47, asa 
space charge effect. 


The adsorption-like layer postulate (i) was 
found helpful in elucidation of a number of 
observed facts especially the influence on 47 
of ‘ageing’ (vide infra). The finding that 
4i is pronounced in vessels containing coat- 
ing materials which possess inherently the 
photo-sensitive character or increase the 
photo-electric effect from the electrode sur- 
face,®®) follows simply from (ii). That the 
phenomenon‘is observed markedly in electro- 
negative gases and vapours, is to be anti- 
cipated from (iii). The recent observation of 
appreciable 47 in mercury vapour is attrib- 
uted!” on the above mechanism to the excited 
Hg atoms produced under discharge; it is 
argued, following the observation of Franck 
and coworkers especially Compton,’ that 
excitation of even atoms of metallic vapours 
increases appreciably their electron affinity. 
On Joshi’s mechanism, the observed 47 in 
mercury vapour is due to the conversion of 
excited mercury atoms into negative ions 
which on account of their low mobility form 
a space charge and therefore, inhibit the 
current. 


§3. The Present Investigation 


A significant feature of the above hypo- 
thesis is a deduction therefrom that 47 does 
not originate principally from light absorp- 
tion of the homogeneous gas phase. It was, 
however, observed’ that the magnitude of 
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4i in chlorine was comparatively large in 
blue—violet region of the spectrum (4750— 
4000 A); this appeared to suggest the correla- 
tion of 4z in chlorine with the corresponding 
light absorption. Production of 47 in chlorine 
of appreciable magnitude under X-rays,’” 
light from sodium vapour lamp and especial- 
fy at 7700 A! where the selective absorption 
by chlorine is practically negligible ; and also 
in gases like oxygen” under visible light, 
pointed out, on the other hand, that absorp- 
tion of the gaseous medium is not funda- 
mental to 42. The object of the present 
communication is to investigate this factor, 
in some detail, in mercury vapour ; the well 
established data on the absorption of excited 
Hg vapour and the remarkably large Joshi 
effect corresponding to 95 to 100% current 
suppression observed therein, as also other 
characteristics of the system mentioned later, 
were found highly suitable to obtain results 
of decisive nature. 


§ 4. 


The experimental arrangement and the 
electrical circuit are shown in Fig. 1. 
Modified Siemen’s ozonisers were employed 
as the discharge tubes. Two glass tubes 
were sealed internally at one side, as shown 
in Fig. 1; their disposition was a symetrical 
in the sense that their axes were parallel but 
not identical. This caused the annular space 
between the cylinders narrower at one end 
than at the other (see the cross section of 
the ozoniser, Fig. 1). This type of arrange- 


Cross section of 
the ozoniser 
\\ 


Experimental 


Fig. 1. Experimental set up for the studies of 
light absorption and Joshi effect in Hg 
vapour. 
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ment of the cylinders of the discharge tube 
resulted in concentrating the discharge in the 
lower part of the ozoniser from where the | 
absorption of the excited mercury vapour } 
could be studied with relatively short ex- 
posure periods. The inner tube was filled } 
with NaCl soln. and constituted as one of the | 
electrodes. A thin copper wire wound tightly . 
in the form of a solenoid on the outer sur- |} 
face of the outer cylinder, served as the | 
other electrode. The ends of the outer tube ] 
was flattened or cemented with suitable | 
windows. | 

Two such modified Siemen’s ozonisers (A 
and B) were employed. Discharge tube A 
was an all glass vessel (with a light absorb- | 
ing column of 45cm) and was used for the | 
studies in the visible. B had (an absorbing | 
column of 65cm and) quartz windows suit- | 
able for the investigations in ultra-violet. | 
They contained pure mercury vapour in | 
contact with a pellet of mercury well outside | 
the discharge space (Fig. 1) and were excited 
by alternating potentials in the range 0.2 to 
6kV of 50 and 500 cycles/sec. The discharge | 
current was studied by a cathode ray 
oscillograph and its rms value (¢) measured 
by a microammeter or a_ galvanometer 
actuated by a diode. Further details of the | 
experimental technique were given in previous | 
communications. }*)!© 

A 200 watt, 200 volt tungsten bulb, quartz 
mercury vapour lamp and hydrogen discharge 
tube were used as the light sources. With 
these, the discharge tube could be irradiated. 
in two ways: (a) longitudinally, z.e. in the | 
end-on position ; and (6) transversely, z.e. in: 
the broad side-on position. In both a@and 8,. 
the entire gas phase was illuminated but“with. 
a difference in the intensity of light falling 
at different parts of the annular space. While: 
in 6 the intensity of the light falling on the 
system was sensibly constant throughout, as. 
computed by a thermopile, the same in a, 
z.€. in the longitudinal mode of irradiation, 
decreased with the distance from the source 
along the axis of the discharge tube. 

The studies of light absorption of Hg 
vapour were made at different applied fields, 
as follows: Light from the source Q (Fig. 
1) which was herein after referred to as the 
‘background’, was collimated with a lens 
(Z;), passed along the annular space charged. 


| 


1954) 


with Hg vapour and then focussed on the 
slit (S) of the spectrograph by another lens 
T,, Fig. 1).- For the investigations in the 
visible (ozoniser A), Hilger’s constant devia- 
ion instrument and Kodak P1200 plates were 
ised, while for those in the ultra-violet 
ozoniser B), Hilger’s ‘ baby’ quartz spectro- 
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Microphotometric records were obtained with 
25 magnification. 


$5. Results 


Typical series of results on the variation 
of the discharge current (7) with the potential 
applied to the ozonisers A and B are returned 


sraph and Kodak B20 plates were employed. in Figs. 2 and 3; these represent also the: 
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Fig. 3. Comparative studies of Joshi effect in Hg vapour with (a) tungsten 
bulb, (b) quartz Hg vapour lamp and (c) hydrogen discharge tube as the light 
sources (ozoniser B, transverse illumination). 


haracteristic variation of Joshi effect with 
pplied potential and other parameters 
1entioned below. These data were princi- 
ally obtained to select the applied potentials 
t which the absorption of Hg vapour under 


conditions productive of maximum Joshi 
effect, could be made. 

In Fig. 2a, the curve marked zp denotes. 
the change of z with applied voltage V; 
while the curve z; shows the same when the: 
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discharge tube is irradiated with the light 
source, say 200 watt bulb. In actual experi- 
mentation, the current z at a fixed V was 
noted in dark (zp) and then under light (zz). 
From these, the net decrease of the current 
due to irradiation (¢p—z,=42) termed as net 
Joshi effect and the relative values (10042/z) 
=%At) referred to as relative Joshi effect 
were calculated and represented graphically 
in Figs. 2 and 3. 

It was interesting to note that above a 
critical potential called ‘ threshold potential ’, 
Vi» at which due to the dielectic breakdown 
of the medium, the rms value (z) of the 
current increased rapidly, the Joshi effect 
could but be detected. When observations 
were made with a cathode ray oscillograph, 
the above potential corresponded to that 
voltage from which the discharge attained 
self-maintained nature, giving rise to self- 
sustaining current pulses due to well-known 
secondary mechanisms especially those con- 
cerned with the liberation of electrons from 
the cathode due to bombardment by positive 
ions and photons ;!”'® the effect 4z was re- 
presented by marked inhibition of the height 
of the pulses (cf. Fig. 4). Both the net and 


0.27 kV 


Fe 


a bY 


Fig. 4. Oscillograms representing Joshi effect 
in Hg vapour, (a) in dark and (b) under light 
from 200 watt bulb. 


relative effects were maximum at potentials 
just above V» e.g. at 0.28 in A and at 0.37 
in B. They decreased markedly rapidly with 
increase of the applied potential and could 
not be detected at V>1.5kV. 

Further, the effect was appreciably more 
with transverse illumination than with 
longitudinal irradiation. Thus e.g. at 0.28kV, 
%At was 100 when the ozoniser A was ex- 
posed to light in broad side-on position (Fig. 
2b) and about 50 when the same was irradiat- 
ed longitudinally (Flg. 2a) with the light from 
200 watt bulb. Similar results were recorded 
in iodine vapour :'* ceteris paribus, % di was 
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20 under longitudinal and about three times 
its value z.e. 60 under transverse illumination. 
This markedly low value of Joshi effect in 
the former case was attributed to the low 
und progressively decreasing intensity of 
jight falling on every unit volume of the gas 
or area of the electrode surface of the system. 
That the intensity of the light used, alters 
the magnitude of 47 is substantiated by the 
data obtained with the other sources of 
irradiation (Fig. 3). At 0.37kV (ozoniser B), 
%At was 70, 100 and 15 with tungsten bulb 
(Fig. 3a), Hg are (Fig. 3b) and hydrogen dis- 
charge tube (Fig. 3c) respectively; in all 
these experiments, the system was irradiated 
transversely. The intensity, as computed 
from the measurements by a thermopile, of 
the light from Hg arc was about 45 times 


-greater than that from hydrogen discharge 


tube. 

The above data were obtained in systems 
which were tested for the constancy and re- 
producible nature of the results, by letting 
them in use for long time. In freshly pre- 
pared vessels, the conditions were, however, 
unstable and the diminution of the current 
under light z.e. Joshi effect, was inappreciable. 
When the discharge tubes ware ‘aged’ 7.e. 
exposed continuously to discharge due to a 
fixed potential,” the effect 4z was found to 
increase progressively to a maximum value. 
The time needed for obtaining saturation in 
the magnitude of 4z was of the order of 15 
to 20 hrs depending upon the potential 
employed for ‘ageing’. Unlike in other 
systems such as iodine vapour,” prolonged 


exposure to discharge did not inhibit 47 in | 


Hg vapour. Furthermore, a rest period®) had — 
little influence on 47 especially in the present 1 
medium. The details of these results and 
the significance thereof were given and dis-_ 
cussed in previous communications?”®) and _ 
therefore, not reiterated here. The constancy — 
of the data on 4 in mercury vapour was 
remarkably suitable for the present investiga- 
tion since one could mention with good 
certainty, the magnitude of 47 characteristic 
of the system and applied voltage employed 
for absorption studies. 

Plate 1 gives the absorption spectra of 
mercury vapour using the tungsten bulb as 
the background, while Plate 2 shows the 
corresponding results using Hg vapour lamp; 
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Plate 1: 


N 


Plate 2. 


Spectrograms representing the absorp- 
tion of Hg vapour under conditions productive 
of Joshi effect. 


a. Spectrum of the light souree—200 watt 
tungsten bulb 


6. Absorption spectrum of unexcited Hg 
vapour 
c. Absorption spectrum of excited vapour, 
0.27kV; %Ai=66 
—: 0.53kV; %41=0 
—:1.34kV; ZAi=0 (50 cycles/sec.) 
TOMS IVI t= 0 
—: 0.58kV; %4i1=0 


-L.O7KV; BAz=0 (500 eycles;sec.) 


Absorption spectrum of unexcited vapour. 
Spectrum of iron are. 
(Ozoniser A) 


aoe & & 


eo TQ YO 


Spectra representing the absorption of 
Hg vapour under conditions productive of Joshi 


effect. (Visible region) 

a. Spectrum of the light source (background) 
—Hg are lamp. 

b. Absorption spectrum of unexcited mercury 
vapour. 

c. Absorption Spectrum of vapour excited at 
0.27kV; %Ai=90 

d.—: 0.53kV; ZB4i=0 

Ee. 1.84kV; ZAar—0 (50 eycles/sec.) 

-—: 0.18kV: %4i=16 

8 Os IWR CAsl0 =) 

HO KN OA0—0 (500 eycles/sec.) 


i. Absorption spectrum of unexcited Hg 
vapour. 
j. Spectrum of Hg arc lamp. 
(Ozoniser A) 
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ozoniser A was used as the discharge tube. 
In these, a refers to the spectrum of light 
source. The spectrum 0} gives the absorp- 
tion of Hg vapour in the unexcited state ; 
that is, in this case the ozoniser was _ inter- 
posed (in its position as indicated in Fig. 1) 
between the slit S and the background Q 
(Fig. 1). c indicates the same when the dis- 
charge tube was excited and _ irradiated 
transversely so as to give appreciable negative 
Joshi effect as shown against the spectra. 
The details of d—z were given in the caption 
of the plates. Similar data were obtained 
with the ozoniser B and Hg vapour lamp as 
the background ; these are given in Plate 3. 


Plate 3. Studies of in Hg 


light absorption 
vapour in ultra violet under conditions pro- 


ductive of Joshi effect. (Ozoniser B) 

The spectra a,c,e and g refer to absorption of 
unexcited Hg vapour. 

The spectra b,d and f refer to absorption of 
Hg vapour excited at 0.37kV (50 cycles/sec.) 
—% Ai=100. 


It was remarkable that in the range of 
applied potentials 0.3-0.8kV (in which region 
the current suppression under irradiation 
—Joshi effect—was maximum) no difference 
in the nature and intensity of the absorption 
between the normal state and excited and 
irradiated conditions of the vapour (cf. 6 and 
c of Plates 1 and 2, a and b, c and d, etc. 
of Plate 3) was noticeable within the limits 
of the accuracy of the available instruments. 
At these potentials the current density was 
approximately 1A per cm’ and the glow in 
the discharge tube was whitish blue. 

The results of the absorption of the mercury 
vapour in the ultra-violet region using 
hydrogen discharge tube which provides a 
continuum in the region 2000-4000 A, as the 
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background and ozoniser B, are returned in 
Plate 4. 
of unexcited vapour ; (ii) that of vapour ex- 
cited near threshold potential V,,; and (iii) 
that of excited vapour irradiated transversely 


In this, the spectrogram (1) was that 


to give Joshi effect corresponding to 97% 


current diminution. The spectra (iv—vi) and 


(vii-ix) were similar to (i-iii) and afforded to 


show the reproducibility of the data. The 
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Plate 4. 


Absorption spectra of He 
against hydrogen discharge tube, under con- 
ditions productive of Joshi effect. 


vapour 
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absorption spectra obtained at large voltages 


(>2.0kV) are given in (x and xi) of Plate 4. 
These data also showed that irradiation o 
the excited system to produce appreciable 
Joshi effect, caused no difference in the 
absorption of the excited or/and unexcited 
mercury atoms. 

It may be pointed out that the comparison 
of the Plates 3 and 4 shows a marked dis-4 
crepancy in the absorption at 2536A: While} 
the data in Plate 4 revealed absorption ati 
2536 A due to mercury atoms in the ground 
state, 1S, (cf. the micro-photometric curves in 
Plate 5—the inappreciable depression at 2536A | 
was due to low pressure of Hg vapour), the} 


Microphotometrice curves for the 
spectra given in Plate 4. 


Plate 5. 


spectrograms in Plate 3 indicated that there 
was no absorption at the reversed line. This 
discrepancy was but due to the comparative- 
ly large intensity of light from mercury 
vapour lamp used as the background, which 
masked the appearence of absorption at 2536 A 
detected in Plate 4 with hydrogen discharge 
tube with feeble intensity of light as the 
background. Nevertheless, the data revealed 
that there was no difference between the 
absorption of excited yapour and that under 
excited and irradiated conditions. 


$6. Discussion 


Mercury vapour absorbs chiefly at 5790, 
0770, 5461 and 4047 A in the visible and at 
3663, 3342, 2536 A, etc. in the ultra-violet. 
The absorption, apart from the resonance 
line—2536 A, by mercury atoms occurs only 
when they are excited to higher energy levels; 
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excitation can be brought about by a number 
of processes, say collisions of the second kind, 
electron impact under discharge; this last 
type is principally controlled by the current 
density of the system. The unexcited 
mercury atoms can, however, absorb 25364 ; 
in fact, the intensity of the absorption at 
2536A gives a measure of the normal or un- 
excited Hg atoms in a system. 
Metcalfe and Venkateshachar?) observed 
strong absorption of the lines 5461, 4047, 3342 
and 3663A by excited mercury vapour carry- 
ing a current density of about 10 mA/cm?. 
Later, they reported”? the absorption of the 
yellow lines 5790 and 5770A, employing 
greater length of the light absorbing column, 
higher current density and with widened lines 
as the background. They observed that the 
light absorption, especially the green line, 
5461A, increased with the current density of 
the discharge, the optimum value being near 
about 10 mA/cm?. If this value was decreased, 
the absorption diminished appreciably and 
approached that of the normal vapour at low 
values of current density. These findings 
were confirmed by Turner and Compton? 
who claimed that their apparatus was more 
effective in producing excited atoms and 
therefore, were able to record greater ab- 
sorption of light with much shorter absorb- 
ing column and greater current density ; 
these were 4cm and 40 mA/cm? respectively 
as compared with 100cm and 10mA/cm? 
employed in the earlier investigations.?))*) 
These results show that the concentration of 
the excited atoms which determine the extent 
of selective absorption of mercury vapour, is 
controlled chiefly by the density of the dis- 
charge current. Since this last in present 
experiments was of the order of 1A/cm? 
compatible with the occurrence of measur- 
able 4z, that the absorption of the vapour 
under discharge differed negligibly from that 
in the unexcited state, was not unexpected. 
McLennan, Ainsle and Cale?) and also 
Metcalfe and Venkateshachar”»**) found that 
the vapour showed pronounced absorption 
when the colour of the discharge was bluish 
green or pink when viewed end-on; and 
slight absorption when it was pale blue 
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colour. In the present investigation, the 
colour of the discharge was invariably pale, 
whitish blue ; it was not therefore, as men- 
tioned above, incompatible with the absence 
of selective light absorption of excited mer- 
cury atoms.* It was interesting to note from 
the results in Plate 1-4 that during irradia- 
tion of the system to produce appreciable 
Joshi effect, no enhancement in the absorption 
of the excited Hg vapour, could be detected 
within the limits of experimental accuracy 
of the available instruments. 

As mentioned earlier, the intensity of the 
absorption at 2536A is a measure of the 
ground state Hg atoms; it decreases with 
their excitation. At large potentials, V>2.0: 
kV (spectrograms x and xi, Plate 4, the line 
2536A was not reversed, indicating thereby 
that practically the entirety of the ground 
state atoms was raised to higher excitation 
levels. The spectrograms (ii) and (ii) or (v) 
and (vi) of Plate 4 (cf the corresponding 
micro-photometric curves, Plate 5) pointed 
out that the external light did not cause ex- 
citation of the normal or ground state atoms. 
in causing appreciable change in the ¢urrent 
flowing through the system. It may therefore 
be concluded that the action of light in caus- 
ing 4z, is not linked with absorption or ex- 
citation of the homogeneous gas phase but 
presumably with the adsorbed layers on the 
electrode surface. It may be admitted that 
the results presented in this communication 
give no elucidation of the factors that may 
be taking place on the electrode surface. 

Further, the data given in this paper which 
shows that selective light absorption by ex- 
cited mercury vapour is not a prerequisite 
for the production of 42, point out, however, 
a marked discrepancy in the argument put 
forward earlier! for the elucidation of the 


observation of 4z in the system under 


* The fundamental object of the present 
investigation was to find out whether there was 
any selective absorption or a change therein 
due to irradiation of the system giving 4, but 
not to explore conditions where absorption was 
maximum. The data were therefore restricted 
to limited voltage region or current density con- 
ditions where 47 was detectable. 
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investigation. It may be recalled that on 
Joshi’s mechanism, 47 in mercury vapour is 
attributed to excited mercury atoms which 
according to Franck and coworkers, possess 
enhanced electron affinity. At large V, the 
spectrograms (x and xi, Plate 4) show appreci- 
able absorption due to excited atoms. From 
this, one anticipates that at large applied 
potentials, the magnitude of 4z should be 
marked. It was, however, observed that at 
enhanced fields, no Joshi effect could be 
noticed. ‘These observations, viz. (a) 47 is 
undetectable at large potentials where excited 
atoms are found to be appreciable, and (b) 
4i is marked at voltages where excited atoms 
are seemingly inappreciable, lead one to doubt 
the validity of the mechanism or appear to 
point. out at least a limitation to the 
hypothesis. 
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in a Stream bounded by a Plane Wall 
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In this paper the lift on the symmetrical Joukowski aerofoil of small 
thickness in the presence of a plane rigid wall is obtained in the 
form of a power-series, with the intention of discussing the manner 
in which the ground-effect on the lift of an aerofoil is modified by 
its thickness. The calculation of the lift is carried out by extending 
Green’s analysis. 

It is found that in ease when the symmetrical Joukowski aerofoil 
of small thickness is placed in the vicinity of the wall at small angles 
of attack as used in practice, the wall-effect on the lift is quite simi- 
lar to that in the case of a plane aerofoil. Namely, as the symmetrical 
Joukowski aerofoil approaches the wall, the lift first decreases and 
then tends to increase to values which are. greater than the corre- 
sponding values for the symmetrical Joukowski aerofoil in an infinite 
stream, especially when the angle of attack is sufficiently small. 

Further it is found that for any value of the distance of the 
aerofoil from the wall, the lift ratio Y/Y, decreases as the thickness 


§1. Introduction and Summary 


| 

| 

| The investigation of the manner in which 
ithe effect of the ground on the lift of an 
aerofoil is modified by its thickness is of 
‘great interest not only from the theoretical 
ppoint of view but also from the practical 
‘standpoint. The problem has already been 
discussed in some detail by Tomotika, Hasi- 
‘moto and Urano, by evaluating the forces 
acting on some aerofoils (especially appro- 
‘ximately symmetrical aerofoils) of appro- 
-ximate Joukowski type with small camber 
placed in a stream bounded by an infinite 
plane rigid wall. It has thus been shown that 
when an aerofoil is placed in the very vicinity 
of the ground at small angles of attack as 
used in practice, the lift on the aerofoil is in 
general increased by the presence of the 
ground, but the rate of increase of the lift 
‘becomes smaller as the thickness of the 
aerofoil increases. 

In the present paper, we reinvestigate the 
‘modifications introduced by the thickness of 
an aerofoil on the ground-effect upon its lift, 
by evaluating the lift Y on the symmetrical 
Joukowski aerofoil of chord length / placed 
obliquely in a stream bounded by a plane 
wall by applying Green’s new method”, 
which has been somewhat extended by the 


increases even for small values of the angle of attack. 


present writer. The power-series solution in 
powers of 1/b, correct to the order of (d/b)‘, 
is obtained for the ratio Y/Y>, where Y, is 
the lift on the symmetrical Joukowski aero- 
foil of chord length / when_placed-at the 
same angle of attack in an unlimited stream, 
and 6b is the distance of the centre of the 
aerofoil from the bounding wall. 

The values of the ratio Y/Y) have been 
calculated numerically in three cases in which 
the thickness parameter of the aerofoil takes 
the values 0, 0.1 and 0.2 respectively, the 
corresponding thickness ratios being 0, 0.118 
and 0.215 respectively. The values of the 
angle of attack have been taken to be 5° 
and 10°. 

It is thus shown that the ground-effect on 
the lift is quite similar to that in the case of 
a plane aerofoil®. Namely, as the sym- 
metrical Joukowski aerofoil approaches the 
wall, the lift first decreases and then tends to 
increase to values which are greater than 
the corresponding values for the symmetric- 
al Joukowski aerofoil in an unbounded 
stream, especially when the angle of attack 
is sufficiently small. Further it is shown 
that, in accordance with the prediction made 
by Tomotika ef al., the value of the ratio 
Y/Y, becomes smaller as the thickness of 
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the aerofoil increases even for small values 
of the angle of attack. 


OuTLINE OF GrREEN’s MeEtTHoD 
$2. The Transformations 


We shall begin with the transformations 
necessary for our present problem. If we 
take the plane of two-dimensional fluid 
motion as the gz-plane, the symmetrical 
Joukowski aerofoil is derived from a circle 
of radius 7(1+6&) with the centre at M(76é, 0) 
in a ¢-plane by the well-known transforma- 
tion : 

Z2=t--E it. Gls) 

where 7 is the radius of the base circle O 
and € is a non-dimensional real small quantity 
(Fig. 1). As is well known, this quantity & 
gives a measure of the thickness of the aero- 
foil. Thus, the thickness becomes larger as 
the value of the thickness parameter € in- 
creases. 


Tauees al 


t and z-plane. 


After some reduction, the transformation 
(1) can be written in the form: 


a=e'® Sant (C=E+im), (2) 


where the coefficients a@, are given by 
Q=ri+6), a,=re, (3) 
an=(—1)"76"—"(1+8)-™, (D2) 

Then, the circle M in the ¢-plane corresponds 

to a straight line: 

E=0——>—2z 


7=0, (4) 


in the €-plane. 

Thus, the symmetrical Joukowski aerofoil 
in the z-plane is obtained from the straight 
line (4) by means of the transformation (2) 
with the coefficients a, given by (3).* 
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§3. The Complex Velocity. Potential 


We now consider a steady irrotationa!l con-|}} 


tinuous flow of an incompressible perfect 
fluid past the symmetrical Joukowski aero- 
foil placed at an angle of attack @ in the 
vicinity of a plane rigid wall (Fig. 2). With 
the origin at the centre of the aerofoil, we 
take the x-axis parallel to the wall which is. 
defined by y=—b. We assume that the fluid 
at infinity flows with a constant velocity ¢ 
parallel to the wall in the negative direction 
of the z-axis, and that there is a circulation 
round the aerofoil in the counterclockwise: 
sense. 


——» <- 


Fig. 2. z-plane. 


Then, a suitable complex velocity potential’ 
w which makes the bounding wall a stream-- 
line is 

w=cz+tA,{log z—log (z+2zb)} 
saat I A 
+ nm 

= i ie (z+27b)” 


t, (5) 


where A, denotes the complex conjugate of 
Ay». 
Apart from a constant, equation (5) may be 
written in the form 
w=cz+iA,logz+ > cin +>, Byes. Om 
n=l 


nr 


n=1 
where 
na A n rq A. 
B,= Oe + eels 
bn = brtr ” (7) 
and 
7 te - §) n+r—1) i eg 
Tana ae ( n eee 
(9th) atl Sop 


* In general, the straight line (4) in the ¢- 
plane is transformed into an aerofoil in the z- 
plane by the transformation (2), the shape of the. 
aerofoil being determined by the values of the 
coefficients a,. For a plane aerofoil with chord 
length U, for instance, all, but two, of the coeffi- 
cients a, are zero and the two nonvanishing 
coefficients a) and a» are both equal to +e ORG /ate 
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Substituting (6) in the well-known Blasius’s 
formula for the components (X,Y) of the 
force acting on the aerofoil under discussion, 


namely : 
es i LEUNG 
X-i¥ => in h( S Vaz, (9) 
we find that 
V+iX=2np\cAg+ AB, 
+2 > n(n+-1)AnBnait (10) 


'¢ 


o being the density of the fluid concerned. 


= 


n= 


$4. Determination of the Quantities A, 
and As 
Next, we shall determine the quantities Ay 


: era ? B.= ung 
a Q 2A" 

1 Qy 

18, = — > 13,= Sie 

ao ao 

a ee A oa: 
(o> , B3= Wiss) > 

ao ao 

r= 22 , Y2=G3 , 


"7-1 = 2a, » 
37 _1=3ay(ay?> + ade) , °7-2=3ay7a1 ; 
47 1 =49(Ay7d3+ 3aya,d,+ ay”) , 

479 =2dp"(2a a2, + 3a”) , *y_3=4a,*a , 


| 


| Making use of the expansions (11) and 
issuming that orders of summations may be 
nterchanged, the complex velocity potential 
y can be expressed, after some reductions, 


iS): 

w=Al+ S Crei+ SF Dew, (13) 
n=l n=l 

vhere 


KC —COn+1-2 "Bn Agt 3 BnArt 27 nB, 
| (n=l), 
Dy,=Ccay+ Seon joys. Dn= ar pkg. or 
r=l r=n 
CPE) - 
(14) 

| Since the surface of the aerofoil, which is 
ixpressed by the equation 7=0 in the €- 
nlane, must coincide with a part of a parti- 


ular stream-line which may be defined by 
=0, we have 
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and A, so as to satisfy the boundary con- 
ditions at the surface of the aerofoil. To do 
this, it is better to consider the matter in 
the €-plane rather than in the z-plane. 

We shall first express, using, (2), 27’, 2” 
and log z in the forms: 


a Ss ry US . 
n=—? 


zgr= 3S *Bnerrs E 
n=r 

ES (11) 

logz=—10+ >) °Bre™=, 
n=0 

where constant terms, which will not be 

needed, are ignored. Some of the early 

coefficients in these expansions, which are 


necessary for our problem, are given below. 


09, — 03 Ga, , a’ 
Bs Qo Ay” of 3aG° : 
183= Za a Ge 
ay° Ay ‘ 
1 
Peay 3? 
; (12) 
271 =2a9d3+2Ma2 , 
"7 -2=y’ ; 
°7_-3=’ , 
*7-4= ao" - 
[S(2v)n-0=0 , (15) 
which gives immediately 
Co=D,, , (n=1) - (16) 


Our next problem is to determine the 
coefficients An. Inspection of the equations 
indicates that it seems possible to express 
An as a power-series in 1/b. We therefore 
assume, with Green, that 


An= x A NOE. GSO). (17) 
k=0 
Then we have, from (7), 
= Bilfcayls se Seanad 
ca a ee es Be Roe 
(18) 


Substituting these series in the right-hand 
sides of (14) and assuming that orders of 
summations in the resulting double and triple 
series may be changed, we have 
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Cr =Can 3 (i 


k=0 


1 
BP Ant 3 "Bat Ay Ve : 
r=1 


°° k 


ae Se es eal, oom 


k=1 m=1 
Rt BOTA es 
+35 5 Sr aa- — ane 
k=2 r=1 m=1 b 
(nl) (19) 
0 k 04 : 
D,=cagt+ DY "7 -1"a)— 
k=1m=1 bk 
ear as Mar Ae 
a DS Se rae. " as A (20) 
=2 r=1 m=1 
D,= x S Mar Mey SAr-m 
k=n m=n lps 
+ S'S Ber wean dees 
es Ake aa 
k=n+lr=n m=n 2 oF 
(n=2). (21) 


The boundary conditions (16) must be true 
for every value of b, so that, using (19)—(21) 
and equating coefficients of corresponding 
powers of 1/b, we obtain the relations : 


CQ, +2 °B,9Ao +18! Ap=cd, > (22) 

CAnsytt Bn° Apt » "Bn" Ay=0 ==) 5 (ee) (8) 
tz "Bn Ay + 2B" Ay Irn la Ag 

ee loa Ap , (n=1) 24 

(0, (m>1) ve 

t°B Ag+ si Bn TA. > "Tn MP Ay re 
k-1 — 
5 3 inact Ad 


n m7 0 
-n Xo Am 


mM -7 
7) (Bp apd TYAN ? 


(22, k>2) 


k-1 fr 
oer 
T=n M=n 


"7 KA Ay, (n=k=2) 
OF (a> h2) (25) 
From these equations the coefficients ”A, 
for m=l can be expressed successively in 
terms of the circulation coefficients °A,. Six 
of these coefficients are given below. Thus 
Mani i 


14,= 


Q2)—ta, Ao , 


7 Q(d_— Gy) "Ap 10; "Ay, 


1 
5U Naw - - -— 
A,= 4 C040 —2apA2+ a,G.) 


ile 
ay, teal aoas + (@y—ax)(4,—a,)} 9A 


Hiroomi FUJIKAWA 


(Vol. 9, 


—F-ay(Gy—a:) (A, —ia, "As, 


2° Ay =CAp{a1(4y— Az) — yz} 
rahe ata) °Ao ’ 
2A= Ao{ Ao43—@,(Ay—Az)} Ao 


ee + 5%) 0A. 

3A =Cado{ (Gy) — 2) (pd + Ay”) —2aya, a3 — AyA4} 
~i( aytast 2agaa ae 3a) Aa. 

(26) 


With the help of (17) and (7), the expres- } 
sion (10) for the forces on the aerofoil gives | 
X=0 and 


leery praia 0 eed: 
0 eens b 2A, eae (2)r*1or*2 +1 
x{A,+(—)r*1A,} 
co oo (n+7)! qnr-r An A, 
72 Ze (n— 1)! (r— 1)! Qr+r petreh v 
(27) 
so that, by writing 
a = ult, (28) 


the coefficients Y; can be found once and for 
all for any given shape of an aerofoil. The 
first five coefficients are given below. 


02 SA, (29) 

7™O 
Ys 269A, CA), (30) 
70 

Y2 960A, —2°A,9A, 
id) 

1 f. bs J 
=F pO 40(Go— 42) + Go(do—G2)} "Ag 
lege a : 
9 Ha —&,)C Ao)? ; (31) 

aes = | e2aptia ay — Az)(@)— 4) 

nd) 2, 


igs Z he aa 
+ & t0{ (A, —)(24 yA) — Az — GyG2) 
—yA3+ Ay’G3} Ag 


+ 62a ayer, — Aya) CAy 


if Pe, Ay 
+ Gh G+ 3(Goa.+ Gods) 


—2apGy}(° Ao)? 
—1(a,—d,) °Ay°A,—2 °A,? A,—(°A;)? 
ae UA, (32) 


1954) 


Ye 


Rie Aa “ey 
ee = go M0F0{(Gi — 41 (Qo — 42) (@—a») 


+ (Go @3— Gy?G3) + (Gard; — A) G203)} 
3 z S _ ¥ 
=F g cl240do{aode + 2a,d@,—(a,—d,)?} 
+(@pao+ QHAx){(aQ, —a,)? —5 ayy} 


T+ (Ap@2 + QGz)? + 2(a, — 1)(ao"a3 
— Gy" G3) + (Aya + G3) °Ao 


lease " = fof: 
Tg BCL (G1 — Gs)( 240d — Ay — Gy») 
—(o?a3— GyG3)} Ay 


il 3 
a5 9 Ot 2a0do (yA. + GpAz)} Ay 


2 2[(@, — @){9( Qa, + AG2)—6 apd 


age 


+ (@1—G,)"} + 6(ap7 a3 — Gy? G3) \(°Ao)” 
- = Blaa: + QQ) ae (ay —d,)° 
—2dpGo} °Ay° A; 


~i(a,—4,) "AAs ila, —4,)°A,)? 


—2°A,°A,—2 °A,°A3+2¢°A, . (33) 


$5. Determination of the Circulation 


Adopting the usual procedure for aerofoils 
possessing a sharp trailing edge we choose 
the circulation so that the flow leaves the 
trailing edge smoothly. The transformation 
(2) can always be chosen so that the trailing 
edge corresponds to the point €=—7 in the 


€-plane. Thus, the condition for finite 
velocity at this point is 
(dw/dl)< =-2—VU, (34) 


-which, together with (13) and (16), gives 


Ay=i) (—1)"x(Da—Dn) BS) 
n=1 

Tf the expressions (17), (20), (21) for Ao and 

D,y are substituted in (35), the resulting 

equation must be true for all values of 5, so 

that, equating to zero the coefficients of each 


power of 1/b, we obtain 
0Ay=tc(@—ao) » 
OA, = 207-1. ao— 7 H=1 20) PAo » 


oAp=iS, SS (—D"a"F wy 
n=1m=n mr _ aap) (ALS 
Roki 
eeisetele 
Kn OPH Xe a "Ap m 
V2) 3 
(36) 


a OK Pe SATS m) ? 
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From these equations and (26), the circula- 
tion coefficients °A, can be obtained 
successively and explicitly in terms of the 
constants a, which define the aerofoil section. 
The first few of the coefficients °Ax, which 
are necessary for our calculation, are 


ij : 
A= (dy aa)?, (37) 
b= ge en Bae 
Ay="t{ avdo(ds— a2) + (do—ao)(a,— 4) 
+3apGo(@)—ao)} , (38) 


AS ; J - 
ee = “g 66% —dao 2 aydy— (a, —d,)"} 
+ -C(&y — Ay )( Ay? Az — Ay? G2) 
CApAy (Ay — Ao) {3(4, —Q) + (a, —d2)} 


QA { (aq, —@;)(@z— Az) + (ApAy + GyGz) 


(39) 


+— 
ae (QoQ3 se a3) be 2ayG } 4 


°Ay= 5 ica = Ay )P{ApQy +2(Apa, + Aydz)} 


+4 teld—a"G—ay)* +3 (@:—a,) 


X {(Ap a, + AyG») — Ayo } —TAyGy(A,— a2) 
—2( yA, — Ay?A,) —(Ay?a3— GAs) | 
LO Spe Oe = 3 
= 7g 2040F0'% — y){9(a,—a,)" 
+9(G, —a,)(@,— Az) + 6(a)+ G)(A2+ a2) 
—4(AyGy + Ax) + 71(aya3+ AAs) } 
oF = ECA )Ay| ApAy{ 12(G, — ay) + (4,— an) 
—6(d@3—a3)} —3(@,—a)?(@,— az) 
—6(G, —)(Ay4, + Aya2) 
— 6(@,—dy)(doa3 + GyG3) + 3( aay? — Gya,”) 
+3(a)?a,—G,?a4)]. (40) 
Using these results, we obtain, from (29)— 
(33), the first five coefficients Y,4, Yi, Ys, Y3, 
Y, in the expression (28) for the lift in the 
forms: 


Yo=2n10C"(d)—p) , (41) 
ya Hlay—ay) (42) 
Y. Lie = Le 5 
Y, = (Go— 40) (ag as), Gor 
QGp(G,—a,) | 1 2 es 
1 — —(5 — Apa. — f 
Chee g (24040 — Gon — Goa) 
(43) 
WG t Qo = ay es, 
= —— {3a G+ 42.@_—2(Apa2+ QG2) 
Yo 4 ay—a 


— (43+ God) — (G4, —a)(4,—a)} 
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! 1 , 7 (i a) aal5) 7 \ 
+ g lke —,){(Apaz+ Gz) —5aoGo}- 
— 4a) Gy, — Ay) —(Ay’A, — Qy"G») 
—2(ay?A3— Gy’) | ; 
ar +i (By — Gp {4(A po + Qa» ) 
+2(d,—a@,)?—1lajay} 
=F > t(&y— 2o)"(a, —Qy) +i, are 
(44) 
Y, il Ayo 
= ee 6(@, — @;){ 3apGp + a2, 
Y, 16a = (a, if 0Zo 


ee 1 Gud) (a) + Gy)(@z + Gz) } 
—(G,— Ay) { (AA, + Ap Ay) —3ayQ } 


—6a)4y(d3 — 43) —3(& —&)"(d,— A) 
+ 3(@o 4,7 — Go@2”) + 6(a9"a3— Gy" G3) 
=F 3(ay?Q a Qy?Gx) air 6( A a.d3 = ApG2Q3) | 
it Be S 

Bia 16 [8407d” — 15ayG (Gi, — a1)” 
= 16a )Go( aA, aay QQ») 
—1layGo(aya3 + Gp@3) + 3(Ayd2+ Apr)” 
+ (Aja, + GyG2){3(4,— a1)” —22 aay} 
— 15a )4( a, — a), — az) 
—6(d,—,)(Ay’a3— G73) 
+3(ay%a4 + G)°Gs) 
—6a,G,(G = Aya» =e a,)| 
lls ge Bains z 

he 56 (% — Ay) 2(@, — ay)? +3(G, —ay) 


X {5(ayaz + God») —1layay} 
- 13a G(Gs onl 
ec 9(ay?3— 


-o- 


Gy) —4 (Ag? 2 — Gy 2) 
a?d;)] 

lle owe 
as “5g (Go G0) (Ao + QQz) 


+6(@,— a)? —13a Gq} 


Sie " 
ete (Gy —Qy)(G,—). (45) 
16 
APPLICATION OF THE Mernop To THE FLow 
PAST SYMMETRICAL JoUKOWSKI A®ROFOIL 
IN THE PRESENCE OF A WALL 


§6. Case of Symmetrical Joukowski Aero- 
foil of Small Thickness 


Applying Green’s method so far described, 
we shall next calculate the lift on the sym- 
metrical Joukowski aerofoil of small thickness 
placed at an angle of attack 0 in the vicinity 
of a plane rigid wall. Neglecting the third 
and higher powers of &, the chord length / 
of the aerofoil is given by 


l=47(1+€&). (46) 
Thus, retaining only terms up to the order 


of &, the coefficients a, in the transforma- 
tion (2) now become 


Hiroomi FusIkKAWA 
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a= 410 +6—E2)e%, 
dai) 
= een 
=~ j(1—8)e", 
op (47) 


a3= —=16(1— 2E)e” , | 


Ligases 
a a > 


Gr—0) AG 


Substituting these coefficients in the general ]} 


expressions (41)—(45) we have 
Yo=z0lC(1+éE—€&) sin é , 


oe 546-8) sind, 
9 

=a OH 3 20 

e ( cos 26) 


ae el —6 cos 26) 


jas 4 EX7—4 cos 20) 5 


(26 sin 6—6 sin 30) (48) 


256 a 
+ ale 2 +78 sin @—12 sin 30) 
sin 0 


+& — sin +5 sin 30), 


Y, ie, 
a 47 —70 cos 26 
hy, > 2048 “ae 
+11 cos 46) 


+ €(206—228 cos 26+ 25 cos 40) 

+&(195—50 cos 206—15 cos 4 6)} . 
With these values of Yo, Y:, Y:, Y3, Y4 the 
power-series expansion for the lift Y on the 
symmetrical Joukowski aerofoil is ultimately 
given by 


Y Ve ae 
ee eal tas z 
san eT aa ocr 
5 OM En? eet 
++ (49) 


Y, ye 
It may not be superfluous 
that if we put €=0 in (49), we can obtain 


the well-known series expansion® for the lift 


on a plane aerofoil of length 7 in the presence 
of a plane wall. In fact, we have 


pee pe *, (4 3 cos), 


: is 
1 & 
Yo Z ome is 


3 
2 
—45 + sin 6(4—3 cos as ) 


to show here: 


1954) 


1 7X3 
— sete 32 ad — 
+ 510! 2—57 co3?0+22 cos a ) ; 


(50) 
5 being now the distance of the mid-point of 
the plane aerofoil from the wall. 


§7. Numerical Discussions 


Values of the ratio Y/Y) have been cal- 
culated numerically in three cases in which 
the thickness parameier € of the aerofoil 
takes the values 0, 0:1 and 0.2 respectively, 
the corresponding thickness ratios being 0, 
0.118 and 0.215 respectively. The values of 
the angle of attack have been taken to be 
Ba and 10°. 

The results are shown in Tables I and II, 


and curves of Y/Y, are plotted against J/b 


mebios: 3 angy4. 


Table I. (@=5°) 
L/b c= e=0.1 | . e=0.2 
| 

0.1 0.9963 0.9960 0.9958 
0.2 0.9938 0.9935 0.9933 
0.3 0.9926 0.9923 0.9921 
0.4 0.9925 0.9923 0.9921 
0.5 0.9985 0.9933 0.9928 
6:6 | 0.9965 0.9951 0.9941 
0.7 °°: 0.9985 0.997 0.9956 
0.8 1.0023 1.0006 0.9971 
0.9 1.0063 1.0038 roe 

1.0 1.0119 1.0071 au 

Table II. (#=10°) 

l/b 2-0 e=0.1 e=0 2 
0.1 0992 0.9914 0.9909 
0.2 | 0.9853 0.9843 0.9836 
0.3 0.9799 0.9787 0.9779 
0.4 0.9757 0.9745 0.9737 
0.5 0.9726 | 0.9714 0.9707 
0.6 0.9705 0.9695 0.° 687 
0.7 0.9694 0.9684 0.9675 
0.8 0.9691 | 0.9681 0.9670 
0.9 0.9695 0.9683 0.9669 
1.0 0.9704 0.9690 _ | at 


From these tables and figures it will readily 
be seen that when the symmetrical Joukowski 


| aerofoil of small thickness is placed in the 
) vicinity of a plane rigid wall at small angles 


of attack as used in practice, the wall effect 
on the lift is quite similar to that in the case 
of a plane aerofoil. Namely, as the sym- 
metrical Joukowski aerofoil approaches the 


wall, the lift first decreases and then tends 
. to increase to values which are greater than 
_the corresponding values for the symmetrical 


Joukowski aerofoil in an unlimited stream, 
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Fig. 4. 


(e==10°) 


especially when the angle of attack is suffici- 
ently small. Further it is found that in ac- 
cordance with the prediction made by 
Tomotika et al., the effect of thickness of 
the aerofoil is to decrease the value of the 
ratio Y/Y») even for small values of the angle 
of attack. 


The present problem has been suggested 
by Professor S. Tomotika. The writer wishes 
to express his cordial thanks to him for his 
valuable advice and encouragement through- 
out the present investigation. 


References 


1) S. Tomotika, Z. Hasimoto and K. Urano: 
Quart. Journ. Mech. and Applied Math. 4 (1951) 
ie A. E. Green: Quart. Journ. Math., Oxford 
Series, 18 (1947) 167. ; 

8) S. Tomotika, T. Nagamiya and Y. Takeno- 
uti: Report Aeron. Res. Inst., Tokyo Imp. Univ. 
No. 97 (1938). 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 9, No. 2, MAR.—APR., 1954 
| 


Note on the Lift acting on a Circular-arc Aerofoil | 
in a Stream bounded by a Plane Wall | 


By Hiroomi FUJIKAWA 


Junior College of Engineering, Naniwa University 
(Received June 1, 1953) 


Being a continuation of the preceding paper, Green’s new method, 
somewhat extended by the present writer, is applied to the evaluation 
of the lift acting on a circular-are aerofoil in the presence of an in- 
finite plane rigid wall. The expression for the lift is obtained in the 
form of a power series. By performing detailed numerical calculations, 
a discussion is made on the manner in which the ground-effect on the 
lift of an aerofoil is modified by its camber. 

It is thus found that in accordance with the prediction made by 
Tomotika et al., as the arc-aerofoil of sufficiently small camber ap- 
proaches the wall, the lift first decreases and then tends to increase 
to values which are greater than the corresponding values for the 
same arc-aerofoil in an unlimited stream, especially when the angle of 
attack takes small values as used in practice. It is also found that 
the rate of increase in the lift becomes smaller as the camber of the 
aerofoil increases. 


§1. Introduction and Summary sion for the lift of a circular-arc aerofoil i 
The lift and moment of a circular-arc 4 Stream bounded by a plane wall is obtained 
aerofoil in the presence of an infinite plane by applying Green’s new method® which hae 
rigid wall have been first evaluated by been somewhat extended by the present write 
Green» by employing suitable conformal in the preceding paper. By performing 
transformations. Later, Tomotika, Tamada detailed numerical calculations it is show 
and Umemoto” have reinvestigated the that in accordance with the results obtained 
problem by using suitable conformal trans- by Tomotika et al.”), as the arc-aerofoil of 
formations, which are somewhat different Sufficiently small camber approaches the wall 
from those used by Green. By carrying out the lift first decreases and then tends to in 
detailed numerical calculations for three Crease to values which are greater than the! 
circular-arc aerofoils, the cambers of which Corresponding values for the same arc-aero 
are respectively 0.022, 0.053 and 0.097 ap- foil in an unbounded Stream, especially whe: i 
proximately, the value of the angle of attack the amgle of attack takes small values usec] 
being taken to be 5° in all cases, Tomotika in practice. It is also shown that the ground4f 
et al. have shown that when the camber is &ffect on the lift of an aerofoil is greatly 
sufficiently small and the angle of attack is modified by its camber, and as predicted by 
also fairly small, as in practice, the manner Tomotika, the ground-effect on the lift be 
in which the lift and moment coefficients of comes smaller as the camber of the aerofoi } 
a circular-arc aerofoil are affected by the increases. | 
presence of the wall is quite similar to that 
for the case of a plane aerofvoil: namely, as $2: The Conformal Transformations | 
the circular-arc aerofoil approaches the wall, We consider a steady irrotational continuous | 
the lift coefficient first decreases and then flow of an incompressible perfect fluid pas# 
increases to values which are greater than a circular-arc aerofoil ABC which is placed 
the corresponding values for the arc-aerofoil at an angle of attack @ in the vicinity of a 


| 
in an unlimited stream. It has also been infinite plane rigid wall (Fig. 1). We taka] 
shown that similar results hold for the the plane of fluid motion, which is assumed 
moment coefficient. { _to be two-dimensional, as the z-plane, and wa 

In the present note, a power-series expan- take, with the mid-point B of the arc-aerofoi 


: 
i 


9AN 
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ABC as the origin, the z-axis parallel to the 
wall. We assume that the fluid at infinity 
flows with a constant velocity c¢ parallel to 
the wall in the negative direction of the. z- 
axis. 

Let 4a be the angle subtended by the arc 
ABC at the centre of its circle whos2 radius 
will be denoted by a. Then, the length J of 
the chord AC is given by /=2asin2a. It 
can be shown without difficulty that the 
equation : 

Pate Je 1+e's 

See rom it 


ae (C=E +77) 
el 
transforms the arc-aerofoil ABC in the 2z- 
plane into the straight line : 
7=0, 


£=0>—2n (2) 


in the €-plane. 


Bigsad:. 


z-plane. 


As in the preceding paper, equation (1) can 
be expressed in the form : 


(3) 


oo 
z=e% Diane's , 
n=0 


where the coefficients a, are given by 
Go=ae'Or*sin a , 
a,=—iae’sin’a , 
Gn= —(—1)"ae- 1-10 
x e'’sin”-1a@ cos?a@ . 


(4) 
(nZ2) 


§3. The Lift on the Circular-are Aerofoil 

The lift Y acting on the circular-arc 
aerofoil under discussion may be expressed 
as a power series in 1/b, namely : 


Y= Yb, (5) 
where b is the height of the mid-point B of 
the arc ABC above the boundary wall. 
Substituting the values of the coefficients 
Gn given by (4) in the general expressions 
(41)—(45) in the preceding paper, the first 
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five coefficients Yp,Y,,Y2,Y3, Y. in (5) become 


Yo=zolc*(sin 0+ cos # tan a), (6) 
et eaeueeg 
iv 5 (sin 0+ cos @# tana), (7) 


= ——_} (4 — i 
PY, a (4—3 cos 20)+4 sin 26 tan a 


2sin 0 
tancber eee pete 


+5 tan?’at 


= peels j ee eee yy ee 
PY, 256 {6(3 sin 0—sin 30)—6 cos 6 tana 
+(8 sin 0—3 sin 30) tan?a 


—(2 cos 6+ cos 30) tanta} 
“a Lome 8(1—cos 20)+8 tan?a+3 tanta 
512 sin 0+cos 6 tana i 


(9) 
Ye 1 
=——| (35— 
LY, wel 50 cos 20+11 cos 40) 


—(48 sin 20—11 sin 40) tana 
+(12—18 cos 20-+7 cos 40) tan?a 
—(5 sin 26—sin 40) tan’a 
+(1—cos 26+ cos 40) tanta 
sin 0 
sin 0+cos @ tana 


+3(17+4cos 28) tan?a+9 tanta? | . 


{4(3—5 cos 20) 


(10) 
If, in place of the height 6 of B above the 
wall, we use the height H of the mid-point 
D of the chord AC, which is related to b by 
the equation 


b=H+JItana cos, (11) 


the lift ratio Y/Y, can be expressed as a 

power series in //H in the form: 

ne a GE a) ONY? 

ar elegy Wer! 

If we make use of the so-called camber o 

of the arc-aerofoil, which is defined as usual 

by the ratio of its maximum height to the 

chord length so that o=1/2 tana, the values 

of Y,) and of the first four coefficients Y;’ 
become as follows: 


(12) 


y= zplc*(sin 0+20 cos 8) , (13) 
= —5 (sin 6+20 cos 0) , (14) 
a a - \(4 3 cos 20) +126 sin 20 
E28 cee encanta Cea 


(15) 
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Var 1 : m2 The values for the plane aerofoil (a#=0°, | 
— = —-——_{(13 0—3 sin 30 
Yo 128 aie ne) o=0) have also been calculated for com-} 
+20(7 cos 0—6 cos 38) parison. 
+207(24 sin 6+13 sin 30) The results are given in Tables I and II, | 
+28°(6 cos @+cos 34)} and they are also shown graphically in Figs. | 
age WS, iss 20° +30" 4 (16) ag i Wee 
32 sin @+20 cos 6 | 
Mal 1 (59—74 cos 20+11 cos 49) 1.00 | 
Y, 2048 
+. 20(48 sin 20—25 sin 40) + 
+407(84—30 cos 20—29 cos 49) | 
+803(105 sin 20+23 sin 40) | | 


+1604(115+105 cos 20+11 cos 44) 
4sin 0 


—_—___— ——{(3—cos 2) 
sin 0+206cos6 


5 
—307(1+4 cos ae) reese. GCP) 


It can easily be seen that if we put o=0 
in (13)—(17), these coefficients degenerate into 
those for a plane aerofoil®. o°% 


§4. Numerical Discussions 


The values of the ratio Y/Y) have been 


calculated numerically for three different pi% 


eso 


a 


Fig. 3. (@=10°) 


Table I. Values of Y/Y) when @=5°. 
tin pe LA la Oot Pama ioe 
ie ECTS o=0.022 | o=0.053 | o=0.097 

eer enn 4 

| pie @=2°30)} (@=6°) | (a=11°) 
Orn 0.9963 0.9940 0.9909 0.9866 
O22 0.9988 | 0.9891 0.9829 | 0.9743 
0.3 0.9926 | 0.9853 0.9759 | 0.9631 
0.4 0.9925 | 0.9824 | 0.9699 0.9530 
0.5 0.9985 0.9805 -| 0.9647 0.9438 
0.6 0.9355 0.9795 | 0.9603 0.9355 
0.7 0.9985 0.9798 0.9567 0.9281 
0.8 | 1.0023 | 0.9798 | 0.9538 | 0.9213 
0.9 1.0068 0.9809 0.9514 0.9152 
1A) 1.0119 | 0.9824 0.9495 | 0.9096 

| 
ile 1.0174 0.9844 0.9480 0.9044 
1.2 | 1.0232 | 0.9867 | 0.9468 | 0.8996 
13 1.0291 | 0.9690 0.9457 0.8950 
peeaio es 1.4 1.0849 0.9913 0.9446 0.8904 
Fig. 2 

As an addendum, the values of Y/Y, for | 


circular-arc aerofoils, taking a to be equal to some values of J/H have heen compared in 
2°30’, 6° and 11° respectively ; these make Tables III, 1V and V with the corresponding 
the cambers, 9, of the aerofoils approximate- exact values, denoted by (Y/Y o)ezace whieh 
ly equal to 0.022, 0.053 and 0.097 respective- have been obtained by Tomotika, Tamada 
ly. The values of the angle of attack 6 have and Umemoto”. 


been taken to be 5° and 10° in all cases. From these tables and figures, it will 


1954) 


Lift on Cireular-are Aerofoil 


Table II. Values of Y/Y) when ¢=10°. 
plane = | 
ae | aerofoil | = 0-022 o=0.053  o=0.097 
| aa | (a=2°30)| (a@=6°) | (w@=11°) 
0.1 | 0.9920 | 0.9898 | 0.9868 | 0.9825 
0.2 | 0.9853 | 0.9809 | 0.9749 | 0.9665 
0.3 | 0.9799 | 0.9732 | 0.9642 | 0.9518 
0.4 | 0.9757 | 0.9666 | 0.9546 | 0.9383 
0.6 | 0.9726 | 0.9611 | 0.9461 | 0.9261 
0.6 0.9705 | 0.9565 0.9386 | 0.9149 
0.7 | 0.9694 | 0.9529 | 0.9320 | 0.9047 
0.8 | 0.9631 | 0.9500 | 0.9261 | 0.8954 
0.9 | 0.9695 | 0.9478 | 0.9210 | 0.8868 
1.0 | 0.9704 | 0.9461 | 0.9163 | 0.8789 
1.1 | 0.9717 | 0.9448 | 0.9121 | 0.8715 
1.2 | 0.9733 | 0.9438 | 0.9082 | 0.8645 
1.3 | 0.9749 | 0.9429 | 0.9045 | 0.8578 
1-4 | 0.9764 | 0.9419 | 0.9007 | 0.8512 


| 
| 


Table III. Camber o=0.022 (#=2°30/), @=5°. 


L/H Y, Yo (C4) Yo exact 
0.0875 0.9947 0.9947 
0.1756 0.9902 0.9902 
0.8098 0.9798 0.9801 
1.5925 0.9951 1.0048 
Table IV. Camber c=0.053 (a=6°), 0=5°. 

1/1 Ya Yo CH Yo)exact 
0.2106 0.9821 0.9821 
0.4267 0.96384 0.9684 
1.0014 0.9495 0.9503 
1.5555 0.9425 0.9501 


Table V. Camber o=0.097 a=11°), 6=6°. 


1/H Y/Yo (Y/ Yo)exact 
0.3895 0.9540 0.9540 
0.8111 0.9206 0.9208 


readily be seen that in accordance with the 
prediction made by Tomotika ef al.», when 
the camber of the arc-aerofoil is sufficiently 
small and the angle of attack is also fairly 
small, as in practice, the manner in which 
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the lift coefficient of the arc-aerofoil is 
affected by the presence of the wall is quite 
similar to that for the case of a plane aero- 
foil: namely, as the arc-aerofoil approaches 
the wall, the lift coefficient first decreases 
and then increases to values which are 
greater than the corresponding values for the 
arc-aerofoil in an unbounded stream. Also, 
it will be seen that the ground-effect on the 
lift of an aerofoil is greatly modified by its 
camber. Thus, for large distance of the 
aerofoil from the bounding wall the effect of 
the camber is to decrease the lift found for 
a plane aerofoil as compared with the lift in 
an unlimited stream. As the aerofoil gets 
nearer to the wall, the lift eventually in- 
creases, as previously mentioned, above the 
values for an unbounded stream, for small 
angles of attack, but the rate of increase in 
the lift is considerably decreased owing to 
the effect of the camber of the aerofoil. 


The present problem has been suggested 
by Professor S. Tomotika. The writer wishes 
to express his cordial thanks to him for his 
valuable advice and kind guidance through- 
out the present investigation. 
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Experimental Studies on the Force exerted on a Disc 


placed in a Flow of Rarefied Gas 


By Yoshikazu SUGIURA* 
Physical Institute, Nagoya University, Nagoya, Japan 
(Received October 15, 1953) 


Uyeda has devised a flow-meter in vacuum technique [Uyeda & 
Sugiura, J. Phys. Soc. Japan 8 (1953) 99], whose principle is simply to 
measure the force on a dise placed in a pipe through which a rarefied 
gas flows. As a basic study of the meter, the foree was measured 
under various conditions, namely, the pressure of the flowing gas, the 
diameter of the disc, and the position of the disc along the radius of 
the pipe being varied. The results of the measurement are shown in 
figures and expressed by empirical formula. 

The results here obtained are in agreement with theoretical expec- 
tations for Knudsen and Poiseuille flow. In the Knudsen flow, it is 
confirmed that the assumption of diffuse refiection of molecules on the 
disc is adequate. In the intermediate flow case between Knudsen and 
Poiseuille flow, the foree shows an anomalous behaviour which seems 
to have some correlation with the phenomena observed by Knudsen 


[Ann. d. Phys. 28 (1909) 75] and others. 


$1. Introduction 


Recently Uyeda»®) showed that the force 
exerted by a flow of rarefied gas on a disc 
placed in a pipe is proportional to the so- 
called Q-value, Q=PS (P means the pressure 
and S the pumping speed), in high vacua. 
He applied this fact to the design of his 
“ flow-meter ”’. 

As a basic study of the meter, in the pre- 
sent experiments the forces were measured 
at pressures from 1 to 10-°> mmHg, on discs 
of various radii; the variation of the force 
was also studied, when the disc was moved 
along the radial direction. 


§2. Theory 


When a rarefied gas is flowing through a 
circul.r pipe of radius @ and a small circular 
disc of radius ¢ is put in the pipe perpendi- 
cularly to its axis, and if c<a and a<A, A 
being the mean free path of gas molecules, 
the force F exerted on the disc by the flow, 
calculated by the kinetic theory, is given by 
the formula®): 


F=3(7M/8RT)?7Q(c/ay? , Gy) 


where R is the gas constant per mol, M the 
molecular weight of the gas, T the absolute 
temperature, and y a constant determined by 
the nature of reflection of molecules on the 


surface of the disc. This formula holds, 
when the flow velocity is much smaller than 
the thermal velocity and c/a<1. 

On the other hand, if cA, the force F is 
calculated by the hydrodynamics. If the 
fluid is extended infinitely, it is expressed as 
follows: 


F=l6yeu, GZ.) 


where 7 is the coefficient of viscosity and uw 
the flow velocity. When the fluid is limited 
in a pipe, the force F may be expressed by 
the following form : 


F=Bycu 
1 @ 


aie IP 


=Byc (2) 
where z is the mean flow velocity. There- 
fore, if @ and F are measured for Knudsen 
flow, 7 can be obtained from Eq. (1), and if 
Q, P and F are measured for Poiseuille flow,. 
B from Eq. (2’). 

Outside the regions of Knudsen and Poi- 
seuille flow, the proportional constants y and 
8 may take apparent values, say y’ and BS 
which depend on the pressure P. The ex- 
perimental values of 7’ or B’, which are 
determined by inserting the observed values 


* Now at the Electrotechnical Laboratory, 
Ministry of Trade and Industry, Tokyo, Japan. 
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of F, Q, and P in (1) or (2’), depend not only 
on P but also on the radius c of the disc. 
Since these effects are too complicated to be 
treated theoretically, these dependencies were 
empirically taken into account, as will be 
described in IV 6 and c). The value of fia 
Should be obtained as the limiting value of 
7’ for very small disc and very low pressure. 


§3. Experiment 


After a preliminary measurement®) with a 
small glass pipe (2a=22.5mm), a more ac- 
curate measurement was carried out, using 


P: Diffusion Pump, I: Ionization gauge, 
C: Case of the pendulum (see Fig. 1b), 
W: Window (see Fig. 1b), 

L: Variable leak, Dr: Drying agent, 

B: Burette. 


Fig. 1b. 
F: Tungsten fiber, 
Pi: Section of the pipe (shown by dotted 
lines in Fig. 1a), 


D: Mica disc, 


M: Mirror, W: Window, E 
A: Device to adjust position of the disc. 


The Force exerted on a Disc 
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a large brass pipe (2a=57.2 mm). The ar- 
rangement used is shown in Fig. la. The 
air dried by P,O; flowed through the pipe of 
about 1 meter in length. The force on the 
disc was measured by a torsion pendulum, 
as shown in Fig. 1b. The disc is made of 
a mica leaf of about 4/100 mm thick and is 
Suspended by a tungsten wire of about 
15/1000 mm in diameter. The arm of the 
torsion balance is a tungsten wire of about 
2/100 mm in diameter and the mica disc is 
fixed to the wire with a small amount of 
shellac. The torsion constant of the suspender 
was determined by the usual method ; 7.e. by 
measuring the periods of the torsion balance, 
with and without an additional mass of a 
known moment of inertia. The deflection of 
the pendulum was read by a lamp and scale. 

The Q-value was measured by Dayton’s 
Burette method®) and the pressure by an 
ionization gauge at lower pressures and by an 
oil manometer at higher pressures. 

To compute the value of the force F from 
the deflection D of the torsion balance, the 
formula 

D= const. LE, 


was assumed, where 7 is the length of the 
arm and the const. was determined from the 
torsion constant of the suspender and the 
distance between the scale and the mirror. 
The force exerted on the arm was, as a cor- 
rection factor, taken into account in the 
computation of F. It was about 2% for the 
smallest disc. In the computation of 7’ and 
g’, the following numerical values were used: 


7 =1.824 x 10-*—4.9 x 10-7(23°—2°)*, 
M=29.0 (molecular weight of dry air), 


T=room temperature. 


§4. Results and Discussions 


Ayeay <i. GULVe 

An example of 7’-P curve is shown in Fig. 
2a. As expected theoretically, y’ is constant 
in Knudsen flow and decreases linearly with 
1/P in Poiseuille flow. AMite Fig. 2b shows 
the behaviour of 7’ at the transition region 
from Knudsen flow to Poiseuille flow. It is 


* from Landolt’s table. 


246 
af 
‘a 2 1-90 
He 100 
‘ 10 
1-80 


10 PimmHg 


P mmHg 4.4 10-3 | 3.1x10-3 | 2.9x10-3) 2.21078 
0.40 


0.40 0.50 


= 


4.0 4.3 4.4 


worthy to be noted that 7’ shows a maximum 
in this region. The value of y’ at the maxi- 
mum exceeds that for the Knudsen flow by 
about 3.5%. The pressure at which the 
maximum appears is different for different 
value of c, but the corresponding value A/c 
is almost constant as shown in Table I, us- 
ing 4=6.40x10-®cm at 760 mmHg and 15°C. 

Knudsen, Gaede, and Azumi” measured the 
quantities of the flow through a glass capil- 
lary at various pressures and found that the 
quantity per unit pressure gradient had a 
minimum at the transition region. Knudsen 
reported that the minimum lay at A/c ~5 and 
its value was about 5% smaller than that in 
Knudsen flow. 

The maximum observed in the present ex- 
periment and the minimum mentioned above 
may surely be a phenomenon characteristic 
of the transition region. 

b) r’—(c/a) curve and y 

As mentioned in the preceding section,  ’ 
is almost constant, independent of the pres- 
sure in Knudsen flow, but it depends on (c/a). 
The experimental curve of 7’ vs. (c/a)? for 
Knudsen flow is shown in Fig. 3. In spite 

“of this rather rough result, by the empirical 
ffformula obtained from the curve: 


r=11+h(ela)*), 


, the values of constants 


(3) 
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1x10" 


1 3 ae —— 
o 0-1 o2 03 (Yo) 
Higwse 
xs) 2 COC ay ton eras 
r=18, (4a) 
and R—e0y (4b) 


are obtained. 

We can calculate the theoretical value of 
after the method of Epstein®) which was 
developed in relation to Millikan’s oil drop 
experiment. According to his consideration, 
the molecules, which hit a surface of a 
sphere, reflect in the specular direction (1) or 
in the direction in accordance with the cosine- 
law (2). In the latter case, the following 
three cases are assumed: The reflected mole- 
cules run out with the conservation of velo- 
city (2a), with the velocity corresponding to 
the surface temperature of the sphere which 
is assumed to be a thermal insulator (2b) or 
similarly as (2b) but the sphere assumed to 
be a thermal conductor (2c). The value of 
y for a disc turns out respectively to be 


(1) r=2, (2a) -7=1.89, (2b) 7=1.88, 
and (2¢) 71.79. 
The present experimental result (4a) shows 
an agreement with the case (2c). Since, how- 
ever, experimental errors of (4a) may amount 
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to about 5%, both cases (2b) and (2c) are 
probable, so that we can state only that the 
molecules are reflected by the disc diffusely. 
c) $8’ —(c/a) curve 

In the case of Poiseuille flow, 8’ is constant 
independent of the pressure, but depends on 
(c/a). The experimental values of §’ in this 
region for various values of (c/a) are plotted 


in Fig. 4. From this figure, an empirical 
formula 
B’ =B{1+R'(cla)} (5) 
with G32. (6a) 
Rens (6b) 


is obtained for small value of c/a (0.1<c/a< 
0.3). The value 32 of 8 may be reasonable, 
_ because the coefficient 16 in Eq. (2) is doubled 
| by the reason that the flow velocity mw) at the 
center of a pipe is two times the mean flow 
velocity z. 


a 
al © 


32(1+24£) 


30;- 
a =18 > a ee {.- th et ——s 
e) on] 0-2 03 0-4 0-5 0-6 7a 
Fig. 4. 
ie OOCId eG) == als.em, 


The effect of finite size of the sphere or 
disc has been studied theoretically and ex- 
perimentally». In the case of small d isc, 

Smiedel carried out an experiment and ob- 
tained the empirical formula of the type (5) 
with k’=2.1. The present result is in agree- 
ment with that of Smiedel for small (c/a), 
but not for larger value of (c/a). 

d) Velocity distribution of flow in a pipe 

The experimental result, when the disc was 
displaced from the center, is shown in Fig. 
5. In this figure the abscissa is the square 
of (r/a), r being the distance between the 
center of the tube and that of the disc, and 
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the ordinate is F/F), F and Fy) being the 
forces on the disc at 7 and at the center of 
the tube (yv=0) respectively. From this figure, 
it is easily seen that the force ratio is ex- 
pressed by 


F/F\=1—A(/a)?, (7) 


where A is a constant which varies with the 
pressure. For the lowest pressure, A is al- 
most 0.3 and it increases as the pressure be- 
comes higher, but it does not exceed unity. 


Knudsen Flow 


O-6F 


0-4 


0-2 


Poiseuille Flow 


oe Oe 1.0 (Ya) 


0-4 06 O8 


Fig. 5. 
ee Lonmin (a), 
Theoretical, Poiseuille and 
Knudsen flow, 
©, A, x: Experiment, 
c=0.50 em, 


a=2.86 cm, 


According to the hydrodynamics, the flow 
velocity in a pipe is given by 
(8) 


for Poiseuille flow. As the pressure is re- 
duced, (8) must be replaced by the formula. 


uU=U(1—7"/a?) 
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for slip flow?™ : 


VAG f r 
wna ON Taree a)” 
where € is the coefficient of slip, and accord- 
ing to Zimiriazeff!), €=6.8x10-°cm at the 
atmospheric pressure. 

Since the force F is proportional to z in 
Poiseuille flow, as expressed in (2), compari- 
son of (7) and (8) shows that A=1. If the 
same relation may also be assumed for slip 
flows, comparison of (7) and (9) predicts 


ee a 
1+2€/a © 


The value of A is expressed as a function of 
p through €. A—p curve calculated, by tak- 
ing Zimiriazeff’s value of €, is shown in Fig, 
6. In this figure the experimental values of 
A are plotted. They lie very closely on the 
theoretical curve for pressure higher than 7 
x10-*mmHg, which corresponds to j4~a/4. 
This result proves the formula (10) and Zimi- 
riazeff’s slip constant. At lower pressures, 
the plotts deviate from the curve. This may 
be due to the fact that the force is not pro- 
portional to the flow velocity, and also that 
the Eq. (9) does not hold for low pressures. 

In the case of Knudsen flow, a calculation 
shows that the force is proportional to the 
number of molecules, N, which pass through 
the area of disc per unit time. The value 
of N is given by!) 


N=N,E(r/a) 


ib 7 Bh ge 
aN (ict, Sr Re ee 
of 4 @ 64 at i) 


(9) 


(10) 


Yoshikazu SUGIURA 


where (z/2)E(7/a) is the complete elliptiq 
integral of the first kind. According to thiy 
formula, the value of A should be 1/4, buy 
its experimental value is larger than 1/4. 
may be due to the finite size of the disc, and 
to the finite length Z of the pipe used. 

In conclusion the author expresses his} 
sincere thanks to Prof. R. Uyeda for his gull 
dance throughout the work. 

This research was helped by researc 
grants of the Ministry of Education. | 
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On the Subsonic Flow behind the Bow Wave 
of a Finite Wedge 


By Hakuro OGuCHI 
Institute of Science and Technology, University of Tokyo 
(Received October 20, 1953) 


Recently K. Tamada analysed the subsonic flow over a finite wedge be- 
hind the attached shock wave by solving a linearized potential equation 
by an ingenious method. When the shock is not strong, the linearized 
potential equation may be applied with good approximation. But, when 
the shock is strong, the flow field behind the shock should be treated 
as an anisentropic and rotational one. For such an anisentropie flow 
Lighthill’s equation will be more suitable. By the use of Lighthill’s 
equation we obtained an analytical expression of the problem in a 
form analogous to Tamada’s one. Futhermore, we also analysed the 
case for a finite wedge whose surface deviates slightly from a straight 
line. 


§1. Introduction 


Let us consider the flow past a symmetri- 
cal wedge of finite length. When the Mach 
number of the oncoming flow is high enough, 
it is well known that a shock front is at- 
tached to the tip of the wedge. If the flow 
behind the shock is still supersonic, the flow 
pattern can be completely determined by the 
theory of oblique shock wave. On the other 
hand, if the flow is subsonic, the flow field 
is non-uniform and the shock deviates from 
a straight line. K. Tamada (1) determined 


Ieee, I 


the same order of magnitude as the velocity 
variation. Hence the flow field considered 
should be treated as an anisentropic and 
rotational one. In this paper, we investigate 
such a flow field by the use of a method 
similar to Tamoda’s one on the basis of 
Lighthill’s linearized equation for anisentropic 
flow. Furthermore, we also investigate the 
case for a finite wedge whose surface deviates 
slightly from a straight line. 


§2. Fundamental Equatoins 


In the present paper, we consider the flow 
as steady, inviscid and adiabatic. Let (@, y) 
be the Cartesian coordinates with the origin 
at the tip of the wedge and z-axis parallel 
to the edge (Fig. 1). 

For steady inviscid gas flow the velocity q, 
density o and pressure p satisfy 

div (og)=9, oq-:Va+prp=9. all) 
Let the velocity, density and pressure of the 
flow at the tip of the wedge be (m%, 0), 01, pi, 
respectively. Let the components of q be 
(u;+u, v), then w and v will be regarded as 
small compared with w,, since the flow in 


-such a flow pattern by solving a linearized 
potential equation by an ingenious method. 
-When the shock is not so strong, the lineariz- 


the subsonic region considered is nearly uni- 
form. Hence, Eq. (1) become approximately 


xv 0u/0xz+0v/dy)=0, IZ 
-ed potential equation may be applied to the 0 eae a ae voy) oe 
problem with good approximation, since the pu,0u/Ox + Op/Ox=0 , (3) 
-entropy variation normal to stream lines be- 0:U,0v/0x+Op/dy=0. (4) 


“hind the shock is insignificant compared with The pressure, ~, is a function of the density, 
the velocity variation. When the shock is o, and the entropy, s. Since the flow is 
.strong, however, the entropy variation is of adiabatic, the entropy behind the shock is 
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250 Hakuro 
constant on each stream line which is nearly 
parallel to the 2-axis. Hence, the entropy, 
s, may be taken to be independent of z. 


Therefore, 
OP OD 00 Op Ose m 00 
Op Ji Om ’ 
a) 


@z2 Oo Ox Os Ow ={ 
where (0p~/0p),~-1/7=a, is the sound speed of 
the flow at the tip. Putting 2’=(p,—Dp)/oim, 
Eq. 4 becomes 
Ou’ /Oy—Ov/Ox=0 . 
Thus the vector (z’, v) is an irrotational one 
and therefore there exists a scalar ¢ such that 
(pi1—D)/ 0,2, =06/0z, v=0¢/O0y. (6) 
Combining Eqs. (2), (3), (5) and (6), we obtain 
?¢=M,720? 6/027, 
where M,=21,/a, is the Mach number of the 
flow at the tip. This equation was first 
derived by M. J. Lighthill (2). 
Further, by the transformation : 
2=&, y=m- 7, G7) 
where 7=(1—™,")'7, the above equation re- 
duces to Laplace equation and Eqs. (6) become 
(Di—P)/py1 =OG/OE , v=md4/07. (8) 
Let us introduce a function, W(z), defined 
by 
W(z)=06/On+720G/0E, z=E+in. (9) 
Then, since ¢ is a harmonic function, our 
problem is to determine a regular function 


W(z) compatible with appropriate boundary 
conditions. 


| 


§3. Boundary Conditions 


In this paper, for brevity, the critical sound 
speed is taken as the unit of velocity and 
also the Iength of the edge of the wedge as 
the unit of length. Then, the condition that 
the edge of the wedge is a stream line gives 
v=0 on 1>2x=>0, y=0. According to Eqs. (7), 
(8) and (9), this condition becomes 

Ke W@)=0 on 12=F20, v=0. (10) 

Since, as predicted by A. Busemann (8), 
the sonic speed must be attained at the 
shoulder of the wedge, the pressure p, there 
is given by 

Dsl Pr =[2/(7 +1) P/9-P[(r —1)M,7/24+-1/0-Y, 

(11) 
where 7 is the ratio of the specific heats. 
Hence, from Eqs. (7), (8) and (9), the condi- 
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tion at the shoulder is expressed as 
Im W(z)=(0:—Ds)/pi41 at E=1, y=0.. (12) 
Next let us consider the condition along 
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the shock. Let the shock angle with respect ] 


to the uniform flow ahead of the shock be 
a +a where a, is the shock angle at the tip 
and @w the perturbed shock angle (Fig. 1). 
Then the shock equations become as follows: 


Polly SIN (@)+a@)= o[(w,+u) Sin (8B+a@) 


—v cos (B+a)], (13) 
Uy COS (Hy +@)=(u,+u) COS (B+a@) 
+vsin(S+qa), (14) 


Po + pom? Sin?(ap+a)=p+ o[(u,+u)sin(B+a) 


—vcos(S+a)}, (15) 
uo? +[27/(7 —1)]Do/ 00 = (a tu)? +27 
+[(27/(r—l] d/o, (16) 


where suffix 0 signifies the quantity pertain- | 


ing to the uniform flow ahead of the shock. 
From the first order terms of Eqs. (14), (15) 
and (16), we obtain 


a=[u,(1—9,/)|“ "(cot B-ut+v), (17) 
p—p, +20, sin B(u sin B—v cos f) 
+(p1—p)uy? sin? B=0, (18) 
O= wt; 4 ie ewe Ales ‘ (19) 
pea) Px 01° 


Further, from the first order terms of the: 
well-known relation: 


PL +)eo—7 —Yoe]=p1(r + Do—(r —1)0),. 
we have 
— (tbe Sai 


= — Sh Fe aA a” 7 0 
oP ey Da 


| 
| 


{ 
} 


From Eqs. (17)-(20) we obtain the linear rela- | 


tions between the perturbed quantities im- 
mediately behind the shock as follows (2): 


u=U(p,—P)/01%,, v=Vipi—Dd)oym,, (21) 


where, in terms of y=p,/p) and My, the Mach | 
number of the uniform flow ahead of the | 


shock, 
peti Dy Se 
rg 1Y Sy ae 


aie! i 27M,’ eh 
7 BEG) ag 
-2 
x(u mae | -#-@— My 
dae | ee 
! M2-+ 
i ( THLE AE ab 


M? _ Mr +)yt+t(r —1)J—2° alt) 
yr t+ Dyt(r—1)] 
(22) 
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By the use of Eq. (8) the second equation 

of Eqs. (21) is rewritten in terms of ¢: 
0¢6/0n=m"VO6/0E . 
The location of the shock will be approxi- 
mately on the line y=tan 8-2 which is ex- 
pressed in the z-plane as 
y=tan B’-& ? 

where 


tan B’=m tan B - (23) 


Hence, the condition on the shock is given 
by 
tan~*|(0¢/0&)/(0¢/0y)|=arg Wiz)=K-+nz, 
(=. =F) OSI sn.on 7 =tan p’-é, 
(24) 
where 
tan K=m/V 
and K takes the principal value. 
Now we can show how the entropy varia- 


ticn depends on the value of U. From the 
hypothesis of isoenergetic flow, 


(25) 


(1/2)(ae, +2)? + 0? +2= (1/2)? +7, , (26) 

where z is the enthalpy per unit mass and 
az, is the enthalpy at the tip. Let s=0 and 
the temperature be 7, at the tip, then the 


thermodynamical principle gives 
t—tic-T,s+(P—D,)/p - 

Hence Eq. (26) becomes 
(p,—D)/0,;u,=ut+Tys/uy, . 


Substituting the first equation of Eqs. (21) 
into the above equation, we have 
[(1—U)/U]u=T\s/u, , (27) 

from which it follows that the entropy varia- 
tion is of the same order of magnitude as the 
velocity variation except when U&1 or, from 
Eg. (22), fi/Xoevl. When ,/fo~1, in other 
words, the shock is weak, the entropy variation 
is insignificant compared with the velocity 
variation. For such a case the analytic expres- 
sion derived by K. Tamada (1) on the basis 


, of the linearized potential equation may be 


applied with good approximation. But, when 
the shock is not so weak, the entropy varia- 
tion must be taken into consideration. As 
an example, for the wedge with the semi- 
vertex angle d=20°, the calculated value of 


JU is shown in Fig. 2 as a function of M. 


In this case it follows from Eq. (27) that the 


- entropy variation, Tys/m, is about 25% of the 


velocity variation, u, for M, under consider- 
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ation. 

When the Mach number M, of the oncom- 
ing flow is equal to the extreme Mach num- 
ber Mp, below which the shock is detached 
from the tip of the wedge, V in Eq. (21) 
vanishes. Therefore, the condition (24) 
reduces to a trivial one. Since, in this case,. 
v is a small quantity of higher order com- 
pared with w or (~,—D)o\u;, we must take 
into account the higher order terms in order 
to obtain a non-trivial condition on the shock. 
For this purpose it is more convenient to. 
use the shock polar, as treated by K. Tamada 
Gb). 

The equation of the shock polar is written 
in the form: 


(n—Uuptt)0? = (uy —u)?(upu—1) , (28) 
where 
n=1+2/(7+1)-u,?, 
u=(u,-+u) cosd—vsind, } (29) 


D=(u,+u) sin dO+vcos 0d. 


By substituting Eq. (29) into Eq. (28) and ex- 
panding in power series of z and v, the fol- 
lowing relations are derived from the zero, 
the first and the higher order terms with 
TESPECUMLON ZH 


(2—uUpt, COS 6)(w#, Sin 0)? 
= (ty —Uy COS O)?(%yu, COS O—1), 
(22 —3uyUy COS O) Sin? 6 
= (Uy —U, COS O)(Uy? +2 
—3upu, COS 0) COs 0, 


(30) 
where 
3uyu, COS O—N-+7(1—n) cos? dO 
~ wy sin O[2 +t mo? + 6,2 +27 (1 —m2) ee yt! cos 6] 
For any given value of 0, values of m2) and 
wu, can be determined from the first and 
second equations of Eqs. (30). 

By the use of the first equation of Eqs. (21), 
the third equation of Eqs. (30) is rewritten as 
v=RU*[(pi—P)/oimP. 

Hence, from Eqs. (8) and (9), the condition 

on the shock for the extreme case M,=Mp 

becomes 

Re Wiz)=mRU?[Im Wiz)P, on 7=tan B’-€. 
(31) 


§4. Solution for Finite Wedge 


A regular function W(z) satisfying the con- 


iw) 
oO 
bo 


ditions (10) and (24) 
in the form: 


Wzj=2 Ss ApZ (Be ne- 220/38" 
m=1 


is, in general, written 


where A,’s are arbitrary constants. 

Since, among the terms of the above series, 
the first one is most predominant, the actual 
solution will approximately be given by 


We@=1Agerar (32) 
From the condition (12), 
A,=(Pi—ps)/01m . (33) 


Putting z=re’® in Eq. (32), 
Eqs. (8) and (9) 
—p=(D,—ps)r* +48" cos [(K+7/2)/ 8-6], 
(34) 
where 7 and @ are written in terms of xz 
and y: 

= (a? + m7y?)1/2, (35) 

It follows from the above solution that the 
factor (K+7/2)/8’ is an important one charac- 
terizing the flow field. For the case when 
(K+7/2)/8’ =1, the solution is no more singu- 
lar even at the tip of the wedge. According 
to the definition, this case must correspond 
to the Crocco point. 

Now we can show independently of the 
preceding analysis that (K+7/2)/8’ becomes 
unity at the Crocco point. Let a line element 
of the shock be do and the angle between 
the flow direction and the z-axis w, then the 
curvature, (1/R),, of the stream line at the 
tip is given by (4) 


Ow ‘ Vey ese 
(a) -| (42) aa ) aie. 7M, 
x sin (oh) Jo-m Sin? p)—* 

Oo 1 


In our approximation, 


(Ge) doc oo 08 ee pipe ae 2 
Uy, 00 iL Di 


Hence, 


Af oe slg poe ie DP 
(=e) =(< cos8- + M2 sin B i ) 
x (1—M,? sin? 8)-1(1/do). 
Since the Crocco point is defined as the point 
where (1/R), vanishes, the condition there is 
given by 
(v/t,) cos 8 +[(M,?—1) sin B/yM,?|(P—P,)/p, =0. 


By the use of Eqs. (23) and (25) this equation 
is rewritten in the form: 


we have from 


6=tan (my/z). 
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tan (K+7)=tan (@’+7/2). 
Hence, (K+7/2)/8’=1 at the Crocco point. ff 
Next let us consider the extreme case Mo] 
=M,. A regular function W(z) compatible 
with the conditions (10), (12) and (31) may} 
be written in the form : | 
(36) |] 


W(z2)= —i(log az’)"}, 
where a and 0 are real constants. 
From the condition (12), 


log a= —0,%,/(pi—Ps) - 


Putting z=ve’® in Eq. (36), 


—b6—1i log ar’ 
(log ar? )?+B°02 - 
If b is positive, |logar’| is a large quantity) 
of the same or higher order of magnitude as: 
0\u,/(f;—ps) in the domain considered. Then 
the above equation becomes approximately 
W(z)=—bé (log ar’)~ (38) 
Thus, we have from the condition (31) 
b=—RU*(mB’)71. (39) 
It follows from the geometry of shock pola 
that b is positive. Therefore Eq. (38) repre- 
sents the solution for the extreme case M, 
=Mp with good approximation. From Eggs. 
(8), (9) and (38) the pressure is given by 


—p)/om,= (40) 


where a and 0 are given by Eqs. (87) and 
(39). 


W(z)= 


*_7(log ar®)7. 


—(log ar®)-}, 


§5. Drag Coefficient, Shock Pattern and 
Comparison with Tamada’s Results 


From Eqs. (34) and (40) the pressure dis-| 
tribution on the wedge surface is given by 
D=D,—(bi—fs)a% +9218") M >Mp 
Pi +m (log az’)7}. M)= Mp 
(41) 
Now we define, as usual, the drag coef-| 
ficient Cp by 


if 
=2\ Cp sin Oda 9 Shiau) == 
a / 


| cna - (42) 
0 


where 


Cro=2/(7 Mo”): (b/bo—1). 
From Eas. (41) and (42) we obtain after some 
calculations 


Cp= (2/7Mo?)(Dp,/Do SE 
where 


D=1—B'[(bi—ds)/[Di (K+ B’ +7/2) , Mo>Mp 


| 


' Tamada’s ones. 


1954) 


t 
1+ M*l)| (log az?) dz. M,= Mp 
0 


It should be noted that for both cases the 
pressure distribution on the surface and drag 
coefficient have a form similar to the results 
given by Tamada and characteristic factors 

{(K+7/2)/8’ and 6 correspond to c—1 and 
—€~1 in Tamada’s solution, respectively. By 
the use of the notations in the present paper, 
«—1 and—é&~! are written in the form: 

«k—l=7/2+tan-(Um/V), 

—€-1=—R/(mB’). 
On the other hand, we have from Eggs. (23), 
425) and (39) 

(K+ 7/2)/p’ =z/2+tan-(m/V), 
b=—RU?/(mp’). 

Hence, if U~1, (K+7/2)/8’ and b are almost 
equal to e—1 and —é&7!, respectively. There- 
fore, for the case when U~1, in other words, 
when the shock is weak enough, the pressure 
distribution and drag coefficients have the 
same form as Tamada’s one. But, when the 


' shock is strong, (K+7/2)/8’ and 4 are fairly 


different from «—l and —€&7!, respectively. 
For such a case our results deviate from 
The above description is 
also evident from the consideration with re- 
spect to the entropy variation, discussed be- 
fore. As an example, for a wedge with a 
semi-vertex angle 6=20°, (K+7/2)p’ and «—1 
are plotted as a function of M) in Fig. 2 and 


Cp is shown in Fig. 3. 


Next let us consider the shock pattern. 


'’*The slope of the shock is given by 


dy/dzx=tan (B+a). 


Jn our approximation, this equation becomes 


dy/dx=tan B+sec? B-a. (43) 


' Since the lacation of shock in the z-plane is 


given by 0=§’, we have from Eq. (35) 


y¥=sec P-z. 


| Substituting the above relation into Eq. (34), 


‘we obtain the pressure distribution on the 


shock as: 


—p,+p=(pi—Ps;) sin K- (sec B’-x)% +/20/8", 


From Egs. (17) and (21) 


a=A(pi—D)/o1m , 


-~where 
A=[u(l (ais) (c0t BU V). 


Substituting a from the above relations into 
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© for the case 
Mo = Mp 


1845 


(850 
M 


° 


Fig. 3. 


Eq. (43) and integrating Eq. (43) with respect 
to 2, we obtain the shock pattern in the form: 
y=tan Bat SCE te/20/B' 41 | 

where 
(ps—Pi)AB" sin K (sec BYE +218" 
01( K+ B’ + 7/2) cos? B 
By the same procedure we have the shock 
pattern for the case M)=Mp in the form: 


c= 


x 


y=tan B-x+So| [log a(sec B’-x)]-1dz , 
0 


where 
Sp=—A sec’? Pf. 


§6. Solution for a Wedge-Shaped Body 


Suppose that a symmetrical wedge-shaped 
body which is slightly deformed from a 
finite wedge is placed in a supersonic flow 
(Fig. 4). As in the preceding analysis, the 
case when the flow behind the shock attached 


254 


to the nose of the body is subsonic is of 
main interest to us. 

Choose the «z-axis along the edge of the 
basic wedge that wil! closely approximate 
the body and y-axis perpendicular to the z- 
axis (Fig. 4). 


Fig. 4. 


First Iet us consider the body whose edge 
is given by 


ate eo n>0 
where € is assumed to be a small quantity. 
Since, in this case, the surface of the basic 


wedge is tangential to the body at the nose, 
we may also consider the flow at the nose 
as the basic flow. Let the velocity component, 
density and pressure of the basic flow be 
(m%,9), 0, and f,, respectively. In this case 
also, @ defined by Eq. (8) satisfies Laplace 
equation and therefore it is convenient to 
introduce a function, W(z), defined by Eq. 
(9). 

The condition that the edge be a stream 
fine becomes 


v/uy~E(n+ 1a”. 


Since the edge is approximately coincident 
with the z-axis, we obtain the condition on 
the edge in the form: 


Re W(z)=m€(n+1)m&”. 
Onwles a= 70) 

Since the condition on the shock has exact- 
ly the same form as the condition (24), a 
regular function W(z) satisfying these condi- 
tions may be written in the form: 

m *En+1)u, 
cos (K+z—nf’) 


+2 By Ag tne —x/2)/8 7 
n=l 


gnrei(K+n-nB’) 


W2a= 
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where A,,’s are arbitrary constant. | 
In the above solution the first term repre-] 
sents the contribution of the deformation of) 
the body from the basic wedge and the sec- 
ond series the solution for the basic wedge.. 
Therefore the case is of significance whe | 
the first term is not so small compared with: 
the second series, in other words, when 7 is4 
small or not so large compared with (A+a/2) 
/B’. In such a case the above solution may 
be written approximately 
es (m+1) U1 | 


cos (K+2—n8’) 

444A, gE +7/2)/8", (44) 

When the sonic speed is not attained any-) 
where on the edge except at the shoulder of? 
the body, we may also apply the condition) 
(12) that the sonic speed is attained just at} 
the shoulder. Hence, A; can be determined| 
as 


As Di-DPs 
014 

Since tan(K+7—n§’) rises to infinity whenj 

K+n—np’ =n/2 ot n=(K+n/2)/8’, Eq. (44) ish 

rewritten by the limiting process in the form: 


We) = EEO ENS 


—m"E(n+1l)u, tan (K+2z—n§’). 


Wz)=[m€(n+1)u,(1 +2 log 2/8’) 
+14 Di —Ds)/ ot; Ja% + 7/2218”, (45) 
From Eqs. (44) and (45), the pressure dis 
tribution on the surface is given by 


(Di—P)/0uw, =m 1E(n+ lw, tan (K+2—n8') 
x (gr — al * FP) B era Dr —ps)/01Uy- 2% +2187, 
n>=(K+ 7/2)" 


[m-*E(2 +1), log 2/8’ +(b,—Ds)/p12;] 
gE +2/2)/8/, n=(K-+7/2)/p’ 

If the flow is supersonic somewhere on the! 
edge except at the shoulder of the body, the} 
condition (12) is no longer applicable and] 
hence A, remains undetermined. Therefore} 
the preceding solution (45) is applicable only’ 
to the case when the condition : 


(Di—D)/oxtr<(Di—Ps)/ 010, on l>z=>0, y=0" 


is satisfied. Since, as mentioned before, th 
case when m is small or not so large com-| 
pared with (K-+7/2)/B’ is of significance, wet} 
may assume (K+7)/8’>n or tan (K+z2—n8)| 
>0. Then, if the edge is concave to the 
flow i.e. €>0, it follows readily that the! 
solution (45) always satisfies the above condi- 
tion. On the other hand, if the edge is convex 
to the flow i.e. &<0, the solution (45) satisfies 


| 
: 
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the above condition for a given n only when 
|€| is less than the extremum |&|ext.: 
mK + 72/2) pi —ps)/\ 014”) 
(2+1)(n8’ —K+7/2) tan (K+ =—n’) s 
n>=( K+ 7/2)/p’ 
m(n+1)-'"\K+7/2)( pi —ps)/(0,20;2). 
n=(K +7/2)/p’ 
Tf |€|> \€lext. for a given », the flow will be 
supersonic somewhere on the edge except at 
the shoulder. As an example, the value 
of |E€lext, for a body whose surface deviates 
from a wedge with 6=20° in a parabolic 
form y=€z? is shown as a function of M, in 
Fig. 5. 
For the case of a concave wedge, as readi- 
ly seen from Eq. (45), a maximum occurs in 


[el ext: = 


= 


O 
1-840 


the pressure distribution on the edge if > 
K+7/2 and &"+l>mp —ps)/(01m,")-cot + 
xz—n’) or else the pressure decreases mono- 
tonically from the nose to the shoulder. On 
the other hand, for the case of a convex 
wedge such that |€|<|&lext., the pressure al- 
ways decreases monotonically from the nose 
to the shoulder. 

Lastly let us consider a symmetrical wedge- 
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oa 


shaped body whose edge is given in the form 
of a power series: 
y=>: ant, 
n=0 
In this case the condition on the edge becomes 
Re W(z)= >) m7 (2+ lanE”. 
n= 


on 160, 7=0 (46) 
The condition on the shock is also given 
by Eq. (24). A regular function W(z) satis- 
fying these conditions may be written in the 
form : 


x (2+1)ay 
W(z)=m-} = : 
: mets 2 cos (K+z—np’) 


SL Sy val eee 
where A,’s are real constants. By the same 
consideration as in the preceding analysis, 
we may take the function 


gnrei(K+n-nB’) 


Wi2=m nm gre (K+2-nB’) 


4¢A yk +7/2)/8" 


(47) 
as the main part of the above solution. If 
we assume that the condition at the shoulder 
is given by the condition (12), A: can be 
determined as 


Aya PP _ yy, 3 (n+ Day tan (K+2—n8.), 


Oi, n=0 

It should also be noted that the solution 
(47) is applicable only to the case when the 
flow is subsonic everywhere on the edge ex- 
cept at the shoulder. 

In conclusion, the author wishes to thank 
Dr. R. Kawamura for his suggestion and 
encouragement during the course of this 
investigation, and Prof. I. Imai for his advice 
and kind inspection of the manuscript. 
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On the Propagation and Structure of a Blast Wave, Il 


By Akira SAKURAI 
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(Received December 11, 1953) 


As a continuation of Part I (J. Phys. Soe. Japan 8 (1953) 662), the 
second approximation for the propagation and stru:ture of a blast 
The solution for 
numerical method, using the results of the first approximation obtained 
By use of this solution, U-R curves, distance-time curves 
and the changing feature of distributions of velocity, pressure and 
density behind the shock front are discussed. 

Further, the approximate solution of the equation is discussed by 
a refinement of the WKB method due to Imai. 


wave is now discussed. 


rea degewe 1 


§1. Egations for the Second Approximation 


In Part I of this series of papers (J. Phys. 
Soc. Japan 8 (1953) 662), we have attempted 
to construct the solution in power series of 
(C/U) in the following forms : 

u=ULfO+(CUPfO+---], 

P= pU CP y-+(C[U Pg+---1, 

C=O) WOW Cee sos 

(C/U)(R,/R)* =] (1+ a(C/UP+---). 
Thereby, a procedure of successive determina- 
tion of functions f®, g™, Ah; f, gD, h@; 

. (which are functions of z=7/R) and con- 
stants Jy, 4;, As, ... was discussed ; moreover 
the first approximation was discussed by a 
numerical as well as an approximate method. 

Now, in this Part II, we shall develop the 
second approximation and determine {“, g, 
h® and 2,, for which we have the following 
system of equations as mentioned in Part I 
(igs, U3), Cas (@m) 


|, (rronese } So” Sf OH \etda 
il 
ora FEV Gay 


hf —ax) f+ ger 
= — {a+ 12+ FO jROfO+ (a+) fOr2 
+a fO) fr }NO+ (At DA fOhnm/2 , 
1 frO+ (fO—2) RO = —(h,O+ ah x) fO 
(fe +afO/z+atYh® , 
1I™ FPF (FO—2) qe 
= — (90+ arg™/x) fO 
1 fMt+af)xz)gO+(atldag , 
JOY)=S—2r+)l), g@Y=—G—-DAreD), 
ROD —27+-DiG—)?. 


We introduce new dependent variables ¢, 


have an integral. 
tion (5) x 2—(4) x (27—1), we have 


y=1.4 is obtained by a 


¢, % as defined by 

{MH=(a—fO)G, JM=7OH, hO=Nhz, (1) 
and use equations (24) and (26) in Part I 
concerning {©, ¢g@, nh; them the above 
system of equations is transformed into, 


i {rf Oe FOyner+ ot F fone! 
if 


1 
x a%dx= ad, Jp +————.,, (2 
CaL iJo (7¥—1) (a@41) ( ) 


— f)¢,4+ ely d, = —(2/. hee a 


eID, 
eon ey AOD) 
te (7.04% “om 56 )t-) 
aie 
; PS (3) 
(a— f)(— $24 Xx) =(a+1)(¢4+2%) 6 (4) 
(a@— f)(—7 Gr 4+- bz) =(at+1){(7—]l¢+¢—A,}, 
(5) 
eD=—2(r-l), ¢Q)==—(r—DPr, 
L=—2/G 1) (6) 
§ 2. An Integral Obtained from Eqs. (4) 


and (5) 


As we have noted in Part I, (4) and (6) | 
If we perform the opera- | 


(a@— f){— 9, +2¢,—(27 —1)X2} 
=(a+1){—¢+2¢—(27 —1)%¥—2A}} . 
Integrating this and inserting the condition 


(6) to determine the integration constant, we — 
have a relation: | 
| 
| 


G—29+-(27 -1)X% +22, 
poet a exp (|"4 


= (2a.- 
oa —l 


| 


Ste 
(7) 
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Hereafter, we shall use (7) in place of (4) 
and consider (2), (3), (5), (6), (7) as a funda- 
mental system of equations. 

In this connection, it will be worth noticing 
that an integral of similar type to (7) always 
exists in each step of successive approxima- 
tions. Thus, as will be shown in Appendix 
J, in the case of the (¢+1)-th approximation 
—2, 3,254) GO: ¢O, 7: we have 

QO (4 NEOL{ E+ Dy 1} XVOL ELD Aye 


TOME et ete Loa 
— Ay exp (i i at) 


+ (function which can be derived 
from the relation up to the z-th 
approximation) , (8) 

where A; is a constant to be determined from 
the condition at z=1. 


§3. Asymptotic Behaviour near ~=0 


Since {2/7 as z—0*, we see from Eq. 
(36) in Part I that D./D—-(7+a)/(y—l)z as 
x0, which can be integrated to give 
DoD zC**/I-D where Dy, is the integration 
constant which can be determined from the 


result of the first approximation. Then, if 
we use the results: 
Te es Bae ee : pice ya > 2g ded. 4 
F 2 of 2 
rt] f® Im ass-1§. 1 
pes ae =i 
FeO QA c= f D2: 07 7 De ge aaa? 


rh al 
exp 2—f® 


where G, is a constant, (3), (5), (7) are reduced 
to the following forms ; 


de) >Gyakerie ee 


(hex 


ge IFH/A-1). gg, 
LPat 7D, “y 
Rex nn +(—+ eee" 1 
ew -(—+ a 
_g ki A , 
x (X—¥)+ res 


{(7—1)/rJa(—7 Pet ¥2) 
=(at+l]){(r-let+e—A} , 
9—264+ (27 —1)%= —22, + {24,-B7—1) 
MET pal Gue 
We put 
E=2", va(rtay(ry—)t1, (9) 


then above three equations are reduced to 


ae 
asf By) r' 2 
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oe le a+l 2 
+( as +) : 
Say eal oe Sa ae 
(10) 
{7 —l)/r¥H—r&¢e+E¢s) 
=(a@+1){(r—De+o—a}, (11) 
0 —2W+(2r—1)x 
= — 2A, +{24, —(37 —-1)(7 +1)/7(7 —1)} 
X GoEC@ + Dy/Cy+e-1) 5 (12) 


We now proceed to determine the solutions 
of Eqs. (10), (11), (12). The particular solutions 


Ys,%s,x%s can readily be obtained in the 
following forms: 


OSS Cp COCCHI Oe ae ane 
Og = op PECTIMC (CEL), 
USNs EO UN CoP Cue ee 
(13) 
where 
P= —%0= {2 a i= 2 


i -1 
pee Nh 
ae. ty, Gel AL, 


%o=A4;—(7-D%, 


cn, cum 9 (02.1 241) 
27-1 tS 
ae Ves 1)D, SBS 19¢ 

- r(a+3)+a— i( ea ai) } 

(14) 


If we eliminate y from the homogeneous 
parts of (10), (11), (12), we have 


i! 
Deer 
oa )E D, é 
1 a—l 1 atl 
Se Crier is 
¥ oe ors iC ise aaa 
1327 a+l 7 
aoe iP oleae ty 3 OE 
t v eal 2 ae ‘ ey 
—rEGr+&be={7(a+])/v}¢ 
TAK aL )ivig— 1) He. 16) 


and assuming Solutions of the forms : 
G=ES(aotEa,t+...), G=ES*MO+ER+...), 
we get after some calculations, S=—1 or 
—(a+1)/y and 
P= AE-@*MT+ayE+...) 
+ Bao +anE+...) 
$= AE-O*DM by tbyE+...) 
+BAI+b4,E+...), 
(17) 
where A, B are arbitrary constants and 


* This result was derived by G. I. Taylor in 
the case of «=2: but the corresponding results 
for the cases of «=0, 1 can also be derived in the 
same manner. 
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2 1 
ay= A Pa n—r)bro» LET ice raiaerne 7 f 
_ | 
ey ae 
QQ >= 5% vere 21> 
Dio ere 
n—T 
Do ; 
by =- > > [rmby—{rl—(7 —li7—n) Say > 
2r—-n 
Don = (m+ #) Dy 
r— 
i a—l 1 ( Obed. si Ne 
J/= == ee = praia a = 1 ? 
val 5 re Ss aay 
oS eat a+l 7 
= {iqieon ete 
ae ae aera ke 
Srey, | 
y . i 
(18) 
Accordingly, we can construct the general 


solutions of (10 
(17) together. 
we have 
C=Py tat D/O -D(Eeq,a%+ . 5 NE Ag ety 
x (1+@y2"+ ee + Bay) +a," + aatie ) : 
(19) 
PHF tae DWC Vigne’ +t...)tAgy-@tD 
x (By thnx” = ae) \+ BOL EB" + yas 
(20) 
%=[-—22,+{22,-—(87 —1(7 +1)/7 (7 —1)} 
X Gov th -D) 94 26]/(27—-1). (21) 
Since v and (a+1)7/(y—1) are both com- 
paratively large numbers, it is readily seen 
that ¢ approaches a constant ¢)+B as 2-0, 
while ¢ and x tend to infinity for finite values 
of A. 


), (11), 12) by adding (13) and 
Thus, returning to x by (9), 


$4. Numerical Solution for ;=14 


As we have mentioned in §4, Part I, the 
system of equations (3), (5), (6), (7) cannot be 
integrated directly by the numerical method, 
since (3), (5), (7) contain an unknown constant 
aie 

Now, we split up %,%, x into two parts as 

P=P1+A Po, G=O,+Aib2, Y=Ai+Aix2, (22) 
and substitute these in (3), (5), (7); then we 
have two systems of equations for 9, ¢,, 7% 
and ¢2,%2, x, respectively. All these equa- 
tions do no more contain 2,;. Moreover, 
substituting (22) in (6) we have 


%,Q)=—2/(r—-1), %0)=—(r-1)/27 , 
%()=—2/(y—-1). (23) 
9,(1)=%,(1)=%(1)=0. (24) 
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Starting from the initial values as given | 
by (23) and (24), we can integrate the two | 
systems of equations for ¢,, ¢,,%, and %., 5, | 
%, by a numerical step-by-step method. If | 
we substitute the values of 91, %;, %13 2, 42, %2 |} 
so obtained in the condition (2), we have the | 
following equation for determining 2, : 

+A h=AJotl(r—ll(at+l) , | 
from which we get | 


A={—Wiiy— Via Uo), 2a) 
where 
| ; go 
i= tfO(a— fO)ROg, + 7 Py 
ol jee 
+t FON, bavde (26) 
1 4 g 
=| {rf fFOMO + Ko, 
a , sees 
+5 SON, atde (27) 


With this value of 4,, we can determine 9, 
%,% by (22). 

We shall carry out the above-mentioned 
procedure. After elimination of % from (3), 
(7), we obtain the equations for ¢,# as: 

¢,=P,9+P.64+P;+P,-2,, 
mp 
r= %2(7 +Ps{(y —lO+O—Aj} , 
where 


D 0 
FOND TS: 


(14S Fe) 


+atr—p} 


3—27 ) oe 
‘37 r (f= hind: 


A= 


<s 


ye 


Be D {r 
1—@—f)D 


i> 
gl . 
= D STi Dy Gece 


3 


1-(@—f)D 27-1 7-1 
«(fe (4 et ae it 
2 w—fO 


xexp(| 


oz aetis ES (4-0 | i 
z= y0){t-e (|S hoee)| 
fem it 
et ar 
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Table I. 
Ca 
Gir 1 gr, ve + “a 
He 1.00-0.93 0.93-0.84 0.84-0.52 1.00-0.96 0.96-0.84 0.84-0.52 
Ax 0.01 0.01 0.02 0.01 0.01 0.02 
R-K iF L R-K Li L 
coal, (0) 
3 — 4x: interval for one step of integration, 
© 1.00-0.02 0.92-0.40 R-K: Runge-Kutta method, 
Ax 0.02 0.02 L: Levy method. 
R-K L 
‘These functions can be calculated from the Since the absolute errors of %),%, are large 


first approximation, from 
values of ff, f,, D. 
By (22) and (28), we have 


%i2=P,91+P.9,4P3 , (30) 
Pyz=% 2/7 +Ps{((y-1)P14+93} 5 
%o2=P,P2+ Pit. +P, , 
Pox=%o2/7 +Ps{(7y —1)%2+%2—1} 5 

Numerical integrations of (30), (31) with the 
Initial values (23), (24) have been carried out 
for 7=1-4. “Lo this end; values of P,, P,P, 
P,, Ps have been first calculated, using the 
numerical values of f™, f,©, D as obtained 
in Part I for the cases of a=0 and 1. The 
corresponding values for the case of a=2 had 
already been calculated by G. I. Taylor. 
Since, however, more accuracy is required 
for our present purpose than that of Taylor’s 
results, the calculation for ~w=2 has also been 
carried out. The results are tabulated in 
Appendix II. 

In the initial stage of integration, the Runge- 
Kutta method was used and the Levy method 
was then used. Details are presented in 
‘Table I. 

In these integrations, rapid changes in 4, 
near z=1 caused some difficulty; this was 
serious especially in the case of a=2. More- 
over, large values of 91, , as z—0 introduced 
a considerable absolute error in them. 

Finally these integral curves were con- 
nected to the asymptotic formula (19), (20) by 
finding appropriate values for the constants 
A and B. This was done by use of the 
following formulae : 


B={$—%s—bDyu(¥—¥s) }1— (On —Ax9b))2z"}7}, 
A=(9—¥s—Bay)x**). 


‘The values of A, B so obtained produce the 
error of O(z?”-*-1) for ¢ and O(@’~%~?) for ¢. 


especially, 


(31) 


compared with those of %,,%,, the above 


formulae are satisfactory for us. 
Fig. 1 and Fig. 2 show respectively the 
results for %,, , and for ¢%, %.. 


i | 


SO) 


=E0) 


Biota 


Pi» G2 for yaa: 


Using above values of 9%), 23%, %2 and (7), 
the values of 4,7, given by (26), (27) were 
calculated by Simpson’s rule. Since the con- 
tribution of ¥ to the integral near «=0 is 
very little because of exceedingly small 
values of hk, the error in %;,%, near #=0 
caused no difficulty. Then the values of A, 
were determined by (25). Results are pre- 
sented in Table II], where values of J) are 
also given for the sake of reference. 

It is remarkable that 2, takes almost equal 
values for different values of @ in contrast 


toy 
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Fig. 2. 1, ve for y=1.4. 
Table II. 
ds hg for ye Weds 
A 2 1 0 
hy gests ~1.989 =2- 188 
Jo 0.596 0.877 1.696 


Fig. 3. Numerical solutions of g, ~, y for y=1.4. 


Using the above values of 2,;, we can deter- 
mine the final values of ¢,¢,% by (22). The 
results obtained are given in Table III and 
plotted in Fig. 3. 

An inspection of Table III and Fig. 3 
shows that in each case ¢ tends to finite 
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value as 2-0, in spite of the fact that %,, Gal 
tend to infinity. Hence it will be seen that 
the particle velocity of gas at the centre of 
explosion remains zero, since | 

u=fO+(@a—f)¢ and f-—>2/r7 as x0. | 

Moreover, it is remarkable that ¢, ¢, % have] 
almost constant values outside the neighbour- 
hood of 7=1- 

Using the finiteness and constancy of 9,| 
we can determine the values of 2, by the] 
formula (7—1)¢+¢—2,;=0 or (7—1)¥i1+4%:| 
+{(7—-1)¢@.+¢,—1}=0, otherwise 
with P;——co as 2-0 in the second equation. 
of (28). Because of the constancy of ¢, %, } 
we can do this in the region not very far’ 
from x=1 where the error in the numerical ] 
integration is not yet large. 2, thus deter- 
mined had the same values as those tabulat- 
ed above, as had been expected. Thus, A, 
itself could be determined with satisfactory 
accuracy, but the values of %,%,% near x=0 
suffered from considerable diminishing of 
significant figures caused in the process of 
subtraction as we can see by comparing Figs. | 
1 and 2 with Fig. 3. Practically, this difficulty 
is not serious because of the fact that ¢, 4, x 
are almost constant there. More precisely, 
we can see in Table III that ¢ for w=0 has 
a slight maximum at about z=0.69. This is. 
expected by the value of coefficients (18) otf 
series expansion (19), (20) near z=0 as shown 
in Table IV, where a, has a_ different 
character in each case; thus, if we increase 
x near z=0, Y increases for a=0, remains | 
constant for a=1 and decreases for a=2. 


} 
Pz — coy 


$5. Velocity-Distance Curves (U-R Curves) 
Time-Distance Curves 


Inserting’ the values of 2), J) as given in| 
Table II in the equation 


(ERY -aftealgy}. 


velocity-distance curves are obtained as Fig. | 
4, where curves to the first approximation 
are also shown. | 
As expected, the curves tend to coincide 
with each other when R/R, becomes large. | 
This fact corresponds to the values of 4, 
being almost equal values for various a. 
Moreover, we can derive the relation be- 
tween maximum pressure /, (the pressure at 
the shock front w=1) and R, utilizing (32) 
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Table IIT. 
Numerical solutions of g, y, y for y=1.4. 


Cie ail men 
—<$<<$ SSS ——— SO pe a ea ee 
x g Y x Q wv y o wv 7 


i8.  —5.000 —5.000 


99 —4.682 0.290  —3.123 
-98  —4.429 0.554 -—1.702 —4.675 0.398 =—2.502 —=4:7Ke 0.179 —3.665 
sO —4,229 0.702 —0.613 
-96 —4.059 0.768 0.227 —4.268 0.653 —0.935 —4.547 0.400 — 2.566 
95 —3.941 0-787 0.879 
on © 33.840 0.751 1.889 —4.047 0.748 0.286 —4.378 0.548 —1.659 
-93 —3.761 0.700 1.793 
-92 —3.696 0.632 rola — 3.889 0.729 1.068 —4.240 0.625 —0.905 
E91" 4.533.645 0.556 2.365 
90 —8.603 0.475 2.567 —3.778 0.659 1674p 4125 0.660 —0.274 
89... 3.571 0.395 2.732 
88 —8.548 0.3138 2.859 — 3.694 0.554 Zell —4.089 0.660 0.255 
7 —3.522 0.239 2.969 
56 —3.506 0.159 3.048 —3.640 0.440 2.442 —3.969 0.632 0.700 
85 — 3.490 0.102 Sy al 
84 —3.478 0.022 3.169 —8.595 0.316 2.680 —3.915 0.584 1.077 
82 —3.46 —0.09 3.25 — 3.570 0.206 2.872 —8.873 0.522 1.399 
80 —3.45 —0.18 Baa —3.542 0.092 3.002 —8.842 0.451 1.674 
78 —3.45 —0.27 Bes —3.533 0.002 3.1238 —3.820 0.374 12902 
76 = 02 32 —3.51 —0.093 8.192 —38:°804 0.295 2.119 
74 —0.38 —3.51 —0.160 Sera —3.795 0.215 2.300 
72 —0.42 3.50 —0.237 3.806 —3.789 0.186 2.458 
70 —0.45 —3.50 —(0.282 3.370 —38.787 0.060 2.598 
68 —0.47 —0.344 gare Vos 87" SOL0tS 2.723 
66 —(0).49 —0.370 —3.790 —0.081 2.836 
64 —0.50 —0.40 —3.792 —0.146 2.937 
62 —0.51 —0.42 —3.798 —0.205 3.028 
-60 —0.51 —0.45 —8.803 — 0.260 3.109 
.58 —0.52 —0.47 —3.810 —0.309 3.187 
56 —0.52 —0.49 —3.816 —0.355 3.254 
54 —0.50 — 258287) T— 05305 3.319 
-52 —0.51 — 3.830 —0.432 Sete 
-50 —0.52 —3.828 —0.463 3.430 
-48 —0.53 — 3.842 —0.492 SAT 
-46 —0.54 —3.853 —0.516 3.524 
44 —0.54 —8.858  —0.539 3.562 
-42 — 3.865 —0.556 3.602 
40 = 8.869 5 "—0.573 1) 8.685 
00 —3.5 —0.53 SnD —3.5 —0.56 3.5 — 3.86 — (0.617 3.86 
Table Ty. For 7=1.4, using Table I, the above equa- 
i 0 1 9 tion becomes 
B 1.812 1.56 1.51 (P;/Po—2.07)(R/Ro)®=1.96 for a=2, (33) 
dp igen ie te (pi/py—2.16)(R/Ro)2=1.33 for a=1, (34) 
a2) AB ° ctl USE UT 
bes 1.484 2.15 2.04 (P/pPy—2.33)(R/Ro) =0.69 for a=0, (35) 
A 0 0 y respectively. 


and the Rankine-Hugoniot condition 


Dil/Po= {27/7 +) }U [er -—(r-DiIr +) , 


which is reduced to 


(Pd-15)- rare 1); 


(RoR) =((r + 1)/27 Iot27 air +1) 
+(r—-D/(r +) +di/Dot . 


To compare the equation p,R*=const. with 
actual data, Taylor? referred to an experi- 
ment about the explosion from a C.E: charge 
of 10 1b. which had been performed at Road 
Research Laboratory. The agreement be- 
tween Taylor’s theory and experiment was 
not very good ; as he states, this is mainly 
due to a long cylindrical form of the charge- 
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5 ise 
a=] 2nd Approx 
Ze 
Be = 
J =i jist Approx 
| }-— | 
| 
fe) ne) R 2-0 
‘Ro 
Fig. 4. U-R curves. 


Now, we shall consider the relation R?(p,/fp 
—2.16)=const. derived from (34) in relation 
to the above data. It will be seen in Table 
V, where the case (33) is also presented for 
comparison, that there is a good agreement 
in this range, though the characteristic of a 
spherical wave can be seen at large R. 


Table V. 


Comparison with an experiment at Road 
Researeh Laboratory. 


RC ft) 21/Po (pPi/Po-2-16)R?  (p,/po— 2.07) R3 
2 71.8 2.8x102 5.6 x 102 

3 37.5 3.2 9.6 

4 22.6 3.3 13 

5 14.0 3.0 15 

6 9.3 2.6 16 

8 6.2 2.6 ot 


Morover, Taylor referred to Marley’s ex- 
perimental data which had been obtained 
from explosions of mixed charges of weight 
W made. of “TIN.T: ‘and “R.D:X..> -The“com- 
parison of these data with (33), (35) using a 
relation W!/ccR, is shown in Table VI. 

It is readily seen that (33) cannot be applied 
to the range near the charge where the wave 
behaves rather as a plane wave. 

Now, we shall consider the quantity 2 de- 
fined in Part I as 
ukeay’ 
im y dR 


A or usin = Gal 
ey) Tae 
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Table VI. | 
Comparison with Marley’s experiment. 
Ri, ws (/ W1/3)8 (Ry; W1/3) 
x(ft/IoV/3) PP9 x (p/p) -2.07) x (pi/po— 2-33) | 
0.5 198 0.25 x 102 99 
1.0 117 1.2 110 
1.5 63.3 VA 100 
Phd) 42.0 Siar 80 
2.5 25.1 Se 57 
320 15.4 3.6 45 
3.5 10.5 Ba6 20 
__2R dU 
CMs 1 Pies 


which approximately corresponds to the decre- | | 


ment of U-R curve. In the second ap- 


proximation now under discussion it becomes | 


A=(atl1)(1+Ay). 
Curves of 4 derived from the experimental 
data quoted above seem to start from about 


A=1 and approach to the curve 4=3(1+/,y) | 


as shown in Fig. 5. 


» 
3k 
N 
| kay 
DEY SS 
ee IN 
12) ON 
Uae 
| (6 
(7) 
(3) 
O 0:5 1-0 


Q24=s0 927): 

(2) 4=2(1-1.99y). 

(8) A=1—2.14y. 

(4) Marley’s experiment. 

(5) Experiment at Road Research Lab. 

(6) Wolff’s experimental formula 
A=2(1-—y). 

(7) Grime and Sheard’s experiment. 


or 


Fig. 


On the other hand, for relatively small U, 

we have an experimental formula 

U/ce={(14+(b/RY}?, 
given by Wolff, from which we have 24= 
21—y). Grime and Sheard® give experi- 
mental data about explosions from cylindrical 
T.N.T./C.E. charges. Values of 2 derived 
from them are also plotted in Fig. 5. 

The theoretical 4 curve in the case of an 
explosion from a point source may then be 
supposed to have a form of 2=3(1+A,y) in 
the initial stage and gradually approach to 


b=conse, 
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A=2(1—y). corresponding to above values of U/e are 
Distance-time relation can be obtained from shown in Table VII. 
an integration of (32), using the relation U= 


: P Table VII. 
aRi[dt. Th 
/ This gives pees 
ct LF ‘a Se 
Rk PalZ Jo iS, | 0 a‘ 5 
R/R (35) Uje ~ | 
_ Bos one? <2 
K=| {2-@*D_ J,Q,}-12dz | oa . j 
0 
5 0.08 0.22 0.42 
Hence 
a. a Wyre 3 0.09 0.40 0.62 
K=(—Joa)?"{7//o +0) log (/1+0+Vv)}, aan 0.82 0.75 0.93 


v=—JoA,(R/Ry), (a=0) (36) 
K={1-1/1—Jod(R/Ro?}/ Joa, (a=1). (37) 
By using (36), (37) for a=0,1 and perform- 
ing direct numerical computation for a=2, 
distance-time curves are obtained, which are 
shown in Fig. 6, where the first approxima- 
tion as given by 

K={2/(a+1)}(R/Ryp)t2? 
is also presented. 


cd=2 
2nd soprano 1 


hae Co en 
} We SS =27 
ae ZA 
Ye Leg 2 et ofa hiet 
bach ghz Se Approx. 
J ee a 
/ Dia ae a=0 
ee 
“a | 
Vs 
) 0-5 10 
. : a et 
Ro 
Fig. 6. Distance-time curves. 


§6. Changing of Distributions of Velocity, 
Pressure and Density 


To see the manner in which the distribu- 
tions of velocity, pressure and density vary 
behind the shock front, values of 

ujU= f= fO+fVC/UP 
=fO+(@—f)o(CUY , 
blbo- (cl[UP=g= 9 +9O(C/UP 
= 9 {1490} , 

0/09 = h=hO+hO(Ce/UP=hO{11+x(c/U)}, 
for various U/c are plotted in Figs. 7-15, 
Figs. 7-9 show f for U/c=~,5,3,2, Figs. 


10-12 show g for U/c=,5,3,2, and Figs. g O2 Bei 


13-15 give h for Ulc=~,5,3. Values of R/Ro Fig. 9. f for a=1. 
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O-6 
Fig. 10. 


0-8 x 
g for a=0. 


0-6 0:8 1-0 


Iitees NIG yoy sikore epee 


0-8 1:0 


Wio eee eega tonics 


According to the measurement on pressure 
distribution (cf. for example, the above- 
mentioned paper by Grime and Sheard), 
pressure-gradient immediately behind the 
shock front becomes small and the curve 
becomes almost flat there, as the front goes 
far from the charge. Above curves for g 
show this tendency, although usual measure- 
ments are done at a fixed point and expressed 
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Big 13. Weiforia—0- 


0-6 


1D yee UE Viel 


0-8 -O 


0-6 


Hiro Lb toro 2. 


as a function of time, while the above curve 
of g is concerned with the fixed time. 


Approximate Solution 


87. 


The essential part of our problem is reduced 
to solving a problem of a linear differential 
equation of the second order derived from 
(3), (5), (7). Then, if we use a refinement of 
WKB method due to Imai»), we can obtain 
an approximate solution. 

If we transform z to t by 


(e— f)d/dz=—d/dt, z=1, t=0, © (38) 
Eqs. (3), (5), (7) are reduced to 
$,—¢,/7 A= —QO+R(X—%)+PA,, (39) 
Ter aoe=(@+1I{G—De+o—Apb,. 40) 


Q--24+-27rs)1L=Ss5 (41) 


| 
| 
| 


1954) 


where 
A=(a— f©)D={fO+af©/x—(a+1)/7}R , 
P=(a@41)f/%e— fF) , 

Q=2f,+(@—-1)/2, R=fO+1P, 
S={24,—(87—-lr+D/r(r—D}e-@ #72, , 
and then 4, P,Q,R,S are all functions of 
f/x, f<. This fact is useful because the 
approximate solution for f derived in (39) 
in Part I is f@=2/ry+Azx” and then fM/z, 
F< are simple functions of Gin — pea Saye 

Now, we put 


re—¢=We' , 


where 
ve | Vaz 
0 
-\’ (r¥—WatD/r+4{at1+Q+(7-1)R} 7 
0 2(1—A) 
(42) 
then (39)-(41) are reduced to 
W..—J(t)W =— He” , (43) 


where 
J=(a@+1){Q+(2—7)R}A(1— A)-!—dV/dt+ V?, 
and 
Atel AL) 51. 

Boundary conditions (6) are reduced to 

W )z=9=(7—1)/27—27/(7—1), 

(W,)r=0= —(@4+1){(57 —])27 +41} 

—(W-V),=0- 
(44) 

As mentioned above, V,/,H,, H, can be 
considered to be functions of 7; as an ex- 
ample, they are plotted in Fig. 16 for the 


1-O 


oO 0:5 2 


V, J, Ho, Hz as functions of 7 
for o=2, 1=1.4. 


Fig. 16. 
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CaSCnOlea— ae — ee 

There is no turning point in J; thus we 
can get the approximate solution of (43), 
using the formula of the WKB method (cf. 
Eq. (4) of reference) as follows: 


w= ee 
2 Jo 


1 1 
See Fh 


1 1 
x 24 Qi 
exp ( 2+ Oh 7 oie) 


xexp ( Y-—z Q+...)ar | yom 


+[B+5\ erm 
2 Jo 


eep (Sesh, Q.—1 On. ar | 7 


xexp(—2—5 QF 04.0) ; (45) 


where 


2=| "Phar J Q= —J-*/4a?/dr?(J-V4) * 
0 


=| Ody 


and A,B are constants to be determined by 
(44). 

Numerical calculations were performed for 
the case of =1.4-a—0,2 using the first 
approximation of (45) (where Q,,@ were 
neglected), %1, $2; %;, 4, thus obtained were in 
good agreement with numerical solutions near 
x=1, but considerable deviations existed as 
x—0, which were probably due to the neglect 
of Q,,Q. 

Values of 24, calculated from the above 
values of 1, 23%), 4 using (25) were —1.88 
for w=2 and —2.17 for ~a=0. These values 
should be compared with the corresponding 
values shown in Table II, namely, —1.918 
for a=2 and —2.138 for ~a=0. 

Therefore, we may consider the present 
approximation to be very suitable for the 
determination of 24,. This may be done more 
directly, utilizing the fact that the first term 
in (45) tends to infinity as t—co (x0 or 
7-0), which is derived from z>o as t->0, 
since J‘/?->finite as 7-0. Because of the 
finiteness of ¢ as discussed in §4, W must 
be finite; hence we have the condition for 
4, as: 


AES A ae exp lees 
2 Jo 2 


79. .)dr=0 
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or if we put A=A,4+/,A, , 
A,—5\" J7 exp(—¥-2-5@, 
2 Ns 2 


a 


1 
10... Jas 
ee ap ae 
at A, |, Hed 
x exp i <2 5 Qi- : Q .. fae 


(46) 
In conclusion the author wishes to express 
his sincere thanks to Professor I. Imai for 
his guidance and encouragement. 


Appendix 1. Proof of the Equation (8) 

We consider the second and the third equa- 
tions of the fundamental equation (10) in Part 
I, namely : 

(f—2)het hyhty=—W frtaf |x) , 
—Agt(f—2)gn+Aygu=—19 fat af |x). 
Now, substituting the expressions 
Ja f{ OF POs 
ag acho teat see 
h=hO+yhP+..., 
A=(a+1\1l+Ay+...), 
in (Al) and considering the coefficients of 
the z-th powor of y, we get 
(fF —a)he@o + fOhR,© +(at+lihn© 
thf. +a f/x) 
thO fOtafOla=..., 
(ati hig —(atlg@+(f@—2)9, 
+ FPG aban? 
HGO( fo +a fO]z) 
$7 g@( fo ta fM]z)= ee 
(A2) 
where the right-hand sides as shown as... 
contain only the terms of f/f, 9g, Rh©, 2; 
LOE ar 

Introducing 9, ¢@, xO defined by 
fOH=(e—fO\OM, LO =hOxe 
and using equations (24) in Part I for f®, 
Gg, h®, Eqs. (A2) are reduced to 

(a— fF) — 9, +2) 
—(a+1(G+74) =... , 
(a— f)(—7 9, © +¢,©) 
—(a+1){(7 -—)Ne@+7O+A}s=.... (A4 
If we make an operation 
(A3) x {(¢@+1)r-1}—-(A4) x +1) , 
it results 


(al) 


as 
JG. = Od, 


(A3) 
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(x— f)d/de[ oO —EFIOO + {E+ Dr XO} 


(a+ LOC D9O+ (E+) XO 
+(¢+)dA/iJ=.... 
This equation is readily integrated to give 
gO—(¢41)0O+1{E+4) 7-1} 4@4+ G4 Ddi/t 
.(” atl 
= /4\, exp ¢ [caren eS 


where A; is a constant. 


Appendix 2. Numerical Values of /, f:,., 


DOL = aa 


x fO FO D 
1.000 0.833333 1.805556 0.857143 
-995 0.824387 WET 2922 0.836304 
-990 0.815605 1.739921 0.815245. 
-985 0.306988 1.706667 0.794012: 
-980 0.798538 1.673281 0.772652: 
-975 0.790255 1.639882 0.751212 
-970 0.782139 1.606579 0.729738 
965 0.774189 1.573481 0.708275) 
- 960 0.766404 1.540682 0.686869 
-95 0.751320 1.47636 0.644388 
94 0.736869 1.41424 0.602614 
393 0.723026 1.35483 0.561828 
aon 0.709762 1.29850 0.522267 
-91 0.697045 1.24550 0.484126: 
-90 0.684841 1.19595 0.447583 
.89 0.673115 1.14950 0.412736 
88 0.661831 1.10732 0.379662 
-87 0.650957 1.05814 0.348426 
-86 0.640457 1.03220 0.819025 
-85 0.630203 0.999388 0.291485: 
84 0.620459 0.96944 0.265787 
82 0.601610 0.91764 0.219549 
-80 0.583695 0.87528 0.179981 
-78 0.566547 0.84089 0.146426 
my46) 0.550016 0.81321 0.118261 
aye! 0.538982 0.79105 0.094798. 
HGP 0.518845 0.773841 0.075421 
-70 0.503021 0.75952 0.059576. 
-68 0.487943 0.74861 0.046681 
-66 0.473061 0.74014 0.026319: 
64 0.458323 0.73355 0.027960: 
-62 0.443711 0.72857 0.021462, 
-60 0.429169 0.72464 0.016081 
58 0.414724 0.72198 0.012899 
-56 0.400275 0.71939 0.008504 
54 0.385965 0.71848 0.007423 
3b 0.871495 0.002915 
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Theory of the Visualization of Ultrasonic Waves 


(I) Theory of the Schlieren Method for Visualizing 
Ultrasonic Waves* 


By Ctohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Reesived September 24, 1953) 


Intensity distribution of light in the image of the progressive ultra- 
sonie waves obtained by the Schlieren method with stroboscopic illumi- 
nation has been computed by the vector method. Pure phase-lattice 
is assumed in the plane of emergence of light out of the ultrasonic 
beam and the plane of focussing is assumed to be this plane. Several 
eases are to be distinguished according to the orders of light removed 
in obtaining the image. (a) In case the ultrasonic image is obtained 
by removing the zero order light, the visibility is good for small 
values of v, the amplitude of variation of the phase angle in the phase- 
lattice — corrugated wave— of light produced in the plane of emer- 
gence of light from the ultrasonic wave. The visibility vanishes, 
however, at zeros of the Bessel function Jo(v) (v=2-40, 5.52, ...); 
(b) In case the image is obtained by removing one of the two first 
order spectra, the visibility is zero for v=0, and for the other values 
of zeros of J;(v) (v=3.83, ...), having maximum between two neigh- 
bouring zeros. (ce) The visibility of the image obtained by removing 
the zero order spectrum and one of the first order spectra is always 
better than that of the image obtained in case (b) and also better than 
the image obtained in case (a) except for small values of v (v<1). 
The visibility in tse case (c) is comparatively insensitive to the values 
of w for wide range of v, being better than 75% for v=1~6. (d) The 
visibility of the image obtained by removing one of the first order 
spectra and part of the ligat of the zero order is improved in the 
region of small values of » as compared with the case (c), the Visi- 
bility for greater values of v not much decreasing. For example, the 
visibility of the image obtained by removing 97.75% (in intensity) of 
the zero order light and one of the two first orders is more than 95% 
in the range v=0.2~2 and not less than 70% in the range v=0.1~6. 
In all eases, the ultrasonic images show fine structures as the value 
of v increases. 


§1. Introduction 


Various methods have been employed for 
the visualization of the ultrasonic waves (cf. 
Nomoto” for the classification of the methods). 
For visualizing the ultrasonic wave surfaces, 
the most commonly employed is the method 
of the secondary interferences (or the “ Sicht- 
barmachungsmethode”) and this method is 
thoroughly investigated already. The 
Schlieren method (method of striae) and the 
phase-shift method on the other hand, is not 
thoroughly investigated as yet. 

The Schlieren method has hitherto been 
employed mainly for the visualization of the 
ultrasonic amplitude field and thoroughly 
investigated in this case, but not so widely 


employed for the visualization of the 
ultrasonic wave-surfaces, because in this case 
the method of the secondary interferences is 
the more convenient. Especially, the 
mechanism of the image formation in the 
Schlieren method in case of the visualization 
of the ultrasonic wave surfaces is almost 
unknown as yet. 

For example, in usual experiments for 
visualizing the wave-surfaces of progressive 
ultrasonic waves employing stroboscopic (or 


* Japanese text of this paper has been pub- 
lished partly in “ Bulletin of the Kobayasi Insti- 
tute of Physical Research, 3 (1953) 22” ina 
somewhat detailed form. The remaining part 
will be published there shortly. 
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instantaneous) light source, the zero order 
light or the central orders containing the 
zero order light are symmetrically stopped 
(cf. Tawil®, Rzevkin®, Kretschmer and 
Rzevkin®», Bergmann®”), though the usual 
Tcepler’s Sehlieren arrangement is also 
employed (cf. Oyama). In order to obtain 
the image of the ultrasonic wave-surfaces, it 
is necessary to have two diffraction spectra 
at least, according to the theory of Abbe, and 
it is required to use both first orders in case 
of the visualization of the weak ultrasonic 
waves, where the higher order spectra are 
lacking. The usual arrangement removing 
the zero order spectrum, however, produce 
double periodicity as pointed out by Torikai 
and Negishi.® Moreover, this method is not 
suitable for strong ultrasonic waves, as is to 
be shown later. Also in the experiments of 
Tawil and Pohlman!» for visualization of 
the stationary ultrasonic waves, the zero order 
spectrum or the central light including the 
zero order is stopped. 

This paper deals with the theoretical treat- 
ment of the visualization of ultrasonic wave- 
surfaces by the Schlieren method, restricting 
the problem to the visualization of the pro- 
gressive ultrasonic waves by _ stroboscopic 
light source of the same frequency with that 
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of sound. 
image of the stationary ultrasonic wave is 


easily to be derived from this. 


been discussed, which, though not hitherto 


employed as yet, are expected to give good | 


images in some cases. 

The schematical 
indicated in Fig. 1, where the left part (1) 
represents an ultrasonic stroboscope employ- 
ed in obtaining the stroboscopic illumination, 
and the right part (II) shows the apparatus 
for obtaining the Schlieren image. The 
figure shows the case when the +I1st order 
spectrum is removed, but various arrange- 
ments are possible according to the order or 
orders of the spectra removed. 

Generally speaking, it is true that among 
the images of the ultrasonic waves, the funda- 
mental one is that obtained in case the pro- 
gressive ultrasonic wave is observed with 
intermittent light source of the same 
frequency (high frequency stroboscope) with 
that of the ultrasonic wave, the ideal case, 
especially, being that of the instantaneous 
time of illumination. The stationary ultra- 
sonic wave, too, produces the same image as 
the progressive ultrasonic wave, when 
observed with this ideal stroboscope. When 
the stationary ultrasonic wave is 
observed with stationary light 
source, the amplitude varies sin- 


usoidally with respect to time, 
S and produces an image given by 


a time average of the image of a 


progressive ultrasonic wave (by 


Fig. 1. Optical arrangement for the Schlieren method of 
visualizing the progressive ultrasonic wave (Schematical). 

Part (I) Ultrasonic stroboscope for obtaining inter- 
mittent illumination. L: light source (mereury vapou! 
lamp), F: filter for obtaining monochromatic light, O,, 
Oz, O3: lenses, SI: slit, P: pinhole (or slit) to pass one 
of the diffraction spectra. Q’: quartz plate (half frequency 
as compared with Q), R: reflector, M: micrometer head 
to establish standing waves between Q’ and R. 

Part (II) Schlieren arrangement. I, L,, L;: lenses, 
Q: quartz plate for producing ultrasonic wave, A, A: 
absorbers of sound, B: bar at the focal plane of Ly to 
stop one or more of the orders of diffracted light. The 
numbers indicate the orders of the diffraction spectrum. 
The number is enumerated positively in the direction of 
propagation of the ultrasonic wave, and negatively in the 
opposite direction. S: sereen at the image plane of the 
plane of emergence of light from the ultrasonic beam (E). 
We can dispense with the lens L; if the lens L, is placed 
apart from the plane E so that LE is larger than the 
focal length of Ly. 


stroboscopic illumination) whose 
intensity varies sinusoidally with 
respect to time. The image of the 
amplitude field of an ultrasonic 
wave is given as the space 
average of the image of this 
progressive ultrasonic wave pro- 
duced when observed with strobo- 
scopic illumination. 

The method employed in this 
paper is that of representing the 
amplitude and the phase of light 
with a vector, and also the 
analytical derivation of formulas 
are simplified by employing this 
method. 


| 


It is because of the fact that the ]} 


i) 


At the same | 
time, some new Schlieren arrangements have | 


optical arrangement is 


1954) 


$2. Vector Representation of a Phase- 
Lattice of Light 


In the following, it is assumed for the sake 
of simplicity that the ultrasonic wave con- 
stitutes a parallel beam of rectangular cross 
sec‘ion emerging from the quartz plate, as 
is approximately the case in ordinary ex- 
periments of quantitative nature. The 
parallel beam of light after crossing this 
ultrasonic wave perpendicularly, has a 
‘corrugated wave front of the same periodicity 
with that of the ultrasonic wave-length, i.e., 
the phase angle of light is periodically 
modulated along the direction of propagation 
of the ultrasonic wave, the corrugation prop- 
agating with the velocity of sound. The 
amplitude of light along the wave-surface, 
or along the plane of emergence from the 
ultrasonic beam, is approximately constant, 
as long as the intensity of the ultrasonic 
~wave is not very high and the width of the 
ultrasonic beam—length of path of the light 
across the ultrasonic beam—is not so great, 
aS was pointed out by Raman and Nagendra 
Nath!” in their theory of the diffraction of 
light by ultrasonic waves. 

If we take this amplitude for simplicity’s 
-sake as unity, then we have as the expres- 
-sion of the light amplitude (including phase) 
in the plane of emergence from the ultrasonic 
beam 
(2a) 


-which represents a phase-lattice of light or 
the light wave with corrugated wave-surfaces. 
In this equation w=2zyv (vy: frequency of 
light), z means the direction of propagation 
of the ultrasonic wave, K=2z/A (A: ultrasonic 
wavelength), uv means the amplitude of 
phase modulation and is given by P= iiDy= 
QryLl/A (L: width of the ultrasonic beam, 
j.e., length of path of the light across the 
ultrasonic beam, uw: amplitude of variation of 
the index of refraction of the medium pro- 
duced by the ultrasonic wave). 

The amplitude and the phase of the light 
at a fixed time (¢¢=0) along the ultrasonic 
‘beam (on the plane of emergence of light 
from the ultrasonic beam, y=0) is to be re- 
presented by a vector CA of unit length in 
Fig. 2, rotating with C as center and with 
the tip A describing the arc of a unit circle 
jn positive direction (counter-clockwise) from 
O to F through an angle v=2zp (or p rota- 


a=cos {wt—v sin Kz} , 
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tions) while « increases from 0 to 4/4, and 
then coming back along the same path from 
F to O in negative rotation while z increases 
from 4/4 to A/2, and continuing the path 
from O to F’ in the negative direction while 
#% increases from 4/2 to 34/4, and finally 
describing the arc from F’ to O in positive 
rotation as x increases from 34/4 to A. This 
means the vector sweeps the sector from CF’ 
to CF to and from once for every period of 
the ultrasonic wavelength. The angular 
velocity is maximum at the middle point O, 
and zero at the two extremities, F, F’. 

As we have the mathematical relations 
(identities) 


cos(vsin&)= 3) J,(v)cos n&, 
N=—o0o 


and 
sin (v sin €)= 3 In(v) sin n& , 
N= —oco 


where € means any quantity, and J,(v) 
means the Bessel functions of the -th order 
we have from (2.1) as the expression of the 
amplitude of light in the plane of emergence 
from the ultrasonic wave 


ye si Tplv) cos (wt ne) - 


The component light wave with amplitude 
Jn(v) propagates mainly in the y-direction, z.e. 
in the direction of propagation of the incident 
light, however with z-component of the prop- 
agation vector mK. If we assume the light 
velocity in the medium, and accordingly the 
propagation vector k, as independent of the 
direction of propagation, we have as the 
y-component of the propagation vector 
V/k?—n?K?, where k=27/4 (A: wavelength of 
light in air), and we have as the expression. 
of the light wave emergent from the 
ultrasonic beam 


a= > Jn(v) cos {ot—(nKe+7/ Pow Ky) « 
+ ou (2.2) 


This means that the light with corrugated 
wave-surfaces as given in (2.1) is equivalent 
to the sum of plane waves of light given by 
(2.2), these plane waves being the diffraction 
spectra. The derivation of (2.2) from (2.1) 
here presented is only approximate, but the 
exact derivation by computation of the dif- 
fraction integral leads to the same result!™. 

The diffraction spectrum of the m-th order 


has amplitude J,(v). Especially, the zero 
order spectrum has amplitude ajy=J)(v) and 
phase angle zero, and is to be represented by 


the vector CS, Fig. 3. In the following, we 
will consider the image produced by remoy- 
ing various orders of light from the diffrac- 
tion spectra. 


Fig. 2. Vector diagram 
representing the am- 
plitude and the phase 
angle of light along 
a phase-lattice. 


Fig. 3. Vector diagram representing the am- 
plitude and the phase angle of light along the 
ultrasonic wave when the zero order light is 
removed from the phase-lattice. 


§3. The Images Produced by Removing 
the Zero-Order Diffraction Spectrum 


In case the zero order light is removed, the 
distribution of amplitude of light along the 
ultrasonic wave (and in the plane of emer- 
gence of light from the ultrasonic beam) is 


represented by the vector SA in Bigs 3.8as 
the point A describes the arc of a unit circle 
around C in pedulum motion. The amplitude 
a and the phase angle ¥ at any point A on 
the phase-lattice with initial amplitude unity 
and with initial phase angle ¢=vsin 0, (@= 
2zx/A) now become a=SA and ¢=“ASO 
respectively. The amplitude changes along 
the ultrasonic wave between the minimum 
value Q@,in=SO and the maximum value max 
=SF=SF’. (The figure represents the case 
when a >0, i.e., v<2.40). In this case there 
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are two equal maxima and two equal minima 
in a periodic length=ultrasonic wavelength) 
and the distribution-of light intensity in the 
image is periodical with half wavelength of 
the ultrasonic wave. 

The distribution of light amplitude along 
an ultrasonic wavelength can be obtained in | 
this graphical manner. The light intensity | 
is obtained from this as squares of the light 
amplitude. The intensity distribution curves 
given in the following have been obtained in 
this manner by employing large scale figures 
with diameters of the unit circles 10cm or 
15cm. The accuracy of the graphical method 
here employed is larger than 1% of the in- 
cident light intensity and is sufficient for 
comparison with experiments. 

Fig. 4 shows examples of the graphical 
construction for two values of v. Fig. 5 re- 
presents the intensity distribution of light 
along the ultrasonic waves obtained in this 
manner. Fig. 4 shows the half-period corres- 
ponding to z=0~4A/2, the other half corres- 
ponding to =0~—A/2 being symmetrical 
with the former with respect to the horizontal 
line. The figures along the circumference 
of the arc shows the values of 6=2z2/A and 
only the range of 6=0° to 90° is represented. 4 


°70° 60? 


Fig. 4. Graphical construction for obtaining the 
amplitude distribution of light along the- 
ultrasonic wave in the Schlieren method (in. 
case the zero order spectrum is removed). 


Fig. 5. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced under ideal stroboszopic illumination by 
the Schlieren method (in case when the zero 
order spectrum is removed). 


As ¢=vsin 0, the angles 6 and z—@ give the 
same value of ¢. Thus @=100°,110°--- 


overlap with 6=80°, 70°, --- respectively. 
As m=J,(v)=0 at v=2.40, the image 
vanishes at this value of v (Fig. 5, (c)). When 


vy increases beyond this value (2.40<v<z), 
<0, and a@pin=SF and a@max=SO, and the 
peak and the valley of the light intensity 
distribution curve exchange (cf. Fig. 5, (d)). 
In the range z<v<5.52, the amplitude 
corresponding to the point O’, the other end 
of the diameter SO, becomes minimum, and 
SF now becomes a sub-maximum instead of 
aminimum. Thus the valley of the minimum 
now divides into two, enclosing a_ sub- 
maximum between them (cf. Fig. 5, (e)). 
The image vanishes for the second time at 
v=5.52, for which J(v)=0 (cf. Fig. 5, (f)). 
For v>5.52, the maximum and the minimum 
of the light intensity interchange, and there 
are four peaks for an ultrasonic wavelength 
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(cf. Fig. 5, (g)). The distances between two 
neighbouring peaks are not equal, but the 
phenomenon repeats with half wavelength of 
sound as the periodic length. As the value 
of v increases further, the number of peaks 
and valleys increases, with increase of one 
peak per half wavelength as the value of v 
increases by z. 

Also the analytical expression of the light 
intensity is easily to be obtained from Fig. 
3. This becomes as follows. 


(1) In case when v<2.40 


I=a?=14+J,(v)—2Jo(v) cos (v sin Kz) , 


(Gell) 
with 
Imax =1+Jo?(v)—2 Jo(v) cos v , 
and 
Inin={1—Jo(v) ¥* - (3.2) 
If we define the visibility by 
Texas 
——_ max min aye 
Jb aol beatin ( 3) 
as usual, we have 
(1—cos v) Jo(v) 
S= Reel 
Pe EMS ITRO) 
in this case. 
(ii) In case 2.40<0<n(=3.14) 
The expression 
T=14+-Jp(v)—2Jo(v) cos (v sin Kz) (Bal) 


holds true also in this case, but the maximum 
and minimum interchange and become 
Imax ={1—J(v)}? 
Tein = 1 + Jo?(v) — AKO) cosv. ee) 
The visibility is, therefore, given by 
(1—cos v)Jo(v) 
1+ Jo(v)—2Jo(v)\1+cos v) 
Thus we have as the expression of visibility 
applicable in the range 0<v<z, 
(1—cos v)| Jo(v)| 


S= (3.6) 


il rele) = 2]o(v)(1+cos v) * CE 
(iii) Jn case when x<v, 
We have 
Tenax = 4 Lt | Jo(v) | }? , } 3.8 
POnoE Fd) eee fee 
and therefore, 
2| Jo(v) | 
SS 3.9 
1+Jo(v) Cree) 
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The curve (a) in Fig. 6 represents the 
visibility of the image obtained in the 
Schlieren method by removing the zero order 
light as function of v. In this case, the 
visibility is good for weak ultrasonic waves 
(S=1 at v=0), and decreases with increasing 
intensity of the ultrasonic wave, becomes 
zero at v=2.40, increases again, attains 
maximum and decreases till it vanishes at 
v=5.52 for the second time, and so on. 


Fig. 6. Visibility of the image of the progressive 
ultrasonic waves obtained by the Schlieren 
method under ideal stroboscopic illumination. 

(a) in case when the zero order light is 
removed, (b) in case when one of the two 
first order spectra is removed, (ce) in case 
when the zero order and one of the two first 
orders are removed. (4) In case when 75% (in 
intensity) of the zero order light and one of 
the first orders are removed, (e) in case when 
97.75% (in intensity) of the zero order light 
and one of the first orders are removed. 


§4. The Images Produced by Removing 
One of the Two First Order Spectra 


As stated above, double periodicity occurs 
in the image of a progressive ultrasonic wave 
for one ultrasonic wavelength when the zero 
order light is removed. In obtaining a single 
periodicity for an ultrasonic wavelength, it 
is necessary to remove the light unsymmetric- 
ally with respect to the central order. The 
simplest method is to remove one of the two 
first order spectra as discussed below. 


The first order spectrum has the amplitude ~~ 


Ji(v) according to (2.2). (We will consider 
about the +1st order; the —1st order has the 
amplitude J_,(v)=—J,(v), which means the 
same amplitude with the +1st order, but the 
opposite phase). The direction of propaga- 
tion of the first order spectrum, however, is 
different from that of the zero order light, 
which propagates in the direction of the in- 
cident light, and the phase angle of the first 
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order spectrum in the plane of emergence 


being 0 at x=0 and 2z at z=. 


Accordingly, the vector representing the i| 
+1st order becomes CE of Fig. 7, (a), with | 
length CE=a,=J,(v) and with the end-point | 
E describing a circle around the point C with 
uniform angular velocity in the positive direc- |} 
tion with increase in 2, beginning from the ] 
point I corresponding to x=0 and describing | 


the circle once for an ultrasonic wavelength. 
The circumstance is similar also in case 
when the —Ilst order spectrum is removed. 


In this case, the vector representing the —lst | 
order spectrum is CE’ with length —CE and | 


the phase angle “OCE=~—48@ (cf. Fig. 7 (b)). 
Thus the point E’ describes the circle once 


in negative direction as the value of zin- | 


creases by an ultrasonic wavelength, begin- 
ning from the point J corresponding to x=0. 

As the value of ¢%, and accordingly the 
position of the point A, are the same for # 
and (x—@), we have as the light amplitude 
of the image the expression 

a(2) 
in case the +l1st order is removed and the 
expression 
al (x) =a A/2—zx) 

in case the —Ilst order is removed. As the 
valu2 of a does not change with change in 
sign of the parameter x, we have a(z)=a(—z), 
and accordingly, 


a’(%)=a(A/2+2) . 


This indicates that the image produced by 
removing the —Ist order is only displaced 
by an amount of half wavelength against 
the image produced by removing the +1st 
order spectrum, other points being the same. 


(a) (P) 


Fig. 7. Vector diagram representing the dis- 
tribution of the amplitude and phase-angle of 
light along the image of the ultrasonic wave 
when (a) the +I1st order or (b) the —1st order 
spectrum is removed from the phase-lattice. 


af 
(y=0) varies periodically in the a direction, | 
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Fiz. 8. Graphical construction for obtaining the 
amplitude distribution of licht in the Schlieren 
method when the +1st order spectrum is 
removed. 


Corresponding to any point A of the unit 
circle representing the phase-lattice (am- 
plitude 1, and phase angle ¢=vsin (2z2/A)) 
there is a vector CE representing the lst 
order diffracted light with amplitude a,=/,(v) 
and phase angle @=2zz/A. If, therefore, the 
first order light is removed, the vector EA= 
CA —CE gives the amplitude and the phase 
of the light at any point z along the direc- 
tion of propagation of the ultrasonic wave, 
the magnitude of EA giving the amplitude. 

Fig. 8 shows two examples of the graphical 
construction for obtaining the amplitude dis- 
tribution of light in the image obtained by 
removing the +1st order spectra. The figures 
show the half-period corresponding to x= 
0~4A/2, the other half corresponding to «= 
0~—A/2 being symmetrical with respect to 
the horizontal line. 

Fig. 9 shows the intensity distributions of 
light of the images obtained by this method 
and at various ultrasonic intensities corres- 


Fig. 9. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced by the Schlieren method under ideal 
stroboscopic illumination (in case the +1st 
order spectrum is removed). 
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Fig. 10. Height of the peak and the valley of 
the distribution curve of light intensity along 
the ultrasonic image (previous method) in de- 
pendence on the value of v (Schlieren method, 
the ecas2 when the Ist order spectrum is 


removed) 
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ponding to various values of v. For smaller 
values of v (v<1.2) the visibility is poorer in 
this method than in the case of the image 
obtained by removing the zero order, though 
the difference of brightness (between 
maximum and minimum) is greater in this 
method because of the greater brightness. 
For greater values of v (1.2<(v<3.06), both 
the visibility and the brightness is better in 
this case than in case when the zero order 
only is removed. 

The analytical expression of the light in- 
tensity become as follows (cf. Fig. 7): 

T=AE=1+4+J,2(v)—2],(v) cos (v sin 6—8), 
where G=27rm/A . 

(4.1) 

The maximum and minimum of intensity 
takes place for =0° and 180° respectively 
and is given by 


Trax 1-5 | @) 2 ’ 
4.2 
N= VK OS \ 
and the visibility by 
2),(v) 
=, 4, 
14/7) > 


The curve (b) in Fig. 6 represents the visi- 
bility in this case in dependence on v. The 
visibility increases at first with increase in 
wv, beginning from zero visibility for v=0 
and attaining maximum at v=1.84 (corres- 
ponding to the maximum of J,(v)), but 
decreases afterwards and becomes zero at v= 
3.83 (corresponding to J,(v)=0). The increase 
and the decrease in visibility is continued 
also hereafter but with the height of the 
maximum becoming smaller with increase 
in v. 

The curves a and b in Fig. 10 show the 
light intensity at points a and b of the curve 
in Fig. 9 as functions of v. These are given 


by 
L=(+h(v)} The 
A Si 4.4) 
h={1—-J\v)¥ , J 
and the maximum and the minimum ex- 


changes at v=3.83. The curve c, Fig. 10, 
gives the intensity of the sub-maximum peak 
¢ in Fig. 9. The sub-maximum occurs at 
the maximum of (vsin @—@) as is to be seen 
from (4.1), or at 
cos 6=1/v:, (425) 

so that it is required for the existence of 
the sub-maximum that v>1l. The magnitued 


Otohiko NOMOTO 


(Vol. 9; 


of the sub-maximum is given by 
T= 1+ (v2) {cos 7/y?—1 
+7/(v?—1) sin /Yv?—1}, (4.6) 


§5. The images produced by removing the 
zero order and the +1st order spectrum 


The intensity distribution of light in the 
image of the progressive ultrasonic wave 
produced with stroboscopic light source by 
the Schlieren method in removing the zero 
order light and one of the two first orders 
can be obtained easily as in the previous 
cases. 

The zero order spectrum is represented 
with a horizontal vector CS of length aj)= 
Jo(v) in Fig. 11, (a), and the first order light 
(+1st order) is to be represented by a rotat- 
ing vector SE with length a,=J,(v) whose 
end describes a circle around S in positive 
direction once for an ultrasonic wavelength 
as the value of zx increases, beginning from 
the point J corresponding to 2=0. 

When the zero order and the +I1st order 
are removed, the amplitude and the phase of 
the light at point A on the phas2-lattice are 
now to be represented by the vector A. 
(ZSCA=¢=v sin (2zz/A) and AOSE=6= 
27x] A. 

In case the zero order lignt and the —1st 
order light are removed, we have, Fig. 11, 
(b). The situation here is similar as in the 
case of Fig. 7, (b) and we have as the vector 
representing the —lst order spectrun SH = 
JaM=—fiw)=—SE, ~and  ZOShH=—4= 
—2nz/A, so that the end point £’ of the 
vector SE describes a circle around S in 
negative direction and once for an ultrasonic 
wavelength as the value of x increases, be- 
ginning from the point J’ corresponding to 
c= 0) 

As the point A is common for #6=6 and 
6=x—86, i.e., for =x and x=(A/2)—z, -the 
amplitude distribution of light of the image 
obtained by removing the zero order and the 
—lst order is given by 


a (a) =a(A/2—2) 
=a(A/2+2) 


and become identical$with the amplitude dis- 


- tribution of light along the image obtained 


by removing the zero{order and the +1st 
order if the coordinate axis“is displaced by 


1954) 


£A/2. 

Fig. 12 shows two examples of the graphical 
-constructions for obtaining the image in case 
the zero order and the +1st order are 


aBEZEZa 


ige 1: 


Vector diagram representing the dis- 
tribution of the amplitude and the phase-angle 
of light along the image of the ultrasonic 
wave when (a) the zero order and the +1st 
order, or (b) the zero order and the —I1st order 
Spectra are removed from light of the phase- 
lattice. 


Fig. 12. Graphical construction for obtaining 
the amplitude distribution of light in the image 
of the ultrasonic wave obtained by the Schlieren 
method by removing the zero order and the 
+1st order spectra. 
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removed. Fig. 13 shows the intensity dis- 
tributions of light along the images of the 
ultrasonic waves in this case. Comparing 
this figure with Fig. 9, we see that the dif- 
ference of maximum and minimum brightness 
is smaller in this case than in the case of the 
image obtained by removing the first order 
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Fig. 13. Intensity distribution of light in. the 
image of the progressive ultrasonic wave pro- 
duced by the Schlieren method under ideal 
stroboscopic illumination (in case the zero order 
and the +1st order spectra are removed). 


Fig. 14. Height of the peak and the valley of 
the distribution curve of light intensity 
(previous figure) in dependence on the value of 
v (Sehlieren method, in case the zero order 
spectra and the +I1st order-are removed). 
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only, as long as the value of v is small 
(v<2.5), though the visibility is better in this 
case. 

Fig. 14 shows the intensity of light at 
points A (peak at small values of v), B 
(valley at small values of v), and D (sub- 
minimum) in the curves of Fig. 13 as functions 
of v. 

The analytical expression of the light 
intensity becomes as follows (cf. Fig. 11, (a)): 


f= =P +J—2]J,1 cos (8—8)., 


where (pal) 
P=14+J)?—2J,cos¢?. 
We have, accordingly, 
T=1+Jo?+Jr—2Jo cos 
—2], cos (?—0)+2]J,J, cos 6 , (5.2) 


where 
g=vsiné. 
The light incensities at points A and B of 
Fig. 13 are given by (cf. Fig. 11) 
L=OK*={14 Jv) —Jow)? 5 6.3) 
Ip=OJf? =A—Jv)—Jow) ¥ , 
Accordingly, the visibility is given by 


JP Aa Jy) 
as long as the value of v is small. The 
initial part—represented with real line—of 
the visibility curve (c) in Fig. 6 has been 
computed by this formula. When, however, 
the value of v become larger, 7, and Jz are 
no longer the principal maximum and min- 
imum. In this case, the principal maximum 
and minimum have been obtained from the 
intensity distribution curves of Fig. 13. The 
visibility curve (c) in dotted line has been 
obtained in this manner. 

It is to be seen from Fig. 6 that the visi- 
bility in this case is better than in case the 
first order alone is removed. The visibility 
is also better than that of the image obtained 
by removing the zero order if the value of v 
is greater than 1. The visibility does not 
decrease appreciably for greater values of v 
and does not vanish at zeros of J,(v) or Jo(v) 
as in other cases. 


(5.4) 


§6. The Image Produced by Removing One 
of the Ist Order Spectra and Part of 
the Light of the Zero Order Spectrum 


It is to be seen in Fig. 6, that the visibility 
of the images are not good for small values 
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of v in case (b) when the first order only is} 
removed, or in case (c) when the zero order} 
and one of the first orders are removed,| 
while we obtain images with good visibility] 
in case (a) when the zero order is removed.| 
The reason is that we have only the zera| 
order and the two first orders when thé 
ultrasonic intensity is small, so that in case} 
(c) there is left only one of the first orders} 
and we have no light to interfere with. The 
image in this case is produced by inter] 
ference with the weak second orders and the] 
field of sight is dark for small values of v.| 
In case (b) on the other hand the strong zero 
order makes the background and the wea 
interference fringe with the first ord r is 
masked for small values of v, so that the 
field of sight is bright for small values of 2. | 
In case (a), however, the bright zero order 
is screened and the two first orders give 
fringes with good visibility at small value 
of v, though with double periodicity. 

In removing, however, the light of one o 
the first orders and part of the light of the 
zero order in a suitable manner, it is possible 
to obtain images of good visibility at small 
values of v. It is always possible to make 
the visibility 100% if at one value of v. The 
brightness of the image is also increased as 
compared with the case (c). 

The graphical construction is indicated in 
Fig. 15, where the light of the first order 
spectrum and a fraction of the light of the 
zero order are removed so as to fulfill the’ 
condition 

k](v)t+Siwy=1, (k<1) (6.1) 

i.e., to make 

Meee =A 5 

This is possible for the values of v<1.65 for| 

which 
JI(@t+hvy>1 . 

In this case the vector representing the 

amplitude of the removed part of the spectrum | 
is (formally) 

CS=kJ)(v) (6.2) || 

and we have | 

Cvesr= 

and the circle representing the first order 

spectrum touches the unit circle representing 

the initial phase-lattice at point O. The 

intensity distribution in this case is represent- 


} 
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ed in Fig. 16. 

This does not mean, however, that the 
intensity of the removed light of the zero 
order in this arrangement is k?J,°(v). The 
vector diagram indicates that the amplitude 
of the zero order light must be diminished 
by the amount given in (6.2), i.e., fraction R. 
This means, therefore, that the amplitude of 
the remaining light of the zero order must 
be fraction (1—k), or the intensity in fraction 
of (1—k)?, so that the intensity of the zero 
order light to be removed is a fraction 


(6.3) 


f=il—(1—k>) . 


Fig. 15. Graphical construction for obtaining 
the ultrasonic image of 100% visibility by 
removing the light of the +1st order and part 
of the light of the zero order (v=1/4). 
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Fig. 16. Intensity distribution of light in the 
image of the progressive ultrasonic wave 
obtained by the Schlieren method under ideal 
stroboscopic illumination. (Image of 100% 
visibility obtained by removing the first order 
and part of the zero order light as indizated 
in the previous figure). 


Fis. 17%. LValue Sof, iF 
satisfying the condi- 
tion of 100% visibility 
as function of v. 


The value of Rk satisfying (6.1), or 
k={(1—J\(v)}/Jov) (6.4) 
has been computed as function of wv and re- 
presented in Fig. 17. As is seen from the 
figure, the image with 100% visibility is to 
be obtained by selecting the value of k at 


suitable values between 1 and 0.73 when the 


value of v is smaller than 1.65. 
ing the image with comparatively good 


For obtain- 
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Fig. 18. Intensity distribution of light in the 
image of the progressive ultrasonic wave 
obtained by the Schlieren method under ideal 
stroboscovie illumination (in ease the +1st 
order soectrum and 97.75% (in intensity) of 
the light of the zero order are removed). 


visibility in this range, we have selected the 
value of k at 0.85 (as indicated with dotted 
line in Fig. 17) and obtained the intensity- 
distribution curves reproduced in Fig. 18. In 
this case the removed part of the zero order 
light; is4f=97:75%,, by.) (6.3), 400.2. 209. 20n 
intensity) of the zero order light is employed 
for the image formation. 

The visibility of the images in this case are 
represented with curve (e) in Fig. 6. The 
visibility is improved for small values of v 
as compared with the case (c) when the zero 
order and the first order are removed, and 
the visibility does not decrease more than 
5% also for greater values of v as compared 
with the case (c). The visibility is more than 
95% for the range v=0.2~2 and not less 
than 70% for the range v=0.1~6. 

The curve (d), Fig. 6, represents the 
visibility of the images obtained by removing 
75% (in intensity) of the zero order light 
(i.e., R=0.5) and one of the first orders. The 
intensity distribution curves of light along 
the ultrasonic wave are not reproduced in this. 
case because they are not so much different 
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with that of the cases (c) and (e), though the 
fine-structures are not the same. Visibility 
of the images in case (d) is not better than 
that of (e) in the whole range of v investigat- 
ed, though the visibility is better than in case 
(c) for small values of v(v<1.35). 

The analytical expression of the 
intensity is to be obtained from Fig. 11 if we 
suppose aj=kJ,(v) in this figure. We have 
in place of (5.1) the relations : 


l=J2+2—2),l cos (B—8) , | 


light 


where 
P=14+(kJ))?—2kJ) cos ¢ , > (6-4) 
Zsin B=sin? , 


Zcos B=cos ¢—kjy . 


Accordingly, we have 


T=14+RJe+J—2kJy cos 
—2], cos (9—9A)+2kJo J; cos 6. 


| (6.5) 


where 
g=vsiné. 
The light intensities at points A and B of 
Fig. 18 are given by 
4=C14+Siw)—-RkJo@)yP,  ) 
and | 
s=1- Wk? | 
respectively and the visibility for small values 
of v (as far as the J, and /, are the principal 
maximum and minimum) by 


—_ 2hiL—kfo) 

Pe aye 
The parts of the visibility curves (d) and 
(e) in Fig. 6, represented in continuous lines 
have been computed by this formula, while 
the parts in dotted lines have been obtained 


from the distribution curves of light intensity. 


(6.6) 


(6.7) 


‘Conclusion 


Among the various possible arrangements 
for visualizing the progressive ultrasonic wave 
by the Schlieren method under stroboscopic 
light source, the arrangement giving images 
with high visibility for wide range of ultra- 
sonic intensity is that of removing one of the 
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first order spectra and 99.75% of the light} 
of the zero order. The visibility of they 
images obtained by this arrangement is more} 
than 95% in the range v=0.2~2, and notif 
less than 70% in the range v=0.1~6. The} 
visibility for very small ultrasonic intensity) 
(v<0.2) can be increased by increasing the, 
fraction of the zero order light to be removed, }} 


though for very weak ultrasonic waves the 


arrangement with removal of the zero order 
only is the more preferable. 

No experimental result is hitherto avail- 
able which is to be compared with this theory, | 
for the existing experiments are performed | 
mainly by Schlieren arrangements by remov- ] 
ing the zero order light or by the usual | 
Schlieren arrangements. Moreover, no quanti- | 
tative intensity distribution of light is hitherto | 
obtained. The experiment to test this theory 
is to be performed in near future. 
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Theory of the Visualization of Ultrasonic Waves 
(Il) Theory of the Phase-shift Method for 


Visualizing Ultrasonic Waves 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received October, 9, 1953) 


Intensity distribution of light in the image of the progressive ultra- 
sonic wave obtained by the phase-shift method under stroboscopic 
illumination has been computed by the vector method. The phase- 
shift method applied to the zero order spectrum is particularly suitable 
for comparatively small values of wv(v<°x/3), where v means the 
amplitude of variation of the phase angle in the phase-lattice (corruga- 
ted wave) of light produced in the plane of emergence from the 
ultrasonic wave. Good visibility is to be obtained in the range of 
v<2r/3, with a phase-shift of 6=x/2 and transmission unity (g=1), so 
long as the value of v is not so small. For small values of wv the 
visibility is to be improved by reducing the transmission g. For 
values of v22x, the phase-shift of §=nx is more suitable though in 
this case more satisfactory results are to be obtained by the Schlieren 
method, in which the first order spectrum and the zero order (or part 


of it) are removed. For values of v corresponding to the zero-point 
of J,(v), the phase-shift method gives, naturally, no image. 


$1. Introduction 


The application of the phase-shift method 
to the visualization of ultrasonic waves has 
been performed by Heinemann” and by Tori- 
kai and Negishi® independently. Heinemann 
observed the increase in visibility of the 
image produced by the Hiedemann’s “ Sicht- 
barmachungsmethode’’ by interposing a 
phase-plate at the focal plane of the objective 
lens and giving phase-shift and absorption 
to the zero-order diffraction spectrum. It is, 
however, not clear in his paper whether the 
images have been obtained by focussing in 
the plane of the phase-lattice (plane of emer- 


gence of light from the ultrasonic wave) or 
by focussing in the plane somewhat behind 


| 


it (at a distance of A?/4A for the stationary 
ultrasonic wave, where A means the ultra- 
sonic wave-length and {4 the wavelength of 
light in air) as in the case of the Hiedemann’s 
<< Sichtbarmachungsmethode.”’ 

Certainly, it is rightly recognized by Heine- 
mann that the phase-shift method must be 
effective for ultrasonic waves because it acts 
as the phase-grating in first approximation, 


but the cause of the fact that in his experi- 
ments the phase-shift method has not been 


| 


so effective as in the case of optics (phase- 
microscope) is erroneously attributed to the 
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frequency-change of the diffraction spectra 
by the Doppler effect. The diffraction spectra 
with frequency shifts by the Doppler effect, 
however, are mutually coherent in case of 
the ultrasonic grating, producing the inter- 
ference fringe or the image of the ultrasonic 
wave-surfaces under stroboscopic illumination. 
The image of the stationary ultrasonic wave 
(with stationary illumination) is to be obtained. 
as the time average of the image of the pro- 
gressive (or stationary) ultrasonic wave pro- 
duced under stroboscopic illumination when 
the amplitude of sound varies sinusoidally 
with respect to time. It seems, therefore, 
that the cause has been in the inadequacy 
of the plane of focussing of the objective 
lens if the phase-shift method has not been 
so effective for ultrasonic waves in case of 
Heinemann’s experiment. 

Torikai and Negishi has discussed the inten- 
sity distribution of light and the visibility 
of the image of the progressive ultrasonic 
wave produced under stroboscopic illumina- 
tion with sinusoidal. illumination by giving 
phase-shift and absorption to the zero order 
spectrum and focussing on the phase-lattice 
plane. They have shown that for weak 
ultrasonic wave — when the amplitude v of 
the phase-change produced by the ultrasonic 
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‘wave is small—the phase retardation of 
O=7/2 and a suitable transmission give image 
with 70% visibility and with light intensity 
far greater than in the case of the Schlieren 
method with removal of the zero order spect- 
rum. This result has been also ascertained 
by experiment. As their calculation is made 
on the assumption of sinusoidal variation of 
the light intensity, more good visibility is to 
be expected if an instantaneous or ideal 
stroboscope is assumed. Experimentally, an 
approximately sinusoidal stroboscope is to be 
obtained by an ultrasonic stroboscope with 
stationary waves of half frequency and _ sui- 
table ultrasonic intensity (corresponding to 
y=2.4) by employing the first order light or 
the zero order, while an approximately instan- 
taneous or ideal stroboscope of short illumi- 
nation is to be realized in an ultrasonic 
stroboscope of half frequency by employing 
one of the higher order diffraction spectra. 
It has recently been discussed by Torikai* 
that the phase-method is also effective for 
the image in the Hiedemann’s ‘“ Sichtbar- 
machungsmethode”’ (or the Fresnel diffrac- 
tion image), though not so effective as in the 
case of the phase-lattice focussing. 

It is desirable for the image of the ultra- 
sonic waves to be of good visibility in wide 
range of the ultrasonic amplitude or the value 
of the amplitude v of the phase-lattice, to be 
of great brightness and to be able to show 
the change in ultrasonic intensity. (Here y= 
2xuL/s4, where 4 means the wavelength of 
light in air, Z the width of the ultrasonic 
beam, uz the amplitude of variation of the 
refractive index of the medium by the ultra- 
sonic wave.) 

This paper deals with the theoretical treat- 
ment of the characteristics of the image 
produced by the phase-shift method covering 
wide range of v and in comparison with the 
image produced by the Schlieren method. 
The method employed is the vector method 
as employed in the previous paper (Nomoto). 
The image of the progressive ultrasonic 
wave produced with stroboscopic light source 
of the same frequency with that of sound 
and with infinitesimal time of illumination 
has been treated as it is the most fundamen- 
tal one, as discussed in the previous paper. 
The light emergent from the ultrasonic beam 
is assumed as the pure sinusoidal phase- 
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lattice and the plane of focussing of the ob} 
jective lens as the phase-lattice plane. Phase-| 
plate is to be interposed on the focal plane} 
of the objective lens and a suitable phase-} 
shift and an absorption are to be given tc} 
the zero order light. | 

The optical arrangement is not so muc | 
different from Fig. 1 of the previous paper 
(I). The only difference is that we have ta 
employ a phase-plate in place of the bar 
in the previous figure. The phase method is 
applicable to any of the orders, but we 
restrict ourselves to the discussion of the cas 
when the phase-shift is applied to the zero- 
order spectrum. 


Fig. 1. Graphical construction for obtaining the 
distribution of the amplitude and the phase of 
light along the image of phase-lattice (in case 
when the phase-shift method is applied to the 
zero order spectrum). 


§2. Vector Representation of the Image Pro-| 
duced by the Phase-shift Method 


In the phase-shift method, a suitable phase- | 
shift and a suitable absorption are to be given | 
to one of the diffraction spectra. We will | 
consider in the following that the zero order. 
spectrum is submitted to phase-change and 
absorption. The plane of focussing of the 
image is considered to be the plane of the 
phase-lattice. 

When a phase-shift (retardation) 6 and an 
absorption (transmission coefficient of ampli- 
tude g) are given to the zero order light, the 
vector a@ representating the zero order dif- 
fraction spectrum changes into a,’ (cf. Fig. 
1). Here |ao’|=97]ao|<| a}. 

In order to obtain the amplitude distribu- 
tion of light in the image, it is necessary to 
subtract the vector a) from the vector repre- 


1954) 


' Senting the phase-lattice and add a’, i.e,, to 


Loandl 


a a 


Subtract ay)—ay’. 
The distribution of the amplitude and 
phase of light along the image of the ultra- 


» sonic wave is to be represented by the vector 


_ PA with the initial point P at the end of the 
' vector a@—a)’ and with the end point A on 


' the unit circle representing the phase-lattice. 
The initial point (or the working point) P of 


» the vector PA can be selected at any point 


on the circumference (when g=1) or in the 
interior (when g<l) of the circle with center 
at S and radius a. Various cases are to be 

' distinguished according to the magnitude of 
the quantity v proportional to the pressure 
amplitude of the ultrasonic wave. 


$3. Intensity Distribution of Light in the 
Image of the Progressive Ultrasonic 
Wave produced by the Phase-shift 
Method under Ideal Stroboscopic 


Illumination 
{a) the case when v<.0.9022 (=51.°692) 


Suppose that, as indicated in Fig. 2, the 


part of the unit circle representing the phase- 
et 


lattice — arc FOF’ — is just enclosed in the 

circle of radius a described around S, where 

CS=a,. There is accordingly the relation 

mOCk=—y— SFC, and as 

CF=1=2CS cos v=2],(v) cos v, we have 
Jv) =1/(2 cos v) 

ior 7 =0.9022 =51.°692. 

When the value of v is smaller than this, 


aa 
arc FOF’ is completely enclosed in the circle 
-S and CF does not meet with the circle S 
/.except at C. 
(i) Image F: (the image with point F, Fig. 
3, as the working point) 

We have in this case 

Inix =F O=(2sinv)=4 sin? vy, 

Imin=90 , (3.1) 
| S=1, 
and there is no submaximum and the visi- 
| bility is 100%. The curve F in Fig. 4 re- 
presents the intensity distribution of light in 
the image obtained in this case. we have 
g=SF/CF=(1+Jo>(v)—2Jo(v) cos v)/7/ Joe), 
sin d=sin CSF=sin v/7Jo(v) 
=sin v/(1+Jo2(v) —2Jo(v) cos v)"/?. 


(3.2) 
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Fig. 2. The case when the are of the unit cir- 
cle representing the phase-lattice of light is 
just included in the circle around S, the working 
circle of the phase-shift method. 


Fig. 3. Graphical construction for obtaining the 
amplitude distribution of light in the image 
of the ultrasonic wave by the phase-shift 
method (v=1/4). 


Fig. 4. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced by the phase-shift method (v=7/4). (R) 
image R, (Ff) image F. 
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(ii) Image R: (the image with point R, Fig. 
3, as the working point) 

This image is obtained by taking d=7/2 
and selecting the working point on the cir- 
cumference of the unit circle. We have in 
this case 

Imin=9 , 

eee @e3) 

Isub-max = RF”, 
and the intensity distribution of light is re- 
presented by curve R, Fig. 4. The bright- 
ness in this case is somewhat smaller than 
in the image (F), and there is a slight sub- 
maximum, but the visibility is 100% also in 
this case and there is no essential difference 
between the images (F) and (R), 

As SR’=1—J,v), we have 


g=SR/CS=(1 —Jir(v)}?/Jo(v), 

O=70/205 

Also the image (7) with g=1 and é6=7/2 
(cf. Fig. 3) is not so different from (R) and 
(F) so long as the value of vw is not very 
small. The intensity distributions of light in 
the images (R’) and (F’) (cf. Fig. 3) are 
identical with those of the images (R) and 
(F) respectively but displaced by 4/2. 
(b) the case when 0.9022<0<1.52 

We have in this case J,(v)>1/2, as Jy(1.52) 
=1/2. Accordingly the circle with a, des- 
cribed around S intercepts the unit circle in 
points Z and Z’ (cf. Fig. 5). The tip of the 
vector a, (the working point) can be selec- 
ted at any point on and inside the circle S. 
Various images are to be obtained according 
to the values of the phase-shift 6 and the 
transmission g. 


} (3.4) 


(1) Image P: (the image with the working 
point at P, Fig. 5) 

This image has no sub-maximum. The 

condition for this is that the working point 


is on the crossing point of CF and the circle 
S. We have in this case 
0=x—2v, 
CP=a,—ay =2J,(v) cos v, 
TImin = PF? =(1—2J,(v) cos v)?, 
Imax = PF” =1+(2J)(v) cos v)? 
—4],(v) cos v cos 2v , 


(3-5) 


and accordingly 
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o 2Jy(v) cos v(1—cos 2v) 
a 1+4J)2(v) cos? v—2J,(v) cos v(1+cos v) a 
(3.6) 


or 


_ Af(v) cosy sin? v — 

~~ 1+4J,(v) cos? v —4Jy(v) * | 
The curve (P), Fig. 6, represents the inten--} 
sity distribution of light along the image ins 
this case. | 


(3.7) i 


Fig. 5. Graphical construction for obtaining the: 
amplitude distribution of light in the image of 
the ultrasonic wave produced by the phase- 
shift method (v=7/3). 


(ii) Image m: (the image with smallest sub- | 
maximum) (Working point at mm, Fig. 5, andi! 
the intensity distribution curve (7), Fig. 6) 

Imin= mb", 

Imax =mF’”, 

Isub-max =mF°?. 
(iii) Image M: (the imag: with greatest-. 
maximum) (Working point at M, Fig. 5, and. 
the intensity distribution curve (M), Fig. 6). 


Imax =MF”, Lin = MB’, Isub-max = MF’. 
(iv) Image Z: (the image with zero-inten- 
sity minimum or 100% visibility) (Working: 


point at Z, Fig. 5, and the intensity distribu-- 
tion curve Z, Fig. 6) 


Liin=0, Imax = ZF”, Jsub-max Zh, S=1. 


(v) Image R: (the image with d=7/2 and! 
100% visibility) (Working point at R, Fig. 5338 
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Fig. 6. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced by the phase-shift method (v=7x/8). (P) 
the image without submaximum, (w) the image 
with smallest sub-maximum, (M) the image 
with greatest maximum, (7) the image with 
zero-intensity minimum (100% visibility), (fe) 
the image with phase-shift g=7/2. 


) and the intensity distribution curve (R), Fig. 
| 6). 

Imax = RFCV=4 sin? 4{v-+cos"1 J,(v)}, 
Tsup-max = R F’?=4 sin’ 3{v—cos~! J,(v)}, 


ata ? 
SL 
(3.8) 
' We have in this case 
dern/e ’ (3.9) 
and g=(1—Jo(v))7/ Jo) - 


1 The result is nearly the same if we take 
6=7r/2 and g=1 (working point 7, Fig. 5). 
As is to be seen in Fig. 6, the images cor- 


responding to various working points are 
not much different in this case and it is suf- 
ficient for ordinary purposes to make 6=7z/2. 
(c) the case when 1.52<0<2.40 
We have 
0<(v)<1/2, 
in this case and the working circles S is com- 
pletely included in the unit eircle represent- 
ing the phase-lattice (cf. Fig. 7 for v=z/2 
and Fig. 9 for v=2z/3). Various images are 
to be obtained in this case according to the 
working points, though the image without 
sub-maximum (corresponding to the image 
P in case (b)) is not to be obtained in this 
case. 
(i) Image R: (the image with d=2/2 and 
g=1) (Working point R, Fig. 7, intensity 
distribution curve (FR), Fig. 8, when v=7z/2, 
and working point R, Fig. 9, and intensity 
distribution curve Fig. 10, when v=2z/3). 
As 
l=maxKF”, 
and 
Tsub-max = RF*. 
(cf. Fig. 10), we have 
Imax —TIsub-max =F’ K ?—FR? 
=4 sin v-J)(v), 
and the difference between Imax and Igup-max 
is greatest in this image as compared to other 
images. 
When v=z/2, we have 
Imin=RE= (1-7 2 Jo(v) }? 
=1—27// 2 Jr(v)+2hrv) , 
Imax =REC= 1+2)(v)—2y// 2 Jolv) COS $70 
=142)/(vy)+2frr) ; 
Isub-max= RF?= i! t2)o%(v)—2// 2 Jo(v) COS} 
=1—2)(v) +20) 
See d+Vv 2 )Jov) %. 
1+JrXv)+(V¥ 2 —l) Jo) 


ea) 
More generally, we have 
Imin= Rf =1—2fo(v)” 5 
=1—27/ 2 Jolv)+2fo(v) , 
Imax>= RFC= CFEU+ CR’ 
+2 CF’ -CR cos(v+3) 
m= 142f)%(v)—2fo(v) cos v+2J)(v) sin v, 
Tsup-max = 1+2Jo(v) —2])(v)cosv+2J,(v) sin v, 
_ G/ 2 —1) Jo(v) cos v+ Jo(v) sin » | 
1420) —G/ 2 +Dflv)cosu—fo(v)sinv ’ 
(3.11) 
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Fig. 8. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced by the phase-shift method (v=7/2). (R) 
the image with maximum difference between 
the maximum and the sub-maximum, @=7/2, 
g=1, (m) the image with smallest sub-maxi- 
mum, (M) the image with greatest maximum. 


, =50° 
-80270° 60° 
-90° 
Fig. 7. Graphical construction for obtaining the 
amplitude distribution of light in the image 
of the ultrasonic wave produced by the phase- 
shift method (v=7/2). 


The equations (3.11) remain valid also in 
the range v<1.52, where the working circle 
crosses with the unit circle, i.e., for the image 
Act, Vig Sand “Fig.5),-it- Ris replaced 
with 7 in these equations. 

(ii) Image m: (the image with smallest 
sub-maximum) (cf. curve m, Fig. 8). 
As 


Imax = mF”, Isub-max=m F?, and Imin= mb’, 


in this case, we have for v=7z/2, 
d=cot-! J\(v), | 
Imin=[1—2 sin }{cot-! Jo(v)} P, Fig. 9. Graphical construction for obtaining © 


; ; the amplitude distribution of light in the — 
Imax =1-+-4 sin® (3/2)-+4 sin (4/2) cos (3/2) image of the ultrasonic wave ee by 


= BOC ne — 40° 


=1+2(1—cos 6)+2 sin 6 the phase-shift method (v=2r/3). 
1—Jo(v) 
=1 +2{ 1+ oa He 
14+Jo2(v) FS-cos 6= —cos v+Jo(v) , 
¥j (3.12) we have 
ore generally, as sin v 
oo ; tan (= eee 
FS-sin d=sinv , a —cos 0+ Jo(v) SP 


and (and g=1). 


Fig. 10. Intensity distribution of light in the 
image of the progressive ultrasonic wave pro- 
duced by the phase-shift method (v=2r/8). 
(FR) the image with maximum difference be- 
tween the maximum and the sub-maximum. 


(iii) Image M: (the image with greatest 
maximum) (cf. curve M, Fig. 8). 

We have in this case 

Imax= MF”, Isub-max== MF’, and Imin= MB?. 

The images are mutually of small difference 
and it is simple for practical purposes to use 
‘the image with g=1l and 6=z/2. The phase 
‘method is, however, mainly effective in the 
range v<7/2, and the visibility becomes 
somewhat bad at v=2z/3. 

dd) the case when 2.40<v<ixz (=3.14) 

The visibility of the image produced by 
‘the phase-shift method becomes zero at v= 
2.40 corresponding to a=jJ,(v)=0. For 
values of v>2.40, J)(v)<c0, and as v approach- 
-es z, the part of the unit circle representing 
the phzse-lattice becomes nearly a closed 
circle and as the value of J,(v) is not so large 
‘in this range, the amerioration of visibility 
by the phase-shift method is not so great in 
‘this range (cf. Fig. 11). 

The visibility is better in this case at the 
‘working point P corresponding to d=z or at 
m near this point (where Imin=Fm’ is the 
smallest) than at point R corresponding to 
6=7/2. The image is completely of double 

- periodicity at point P and nearly so at point 
m. At point R, there are two maxima in a 

-period, but the image is not of double 

_ periodicity (cf. Fig. 12). 

_¢i) Image R: (6=7/2, g=1). 

In this image we have 

Tax RE?=1—// 2I0v))?, 

=(1+7/ 2 |Jo(v)|)’, 

Imin=] PP =(14+7/ 2 Jo(v))? 

=(1-// 2 |Jo) |)”, 
JIsub-max=RF? 
=1+42J,(v)—2Jo(v) cos v—2Jo(v) sinv, 
Tsup-min =RF” 
=142J%(v)—2Jo(v) cosv+2fo(v) sin v, 


S=2/ F |Jolv) | +2070). 
(3.14) 
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-40° 


~ 30° 


Fig. 11. Graphical construction for obtaining the 
amplitude distribution of light in the image 
of the ultrasonic wave produced by the phase- 
shift method (v=17r/18). 


Fig. 12. Intensity distribution of light in the 
image of the progressive ultrasonic wave 
produced by the phase-shift method (v=177n/18). 
(R) the image with phase-shift g=x/2 and 
g=1, (m) the image with smallest minimum, 
(p) the image with double periodicity. 


Gi, Inage Ps (0=7407—1) 


Here we have 
Imax = PO? =(1—2Jo(v))? =(1 +2 | Jo(w) |)”, 
PF?=PF?=14+4Jo(v) —4 Jo) cos v , 
y: —2])(v\(1+cos v) 
~1447,2(v)—4J,(v)(1+cos v) 

2 | Jo(v) |(1— |cos v |) 
~-1+4+4Jo(v)+4|Jo(v)|(1— | cos v |) ° 

(3.115) 


Jmin 
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$4. Conclusion 


Ultrasonic images of comparatively good 
visibility are obtainable by the phase-shift 
method by giving a phase shift of d=7/2 to the 
zero order, as long as the value of the phase 
variation produced by the ultrasonic wave is 
not too large (v<(2z/3). The visibility of the 
image vanishes, however, at v=2.40 and at 
other zero points of the function J)(v): a 
common fault with the Schlieren method in 
which the zero order alone is removed. The 
periodicity of the image is one ultrasonic 
wavelength when 6=7/2. For obtaining 
images of good visibility, 0=7/2 is suitable 
in the range v=2z/3, while d=z is more 
preferable in the range v>2z7/3. In the range 
v>2r, particularly, the images obtained by 
the phase-shift method with 6=z are always 
of better visibility than the images obtained 
by the Schlieren method by removing the 
zero order Only. The image in this case, 
however, is cf double periodicity. 

The phase-shift method is particularly ex- 
cellent in the range of small values of », 
where images of 100% visibility are to be 
obtained by making d=7/2 and selecting the 
transmission g at suitable values. The sui- 
table values of gy, however, decreases with 
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decrease in the value of v, and this makes 
the image dark for small values of v. For 
visualization of the ultrasonic waves of vari-| 
able intensity it is preferable to make d=7/2 
and g=1. This method, however, is mainly) 
useful in’ the range of v=2z/3, and th 
Schlieren methods with removal of the first} 
order and the zero order or part of it become} 
more effective for larger values of v. | 

No experiment has been hitherto performed | 
which is comparable with this theory. Ex-) 
periment to test this theory is to be perfor-. 
med in near future. | 
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On the Rate of Decomposition of Diffusion Pump Oil > 


By Chikara HAYASHI 
Depariment of Physics, Tokyo University, Tokyo, Japan 
(Received September 28, 1953) 


The rate of decomposition of diffusion pump oil under the working 
condition seems to be an important quantity in reference to the 
vacuum. The following experiment was carried out to give an answer 
to the problems, “ Whether various metals really catalyse the decompo- 
sition of diffusion pump oil? and “ Will the gaseous components of 
the decomposition products limit the ultimate vacuum of an oil diffusion 
pump?” 

The quantity of not condensing gaseous components of the decompo- 
sition products accumulated in a vessel in a given time was measured 

| for the two typical oils, n-dioetylhexahydrophthalate and silicone DC- 
703, by using a flow meter designed by R. Ueda. 

The results show that the rate of decomposition is of the order of 
10-6 litre micron Hg per sec. per square centimeter of surface for both 
oil. The ester slightly suffered from catalitic decomposition, though 
the silicone had no indication. The measured rate of decomposition is 
so low that will never contribute more than 110-5 micron Hg to the 
ultimate vacuum of an oil diffusion pump. 


$1. The Thermal Decomposition 20cm distant from the mirror. 


The rates of the thermal decomposition of AS the rate of the decomposition of the 
the two diffusion pump oils, n-dioctylhexa- diffusion pump oil was small compared to the 
hydrophthalate and silicone DC-703, were sensitivity of the flow meter, the decomposi- 
estimated by using the apparatus shown in 0? products had to be accumulated for a 
Fig. 1. The gas flow meter was designed by given time T by closing the greaseless cock 
R. Ueda» and has the construction shown in 
Fig. 2. The deflection on the scale is, in the 


tungsten were 


: i ica vane 
magnetic valve he 


ee 


Flow meter 


“and scale 


Deflection 


Oik damper 


Sibicone DC-703 


pinctylheoxaky Aro- 
P 


Athalate 


Gale : . ie = 
region of molecular flow and the small angle i, tiate 
of deflection, proportional to 1/M @, where Hie. 3 


M is the molecular weight of the flowing 
molecule and Q is the so-called PV value of so as to give enough deflection on the scale 
the flow rate. By using the mica vane of of the flow meter at the time when the cock 
1.5cmx1.5cm and the tungsten fibre of 0.5 was reopened. The deflection of the flow 
mil ¢, the deflection of 1mm per 6x10~* litre meter was photographed on a rotating drum, 
micron per sec. was obtained on the scale which was driven by a synchronous motor. 
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The typical curves photographed are shown 
in Fig. 3. From such a curve is given the 
total quantity of the decomposition products 


by the integral [\@ dt. Practically, the de- 
0 


flection never tends to zero. This stationary 
deflection is, of course, due to the decom- 
position of the oil, but heavier and rather 
low vapour pressure components seem to be 
responsible for this. The value of this sta- 
tionary deflection was chosen as the zero 
point of the deflection so as to get a definite 


value in the calculation of |, Gat In this 
0 


manner, the heavier components having the 
vapour pressure less than 1«10-!mmHg at 
room temperature are excluded in the values 
of the decomposition rate obtained from the 
following experiment. The limited sensitivity 
of the flow meter and the troublesome pheno- 
mena of intense adsorption prevent to get 
the knowledge about this heavier components. 

Because of the relatively long period of the 
oscillation of the flow meter, the deflection 
shows retardation, which is particularly im- 
portant in the build up region of the deflec- 
tion. The true form of the Q@—¢ curves may 
be the one of dotted lines (see Fig. 3.), and 
the shadowed area must be included in the 
integral. The error comes from this is dimi- 
nished by decreasing the ratio of the shadow- 


ed area to the total x Gi Whichpeise a= 
0 


chieved by decreasing the conductance from 
the vessel to the flow meter. The ratio was 
adjusted to be about 10% in our case, and 
the calculation was accomplished along the 
dotted line. 

It must be noted here the remarkable 
ference in flow characteristics between 
decomposition products of the phthalate 
that of the silicone oil. 

In the case of the phthalate the flow 
characteristics was fairly similar to that of 
gases evolved from the glass. About 4 sec- 
onds of retardation in the rise time of the 
deflection is consistent with the period of the 
flow meter, showing that non-adsorptive 
gases or vapours are predominant in the flow. 

In the case of the silicone, however, the 
rise time of the deflection is 7 seconds, in 
which the excess of 3 seconds should be as- 
cribed to the adsorptive property of the flow- 
ing vapours.» The log @—?/ curves in Fig. 4 


dif- 
the 
and 
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= = 
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=> Hime “See 
Fig. 4. log Q@-—t relation, showing different de- 
creasing coefficient between the two oils. 


give far less decreasing coefficient for the ]} 
decomposition products of silicone DC-703_ 
compared to that of the phthalate. This also 
suggests the high adsorptive property and» 
may also suggest the high molecular weight. 
of the decomposition products of the silicone: 
oil. 

Although the lack of quick response is the 
disadvantage of the flow meter, yet the ad- 
vantage of getting rid of the additional de- 
composition by vacuum gauge, and of giving 
the direct reading of flow rate will prove the: 
usefulness of the flow meter. 

The furnace had the double wall construc- 
tion. Heat was supplied by radiation from 
the wallof inner case consisting of aluminum 
plate, which in turn was heated by the nicrom. 
wire set along the inner wall of the outer 


70 (80) = 90 200 20 220 230. 


Fig. 5. The rate of decomposition of the two 
oils in a glass vessel, which has hot zone of 
about 250cem3. The surface area of the hot. 
zone is about 500 em?2. 
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case. The temperature difference was thus 
maintained less than 1°C near the glass vessel. 

In Figs. 5 and 6 are shown the rate of the 
thermal decomposition of the two oils. The 
total rate of thermal decomposition of 60 cm? 
of the oil, which evaporates and returns back 
to the boiler just like in a diffusion pump, is 
shown in Fig. 5. Both catalytic decomposi- 
tion, if any, at the glass surface and the 
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of 


Decompos{ tion 


10 
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Cw 
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Fig. 6. 


pure thermal decomposition are included in 
this case. The surface area and the volume 
of the hot portion in the vessel was estimated 
about 500 cm? and 250 cm* respectively. 

In the case of the metal plate positioned 
in the boiler, the additional decomposition 
will probably participate at the surface of 
the metal. This was realized, as shown in 
Fig, 6, by the phthalate, but the silicone oil 
in it working range seemed to be free from 
decomposition catalyzed by the metals, though 
the stability for the thermal decomposition 
of the oil seemed to be somewhat inferior to 
that of the phthalate. The rate of the de- 
composition at the glass surface in the case 
of the phthalate, if any, is calculated from 
Fig. 5 and the estimated glass surface, to be 
1x10- litre micron per sec. per square centi- 
meter at 200°C, which is about sixty percent 
of the value of copper. 

The effect of cold trap for the decomposi- 
tion products of the phthalate was estimated 
by using the trap of either liquid air or dry- 
ice-acetone. Only the non-trapped components 
of the decomposition products pass through 
the flow meter, and thus gave rise to the de- 
flection of about one percent in the case of 
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liquid air and about sixty percent in the case 
of dryice-acetone, of the original deflection. 
After more than several days of. initial 
conditioning of the oil at slightly elevated 
temperature than that in the measurements, 
the stationary state of the system was 
established in about 10 to 30 hours from the 
time when the value of the temperature of 
the system was changed. In these manner, 
the reproducibility of measurements was re- 
tained within about 10% during about four 
weeks run of each oil. The gas evolution 
from the wall was lowered to <1x10-8 litre 
micron/sec.cm? by preliminary baking. 


§2. The Decomposition induced by Gas Flow 


The decomposition of n-dioctylhexahydro- 
phthalate induced by flowing gases was esti- 
mated by using the apparatus shown in Fig. 
7. A quantity of gas @ which is controlled 


Variable 


teak 


Oz | H2 
12X16] nil | nil | il | nib 
25X10| nil | nil] rill nib 


5X10 Gio g tied 7k | — 


igikees, fe 


by the variable leak flows through the side 
line Z and is measured by the flow meter. 

Next, the same gas flow is introduced to 
the three stage Hickman pump which is quite 
in its working condition. In this case the 
flow meter shows the deflection corresponding 
to the flow Q plus 4@ which is produced in 
the Hickman pump. 4@ should be the de- 
composition products induced by the flow @ 
in the pump. 

The results obtained are shown in Table 
i, AMS foes aaloye or Ie. (Oh. eihe eine! JEL: 
through the pump gives no appreciable 
amount of additional flow 4@ and thus we 
can see that no appreciable decomposition 
took place in the pump. 


§ 3. Discussion 


Although those experiments as described 
above will be, of course, influenced very 
much by constituents of oil, surface condi- 
tion of ‘metal and many other factors, yet 
we may have some interesting informations 
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from the results obtained. Consider, for 
instance, the ultimate vacuum of an oil dif- 
fusion pump. Assume that n-dioctylhexa- 
hydrophthalate at 170°C act as pump fluid 
in 3 inch oil diffusion pump, which has the 
speed of 100 litres/sec. and the area of 1000 
cm? of the hot chimney, the ultimate vacuum 
calculated as the balance of pump speed, 
which is assumed to be independent on pres- 
sure (3), and the rate of decomposition given 
in Figs. 5 and 6, will be less than <lOee 
micron Hg. The decomposition products of 
higher molecular weight which was excluded 
in our ease, however, will contribute at room 
temperature and will give higher values to 
the ultimate vacuum. In the case of using 
the liquid air trap, however, the heavier 
components will certainly be excluded and the 
ultimate vacuum limited by the decomposi- 
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tion of pump oil is expected to be less than | 
1x10-7 micron Hg from our results. The | 
higher pressure of ultimate vacuum usually. 
experienced in spite of using the liquid air | 
trap, should be ascribed to the gas evolution | 
of construction material, the back diffusion | 
at pump jet, the leakage and the permeability 
of gas through walls. 

The author would like to express his grati- | 
tude to Dr. R. Sagane for his encouragement. 
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A Measure for Approximation Degree of 
the Approximate TF Function for 
Free Neutral Atom 


By Kwai UMEDA 


epartment of Physics, Faculty of Science, 
Okayama University 
(Received December 4, 1953) 


There have been given the approximate solutions 
of the TF (Thomas-Fermi) equation for free neut- 
ral atom (denoted simply by AS) previously . by 
Sommerfeld) and Rozental2) as well as recently 
by March®) and Kerner4), The comparison of 
these different ASs and the further derivation of 
prospective AS would be facilitated if there exis- 
ted a measure for the approximation degree of 
any AS. For this measure we propose to employ 
the numerical value of the variational integral 


rigi=| | wy ve peje |ae, 
0 +3) 


evaluated by putting the given AS in place of 
¢. Since the minimization of J is equivalent to the 
integration of the Ti equation, the better AS 
should resultate the smalier numerical value of 
I, the value for the- exact solution being the 
convergence limit. If the AS-would contain some 
disposable parameters, the Ritz method for J 
enables us to find the best formula of the as- 


(1) 


Notes 


sumed type. 

1. For Miranda’s®) exact solution, direct nu- 

merical quadrature of Eq. (1) gives the value 
T= Weso25, 

which should be of course the limiting minimum 

value of J. 

2. As regards to Rozental’s» AS consisting of 
two exponential terms, we observe its high degree 
of approximation in the value 

Jie 2686: 
3. For the AS of Sommerfeld type 
(at) =[1 + (w/122/3)\]-8/A, 
4 being considered as a disposable parameter, -as 
was done by March*), Eq. (1) can be analytically 
expressed as a function of & 


4 15 lenis aa 
T= 7 121/ 3 oe Tee <. 
5 aL? ae me 16? (2- ae nal ; 
Bip, q) being beta-function. 
Table I. Approximation degrees of several 
ASs of Sommerfeld type. 
Determination Sommer- ts Umeda 
method of 2 feld March® S077 nen 
R 0.7722 0.8034 0.8371 
I 1.4141 1.3779 1.3670 


* The mean value method extended over the 
whole space, i.e. 


\ (go! zs f3/2 | al/2)a2da=0. 


1954) 


From Table I we see that the well-known Som- 
-‘merfeld) asymptotic formula is none the better 
AS because it has a sufficient foundation in re- 
gard tc the asymptotic behavior, while the 
March*) formula is obviously an improved AS, as 
seen also directly from his Table I. 

4. For the AS of Kerner type 


g(x) =1/(1+Cx), 


C being considered as a disposable parameter, eq. 
(1) is reduced to a simple function of C 


I =(1/3)[C +(16/5)/C12]. 


Table II. Approximation degrees of several 
ASs of Kerner type. 
ae least mean Umeda 
imatKod Kerner square value 
of C method* method** dZ;d@C=0 
C 1.3501 1.2061 1.5874 1.3679 
I 1.3680 1.3733 1.3757 1.3679 
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* Extended over the whole space, i.e. 
| (p!' — 63/2/a1/2)29?2de=min. 
0 


=** Kixtended over the whole radius, i.e. 


| (p"" — g2/2/ax\/2)dax=0, 
0 


taking into consideration the divergence of 
the mean value extended over the whole space. 


According to Table II the Kerner) formula 
seems to be capable of extensive application by 
virtue of its simplitity and higher degree of ap- 
proximation. 

This work was supported by the Ministry of 
Education Scientific Research Money grant to the 
Researeh Group for the Study of Atomic and 
Molecular Structure. 
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On the Approximate TF Function for 
Compressed Neutral Atom 


By Kwai UMEDA 
Depariment of Physics, Faculty of Science, 
Okayama Unwersity 
(Received December 4, 1953) 


Putting the TF (Thomas-Fermi) function for a 
compressed neutral atom with atomic radius x» 
measured in TF unit np ¢(x)=do(x)+0(x), go(x) 
being the TF function for the atom in free state, 
we have according to Fermi!) the differential 
equation for g(x) 


0" =(3/2)($o/x)/70, (1) 

subject to the boundary conditions 
G@) —- d(0)=0, (2) 
and = (li) $"q) = P(wo)/2o - (3) 


On the basis of the well-known Sommerfeld») 
asymptotic formula for ¢9(x), Sauvenier) previ- 
ously gave the approximate formula 

} 4z)+1 l+z\,/a 

P(x) = fo («1 3 ners i an | » (4) 
from which follows the boundary value relation 
useful for the equation of state of metal 

P(X) | Po(wo) = 2.060 -z9/(z9 - 0.2651), (5) 
as the present author has noticed. This relation 
has, however, several drawbacks, as follows. 

1. For 0<2<0.2651 (0<ay<0.9389), d(a»)<0, 
while ¢(@) must by nature be always positive. 

2. At z=0.2651 (a) =0.9389) instead of origin, 
P(x) = 0. 

8. At 29=0 (a=), £(%9)/Fo(x) =2.060 instead 
Oni. 

Now, it is to be reasoned, whether these draw- 
backs could be avoided, if for ¢o(ay), the other 
approximate formulae would be adopted. 

First, the March») approximate formula of Som- 
merfeld type comes into consideration. It only 
led, however, to the same boundary value relation 
as the above, Eq. (5). 


Accordingly, we take the Kerner®) approximate 
formula, ¢o(~)=1/(1+Cz), which is very simple 
and of such a relatively high degree of approxi- 
mation as demonstrated in the preceding note by 
the present author. Eg. (1) becomes then asymp- 
totically an equation of Bessel type 

8 0 Bee) 

0 =F [e+ Cay 2 Cla” ce) 
inasmuch as possible alternative simplifications 
as Ca(1+Cx) > (Cx+1)? or (Cx+0.5) bring about 
no essential improvement. Since g(x) must be a 
monotonously increasing function with the 
boundary condition (i), the differential equation 
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(6) is satisfied by 
O(x) = AXT(X), 


where X=61/2C-1/491/2 and I,(v)=Bessel function 
of purely imaginary argument. Determining the 
value of the disposable coefficient A by the bound- 
ary condition (ii), we obtain the approximate 
formula corresponding to Eq. (4), 
, a\i2 I(X) 
#eo)= tal] 1+4( 7) ery) — CO 
(7) 

from which follows in turn the boundary value 
relation corresponding to Kq. (5), 


A(x) | $o( a) =1+4/[ Xo {Zo(Xo)/Li(Xo)} -2]. (8) 


This formula is free from the drawbacks mention- 
ed above, as follows. 

1. Ata =0. By virtue of the series expansions 
of Ip,(~) the boundary value Eq. (3) becomes 


b(%9)/Po(xa) =1 + 16/ Xo?)[1 + Xo7/24+ ----]—> oe, 
as it must necessarily be. 


2. At a=oo. By virtue of the asymptotic ex- 
pansions of Jp,(x) the boundary value Eq. (8) be- 
comes 


D(axy)/ boa) =14+-4/Xo+---+ 1, 


as it also must necessarily be. 


exact 


Sommerfeld | 
-Sauvenier 


Kerner 
~ Umeda 


_-. 
“4 


=e 


Fig. 1. Boundary values of the exact as well as 
approximate TF functions for compressed neut- 
ral atom as functions of the atomie radius, ef. 
eqs. (5) and (8). 


In Fig. 1 the boundary values obtained from 
eqs. (5) and (8) are shown in comparison with 
these obtained from the exact numerical solution. 
Eq. (5) seems to be more favorable for larger 
values of 2 while eq. (8) for smaller values of x. 

This work was supported by the Ministry of 
Education Scientific Research Money grant to the 
Research Group of the Mathematical Physics. 


Notes 


riers 
equilibrium value by the recombination processes 
in the bulk and at the surfaces of the semicon- 
ductors, and it seems quite important for the 
development of the transistor electronics to clarify 
the mechanism of these recombination process. 
The recombination process in bulk semiconductors 
has been investigated already) and proved to be 
due to the recombination process via traps, but 
the recombination process at the surfaces of semi- 
comductors has not been fully studied. This note 
will report some experimental results which will | 
give some imformations about the mechanism of | 
the surface recombination process. 


ess, we have measured the surface recombination | 
velocity in n-type germanium by the Suhl’s ef- | 
fect?) at weak magnetic field in the temperature 
range from about —30°C up to about +60°C. In 
this case the surface recombination velocity was 
calculated by the formula2): 


where 
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Temperature Dependency of the Surface 
Recombination Velocity in Germanium 


By Yasuo KANAI 
The Hlectrical Communication Laboratory 
Tokyo, Japan 
(Read Oct. 20, 1953; Received December 8, 1953) 


As is well known, the number of excess ecar-: 
in semiconductors returns to its thermal 


To investigate the surface recombination proe- 


p/po=1+ y(1+sin 286/280) 
eg =eh2b/2kT 
By = E,-10-8-(u, + pn) 
v 56/D= Bb-ian Bb, 


p: hole density at the collector point 
po: hole density at the collector point when 


1954) 


the magnetie field absent 
E,: the longitudial electric field in yolt/em 
He,» #n: the Hall mobility of electrons and holes 
in em?/volt. see. 
H: the magnetic field in gauss 
2b: the width of the sample 
Vs: surface recombination velocity. 
In our experiment the hole density was measured 
by the zero voltage conductance at the collector 
point®), and it was assumed that the electron and 
hole mobilities were proportional to 7-3/2, and 
the conductivity modulation due to the excess car- 
riers was neglected to calculate the longitudinal 
electric field. 
Our experimental result, which was given for 
the n-type germanium surfaces etched by the CP- 
4 solution, is shown in Fig. 1. 


Ber acai retry ner gel 
3 
10 
v = 
eae 
-§ 
1 ie 
ame 
A 
oe 
10} - 
= YTCK) xe 
Fig. 1. Temperature dependency of the surface 


recombination velocity vs. 


Analysing their experimental data in the study 
of germanium surfaces, Brattain and Bardeen*) 
proposed the surface recombination process via 
surface traps. Following their calculation the 
surface recombination velocity was given by the 
next formula) 

Vs=Mm-S(kT /2nm*)Nq/Ne-eXp (EH , — Eq)/kT, 
where 

m: electron density in the interior of semi- 

conductor at thermal equilibrium. 

S: recombination cross-section for holes. 


N,: concentration of surface traps (no./cm?). 

N,: state density of the lowest state of con- 
duction band. 

E,-E,: the energy difference between the 


trap state and the bottom of the conduction 
band. 
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If the recombination cross-section is assumed to: 
be temperature insensitive, our results give about. 
0.385 ev. as the tentative value of the energy 
level of the surface trap below the bottom of the 
conduction band. 
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On the Dissociation Constant of 
Polyelectrolyte 


By Shinji KATAOKA 
Hitotsuhbashi University, Kunitachi, Tokyo 
(Received December 21, 1°58) 


It is a well known fact that the dissociation 
constant of polyelectrolyte differs from that of its. 
structural element,).2) (for example, monomer 
acid). In this short paper, we calculate the degree 
of dissociation of the polyelectrolyte as a solu- 
tion of an integral equation which resembles 
Kirkwood-Riseman’s*),;4) equation in their papers 
on the theory of viscosity of the polymer solution. 

For brevity, we think that the polyelectrolyte 
is a weak acid, for example polyacrylic acid and 
Z acid groups are attatched to the polyacid. As. 
one dissociated group prevents others from dis- 
sociation by its electric potential, the dissociation 
constant of each acid group must be decided 
self-consistently to each other. The Bjerrum’s. 
formula, firstly, connects the electric potential 
v(i) with the dissociation constant a(?) of an acid 
group, 2, 


a(t) 


KO sey (iy/kr : 


1— ai) [H] i? 
where Ko is the dissociation constant of a monomer 
acid, and [1] the concentration of the hydrogen. 
ion in the solution. The electric potential, on the 
other hand, can be written in terms of the dis- 
sociation constants as follows: 


€ 


n 
ooo SS LO 2 
join Dra” 
at 


v(t) = 
where r(i,j) is the distance between 7 and j-th 
segments, and D the dielectric constant of the 
solvent, and here the double layer effect of the 
free ions is neglected, and —fe is the smoothed 
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charge per segment. 

If we could solve these two equations correctly 
we would obtain exact values of a(z) and y(7). 
Unfortunately these equations are non-linear and 
we can not yet solve them exactly, so we shall 
use the following approximation. 

From (1), 


| ht bets 
[H] + Bew(t)/kT ° 


Experimentally, «(7) is usually discussed to be 
about ~1/2. So putting 


a(i)=1+6(i), d<l, (4) 
and substituting into (3), we have 
a(t) = a9 + (Be /4kT) 4 (7) 
a= 4+} log (Ko/[H ]). (5) 
From (5) and (2), we have the following equation : 
peeves ieee (6) 


AUD Tellin gereunie (Usp) he 
x4 


This equation decides the dissociation constant 
ai), and consequently the electric potential (7), 
-self-consistently. 

Then we must consider about (7, 7) of the func- 
tional form of which determined by the form of 
polyacid, but we only know the functional form 
of r(i,j) in the eases of rod like and random 
coil models. In these two cases r(i, 7) is equal to 
1/djt—j| and (6/m/2(1/b\t—Jj[}/2) respectively, and 
replacing the discontinuous variables 7 and j by 
continuous variables ~ and y, and the summation 
by an integration, quite analogously to Kirkwood- 
Riseman’s treatments in their theories of visco- 
sity of rod and random coil polymer. After some 
calculations we can obtain the following integral 
equations : 


for the rod model 


ay) 
eng sae eae dus 

a(a) ao ‘\ lx—y| : (7) 

for the random coil model, 

in Ph ely) 
eeayag— hel ee 1, (8) 

-where 
A, == Be2/4DkTb, 2, = B2s2/4DkTO(6/n)'/2, 


Qn Y=IJlm. 


These two equations were already solved by 


Kirkwood-Riseman elegantly, so we ean use their 
results directly, 


for rod 
x 
UD ES eee = 
(OF ear E log (1/n) +22,(log 2—1) 
4S {sin ck/ tk ~(ux/puo)aope'™** 


1 —24,C;,(|kinjn) pire) 
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OVoile G5 


pee 3. {1—2A,log(1/n)+ 4, log(1 — 22)}e~'***da, 
coil 


Ci(x) = \ cost dt, 
0 


and for the coiled model 
ee 
Sag) ESE 709 OF 
x0 =) Sta ak/nk —(ux/o) do 
1+4,(2/|k|)\/? 


a 
k=-0 
0 


inka 
? 


(10) 


where 
nye : 
es | [1+24,(1+2)1/2+24,(1 —ax)/2]Je-*tkr da. 
“~Jj-1 


Above treatment, however, is confined to the 
two extreme cas2s such as rod and random coil, 
but the real polyelectrolyte would have an inter- 
mediate form between them. By the data of 
light scattering, it seems that the polyelectrolyte 
has a considerably stretched form, not random 
coil. Then it is desirable to extend the above 
mentioned treatment to the general case, but 
mathematical diffiiculties make it impossible to 
do so. Although it is impossible to treat generally, 
an intuitive method can be devised as follows. 
If we put 1/r(@, 7), 

1/rG, J=1/b|t—Jl», (11) 
vy is a parameter which represents the 
order of stretching and takes a value between 1 


and 1/2, then we can solve the integral equation, 
by utilizing the following relation: 


1 1 Se \gl/y 
: =———| e-le-nalgz , 
[a—yl|” F)v | 


where 


(12) 


To complete this theory the parameter « must 
be determined consistently with the free energy 
of the whole system which is minimized by this 
parameter. The full report will be given on the 
Journal of the Physical Society of Japan shortly. 
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Anomalous Structure of a-Agl 


By Sadao HosHINo 


Department of Physics, Tokyo Institute of 
Technology, Tokyo, Japan 


(Received December 21, 1953) 


Silver iodide (AgI) has three phases a, 8 and y. 
Concerning the a-phase in the temperature range 
from 146°C to the melting point 155°C, Strock 
proposed) the following structure in which iodine 
atoms are in body centered cubic lattice sites and 
silver atoms may be situated in 42 sites in the 
unit cell statistically. He considered that the be- 
havior of the silver atoms may be almost liquid- 
like, in accordance with the well-known remark- 
ably high ionic conductivity of this phase. 

We have reexamined the structure of this 
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the positions (000), (1/2 1/2 1/2) and (0 1/2 1/4), 
(1/2 0 3/4) respectively; the space group may be 
Dyq2 —Timz. On the other hand, the cubic perfect- 
ly disordered structure may have the following 
averaged structure: the iodine atoms are in the 
same positions as in the ordered state whereas 
the two silver atoms are situated on the 12 sites 
(1/2 1/4 Ox@)n CO. 3/40/20) heGi2.0 ty4ic), O12 
3/4 ()), statistically. 

When we introduce a parameter S representing 
the degree of order just like that in the problem 
of alloys, and assume that there exists somewhat 
anharmonic thermal vibration for silver atoms, 
which is excessive especially towards every [110] 
direction, then the observed intensity of Debye 
lines and diffuse background at 200°C is explained 
fairly well by putting S=0.8 (Fig. 1). 


2400 


substanee and obtained results which differ from 
his conclusions. 
If the silver atoms assume statistical positions, 


i observation, c2.200°C 
im i 

couse Calculation , Strock's model 
, our model 


} 


we can expect to observe, correspondinely, an X- 
ray diffuse scattering in the background of the 
Debye line. In order to examine this effect, we 
measured accurately X-ray intensities of the 
Debye lines and the background from a powder 
sample, by using a G-M X-ray spectrometer and 
the crystal monochromated CuKa radiation. For 
this purpose a rotating ano.2 X-ray tube, having 
a fine focus, operated with ele. tron current 50 mA 
and voltage 25kV, was used. 

In the measurement, we det2cted the diffuse 
seattering actually to exist, but found that its 
intensity relative to the integrated intensity of 
a Debye line is too weak in comparison with the 
theoretical value expected from the disordered 
structure such as Strock’s model. Furthermore, 
the relative intensities of Debye lines are some- 
what different from those calculated from Strock’s 
structure (Fig. 1). 

Let us imagine, now, two hypothetical structure 
of a-AgI, one is the perfectly ordered structure 
and the other the perfectly disordered one, then 
we can suppose that the actual structure of «a 
AgI is in intermediate of these two extremes. 
The perfectly ordered structure, then, should be 
such one which has a pseudocubice tetragonal 
symmetry, since there are no possible equivalent 
positions, with a cubic symmetry, for two Ag 
atoms in the body centered cubic lattice construct- 
ed from iodine atoms. While the perfectly 
disordered structure will be with cubic symmetry 
in the average, but it may be different from 
Strock’s model. Concerning the tetragonal order- 
ed structure, the following model is the most 
plausible: the axial ratio c/a is just unity, by 


_ ehance, and the iodine and silver atoms are in 


0.2 


0.7 


Fig. 1. Comparison of X-ray diffraction inten- 
sities between observation and calculation. 
The theoretical curves of diffus2 background 
being drawn so as to coincide with the ex- 
perimental curve at a position of high scat- 
tering angle. The length of vertical line 
represents the integrated intensity of Debye 
line. 


It should be noticed, in this case, that the posi- 
tions of Debye lines expected from the tetragonal 
ordered structure proposed above coincide com- 
pletely with those for the cubic disordered one, 
and, therefore, there are no extra lines or super- 
structure lines as found in the case of alloys. 

The S value of 0.8, which was found at 200°C, 
indicates that a-AgI has an almost ordered struc- 
ture, being accompanied only by comparatively 
small disorder. But the higher the temperature, 
the smaller becomes the degree of order that may 
Regarding this point, investigation 
The further detailes will be 


be epected. 
is now in progress. 
published shortly. 
The author wishes to express his sincere thanks 
to Prof. S. Miyake for his kind guidance in this 


work. 
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Asymptotic Expansions of Bessel Functions 
in the Transitional Resions 
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The asymptotic expansion of Bessel functions 
are comparatively difficult to formulate, when 
the relation between the argument (z) and the 
order (v) is in the transitional region, i.e. when 
+=0(z-1/3), where v=z cosh y. The formulas of 
the first approximation were investigated at an 
early date by Watson, who applied the method of 
steepest descents to Debye’s integral). The pre- 
sent author, carrying out Watson’s analysis fur- 
ther, refined them to the second terms?). Imai 
also discussed the problem by tne so-called gene- 
ralized W.K.B. method?), 

Recognizing the necessity of more accurate 
formulas in the study of the diffraction of waves 
by a sphere, the author has recently made a 
further investigation by using a method analogous 
to the perturbation method. 

According to the author’s work cited above, 
th2 approximate expressions for Bessel functions 
of the third kind are 


, 1 
HON e) = —B-Va petal 94 (1492) Has) 
3 
= 292 Hops(Q) +0099} , 
HON g)= 8-29 eID (14 Zo) sO) 
3 2 9 
S00} , 


where ¢=iv/3 tanh? y, 7=tanhy, and z, v are un- 
restricted complex numbers. Noticing these 
forms, we assume the following expansion with 
unknown coefficients 


HNe)~8-V2e- C19 7 OQ) +E anteypret, 
n=1 


and substitute it into the differential equation 
for the Bessel function: 


1d 2 
O@) +7 HO@)= -(1-) 
= sinh? yH,). 


The equation becomes, after some rearrangements, 


2 fa! Qe An Tana es =) ane) tym 


3é ge? 


2, 
= —H_3/3) ()72— gp tes E) 7? 


— HQ) S99" +E, {ay -2!"8) 
n=l N=2 
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4n+1 , (2n —-1)? 
3 BE An-1 @)+(-14 Qe Nae fn” 
= St oT 1dn—2(6 + An 3(E) terse +ar(E)} 72” » 


where the primes denote the derivatives withs| 
respect to é Equating the coefficients of the | 
same powers of 7, we have the following system | 
of differential equations: | 


ai! (Onan! (+1435 Jax(é) 


3&2 
= — 215 (6) gp) > 
‘ag 1 Mi eye ets 
ay!" () +3 02! Q+(14+ 35 )e@) | 
pe i 
- a a | 
= ~3H16(8)-5 sen O43, emt) 
+e ee 
as!" (E) +50 (E)+(14 9, até) 
= oF ery ered 
+(-1 tape até), 


= ~ 4H) Fp 0) +5, gf ©) 


+(-24+3 Orr en T(E) (_ t 3+ )ailE), 


ai!" (Ogee (O+(145 So 


= —H_1p3@ a a ras) 


oe 


2 2 
= —5H-1/3@)(é) ~ gp on™) +3703) 


+(-2455 sae Aan! (8) 


10 
ees ()+(-44+ gale), 
By successive intergrations we get 
1 3 | 
aul)=s5 FT _ 3/3 (&) — 5 tea) 7 | 
13 1 
an(8)=(S5— 2 )H an) +(S2—3 ean 
Ay 73), 
808 921 
as()=(seo50~ azoot? HE -ua) 
87 197, 9 yd , 
eae poe) pHa), 


1 
ay(é)=( ~ 1.3959, +1.3829 —0.611688 +-0.0054 7) 
x H_ 1/328) +(— 2.0929 +.0.51938%2 — 


x He XO). 


0.088541é4) 
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The numerical coefficients in a, (é) are all but 
‘one rounded off to five significant figures. 

Thus it follows, that 
Use = 8) 
280 he 


(-1.39095,+1.3329 


He) ~8- techy | {14 Hoge 4 (3 
g) 90+ 


— 0.61168 €2+0.0054 84) 78-+--.- be 4 9628) 


Ve aos (Bhs oo LOT 
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Quite similarly 


HO~ —3-arelu/9%q] {1 i. 


( 803 921 2) 98 


— 9 
(S550 ~ 3500 2) 7°+(-1. mk 1.3329 


— 0.61168 2 +-0.0054 4) 78+ . - +f 43€6) 
ae ee / 37 197 

Th See a Ge eset er ei sd — megs 

eter AG 7 )n *\18900 7 600 


—_¢) 70-4 2.0929-+0.5193882 


* 250 
—0. 03854184) 78+ ---. | Henore | : 


References 


1) G. N. Watson: Proc. Camb. Phil. Soc. 19 


(1918) 96-110. 
Theory of Bessel Functions (Cambridge Uni- 
versity Press, London, 1922) 252. 
2) M. Nagase: Journ. Phys. -Math. Soc. Japan 
17 (1948) 552-556, in Japanese. 
2) I. Imai: Phys. Rev. 80 (1950) 118. 


J. PHys. Soc. JAPAN 9 (1954) 297~298 


The Effect of Field Bump in A Strong 
Focusing Synchrotron 
By Kazuo HUKE and Giiti [IWATA 
Departmemt of Physics, University of Tokyo 
(Received January 22, 1954) 


Since the discovery of a strong focusing meth- 
od), there have been added many papers that 
treat the method from various points of view. 


Here are calculated the effect due to the field 
The equation to the 


bump and the form factor. 
amplitude of a particle in the z-direction is written 


au 
de 


+p(0)u=7(0) 


oye ie for focusing sectors 
PO=1 on for defocusing sectors 


(1) 
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where the nonhomogeneous term 7(@) arises from 
the field bump. 7(@) is taken to be periodic in 
6, to have the mean value 0;:the Square mean 
value 72, that is, 

70 +2n)=7(0), <I()>=0, <7(0)7 0’) > =720(0 - 8’). 


A periodic solution ~(@) to (1) is expressed as 
27 
U(0) = =| G(8, 6’)7(6')de’ , 
0 
with the aid of Green’s function G(@,6’) that is 
periodic and satisfies the equation 
(= +0) G0, 0) = — 00-8"). 
de 


The root mean square of wu, that is, <u2>1/, 
is found to be under the condition 
/ /<we> Vv Sab 
v 2 =n ap 2ee8in Noi 
2sinh ¢ sin ¢ alee (N -1)2rp 
1+ 14 —— 
( ) on 


i 


bg sin 2p 
b=cosh ¢ sin ¢+sinh ¢ cos ¢ 
d=t/n |N 


N=the number of units 
cos 2nu=4 (the trace of characteristic matrix). 
The form factor here is taken to be the square 
root of the ratio of the upper bound of x? to the 
mean value of uw? for a solution w~ to the homo- 
geneous equation (1) with the vanishing 7(@). 
Regardless of initial conditions, the ratio is found 
to be the under condition 
up bound of w? _— 4(cosh ¢@ sin ¢+sinh ¢) 
<u> ~ 6+(2sinh ¢ sin ¢)/¢ 
When free sectors are inserted between focus- 
ing and defocusing sectors, the condition takes 
the following form 


=P 


08 Ke} 12 14 16 is) 
C4 -czyn —> 
N 


70 Q2 04 O6 


Fig. 1. “<uS/72 versus ¢, the broken lines 
denoting the sites of resonance totaling 
N/2 (=6). 
P<A(1+e)F(p)/G(A) 


F(¢)=cosh ¢ sin +sinh ¢+¢¢(cosh ¢ cos ¢ 
+sinh ¢ sin ¢+cosh ¢) 
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G(¢)=b+(2sinh ¢ sin ¢)/¢+2e¢ cosh ¢ cos 


| 


+(e/2)2¢2sinh ¢ cos ¢ —cosh ¢ sin ¢) g 
+2(3b—sinh3 ¢ cos ¢)+e2Ad(sinh ¢ sin ¢ & 200 
+4eosh ¢ cos ¢)+e3¢2 {(4/2)(sinh ¢ cos ¢ 

NS 


—cosh ¢ sin ¢)—(1/2)sinh? ¢ cosh ¢ sin 4} 
—(1/3)e*¢3 sinh ¢ sin ¢. ‘og 
the length of a free sector 
*= the length of a focusing or defocusing sector ’ 


°5 OZ 04 06 “8/0 /2__. 14 16 
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Fig. 1. The saturation magnetization of 
NiFe,_,Al,O, as a function of x» at room 
tempe2rature. 

Fig. 1 shows the saturation magnetization of | 
NiFe,_,Al,O,; as a function of x at room tem- 
perature, measured in the field of 7500 Oe with 
a cylindrical specimen, and it suggests that the 
origin of magnetization of this system would be 
in 16¢ and 8f seits for x<0.72 and for 7<0.72,. 
2 al 2 oe a4 respectively. 


free space ratio £ ——> Fig. 2 gives an apparent g-factor of the spheri-- 


form factor @ ——> 


Fig. 2. The form factor 8 versus th2 free space 
ratio « for some values of cos nu. 


The writers express sincere thanks to the 
cowerkers of Miyamoto Laboratory who sugges- 
ted and urged these calculations. 
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On the g-Factor and Hi of Nickel 
Ferrite- Aluminate 


By Yosiharu ToRizUKA, Yuzo KOJIMA 
and Tadao FUJIMURA 


Research Institute for Scientific Measurements, = ss 3 
Tohoku University 
(Received January 27, 1954) a) 
——o-—__—__.,.__.,_ 
The magnetic properties of nickel ferrite-alumi- 
nate have been studied by T. R. McGuire), Max- My E i= 1 
: : 0 02 04 06 08 10 72 14 
well?) et al. and R. K. Wangsness). But the x 
determination of g-factors was performed, being Fig. 2 
: : ‘ eae 
taken no notice of the internal field Hi. The above: the half line width 4H versus x 
From this point of view the present experiments at 19230 MC. 


The below: the apparent g-factor versus x for 


were carried out to determine the true g-factor ¥ 
several frequencies. 


and Hi of these materials at the frequencies of 
19230 MC and 28850 MC. cal specimen of nickel ferrite-aluminate at 9384. 

The chemical formula of nickel ferrite-alumi- MC, and the half line width 4H at 19230 MC,. 
nate is NiFe,_,Al,O,, so that when w is increased extraporated to the zero diameter to eliminate: 
from x«=0 Fes* ions will be replaced by Als. the size effect. 


1954) 


Table. The true g-value and Hi of NiFe,_,Al,O, 
as a function of x, determined with the results 
at the frequencies of 19230 MC and 28850 MC. 


fo 0 OF24 074, (0s) 10168 018 kT 


= 
g 2.16 2.20 2.29 2.45 2.80 1.40 1.37 1.37 1.37 
Hi 280 370 320 240 aoe 4 Oo 


Si 0 eo tO” 


The table gives the true g-value and Hi ealeu- 
lated from the following formula‘) using experi 
mental data of 19230 MC and of 28850 MC except 
the results at 9384 MC, 

o=7(H,+Hi). 

For «<0.72, the changes in g-values are ex- 
plained by the following equations due to Tuya) 
and Wangssness®). 
_9:Si+9:Ss 

Si+S: 


g 


> 


where g; and gs are g-faectors of Ni2+ and Fe,;* 
and S;, S, are angular momentums corresponding 
to Ni2*+ and Fe3+ in the present experiment. 
The large discrepancies from the above formula 
were found for 2>0.72. 

From the table, it is seen that the internal 
field Hi shows the values of 280~3700Oe for x< 
Oef2 but He is- zero for @>0.72: ‘This result 
would be very important in consideration of the 
origin of the internal field. 

The authors expresss their thanks to Prof. T. 
Okamura for his discussion on this work. De- 
tails of this work will be published in the Science 
Report of RITU. 
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By Kenji MITANI 
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(Received January 28, 1954) 


When the microwave gas discharge takes place 
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between coaxial cylinders, a bright luminous glow 
appears in the region of maximum electric field 
near the central wire, as shown schematically 
in Fig. 1. Thus the glow is limited within a 
volume whose radius is 1 or 2mm and whose 
length along the wire is several millimeters. 
The length of glow having been already discussed 
by the author in the previous papers),2), the 
present note is directed to the discussion of the 
radial extent of glow. 


ouley cylinder 


Fig. 1. Glow of the microwave gas discharge 
between coaxial cylinders. 


First, it must be noted that the luminosity of 
glow depends directly neither on electron density 
m nor on electron current density potential y, 
but it depends upon the net production rate of 
electrons per unit volume, mv, where vy is the net 
production rate of electrons per one electron). 
Although it is in general difficult to calculate 
nv, it will be shown in the following that the 
said quantity can be calculated rather easily in 
the case of the microwave gas discharge between 
coaxial cylinders. 

According to the definition, the high frequency 
coefficient ¢ is given by) 

¢=»((DEY), ck 

where JD is the diffusion coefficient for electron 
and # the electric field intensity, and from this 
relation we can immediately obtain the following 
equation : 

ny = (CE2\(Dn) =(CH)Y « (2) 
Sinee, as is well known, the product Dn is the 
electron current density potential ¥. This equ- 
ation enables us to calculate the values of nv 
easily as follows. 

¢ for various gases has been obtained by Her- 
lin and Brown) as a function of E'/p for uni- 


form field, where p is the gas pressure. In the 
case of coaxial cylinders, they have put 
CRIBB)? , (3) 


and have assumed the radial electric field to be 
EH=(V/r)1n(b/a), where V is the potential dif- 
ference between the central wire (*7=a) and the 
outer cylinder (7=6). Constants k, 6 and the 
electric field intensity #/, on the surface of the 
central wire can be determined by the method 


800 


as used by Herlin and Brown. Thus, in order to 
determine y there remains undetermined only a 
constant contained therein». However, such a 
constant has already been determined by the 
present author from the observation of the direct 
current associated with the microwave gas dis- 
charge”. In this way making use of equation 
(2) together with (3), we can calculate the values 
of mv in the case of the microwave gas discharge 
between coaxial cylinders. 

In the case of the author’s experiment”), a= 
0.1mm, 6=12.5mm; k=75.6em, P=2.13; V= 
1670 volts/em (gas-pressure p=4.3mmHg, direct 
eurrent J=4.3,A). w for this case is shown by 
a dotted-line curve in Fig. 2. By making use of 
these numerical data, the values of mv have been 
ealeulated and are shown graphically by a solid- 
line curve in Fig. 2. 


4 
O ry (mmm) 


Fig. 2. Radial distributions of vz (electrons 
em~3sece-!)=net production rate of electrons 
per unit volume (solid-line curve), Dr=wW(em-! 
sec-!)=electron current density potential 
(dotted-line curve), and x (electrons em~3)= 
electron density. 


As shown in this figure, the values of mv are 
large only in the range near the central wire, 
and this range gives the radial extent of the 
glow, in almost coincidence with the author’s 
observation. For reference, the electron density 
n is also shown by a broken-line curve, which is 
obtained by using the function ~ and the value 
of the diffusion coefficient D. 

The author wishes to express his sincere thanks 
to Professor I. Takahashi for his kind guidance 
and encouragement throughout this work. Also, 
the author is indebted to Mr. H. Kubo for his 
assistance in carrying out the experiments. 
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Electrical Resistivity of Polycrystalline 
Selenium at Higher Fields 


Masahiro KUWAGATA, Eizo OTSUKA 
and Masao TOMURA 


Institute of Polytechnics, Osaka City University, 
Osaka 


(Received February 5, 1954) 


Among numerous semiconductors and insulators, | 


whose resistivities under higher electric fields do 
not obey the Ohm’s law, metallic selenium shows 
an interesting characteristic under such fields. 


To interprete this phenomenon, Davydov) has_ 


suggested the space charge effect at the barrier 
layers in the polyerystal. 

In our work, polyerystal specimens were an- 
nealed at 180°C~190°C during 5 to 30 minutes; 
and their resistivities were measured under strong 
elecctric fields up to 22KV/em., with the top 
flatted pulse voltage of 7 psec. duration and 60 
c.p.s., avoiding the Joule’s heat. A typical result 
is shown in Fig. 1. The relation between resis- 


tivity and and field is seen to fit the Schottky | 


plot at various temperatures and this shows that 


the circumstance is quite different in nature from © 
the predictions of Davydovy’s theory. The Schottky | 
effect, which occurs when the charge carriers | 
jump over the grain boundary barriers, seems to | 
be responsible for the non-Ohmie behavior of | 


resistivity of selenium. 


Ohm cm, 


Resistivity 


50 100 


150 YV/em., 


Fig. 1. The Schottky plot of resistivity vs. 
electric field strength. The resistivity in 
logarithmic scale linearly depends on the 
Square root of the field strength H. The 
above result is obtained for a specimen which 
was annealed nearly 10 minutes at 180°C. 


1954) 


Since, according to the Schottky’s formula, the 
slope of the line in the figure gives — 63/2] kT, 
Wwe can obtain the dielectric constant «. The 
results that « were obtained as about 0.6 which 
is too small may mean the localization of the 
applied voltage over the barriers layers which 
exist at the crystal grain boundaries. Then FE 


is not the applied field, but the one pressed over 
(See Fig. 2.) 


the thin barriers. 


Fig. 2. (1) A supposed schematical one-dimen- 
sional structure and (b) the potential distribu- 
tion within the polycrystalline selenium. The 
shaded parts in (a) are the grain boundary bar- 
riers where high electric fields exist, while the 
unshaded portions correspond to the crystal 
grains. In (b) V is the applied voltage and 
D is the sample thickness; the step line shows 
how the localization of the field occurs. 


Next, the frequency characteristic of resistance 
was measured up to 20 MC. The result is shown 
in Fig. 3. The resistance decreases with increas- 
ing frequency, showing the existence of the bar- 
riers. Thus the apparent resistance of polyecry- 
stalline selenium is almost governed by the grain 
boundaries. These results just coincide with the 
Schottky effect mentioned above. 


— 
°o 


uv 


; Resistivity in arbitrary scale 


a0 1 2 4 6 10 20 
Frequency in M . 
Fig. 3. Frequency response of the resistance 
of polyerystalline selenium. 


By repeating heat treatment of a specimen, 
the slope of Ing vs. ,/F line becomes steeper, 
indicating the decrease of the barrier thicknesses. 
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On the other hand the activation energy, which 
was obtained from 1/T vs. non-field resistivity 
plot, was reduced from ca 0.40eV. to ca 0.15 eV. 
in the course of rep2ated annealings, resulting 
the decrease of resistance. 

Similar measurements were performed on the 
specimens containing less than 0.05% iodine. 
(Fig. 4.) In this case resistivities were reduced 
by the factor of 102 to 103 for each case of the 
annealing stages compared to the pure specimens. 
The Schottky effects were again observed, though 
less remarkable. This time the activation energy 
ranged from ca 0.30 eV. to ca 0.05 eV. in the 
course of annealings. These smaller values of 
the activation energy compared to those of the 
pure polycrystals would only be responsible for 
the reduction of resistivity, and are as well con- 
sistent with the less remarkable Schottky effect, 
which signifies the lower resistances at the grain 
boundary barriers. 


Ohm cm, 


Fig. 4. The Schottky plot for the iodine-con- 
taining selenium. ‘The above result was ob- 
tained for a specimen which underwent nearly 
the same degree of heat treatment as one 
quoted Fig. 1. 


Plessner) measured the Hall constant of pure 
and iodine-containing polycrystalline selenium and 
observed that the carrier concentration was 
seareely affected by the degree of heat treatment 
or by the amount of iodine concentration. From 
these results, we can suppose that the activation 
energy of the polyerystalline selenium is not 
related to the energy gap between the acceptor 
level and the filled band, but to the heights of 
the grain boundary barriers. Then, the process 
of annealing or adding iodine seems not to change 
the carrier concentration, but to change the above 
barrier heights. 
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An X-Ray Study of Thin evaporated 
Films of Metals 


By Mitsuo M1wA and Shoichi ANNAKA 
Physics Department, 
Tokyo University of Hducation 


(Received January 138, 1954) 


The structure of thin evaporated films has 
been a fayorite subject of electron diffraction 
Many interesting pat- 
terns with anomalous spots, streaks and haloes 


study for a long time.” 


have been found to appear in metal films evapo- 
But owing to 
the very strong interaction between electrons 


rated onto cleavage substrates. 


and films it is not sasy to investigate the anoma- 
lous patterns quantitative by electron diffrac- 
tion. More quantitative information on the 
structure of thin films might be obtained by 
using X-rays. No such investigation seems to 
have been done owing to the weak interaction 
between X-rays and films. 

The writers recently obtained with reasonable 
time exposures X-ray photographs of thin oriented 
films of silver, gold and aluminium which were 
evaporated onto heated rock-salt cleavage faces 
in vacuo. The evaporated films were removed 
from substrates by dipping them into water and 
streched across small holes perforated in thin 
mica plates and then subjected to Cu Ka-radiation 
monochromatised by a nickel filter. 

1) Silver and gold. Strong normal spots of 
thin films of these metals (about 500A thick) 
were obtained when Brage conditions were 
satisfied for Cu Ka-radiation. Twin spots well 
known in electron diffraction patterns were also 
observed, whose intensities, however, were about 
1/5 or less of those of the normal spots. Besides 
these, very faint streaks were observed which 
run from the normal and twin spots to the 
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nearest twin and normal spots respectively 
(Fig. 1). These patterns were explained by 
stacking faults (repeated twinning) on {111} 


planes.?) 


Fig. 1. X-ray transmission photograph of thin 
silver film. The X-ray beam is parallel to the 
(100) plane and the angle between beam and 
(001) plane (film surface) is 68.7°. 


2) Aluminium. Strong normal spots were ob- 
served when films were about 1000A thick. No 
anomalous patterns were observed in this case. 
The details of 
the results will be reported elsewhere. 

The writers wish to express their sincere thanks 
to Mr. Keiei Kudo for his preparation of single 
erystals of rocksalt, and also to the Ministry of 
Education for financial aid. 


A further study is going on. 
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Errata 


On the Change of Density of Copper Single Crystals by Cold Working 
By Sadabumi Iss1k1 and Hiroshi KImMuRA 
J. PHys. Soc. JAPAN 9 (1954) 139~140 


Page line 
140 left —5 0.00011 should be read +0.00011 
0.00018 ” +0.00018 
0.00110 " +0.00110 
—2 0.00008 + 0.00008 
0.00038 " +0.00088 
0.00016 ” +0. 00016 


Numerical Solution of the Navier-Stokes Equations for the Flow 
around a Circular Cylinder at Reynolds Number 40 
By Mitutosi KAWAGUTI 
J. PHys. Soc. JAPAN 8 (1953) 747~757 
Galelkin (P. 747, right column, line 1 from bottom; P. 748, left column, line 2; 
P. 750, right column, line 12 from bottom) should be read as Galerkin. 
Following figure should be substituted for Fig. 8 (P. 753). 
R=40 (P. 754, right column, line 25) should be read as R>40. 
In Fig. 11 (P. 754), the abscissa F should be added. 
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OBITUARY NOTICE OF PROFESSOR 
KOTARO HONDA 


Kotaro Honda was born at Yasaku-Machi, Aichi Prefecture, on February 23, 
1870. His father, Hyozaburo Honda, who was a land owner in that district and 
Was engaged mainly in the reclamation of rice field, died when Kotaro was ten 
years old. Kotaro, the third son, was educated in a primary school of neigh- 
bouring village under the care of Kanzaburoé, the eldest brother, and after gradua- 
tion he stayed at home helping the firm work of his brother. In these days, 
without permission of his brother, he tried to go to Tokyo for the purpose of 
studying at that capital city, where his second elder brother, Asajiro, was study- 
ing in a higher middle school. After several trials, the permission was finally 
given to him to study at Tokyo, when Kotaro was eighteen years old. 

At Tokyo, Kdtaro entered the preparatory course of the First Higher Middle 
School, and studied, among other things, mathematics, physics, chemistry and 
biology. At this period, he set his heart on a scientific career, and his interest 
was drawn to physics. In July 1894, he was matriculated in the Department of 
Physics, the College of Science, Tokyo Imperial University, and studied physics 
under Professors K. Yamakawa, A. Tanakadate and H. Nagaoka. In the last 
years of his university period, he commenced an investigation on the magnetost- 
riction of ferromagnetic substances under Professor Nagaoka, and the results 
thus obtained was published in the Journal of the College of Science, Tokyo 
Imperial University, Vol. 9, (1895-1898), p. 355-391. Researches on magnetism 
in Japan had been started by J. A. Ewing, who spent five years from 1878 to 
1883 in the Department of Physics as an invited professor to Tokyo Imperial 
University. It is well known that the hysteresis phenomenon in ferromagnetic 
substances was first discoverd by him during this period. After he left Japan, 
Nagaoka continued the researches on ferromagnetism, and the baton of Professor 
Ewing’s is research was thus relayed to Honda through Nagaoka. 

Graduated from the University in 1897, he took the postgraduate course and 
continued the research work on ferromagnetism under the guidance of Professor 
Nagaoka. In this year he married Kaneko, the younger sister of Vicount Masu- 
michi Tani and the foster daughter of Shizuro Shibagaki. In 1901, he was ap- 
pointed to a lecturer, and in 1903, the title of Rigakuhakushi was conferred on 
him. During this period, he published about twenty papers, dealing mainly with 
the properties of ferromagnetic substances, in the Journal of the College of 
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Science, Philosophical Magazine and Annalen der Physik. Rather remarkable is 
the fact that two papers were published on the subjects of geophysical field in 
collaboration with T. Terada, one on the geyser in Atami Hot Spring and the 
other on the secondary undulations of oceanic tide. 

Early in 1907, he was recommended as a candidate for a professor of Tohoku 
Imperial University, which was then under planning to be founded at Sendai, 
and was sent abroad by the Government. First he visited Géttingen and studied 
under Professor Voigt on the magneto-optical effect of crystals, and then turned 
to Professor Tammann, under whose guidance he got the fundamental knowledge 
of metallography. In the last period of his sojourn in Germany, he transferred 
to the private laboratory of H. du Bois in Berlin and carried out a very elaborate 
measurement on the magnetic susceptibilities of various elements, 43 in number, 
at temperatures ranging from room temperature up to 1000°C. These data, thus 
obtained, together with the measurements made afterwards by H. Owen, showed 
their close relation with Mendeleff’s periodic system of elements. 

In February 1911, he came back to Japan and was appointed to the professor 
of Tohoku Imperial University. His investigations were directed mainly towards 
the magnetic properties of iron, steel and their alloys. As the most powerful 
weapon for attacking these problems, he used the method of magnetic analysis, 
in which a magnetometer was utilized to measure the intensity of magnetisation 
at various temperatures. He was deemed as one of the most distinguished pio- 
neers in the world, who introduced the technics of experimental physics as a 
powerful tool for solving the metallurgical problems. 

In 1914, because of the outbreak of the world war I, Japan confronted with 
a serious difficulty in obtaining iron and steel by importation from foreign count- 
ries. Considering the urgency for Japan to manufacture by herself the necessary 
metallic materials for industry, he planned to establish a research institute for 
iron and steel in order to carry out basic researches on these materials. With 
the financial support from Kichizaemon Sumitomo, he succeeded in establishing 
a governmental research institute attached to Tohoku Imperial University in 
1916. Although this institute, thus established, was very small in scale at its 
initial stage, it made a remarkably rapid expansion. In May 1919, the name of 
this institute was changed to the Research Institute of Iron and Steel, and in 
August 1922, to the present well-known name: the Research Institute of Iron, 
Steel and Other Metals. From the very beginning of this institute, he was in 
charge of the Presidency up to May 1933, and conducted numerous investigations 


in the field of metals in collaboration with many able: research workers, who 
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were fully trained by himself. 

During his life time, he published 188 papers and 8 books (excluding text- 
books). His research works can be devided into three groups; i.e. magnetism, 
physical metallurgy and geophysics. In the field of magnetism, 73 papers were 
published, among which the most outstanding would be those on the discovery 
of K. S. Magnet in 1917 (which was named after his financial supporter K. 
Sumitomo) and New K. S. Magnet in 1934, both were the best magnets through- 
out the world at the time of their discovery. Investigations on the anisotropy 
of ferromagnetic crystals, published during the period 1926 to 1930, gave im- 
portant data for the development of present domain theory of ferromagnetic 
materials. 

In the field of physical metallurgy, he invented and improved many ex- 
perimental technics concerning magnetic analysis, thermo balance, dilatometer, 
electric resistance change, X-ray analysis, etc. In the study of the transfor- 
mation of iron and steel, he first confirmed that the ferromagnetic transformation 
is accompanied only with energy change, but not with lattice transition. As to 
the A, transformation, he first reached the conclusion from the paramagnetic | 
and dilatometric data, that this is inverse transition of A;. His interest extended 
to the field of light alloys, where in collaboration with his students he set up a 
new theory concerning the mechanism of age hardning of quenched dulalmin. 

He invented many usefully alloys, including the powerful permanent magnets, 
high permeable alloys, magneto-strictive alloys, etc. For his remarkable works, 
the Imperial Academy of Japan awarded him a prize in 1913, and the British 
Institute of Iron and Steel presented the Bessemer Medal in 1922. In 1931, the 
Franklin Institute awarded him Eliot Cresson Medal, and in 1933 he was elected 
to an Honorary Doctor of Science of G6ttingen University. In recognition of his 
outstanding contributions to science, a Bunkakunsho (Order of Cultural Merit) 
was conferred on him in April 1937, when this order system was first established. 

He gave much time not only to the scientific researches, but also to the 
bridging between science and its application. It was his great regret that the 
industry in Japan had no direct connection with the foundamental researches 
completed in universities or research institutes. As a result of his strong efforts 
towards paving a road between them, a new department providing large scale 
facilities was added to his institute, which, at present, is playing an important 
role along this line. He invited also to his institute several artisans in Kashiwa- 
zaki District, who were engaged in the manufacture of traditional Japanese tools, 


and gave them thoughtful training for quenching and tempering of carbon steels. 
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In the period from May 1931 to May 1940, he was the President of Tohoku 
Imperial University. During his tenure of office he showed very excellent ability 
for university administration, which was deeply appreciated by all the university 
staffs. 

In May 1940, he retired from the President of the University, but because of 
the grave responsibility, which had fallen upon the Institute during the war time, 
he was in charge of the Acting President of the Institute from March 1944 to 
August 1947. After retiring from this post, he moved to Tokyo and enjoyed a 
quiet life with his wife. Even in these days, he was almost absorbed in accom- 
plishing an investigation concerning the effect of hydrostatic pressure on the 
transformation temperature of metals. In April 1949, he was elected to the 
President of Tokyo College of Science. In 1950, his wife Kaneko died of an 
apopletic stroke. After almost one year of her death, a severe illness (cerebral 
softning) made him much weakened, which grew worse as the year progressed. 
On February 12, 1954, he died at the hospital of Tokyo University of a hypostatic 
pneumonia, which was added to cerebral softning and arachmoid homorrhage. 

A funeral ceremony was held in Tsukiji-Honganji without any religious 
service on February 17 under the attendance of almost all the researchers of our 
country in the field of metals. In recognition of the most distinguished scientific 
contributions, which had never been made by a Japanese before him, the House 
of Councillors expressed his deep sorrow for the loss of this great scholar, and 
the Government conferred on him a Kyokujitsu Daijusho (Grand Order of Rising 
Sun), the highest order in this country. 

Kotaro Honda had two daughters, of which the elder married Ikusaku Ama- 
miya, now the Emeritus Professor of Tokyo University, and the younger married 
Iwao Moriwake, the President of Steel Pipe Manufacturing Company. His grand- 
son Ryukichi Amamiya became his adopted son, and is now studying on magne- 
tism in the postgraduate course of Tokyo University. 


—( Seiji Kaya )—-— 
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Theory of Color Centers. IL. 
Continuum Models of Fi- and F.-Centers® 


By Takeo NAGAMIYA and Noriko TATSUUMA 
Department of Physics, Osaka University 
(Received January 8, 1954) 


The F,*- and F-centers, the molecule ion and molecule formed from 
two F-centers, are treated by the variational method developed by R. 
Kubo. The erystal is supposed to be a continuous medium with di- 
electric constants « (static) and «9 (optical) and the two negative ion 
vacancies are considered as point charges. The polarization arising 
from ionic displacements is supposed to give a fixed field for the 


eleetronie motion. 


The electronic levels are calculated and compared 
with those obtained by Kubo for the F-center. 


A rough estimate of 


the dissociation energies are also given. 


$1. Introduction 


In recent years a number of new absorption 
bands have been found in colored alkali halides”. 
The majority of them are so far unidentified, 
although some of them, for instance the M- 
band, have been interpreted as corresponding 
to certain complex centers. The M-band, found 
by Molnar® at the red end of the visible 
spectrum, was investigated by Ueta® with 
an ingenious method of using polarized light 
and it was shown that his results could be in- 
terpreted in terms of a center which consists of 
two vacancies of negative ions and a vacancy 
of a positive ion, stacked together at right 
angles, and with an electron trapped there. 
This model was suggested earlier by Seitz”. 
Seitz also suggested that the R-bands, which 
are observed under certain conditions in a red 
region between the F-band and the M-band, 
might correspond to F, and F,* centers, 
namely, the center composed of two F-centers 
stacked together and the center which one 
obtains by removing one of the two electrons 
from it. On the other hand, Uchida et. al.” 
interpreted the bands they found in the ultra- 
violet region in terms of these centers, al- 
though their bands might possibly arise from 
impurities. Under these circumstances it was 
felt to be of interest to carry out theoretical 
investigations on various complex centers, 
although we admit that it is very difficult to 
get accurate results for their absorption 
spectra. 

In the present paper we shall attempt to 
treat the F,+ and F, centers with the approxi- 
mation of a continuum model employed by 


Kubo” in his investigation of F and F’ centers. 
The crystal is supposed to be a continuous 
medium with a static dielectric constant « 
and an optical dielectric constant «). The 
two vacancies of negative ions are supposed 
to be two positive point charges. (Kubo treats 
also the case where the dielectric medium 
has a spherical cavity with a uniformly dis- 
tributed surface charge.) This is of course 
too crude an approximation to afford accurate 
results for the absorption spectra due to these 
centers, but one can hope to get their positions 
relative to the F-band by comparing the re- 
sults with Kubo’s result for the F-center. In 
subsequent papers we shall make use of vari- 
ous other approximations. 


§2. General Formulation 


Before proceeding to the calculation, it is 
convenient to quote Kubo’s method ina form 
simpler and more suitable to our application. 
Let a positive space charge of density 0. and 
a negative space charge of density p- be 
introduced into the dielectric medium, so that 
the total space charge is p++ 0-=0. 

Then the space charge induced by dielectric 
polarization is p/«—o. If the ions in the crys- 
tal were not displaced at all, so that only 
optical polarization could take place, the 
induced charge would be 0/*)—p. The dif- 
ference between these is the polarization 
charge due to the displacements of the ions, 
reduced to 1/«, times its original value, 9: , 


* Previous publication in Japanese: Busseiron 
Kenkyu 39 (1951) 68. 
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owing to an accompanying optical polariza- 
tion*. Thus 


(E-)io nat. w(t 
Kk Ko Ko Kk 

(1) 
We shall denote the electrostatic potential due 
tO 0+, 0-, pi, all imbedded in the dielectric 
medium with dielectric constant #), as %+, 
~_, i, respectively. Since po; has been in- 
duced by o,+-, the interaction between 
these two is 


5 [eles t0-)ae or 2 lair +9-)de 


Z 
(2) 
The interaction energy between p, and p- is 
obviously 


[eso-de or os@-de (3) 
We shall specify p- by assuming a wave 


function for the electron, ¢, as follows: 

(4) 
At the same time, we shall assume po, as 
representing two point charges separated by 
a distance 2c, that is, we assume that it be- 
haves as a 0-function at these two points. 
The energy of the whole system, including 
the kinetic energy of the electron, is 


o-=—e|¢|?. 


Boal 
2 


eae, gdt+ » [oul +¢_)dt 
m % 


+\@sp-de, (5) 


The final step in Kubo’s method is to deter- 
mine ¢ from the condition of the minimum 
of the energy (5). 

The preceding specialization applies to F,*. 
In the case of F,, we have to add the inter- 
action between the two electrons. Writing 
the wave function of the two-electron system 
as ¥V(r1, rz), we have 


0-= —| \P(r, 12) |%dt. — e( \Varn, r)|2de,. 


(6) 
The total energy is 


Be He WA rit) Cr, rdede, 


+7 lole.+9)de+[osonde 


e 
Ko 


+ \\ 7 ee 12) |?dtidT- . We) 
The 
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VY is determined by minimizing this expression. 

It is of course difficult to solve the above 
problem exactly. We shall therefore try to 
find approximate solutions by assuming simple 
forms for the wave functions and determining 
the values of the parameters contained there- 
in by the minimum principle. 


§3. The Energy Levels of F,* 

We shall assume the following simplest 
wave functions for the three electronic states 
which we are most interested in: 


lisceen Aes! 
2pa: ¢=Arne-%s/2 
Qpn: b= AVP daa er erro 


where &, 7 are elliptic coordinates and ¢ is 
the azimuthal angle; A is the normalization 
constant and @ is a parameter. In terms 
of the distance from the two centers, 7; and 
72, the elliptic coordinates are expressed as 


E=(1/2e\n+72), 2»=(1/2c)(m1—72). 
It can be seen that 


ear 20k 
Olin SS = = ‘ 
sl ae =3) ec(E7— 7") 


p= 2 (HOD a 
koj|r—r’ | 
In the second of these, |r—r’|-1 may be ex- 
panded by the well-known Neumann’s theorem 
into Legendre functions of the arguments &, 
E’ and yx, 7 and trigonometrical functions of 
2, 9. 
As an example, we take 2c=4.44A, «=4.68, 
&y)=2.13 which correspond to KCl. The results 
obtained are as follows: 


Iso a=3,09 2-1 96neVy 
2p0s\ (a=2.0) = — 1 320eNVe 
2pr: a=2.0 EL=—1.26 eV. 


Here @ is expressed in units of the reciprocal 
Bohr radius of the hydrogen atom. That 
part of the interaction energy between p, and 
0: which existed before introducing the elecron 


* Strictly speaking, the optical part contained 
in 0/«—p is not necessarily equal to p/«)—o, that 
is, the optical polarization in the case where 
ionic displacements are involved is not necessari- 
ly equal to that which one would have if they 
were not involved. We are therefore assuming 
that these two kinds of polarizations are taking 
place independently of each other. This assump- 
tion corresponds to taking y=0 in Mott and 
Gurney: Electronic Processes in Ionic Crystals 
Sai as is frequently shown there to be fairly 
valid. 
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(and which is actually infinite) was excluded 
from E. 

The values of the energy obtained above 
represent the thermal equilibrium energies of 
the corresponding states. For the absorption 
of a light quantum by the center at its ground 
state, we have to take the energies of the 
excited states with the same value of p; as 
that for the ground state. In this case we obtain 
the following results (we again obtain a=2, 
though not very exactly): 


2pa: @a=2.- H=—1.08 eV,, 
therefore lso—2po: 0.88 eV. 

2px: a=2 H=—1.89 eV., 
therefore lso—2p7: 1.09 eV. 


We shall now compare these results with 
Kubo’s result for the F-center. He assumed 
¢=Ae-*’/? for the ls-state of the F-center 
and ¢=Ae-**/? cos 6 for the 2p-state and ob- 
tained the result 


see —— Oe Vie 
2p: E=—0.06 eV. (optical), 


therefore 1s>2): 1.10 eV. 


Therefore, if it could be assumed that the 
errors involved in Kubo’s calculation and in 
the present work are about the same, the 
absorption bands due to the F,*-center should 
come out on the red side of the F-band and 
we should have two bands for the former. 
These two bands should in principle be ex- 
perimentally distinguishable, by observing 
at low temperatures or by using polarized 
light and measuring the dependency of the 
absorption intensity upon the relative orienta- 
tion between the crystal and the plane of 
polarization. In actual crystals, the ¥,*-center 
does not possess the axial symmetry so that 
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rise to another absorption band. 


§4. Energy Levels of F, 

We assume for the wave functions of the 
most interesting singlet states the following 
simplest forms: 

13',(1sc) P = Ae- %81/2- 82/2 
‘Sulso2po: P= Aly e-861/2-%9/2 
+ nen PE2/2- #£1/2} 
TT so2pzr : 
B= AQ / EFDA) eR etal te 

+ VE FAD) get) oP ase 
The results are shown in Fig. 1 together with 
the results for F,* and a part of Kubo’s 
calculation for F. In particular, the optical 
transitions are 


(lsc)? 1so2 po: 1.07 eV. 
(1so)’>1so2pz: 1.63 eV. 


The first of these comes out near the F-band 
on the side of longer wavelengths, while the 
second appears in the region of shorter wave- 
lengths, if the position of the F-band could 
be represented by Kubo’s calculation. 


$5. The Dissociation Energies of F,* and F, 


An F,*-center can be dissociated into one 
F-center and one negative ion vacancy within 
the crystal, and an F,-center into two F- 
centers. The dissociation energy of the former 
can be calculated by adding the repulsive 
energy between the two point charges, namely 
e’/2ck,, to & and subtracting from it the 
energy of the ground state of the F-center, 
which is, according to Kubo’s result, equal 
to —1.16 eV. For the dissociation energy of 
the F,-center, twice the latter is to be sub- 


the state 2px must split into two, giving tracted. Changing the sign in the final 
i Ey By 
SSS Uy Prslhioiaine ) 
Me AAS) eee 
-0.87 2pm) : 
ao 08 eon 
eel Gy HS ener ep GN AGE He Se lso2pT 
(After Kubo) 9.88] 1.09 — Jopt. 


-1.96 1lso 


Migs iL. 


-1.93 lse2pa 
=O) ls@2pm) 4) 
-2.10 lss2pe 

A hope 


erm. 


SSPKOO Geo 


The energy levels of F, F,+ and F, centers (eV.) 
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results, we have, as the dissociation energies 
of these centers, 

ines Oil ey. F,: —0.01 eV. 
Therefore the F,+ is thermally stable and F, 
is unstable, although we cannot think that 
these results are very trustworthy. 

Now, let N, 2.7, 21, %.*, #2, be the nuinbers 
of negative ions, negative ion vacancies, F- 
centers, F,*-centers, F,-centers, respectively, 
in the crystal. From the mass action law, 
it follows that 

My* _ pwr per Ma _ ( a onskr 

N N N nN, N : 
where wt and w are the dissociation energies 
discussed above. In experiments on discolor- 
ing crystals in the neighborhood of 500°C, we 
usually get F-centers only ; other centers are 
very few. If we take as a typical example 
2,*/N=m/N=10-* and T=500°+273° in the 
formulas above, and 7,/72, to be smaller than 
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10-2 for instance, we have wt and w<0.33 
eV., which is consistent with the values given 
above. 
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Several complex centers consisting of two or more negative and 
positive ion vacancies with one or two electrons trapped there are 
treated by an approximate method of taking for the electronic wave 
function a linear combination of the valence wave functions of the 


positive ions which surround the vacancies. 


The resonance integral 


between two neighboring positive ions is determined in the ease of 
F-center by comparing theory with experiment and then it is used 


for other centers. 
center is also given. 


§1. Introduction 


The purpose of the present paper is to ob- 
tain theoretical information about the absorp- 
tion bands due to various complex centers in 
crystals of alkali halides. We shall deal with 
F,*, F,, M, and those other centers which 
contain one trapped electron. We use an ap- 
proximation different from that employed in the 


Rough estimate of the dissociation energy of each 


preceding paper. Namely, the present calcu- 
lation consists in taking a linear combination 
of the valence states of the positive ions 
which surround the vacancies. The resonance 
(or exchange) integral, which connects the 
valence states of a pair of neighbouring 
positive ions, is determined by comparing 
theory with experiment for the case of the 
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F-center and then used for other centers. 
The coefficients of the linear combination are 
determined by the principle of minimum 
energy. The most serious defect of the pre- 
sent calculation may perhaps lie in its rather 
arbitrary assumption as to the potential energy 
of the electron (or electrons) due to the 
vacancies. We assume that, when the elec- 
tron is spending its time on a certain positive 
ion, its potential energy due to the vacancies 
other than that which is next to that positive 
ion (or other than one of those which are next 
to it, when there are two or more of them) is 
given in the form + or —e?/«97, where kp is 
the optical dielectric constant of the crystal 
and 7 is the distance between the center of 
that vacancy and the center of that positive 
ion. We shall investigate this point later by 
considering two extreme cases for the F,*- 
center, once by dropping «) and then dropping 
this potential energy entirely. Another simpli- 
fication in the present calculation is that we 
assume that all the ions surrounding the 
vacancies are at their normal lattice sites, or 
at least displaced, with respect to their 
mutual distances, in the same way as in the 
case of F-center. Therefore, the present cal- 
culation cannot be considered as giving more 
than a rough idea of the positions of the 
absorption spectra. 


§2. The F-center 


We shall begin with the F-center. There 
are six positive ions next to its missing nega- 
tive ion. We shall denote the wave function 
of the lowest valence state of the z-th ion (4s 
im the case of K*) as ¢; @=1, 2, ----, 6). A 
stationary state of the electron in F-center 
may be approximately represented by a linear 
combination of these wave functions: 


Gh) 


The energy of this state, in the approximation 
of Bloch’s tight binding, is 


€=const. —7 di as*a, , 


i | estotude 


(2) 
(3) 


where 7, j represent a pair of nearest neigh- 
bors and vw is the potential energy of the 
electron due to the vacancy and other part of 
the lattice. We neglect the non-orthogonality 
of the wave functions. 
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The extrema of (2) correspond to the fol- 
lowing three kinds of states: 


one ls: all a@,’s are equal to 1/1/6 ; 
€=—4,y. 

three 2p: a;’s of a pair of ions at the op- 

posite sites are equal to +1/1/ 2, others 
are Zero ; SS), 

two 3d: four @;’s on one plane are alter- 

natively + and —1/;/ 4, others are zero; 

€=+27. 

We have dropped the const. of (2). The only 
possible optical transition from 1s in this ap- 
proximation is therefore ls—>2p, which accounts 
roughly for the fact that the oscillator 
strength of the first excitation in the F-center 
is very near to l. 

In a more refined approximation, one might 
have to take into account the p and other 
states of the positive ion and also the valence 
states of the positive and negative ions other 
than the first six positive ions. It might be 
noted that the 4s-4p separation of an isolated 
K atom is 1.6 eV. which is not very large 
compared with the value of 7 (0.5 eV.) given 
below. The neglection of the p-state of the 
positive ion, therefore, introduces another 
error into our calculation. 

The value of 4; will be put equal to the 
observed energy quantum for the maximum 
absorption intensity of the F-band: 


NaClin Ay =hy=Z,0lee Va 

KG]: ai47 = hy 2.09 CVE 
We shall make use of this 7 in the following 
calculation. 


§3. The F,*-center (KCl) 


This center may be represented by two 
vacancies A and B, ten positive ions sur- 
rounding them, and an electron trapped there. 


812 


These positive ions will be numbered in the 
way shown in Fig. 1, the ions 3 and 7 being 
above the plane of the paper and 4 and 8 be- 
low it. 

We now take the following approximation 
as stated in the preceding section: 

1. In calculating the diagonal elements of 
the Hamiltonian with respect to ¢1, ¢o:--, %s5 
(or %5, %7,--*, ¢10), the potential energy of 
the electron due to the vacancy A (or B, 
respectively) is assumed to be the same as 
that of the F-center, and the potential energy 
due to B (or A) is assumed to be equal to 
—e?/kyriz (or that in which B is replaced by 
A) where fy is the optical dielectric constant 
of the crystal and 7;, (or 7:4) is the distance 
between the center of the positive ion z and 
the center of the vacancy B (or A). 

2. The non-orthogonality of the 
functions ¢; is neglected. 

3. The resonance energy y is assumed to 
be the same as in the case of the F-center. 

The above assumption of the Coulomb 
potential screened by optical dielectric constant 
is a very crude approximation, especially for 
the ions z=5 and 6. Such a potential would 
be valid for ions far apart from the vacancies, 
provided all the ions are located at their 
normal lattice points. For ions which sur- 
round the vacancies the screening due to the 
electronic polarization may be imperfect, so 
that we have to take for them a smaller value 
of the optical dielectric constant, an effective 
value in some sense. At the same time, how- 
ever, ionic displacements, which are surely 
present in such a way as to screen the charges 
of the vacancies, can be expected to compensate 
to a certain extent the mentioned imperfect 
screening by electronic polarization. {[t is 
obviously very difficult to estimate these 
effects, and here we want to content our- 
selves with the crude assumption stated above. 

Proceding as before, we get 


Wave 


5 e 10 2 
Gi CONS Us Oye Ce 
t=1 Kip ize Koes 
(4) 


Taking the extrema of this expression we 
have Table I and Fig. 2 KCl (const. in € be- 
ing omitted). In this table we have used the 
notation lso, 2po0, 267, and 2pz, with the 
following meaning: Iso has no nodal plane, 
2po has a nodal plane midway between the 
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two vacancies, 2pz, and 27, have a nodal | 
plane which contains the two vacancies but | 
prependicular to the plane of Fig. 1 for the. 


former and parallel for the latter. 
At the beginning of our calculation, we did 
not use «, in our Coulomb potential. 


of comparison. 


Considering the nature of our approximation, | 
we expect from Fig. 2 that the transition | 
lss2po (which has the largest oscillator | 
strength) is at the position of the F band or | 
a little to the red side of it while the other | 
two transitions appear to the violet side of it. 


We made a similar calculation for another 
type of F,*-center shown in Fig. 3, 
vacancies being separated by an intermediate 
positive ion. Using the Coulomb potential 


with «), the result is as shown in Fig. 3. | 


One absorption band is expected to appear in 
the near infrared region and the other in the 
violet side of the F-band. 

The energy of dissociation of an F,.*-center 
into an F-center and a negative ion vacancy 
could be calculated from the difference of the 
electronic energies of the F.t-center and F- 


center by adding the Coulomb repulsion energy ' 


between the two vacancies. If we care for the 
optical dielectric constant for the Culomb 
energy, we get 0.68 and 0.57 eV. for the 
dissociation energy of the two types of F,*- 
center considered here. The difference of the 
energies of polarization of the medium for 
the negative ion vacancy and for the F,*-center 
will diminish the above values, but it is 
difficult to estimate its amount. 


§4. Two Negative and One Positive Ion 
Vacancies with an Electron 
Trapped There (KCl) 


We shall drop out the positive ion 7=6 of 
Fig. 1. The resulting one electron center is 
the model of the M-center suggested by 
Seitz). 
done and the results are shown in Table II 
and Fig. 4-a. In this figure the results for 
three other configurations of the vacancies are 
also given (b, c, d). For the first type (a), 
the transition A,;—B, with 1.31 eV. comes 
close to the observed M-absorption in KCl, 
namely, 1.45 eV., while the other is close to 


The | 
result for this case is included in Fig. 2. Also | 
the case where this Coulomb potential is 
entirely omitted is included there for the sake | 


two | 


A similar calculation as before was 
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Table I. F,*-center as shown in Fig. 1 and in the third column of Fig. 2. Energy ¢ is 
given in units of eV. a,’s are normalized so as Naz=1. 
level . € | ay | a ¥ as a4 Qs ag az dg i Ay : Pe 
1lso —4.30 | 0.20 0.20 0:29 0.29 0.50 0.50 0.29 0.29 0.20 0.20 
2po —2.22 0.41 0.41 0.29 Oe29 0 @) —0.29 —0.29 —0.41 —0.4i 
2pm —1.98 0.22 —0.22 0 0 0.64 —0.64 0 0 0.22 —0.22 
2pT2 —1.76 0 0 0.5 —0.5 0 0 0.5 —0.5 0 0 
F F, "(with e“/r) F,° (with e-/X or) FP, (with none ) 
{ee aa , 
Ps 0 4 
Fig. 2. Energy level scheme for F.+ (cale.) with three different approximations 
and that for F (obs.); KCl, energy measured in units of eV. 
tagh Tae Type (a) (b) (c) (d) 
2 ae With « 0.24 —0.30 0.04 —0.22 eV. 
ae.” f oe On sands With « 0.21 —0.57 0.50 0.39 
6 $5. The F,-center (KCI and NaCl) 
pn, 3d We made a very rough calculation for this 
ns center ina way similar to the Heitler-London 
4 treatment of the hydrogen molecule. The 
Od 3 P i ; : 
Eons 206 basic atomic orbitals are assumed in the form: 
= $4=A(G1 +42) +bG3+%4) +0(bs+%e) , 
= $p=AGip +¥9) +bG3+¢7) +66 +95) , 
~3.74 lso where the numerical suffixes refer to Fig. 1 


Fig. 3. Energy levels of another F,+-center. 


the F-band. The type (b) is the most stable 
configuration when there is no electron trap- 
ped there, but when it contains an electron it 
is less stable than the other types. A rough 
estimate of the energy of dissociation of these 
centers into an F-center and a stacked pair 
of positive and negative vacancies can be 
made by taking into consideration the Coulomb 
interactions among the vacancies. Taking 
either e?/kor or e?/«r for these Coulomb inter- 
actions we get: 
Dissociations energy with x» or k: 


and a, b, c are the parameters to be deter- 
mined by the minimum principle. The singlet 
ground state and the first excited state are 
respectively given as 


ne Meal eae lics ) Lop y 
v5 Wi 214 S) [ a(1) B(2) A(2) a(1)| ’ 
= Ly : =e 
TEs St) [%4(1)¢ 4(2)—%2(1)¢0(2)], 


Se [¥dwa(daey . 


The same resonance energy 7 as that given 
before and the Coulomb potential of the form 
—e?/r:nk) were used. There appears exchange 
integrals of the form 
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$6. Discussion 


The data obtained in this paper seem to 
In the case of 7=7’%j=j’ they were put support the intepretation of Seitz? that the 
equal to e?/7i; where 7:3 is the distance be- M-center is that given by Fig. 4 (a) and R, 
tween the centers of the z-th and j-th ions. and R,-centers are Ie Bax! IE iy, respectively. | 
In the case of 7=2’=j=j’ we put it equal to The present calculation shows that there are } 
the electrostatic interaction energy between always two or three absorption bands associa- 
two superposed spherical electron clouds of a ted with these centers. Inui, Uemura and 
uniform density, and we assumed arbitrarily Toyozawa” made a calculation on M-center 
that the radius of the sphere is equal to the along a line similar to that followed by this 
ionic distance (half the lattice constant). Other paper, and their results for NaCl and LiCl ] 
combinations of 7, 2’, 7, 7’ were neglected. also agree with the corresponding observed 
With this rather crude approximation we M-bands. (Without any serious reason the — 
obtained the result of Table III. In this table publication of the present paper has been | 
the energy values of the electronic states are much delayed after it was presented at the 
the difference between the energy of the two Annual Meeting of the Physical Society of 
electrons in an F,-center and that in two F- Japan in 1950, when they also announced their — 
centers in the 2p state. The dissociation work.) Inui and his collaborators employed 
energy corresponds to the reaction F,(ground  s and # orbitals and Coulomb potentials with- 
state)—2F(ground state). The interaction be- out dielectric screening, and calculated the 
tween the two vacancies in the F.-center is resonance integral in a direct way, whereas — 
taken in the form e?/Kor. we employed s orbital only, Coulomb poten- 


lier Wil Lb (10 (2)05-( 2dr dr « 


Table Il. The amplitudes for the center of the type (a) (Suffixes are as in Table I). 


level | € ay Ay a3 4 As a7 dg Ay 10 
A, —2.18 Di tee 0.32 0.30 0.30 0.62 0.30 0.30 0.17 0x32 
By —0.87 OST 0.48 0.26 0.26 0 —0.26 -—0.26 -—0.37 —0.48 

0 0.5 —0.5 0 0 


(ad) = 
= a 
(+ above) 4 
P ite Oe 
ge oF eee me 

-0. 66 
Ov 
?) 
“ 

=e. > 


Fig. 4. Energy levels of four types of three-vacancy-centers with one trapped 
electron, KCl. Two levels on the right marked with 2 and 4 are the ground 
states of the electron trapped in a paired vacancies and a square quartet 
vacancies, respectively. 


Table III. Energy values for the F,-center of the form of Fig. 1, and those for the 
F,-center of the form of Fig. 3 in ( ye 


Crystal Ground oe Excited state Difference Dissociation 
(1so)? (18s0)(2p0) energy 
KCl —6.43 —4.77 1.66 0.72 
(—5.60) (—4.78) (0.82) (0.34) 
NaCl —7.64 —5.80 0.84 0.81 
(-6.60) (—5.82) (0.84) (0. 80) 
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tials screened by optical dielectric constant, 
and the resonance integral derived from F- 
absorption band. The use of # orbital should 
lower the excited states while the use of pure 
Coulomb potential should lift them. The 
values of the resonance integrals calculated 
by them may have been higher than that 
employed in the present paper, because we 
neglected the # orbital also in the case of F- 
center. Such differences between their and 
our calculations appear to have cancelled 
among themselves in the final results. 

Ueta® irradiated a crystal containing M- 
centers with a polarized monochromatic light 
at the M-band and observed the change of 
the concentration of M-centers after the ir- 
radiation, measuring again with a polarized 
light. He made his experiment at various 
temperatures and with various combinations 
of the planes of polarization of the two lights. 
The M-centers of certain orientations with 
respect to the crystal axes were observed to 
be destroyed by the first irradiation and to 
recover after a while, and it was shown that 
his results could be explained by Seitz’ model. 
It could be expected, however, that the time 
required for one of the two negative vacan- 
cies to displace itself to a neighboring lattice 
site of the negative ion, that is, the time 
required for an M-center to change its orien- 
tation, is much smaller than a second at room 
temperature if one considers that the activa- 
tion energy of the diffusion of paired vacan- 
cies is less than 0.5 eV.?-”, though the paired 
vacancies involved in the M-center might not 
be the same thing as the free paired vacancies, 
inasmuch as the M-center contains one electron. 
Actually Ueta observed that M-centers do not 
change their orientation appreciably at room 
temperature and that at 60°C the half life- 
time associated with their orientation is 20 
minutes. This suggests either that the acti- 
vation energy in the case of M-center, which 
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involves the electronic energy, is higher than 
that for free paired vacancies, or that M- 
center is not a right-angled complex but a 
deformed one, or both. Alternatively, M- 
center could be interpreted in terms of F, 
(or F,*), which seems to be less probable. 
In fact, M-centers are produced at an early 
stage of X-ray irradiation where there are 
evidences for the creation of paired vacancies. 
These paired vacancies will combine with 
F-centers to become M-centers or combine 
with negative vacancies to form linear ag- 
gregates of three vacancies and then capture 
electrons to become M-centers. Petroff®) ir- 
radiated additively colored KCl crystals at the 
F-band and found that M-centers develop to 
a maximum after an hour at room tempera- 
ture and then decrease. He formed also that 
R.-centers are formed with a speed propor- 
tional to the existing number of M-centers. 
These can be explained naturally if one as- 
sumes Seitz’ model of M-center and considers 
that M-centers already existing capture photo- 
electrons and become F,-centers by expelling 
positive vacancies. 

According to our model, wherein the trapped 
electron or electrons are supposed to move on 
the positive ions surrounding the vacancies, 
the effect of thermal vibrations upon the 
breadth of absorption bands should be smaller 
for greater number of these positive ions, 
because the orbit of electron round about the 
vacancies is longer. In fact, the observed 
breadth is smaller for other centers than F- 
center. 
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In this paper a simplified mathematical model of exchange and 
motional narrowing, which we eall the “random frequency-modulation 
model,” is developed, and, to a certain extent, justified. A number of 
cases are treated. The one general conclusion which is common to 
all is that in the case of extreme narrowing the central part of the 
line is resonance-shaped while the wings fall off more steeply than 
the resonance shape; the half-width is always of order of magnitude 
of the mean square frequency breadth divided by the rate of motion 
or exchange. 

In two cases the model makes some quantitative approach to realism: 
first, the case of a single dipolar-broadened line with exchange, where 
the “Gaussian” assumption can be made and the results have been 
fitted to Van Vleck’s fourth moment calculation to give satisfactory 
numerical answers; and second, the case of narrowing by diffusion 
in solids, where the “ Markoffian” assumption is valid. The problem 
of narrowing of hyperfine structure is considered, and on this model 
it is found that before merging the lines draw together, a result 
which is confirmed by experiments. 


$1. Introduction 

Magnetic resonance spectroscopy, the study 
of absorption and dispersion of electro- 
magnetic radiation by atomic or nuclear 
magnetic moments precessing about an ex- 
ternal magnetic field, remains an active 
branch of physics. This may at first seem 
surprising : the magnetic resonance spectrum 
of an isolated atomic or nuclear moment 
consists of a single line at the Larmor 
frequency w=g8/hH, and apparently there is 
only one parameter, gy, to be measured for 
each atomic or nuclear species. However, 
when these moments are assembled into a 
piece of matter, their interactions affect this 
line, causing it to be shifted, or split up into 
components, and spread into a practically 
continuous band. We can learn about these 
interactions by studying the shape and 
breadth of this band, or by studying the 
related phenomenon of relaxation. Among 
other experimental and theoretical reasons, 
this very simplicity of the unperturbed 
spectrum has caused the study of line 
breadths, line shapes, and relaxation to 
assume a greater importance in magnetic 
resonance than in any other branch of 


spectroscopy. From its beginnings, magnetic | 
resonance work has been deeply concerned 
with the line shape problem, and from the | 
very first it has made great contributions 
through its line shape studies to our know- 
ledge of the interactions and motions of atoms 
in matter. 

The phenomenon of “narrowing” is a 
unique feature of magnetic resonance line 
breadths, and one of the most interesting and 
useful ones. It takes two forms: “ motional 
narrowing ”, which is caused by the motions 
of the atoms themselves in gases, liquids, 
and even some solids ; and “exchange narrow- 
ing”, which is caused by exchange interac- 
tions (or exchange motions) of electronic 
magnetic moments. Exchange narrowing, 
although more complex, was apparently the 
first to be discussed, by Gorter and Van Vleck 
(1947)** and Van Vleck (1948), while motional — 
narrowing was discussed by Bloembergen, 


* Some of the work reported in this paper was 
also done independently by P. R. Weiss of Rutgers 
University, and discussions with Dr. Weiss have 
been most useful. A joint paper on this part has 
been published (Anderson and Weiss, 1953). 

** References are found in a bibliography at 
the end of the paper, listed by year and author. 
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' as exchange, electric dipolar 
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Purcell, and Pound (1948). 

The mechanism is in principle the same 
in both motional and exchange narrowing. 
In order to understand this mechanism we 
must first have a clear understanding of 
what interactions can and cannot affect the 
magnetic resonance line directly. The line 
is a result of the precession of the magnetic 
moment of the sample, and therefore non- 
magnetic interactions cannot affect it direct- 
ly. This is because these interactions (such 
effects, etc.) 
are “unaware” of the direction of the 
magnetic moment, being magnetic scalars; 
in quantum language, they commute with 
the components of the magnetic moment and, 
by Heisenberg’s equation of motion, cannot 
affect its motions. Only magnetic interactions, 
as dipolar interactions, spin-orbit 


' coupling, or hyperfine interactions of nuclei 


and electrons, can have a direct effect. These 
interactions, however, are themselves affected 


' by non-magnetic interactions which cannot 


directly affect the line, and this produces the 
narrowing phenomenon. 

Often the magnetic interactions are weak 
compared with the other interactions in the 
Hamiltonian. These other, non-magnetic 


| interactions control the actual motions of 


| 
i] 
} 
( 
| 


electrons and atoms, and these motions may 
be quite rapid and completely independent of 
the magnetic phenomena. The magnetic 
interactions, since they depend on the posi- 


| tions of the electrons and atoms, will then 


vary in time in some way which is controlled 
by the electronic motions. It will be shown 
later that the magnetic resonance line ex- 
periences a time-averaged effect of the 
magnetic interactions. When the atomic or 


electronic motions are sufficiently rapid, this 


averaged effect may be much smaller than 
otherwise. Therefore the broadening effect 


'of the magnetic interactions is reduced; the 


| 


‘tain two pieces of information: 


line is potentially narrowed and this is called 
the narrowing phenomenon. 


The observed breadth of the line may con- 
(1) the 


magnitude of the magnetic interactions; (2) 
‘the rate and magnitude of the motions of 


non-magnetic type. 


7 


The second class of in- 
formation may prove more interesting than 
the first. Unfortunately, while the breadth 


of the line in the absence of narrowing can 
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be calculated in a rather rigorous manner 
(Van Vleck, 1948), no comparable treatment 
of the narrowing problem has appeared so 
far. There is a calculation of exchange nar- 
rowing by Van Vleck (1948) which, although 
perfectly rigorous, only shows that exchange 
narrowing occurs. At the same time it 
demonstrates that the actual line breadths and 
shapes are not calculable by the moment 
method. 

Bloembergen, Purcell, and Pound (1948) 
attack the motional narrowing problem in a 
more physical way. They assume the basic 
mechanism explained above—that the broaden- 
ing interactions vary in a random manner in 
time due to the non-magnetic interactions and 
motions—and estimate the line-breadth from 
this time variation. This estimate is very 
satisfactory. In the case of extreme narrow- 
ing (very rapid motions) it is 


(1) 


where w,” is the mean squared breadth in 
the absence of narrowing, and ow, is an 
average rate of change of the broadening 
interactions. we is equal to 1/te, where tT; is 
the “correlation time” of the motions. 

In this paper we attack the narrowing 
problem (of either kind) by a method very 
similar to that of Bloembergen, Purcell, and 
Pound, in that we use a mathematical model 
which is also based on the above physical 
picture of the process. The model assumes 
that the precessing moments give rise to a 
radiated electromagnetic wave which is under- 
going frequency-modulation, because the 
magnetic interactions act to change the 
frequency of the precession. The frequency- 
modulation is changing in a random way in 
time due to the effect of the non-magnetic 
motions on the magnetic interactions. 

Only a qualitative justification for the 
model can be presented. However, there are 
good reasons for putting forward this method 
in spite of this. Most important is the fact 
that its simplicity and definiteness makes it 
possible to make much more complete cal- 
culations than have as yet been possible, and 
to treat more complex situations. Some of 
the resulting advantages are the following: 

(a) The mathematics of the problem can 
be worked out in sufficient detail to give 
line-shapes as well as breadths. In all the 


Aw ~ Wp?/We ; 
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variations of our model the line has the same 
general form: a Lorentz (resonance) line in 
the center with a more rapid decrease of 
intensity (a “cutoff”) on the extreme wings. 
The fact that this shape is observed experi- 
mentally is valuable in giving confidence in 
the model; at the same time, the shape has 
become a useful tool in understanding experi- 
mental situations. 

(b) An attempt is made to justify the use 
of one form of the model for the exchange 
narrowing problem. Van Vleck’s calculations 
give numerical answers for two of the 
moments of the line shape, which can also 
be calculated by our model. However, as we 
have pointed out, his calculations cannot for 
fundamental reasons give the line-shape or 
breadth. We use the two moments computed 
by Van Vleck to fix the two adjustable con- 
stants in our line-shape (which are essentially 
Op and we as defined above), and then the 
observable breadth of the central peak can be 
related quantitatively to the dipolar interac- 
tions and the exchange integral. Thus we 
have used our method in this case essentially 
as an extrapolation method for Van Vleck’s 
computation, and have obtained rather good 
agreement with experiment. This work was 
reported in an earlier paper (Anderson and 
Weiss, 1953); further details and some justi- 
fication are included here. 
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(c) A particular model for the case of | 


hyperfine structure can also be worked out 
in detail. The result is a qualitative indica- 
tion of how the hyperfine structure peaks 
merge, which seems to be verified by a 
number of experiments. 

(d) An extension of this model can be 
shown to be a fair approximation to the 
motional narrowing problem under diffusion 
in a solid. Here the random modulation of 
the frequency is “Markoffian”, since the 
atomic jumps are very rapid compared to the 
length of time between them. In principle 
this problem is solvable in general, especially 
if the simplifying assumption is made that 
the jumps lead to a completely randomized 
frequency distribution. In this paper we give 
certain preliminary results for this problem. 


§2. A General Discussion of Motional and 
Exchange Narrowing 


In this section the justification from basic 


Wools 93 


principles which is possible for the random} 
frequency-modulation model is given and 
discussed. It can be made plausible that the 
general type of line-shape to be expected is} 
derivable with this model ; however, certainly)] 
one can niake no exact quantitative theory. |} 
It can be shown in general that the spectrum } 
of the radiation from any quantum-] 
mechanical system is given by* 


2 


I(w)=Trace ; (2) 


ie m(be-¢dt 


where p(f) is the radiating dipole moment | 
matrix in the Heisenberg representation : 


HieOUfe 
thyme (3) 
H is the complete Hamiltonian. 
Now in any problem involving the type of | 
narrowing we deal with here the Hamiltonian 
may be split up into three parts: 


AH=H)+Ay+An .- (4) 


These three parts are: first, Hj, the “unper- 
turbed Hamiltonian” which causes the energy- 
differences which lead to the observed spectral | 
lines whose shapes we wish to study. Second 
is Hy, the “perturbing Hamiltonian”—gene- 
rally just the dipolar interactions between 
the moments, although it may also involve 
other interactions, such as hyperfine splitting 
—which does not commute with H, and thus 
can change the frequencies radiated by the 
system over some more or less known range. 
Hy causes the broadening of the sharp single 
lines due to H, into broader lines or a fine 
structure. Finally, there is Hm, the “motional | 
Hamiltonian”, whose characteristic is that it 
commutes with both H, and yw, and thus can 
have no direct effect upon the radiation 
emitted or absorbed by the system. On the | 
other hand, Hm does not commute with Hy, 
and thus, by the relation 


thHy=[H, Ay|=[A,, Hy|+[ Mn, Ay| ? (9 ) 


Ayp—pH. 


| 
| 
| 
| 
| 


| 
HI, can cause a time-dependence of Ap. It | 
is this time-dependence which “narrows out” 
the line-broadening which H» otherwise would 
cause. 


In the usual exchange narrowing case, Hy 


* 


Anderson, 1949. A simple proof of equation 
(2) is given in Appendix I. The apparent lack of 
convergence is easily removed by convergence 
factors or by thinking of the integral as an aver- 
age. 
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is the interaction of the magnetic moments 


vu of an assembly of atoms with the external 
field : 


> lS 


Hy=S ny-H=98SS;H. (6) 
et tj 


Here g is the Landé factor, 8 the Bohr 


magneton, H the external field, and S the 
spin. 

H, is the dipole-dipole interaction energy 
of the moments, 


Ae=HAga=9' fh? > ha (SS, 


a 3( Ss 7steNSu°T is) ) : ( 7 ) 
V5 

which Van Vleck (1948) has shown can be 

simplified in some cases to 


bore 1 
Baa=—o Be > cos 76 5, ——_ 
da get > es jk = 


refi OS Se AGS: 


0;, is the angle between 7; and the z-axis, 
along which we assume the external field to 
have been applied. It is assumed for the 
validity of (8) that H)H), ; the terms omitted 
in (8) lead to the “satellite lines.” 

The “motional” Hamiltonian Hy, in the ex 
change narrowing case is taken to be the 
Heisenberg exchange Hamiltonian, 


> FS le 
ial; ae ah Ji T jn) 55° Ske - 
Fike 


It can easily be shown that (9) commutes 


with the total spin vector of the system Ss) 
and thus both with its z-component, which is 
proportional to H, (6), and with its x or y 
component, which is the radiation dipole 
moment, (Z), in (2). It does not commute 
with the dipole-dipole Hamiltonian Haa, 
however. 

In the case of motional narrowing H, and 
Hy ((6) and (7)) are of the same form as in 
exchange narrowing. Motion of the actual 
coordinates of the atoms can change aa, 
while neither HZ) nor H= 9B 28.5 are affected 


by physical motion, since they do not contain 
the spatial coordinates of the moments. 
In this case, Hm is the Hamiltonian of the 
translational and rotational motion of the 
molecules of the substance. 

The random frequency-modulation picture 
of the narrowing process can be derived from 


Narrowing of Spectral Lines 


519 


the above physical assumptions : 
(a) 
(b) 
(Cc) 
(d) 
(e) 


equation (2) 

equation (5) 

Anp—pAy=0 

pj -Hylin=0 : 

and, in addition, the assumption that 
Haa is small enough that it has no 
important matrix elements connecting 
different states F;® and £; of the 
unperturbed energy HA). 

In any real substance assumption (e) will, 
of course, not be rigorously true, since there 
are many states of H, of equal energy (i.e. 
equal S.) and therefore Haa will obviously 
have important off-diagonal elements. How- 
ever, we may look upon assumption (e) as 
an approximation—very like the “adiabatic 
approximation” of pressure broadening theory 
(Foley, 1946) which often, if carefully handled, 
leads to good quantitative results—which 
should not lead us too far astray. What is 
done is to use always a mean squared value 
of Hy» which is computed without neglecting 
the off-diagonal elements, but to treat it as 
though it came only from diagonal ones. In 
other words, we do not neglect the magnitude 
of these elements but simply compute their 
effects non-rigorously whenever they are im- 
portant. 

Under assumptions (a-e), then, we wish to 
compute the spectral intensity (2). We 
realize first that we are only considering one 
spectral line, so that we only need to con- 
sider the element of s(¢) which connects two 
unperturbed levels of HM, EH; and E;. We 
can then say that for the spectral line under 
consideration, 


Fite) =|[euinreror ad)’ (11) 


tj | 
Now we know part of the time-dependence 
of i,(t), that due to the unperturbed Hamil- 
tonian Hj. We express this fact by trans- 
forming to a new matrix element y:;/(¢) which 
contains this time-dependence explicitly : 


ist) = urs (£) exp Bais) , (12) 
where 
hoij=E;i—E; . 
Now it is easily shown that the transforma- 
tion (12) removes the terms of the time- 
equation (3) for 4 which depend on A, so 
that now 
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dt 
Veh yl Ia 
because of assumption (a). 
Now, by the use of assumption (e) we can 
actually calculate :;‘(¢), as follows : 
th jes =|Hop! — As; 
=(A)itpeis — pis (Ab) 53 


ih, ai [Hn+An, | 


(13) 


furs (tL) =the (big (BD) . (14) 
Here 4;;(¢) is defined as 
p Citi. 2) )ag ’ 
Aw; ;(t) ayia eee ow N) 
u 


Equation (14) for the matrix element is easily 
integrated to give 


bi 
Pe oe Op («| ust)at') _ (16) 
0 


Inserting this into the intensity formula (11) 
gives us for the line shape (ignoring as usual 
constant or nearly constant factors since we 
wish only the shape function) 


it exp (—io = 0,3 )t 


L;j(@)~ 


-i| do.seyav)) (17) 
0 


4w,;(t) is a random function of tlme ; its value 
at any time depends on the values of the 
diagonal elements of Hp» at that time, and 
these will change in a random way ata rate 
controlled by the motional Hamiltonian, Hn, 
as we see from the time equation (5) for Hy 
(there is no time dependence due to A, be- 
cause these are diagonal elements) : 
ihHo=[Em, Hy) « (18) 

The reason for assuming randomness is that 
in the important cases the effect of Hy» back 
on Hi, can be neglected, so that the motions 
embodied in AH, appear to the magnetic 
quantities to be uncorrelated. Equation (17), 
and the idea of 4;,(¢) as a random function 
of time whose rate of change is controlled 
by H» according to (18), are the basic ideas 
of the random frequency-modulation model 
of narrowing phenomena. 

In general, we will have no rigorous basis 
for giving 4;;(¢) any particular form. In 
the first place, because of the inaccuracy of 
assumption (e) 4w;;(¢) is simply a construct, 
a single function which is meant to embody 
all of the broadening effects, diagonal as well 
as off-diagonal, of Hy». In the second place, 
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even if we actually had a true expression 
for 4dw,;(¢) as a random function, we could 
probably not handle it mathematically in the 
present state of the theory of random func- 
tions. 

What we know about 4o;,(¢), or can usually 
find, is at least a good approximation to its 
probability distribution : the probability that 
at a given time it has a given value. In 
many cases Van Vleck (1948) gives us at least 
the mean second and fourth moments of this 
probability distribution (which, fortunately, 
seldom has the peculiarity of anomalously 
large wings); in other cases (Anderson 1950) 
the entire distribution is available. 

Finding the random time properties of 
4w;,t) is another problem. It is likely that 
the problem of finding the line-shape is 
hopeless unless this function falls into one 
of the two simple cases, the Markoffian or 
the Gaussian, of random functions. (See Wang 
and Uhlenbeck, 1945) Even if we knew the 
exact properties of 4w,;(¢), it would therefore 
be necessary to assume the best Gaussian or 
Markoffian fit to the real function before pro- 
ceeding farther. For each of these two 
simple cases a solution for the intensity dis- 
tribution (17) wiil be given in a later section 
of this paper. We shall show that the ex- 
change narrowing problem probably is closely 
represented by a particular type of Gaussian 
random function. The problem of narrow- 
ing under diffusion in solids is a very close 
fit to the exact Markoffian case. Other cases 
must be arbitrarily assigned certain types of 
random functions. 

Before going on with these detailed con- 
siderations, let us take a general look at the 
structure of the problem embodied in equa- 
tions (17) and (18). The appearance of equa- 
tion (17) may be simplified in the following 
way: let us redefine w as 


O=0-—M,;™ ; 


(19) 
this is the frequency deviation from the line 
center. Also, let us introduce the phase 
deviation 7(¢), which is of course simply the 
integral of the frequency deviation: 


£ 
id= 4w;3(t’ at’ . (20) 

Then (17) becomes 
o)= : e (tnt) ta x (21) 


1954) 


a form which is familiar from the “adiabatic 
theory” of pressure broadening. (See Ander- 
son, 1949, or Foley, 1946.) 

We shall find it very convenient to use the 
correlation-function form of the Fourier 
integral. By a well-known transformation 
one can show that 


Ko) =\" dee |" dt’ 


—oo —co 


x Er ECN(E7 #7) =N(t)) 
OG, (23) 


ro) =| dre" P(r) . 
g(t) is called the “correlation (or autocorrela- 
tion) function” and can be written as: 


P(r) =<et™(t+7)—1Ct))Save. overt. (24) 


In view of equation (16), this is just the same 
as 


P(t) =< *(t+7)25(t)>ave. over t. 


This represents the averaged “memory” of 
the function yw;; at the time ¢+7t for what 
its state was at a time 7 earlier. 

This theorem as a method of finding the 
line-breadth is much less sensitive to the 
exact line-shape than the moment method. 
A number of simple theorems showing this 
are given in Appendix II; however, we need, 
for present purposes, only the familiar one 
that the product of the frequency width of 
the spectrum of a function with the time- 
extension of this function is always roughly 
unity : dwdte1. Thus we know that if 9(r) 
falls off appreciably, say to l/e of its value 
at tr=0, by the time 7, then the breadth of 
I(w), its Fourier transform, is roughly 


Aa=1/T. (25) 
To find a rough estimate for T, let us go 
back to the definition (24) of (rc), remember- 
ing that 7 is given by (20). 
Then 
t 
Y(cr)=<_exp («| 


t 


“dost at’ )>ave. overt. 
(26) 


If w;; (i.e. Hj) was correctly chosen, there 
will be no tendency for 7(¢) to change other 
than randomly with time; its swings may 
become larger but its average is zero. Then 
the question to be answered becomes : when 
on the average will the integral of 4w,;(¢) 
take on a value of order of magnitude unity ? 
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This will make the real part of (26) small, 
and the imaginary parts will cancel because 
7 is equally often positive or negative. Let 
us consider two cases : 

I. The variation of 4w,;,¢) with time is 
very Slow. Then, for any given time Zz, 4w,; 
will have a nearly constant random value of 
order of magnitude 

AWijG~V fap = Or . 
where we define w» as this value. Thus 7 
will become appreciable in a time T satisfy- 
ing w»T=1, so that the linebreadth is given 
by 
(27-D 
Here we see that there has been no narrow- 
ing, as expected. 

Il. The time-rate of change of 4w;;(¢) is 
greater than w,. In this case, although at 
any time 4w;; will be of roughly ow, in 
magnitude, its value will change sign before 
the integral in (26) can become appreciable, 
and thus 


4oXop . 


T>1/on 

An<Xwp . 
Here we have narrowing, and we find that 
the criterion for “slow” vs. “rapid” motion 
is, correctly, that used by Bloembergen, 
Purcell and Pound (1948), namely a com- 
parison with the line-breadth itself. 


\(o7- 
p27 


§3. The Spectrum for Gaussian Random 
Modulation ; Exchange Narrowing 


The case in which the random modulation 
of the frequency is Gaussian noise with an 
arbitrary spectrum is rather easily solved in 
general. The theorem which can be used in 
this case is the well-known one that any linear 
combination of values of a Gaussian random 
function is itself randomly distributed with 
a Gaussian probability curve. In the correla- 
tion function (26), the exponent 


H Aandi Xa. (28) 
t 


is just such a linear combination. Thus we 
know that the probability distribution of X 
is simply 

1 ( XC 3) 
——=— exp(—-=—). (9) 
V 2nX2 2X? 
Now we see that if we can find X2 we can 
find ¢(t), since 


P(X)= 
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oc) ={" eX P(X)dX 
re ae, (30) 
Y(t)= exp (—X? 2| al y 
P / V 2nX? —0o 


x exp (—1f/2% |=exp (=A). 


Now if 4a,,(¢) is a Gaussian random func- 
tion it is completely characterized, aside from 
its mean square magnitude, by either its 
spectrum or its correlation function 
<4ais(t)4oi(¢ +7) >ave. : 

Aw,3” : 
which are Fourier transforms of each other. 
Let 


Ox sey = (31) 


Op? =40;;? 
be substituted for the mean square magnitude 
of the perturbation, for the sake of brevity. 


X? can be found most easily in terms of the 
correlation function for 4w,;: 


2 


= <[ar[ar do.xt \deii(t) >ave. 
0 


0 


=oy'|at\ ates. 0 ‘ 
0 0 
the average being taken by the use of (31). 


The substitutlon of 
v=t'—t 
y=t' +t 

as new variables leads to 


2p ” \‘dn —2)P vw(2) 
0 
This gives us 


Y(t) =exp (-o,'| "ae (t—2) Paw @)) 5 Oe 
0 

Two extreme cases are now of interest. 
The first one corresponds to little or no 
narrowing. Here we assume that 4w,; does 
not change appreciably during the time (about 
1/m») in which ¢(r) falls to a relatively low 
value. Then we can set %,.(2)=1, so that 


(33a) 


and obviously the line shape is a Gaussian 
of second moment w»,?, which is of course 
precisely what we started out with. The 
more interesting case is Case II, in which we 
have a large narrowing. Then we can say 
that ,.(z) falls to a small fraction long 
before ¢(t) has changed appreciably. Let 
l/me represent essentially the width of the 


P(T)oase t-exp (— Wp?t?/2) ; 
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Pao Curve; this can be characterized by 


\/ 30 Cases (34) 
0 


We 
Then we can easily see that the contribution 
of the term in 2 in the integral is neglible, 
of order wp?/w.”, so that 


Y(r)=exp (—o," dz Paul) 
0 


which, since most values of rt of interest are 
much greater than we, gives 
P(t )oase WLEXP (—Op?/we-T) . (33D) 

This exponential correlation function corres- 
ponds to a lineshape of the resonance type, 
as is well-known. Thus at least the central 
portion of the line is of resonance shape; the 
wings are determined by ¢¥(c) for small rt, as 
we show in Appendix II, so that for these 
we need more detailed considerations. Note 
that this result is completely independent of 


the detailed shape of the correlation function | 


¢x.(t), and thus of the detailed spectrum of 
the random function 4,,(f); this is so unless 
this function has a correlation which falls off 
only as 1/r or less. Such a function would 
have a spectrum divergent at zero frequency, 
a possibility which seems very unlikely. 

We shall give two explicit examples of the 
function X?. The first numerical example is 
the case of the Markoffian Gaussian process. 
A Markoffian process is a random process 
which proceeds in jumps, the probability of 
a jump to a given value of the function being 
dependent only upon the value of the func- 
tion immediately before the jump. Such a 
process can be made Gaussian by letting the 
jumps become infinitesimally small. (See 
Wang and Uhlenbeck 1945). In this case the 


correlation function is exponential : 

(Paw)Mark, =e °e7 : (35) 
Here w. is the inverse of the correlation time 
te for the process. Now 


ee =2o9*\ dels expC one) 
0 


% T il 7 
doy] i es pg tex (02) | a 
This gives us for the correlation function 


ald 


é 


9(T) Mark. =CXD {- 


+ 2d exp (—oele]))} . (36) 


. 
: 
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(We have inserted absolute value Signs ont 


because, of course, X2 is an even function 
of r.) It can quickly be verified that our 
two limiting cases are true. 

We should note that by either Theorem IV 
or V of the Appendix, the wings of the 
Gauss-Markoff spectrum fall off only as the 
fourth power of the frequency ; it is easy to 
verify by those theorems, in fact, that the 
coefficient is 


nL Lm 
; «w+ 
This means that, although it can be shown 
that in either limiting case the fourth power 
part is quite far on the wings, still it is true 
that the fourth moment is divergent. Van 
Vieck’s calculations show that this is not a 
satisfactory model for exchange narrowing. 
The second example we shall give is the 
Gaussian random noise with Gaussian 
spectrum. This should give results typical 
for the case in which the possible rate of 
change of frequency is severely limited. This 
is the situation one should expect to hold in 
exchange narrowing, where H,, can, after 
all, only change the frequency at a rate no 
greater than something of the order of ZJ/h. 
Here we have a correlation function which 
is also Gaussian, and we define it as 


Dee Seas, (- * We? “*) : (37) 


With this definition of %,. it is easy to see 
that w. agrees with the definition (34), and 
that therefore the limiting equation (33b) will 
hold. It is easily shown that in this case 


; 2 , Te, 
PY(T) Gauss — Ex jae |e exp (- ri ode 


We 0 


+208 (1—exp(— Toes? ))} _ (38) 
Tees 4 f 


For this case we should also like to have 
the second and fourth moments. These are 
most easily obtained through the theorems 
of the Appendix. By Theorem II, 


(39) 


The fourth moment may be found either by 
Theorem I and taking the fourth derivative 
of (38), or by Theorem III of the Appendix. 
Using the latter method, 


ot= AOS ave: sig <(-$-400) >on, 5 


O-—Op7 
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The first term is easily found, since 4w,; is 
Gaussianly distributed ; it is simply 3w,t. A 
simple transformation based on the proof of 
theorem III given. in the Appendix shows 
that 


1 2 
<((j, 408) 2a e, 
iE 


= —<Aa.;?>ay -( as val) ) 
dt? 


7T=0 


7 Oe) 
= Op We . 
9 L 


a 


Then 
(40) 


nee ¢ 7 i ; 
wot =30p!+- 9 Op-Der 


We see that now both moments (and in 
fact any further ones) are finite; the fourth 
moment, as discussed in Appendix III, has a 
form remarkably like that given by Van 
Vleck for the case of exchange narrowing. 

For the comparisons with experiment which 
have as yet been made only these moments 
and the limiting cases of large and small 
narrowing are needed. The uncertainties 
caused by a number of experimental and 
theoretical complicating factors will make it 
hardly worthwhile, for these comparisons, to 
consider cases involving intermediate amounts 
of broadening. However, the line width has 
been computed approximately, for the sake 
of completeness, in the intermediate range 
where wy and w,. are comparable. This 
material is therefore included in Appendix 
Il. 

The use of this Gaussian-Gaussian case as 
the model for exchange narrowing, and the 
comparison of its results with experiment, 
have been discussed in a previous paper 
(Anderson and Weiss, 1953). It is pointless 
to repeat this work here. The results are, in 
the main, very satisfactory, and indicate that 
the model is quite accurate and that no 
essentially new concepts need be introduced. 
The most interesting feature is the appearance 
of the “10/3 effect”. The “satellite” (or non- 
secular) terms in the Hamiltonian (7) must 
be included when exchange is large, which 
can be understood from our model very 
easily. 


The Spectrum for Markoffian Random 
Modulation; Narrowing by Diffusion 
in Solids and Narrowing of Fine Struc- 
ture 


§ 4. 
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As has already been mentioned, the Mar- 
koffian is the second simple type of random 
function, and for this case too one can give 
a general method for finding the correlation 
function of the spectrum. The mathematics 
is considerably more complex than in the 
Gaussian case and in many cases the full 
solution cannot be carried out. We are, how- 
ever, able to solve a few simple or limiting 
cases and get a general idea of the form of 
the solutions. 

The problem is to find ¢(r) from equation 
(26) 


Y(t) =<exp ( Z |, deuteae’)> ay. over t 
t 
(26) 
under the assumption that 4w;;(¢) is Markof- 
fian. A Markoffian function f(t) may be 
defined in a number of ways (see Wang and 
Uhlenbeck, 1945); the simplest is that the 
probability of a given value /; at the time 
t, if the value was f, at ¢—4t, is independent 
of the value of the function at any earlier 
time than ¢—4¢. Thus the probability depends 
only on the value of the function at the 
earlier time, not on its slope, past history, 
CtG; 

An example of such a function is one which 
can take on the values +1, and whose pro- 
bability of transition from one to the other 
in a given time interval dt is a constant, 
dt/-. A more physical example is the mo- 
mentum of a gas particle in a rarified gas 
of hard spheres. Collisions change the mo- 
mentum by an amount independent of its 
earlier history, depending only on its present 
momentum. 

The Markoffian process is characterized 
completely by its “second-order probabilities.” 
In the case of a function of a continuous 
variable, the time, the second-order proba- 
bilities are written as 

Probability that value is f, if ) 

value is f; 4t seconds earlier f 

=Wfilfe,4t). (41) 

If the function is not to vary in a senselessly 
rapid fashion it is known that W must be 
proportional to 4¢ for small 4¢ unless f,=/f, ; 
in fact, W may be written as 

WSalfodt)=0f1, f+ Si fade, (42) 
where now II is the probability per unit 
time of a transition from f, to f;. The 
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d-symbol is Kronecker if the f’s form a dis- 
crete set, Dirac if the f’s are continuous. 
Finally, since* 


[wap=1, 


(stating that the function must have some 
value at every time) we see that 


ju Gfa0e (43a) 


so that, since the transitions to values of 
fo2<f; must always have positive probabilities, 
we have 
(fi, =o AOA, f)-P(, fr) » 
(44) 
where the presumably non-singular function 
P is normalized : 


(PUA, fahe=l 


and w,. represents the total probability of 
transitions from the value f,. 

A few more words on Markoffian functions: 
There is for the usual case of “stationary ” 
functions a “static distribution ” or intrinsic 
probability distribution, W,(f), which is the 
probability distribution of f one gets if the 
function is left alone, for an indefinite period. 
Such a distribution has to be self-perpetuat- 
ing, which means that it must satisfy the 
Smoluchowski equation embodying the con- 
dition that if the distribution W, holds at ¢ 
it must hold at ¢+4¢: 


Wit a= ah Wa AW il ford, (45) 


(43b) 


or 
= lah NGAMALLAGAN (45a) 
or, finally, 
we fo) Wil fa) = ann, hoof Wi Pou fle 
(45b) 


We see from comparing (45b) with (43b) that 
P( fi, fo) is not symmetrical in its arguments. 
This could be avoided very easily by using 


* All equations like the following can be writ- 
ten either as though f has a continuous range, 


in which case \df can be used, or as though f 


is discrete, in which case they are to be written 
as Diy. The one way of writing is generally 
obvious if the other is given, so that I shall not 
give both except where confusion might arise. 
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instead the function wd f))WilfdP(A> fr) 
which is symmetrical, at least in all cases 
we consider. This corresponds to defining a 
second-order probability W’(f\| 2,42) which 
is the probability that the value is f, at ¢ 
and f, at t+4t, which is symmetrical unless 
the process violates microscopic reversibility. 

With this brief introduction to Markoffian 
theory, let us see what can be done with (26) 
if 4w;;(¢t) is our Markoffian function f(Z). A 
matrix method of solution is used* in which 
we consider the probabilities Wifi, 4) or 
P( ft, fz) as two-dimensional matrices connect- 
ing the sets of indices f, to f,; thus possibly 
for the following the assumption that 4 has 
a discrete set of values will be more con- 
venient! 

The average in (26) may be written in the 
following way. We divide the interval t into 
nm equally spaced steps, such that t/z is very 
small compared with the rate of change of 
4w; then (42) will hold. The averagand is 


exp (4 oF nas Aw (¢+m= )) 
nie VW 


647 : 
=exp ( i| Jolt at ) : 
t 


Now we want to know the probability that 
dw takes on a certain set of values at the 
various instants in equation (46): i.e., that 


Ault 4+ “ \=der i sot + 2) =4o 
Kv WW 
“- -dor(t 4. m= den 5 
nN 


This is easily found (see, again, Wang and 
Uhlenbeck (1945)). The probability is 


(46) 


P(Aa,Aw0,: + -40n)= Wy(Aa,) W( don) al 


3 W (4o|40,-) Se bac XW (on-sldon,~) : 
n n 
(47) 


Now we can find (26) simply by summing 
the product of (46) and (47) over all the 
possible combinations of 4w’s, since these are 
respectively the value and the probability of 
a given averagand. 


@=5 5 > ---(exp(i 5S Jom) 


Aw; Aw, A@s nN m=1 


x W, (doy) U W (4om-r|4om, - _ (48) 
m=2 nN 
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nm=1 


PUP Saal 


Anke 
(exp ¢ Jom) 
Aw, Awy m=1 nN 
= : r 
x W (rn | AOm+1, = )) exp (? Awn =) 
n nN 


Now the central product has the form of a 
matrix product. It will have this form ex- 
actly if we define the diagonal matrix 4w:** 


(Asoo. = Odor, Mw.) X dw, (49) 


which has the effect in matrix multiplication 
simply of multiplying any matrix element 
Maw doy by 4aw,. The probability matrix has 


already been suggested : 


w(* ) =W(dor|don*), (60) 
\ 1 / do Ao 1 


We also introduce W,(4m) as a row vector in 
4 space, and 1(4w), the vector all of whose 
components are unity, as a column vector. 

Neglecting 4w,-ct/m at once compared to 
unity, we can write (48) as a matrix product 
multiplied on left and right by row and 
column vectors respectively : 


9c) =W;- (exp (i = 40) We) ete 
— n=)=\n — 
(48a) 


Now, since t/m-4dw can be made as small as 
we like, it is permissible to let 


exp(i = do) = 14746 
n SS ip) 


while from (42) we can rewrite the matrix W 
in terms of a matrix II: 


This gives us for the product in (48a) 


(exo(é Oude Ne 


c : nm—-1 
=(i4 LOT pe 1) 
ES a = 


which, letting, 2 go to infinity, is 
exp (c(zd4a-+ 11) 


so that (48) becomes 
9(t)= Wi-exp (c@4o+H))-1 
OF, 
* The method was suggested by the Kramers- 
Wannier (1941) method in statistical mechanics. 
#* We shall underline vectors once, matrices 
twice in this vector space, the coordinates of 


which are numbers referring to the various pos- 
sible values of Jw. 
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MG= 


Aw}, Aws 


W,(4a,){exp (¢ (do + IT) )}4a 1, do, 
(49) 
Equation (49) is the general solution of our 


problem. It expresses ¥(r) in terms of the 
known matrices a defining the Markoffian 


process, and 4, and the function W,(4a) 
(actually derivable from HU by the integral 
equation (45b).) 

We see now the form which the solution 


to this problem will take. The basic problem 
will be to diagonalize the matrix (¢4w+I)) 


by means of a transformation matrix T: 
T-\G4o4+)T=4, 

where A is a diagonal matrix. If we can 

find A and T, we can transform the two 


vectors W; and 1 by means of T into the 


coordinate system in which 7z4o+II is 


diagonal. (rc) will then be a sum of ex- 
ponentials e-’* in the eigenvalues* whose 
coefficients will depend on the extent to which 
their individual eigenvectors are contained in 
W, and 1. Fourier transformation then 


shows us that J(w) is a sum of resonance 
(Laplacian) distributions, with central fre- 
quencies given by the imaginary parts of the 
Ai, and widths by the negative real parts. 
In explicit form, we label the eigenvalues of 
A with the subscript @, 8 etc. and the various 


4w’s as before, and 


P(r) = > (W1)ao,[exp (c(Zdo+1])) Jaw, avs 


Amy, Avs 


= a 


4a, Ay, A>, Aw, a, B 
x [exp (t(Zw ar ED a arses! Awe L Bat, aa 


Ps 


Aaj, Aw», a 


5 (W1)a0, Toya Taro, ? 


(WiaiLaoya exp (Aat)Twaws + 
(50) 
so that the coefficient going with exp(Aar) is 


eS Wino Enos Panag 
Aw, Aw: — = = 
The two limiting cases of extreme narrow- 
ing and no narrowing come out of this for- 
malism very easily. For little narrowing, we 
should be able to neglect transitions relative 
to the frequency differences, so that 74oSI. 


Then the matrix z4o+I] is already diagonal 


so that there is no necessity for using T (i.e. 
Toaao=Ova.) and the eigenvalues of 74o+II 


are just zdm. Equation (50) becomes 


P. W. ANDERSON 


(Vol. 9, 


P(r)= > Wi(4w)e'4”" 
Aw 
which transforms into the spectrum 
Ko)= % Wi(40)60,r0= Wilo) , 
Aw 


which is just the spectrum we started with 
(since W, represents the normal stationary 
distribution of frequencies). 

In the case of extreme narrowing, on the 
other hand, we can at first neglect Z0) rela- 
tive to Hl. Now we really know without 
further specification only one eigenvalue of 
Il: namely, the eigenvalue zero, which cor- 
‘responds to the right eigenvector 1, the ler 
eigenvector W,. This is easily seen from 
the equations (43a) and (45a), which in sum 
notation read 3 


oF W,(4o;) awa =( WwW, ‘Wao, =0 7 


Aw, 
and 
= Haoa0,=(Cl “Wao, =0 : 


This is a fortunate situation: it shows us 
that the vectors we actually happen to have 
in (49) for this case are the eigenvectors of 
the only eigenvalue we know exactly, so that 
the transformation matrix T has non-vanish- 
ing coefficients only for this one eigenvalue, 
and 


g(r)=1. 


This of course gives us an infinitely sharp 
line at the central frequency: Jw)=d(a). 
Next we consider the effect of including 
74w in the calculation to first or second order. 
In the first order, obviously all that happens 
is to change the eigenvalue by <7dw> aye. : 
the center of our narrowed distribution is at 
the average frequency of the un-narrowed 
distribution. To second order, the other 
eigenvalues of II will begin to enter to some 
extent, but this is a minor effect, since the 
greater part of the line intensity will still be 
in the zero-eigenvalue line. This line, how- 
ever, will also be affected, since the eigen- 
value will be changed by an amount of order 
of magnitude 1/II(¢4)._ This can easily be 
shown to be a real negative contribution and 
means that the line has a breadth of order 


* Note: For negative c it may be easily veri- 
fied that o(—7c)=¢*(c) so that, for negative rt, A; 
must be replaced by — 4;*. If this were not true 
the spectral intensity would take on complex 
values. 
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(4w)?/we, the usual “narrowed” breadth. 
Thus here again we see the basic features 
of the exchange narrowing phenomenon com- 
ing out. 

It is of interest, both in clarifying the 
previous discussion and in bringing out fur- 
ther points, to actually work out some simple 
cases as far as possible. The simplest pos- 
sible case is that in which we have only two 
possible frequency shifts, which we take (this 
is of course no specialization) to be +), and 
these frequencies are equally probable so 
that Wi(+.)=W,.(—). The only possible 
“transition-matrix ” II for this case is 


Il ~~ a0 hy We 
- == We —We |’ 


where we is an adjustable parameter specify- 
ing the rate at which jumping takes place 
back and forth between the two frequencies. 
The matrix we wish to diagonalize is then 


: ; 109—@e We 
(tdo+)= a0 ee 5 
ad We 1Wg— Wz 


The secular equation is easily seen to be, (if 
2 is the eigenvalue) 


(51) 


(M@e+A)?+ 09?—w.2=0 , 


or 
A=—W+V w2—Wy? - (53) 
Defining 
L=W/We (54) 
as the ratio of splitting to jump-rate, 
A=—oe I4V1—z?). (53a) 


Equation (53a) already says a great deal 
about the spectrum, since it gives the center 
frequencies and the breadths of the two com- 
ponent lines. For 2>1 (splitting predomi- 
nant) (53) reads 

A=A1V w)2?—wWe2—% » 


(53b) 


which says that the two lines at +o, begin 
to draw together as the jump-rate increases 
but always have the breadth (half at half 
power) w., given by the rate of jumping, so 
long as 2>1. The breadth ow. corresponds 
to the “exchange broadening” idea: lines 
separated by splittings large compared to the 
exchange frequency are broadened, not nar- 
rowed. 

This tendency of the lines to draw closer 
together before being completely narrowed 
out seems to be experimentally confirmed by 
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various measurements on hyperfine structure 
in dilute solutions of paramagnetic ions.* It 
seems to be a general property of the secular 
equations, although it can be less pronounced 
for larger numbers of lines, as we shall see. 

In the case in which the jumping pre- 
dominates, «<1, we have equation (53a), with 
no imaginary part of 4 at all : both component 
lines are centered at the mean frequency. 
One line has a breadth of order of magnitude 
2m-, the other a breadth (if wa) 


nS 
4do=—a- 1— jigeke 
WDe- 


pe Wo 
Ren 7 


which exhibits the usual exchange narrowing 
form. This is the line which predominates : 
we Shall see that the effect of the other line 
is simply to introduce a cutoff in the wings 
so that these fall off as 1/m* rather than 
1/w?. (Note that the fourth moment is infi- 
nite, as is to be expected from the theorems 
of Appendix I.) 

Proceeding with the calculations of the 
explicit line shape, we define the two roots 
as 


A=—od1—V1—z?) 
A, = — (1+ Y1—2?) 


The components of the transforming matrix 
T must satisfy** : 


(55) 


(4a) — We pier We G65 —() } 
56 
(4 We As ) Fens We Tl py = 0 f ( ) 
Now the correlation function is 
Pr)= > Trope™ Trae * (57) 


A=Azy Ay Aw,, Aog=-two 
so the coefficient of the 2; term, for instance, 
is 

T1711 + Ta Tho + To Tur 3 + Tur Ti. 71. 
We use the fact that TT-!=1 to combine 
the first two terms, and using the orthog- 


onality of T to effect further simplification it 
can eventually be shown that 


* Schneider and England, 1951: they mention 
the effect on p. 225, and also it is evident in 
the 1N picture of their fig. 3. Garstens (1952) 
has also mentioned this effect. 

** Note that this case involves a complex sym- 
metric matrix ({4w+-Z) so that a diagonalizing 
matrix can certainly be found. It ean in fact be 
chosen to be a complex orthogonal matrix. 
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O(c) =exp only Tae =) 
a) p e HO 3 Vie 

+exp((—oer(l+1/1=a) (1 =) 

», KE c V OEE Sh View 

(58) 


To obtain the spectrum from (58), we must 


separate the two cases a>1 and z<l._ For 
x> 1 (splitting predominant) we get 
Ko = | e~*"| cos (M+ We 21) 
0 < 
1 ; eee 
ae ay SIN (OF We/ y?2—1)T 
Vel 
+COS (@—@e//2?—LD)t 
/ @2—1)t | 
me ee ae 
(the sine terms entering because, again, 
¢(—t)=¢*(c) so that the imaginary coefficients 


must change sign upon change of sign of r.) 
This gives us 


200 + ofV/22—1 


- 
Je) =n) = 
, L (O+ @e// e?—1) +a? 


2He— — off x ET 
“(ova /e—1 =), 24 @,2 


| , (e8ey) 


We note here that the spectrum is not exactly 
the sum of two resonance distributions, be- 
cause of the imaginary terms which give us 
the odd terms in the numerator; but if l<zr 
or w is not comparable with a, (i.e. near the 
centers of the lines) the difference is small. 
However, as 2->l these terms take on major 
importance in making the transition to the 
narrowed case, in which the signs of the 
two distributions are opposite. A summed 


form of (59a) will be of interest: It is 
It a 8a3 0 
wt +20? Lane(2— 2? )+ wetat 
eee (59b) 


03 +207(2a¢? — Wy”) + Wo! 


This is the same as the expression which has 
been obtained by Archer (1953) by an entire- 
ly different method. It is rather interesting 
that this summed expression is identical in 
the two cases z<l and 2>1, in spite of the 
apparent discontinuity in 2, and 2, between 
the two cases. 


For «<1 the same procedure can be follow- 


ed, although here the mathematics is a little 
simpler. 
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Wolk? 


K@)— 2\" cos wre °e (exp (+ We\/1—2r) 


x(t ee a) eXp (— 1/1 —z?t) 
— 7? 


it) 


20¢. c 


aise Bray We as 2)? 


1 
i eas es lh 59c) 
wtocr%1l+7/1—2) | 


Note the behavior of (59c) when v<l. 


the first term will far overshadow the second | 


until o~w.; at this point the two begin to 


be approximately equal, and thus the wings | 


of the line fall off more rapidly he 1/@? 
beyond this point. 

The two terms of (59c) can be added 
together : 


2M¢x? 
VY 1—2? ERC G eG ES dah Te 
xX (@? + @-(1+-1—2?) +20.7)/1 —z) 
8aex* 


- “wt+20? We 2 — a? \+wetat 


I(o)= 


and we get (59b), again in agreement with 
Archer. 

Archer’s form can be used to show that 
the “two-line” formulas such as (53) must 
not be taken too seriously: the imaginary 
part of 2 does not give exactly the frequency 
of the maxima of the spectrum, nor do these 
maxima come together exactly at x=1; it 
gives rather a way of dividing the spectrum 
into two “lines”. The actual maxima occur 
at the minima of the denominator in (59b) 
which come at 


==£// 02-20? 


Ormax =O 


a? > Za) 
Re, i 


In figures 1 and 2 are plotted some of 
these results. Figure la shows both the im- 
aginary part of 4 (the nominal frequency of 
the lines) and the maxima (60) plotted against 
x (we plot w/w, to show the effect of narrow- 
ing). 
breadth, Area. (divided by w.), as a function 
of 2 There is not much point in finding the 
true half-breadth from (59b) since the line 
shape is not even approximately resonance 
in the intermediate region where corrections 
are important. In figure 2 a few of the 
complete line shapes are plotted for the inter- 


® max 


(60) 


Then | 


Figure lb gives the nominal half- — 


5 
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_ “LINE CENTERS" 
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Fig. 1. Line breadths and frequencies for a 
pair of lines under exchange or motional 
narrowing. 


mediate region. 

This very simple two-frequency case is the 
only one which is easily done exactly. It 
would be possible, but not very fruitful, to 
solve three- and four-Jine cases, which could 
of course be done in general. It seems to 
me more interesting to develop some fairly 
general perturbation methods for dealing 
with certain classes of cases involving many 
lines, so that we can get a rough idea of the 
behavior in the strong and weak narrowing 
regions. 

The correct approach in the weak narrow- 
ing case is quite obvious : ordinary perturba- 
tion theory. Here the secular equation is 
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Fig. 2. Spectral intensity for a pair of lines 
with the ratio w,/w) of jump-rate to splitting 
as parameter. 


nearly diagonal already, since we assume 
tdo>I. To first order, the 7’th eigenvalue 


is just the 7’th diagonal element : 
(61) 


This means that the individual lines are at 
first only broadened slightly by the frequency 
jumps. The second-order perturbation theory 


gives 
) ce) 


We see that there is a frequency-shift, of 
second order in II (or w-) which, it is easily 
verified, is such as to shift the lines towards 
the center of the pattern. However, it is 
possible in some cases that the shift will not 
occur for all lines of a pattern, as we shall 
see, since it requires that there be more 
transition probability toward the center of 
the pattern than toward the edges for each 
individual line, which is not necessarily 
always the case. 

We can give the expression for (62) for 
two simple cases which we shall consider as 
typical of two possible extremes. In each 
case we consider that the spectrum consists 
of a series of 2 equally spaced, equally strong 
lines, of frequencies 


45 =toj5+jj;=t0j;— OJ) . 


14O=— oe p+i(or yds 


kb Wj—W 


wj=(n—1)iwp, (2—3)iw- + -(—N+3)iwg, 


(=n+ Diag . (63) 


In case (a) we say that transitions are equally 
likely to all other lines of the spectrum (we 
assume a symmetrical Il-matrix) so that 
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We We We 
We 2 = a 
n—1l n—1 n—) 
We We 
—We : =— = — 
n—l —l 
We We 
We 
m—l n—l 
,= j ; 
We 
oS aes = We 
n—\ 
(64) 


The transition probability fyom each line is 
In case (b) we say that transitions occur 
only to the nearest lines, and so except for 
the end lines each line must have a proba- 
bility for transition from it of @,, to each of 
its neighbors of w,/2. This gives 


We. 


== 5 OF SOV etwas ArmasG 
Ye We | 
= We — 
2 2 
0 = We = 
etl 
2 
ie 
0 
We 
9 0 
We 
° — We 
0 We mee: 
Y Zs Hy 
(65) 


For case (a), (62) gives for the original line 
of frequency may, 


Onja= —WDe 
n—-1 2 
: We” il 
+i moo— dx’ &—=: x 3) : 
t=-n+1 m—k 


(The prime, of course, means k+<m). The 
pattern is symmetrical about 0, so pick m>0. 


Then 
Cea, =) XY 
We (™m-D)+m it 
+i{mo eat ' 66 
; Gaines y ee 


(it must be remembered that all sums here 
are by steps of two.) 
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Case (b) is simpler. Clearly, all of the 
lines except the end ones are unshifted, as 


we suggested before could happen. The 
central lines have: 
Gis | | m]4=2-1 =1NWy) — We; (67) 


while the end lines obey 
Oe aff We 
(Am)a |m=+Cn—1) = — ce +2 (un —1)a ae : 


(68) 


For the simple case of m=4 it might be 
useful to write down the various breadths 
and shifts, in Table I. 


a 


Table I 
Case a Case b 
Lite: 5 gece rrean aig eee —$—— 
breadth shift breadth | shift 
3 ; ile,’ Oe _ Oe? 
birhaee pereres MaRS hr tt 8 wy 
| @ 2 
Wo | We | — 36 wy Oy 0) 
| rap? 
ak ne nese . | 0 
Wy Me a 36 wo (o>) 
| 
aut | 4.2L @e? | oe 0? 
were ae | 108 Oo 7 8 wo 
It is interesting to note that the shifts are 


rather small, and also that the sum of the 
shifts of the two lines on one side of the 
center is roughly the same in the two cases. 
The smallness is checked by experiment, in 
that the lines seem to shift only a very little 
before they merge and begin to narrow asa 
group. 

Finally, it has been checked, in connection 
with these formulas and with Table II, that 
the change in the amplitudes with which the 
various components enter is of still higher 
order in @,/@) and will probably not be 
noticeable until the perturbation treatment 
breaks down entirely. 

The approximation from the opposite end 
of the scale, large narrowing, (74) is 
based on the observation we have already 
made, that the line-shape at this end is deter- 
mined by the one eigenvalue 4 near zero ; all 
others represent broad, weak components of 
the line and can be neglected. Thus we can 
set 4 nearly equal to zero; this implies that 
the large terms in the secular equation are 
those with low powers of 2, which we now 
set out to compute. 
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The constant term in the secular equation 
is the determinant, |¢4m+II|. We note that 
|IT| =0, and that if the pattern is symmetrical 
there must be no imaginary terms so that 
the first terms here are of order a2. The 
term in 2 in the secular equation is made up 
of the product of the various subdeterminants 
times 2: 


(—&) 31 |#40 +1] 
j 


where this denotes the determinant with the 
jth row and column omitted. If {| I| <0, 


it certainly will overwhelm 74a, a that this 
term is of order AII1~a,2, as we shall see. 
The next term must be of order 2?~a,*, so 
we-can omit it. We have then 


—A SIT |43+ |2404+T1| =0 


|¢4@+-I] | wo2terms 


> |] 
J 


= (69) 

Examples will make this much clearer. We 
consider again the problems of Cases (a) and 
(b), defined by the transition matrices (64) 


and (65). In case (a) 
n—1 columns 
> 0 
a4 
We We We 
We - = = ——————— 
n—\| n—l n—l 
We 
— We 
n—| 
——/) n—l 
rows 
We 
— —We 
n—l 


This determinant can be evaluated to give 


tt a (genre A (70) 
Si 


n—\ 


Now we want to compute the ,” terms in 
|¢o+II|. 


|éo +11 | 
; a We We di We 
el anit nial sd 
be 7 (N—3)4@) — Me <n MIG NS¥ 
es =f (n 5)ZW9— We bs diene 
ao 
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The terms in zm, as already pointed out, 
vanish by cancellation between + and —o. 
The terms in @,? can be picked out and are 


fotiite= & Gooyrmm'( os) 
m<mn’ ==), 
Ln 1 i Li veceaih 
ees l—n Ik coke Tl (n—2 
1 i 1l—n--- rows) 
(71) 


This determinant and the sum are easily 
evaluated. The result is 


y | >/{ —NWe m—2 
[fo+T | a? =" a on (oer) (72) 


and finally, the eigenvalue of interest is 


on? (2—DAn+1) 


73 
We 3n \ 


i 
Note that this expression (which is 
the breadth of the narrowed line in this case) 
represents roughly the ratio of the square 
of the breadth of the pattern (7@)) to the 
rate at which the frequency changes (0). 
Case (b) can also be done in general. >) |IT|*/ 
can be seen to be the sum of all the possible 
partitions into pieces of form 


(m columns) 


w 
Ce ce 0, ee er 
We 2 
We @ 
— <= (0. a 
Z, 
m rows] 9 Se is ey 
9 G 
We 
—We — 
be = (0) Ge mee 
: hoe 
We\ |m 
a a 74 
Rivage’ 


by a simple computation. Adding the parti- 


tions together we get 


~ I|=n(—S) 


Now we must find |Z@-+11 | «,?terms- 
minant |z@+II]| is 


(75) 


The deter- 


(iy: 
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(n—1)t@— : é ; : 
t as (n a= 5 eM — (We x 0 
\Z4o+01| = 0 6 . i 
We 
2 
x D oe ( —(n—1)é are z ) 


This may be broken up into a sum of terms 
containing (272M )) (ém’a) with m>m’. 
Multiplying these terms will be a product 
of three sub-determinants A, B, and C, with 
A being the part above zma). A and C will 
be of the form (74) with (z—1l—m)/2 and 
(n—1+m’)/2 rows and columns respectively. 


oe _ We ((m-1) —m)/2 
2 


c-(-3yrn™ 
2 


The terms between 7720) and im’a 
another type of determinant : 


give 


—We a 0 0 ae 0 
2 
We We 
We = = 
z 
We 
0 —~ —We = 
2 
S| 0 = 
(a) 
a Sea) 
2 
We We 
= Se acre) ee a 
2 Z 
We 
(0) a == 0 ay — We 
m 
es —-—l rows and columns ) 


pe We Cm-m’)/2-1 m—m' 
Zi 2 


by another computation. 
Thus, finally, we have 


| tAw de I]| wg’ter ms 


Saye Sie 
rik? 


\- 1 )On-m Dy Pics 


> mm 


m>m’ 


a Feak (77) 


The summation in (77) can be evaluated by 
straightforward application of the various 
summation formulas for powers of integers, 
and the final result is 


—We 2-2 4 i 
| tAo+ll wg-terms — =(=3 yt Wy? ee ) 
(78) 
and 
Sars ae (79) 


The fact that m* instead of »? (as in 73) 
appears in (79) for large m is reasonable on 
the following basis. The total width of the 
original pattern is ~mm. This means that 
for 4 to remain reasonable as nm—0co a@~n?; 
but this is correct, because this is the condi- 
tion that the rate of diffusion remains reason- 
able. That is, the expression (79) is still the 
square of the band-width divided by the 
effective rate of change of frequency, which 
in this case of only short jumps is @./n?. 

For such an unrealistic model further 
detailed study of particular discrete cases is 
hardly important. The next logical step is 
to consider continuous distributions of and, 
particularly, to consider a relatively realistic 
model of the effect of solid diffusion on un- 
clear resonance breadths, which has been 
observed experimentally by Norberg and 
Slichter (1951). Diffusion in solids usually — 
proceeds by jumps, short compared to the 
time between jumps. It is also true that a 
given atom nearly completely changes its 
magnetic environment with each jump (if the 
system is not dilute; diffusion in such a 
system as H in Pd or Na in NH; is quite a 
different thing, since there the perturbers are 
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relatively far away compared to the jump 
distance, and there will be long-term correla- 
tion). If this is the case, we may assume 
that the new frequency to which a given 
atom jumps is unrelated to its old frequency. 

Such a Markoff system can be set up, and 
integral equations found for the eigenvalues 
and eigenvectors. We shall do this, although 
we have not been able to solve the system 
in general, because of certain irregularities. 
However, the interesting case of extreme 
narrowing can be solved. 

In the continuous case, the matrix 4@ can 


be written 


(A); oy =O10(@1— 2) « 


(80) 


We assume that the frequencies are distribut- 
ed according to some probability function 
P(@). P(@) (which we take to be normalized) 
is then the line shape in case the jump rate 
is slow. In accordance with our physical 
idea of what happens in the diffusion process, 
we assume that the probability of jumping 
from a given frequency per unit time is con- 
stant, The probability of jumping Zo 
a given frequency wm, we assume unrelated 
to the previous frequency, so it can only be 
proportional to P(w,). These two criteria are 
satisfied if we set 


= We. 


(en, Dy) = Wel —d @1—@,)+P(o@,)) 6 (81) 


We could check that with W,(w)=P(o), the 
two Smoluchowski equations (43a) and (45a) 
are satisfied. 

Now our problem is simply to diagonalize 
the matrix (¢4m+I]), which gives us an 
integral eigenvalue equation. We introduce 
the eigenvector ¢(m,), and the integral equa- 
tion is 


|dotido+ Dor @2)P(@2)=AP(@1). (82) 


Equation (82) may be written out using (80) 
and (81), and we get 


(A+@e—ta1)¢(o1) = on| Plo o.)dor ae (oo) 


(83) can be solved in the two limiting cases 
of w,—0 and wo. Incase w,—0, obviously 
$(a@)=0(@—a)) 
and 
70 
Here the distribution is, of course, unchang- 
ed. In case w—-oo, we may for practical 
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purposes neglect z@ on the left, and then 
there are two possibilities : %(w,;)=constant, 
A=0 or ¢(@;)=any function orthogonal to 
P(a,), in which case both sides are zero and 4= 
This reflects the fact that any distribu- 
tion which is not P(w) will decay according 
to exp(—@-#) into P(w); the eigenvalue 2=0 
belongs to the stationary distribution. 2=0 
means an infinitely narrow line, of course. 

Mathematical difficulties immediately attend 
any perturbation approach from the side of 
@e=0, because of the singularity of the 
eigenvectors; one easily sees that the per- 
turbation of the eigenvector is also singular. 

On the other end, a fairly satisfactory 
treatment of the eigenvalue coming from 4 
=0 can be done, as follows. The right-hand 
side of (83) is just a constant if it does not 
identically vanish; call this constant aa, 
and we get 


== Des 


AWe 


$(@,)= * 
A+ @e—t0, 


(84) 


But this must integrate to give w back again, 
so that 


\P (Oe rere A si AO) 7 


" P(o) 
Lay, ~ - 
0 AFOe—2M 


do. 


Now we assume 2 real and P(w) an even 


function of m. Then we get 


Be il 1 
= We if t 7, 7 s 5 
1 on P(o)a of A+@¢.—to@ 7 A+@ce+to ) 
A+We 


=2on(" P(o)do———— (to)?-o 


(85) 
This is a rigorous integral equation for the 
eigenvalue 2 which, in principle, could be 
directly integrated at any time if we had the 
distribution P(a). 

Notice, however, that (85) will cease to 
furnish a real eigenvalue when am becomes 
too small. For instance, imagine that P(o) 
is a flat-topped distribution of width 2a», 
height 1/2m,». Then the most the integral in 
(85) can give is z/4m», so the right-hand side 
is always less than (z/2)o-/oy. If wp is too 
large, this cannot equal 1. 

We are, then, concerned primarily with the 
case in which the breadth of P() is fairly 
small relative, to m. We can expand the 
integral, then, and get 
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I vapy. (A+ We)” 
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If m is not too small, we can assume 4<a», 
and 


R one <o*>ave 


We 


(86) 


This is a very simple formula, and entirely 
in accordance with our expectations. It can 
be assumed that since all other eigenvectors 
will be approximately orthogonal to P(w), 
only this eigenvalue will be important for 
large narrowing, and (86) may be taken to 
be the breadth of the line. 

Further mathematical manipulations with 
the continuous case have not been success- 
ful, nor is it certain that they are of much 
help in solving problems. It would be of 
some interest to have a solution for the effect 
of correlation between the frequencies before 
and after a jump, but this has not been 
attempted. A sounder physical basis for the 
calculations in this section would also be 
desirable. 

I am indebted to a number of my col- 
leagues for helpful discussion, notably Drs. 
Lewis, Holden and Machlup. Professor Van 
Vleck kindly showed me Archer’s results 
prior to publication. 


Appendix I 


Proof of the General Fourier Integral 
Equation for the Spectrum 


The spectrum is given in more familiar 
form in the following way. We take the 
energy levels F,,---En--- of the entire 
substance. The spectral intensity of the 
radiation or absorption of the substance, as 
it is most usually defined (we omit external 
factors) is given by 


I(o)\do= S' | inn |?20(m) 


Ny % 


(a) 


where the prime on the sum means that we 
sum only over levels such that 


En—E,=ho (b) 
to within the interval hdw. yw is the dipole 
moment matrix of the substance. (mm) is 


essentially exp(—En/kT); it is practically 
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constant in a paramagnet in normal circum- 
stances and so will hereafter be omitted for 
brevity. The difficulty all comes from the 
restriction of the sum due to (b); but this | 
can be avoided by the well-known trick of 
using the 6-function expansion 


270(x)= (" 


—oo 


elttdt, (Cy) 


Then we get 
1@)= oy \" at exp(—i(o—S8—=")e Venn 


m,n 


| 
2 | 


—°o° 


where now the sum is unlimited. But 
exp (: Bae Nis ~— GAO) a5 , 
h 
the time-dependent matrix element of the 
dipole moment, which satisfies equation (3) 
of the text. Thus we have, 
| GiGe CoG) 


-—o 


2 


(a) sy 


m,n 


men 


= iy 


co 2 
| DIG ORI 


In case we want to include the density 
function (m7), this can easily be done; the 
result is the more general formula given in 
the reference, Anderson (1949), 


Appendix II 


Some Useful Theorems About the Relation- 
ship Between 9(c), Iw) and 4o,;(t) 


Theorem T. 


(apne? | ig dow"'I a) 
ty nds? Hea Oy 68 eae 
ea 7 dwkw) 
or, if 9(0)=1 and J) is normalized to unity, 
apa? Se : 
Oe gre — =|" downto); 


and conversely, the same theorem is true 
with J(w) replaced by g(r) and vice versa, and 
the sign of ¢ changed. The theorem is not 
new and is proved trivially by differentiating 
and setting c=0. The theorem means that 
the moments of J(w) are determined by the 
behavior of %(r) very close to the origin, 
which may (as we shall see by the next 
theorem) have very little to do with its 
general course. On the other hand, we know 
intuitively that J(w) will not be peculiar at 
the origin (unless it happens to have line 
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structure, which case we shall ignore for the 
time being) so that we expect the moments 
of g(r) to be normal and manageable, and 
to be closely related to the line-breadth. 


Theorem II. 


The second moment of J(w), in case it is 
of the form (21) of the text, is independent 
of whether or how 4w,;,(¢) changes in time, 
but depends only on the probability distribu- 
tion of 4,;(¢); in fact, it is given by (4a;5)?. 

This is easily proved from the first theorem. 
Starting with 

d? 


— =< 140; (t+ 


Tt) exp (i [oust VD ave 
dz t 


we may shift the origin by an amount fr, so 
long as we leave the points equivalent to ¢ 
and ¢+7r in the same relationship to each 
other. (This trick is not really necessary here, 
but will be useful for theorem III.) Thus we 
may write 


£ 
=1< Ao: 4 (f) exp («| 40;3( (ES) dt’ YD. > 
t-—t 


os 
do ee 
de = —<4u;i(t 4,;(t—T) 
t 
x exp (| AeriAt AL )>ar : 
t—t 
Clearly, 
Le = —<((4w;;(t))? >ave, over t >» 
at? iT =0 


and by theorem I we get our theorem. This 
theorem shows one of the many close 
analogies between our model and the real 
narrowing problem. Van Vleck (1948) shows 
the above relation to be true for the exchange 
narrowing problem—i.e. exchange cannot 
change the mean squared breadth—and it 
also can be shown for the motional narrow- 
ing problem, since it depends only on the 
assumption (a) of section II of this paper. 
Another theorem showing the similarity of 
the model to the real problem is the follow- 


ing: 
Theorem III. 
—_ ‘4 
wo= al £ Fs = ss Aas ave: 


+<(-§,40v) >ave. « 


This is easily proved starting from the ex- 
pression for d’g/dr? above. We get 
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ae 
haaite —<doo( £. 4o,3+T) 


t 
+idoui(t—s)) exp (i | Aaridt dt’ )>av 
t-—tT 


and now shifting the averaging variable back 
again to the original one by a change of rf, 
we get 


a 
ae =<dowlt+9{ 4,;(t)—t40;;? o) 
t+ 
xX exp (| “Aout ad! )>ave, 
t 
ge = Aei(t +2) +140, 2(¢-+2) 
dt* dia. bn Sih °) 
d ; 
(Gp tou idouXd) 
C+T 
x exp («| Aer.At dt) ave, 
t 
OY | ok ae Abate, 
dt T=0 


d 2 
= <(Gp4eu) ae . 


Now Van Vleck’s result for wt can be 


written in the following way ; 

(ote [A Paes 
in view of the facts that Hy can be 
and that 


which, 
transformed out of all operators, 
Hy commutes with yw, gives us 


htot=<(Hpt+Hn, [H, 1] >ave. 
=<[Hp, | Hp, ules 

+<[Am, [Ha, 2]? >ave. 

+2<[Hn, [H», “I [Hp, [H, Ll ave. 
and he found that the last term on the right 
was always quite negligible. Thus he could 
write the fourth moment as the sum of the 
“normal” fourth moment, analogous to 
<(4w:j*> ave. Which comes entirely from Hy, 
and another term coming-from the time rate 
of change of [Hp, y]. 


Theorem IV. 


Under certain limitations, the expansion of 
the spectrum on the wings in inverse powers 
of the frequency : 


A B 


is controlled by the values of the successive 
odd derivatives of ¥(r) at the origin: 
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This theorem is very closely related to 
theorem I: clearly, a finite (27—1) derivative 
is a singularity of ¥(r) at the origin which 
may be approximated by letting the (2n-th) 
derivative become infinite there. (e.g. a finite 
first derivative means that ¥(t) goes down 
on each side of zero with finite slope, so that 
we need an infinitely sharp curvature at the 
origin.) Thus we suspect that the (27)th 
moment will be infinite, so that the spectrum 
falls off at Ieast as slowly as 1/w”t! and 
possibly slower. 

Any real physical #(r) will not have real 
singularities at the origin, but may approxi- 
mate them because some process—e.g. the 
jumps in diffusion, or collisions in a gas— 
occurs very much faster than other processes. 
Thus eventually any /J(w) will fall off ex- 
ponentially rather than in inverse powers of 
w. (See, for an example, Anderson (1949a)). 

Proof of the theorem. This is done by 
successive partial integrations. If 9(r) is real 
it must be even; we assume it is since we 
always treat this case only. Therefore 


[o)= [cos wty(t)dt . 
0 


By a we integration 


= ot | ees 
T@= -- | a sin wrdt ; 


0 (0) 


“sin wt 


¢ and all its derivatives which we use must 
be assumed to vanish at infinity, and none 
of the derivatives to be infinite at the origin 
(except, of course, when the series is found 
to have a term, as explained above). Then 
by another partial integration, after observ- 
ing that the first term above is zero, 


’ 1 dg LY fogs PLP 
Ko)==——_—-|  —-—~|\ co Si tee 
() OUT Aas a den 
Further integrations give us 
1 dg bea? 
Ko)=—— a - 
@ OP (he Nom OD (aha ee 
dete. LO iC ae 
aca hasta a i det sin wtdt . 


The process can be carried on until we 
find a nonvanishing term, so long as the 
derivatives are integrable and vanish at in- 
finity. This proves the theorem. 

Theorem V. If %,.(t)—the correlation 
function of the random frequency modulation 
—has a finite first derivative at the origin, 
there is an inverse fourth power term in the 
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expansion in theorem IV. This is easily 
proved from the expression for d’?/dz’, 


ao 


as = <donst+0( “Aang t)—Aeoi) 


x exp (i (= “dost dt’) >ave 


We let r>0. da:;3 is assumed to be zero; 
any term coming from this will be irrelevant 
to the theorem. The expression then be- 
comes 
dP 
dt? 


which is, Be fact, just the same as 


=<Awr; ue. 7 40:s8))>ave 


fo Ao;;? Paw (T) 


iT=0 


= fc wo, j(L)40,;(¢ +-T) ave. : 


From this we can easily prove that if 
On =e Oe 


I(w)~o.@,?/w*, as stated in the text. 


Appendix III 


Exchange Narrowing (Gaussian Modulation 
with Gaussian Spectrum) in the Inter- 
mediate Case. 


Equation (38) of the main part of the paper 
gives an exact expression for the correlation 
function in the Gaussian-Gaussian case which 
we have assumed to correspond to true ex- 
change narrowing. This is 


oe)= exp] — r= ("*" ex xe(—4 lds 
Me Jo 
2 
ae 20p ieee (-jorn)t| J 
We? | 4 


(A III-1) 


In this Appendix we use this to find out how 
the line shape varies in the intermediate case 
in which w», is comparable with a. 

The fact that this function can be com- 
puted and tabulated is of little use, because 
the Fourier integral required to get the line 
shape would still have to be evaluated . 
numerically, at considerable labor. Thus an 
approximate procedure might as well be used 
from the first, and since we know the limit- 
ing behaviors both for large and for small 
@/o», it seems most sensible to try to find 
correction terms at both ends and then fit the 
two curves together by interpolation in the 


i 
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intermediate range. To do this we need no 
more than approximate values of ¥(r) in the 
two ranges (A) w.t>1, and (B) w.t<1l. The 
following values are easily derived from 


(A III-1). 


Range A: ow,t>1 
o(s)=exp| —( =?) | 
We 7 We” 
(A III-2) 
Range B: oa,7r<l 
o(t)~exp I = & ~— ote vc) | : 
(A ITI-3) 


Let us for simplification use dimensionless 
ratios as our variables. We define these as: 


We/Op=Y 
Oe Se (A ITI-4) 
w/Op =v. 


In terms of these the two approximations for 
g(t) are: 


A: o(e)=exp| — (Ia! ea : } 
y a 


xyS1 (A III-2a) 


La es 
E ( \= os Sa Age gr 
Be O(c exp| ne 8 = | 
xy<1. (ATIII-3a) 


How well these two expressions fit together 

is shown in fig. Al, in which is plotted the 

true expression for the coefficient of —1/y? in 

the exponent of ¢ as a function of z, as well 

as the two approximations (A III-2a and 3a). 
The Fourier integral becomes 


toe i. exp (i? —— f(z) de (A IL-5) 
= y 


The function f(x) from equation 
(A III-5). 


Fig. A-1. 
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where f(x) is the function plotted in Fig. Al. 
In computing line shapes, the easiest 
quantity to get is the central intensity, which, 
besides being of considerable experimental 
interest itself, is a fair measure of the 
line-breadth. This quantity, normalized on 
a scale of constant w», and varying ./wp=y, 
is 
A ie if 
10)=--| dex ( ee fe)) ) (AIS) 
y J-x y 
This can rather easily be computed for the 
two limiting cases. For Case A we separate 
(x) into two parts: 


f@)=frth=@—2/n)+fiz) (A II-7) 


where 
f(a) =fa) (2 =) 
7 
~ oe i 25) Fete 
~0 2>1.2 (A IIL8) 


Ff; is a function in any case which does not 
extend appreciably beyond 2=1. This is a 
useful property. 

Now, 


T4(0) == “eXp (= aS 
Y Jo 


Changing variable, 


1.(0)=exp (2/ny°) an “e-tdu exp(—fily’a)/y?. 
0 
(A III-9) 
This may be expanded into 
I4(0)=exp (—2my 29) eta 
0 
x (2 ree sue -) " 


The appropriate approximation to the 
second term for large y is that unless xu 
is very small y?u>1, so that e” is very 
close to unity. Thus 


FO ey ep (+2/ny"(1 ple) 
0 


Piyjexp (+2/my°V(1 => : filadae 


yt 
(A III-10) 


Using the approximation ATIII-8 for f(z), 
this gives 
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1,(0)=2y exp (+2/my)(1 —! 


2 (eee rash 
: TY? yt 


The small y approximation (Case B) is more 


(A III-11) 


easily obtained. We get 
10)=*-\"exp (— ale e Fete ye 
4 JO : 


2{° 21992) dav Flies 
ral exp (—«?/2y?) a Se rm = a 


1(0)=2y/* ( z ). (A III-12) 


(A III-11 and 12) as a function of y are 
plotted in figure A2, with an approximate 
interpolation drawn in to fit the two limiting 
cases together. This shows how the central 
intensity increases as a function of @,/@p, the 
“narrowing ratio”. 

The half-power width can also be estimated 
in a similar way. We start from the general 
expression for the ratio of intensity at a 
frequency y to that at 0, 


so 


Ty) : cos aL ex (Nally de 


ay) i exp Crane ie 


(A ITI-13) 


For the high narrowing case A we _ use 
(A III-7) for fix), and get 


I) | Salas: F rae 
(0) |; exe(— & oe a es 
ye 


0 
The half-width we assume to be close to that 
for the extreme case y—oo, which is 1/y. 
Thus we set 


=-1+8) , (A I-14) 


Then all quantities can be expanded, assum- 
ing as before that f(/y? and 6 are small. A 
straightforward calculation yields 


1 [Aloe 


see ate Ee (A IIE-15) 
2y | e-“u sin udu 
0 
_.299 
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Note that the order of the change in half- 


width is smaller than that in J(0); tnis in- 


dicates that the line-shape is less sensitive | 
than the total scale to decreasing y, an 
interesting fact experimentally. 

The approximation from the other end goes | 
again from (A III-13), but here we set 


TG 


I@= oye? 


and get 


oo 


Va oe ie foe 
IY) ni aot exo(—3 Qype 48 oie 


LG) ("8 (eee 
\ exp(— aye t 48 p ;)ax 
Here again we expand as in the case of J(0), 
assuming (7/48)(24/y?) small as well as the | 
difference 


dy=v—-V2InZ 
between the true half-width and the one for 
y=0. To second order in y? we get 


(404)2)2=1/2In2 a(1 = (a So 
(A III-17) 


Fig. A-2. Central intensity J) in exchange 


narrowing as a function of the ratio 
Y=He/Hp. 
oe Saas aie 
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a SH | 
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Fig. A-3. Half-power half-width (in units ‘of 
®p) as a function of y=w,/wp. 
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The two approximations (A III-16 and 17) 
are plotted in figure A3. It is seen that they 
fit fairly well together, and indicate an inter- 
polation curve which one might well expect 
to be accurate to a few percent. This curve 
then gives our best guess as to the half-width 
in the case of intermediate amounts of ex- 
change narrowing. 
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The mechanism of the superexchange interaction of MnO erystal is 
investigated qualitatively taking into consideration of the non-ortho- 


gonality of wave functions. 


The energy expression is obtained for 


both spin states, that is, the perfect parallel spin arrangement and 
the ordered antiparallel spin arrangement, by the method of Heitler- 


London-Lowdin. 


As a result we find the the energy of the ordered 


antiparallel spin arrangement may be lower than that of the perfect 
parallel spin arrangement mainly by the effect of the S-energy, which 
consists of several overlap-integrals. 


§1. Introduction 

The experiment of neutron diffraction re- 
veals that in some substances there is a strong 
magnetic interaction between the ions, which 


' are separated by intervening non-magnetic 


The best example of this fact is MnO 
Anderson” has explained this inter- 


ions. 


- esting phenomenon in terms of superexchange 


- interaction. 


Although his theory is very 


elegant and may be true in essence, he neg- 


lected the effect of the non-orthogonality of 


the wave functions, as Slater» has pointed 
out. Now it is well known that this effect 
is very important for explaining the mecha- 
nism of cohesion of ionic crystals», because 
the simplified theory, in which the charge- 
overlapping is neglected, can not explain this 
mechanism. As MnO crystal is supposed to 
be an ionic crystal, where the totally ionic 
state Mn**+O-- may be predominant, and our 
present problem is after all the computation 
of the energy-difference between the two 
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states of the ionic crystal, the one with paral- 
lel arrangement of spins and the other with 
antiparallel arrangement of spins, it does not 
seem unnecessary to consider the effect of the 
non-orthogonality of wave functions for the 
superexchange interaction. 

Now we have a perfect quantitative theory 
for computing the cohesive energy of alkali- 
halide crystals» (we shall call it as the 
Heitler-London-Lowdin approximation). For 
the oxide crystals, however, we have no re- 
liable computation of electronic structures? 
and many things are uncertain at present, 
but we assume here that the HLL approxi- 
mation is well appliciable also to simple oxide 
crystals. Under this assumption we are able 
to formulate the interaction energy of MnO 
crystal for both of the spin states. In the 
following, we shall concern only with the 
qualitative nature of the superexchange inter- 
action, because the quantative accuracy of 
the HLL approximation must be proved at 
first for the cohesive energy of the simpler 
oxide crystals, for example, MgO crystal. 


§2. The Totally Ionic State 


At first we assume that the ground state of 
MnO crystal is the totally ionic state Mnt* 
O--. In the following we shall consider only 
two states of spin arrangement, the one being 
the fictitious state where spins of the neigh- 
bouring Mn ions are parallel, and the other 
being the state where spins are ordered anti- 
parallel. It is well known that the later state 
is not the minimum-energy state, but we may 
suppose that this is an allowable approximation 
for the real state of MnO crystal at the ab- 
solute zero temperature. 

Now let us seek for the energy of the totally 
ionic state. If we neglect the small direct 
magnetic interaction, we find the Hamiltonian 
of the system to be 


Aop= Wts Hit 3'Gig ) 


with the abbreviations 


wa SY LyZq" 
2 99 Tag? 
lice leg toy »s ZG 
2m g Vig 
Ginr=e?/27ix . 


Here e and m are the electronic charge and 
mass, Z, is the atomic number of the nucleus 
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at the point g, 7g, the distance between the) 
points g and g’, 7g the distance between the) 
electron z and the point g, 7« the distance } 
between the electron z and k, and fp; the 
momentum of the electron 7. The wave] 
function of the system is the Slater deter- | 
miant constructed from the Hartree-Fock wave | 
functions of the isolated Mn++ and O-~ ions. } 
Here we have the single configuration, because , 
we take only the S-state (2p)° for oxygen ion) 
and the °S-stare (3d)° for manganese ion. Let | 
éu denote the atomic wave functions of oxygen ] 
ion and ¢, those of manganese ion; | 


bp= (nlm | rOE)X io) 
= hin A). Py™(cos A)e'""%;(a) , 


= hry? AER) P,™ (cos O)e'“’Xz(c), 


hin= yf 241 G—m) | 
4x (l+m)! 
At the real ionic distance, 2 wave function 
of the oxygen ion overlaps to some extent | 
with 3d, 3p and 3s wave functions of the 
nearest neighbouring Mn ions. We define the 
overlap integrals as 


Suv = [$0,206 — By ; 


with Sp.z=0. We follow the method of 
Lowdin ; constructing the orthogonalized wave 
functions and matrix elements of the Hamil- 
tonian operator with respect to the orthogonal 
wave function and expanding the total energy | 
with respect to Sy, up to the second order. 
then we obtain the total energy of the system | 
as 


1D j~=I2> +f, +E int : 


Here, £, and E, are the energy of isolated | 
Mn** and O-~- ions respectively and Ein: is | 
the interaction energy, 


Fint=Eetet+ Eezen ts ’ 


where Evie is the electrostatic energy, which. 
consists of the Madelung energy and its cor- 
rection terms, Eezen is the exchange energy 
and £; is the so-called S-energy which is 
caused by the non-orthogonality of the wave 
functions. The explicit expressions of these 
terms are as follows: 


Fezcn= 2 aay |G | vy), 
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a = SSw{y |’ | w)+2 h(v«|G | yk) 
—2(v |G | y2)} + DMS wo Syd (eu |EL |) 
Te SM |G | x} 
with the abbreviations 


(WIG x= bu(l)dy (2) $(1)¢ (2) at 1at i 


2712 


(u|H’ |v)=—e eee dr, 

Tig 

The notation ©“ means that a summation is 
taken over all ions except for the ion to which 
the electron 4 belongs. At first we consider 


Fexen in detail. 


(1) The exchange energy 
We assume that the exchange interaction is 
only effective between the nearest heighbour- 


ing ions. Then we obtain: 
Fezer=N > > >) > C (nlm| NZ) 
+ NL nl m 
x DD X7(01)Xs(o2)X (01) x52) ; 


Jj one 
where JN is the Avogadro’s number, the nota- 
tion >) being the summation taken over the 


+ 
six nearest neighbouring ions, and 


pL t1(eulm|r)o(nim 17.) 
Az Ti2 


C(nim\ NL) = 


y fax( (Ri) F wx (R2) 
R, R, 


Pr(cos a&)dt, dt, , 


where @ is the angle between two vectors 
(R19,¢,) and (R,9.%.) and z-axis is taken along 
the joining line of Mn and O ions. When the 
two ions have the closed shell structure, the 
summation 

> D %soxXs(G2)XHO1)XHO2) ; 

Cpon 

becomes 2, whereas for the interaction be- 
tween (3d)’ and (2p)® of MnO it becomes one 
because of the wellknown relations 

%(61)= Ojo, (61=1 or —1) 
and D %i(o)tio )=0iy . 
These values do not depend on whether the 
spin of the Mn ion directs to +z-axis or —2- 
axis. Therefore, in the totally ionic state, 
the exchange energy is the same for the two 
states of the parallel and the antiparallel spin 
arrangement. Thus we find the exchange 
Eecen=6N > >, > Cnlm| NL) 


NL ni m 
=6N[2C(2p0|3S)+4C(2A1 |3S) 
+2C(2p0 |3p) + 4C(2p1 | 3p)] 
+6N[C(2p0 |3d)+2C(2p1 | 3d)] . 
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In the case of NaCl we know from Lowdin’s 
computation that C(3p0|2p) is much larger 
than C(3p1|2p). From this fact, we may sup- 
pose that C(2p0|3d) is also much larger than 
C(2p1|3d) in the caso of MnO (Fig. 1). 


Seo 


(IG (SPO13c) 


OXC 


(2) Gspilsad) 
ies, ab, 


(2) S-energy 

The overlap integral S,, vanishes for a pair 
of functions ¢, and ¢, which are associated 
with opposite spin-directions and with different 
symmetries. Thue the important integrals of 
MnO may be S(2p0|3d0), S(2p0|3p0), S(2p1| 
3d1) and S(2p1|3p1). Since the integral 
S(3p1|2p0) is much larger than S(3f1|2p1) in 
the case of NaCl, we suppose that in the case 
of MnO S(2p0|3d0) is much larger than 


~ 


Fig. 2. (a) Antiparallel Arrangement. 
(b) Parallel Arrangement. 
S(2p1|3d1). As the S-energy £;(|v) is nearly 


proportional to the square of Sy, , Es(2p0|3d0) 
may be much larger than £,(2p1|3d1). From 


the above consideration and with the aid of 
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Fig. 2, we find that the S-energy is given by 
following expression for both spin states: 


E;=6N[2B(2p0 |3S)+2B(2p0|3p0)+4B(2p13p1)] 
+6N[B(2p0 |3d0)-+2B(2p1|3d1)] . 


Thus we see that the interaction energy is 
same for both states of spin in the totally 
ionic state. In the case of NaCl and other 
alkali-halide crystals, Herc, is negative, while 
E; is positive and corresponds to the repulsive 
forces between the ions. We think that the 
same mechanisin of the cohesion may be 
realized in MnO crystal, that is, E;>0, 
Bexen<9 and Es >| Lezen|. However, it is not 
quite certain if each part of #; is larger 
than the corresponding part of Heren, for ex- 
ample, B(2p0|3d0)>|C(2p0| 3d). 

The quantities B(2p0|3d0) and C(2p0|3d0) 
have been computed for Cu,O by us and for 
Cu.S by Kobayashi. The results showed that 
B is larger than C in both cases. Unfor- 
tunately the accuracy of these computations 
is not quite convincing, because the Slater 
type wave functions were used for negative 
ions instead of Hartree-Fock functions. We, 
however, suppose that the qualitative nature 
of these results may be preserved in more 
accurate computations. 


§3. The State of the Parallel Spin 
Arrangement 


At first we shall consider the state of the 
parallel spin arrangement. Here we take ac- 
count of the excited state besides the totally 
ionic state. The excited state is one in which 
one electron has gone over from the 2p-orbit 
of an O ion to one of the 3d-orbit of its nea- 
rest neighbouring Mn ions. (Fig. 3). We 
construct the Slater determinant for this ex- 
cited state after orthogonalizing the sets of 
wave functions of the isolated ions. These 
atomic functions contain one set of (2p)°O 
state and (3d)*Mn state. In this case, one of 
the oxygen ions has the incomplete shell 
structure, but in the case of the parallel spin 
arrangement we do not meet with the orthogo- 
nalization-difficulty». In the following we 
shall denote determinantal function of the 
ground state by G and that of the excited 
state by Ap», and assume the wave function 
of the system to be a linear combination of 
these two states: 


¥Y=9G+aAp ) 
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where g?+a@?=1 and we assume 7?>a’. 
Using this wave function we find the energy 
of the system as 


E( ))=PHggt+a aa +290 yq 
==(1 —a*)Hy,q +0°Had, +2aH ya y 
with the abbreviations 
Ayg=[G|H|G], aa =|Av|H| Ap] 
Hya=|[G |H|Ap| . 


Here the notation [ ] means that the matrix 
element is refered to the orthogonalized AO, 
whereas the notation ( ) means that it is 
refered to the non-orthogonal AO. Now the 
constant a is determined by the condition 
OE/Oa= 0 as 


=H ya/(Hyg—Haa’). 


and 


Then the energy becomes 
E(b)=Hy9+Hoa?/(Hog —Haa’) : 


For the purpose of the comparison of the 
magnitude of matrix elements it is convenient 
to return to the system of non-orthogonal AO 
and take account of the terms up to the 
second order of S,,. The energy Ay, has 
been given in the previous chapter ; Hjg=Hy. 
The main contribution to the energy difference 
between the ground state and the excited 
state (Hyg—Haa’<. 0) comes from the intra- 
ionic energy change of the two ions, E(8S- 
state of Mn*+t)—#(@D-state of Mnt) and 
EGS-state of O--)—E(?P-state of O-), and 
the Madelung energy (4a@m~—l)e?/a. Another 
contribution comes from the change of the 
exchange energy and S-energy, which is much 
smaller than the intra-ionic energy change, 
but is important because it will depend on the 
spin arrangement. With the aid of Fig. 3 
we can easily find the energy change due to 
Eexn and H;. An additional enargy comes 
from the interaction of the electron (2) of Mn* 
ion (Fig. 3) with the nearest neighbouring six 
oxygen ions. We denote it as 4(Eezean+Es)z . 
It is nearly equal to B(2p0|3d0)+C(2p1 |3d1). 
Finally H,, is the transition matrix element, 
which does not depend on the spin arrange- 
ment. By the consideration of the previous 
chapter, we see that the matrix element which 
corresponds to the transition, 2f0--3d, is much 
larger than that for 2p1-3d. This fact is 
very important to understand the directional 
nature of the superexchange interaction. 


1954) 


(b) 


sround State. 
Excited State. 


(a) 
(b) 


§4. The State of the Ordered Antiparallel 
Spin Arrangement 

Next we shall consider the state of the 
antiparallel spin arrangement. Here we have 
two excited states illustrated in Fig. 4, so 
that there are three possible configurations. 
We denote the Slater determinates of these 
states by G, A and B respectively. The wave 
function of the system is 


: OO ep 
Ore 10-6): 
Ay : 
el OxXGe SA TEN SS o- vv 
(A) 
See ae ee 
Gee: © 
3 y 
‘ peneye 
(B) 
Fig. 4. 


~Y=9G+aA+0B . 

Here we notice that we have used the ortho- 
gonalized AO with respect to the electrons of 
the parallel spin. It is satisfactory in the 
case of the single configuration, where the 
electrons of the antiparallel spin are automa- 
tically orthogonal. But, we have to be more 
careful when the two configurations A and B 
are used, because then the non-orthogoral 
terms appear from the overlapping of the two 
electrons (a) and (8) of antiparallel spin (Fig. 
4). We denote this by 


4= [Fen aaoae ; 


Using the above mentioned wave function with 


2 
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the normalization condition 
P+C+0?+2ab42= 1, 
we obtain the energy of the system as follows: 
Ela) = 2 Ba tC Haat OA + 29H q+ 2abHav 
1+2abfL? 
=(1—@—}8")H,,+@°Hoat0*Hoy +2aH ge 
+2ab(| Ha»—Hy4") , 
where the abbreviations are 
Hag=[A|H|A], Aga=[G|H\A], 
Ays=(B|A|B), 
and 
Aj; {AA BY. 
The notation { } means that the matrix 
element is refered to the AO functions which 
are orthogonalized except for the two electrons 
(a) and (8). The energy Hy» is larger than 
Hua by the amount of the intra-ionic energy 
change of Mn ion due to the spin arrange- 
ment. Now the conditions 0#/da=0 and 
0E/0b= 0 give the equations, 
| (Hyg— aa)a—(Hay—Hyg)b=Hoa , 
(Hix — Hy 94")a—(AHog—Hv)b= 0% 
which yield the solution, 
i —— Ayal Hog—Hov) | = 
(Hog — aa) Hog —Hov)—(Hav— Hyg?) ’ 
po foal Man Hae") 
(Ho9—Haa)(Hog—Hov)—(Har— Hyg’)? 
Thus the energy becomes: 
E(a)=Hyq 
Ao ga? Hg — Hv) gq —Hna) 
[199 —Haa) (Hog — Ave) —( Har — Hy 7 ?)?? 
Hy Hoq— Ho») (Hov— Hyg A?) 


— 


(Hog —Haa) (Hyg Ho») — (Hav — Hyg A’)? 
If we assume (Hyg—Haa)(Hoq—Horv)>Har’ , 
then E(a) becomes ; 


Fie 
E\a) aivet Fer pe 
toa Hoy gga 
(Hyg—Haa)? (Hyq—H») ; 

The last terms is negative, so we see that 
the inclusion of the configuration B makes 
the energy lower. Thus we suppose that we 
must take much more configurations of the 
spin arrangement in order to obtain the mini- 
mum energy state, although the contribution 
from these states will be only a correction in 
order. 

Now we shall examine the energy difference 
Hao’ —Haa. With the aid of Fig. 3 and Fig. 
4 we find easily that Hua’ contains one more 
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interaction between the 2p-electron of O ion 
and the 3d-electron of Mn ion with parallel 


spins. Let us denote the energy difference 
by QM. Then @Q is; 


Q= Ha’ —Haa= B(2p0 |3d0) + 2B(2p1 | 31) 
+C(2p0|3d)+2C(2p1 |3d) . 
If the is positive, then the state of the order- 
ed antiparallel spin arrangement is more stable 
than the state of the parallel spin arrangement. 
In that case the energy difference is; 
Aga’@ 
E\ p) NG Sais ee ET 

Hoa%( Hav Hol)? 

(Hyq— Hoa) Hoy — Hg) 
Is the quantity Q really positive ? At present 
we are not able to answer this question, be- 
cause we have not yet had any reliable com- 
putation. We may imagine, however, that it 
is positive by the reason mentioned at the 
end of chapter 2. 

From the expression of Q@ we have seen 
that in the straight line configuration Mn—O 
—Mn, the energy difference between two spin 
arrangements is mainly decided by B(2p0|3d0), 

Mn 


+ 


while in the right angle configuration Mn—O 
the energy difference is mainly decided by 
B(2p1|3d1). As we have seen in chapter 2, 
the former is much larger than the latter. 
Therefore we can understand the directional 
nature of the superexchange interaction. 

Hitherto we have assumed that one definite 
electron is in the excited state. As a matter 
of fact, any of (2p)* electrons of any O ion 
can go over to the 3d-state of any one of the 
Six nearest neighbouring Mn ions. This 
generalization is easily to be done, if we ex- 
clude the case where two excited electrons 
occupy the same excited state at the same 
time. As an example, we shall compute the 
energy of the state of the parallel spin ar- 
rangement. The wave function is; 

P=9G+a dS Ai, ( ai=a) 
Ptb6NG=N. (- [Ai] H|As]=0, 27). 

Since the matrix elements [A:|H|Ai] and 
[A:|H|G] are independent of z, the energy of 
the total systen will be 


E(~)=(/N Lp? Hog + 6@°NAaa’ +12NgaHya] 
=(1—6a")Hog+6a? Aya’ +12)/N Aga. 
By the condition 0Z/0a= 0; we determine the 
parameter a and the energy ; 
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Thus we see that the energy difference is 
expressed as ; 


6NA ga” 
E(p)—E(@) = — 
(p)—-E(a) (Hyo—Haea) 
a Fa 
x(Q+ 7 =oe : 


The accurate computation of @ is a rather 
difficult problem, because it is almost certain 
that the state of electron (a) or (f) is not 
expressed by a single orbital but by super- 
posion of many complex orbitals. 

In the previous treatment we have assumed 
that the excited state has the configuration 
(3d)sMn(2p)°O. On the other hand, we may 
also assume it to be (3d)°(4s)Mn(2p)°0. In 
this case we must assume with Anderson” 
that the s-state couples with the d-electron 
by some strong spin dependent interaction, 
which may be easily understood by the Hund’s 
rule in our case. Our theory will also be 
applicable to this alternative model without 
any essential modification. 


§5. Concluding Remarks 


From the standpoint of the magnetism MnO 
is the typical antiferromagnetic substance 
and NaCl is the typical diamagnetic substance. 
On the other hand, from the standpoint of 
the electronic structure both are ionic crystals. 
But one thing is different. NaCl is construct- 
ed by two ions Na* and Cl-, which have the 
closed shell structure, while MnO is construct- 
ed by O-- ion and by Mnt* ion, which has 
not the closed shell. In the case of NaCl the 
charge distribution around Na or Cl ions is 
almost spherically symmetric and the states 
are well expressed by (2p)*Na and (3p)®Cl of 
the Hartree-Fock functions of the free ions 
respectively. In the case of MnO, Mn ions 
have the ordered antiparallel arrangement. 
This fact has a important meaning, because 
the exchange interaction and the non-ortho- | 
gonal interaction between ions are effective 
only between the electrons of parallel spins. 
Let us consider a oxygen ion which is situated 
at the center of two Mn ions. Then a 2p- 
electron with certain spin direction may 
polarize in order to approach to one Mn ion, 
whose spin direction is opposite, and to go 
away from the other Mn ion, whose spin 
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direction is parallel, because the increase of 
the kinetic energy due to the polarization 
may be compensated by the decrease of the 
interaction energy (S-energy) between the 
electrons of Mn(3d) and O(2) with the same 
spin direclion. In this model we do not take 
into account the excited states considered in 
the previous treatment, but we suppose that 
the decrease of the energy due to the above 
mentioned polarization is also the origin of 
the superexchange interaction. 

Finally we shall examine the validity of 


the spin-operator method; V= BS Si. Al- 
though the condition of the appliciability of 
that method has heen discussed by Van Vleck”, 
we shall review it here for convenienee. For 
example we consider the ground state of a 
hydrogen molecule. As well known the wave 
function of the molecule is expressed as the 
linear combination of two spin configurations 
with conventional notations ; 

Ga(lja(l), %(1)8(1)' 

dbal2)a(2), %2(2)B(2)| 

_ p\¢eDBQ), Qa) 
Pal2)B(2), $r(2)a(2)| 

If we assume that (1) the wave functions ¢. 
and ¢, are mutually orthogonal and (2) the 


Y=a 
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probability of the two spin arrangements is 
equal (a=6), then the validity of the spin 
operator method can be proved. In the case 
of MnO, however, above two conditions are 
not reallized, then we see that the validity of 
the spin operator method is not self-evident. 
On the contrary we find that the S-energy 
caused by the non-orthogonality of the wave 
functions is very important for the origin of 
the superexchange interaction. 

The author wishes to express his thanks to 
Prof. Muto, and Prof. Kubo for helpful dis- 
cussions. 
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Formation Energy of Superlattice in Ni,Fe (II) 
Kinetics of the Superlattice in the Stage of Local Ordering * 


By Shuichi [DA 
Faculty of Science, University of Tokyo 
(Received July 7, 1953) 


The change of the internal energy of Nij,Fe superlattice during 
cooling processes was studied by specific heat measurement for various 
rates of cooling. After eliminating the part of the internal energy 
due to magnetic transformation, it was shown that the formation of 
local order starts already at 600°C on cooling, and its rate attains a 
maximum at 520°C, decreasing to zero at about 400°C. The specific 
heat curves on cooling do not show any anomaly at 500°C, which is 
critical temperature for the long range order. The formation rate of 
local order at steady temperature annealing was also studied by keep- 
ing the specimen at 510°C and observing the heat of evolution directly. 
It was confirmed that the rate of local order formation is large enough 
to be observed at this temperature. It decreases monotonously and 
becomes zero after about five hours annealing. These data are all 
consistent with our previous assumption that one of the two steps’ 
precesses of the formation of superlattice in NizFe at 490°C is the 


development of local order which has no critical temperature. 


§1. Introduction 


Tron-nickel alloys in the composition range 
from 40% to 100% nickel form a continuous 
series of solid solution having a face centered 
structure. It is well known that the super- 
lattice Ni;Fe exists in this series. A detailed 
study of this superlattice was carried out by 
S. Kaya by measuring the time change of the 
electric resistivity. He showed that the 
superlattice has a typical A3B type character- 
istic. The development of order begins 
abruptly at 490°C on cooling and the equili- 
brium state is attained by one week’s anneal- 
ing at this temperature. At the same time, 
it was also shown that the total change in 
resistivity at 490°C of about 9uQcm was 
attained not by a single step but by two 
steps. This anomalous two-steps behaviour 
in the annealing at 490°C was studied in the 
previous paper by using the calorimetric 
methods.”? It was confirmed that the varia- 
tion of the internal energy at 490°C shows 
also the two-steps characteristic. Our tenta- 
tive explanation for these facts was the follow- 
ing; 

(i) The development of local order is well 
separated from that of the long range order. 
The former process requires a time of the 
order of hours at 490°C. It forms the first 


step of the process. 


(ii) The long range order develops coopera- 
tively, the ordering rate of which is very 
small at the beginning and it becomes ap- 
preciable after annealed more than five 
hours at 490°C. 


The second postulate is standing on the 
following consideration. Though the state 
without long range order becomes unstable by 
passing over the critical temperature on 
cooling, the state will still have an equilibrium 
nature just like as the liquid in super cooling. 
Therefore, the first derivative of the free 
energy against the development of long range 
order will be zero. The situation will be 
seen by the following mathematical relations. 
We tentatively assume that the long range 
order parameter s and temperature JT are 
independent variables. Then, we will be able 
to define the equilibrium state and its free 
energy F(s, T) for fixed s and T. In reality, 
the state s=0 is realized at above the critical 
temperature Tc, and the state s=s(T)3<0 is 
realized at below Tc as true equilibrium 
states. We suppose the situation will be ex- 
pressed mathematically as 

* ‘The experiments in this paper were carried 
out in 1950. 
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The concept of the cooperative formation of 
long range order would be important for our 
understanding of the mechanism of  super- 
lattice formation not only for this particular 
substance but also for many other alloys 
which are expected to have the same 
character. But, it has heen generally believed 
that in the usual A;B type superlattice the 
development of long range order starts abrupt- 
ly at the critical temperature on cooling. 
Therefore it seems very desirable to confirm 
the above two postulates by direct experi- 
mental evidences. 


§2. Specific Heats During Cooling 


In this situation, measurements of the 
specific heat during cooling will provide a 
effective proof. According to the current view 
of the superlattice, the formation of long 
range order will occur abruptly at the critical 
ordering temperature on cooling.¥-»)") There- 
fore, in the cooling procedure, critically 
anomalous specific heat will be observed at 
the critical ordering temperature. On the 
other hand, if our assumptions were true, 
there would be no discontinuous change of 
specific heat at the critical temperature as far 
as the rate of cooling is not so slow as to 
promote an appreciable development of long 
range order. Moreover, continuous increases 
of specific heat due to local ordering will be 
observed by changing the rate of cooling, even 
above the critical temperature. 

The apparatus used and the specimen of 
Ni;Fe were the same as the previous experi- 
ments.» (74.59% Ni, 24.37% Fe, 0.71% Mn) 
A cylindrical specimen of 202,lgr., the 
surrounding copper container, an outer heater, 
Pt-PtRh thermo-junction which was attached 
to the specimen, and chromel-alumel differenti- 
al thermo-junction which was attached to the 
specimen and the copper container were the 
principal parts of the apparatus. The inner 
heater was removed in the cooling experi- 
ments. 

The procedure of the cooling experiments 
was as follows: The specimen was heated 
by the outer heater to 850°C in vacuum, held 
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for one hour and then cooled by lowering the 
temperature of the surrounding copper con- 
tainer. The temperature difference 6T be- 
tween the specimen and the surrounding wall 
was observed by the differential junction and 
controlled carefully to be constant by chang- 
ing the current of the outer heater. Under 
these conditions, the temperature of the 
specimen, 7, was observed continually at 
every constant time interval 4¢. Then the 
specific heat Cy» during the cooling will be 
given by the equation, 


where 4T is the amount of decrease of tem- 
perature during the time interval dt, and fT) 
is the energy radiated from the specimen per 
unit time and per gram atom. The function f(T) 
was determined by an interpolation. That is, 
firstly, the specific heats during cooling were 
assumed to be equal to the specific heats dur- 
ing heating in two temperature ranges above 
600°C and below 400°C; and secondly, the 
values of f(Z) in the intermediate region, 
400°C~600°C, were interpolated by a smooth 
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Fig. 1. An example for calculations of specific 
heat during cooling. Solid circles mean 
observed rates of temperature decreases of 
NizFe during cooling, and the solid line in- 
dicates the corresponding rate of heat loss of 
the specimen. Open circles indicate standard 
values of f(T) evaluated from values of specific 
heat during heating. 
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curve. An example of such determination of 
f(T) is shown in Fig. 1, where the rate of 
temperature decrease of the specimen 47/4f, 
and f(T) are plotted. These are the original 
data of Fig. 2 (c). After that, the specimen 
is heated again and the corresponding specific 
heat during heating is observed. 

Following these procedures, five observa- 
tions of specific heat during cooling were 
carried out with various differences of tem- 
perature OT or various rates of cooling. These 
are shown in Fig. 2. In each figure, the 
upper scale indicates the time of cooling for 
each measurements. 

In Fig. 3, the corresponding specific heat- 
temperature curves on heating observed after 
each measurement of cooling are plotted to- 
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gether with each corresponding specific heat 
curve during cooling. The two areas sur- 
rounded by the two curves of specific heat 
on heating and on cooling are nearly equal. 
It will show the reliability of our procedure. 
Here, the time interval between every two 
neighbouring points of the specific heat curves 
on heating is always two minutes. 

The obtained curves of specific heat during 
cooling are very different from that of heat- 
ing, showing the anomalous specific heat 
associated with the ferromagnetic transforma- 
tion as their main characteristics. In addition 
to this magnetic part of the specific heat, 
there exists the anomalous specific heat, in 
the temperature range 600°C~400°C, which 
increases gradually as the rate of cooling is 
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Specific heats during cooling for various rates of cooling. The rates of cooling are; 


(a) 3.9, (b) 3.0, (ec) 1.8, (d) 0.9, (e) 0.4deg/min. at 500°C. In (f) all results are superposed. 
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and (e), the corresponding specific heats during cooling are shown together, and in (f), all 


of the data are plotted. 


lowered. The situation can easily be seen in 
Fig. 2 (f). The corresponding total amounts 
of internal energy decrease at room temperat- 
ure compared with the specimen quenched 
from 600°C into water are calculated to 94, 
113, 144, and 165 cal/atom for (a), (b), (c), (d), 
and (e) respectively. These are obtained by 
comparing the total energy supplied to the 
specimen from room temperature to 700°C in 
each measurement of specific heat on heating 
after each treatment. 

There is no critical specific heat at 500°C 
even for the slowest cooling (e). In this 
observation, the duration about 500°C is con- 
sidered to be sufficiently long to induce ap- 
preciable development of long range order, 


if it begins abruptly from 500°C. It can be 
said that our basic two postulates (i) and (ii) 
are proved. 


§3. Further Analysis of the Cooling 
Experiments 


Our previous results of the specific heat on 
cooling will be analyzed further. Firstly, we 
assume that the energy of lattice vibration 
and the energy of ferromagnetic transforma- 
tion as functions of temperature are not in- 
fluenced by the development of atomic order 
at least in the stage of local ordering such 
as studied in this paper. This assumption 
will be supported by a later study,» and the 
influence can be seen only after the sufficient 
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development of long range order. 

Then, the internal energy of the alloy U(T) 
will be separated into two parts, U'(T) and 
U*(T). Here, U'(T) consists mainly of the 
lattice vibration and ferromagnetic trans- 
formation, and is assumed to be reversible 
for the temperature variation of the order of 
rate used in the previous cooling experiments. 
On the other hand, U*(T) is the part of 
energy associated with the atomic ordering 
and behave as irreversible for the rates of 
temperature variation used in our experiments. 
Therefore, we may put 

O=UPr+Ue , 
so that 
au _ du" , ave 
ab” i a 
Here, U will be a functional of the preceding 
temperature-time history of the specimen, but 
as far as we consider only the specific course 
of a experiment, it is a unique function of 
time or the temperature. Accordingly, we 


write 
dU _dU dT dus _du™ aT 
i dT at at” Cle ee 


In our experiments of specific heat during 
cooling, —dT/dt is the rate of cooling V, so 
that 


dU aU, au 
ee a Wanna 
aT ar. e dt 
a= 1 
= C,y-+( ————) .—, 
C, I +( dt ) V 


Thus the observed specific heat Cp is related 
to the reversible specific heat C,’® and the 
rate of time change of the irreversible internal 
energy —dU*"/dt. 

In Fig. 4, Cp were plotted against 1/V. for 
nine temperatures from 560°C to 400°C, using 
the values of the previous five experiments of 
cooling. In this figure, the extrapolations of 
the constant temperature curves to the in- 
finite rate of cooling 1/V=0, will give the 
reversible specific heats C,'®. But, as we see 
in the figure, the data are not enough to allow 
a satisfactory extrapolation. Therefore, the 
extrapolations were carried out so as to give 
the same internal energy at room temperature 
as that of the specimen quenched into water 
from 600°C. In Fig. 5, (1) the reversible 
specific heats C,’ thus obtained, (3) the 
specific heat curve on heating for the alloy 
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Fig. 4. Specifie heats during cooling as fune- 
tions of the reciprocal of the rate of cooling 
at each temperature. 
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quenched from 600°C into water, and (2) the 
specific heat curve for pure nickel measured 
by the same apparatus are plotted against 
reduced temperature scale, T/9. Considering 
the difference of magnetic energy of the two 
metals, it can be said that the anomalous part 
of C,'° consists mainly of the energy associat- 
ed with the magnetic transformation. Using 
this Cp", the rate of time change of the 
irreversible internal energy —dU*"/dt can be 
calculated by the equation, 


ag 

ida =(Cp—Cr")-V. 
Therefore, —dU"/dt is equal to the inclina- 
tion of the straight line connecting the origin 
of the curve and the point under considera- 
tion in Fig. 4. These straight lines are shown 
in the figure only in one case of the experi- 
ment (c) by dotted lines. In Fig. 6, the 
irreversible specific heats C,'"=C,—C,' and 
the rate of time change of the irreversible 
internal energy —dU'/dt thus obtained are 
shown. 

The figure shows the quantitative picture 
of the irreversible ordering process of Ni;Fe 
during cooling in the stage of local ordering. 
The devlopment of local order starts at the 
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Fig. 6. The irreversible part of specific heat 
during cooling and the corresponding rate of 
time change of irreversible internal energy 
as functions of temperature. The notations 
(a), (b), (e), (d), and (e) correspond to these of 


Fig. 2 and Fig. 3. 
temperature of about 600°C, then increases 
gradually to its maximum at about 520°C and 
decreases gradually to zero at about 400°C. 
Here even in this quantitative treatment, no 
anomalous behaviour is seen at the critical 
ordering temperature 500°C. 


§4. The Development of Local Order at the 
Steady Temperature 


The existence of short range ordering which 
had a relaxation time of hours was confirm- 
ed by the above cooling experiments. More- 
over, Fig. 6 shows clearly that the equilibrium 
cooling was not obtained for our slowest 
cooling even in the temperature range above 
the critical temperature. In this situation, it 
will be possible to study the development of 
local order by measuring directly the rate of 
decrease of the internal energy. This method 
was used previously to observe the two 
steps’ formation of superlattice at 490°C.” 

The specimen and the apparatus used were 
the same as the previous cooling experiments. 
The specimen in vacuum was heated to 850°C, 
held one hour, cooled to 600°C, held again for 
one hour and then cooled as rapid as possible 
to 510°C. At this temperature, the rate of 
decrease of the internal energy due to local 
order was observed. Then the temperature 
of the specimen was kept at 510°C as con- 
stant as possible, by controlling the outer 
heater and the differences of temperature 0T 
between the specimen and the surrounding 
copper wall, which were indicated by the 
differential junction and galvanometer, were 
recorded continually. 6T is considered to be 
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proportional to the rates of the decrease of 
internal energy caused by the development of 
local order. After about half an hour at 
910°C, the thermal equilibrium condition be- 
came enough to allow the observation. The 
observations continued for five hours until the 
difference of temperature dT became zero 
within the experimental error. Then, the 
specimen was cooled in furnace as rapid as 
possible to the room temperature. After that 
the specimen was heated again to observe 
the corresponding specific heat—temperature 
curve on heating. 

To transform the observed differences of 
temperature dT into the rate of the internal 
energy, a proportional, constant k must be 
determined. However, in this case, the con- 
dition is different from that of the previous 
experiment. Because, some unknown de- 
velopment of the local order would take place 
in the duration of cooling from 600°C to 
510°C and annealing for half an hour at 510°C 
which was necessary to prepare the condition. 
This will have a great contribution to the total 
energy decreased in this experiment. There- 
fore, a certain complicated procedure was 
necessary to determine the total amount of 
energy decreased at 510°C. 


ore oi 
Time ( hours) 


Fig. 7. Temperature-time history of the speci- 
men in the experiment, by which the develop- 
ment of local order at 510°C was observed 
directly. 


In Fig. 7, the temperature-time history of 
the specimen in this experiment is shown. 
The full line illustrates the actual history. 
We approximate the history to what is 
illustrated by the dotted lines. That is, (1), 
a cooling from 600°C to 510°C with the con- 


stant rate V=2.0deg/min, (2), an annealing 
for 30 minutes at 510°C, and (3), a quench- 
ing from 510°C to the room temperature. 
Then, the specific heats during cooling from 
600°C to 510°C can be approximated to be 
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equal to the values of the curves in Fig. 4, 
corresponding to 1/V=1/V=0.50 min/deg. at 
each temperature. The specific heats during 
cooling from 510°C to the room temperature 
after the measurements are also assumed to 
be equal to the reversible specific heats C,"°. 
In Fig. 8, the specific heat during cooling 
estimated by the above procedures is shown 
together with the specific heat on heating 
observed after the cooling procedures. Here, 
the difference, 49 cal./atom, of the two areas 
surrounded by the two curves in the figure 
will give the total energy decreased by the 
annealing at 510°C. Moreover, the initial 
value of the rate of decrease of the internal 
energy at 510°C is assumed to be equal to 


pe 


Fig. 8. Calculated specific heat curve during 
cooling in the experiment for the direct 
observation of local order at 510°C, and 
specific heats on heating of the specimen after 
the experiment. 
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Fig. 9. The rate of decrease of the internal 
energy due to the development of local order 
at above the critical temperature. The 
abscissa indicates the times of annealing at 
510°C. 
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the value —dU*/dt of 1.7cal/min.=100 


cal/hr.atom., corresponding to 1/V= 1/V=0.50 
min/deg. at 510°C in Fig. 4. Taking account 
of this initial value, the proportional constant 
k was determined. 

The result is shown in Fig. 9. It can be 
said that the existence of the time dependent 
formation of local order above the critical 
temperature is confirmed quantitatively. It 
shows a simple type process which continues 
for about five hours at 510°C. 

The study for the development of local 
order above the critical temperature is ex- 
tended further by using the quenching treat- 
ment and by measuring the specific heat on 
heating. First the specimen was annealed 
for 15 hours at 510°C and quenched into the 
water, and next the specimen was annealed 
for 44 hours at 505°C and quenched into 
water. In both cases the measurements of 
specific heat on heating were carried out after 
each heat treatment. The results are shown 
in Fig. 10 and Fig. 11 with several previous 


Fig. 10. Specific heat curves on heating of Ni; 
Fe. (1), annealed for 15 hours at 510°C and 
quenched into the water, (2), annealed for 5 
hours at 510°C and rapidly cooled in furnace, 
(3), rapidly cooled in furnace from 850°C, and 
(4), annealed for one hour at 600°C and 
quenched into water. 


curves for comparison. In Fig. 10 it can be 
seen that the excess energy of about 20 
cal/atom. is required to heat the 15 hours 
annealed specimen from 500°C to 600°C, com- 
pared with the specimen of the previous ex- 
periment which had been annealed for 5 hours - 
at 510°C. It seems probable that a further 
development of local order exists at 510°C 
after the five hours annealing. But in Fig. 
11, the internal energy decreases further by 
the amount of about 23cal/atom compared 
with that of the specimen annealed 15 hours 
at 510°C. Thus, it will be more adequate to 
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assume that the equilibrium energy of local 
order is very sensitive to the annealing tem- 
perature near the critical temperature, and 
the observed difference of energy between 
the five hours annealing and the fifteen hours 
annealing at 510°C is caused by the experi- 
mental error in the regulation of constant 
temperature at 510°C for the latter. 

In Fig. 11, a specific heat curve of the 
specimen which has been annealed for 6 hours 
at 490°C» is also shown. It must be born in 
mind that although the total amounts of the 
internal energy decreased by the formation of 
superlattice are almost equal in the two cases 
of Fig. 11, the internal states of the specimen 
seem to be quite different, as we can see by 
the different positions of the anomaly. The 
curves indicate that the local order which 
developed at higher temperatures is more 
stable against the increase of temperature 
than the order which developed at lower tem- 
peratures. Here, the heating rates of the two 
measurements were almost equal. 
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Fig. 11. Specific heat curves on heating of 
NizsFe. (1), annealed for 44 hours at 505°C and 


quenched into water, (2), annealed for 6 hours 
at 490°C and quenched into water. 
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In Fig. 12, the amount of the internal energy 
decrease are shown as functions of the time 
of annealing at 500°C, 505°C, and 490°C. 
The curves for 510°C and 505°C are infered 
from the data of the above measurements, 
and the curve for 490°C is taken from the 
previous paper.» Here, the zero points of 
the internal energy are chosen to the states 
having the internal energy consisting of only 
the reversible part of the internal energy. 
For example, in the direct observation at 
510°C, the irreversible internal energy of about 
45 cal/atom. has already been lost during the 
cooling from 600°C to 510°C, 


$5. Discussions 


The obtained curves for the development 
of local order shown in Fig. 12 are quite 
similar to the curve (1) of Fig. 10 of the 
previous paper.» Therefore, we believe that 
our postulates stated in the introduction were 
proved by direct experimental data. 

The existence of local order above the critical 
temperature®?®), is established both from 
theoretically and experimentally. The constant 
of atomic diffusion will not very different for 
the temperatures above and below the critical 
temperature, at least in the initial stage of 
ordering. Therefore, the difference between 
the characteristics of the time dependent 
formation of the atomic order above and below 
the critical temperature will be mainly due to 
(1) their different total amounts of ordering 
and (2) their different cooperation character- 
istics. Our unpublished theoretical treat- 
ment”! has shown that the difference of 
magnitude of their times of relaxation in the 
formation of atomic order between with and 
without long range order is not large. There- 
fore, for almost all superlattices which have 
a sufficiently long relaxation time for long 
range order, there will exist observable time 
dependent formation of the local order. 

When we look at the well known heat 
treatment of permalloy, quenching from 
600°C1, from this point of view, it is the 
necessary and sufficient treatment for this 
alloy to suppress the development of local 
order. The situation can be seen in Fig. 6. 
Y. Tomono showed experimentally’ that the 
effect of magnetic field cooling for this alloy 
is most efficient at temperatures about 520°C. 
This fact can be well understood by the 


assumption that the effect is caused by the 
development of the local order.!”+19)1 

In the above analysis of. the experiments, 
the coupling between the atomic ordering and 
the ferromagnetic spin ordering is neglected. 
This omission may be allowable in the ap- 
proximation used in this paper. But there 
are several evidences about the existence of 
this coupling revealed in the characteristics 
of specific heat-temperature curves on heating 
observed for specimen annealed long below 
the critical temperature. They will be dis- 
cussed in the next paper.® 

The writer wishes to express his sincere 
thanks to Professor Seiji Kava for his fruitful 
suggestions and constant encouragements and 
to Dr. Sdshin Chikazumi for his discussions. 
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X-Ray Study of Cold Work in Some Ordered Alloys 


By Shoichi ANNAKA 
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The structure changes due to cold work on polyerystalline specimens 
of super-lattice alloys (AuCu;, AuCu, AgCd and AgZ%n) were studied 


by X-rays. 


strain were found to be produced by cold work. 


In AuCuz; and AuCu, a small anti-phase domain and 


In AgCd and AgZn, 


the « and ¢ phases both changed into the #’ phases by eold work even 
at room temperature, and in the case of the « phases severe slipping 
along the (001) plane as well as atomic diffusion took place during 


and after cold work. 


$1. Introduction 


Plastic deformation of metals due to cold 
work has previously studied by x-rays, by 
electron-microscope and by electric resistance 
measurement and it is known that slip and 
deformation bands, atomic diffusion, deforma- 
tion twinning and structure changes are pro- 
duced by cold work?. These changes have 
significant importance in the explanation of 
the plastic deformation of metals. Among 
the methods of investigation mentioned above, 
the x-rays are of course the most convenient 


for the study of crystal structure change and 
many studies on cold work of metals and 
alloys have been carried out so far by this 
method. In polycrystalline material, it is 


known that there occurs a broadening of the ~ 


lines in the Debye-Scherrer photograph, ac- 
compained by a change in their intensities. 
The following two causes have been attributed 
to explain these facts: 1) reduction in crystal 
size, 2) uniform and non-uniform strain re- 
maining in the crystal. In single crystals®, 


Laue asterism has been known to appear and — 
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is ascribed to deformation bands. On _ the 
other hand only few instances are found so 
far of studies on the cold work in super-lattice 
alloys, and the writer thought it shall be very 
usefull to develop this approach to the pro- 
blem, since this method reveals even the 
changes in unit cells. Some recent findings 
by the author along this line have already 
elsewhere been reported elsewhere®, and in 
this paper the writer will describe further 
experiments along the same lines and discuss 
the results. Four kinds of alloys, AuCu;, AuCu, 
AgCd and AgZn have been taken up in the 
experiment, the former two differing from 
the latter two in their physical properties. 


§2. Experimental Method 


The x-ray powder patterns were studied by 
the photographic method and in some cases 
by the Geiger counter method. Care was 
taken to obtain monochromatic x-rays. In 
the case of the photographic method with 
CuKa-radiation, for example, a high tension 
of about 25,000 volts was employed and use 
was made of Ni filter. Cold work was effect- 
ed by filing at room temperature, the average 
size of the grain obtained being of about 
1/100~2/100 mm. In the photographic method, 
the powder was mixed with a small quantity 
of paste and extruded from a glass tube. The 
wire-like sample (0.6 mm. diameter) thus ob- 
tained reveals no preferred orientation after 
cold work. In the counter method, the powder 
was fixed with aceton on a glass plate. 


§3. Results and Discussion 


1. AuCu;, AuCu, AgCd(p’) and AgZn({’). 

It has been supposed mainly on the basis 
of electric resistance change, that cold work 
might be the cause of disordering in super- 
lattice alloys, but not in such cases as f-brass. 
To test this, we filed AuCu;, AuCu, AgCd(’) 
and AgZn(f’) in ordered states and studied 
them by an x-ray powder method. 

We found that the super-lattice lines in 
these x-ray photographs had disappeared com- 
pletely in AuCu; and AuCu, but not such 
change was observed in the cases of the AgCd 
and AgZn. We should be able to identify 
the nature of these changes by measuring the 
lattice constant, and the results of such an 
measurement are shown in Table I (though 
the atomic ratio of the components in these 
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samples are not 25:75 or 50:50 precisely). 
And a diameter of camera was 24 cm. long 
(counter method). But owing to the broad 
Debye-Scherrer lines, the errors in absolute 
values were estimated as +0.003A in the 
cases of AuCu; and AuCu. In these measure- 
ments no change of lattice constants was ob- 
served after cold work in the AuCu;, AgCd 
and AgZn. In the AuCu, however, the crys- 
tal structure changed from the tetragonal to 
the cubic and the volume of unit cell increased. 


Table I. The lattice parameters in A unit. The 
error is estimated as +0.003A. 
(AuCu3; and AuCu). 


ordered filing disordered 
alloys | state sample state 
AgCd (8’) 3.300 8. 830 
Ag@Zn (8’) 3. 155 | 3.155 
AuCu; | 3.744 oa: 3. 760 
AuCu | a= Shteil) | eiptetaill 3. 888 
| c/a=0.935 


The above experimental fact that the super- 
lattice lines disappear completly in the AuCu; 
is explained by thinking that ordered state of 
AuCu; becomes disordered state by atomic 
diffusion. But this phenomenon is also ex- 
plained by thinking that the crystal is divided 
into a small anti-phase domains by slipping. 
This explanation is made in the following 
manner: Let us compare the peak hight of 
the (002) reflexion with fluctuation in the in- 
creased background of the counter record 
(Fig. la) or with the weak (111) reflexion due 
to K$-radiation. It may be supposed that the 
(002) reflexion would not be observed if the 
peak height of the (002) is reduced to about 
1/20 or less, that is, when the integral breadth 
becomes about 1/20 or less. So if the apparent 
size of an anti-phase domain is about 1/20 or 
less of the coherent domain size, this explains 
the disappearance of the (001) super-lattice 
line®, which has almost the same intensity 
as (002). The range of the anti-phase domain 
is hard to estimate since the super-lattice lines 
vanish entirely. 

When we consider many experiments on 
plastic deformations? it should be natural to 
think that the crystal is divided into small 
anti-phase domains by slipping. But the 
boundaries of these domains would be in 
disordered states. This latter idea is profi- 
table for the result of the measurement of 
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Fig. 1. The Geiger counter records of cold 


worked AuCu; (A) and € phase of AgCd (B). 


lattice constant although its error is large. 
In the AuCu, as may be supposed from the 
case of AuCu;, we can not assume the occur- 
rence of a disordered state of AuCu by filing. 
But the boundary of anti-phase domain must 
be in disorder by slipping. It should be 
natural to think that the tetragonal lattice 
changes into the cubic through depression of 
the cooperative phenomenon arising from the 
smallness of this domain and through the 
influence of the disordered boundary. 

The order of the AgCd and AgZn did not 
change by cold work. In these cases the er- 
rors in lattice constants were estimated as 
+0.001 A or less because the lines were sharp. 
In the case of B-brass®, ordering took place 
even at room temperature. So we may think 
that atomic diffusion instantly took place after 
cold work due to the low ordering energy of 
AgCd and AgZn and residual strain vanished. 

The breadth of the fundamental lines became 
appreciably broader after cold work in the 
AuCu; and AuCu but to a minor extent in 
the AgCd and AgZn. One may determine the 
cause of line broadening if one knows whe- 
ther the width of line is proportional to tan 6 
or Asec 9, where @ is Bragg angle and 2 is 
wave length of x-rays. In this experiment, 
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the next care was taken: 1) Correction for 
photometer curve. 2) Monochromatic x-rays 
were obtained as already mentioned. 3) Stand- 
ard sample were used for the correction for 
spurious broadening due to apparatus. 

The line profile was found to be well ap- 


proximated by a curve C/(1+k’x”)?, where C | 


and k are constants®. The result obtained by 
this method differ in some cases by about 3% 
from those of the method of Stokes. Cr-, Fe-, 
Cu- and Mo-Ka-radiation were used. The 
breadth was nearly proportional to tan@ as 
shown in Fig. 2. The proportionality against 
Asec 0 was not so good as against tan@. So 
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B 


2 
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Fig. 2. The plots showing the variation of 
integral half intensity breadth (B) with tan 0. 


it was concluded that main cause of the line 
broadening should be attributed to strain. In 
a case like this, the approximate coherent do- 
main size is usually obtained in the following 
way: Line broadening (B) is given by the 
sum of strain broadening and particle size 
broadening, or approximately (k-tan6+4/D- 
sec @), where Rk is constant and D is the range 
of the coherent domain. For constant 2, one 
may obtain two experimental values By; and 


Bose for (111) and (222) lines respectively and — 


these two points are connected by a curve 
(k-tan@+2/D) an the graph of B versus 0. 
When @ is 0, the value of this curve is ap- 
proximately 2/D. By this method, we calcu- 
lated the average coherent domain size which 
was found to be 800-100 A. 
and AgZn, the line broadening was very small. 


In the AgCd © 


: 
i 
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The breadth of the (110) line of AgCd for 
CuKa@ for example was 1.3x10-3 radian. 
2. AgCd(&) and AgZn(¢). 

The € and € phases are stable in the range 
of 258-450°C and below 283°C respectively”. 
It was found that the € and € phases changed 
into the ordered ~’ by cold work at room 
temperature. The character of change is as 
follows: 1) The disordered state changes into 
the ordered. 2) The hexagonal lattice changes 
into the body-centered cubic. 3) The inter- 
mediate states, (€+ 8’) and (€+8’), are ob- 
tained by proper cold work. These inter- 
mediate states, however, change into the £’ 
with the lapse of time. After light cold work, 
the € phase is changed within about 20 hrs., 
but € phase is changed within about 3 months 
after heavy cold work. 4) The relative inte- 
gral intensities of the x-ray reflexion lines of 
the € and € phases change during the above 
intermediate states (Fig. 1b). 

By studying these fact, one may expect to 
derive some knowledge of structural changes 
of metals by cold work. There is no room 
to doubt that a remarkable diffusion of atoms 
occurs in the AgCd and AgZn during and 
after cold work. This infers that diffusion 
must be the cause of order-disorder change 
in 1). The mechanism of these structural 
changes in 2) is not as yet clear, but the 
study of abnormal intensities of the inter- 
mediate states will be an approach to this 
Table II. Effect of cold work on integrated 

intensities of x-ray diffraction lines for rod 

sample (AgCd ¢). K=exp (—(8n?//?)-sin? 6,- 


sin? £-2<é>). <— indicates where cal. and 
obs. intensities matched. 


A A! B C 
(hk-1) eal. obs. |(A x K) (Bx 0.86) 
(10-0) Wart 6.5 | OS 8.4 
(00. 2) 15.9 </> 15.9 <|> 15.9<|> 15-9 
(10-1) 62. 4 38. 9 50.9 43.0 
(10. 2) 12.7 LAG 9.9 8.5 
(11.0) 19.5 | 10.6 9.7 9.7 
(10-3) 24.4 19.9 (¢+’)} 19-0 16.3 
(20-0) 3.7 — ila 1.2 
(11-2) 28.14 13.0 12.7 12.7 
(20-1) 21.4 5.5 Tes 6.5 
(00-4) 4.4 4.5 4.4 4.4 
(20-2) 6.4 =m 2.2 1.g 
(10-4) Doig 3-0 4.9 3.4 
(20-8) 16.7 Se 6.6 5.7 
(21-0) 50. — _ = 
(21-1) 33. 9 6.6 (e +8’) 7.0 6.4 
(11-4) 23.8 13-4 11.3 bats 
(21-2) 28.8 10.4 15.0 12.9 

; (10-5) 
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problem. We considered the intermediate 
state of (€+ ’) because the € phase had a 
simple crystal structure. 

The x-ray intensities measured by photo- 
graphic and counter methods are indicated in 
column A’ of Table II. These values differ 
from the theoretical (column A) in various 
respects. Firstly the reflexion lines from the 
planes inclining at a large angle to the (001) 
plane have weak intensities and their line 
breadths are a little larger than those of the 
planes inclining ata small angle. This abnor- 
mality suggests random displacement of atoms 
from lattice points in the (001) plane. Sucha 
state is similar to that having an anisotropic 
thermal agitation parallel to the same plane. 
We therefore corrected the theoretical values 
in the following way: The theoretical values 
multiplied by exp ((—8z?/A7)-sin? @z-sin? ¢- 
2<&*>) are given in column B, where <&>, 
the mean squre displacement of atoms in the 
(001) plane, is 0.04 A, and ¢ is the inclining 
angle to the same plane. Comparing the 
column A with B, one will see that the agree- 
ment in the planes where h—k=3n-41 is not 
good. To explain these discrepancies, stack- 
ing disorder was assumed to be produced on 
the (001) plane. Let us consider simply that 
change of x-ray reflexion intensities due to 
stacking disorder. In the simple case of stack- 
ing disorder produced by slipping in one 
direction along the (001) plane, there will exist 
the following, (1) A,B,Ai:B,A;B,.... C:A:CiA>: 
Cr Ao. «i, « BiG, B10 BiCa. o.<, Aryl be ado anaes 
C2 Ry a ey GON SOREN na USNS 
Ci As Crag. s:<e6or ba AqbaAa ben a ame real nnd 


A ) c 
Fig. 3. The structure of planes A, B, and C. 


2 indicate z=0 and 1/2, the height along the 
z direction in the unit cell and the structure 
of A, B and C planes are as shown in Fig. 3. 
If the sequence (1) exist in the crystal, the 
amplitude of the x-ray reflexion will be ex- 
pressed by: 


Ng-1 
A;=[{1+exp (27i(th+#k+i)} & exp (2ninl) 
+ {exp (27d(4h+ 4k))+exp (272-31)} 
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>>) exp (274(7-+n)/) 
0 


+ {exp (27i(4h+3k)) 
+exp (27i(3h+ 3k+32))} 


mg-1 Nii 


-S' exp (27i(#+2n,)1)]- Sd e2t? Gro 
eB n’=0 


=[(1 —e?7#34'%07)/(1 —e?xt3m9?)] 
-[(1—e?'"0')/(1 —e?@#?)] 
-{1+exp (270(4h+3k+3/)) 
+exp (277(¢h+4k+)l))+exp(272(4+% )l 
+exp (272(4h+3k+2n)/) 
+exp {27i(3h+ak+(2m+3)}] (1) 
where it may be assumed that layers exist 
between faults, the number of faults being 
(83N—1). Each reflexion line satisfies one of 
following two conditions (a) or (b). The values 
of Eq. (1) give the answers for the cases 
where 7 is respectively even and odd. 
(a) h—k=3n (n: integer). When / is even, 
A,=6%,N. When Z is odd, A,=0. 
(b) h—k=3n+1. In this case, let us con- 
sider the values of A,’. 
sin’ z3Nml _ sin*z71 
sin? 23mjl  sin2zl 
-[6+4 cos 27(+4+31)+4 cos 2n( 43+) 
+4 cos 27($-+- W+4 cos 22(3421)/) 
+2 cos 27{3+(4+ 1} 
+4 cos 27{+4+(m—4)} 
+4 cos 2n(-3+2ml)+2 cos 2n(2m—3 
+2 cos 27(+3—4/)] . C2) 
We inserted the values of 7 into Eq. (2). The 
values of terms between square brackets are 
large in special cases as shown in Table III. 
If m is large the term sin? 7d/sin? zl has 
the values 770.68 and m?x0.18 when J= 
1/3% and 2/3” respectively. Accordingly if 
the line profile is assumed to be nearly tri- 
angular the integral intensity is weakend by 
about 14%. The sequence (2) indicates nearly 
the same results. If % is large, the sharp- 
ness of the line is little different from the 
case where no faults exist, and in our case 
line broadening due to strain is larger. The 
real crystal however has more complex struc- 


A?’= 


Table III. 
l=even l=odd 
Reece 3 38n+1 | 8n—-1 | 8n+1 1! 3n—-1 

1+0/3 Ol 6G O Siaehe 
141/38 9 0 27 0 
1-1/3 0 ) 0 Zi 
1+2/3 0 9 0 Ai 
1-2/3 9 0 27 0 
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ture of faults, but we corrected the values 
of B by 14% in the first approximation. The 
result is shown in column C, which is more 
likely to be observed. 


§5. Conclusions 

It is known that direct evidence for plastic 
deformation may be found in the slip and 
deformation bands found by the electron- 
microscope, and this large slipping gives 
rise to reduction of dimension in the coherent 
domain. 

In AuCu; and AuCu alloys, from the dis- 
appearance of the superlattice lines after 
cold work, we have concluded that small anti- 
domains are produced by many elementary 
slips in the coherent domain. The measure- 
ment of the fundamental line width in AuCus 
has shown that the main cause of line breaden- 
ing is strain. Hence we have estimated the 
average dimension of the coherent domain to 
be about 800-4100 A in the [111] direction. 

In AgCd and AgZn, the € and € phases 
changed into the B’ by cold work. The ab- 
normal x-ray intensities in the intermediate 
phase (€) suggests severe slipping along the 
(001) plane. In the € phase, the stable state 
(€) changed into the metastablestate (8’) by 
cold work, so we must think that the lattice 
energy of the € phase increased at a moment 
as high as above 283°C by cold work. 

In conclusion, the author wishes to express 
his sincere thanks to Prof. Mitsuo Miwa for 
his valuables discussion and to Mr. H. Suzuki 
of the Tohoku University for his helpful dis- 
cussions. In the counter experiments, the 
author owes his gratitude to Prof. T. Ito. 
This work was supported by grants in aid for 
fundamental research dispensed by the Mini- 
stry of Education. 
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Electron-Diffraction Study of Liquid-Solid Transition 


of Thin Metal Films 


By Mieko TAKAGI 
Tokyo Institute of Technology, Tokyo 
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Structure changes of thin films of Pb, Sn and Bi at various tem- 
peratures has been studied by electron diffraction method. The films 
were prepared, in the electron diffraction camera by evaporating the 
metals, on cleavage surfaces of several kinds of crystals. The mean 
thickness of the films ranged from 10A to 1000A. The observed melt- 
ing points are found to be lower than those of bulk metals. Anti- 
cipating this effect to be attributed to the small size of the crystal, 
the author has caleulated the melting temperature as a function of 
crystal siz2. The observed values of the lowering of the melting 
point agree fairly well with the calculated values for the crystal sizes 
estimated from the mean thickness and the breadth of the Debye- 
Scherrer rings in diffraction patterns. On cooling, the films are 
supercooled down to considerablly lower temperatures which can be 
ascribed to the slowness of the rate of nucleation in a small crystal. 
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$1. Introduction 


By means of the electron diffraction method, 
it has been revealed that thin films of some 
low melting-point metals show remarkable 
supercooling when cooled from temperatures 
above the melting point. Sayama” found 
that thin films of tin (melting point 231.8°C) 
evaporated on molybdenite cleavage surfaces 
show supercooling down to about 80°C. 
Miyake and the present author” have observed 
the same phenomenon also for lead films 
evaporated on cleavage surfaces of zincblende. 
Recently, Turnbull® has measured the solidi- 
fications temperature of small droplets, 50 
diameter of various metals under microscope, 
and confirmed a similar effect. 

The present author has made observations 
on the structure change with temperature of 
thin films of lead, tin and bismuth, evaporated 
on crystal surfaces. In this experiment, be- 
sides the extreme supercooling as mentioned 
above, also the phenomenon of pre-melting, 
or the lowering of the melting point, has been 
noticed. Namely, when films are heated from 
temperatures below the melting point, diffrac- 
tion patterns are found to change from solid 
to liquid patterns at temperatures lower than 
the melting point of the metal in bulk; these 
temperatures depend in general on the thick- 
nesses of the films. 

In this paper, the results of the observation 


on these phenomena, the pre-melting and the 
supercooling, will be reported, and explained 
in terms of existing theories. 


§2. Experimental Procedure 


The evaporation of metals, lead, tin and 
bismuth, on cleavage faces of single crystals 
of zincblende, galena, molybdenite and silicon 
carbide was performed in the electron diffrac- 
tion camera». The changes of diffraction 
patterns with temperature were observed on 
the fluorescent screen or by photographs. 

The mean thickness of each film, which was 
calculated from the total mass of the evapo- 
rated metal, ranged from 10 to 1000A. 

In most cases, the temperature of films was 
measured by a thermocouple fixed close by 
the sample face. The temperature difference 
which may exist between the thermocouple 
and the cleavage face is estimated by the 
following method. As shown in Fig. l,a 
piece of the metal (m) which is of the same 
kind to that to be evaporated on the base 
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Fig. 1. Experimental Procedure. 
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crystal (ec) is placed on the holder (h), close 
to (ec); a small pin (p) is stuck on the top of 
the piece of metal (m). The electron beam 
is scattered by a golden foil (g) so as to pro- 
duce a shadow of the sample holder on a 
fluorescent screen (f), then the melting of the 
metal piece is recognized by observing the 
fall-down of the pin in the shadow, and thus 
the temperature difference between the thermo- 
couple and the metal piece at this moment 
can be determined. The difference was about 
20°C, and the reading of the thermocouple 
was corrected by this value. The observation 
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(for Bi) patterns as are shown in Photos. 2a | 


and 2b. 

Hereafter the observed solidification tem- 
perature on cooling will be denoted by T;, 
and the melting point of the bulk metal by 
T,. When these films are re-heated, the 
patterns change into halos, indicating the 
melting of the films. We denote the tempera- 
ture corresponding to this change by T;. The 
temperature 7; is lower than the bulk melting 
point T,, but much higher than the solidifica- 
tion temperature T; . 


Tr ny 


of the diffraction patterns from the metal Were a ae 
films on the substrates (ce) are done by remov- Heyes oct os 
ing the golden foil from the path of electrons. 
1, To 
$3. Experimental Results deeeae —+_+- 5---5----- d-- - 
The diffraction patterns of thin films above 100°¢ 200¢ 3006 
melting point consist of liquid halos as are Fig. 2. Phase change of Pb film of 50A thick. 


shown in Photos. la and lb. When the films 


~—~~ liquid region solid region 


are cooled slowly, remarkable supercooling is Ty): melting point of bulk metal. 
Ty melting point of thin film. 
4M solidification temperature of thin film. 


Scares be 


An example of these phase changes for Pb 
films, 50A thick, is illustrated in Fig. 2. 

The observed values of 7; and 7; are given 
in Table I. These values depend upon the 


Bi thickness of the films but the dependency 
Photo. 1. Diffraction pattern for liquid state. upon the kind of base crystal was not re- 
markable. The temperature range of the 
200 
& 180 x 
BS 160 
: T 140 x 
Bin JES Dest 120 
Photo. 2. Diffraction pattern for solid state. 100 
observed; the halo patterns persist over a ae 
wide temperature range below the ordinary et ee Oe ee ae (2 oe 
melting point of the bulk metal, but suddenly Pie<3. (Ty—,) for various thickness 
change into spotty (for Pb and Sn) or ring of Pb films. 
Table I. 
Mean 
Metal | T» thickness| 7’, Ps T)-T, Ty)-T's Ty) —-65 27 
| 500 593 508 2 
Pb | 600 De 5 7 ys 90 400 
50 559 443 4] 157 109 hie 
Sn | 505 50 475 313 30 192 136 86 
Bi | 50 521 397 23 147 IPA 78 
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supercooled state, ({,-T;), for various thick- 
ness of Pb films are shown in Fig. 3. 

The lowering of the melting point of thin 
films of bismuth was reported also by Fujiki®, 
but the temperatures observed by him do not 
agree with the values in our experiment. 
The reason of this discrepancy is not clear. 


$4. The Theoretical Consideration on 
Pre-melting and Supercooling 


By electron-microscopic observation, thin 
evaporated films of metal has been found to 
be the aggregation of small islands of metal 
crystals”, so that, for simplicity, one may 
treat the film as the aggregation of spherical 
droplets of suitable size. 

In this section, therefore, the effect of the 
drop size of metals on melting point and 
solidification temperature will be considered 
theoretically. 


a. The melting point of small droplet 


It has been known from a thermodynamical 
consideration® that the melting point of a solid 
having small size is lower than that of the 
solid in bulk. Suppose that a small sphere, r 
in radius, of a solid metal is in equilibrium 
with the surrounding uniform liquid at the 
equilibrium temperature @,. Let 4U and 4S 
denote respectively the change of internal 
energy and entropy per unit mass of the 
metal at melting. When dA denotes the de- 
crease of the surface area of the solid sphere 
due to the melting of a mass dw into liquid 
at the equilibrium temperature, we have 


4U-dw—AS-0,-dw—o-dA=0, Cry 
where o is the interfacial energy between 


liquid and solid. At the melting point, JT), 
of the bulk metal, 


4U-dw—AS-T,-dw=0, (2) 
provided that 4U and 4S are independent of 


temperature. From (2) we obtain 
AU AS“T 5; (3) 
or 
As= 40) TS hile; (4) 


where Z is the heat of fusion. Put (4) in (1), 
then 

(Ty—9,)/Ty=(o/L)(dA/dw) , (5) 
where 40=T,—96, means the lowering of the 
melting point. The Eq. (5) shows that 40= 
T,—9, is proportional to the decrease of the 
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interfacial energy between solid and liquid 
due to melting, vzz., o-dA/duw. 

If p is the density of the metal, we have 
A=4rr, 


and we obtain dA/dw=2/p-r. 
(5) 


w=4/3rr3-o , 


Putting this in 


46/T)=(T)—8,)/T,=20/0-L-r, (6) 


The lowering of the melting point 4@ is then 
proportional to 1/7. 

For the case of lead, for instance, o=33.3 
ergs/cm? (calculated by Turnbull*), therefore 


AO~1.5 x 103/7 (ry in A unit), 


which gives 49~15°C for r=100A, and 40~ 
150°C for 7=10A; 

The relation (6) has been predicted theoreti- 
cally since ago®, but the direct experimental 
proof seems not to have been performed yet. 
In the present experiment, the films prepared 
are 10 to 1000A in mean thickness, and since 
the order of the crystal size in films is con- 
sidered not much different from the mean 
thickness of the film, 4@ may attain to one 
to ten times of the several degree. 

In the above, the equilibrium temperature 
between the sphere of solid metal and sur- 
rounding uniform liquid has been considered. 
Though actually the thin film, being the ag- 
gregation of small crystals, is surrounded only 
by its vapor phase, the same result is obtained 
when we consider the equilibrium state after 
a small quantity of the outer part of the 
sphere has melted. 


b. The solidification temperature of thin films 


The theory of the formation of solid part 
in supercooled liquid has been treated by 
Turnbull and Fisher; Turnbull® has com- 
pared the theory with the experimental ob- 
servations for various metals. In the following 
paragraphs their results will be briefly outlined. 

The formation of solid phase in supercooled 
liquid is usually thought of as the result of 
a sequence of two steps: nucleation and sub- 
sequent growth. The latter step occurs so 
rapid that the rate of formation of solid is 
mainly determined by the rate of nucleation. 
Since bulk metals are expected to contain 
sufficiently many accidental inclusions of ex- 
ternal origin, effective as nuclei of crystal- 
lization, the supercooling is not usually ob- 
served. But when the volume of the metal 
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is small, such inclusions may be seldom, be- 
cause the probability of finding them ina 
isolated crystal is proportional to its volume. 
For such a case, the rate of the formation of 
solid parts having the critical size as defined 
below, developing in the liquid, will solely 
determine the solidification temperature. 

As is shown in (6), a solid sphere of the 
radius 7 is in equilibrium with liquid phase 
at the temperature @,; and it melts away at 
higher temperatures. Therefore, at tempera- 
ture 0,, only the solid particles with radius 
larger than 7 given in (6) may act as nuclei 
for the subsequent crystallization. This size 
r is called as a critical size of crystal nucleus 
at temperature 0,. 

The nucleation rate, or the rate of the 
formation of the solid sphere with the critical 
size, in a supercooled liquid, calculated by 
Turnbull and Fisher, is given by 

I= A exp[—Ko?/(4F,)?-R6], 

A=n(kT/h) exp[—AF4/k0], (a) 
where J is the number of nuclei/sec.cm’, 7 
the number of atoms in unit mass of liquid, 
K a factor depending on the shape of the 
nucleus, o the inferfacial energy/cm? between 
crystal and liquid, 4/, the difference in free 
energy/cm* between crystal and liquid phase 
of infinite volume and dF, the free energy of 
activation for transporting an atom across 
the liquid-solid interface. 

At the melting point of bulk metals the 
value of J is too small to give rise to nuclea- 
tion, so that even bulk metals would be 
supercooled for wide temperature range if 
these were inclusion free. In my experiment, 
in which the volume v of the crystals is so 
small that the accidental inclusions are seldom, 
the crystallization begins practically at the 
temperature where the rate of nucleation J, , 
given by 

ee (8) 
becomes appreciable (for instance, J, equals 
to 10-*~10-‘/sec.). This temperature will be 
called the theoretical solidification temperature 
Gs. 


$5. Comparison of Experimental Results 
with Theory. Discussions 


a. The lowering of the melting point 


When we identify the observed value of the 
lowering of the melting point, T)—T,, with 
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the theoretical value @, in Eq. (6), the radius 
ry can be estimated. If the shape of the islands 
are not spherical, 7 may be interpreted as the 
mean value of the radius of the curvature of 


islands. The calculated value 27 are shown 


in the last column in Table 1, in which the | 
a values calculated by Turnbull, 33.3 ergs/cm? | 
for Pb, 54.4 ergs/cm? for Bi and 54.5 ergs/cm? | 
The calculated crystal ] 


for Sn were used. 
size from the breadth of Debye-Scherrer rings 


in diffraction patterns of Pb of 50A in the } 


mean thickness is about 60A, which also agrees 
well with the value above mentioned. 

Electron-microscopic examination made by 
Levinstein? and Sennet & Scott on thin 
films of low-melting point metals, evaporated 
at room temperature, has revealed that the 
size of the island crystals are nearly of the 
same order as the mean thickness, not all 
uniform in one film, showing moreover a 
greater tendency of aggregation at higher 
temperatures. While, the present experiment 
seems to show that the size of the islands are 
nearly uniform in a film since the change 
from crystal to halo pattern is always very 
abrupt, and that the crystal size remains in 
the order of the mean thickness even when 
the temperature of the substrates is high. 
These discrepancies may be due to the dif- 
ferences in the kind of substrate used, and 
the rate of evaporation.* 


b. The solidification temperature 


The solidification temperature @; can be 
calculated from Eqs. (8) and (7), by assuming 
appropriate values for Z,. In Table I, the 
value of T,—@; is shown assuming the value 
of f, as 10-4/sec. In this calculation all the 
values of the other parameters are the same 
as those in Turnbull’s calculation. 

The calculated values agree rather well with 
the observed ones for the case of Pb of 500A 
thick, but discrepancies are large for other 
cases. One of the reasons may be as follows: 
The solidification temperatures T,; are so low 


in these cases that, on calculation, the value - 


of A in Eq. (8), which is related to the acti- 
vation energy for transporting an atom across 
the liquid-solid interface, will be much smaller 


These also will be the cause of discrepancy 
between the observed values of the lowering of 


the melting point by the present author and that 
by Fujiki®). : 


1954) 


than that at higher temperatures. 


c. The effect of the artificial nuclei on the 
solidification temperatures 


@; in (8) is calculated under the assumption 
that the thin metal films are inclusion free 
and the actual crystallization will not take 
place till the nucleation rate in the metal it- 
self become of measureable order of magni- 
tude. To examine this assumption directly, 
the author performed the following experi- 
ment. First, artificial centres for crystallization 
were made on the substrate by evaporating 
a small quantity of copper, then thin films of 
lead or bismuth were subsequently evaporated 
on the substrate. The range of the supercooled 
state, T7,—T;, for these cases are given in 


Table II. 
Metal Mean thickness (A) Shite Be 
Pb 50 96 
Bi 50 53 
Table II. The Table shows considerably 


smaller values of T,—7; than those in Table 
I. This result indicates that the supercooling 
range depends greatly on the existance of 
crystal nuclei. 

In this experiment, though higher solidifica- 
tion temperatures are observed, considerably 
wide supercooling ranges do remain yet, which 
is interpreted as corresponding to the radius 
of the artificial centres. In bulk metals the 
size of the existing inclusions, effective as 
nuclei, may be somewhat large, while in the 
present case the artificial nuclei are so small 
as of the order of several A in size, and 
several nuclei may probably be contained in 
a droplet of the liquid metal. The solidifica- 
tion will, then, begin from the places sur- 
rounding nuclei in the droplet and propagate 
outwards. Let the radius of the artifical 
nuclei and that of liquid droplet be 7’ and r 
respectively. Then the solidification tempera- 
ture will be the equilibrium temperature T,- 
corresponding to the radius of artificial nuclei 
vy’, while on heating, the solid droplet will 
melt at the equilibrium temperature T;, cor- 
responding to the full size of the droplet. In 
any case, T; is higher than T,, since 7 >7’. 


d. On the twinning formed in lead films 
In the case of lead films, twinning on (111) 
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or (111) planes were formed as is shown in 
Photo. 2a. On cooling, only normal spots but 
no twin spots were observed at the beginning 
of the solidification; the twin spots begin to 
appear by cooling further. On heating, first 
the twin spots disappear and then soon after- 
wards all the other spots change into halos. 

The above observation seems to show that 
the twinned crystals are formed in some ex- 
traordinary regions of the films, such as the 
boundaries of neighbouring crystals, or on 
some irregular places of the substrate. More- 
over, the fact that the melting temperature 
of these twinned crystals are lower than that 
of normally oriented crystals seems to show 
that the radii of curvature of the twinned 
crystals are smaller than those of the normally 
oriented crystals, vzz., twinned crystals are 
more irregular in shape. 

In conclusion, the author wishes to express 
her sincere thanks to Prof. S. Miyake for his 
important suggestions and kind advices, and 
also Prof. A. Harasima, for his discussions. 
The author’s thanks are also due to Mr. S. 
Nagasaki of the Research Institute for Iron, 
Steel and other Metals, Tohoku University, 
Sendai for supply of sample metals, and also 
to Mr. S. Takagi for his advice throughout 
this investigation. The author is also indebted 
to the Ministry of Education for the research 
grant. 
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Multiple Element Interferometer for Locating Sources 
of Solar Noise at 4,000 MC 


By Haruo TANAKA and Takakiyo KAKINUMA 
The Research Institute of Atmospherics, Nagoya University 


(Received November 11, 1953) 


With the intention of locating sources of radio noise from the 
disturbed sun at 4,000 MC, an interferometer with 5 aerials was con- 
structed. Each aerial has a paraboloidal reflector of size 1.5 metre 
in diameter, which can be rotated equatorially. They are placed in 
E-W direction at 6 m intervals. The main lobes are 43’ apart and 
each lobe has a half power width of 7.8’. Each aerial is connected 
to the radiometer with waveguides and magie 7. General design 
principles and the results of observations are described in this paper. 
Experimental record pattern, when the sun is quiet, do not agree 
with the calculated one corresponding to uniform distribution over 
the optical disk. From the eclipse observation, it is concluded that 
the radio disk is about 1.06 times larger than the optical disk. Re- 
cord pattern is obtained if the outer region is about 2.5 times bright- 
er than the optical disk of the uniform temperature about 1.9x10!°K. 


ground radiation as is often the case at 
metre wavelengths, it can be located 
by two aerial interferometer with 
different aerial spacings. On the other 
hand, as the abnormal sources do not 
dominate the background radiation at 
decimetre or centimetre wavelengths, 
multiple element interferometer must 
be used to determine the complete dis- 
tribution of noise sources over the solar 
disk. A needle beam interferometer 
is most desirable. 

A 32-element interferometer for use 
at 21cm has been constructed in 
Australia, and has also been reported 
P that an auxiliary N-S aerial group is 
$1. Introduction now under ara On the ae ee, 

It is one of the important problems in the 4 waveguide array for use at 10.3 cm has 
radio astronomy to observe the distribution been constructed in Canada. 
of noise sources over the solar disk at various 
frequencies. The study in this field, however, 
has not yet been fully developed, as it is 
generally difficult to realize radio beams sharp 
enough to scan the sun directly. 


Prior to these informations, we have started 
to construct 5-element interferometer at 7.5 
cm and finished in march, 1953. As the re- 
solving power is insufficient, it is expected 
to be increased to 8-element in May, 1954. 

The only means we can use is to apply the Details of the equipment and the results of 
well-known interference method. The inter- the observations are related in this paper. 
ferometer produces many lobes; but as the The calculations of the radio brightness dis- 


noise sources are restricted in a small region, tribution about the minimum quiet radiation 
each lobe can separately be used if no ad- at 4,000 MC are also given. 


jacent lobes do not lie on that area at a time. 
When a source extremely dominates the back- 
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§2. Design and Construction 


2.1 Number of aerials and aerial-spacings 
Principles of the interferometer are the same 
as those of the optical diffraction gratings. 
Assuming that the interferometer consists 
of m nondirective antennas, arranged in E~-W 
direction at J metre intervals, its normalized 
power pattern is represented as follows: 
_ 1 sin*(zlm sin 0/d) (1) 
m* sin?(zl sin 6/2) ° 


Denote that 6=@» at maximum response and 
G=075 at f Zi) 
sin Go—PAlL 


p=0, 
sin 0g=(pt+q/m)i/l q=1 


; nate 
=1, 2,---(m-—1) } 
As the sun passes through this pattern, it 
is scanned stripwise by each lobe in turn. 
When the aerial is directive, Eq. (1) must 
be multiplied by its pattern. As each aerial 
must have a large gain, consequently a high 
directivity, at cm wavelengths, we can utilize 
only one or two beams with the fixed aerial 
system. Accordingly, aerials have to be con- 
structed so as to be able to follow the sun. 
As shown in Eq. (2), the wider the aerial- 
spacing, the smaller the angle between two 
beams and, consequently, each beam becomes 
sharp. But as the aerial-spacing must be so 
narrow that two beams do not scan the sun 
at the same time, one must increase the num- 
ber of aerials in order to sharpen the beam. 
If we use m aerials, we can devide the sun 


Multiple Element Interferometer for Locating Sources of Solar Noise at 4,000 MC 


365 


in m parts approximately. 

In the 5-element interferometer constructed, 
aerial-spacing is 6 m, the lobes are spaced 
43’ and each lobe has a width of 7.76’ as 
shown in Fig. 2. It is preferable to use 8 
aerials in all respects, but the financial condi- 
tion compelled us to use 5 aerials for the 
time being. 


2.2 How to combine the infut signals and 
combination loss 


We have combined the input signals two by 
two with the magic T. When a matched 
load is coupled to E-arm and two signals are 
fed to side arms respectively, the resultant 
signal comes out of H-arm. Unless the num- 
ber of aerials is 2” (7 integer), the combination 
loss is produced, because the amplitude of 
each signal must be equal at the output of 
the last magic T. When 7 aerials are used, 
the coefficient of combination loss, Z, is re- 
presented as follows: 

L=m/2"*? , (3) 
where M is determined by 2”*!>m>2”. For 
example, when m=5, Z=5/8. Moreover, as 
the signal is the noise of some bandwidth, 
each signal must be transmitted through the 
same course to the last magic T. Otherwise, 
we cannot obtain the pattern, as shown in 
Eq. (1), and besides cannot keep the correct 
phase relation for the thermal expansion of 
the transmission line, or the minute variation 
of the frequency of local oscillator. 

The arrangement for minimizing the length 
of the transmission line is shown in Fig. 3. 


Each signal is transmitted through 1 m coaxial 
cable, 3/ magic -T,~2-H-bends\ -and> 1579 
waveguide to the input of the receiver. In 
Fig. 3, two magic T (4'* and 5'*) are those 
to equalize losses by coupling the matched load 
to one side arm. 
2.3 Size of one element 

In order to determine the size of an aerial, 
maximum signal in equivalent antenna tem- 
perature at the input of radiometer (T;) must 
be compared with that of each aerial (T;). 
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When 5 aerials are used, gain increases by 5 
times, but the received power decreases com- 
pared with an aerial with the same gain, be- 
cause the interferometer has the sensitivity 
to only a part of the solar disk. A rate of 
decrease is about 0.3. 

If the combination loss and the transmission 
losses are taken into account, T; is 0.7T;. 
From the view-point of S/N ratio, it is neces- 
sary that T; is about 200°K, consequently T, 
=290°K. If Ty, is determined, antenna gain, 
i.e., the size of an antenna is easily calculated. 
At present, we use the antenna with the 
paraboloidal reflector of 1.5m in diameter. Ow- 
ing to the combination loss and the transmis- 
sion losses, antenna equivalent temperature, 
when all aerials are directed towards the sky, 
increases by 160°K than the sky temperature 
(about 0°K at these frequencies). According- 
ly, the receiving power oscillates between 
160°K and 360°K approximately. 


24 Receiving bandwidth and hours of 
observation 

The output fluctuation of radiometer is pro- 
portional to F/;/B, where F is the overall 
noise figure and B is the bandwidth of the 
receiver. Accordingly, in order to decrease 
the fluctuation it is preferable to choose the 
receiving bandwidth as wide as possible. As 
to the interferometer performance, it may be 
considered that for wider bandwidths the beam 
will become broad as @ increases, because 
the direction, in which the maximum response 
occurs, varies with frequency in the same 
way as in the optical grating. 

We calculated the relation between the band- 
width and the beamwidth and concluded that 
this is not necessarily the case. Assume that 
the solar ioise is Gaussian and the band shape 
of the receiver is rectangular and the band- 
width is B, the normalized power pattern is 
represented as follows: 


m—1 


Pa Ls ES oanh, endnote}, (4) 
y=l1 


where t=/ sin @/c, 

jy = Sin ay Be 

. my Br 
If ky=1, Eq. (4) agrees with Eq. (1). Within 
the limit ky=1 or Br<1, the change of beam- 
width is negligible. In our case, in which 
B=6 MC, even the shape of 60th beam (@== 
48°) is almost unchanged though the amplitude 
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decreases a little from the ideal case. The |] 
receiving bandwidth should rather be deter- 
mined from the view-point of S/N ratio. 
Though the beamwidth is almost unaffected 
by the receiving bandwidth, it becomes es- 
sentially dull as 6 (or p) increases (see Eq. 
(2) and Fig. 2.). Accordingly, the hours of 
observation are restricted to about one hour 
before and after the meridian passage. Were 
it allowed to confine the time of observation 
extremely short, we could receive two bands 
on both sides of the local oscillator frequency 
to improve the effective noise figure by about 
or Op: 


2.5 Equipment 

The aerial system is shown in Photo. 1. 5 
aerials are arranged in E-W direction at 6m 
intervals. Each aerial has a paraboloidal ref- 
lector of size 1.5m in diameter, which can 
be rotated equatorially. Motion about the 
declination axis is controlled by means of a 
hand-operated gear and motion about the polar 
axis is controlled by a common shaft which 
is driven by a synchronous motor. In order 
to keep input signals correctly in all seasons, 
each aerial must be installed accurately. Ad- 
justment for equalizing the amplitude of each 
signal is easily performed by adjusting antenna 
gain. The phase relation is adjusted by vary- 
ing the length of waveguide so that any 
interference pattern of two aerials, adjoining 
each other, has maximum response (p=0) at 
meridian passage. Resultant signal is fed to 
the radiometer and detected. Fundamental 
principles of this radiometer are the same as 
those of the modulation method developed by 
R. H. Dicke. A schematic diagram of the 
radiometer is shown in Fig. 4. Overall noise 
figure is 12 db, bandwidth is 6 MC and time 
const. is 1sec. An example of the record is 


shown in Fig. 5. For a sun spot or bright 


Fist 4, 
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region, sensitivity of this interferometer is 
apparently 3 times as much as that for the 
quiet sun. Therefore we can detect consider- 
ably small sun spots. 

It is to be noted that the scanning velocity 
varies with the declination and so the time 
from maximum to minimum of the record 
pattern varies every day remaining the re- 
solving power constant. 


4. 25. 1953. 


4. -9. 1953 


ee 
(b) 
W E 
Fig. 5. 

(a) Records of the _ inter- 
ferometer. The change in 
Optical a : ; 
Disk position of active areas is 

seen. 
Bh ape (b) The position of two areas 


deduced from the record of 
the interferometer, indicated 
by lines and the position of 
sunspots. 


(a) 


§ 3. Distribution of Radio Brightness on 
the Quiet Solar Disk 
3.1 Partial Eclipse 
On Feb. 14, 1953, partial eclipse observation 
at 3,750MC was made at Toyokawa near Nago- 
ya in Japan. The intensity 
variation of the solar radio 


Intensity 
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Equivalent Antenna Temperature 
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I Contact is Max. ,Obso, IV Contact 
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23.30 9.00 
of maximum obscuration does not agree with 
the time of minimum intensity. This result 
may be explained, assuming that there were 
some active zones on the sun, which were 
obscured at the earlier time. Daily observa- 
tions of solar radiation have been made since 
Nov. 1951, at this frequency. Daily values 
during 6 months from Jan. to June, 1953, are 
shown in Fig. 7. Minimum intensity during 
this period is 0.375 x10-"°Wm-%c/s)-1 (May 
11-15, 1953). The intensity at the time of 
the eclipse was 0.42x«10-??Wm-c/s)-! and 
it is well supposed that there were some 
active zones at that time. The distribution 
of sun-spots on the solar disk on Feb. 14 
is supposed to be as shown in Fig. 8. As it 
was cloudy on the day, it was based on the 
observation at the Tokyo Astronomical Ob- 
servatory on Feb. 12. The distribution of 
radio brightness on the quiet solar disk could 
be determined from the later half of these 
observations, but it is too delicate to do so 
under these circumstances of eclipse. It may 
be concluded, however, that the radio disk is 
about 6% larger than the optical one. 


3.2 Record of the interferometer when the 
sun ts quiet 
In order to determine the distribution of 
radio brightness on the quiet solar disk, one 
had best wait until the sun becomes quiet. 


sO toe). 
noise during the eclipse is °°[ _ i x T 
shown in Fig. 6, all times aes =| om SS 
being Universal Time. It on} au pe I Ee 2 sali fee ae Nee 
will be observed that; (1) i We | fees 
the radio eclipse commenced a7 ee ms i 
about three minutes before f Relapse its) ee 
the optical eclipse and ended “*** 7 , 
after the same time, that is, Stee ie ae Ee 
the radio disk is larger than Jan Feb Merch rere hy ‘shee 
the optical disk. (2) the time Rigs P%. 


ae 


Fortunately, the records of the interferometer 
showed that the sun was almost quiet on 
May 11 and 12, that is, the records were al- 
most the same and symmetrical. The inten- 
sity of radiation at 3,750 MC was also mini- 
mum on these days. So we use the 
average of some record patterns near meri- 
dian passage on these days. Assume that 
the distribution of the sun’s equivalent tem- 
perature YJ is radially symmetrical, the 
receiving power JN of 5-element interferometer 
can be represented approximately as follows: 
Ne" (" su ea sin 0/2) (5) 
9 sin? (z/ sin @/A) 

where a is the radius of the radio-frequency 
disk, and we consider only the case when the 
sun passes near meridian. When the sun is 
in the direction of angle ¢ from meridian, 
6-=¢+rcosg. Using Eq. (5), we calculated 
the theoretical record patterns for various 
distributions of equivalent temperature and 
compared them with the experimental record. 
The results are shown in Fig. 9. Curve (a) 
is the experimental curve, (b) corresponding 
to uniform distribution over the optical disk 
(a=16’) and (c) corresponding to uniform dis- 
tribution over the disk, radius of which is 
1.06 times larger than that of the optical disk. 
Experimental pattern is obtained if the radio- 
frequency disk is 1.06 times larger than the 
optical disk and excess region is about 2.5 
times brighter than the optical disk of the 
uniform temperature (curve d). This assump- 
tion can also fully explain the variation of 
radio intensities in the later part of the 
eclipse. The experimental eclipse curve is 
shown as curve 1 in Fig. 10. Curve 2 is the 
theoretical curve corresponding to the above 
distribution (d). This theoretical curve does 


T(n)rdrd¢? . 
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not agree with curve 1, but in curve 1 the 
effect of the active zone is contained. As 
shown in Fig. 8, it is considered that during 
a period from max. obscuration to IV con- 
tact none of the active zones was covered. 
Accordingly, if we subtract the amount in- 
creased by active zones from the observational 
values (0.42—0.375 x 10-?° Wm-~-(c/s)-1), we can 
obtain the curve 3 corresponding to the quiet 
sun. It agrees very closely with curve 2. 
Accordingly, a distribution of radiation con- 
sists of 23.6% from the limb and 76.4% from 
the uniform optical disk. The equivalent 
temperature of this uniform disk is calculated 
to be about 1.9«104°K at 4,000 MC. 
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Paramagnetic resonanee absorption of microwave (9970 MC) by 
thirteen salts containing manganese or copper ions was observed 
with special attention to obtain correct line shapes. The widths ob- 
tained were plotted against 1/a?, a being the lattice constant when 
the arrangement of ions are considered as simple cubic lattice. For 
smaller values of 1/a?, line shapes are near to gaussian type and the 
widths coincide with those by dipolar coupling calculated by Van 
Vleck. When J/a? is larger, that is, when ions come nearer, line 
shapes are near to resonance types and widths are in general smaller 
than those expected by dipolar coupling. This narrowing is caused 
by the existence of exchange coupling between magnetic ions. It is 
shown that the narrowing in salts of Mn++, Fet+++ (S-state) and Cutt 
can be related to the value of ¢@ in the Curie-Weiss law of static 
susceptibility ys;2C/(T+6). 


$1. Introduction 


The resonance absorption of microwaves in 
paramagnetic salts was first observed by 
ZavoiskyY, and then many workers have de- 
veloped wide researches in this field. The 
magnetic field for peak absorption H and the 


directional coupler 


stabilized 
Power 
source 


filter cavity we 


attenuator 


° Pr TUMt tae = 
matched attenuatorr, 


mK 


Ries 1: 


frequency of the microwave »v are related by 
the equation 
hy=9BH , (1) 


where 8 is the Bohr magneton and g the 
Landé factor. In most cases, g-values are 
near to 2 as the orbital angular momentum 
L is quenched by crystalline electric field and 
the magnetic properties of ions are determined 
by almost free spins. Small departures of 
the g-value from 2 are caused by the (LS) 


magnet cavity 


(calibrated attenuator ) 


Block diagram of the apparatus used. 


coupling and the splitting of energy levels by 
the crystalline field. In this way, data on the 
position of the resonance peaks are useful 
for the study of crystalline field?-®. 

In microwave resonance absorption, the line 
shapes can also be determined with significant 
accuracy. The line widths are 
caused by the coupling of the 
ion with neighbouring ions or 
interaction with the crystal lat- 
tice vibration. When the latter 


sample 


Ki interaction is large, the line 
is very broad and hardly ob- 
served by microwave mea- 


surement at room temperature. 
Spins. of, .Mot*..om Cur sare 
loosely coupled to lattice vibra- 
tions. 

We have two kinds of couplings 
between ions, one being the 
dipolar coupling, the other exchange coupling. 
Theoretical calculation for the widths of 
absorption lines has been given by Van 
Vleck®. According to his calculation and to 
many experimental results?**”, line widths 
can not be explained by dipolar coupling only. 
In some kinds of salts, they are several 
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times narrower than those expected by dipolar 
coupling due to the effect of exchange coupling. 

We have observed resonance absorptions in 
thirteen kinds of salts containing manganese 
or copper ions, with special causions to obtain 
correct line shapes. Causions have been made 
in two points, one is the reliable chemical 
composition of salts, and the other is correct 
electrical measurements. Our ‘preliminary 
results have been reported in Physical Re- 
view22:11,12) , 


§2. Experimental Procedures 


The block diagram of the measuring ap- 
paratus is shown in Fig. 1. Two points were 
aimed at in our apparatus, one being the 
accuracy in determining the line shape and 
absolute %’’ in the absorption and the other 
the compensation of output fluctuations of the 
oscillator, which was a demountable klystron 
continuously evacuated by an oil diffusion 
pump. 

The frequency of the klystron is 9970 MC 
(A=3.01 cm) which is modulated by a saw- 
teeth wave of 2.5 KC. The microwave is 
filtered by a cavity whose Q is about 10000, 
and passes, 2.510% times a second, into the 
resonant cavity for measurements of para- 
magnetic absorption. The power transmitted 
through this cavity is detected by the crystal 
rectifier K,. To avoid the influence by out- 
put fluctuation of klystron on the value of 
transmission, the incident power is monitored 
by the directional coupler whose output crystal 
is AG. Two outputs of crystals AK, and K, 
are amplified by similar amplifiers tuned at 
2.5 KC, whose outputs are rectified and com- 
pared by a galvanometer with small time 
constant. The amplifier attached to A, hasa 
standard variable attenuator which is always 
adjusted so as the indication of the galvano- 
meter is zero, then the change of transmission 
of the measuring cavity is read by the change 
of the attenuator reading. The microwave 
attenuator between the directional coupler and 
the measuring cavity has no reflection, and 
its object is to make the directional coupler 
more highly directional regarding the incident 
power of the cavity. 

The construction of the measuring cavity 
is shown in Fig. 2. The cavity mode is Moy 
or Ho, type and the paramagnetic salt was 
attached to one end of the cavity, the other 
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sample cavity. 


end being a movable piston for tuning. The | 


sample is placed at the centre of the gap of 
a electromagnet of 7cm diameter. When the 


static magnetic field is near the absorption | 
peak, variation of the resonance frequency of 
the cavity occurs, as the reactive part of J 


susceptibility (yv’) of the sample also changes. 


This is conpensated always during the course — 


of measurements by adjusting the cavity 
piston to give maximum transmission at each 
static magnetic field. 


When @ and @ are Q-values of the cavity 


without and with static magnetic field respec- 
tively, Qm, the Q@-values of the magnetic ab- 
sorption, is given by 

T._ 1) 

Gi > 


i 1 ee | =a 
Qn 28 Q DQ 

where JT, and T are powers transmitted 

through the cavity without and with static 

magnetic field respectively. y‘’’ion can be 

derived from Q@m by the following formula, 


Vii B+ad 1 
(3) 


Vile BILE : 
Ase An Opt ee 


A cect = Lay, aon , 

where V is the volume of the cavity, Z the Avo- 
gadro number, N the number of paramagnetic 
ions in the sample, 6 and d dimentions of the 
cavity in Fig. 2, and K is a factor related to 
the position of the sample at the end of the 
cavity. K is unity when it is located uni- 
formly all along the length of 6 and is one 
half when the sample is situated at the centre 
of the end wall. In our case, the thickness 
of the sample is thin enough. 

When absolute value of x’’ is required, we 


(2) 


must know the absolute value of Q, , Which ~ 


is obtained by the change of transmitted 
power of the cavity when the piston is dis- 
placed from resonance position. The same 
value of @) was obtained by a separate ob- 
servation of the transmitted power when the 
resonance frequency of the filter cavity is 
changed by a known amount. 


The measuring — 


5 


1954) 


On Line Widths of Paramagnetic Resonance Absor ption 371 
Table I. Symmetry of used single erystals. 

Crystals | Crystal Symmetry Pe BE axes Angle between Axes 

* | 5 ) F Cc a nC 
Mn(NHy)2(SO,)2-6H20 monoclinie 0.7360:1:0.4972 | 90° nO O2E 90° 
MnS0,-5H.O triclinic 0.5893: 1: 0.5691 SB HH 110°5/ 104°59/ 
MnS0O,-4H.O monoclinic 0.4821: 1: 0.5820 90° 90°53! 90° 
Cu(NHy,).(SO,)2-6HO0 monocelinie 0. 74383: 1: 0.4838 90° 106°6! 90° 
Cu(NHy,)2-Cl,-2H»O tetragonal il SLO Ay, 90° 90° Ue 
CuK,Cl,-2H,O tetragonal il 21: 0.7525 90° 90° 90° 
CuSO,-5H.O triclinic 0.5721:1: 0.5554 82°5/ 107°8/ 102°41’ 
CuCl,-2H,O rhombic 0.9179:1: 0. 4627 90° 90° 90° 
CuS0O,-4NH3-H.O rhombic 0.5903: 1: 0.8892 90° 90° 90° 


The static magnetic field is measured by 
the proton resonance method, the accuracy 
being 0.5~1.0%. 

Single crystals of paramagnetic salts used 
in our experiments are tabulated in Table I 
together with their crystal forms, most of 
them being prepared by one of us (H. I.) 
in R. Kiriyama’s laboratory in Chemical 
Department, Faculty of Science, Osaka 
University. Their chemical compositions were 
checked by the agreement between actual 
crystal forms and those described by Groth!”. 

Some sorts of salts of lower hydration than 
those in Table I were used in polycrystal 
forms, which were derived from single cry- 
stals by dehydration. For example, MnSO,- 
4H.O were crashed to powder and weighed, 
then kept in air at 60°~70°C until the weight 
became constant by which we could know 
that its composition is MnSO,-H,O. Some of 
these MnSO,-H.O powder was then kept at 
200°~250°C in air until the weight became 
constant, the resulting powder being MnSQ,. 
' Samples of CuSO,-H.O and CuSO, were ob- 
| tained from CuSO,-5H,O in the same way as 
| MnSO,, but in CuSO, no microwave resonance 
_ absorption was observed. 

In the case of diluted crystal of Mn(NH,).- 
 (SO,).6H,O, most of Mn** ions were replaced 
by Zn** without any change of crystal form. 
' The ratio of Mn and Zn were determined by 


- chemical analysis. 


§3. Absorption Curves in Single Crystals 


The problems concerning the shapes of 
resonance lines due to nuclear and atomic 
magnetic moments have been discussed by 
Van Vleck». When the absorption coefficient 
is 7’’(v), the mth moment of absorption curve 


is given by 
ly (dv)"4/"(v) dv / le (vd , 
0 0 


where 4y is the frequency difference from the 
peak of the absorption line. In the case where 
the magnetic field is varied at constant micro- 
wave frequency, the moment is expressed by 


<(4v)" Sav 
Cane (AH) "x" dH | Ve x (H) dit 


h 
using fv=9BH. 

The second and fourth moments are ob- 
tained in Van Vleck’s paper, which are deter- 
mined by the arrangement of magnetic ions 
and the nature of interaction between ions. 
Although these moments are important for 
comparison of experimental results with 
theory, our experiments are not yet sufficient- 
ly accurate to obtain them. For this purpose, 
we must measure the absorption with accura- 
cy at wings far from the centre of the line 
where the absorption is very small. 

Although the half-widths of absorption lines 
are rather easily determined by experiment, 
the line shape and half-widths can not be calcu- 
lated by the moment method. But, when we 
assume the line shape, half-widths can be 
calculated by Van Vleck’s results. Assuming 
the line shape of gaussian form e-*(4””, the 
half-width (4H)1/scca1y is given by 


AA j¢caly=2.39[ (4H)? > av]? 
=2,.3598{3S(S+1) x 7 5x °2(3 COS? Oj,—1) 12, 
(4) 
where S is the spin quantum number of the 


ion, 7j is the distance between ions 7 and &, 
and 6; the angle between 7j, and _ static 
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magnetic field. Although the second moment 
used in Eq. (4) is not affected by the existence 
of exchange coupling, Eq. (4) is valid in case 
that dipolar is the only one, because the line 
shape is not gaussian when exchange coupling 
exists. It is accepted experimentally that the 
line shapes are approximately gaussian in 
diluted salts, in which distances between 
magnetic ions are large. Our experiments on 
diluted salts also acertain these facts. Since 
the exchange coupling is very small at large 
distances between ions, it is probable that the 
line shape is gaussian when the interaction 
of magnetic ions is dipolar. In most cases of 
undiluted salts, the line shapes are not gaus- 
sian, but near to resonance curve 1/{1+a? 
x(4H)?}. In these cases, the half-widths 
deviate from those given by Eq. (4). Such 
deviation of half-widths from Eq. (4) are 
treated in this paper as a measure of strength 
of exchange coupling. 

In single crystals (4A):/oca1) in Eq. (4) de- 
pends upon the orientation of static magnetic 
field. But it is often convenient to calculate 
the directional average of Eq. (4), which is 
given by 

MFA /2(cal = 2.3598 {(3/5) SS +1) x aes 

(5) 
When the mean distance between ions is 7, 
we have 
AF (cay 9B Y/ S(S+1)7-* : (6) 


Furthermore, we may treat, as a first step of 
approximation, the arrangement of ions as 
simple cubic, whose lattice constant a@ is given 


by 


H. KumaAGAl, K. Ono, I. HAYASHI, H. ABE, J. SHIMADA, etc. 
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1/a2?=Lo/M , C7) 


where Z is the Avogadro number, e the den- 
sity and M the molecular weight of the cry- 
stal. In this case 7 is proportional to a, and 
we have 


4H /2ca 9 BY/ S(S+1) an (8) 


We have checked the deviation of the half- | 
widths calculated by Eq. (8) from those ob- J 
tained by Eq. (4) for the correct arrangement ] 
of ions in (NH,)Fe(SO,), because the crystal | 
structure of this salt is known by x-ray | 
analysis. The half-widths calculated by Eq. — 
(8) are between 0.7 and 1.0 of those by Eq. | 
(4). As the arrangement of magnetic ions | 
are not much different from simple cubic | 
lattice in many salts, calculation of half- 
widths by dipolar broadening using Eq. (8) may 
not have large error, the magnitude of error 
being shown by the example of (NH,)Fe(SO,)s. 
In Table II, we show line shapes, range of 
variation of half-widths with orientation of 
the static magnetic field, and half-widths 
calculated by Eq. (8). The _ proportional 
constant in Eq. (8) is determined by Van 
Vleck’s results in CuSQO,-5H.O and MnSO,- 
4H,O. 

In Fig. 3, line shapes of Cu(NH.).(SO,),- 
6H,.O, MnSO,-4H.O and CuSO,-5H,O are com- 
pared with gaussian and resonance curve. 
All curves are fitted at their peaks and half- 
widths. CuSOQ,-5H,O has line shapes very 
near to resonance curve, and that of Cu(NH,).- 
(SO)2-6H,O is near to gaussian. That of 
MnSO,-4H,O is intermediate between two 
types of curves. In diluted Mn(NH,).(SO,),- 


Table Il. Line Shapes and Half-widths of single-crystals (9970 MC). 


Single Crystals Line Shapes | Tae ae I aa oe Range of 
Oer. | Hq. (8) Oer. g-value 
Mn(NHy,)2(SO,)-6H2O | Near to gaussian | ~70 ~70 if. 
diluted (1/10) (many lines) 
MnS0O,-5H,O One peak intermediate of = as = 
gaussian and resonance 

MnS0O,-4H,O | The same as above 980—1500 1500 PTO Pn 
Cu(NH,).(SO4)2-6H,O | Two peaks near to gaussian ~ 230 240 DO) = 
Cu(NH4)2-Cly-2H2O One peak of resonance type 90— 230 380 2.05—2.20 
Cuk.Cl,-2H,O | The same as above 110— 250 390 2. 05—2.20 
CuS0O,-5H,O0 The same as above 50— 220 480 | 2.04—2.24 
CuCl,-2H,O The same as above 55— 70 680 2.03—2. 23 
CuSO,-4NH3-H,O The same as above 20— 30 350 | 2.04—2.19 
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6H.O, the observed half-widths coincide ap- 
proximately with that given by Eq. (4) as 
shown in Fig. 4. In this case, the coupling 
is only dipolar and the line shape seems to 
be gaussian. 


Half-width of MnSO,-4H,O is not much 


1500 / 


Ve in rom t 


Fig. 5. Half width of salts of Mn** and Cu** and 


ealeulated dipolar width. 


1. Mn(NH,4)2(SO4)2-6H,O diluted 

2. MnSO;,-5H,0 8. CukK,Cl,-2H20 

3. MnSO,-4H,O 9. CuSO.4NH;3:H20 
4, MnS0O, G H,O 10. CuSO, . 5H.O 

5. MnSO, 11. CuCl,-2H,O 

6. Cu(NH,2(SO4)2-6H2,0 12. CuSO,-H:,0 

rife Cu(NH4)2Cly . 2H.O 


Line shapes of resonance absorptions. 
x CuSQ,-5H;0O, e) MnSO,-4H,0, [=] CuK.2(SO,)2:6H20. 
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100 
e Mg Tutton salt 
: °Zn Tutton salt 
3 
Oo 
= Calculated from Eq. (4) 
50 


O 2 4 6 8 10 % (Mn %) 


Fig. 4. Line widths of Mn Tutton 
salts diluted by Zn or Mg. 


different from that calculated by Eq. (8), 
which shows that the exchange coupling in 
this salt is not large. 

In Fig. 5 the values of (4H)1/;2 from Table 
II are plotted against 1/a3. The width indicat- 
ed in the figure for Mn*t*, for which the g- 

values are isotropic, are means 
of those in single crystals for dif- 
ferent orientations. In the case of 
Cut*, g-values are not isotropic 
(as shown in Table IJ) and only one 
resonance peak could be observed 
although more than one should be 
expected because these salts contain 
two or more dissimilar ions in each 
unit cell. This may be ascribed 
to the exchange coupling between 
dissimilar ions. In this case the 
5 variation of the line width with 
different crystal orientation depends 
on the difference in the precessional 
frequencies of dissimilar ions, and 
does not greatly depend on the 
dipolar coupling between neighbour- 
ing spins. On account of these cir- 
cumstances we adopt the narrowest 
line width as (4H),/. for Cu** in 
Fig. 4. It is probable that in Cu- 
(NH,)2(SO,).-6H,O, the observed 
half-widths are almost equal to 
those expected by Eq. (8) because 
there is no exchange coupling. In 
CuSO,:5H,O, CuCl,:-2H,O, Cu(NH,). 
Cl,-2H,O and CuK,Cl,-2H.O, the 
observed widths are much smaller 
than those given by Eq. (8), 


=o) 
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showing the existence of very strong exchange 
coupling. Our observed widths in CuSO,-5H,O 
coincide well with data obtained by Bagguley 
and Griffiths”: 

As an example of the variation of observed 
half-width with orientation of static magnetic 
field, results in MnSO,-4H,O are shown in 
Fig. 6. This monolinic salt is very near to 
rhombic. The angular dependency of half- 
width is not near to rhombic, but clearly 
monoclinic. 


“1500 
Fa axis 
U 
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eee 
x 
TE 
q 
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Fig. 6. Variation of width of MnS0O,-4H.,O 
with orientation for H in the a~e plane. 


§4, Line Width under Strong Exchange 
Interaction 


The absorption curves in polycrystals have 
no simple meanings when g-values are an- 
isotropic, as the curves are superpositions of 
curves of different peak positions. But in the 
cases of Mn** and Fet*+t, which are ions in 
S-state (L=0, S=5/2), g-values are isotropic, 
and absorption curves of polycrystals of these 
ions are superpositions of curves of the same 
peak positions, so that the half-widths of ab- 
sorption curves in these cases can be com- 
pared with calculated half-widths in Eqs. (5), 
(6) and (8). 

On the other hand, in Cu** salts, we adopt 
as observed half-widths the narrowest ones of 
single crystals for which the g-values of two 
disimilar ions coincide. 

Observed half-widths of polycrystals of two 
kinds of salts of Fet*+ ions and seven kinds 
of Mnt* ions, together with half-widths of 
single crystals of five kinds of Cu** ions are 
shown in Table III. As data of x-ray analysis 
are not available in most cases, (4H)1/o¢eal) 
are calculated by Eq. (5) under the assumption 
that the lattice is simple cubic. The assump- 
tion of simple cubic has no significant in- 
fluence on our rather qualitative discussions. 

When we compare (4A)j/xobs) and 
(4H):/xcaly, they are nearly equal in some 
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cases and in other cases, (4H)1;2cobs) is smaller | | 
than (4H)1/xcca1) due to the effect of exchange |} 
coupling between magnetic ions. The fifth 
column shows the value of @ in the Curie- 
Weiss formula for the static susceptibility, %s | 
=C/(T+0). Generally 6 is not zero by the | 
exchange coupling between magnetic ions and 
by the splitting of electronic lebels of ions | 
by crystalline field. | 

The influence is clear in Table III that ] 
when (4H)i/2cops) is smaller than (4H)1/2cal, 
@ is large. This circumstance can be treated 
quantitatively in order of magnitude, in the | 
following way. | 

According to Van Vleck’s considerations”, | 
(4y)i/. under exchange coupling is given by | 
(Av) 2 Te<Av? >ay, Where te=h/2J, J being | 
the exchange integral. We tentatively equate 
the relations, 

(Av) jo=Te< Av Say =(h/2))< Av Sav , 
in which (4v):;,2=(4H)1;2cobs)* 9B/h . 

In, our cases of .Mn+t*, Fe*** and Cu* sag 
is probable that the effect by splitting of 
electronic levels upon @ is negligible and @ is 
only caused by exchange coupling!®. In this 
case, @ is related with J by the following 
equation!”?, 

3k0=2 JzS(S+1) , (10) 
where F is the Boltzmann constant, S is the 
spin quantum number (in Mn++, Fe+++S=5/2 
and in Cut*+S=1/2), and z is the number of 
nearest neighbours in lattice. 

Using Egs. (4), (9) and (10), we can calculate 
Zcal) by 


(9) 


3k(2.35)(4 7) ;2c0bs) 
{(4)1;2¢cay }?9 BS(S+1) 4 


the results being shown in the sixth column 
in Table III. In Fe*+* and Mn**, values of 
Zeal) Show no large divergencies from each 
other, but they are all several times larger 
than z deduced by real crystal structure. It 
must be noted that we neglect three sources 
of broadening due to the fine and hyperfine 
Structure, spin-lattice relaxation and dipole © 
coupling by neighbouring protons. These 


&ceal) = (11) 


broadening effects are especially important in | 


Cu** ion because the line widths due to these 
effects are comparable to the observed line 
widths. Although further discussions have no 
value in our rather qualitative discussions, 
it is clear that line shapes of paramagnetic 
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Table III. Half-widths of paramagnetic microwave resonance absorption lines. 
: oe =< 

Polyerystals Daehn | rate tans se 8 (°K) 2 (eale) 
FeNH,(SO4). | hexa. 580 1680 1314) 38 
Fe,(SOx)s | hexa 180 2300 714,15) 33 
MnCl, hexa 1250 2950 —161) 32 
MnCl,-2H.O0 760 pret » 
MnCl,-4H.O mono. 1340 1530 — 3(=0)10 kak 
MnS0O, mono. 655 3400 2417) 19 
MnSO,-H,O mono. 805 2800 w 
MnS0O,-4H,O mono. 1140 1500 2 (0) 16,17) 00 
MnS0,-5H.O tric. 1250 1250 3(=0) 
Cu(N Hy).(SO4)2-6H2O mono. 230 240 Kan Dee 
CuSO,-5H.O trie: 50 450 0.7 29 
K,CuCl,-2H,0 tetra. 100 350 15 1500 
CuS0O,-4NH;3-H,O rhom. 20 850 138 800 
CuCl,-2H,O rhom. | 50 700 5 70 

resonance lines of Mn++, Fett+* and Cut* 5) R.D. Arnold and A. F. Kip: Phys. Rey. 

are closely connected with @ in Curie-Weiss 75 (1949) 1199. 

ee rmula. 6) J. Wheatley and D. Halliday: Phys. Rev. 


After the present work was completed, a 
paper by Anderson and Weiss!® has appeared, 
in which a relation more quantitative than 
Eq. (9) is deduced and better agrements be- 
tween calculated z and real ones are found. 

In conclusion, the author’s thanks are due 
to Prof. T. Mut6d and Prof. M. Kotani by 
cordial discussions. This research is partially 
supported by the grant for the promotion of 
science from the Ministry of Education and 
Yakuri-kenkyukai. 
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Absolute Values of Absorption Coefficients in 


Paramagnetic Resonance Absorption 
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J. SHIMADA and H. SHONO 
Institute of Science and Technology, University of Tokyo 
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As a special case of Kramers’ equation, we have 


20 yII( A 
10 \) a ag 


where x//(H) is the absorption coefficient in paramagnetic resonance 
absorption and (0) is the static susceptibility. We have checked the 
equation in cases of paramagnetic resonance in powders of MnSOQ,, 
MnSO,-H:,0, MnSO,-4H,O, MnSO,-5H.O and single crystals of CuSO,- 


5H,0. 
percent. 


§1. Kramers’ Equation and Paramagnetic 
Resonance Absorption 


General integral relations between the high 
frequency permeability 2’ and absorption 
coefficient 7’’ are established by Kramers and 
other physicists». Recently Cummerow and 
others”? have applied successfully these rela- 
tions to paramagnetic resonance absorption 
in many salts in powdered forms. 

When the magnetic susceptibility y at fre- 
quency »v is expressed as 


X(v)=X"(v)—i4/"(v) . (1) 
Kramers’ equation is written 
(0) Ee a (2) 
T Jo v2—a@” 
In the special case w=0, we have 
x= 2) Ee dy. (3) 
7 Jo Vv 


When we apply this equation to paramagnetic 
resonance, %(0) and %’’(v) must be measured 
under constant magnetic field WH. But when 
we are concerned with one sharp resonance, 
we can obtain the integral of %’’(v) by experi- 
ments at constant frequency vy and varying 
magnetic field H. In this case, by the rela- 
tion hy= 98H, we have 
2A 


ee gel ee Fe , 7 


in which, H in the integral is treated as ap- 
proximately constant and substituted by Hyp, 
the magnetic field at the maximum of ab- 


It is found that the relation holds within errors of several 


sorption. A is the area 


AS " 0 (H) dH. 
0 


Although %’(0) in Eq. (4) is static susceptibility | 


at magnetic field Hn, it is equal to that at 
any magnetic field by the linearity of magneti- 
zation. In cases where static susceptibility 
x(0) is measured by static measurements, 
calculated %(0) by Eq. (4) can be compared 
with measured %’(0). 
useful method of testing the validity of results 


of paramagnetic microwave resonance ab- | 


sorption. 


$2. Results obtained 


The experimental procedures are the same 
with those in the preceding paper. 

The results in powders of MnSO,-XH.O are 
summarized in Table I. Calculated %’(0) from 
Eq. (4) and observed %’(0)»»® coincide within 


Table I. Calculated and observed y/(0) of 


powder of MnSO,-XH,0O. 


MnS0,| MnSO, MnSo, 
-5H,O | -4H,0 | -H.O MnSOz 
"0 ai i” 
Ce in 10-2) 1.25 1.42 1.24 1.26 
X'(O)ov 
(per mol in 10-2) 1. 48 1.48 = 1.82 


9% in two cases and differ by 20% in one 
case. As the absorption by samples in Table 
I is strong, the amount of sample needed for 
experiment is small, so that the field distor- 
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Thus, Eq. (4) affords a | 


4 
{ 


| 
| 
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tion in the cavity can be neglected. In those 
cases, Eq. (3) in our preceding paper can be 
used without correction for field distortion. 


Table II. Caleulated and observed y’(0) of 
single crystals of CuSO,-5H,0. 


| Lydireetion 


x'(O)ca1 (per mol in 10-2) 


0.14, 

x/(O)ovs (per mol in 10-2) | 0.1370 
x'(O)r3/x'O)ry | x'(O)z/x'O)zs 

eal 1.16 TOR 

obs 1.20 1.00 


angle definitions (by Bagguley and Griffiths®)) 

In,Ig: tetragonal axes of crystalline field of 
two unequivalent copper ions in a unitcell. 

Iy: perpendicular to LZ, and LZ. 

I3: bisector of exterior (or interior) angle be- 
tween JZ and Ly. 


Table II shows results in CuSO,-5H,O. De- 
finitions of directions Z,, Z, and Z; are shown 
in the Table. In Z,-direction, calculated %’(0) 
coincides with observed one® within 5%. In 


Table III. Absolute values 
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this case, small corrections by field distorsion 
by the sample were made roughly, but the 
coincidence may be better if the corrections 
were made exactly. Ratios of calculated x’(0) 
are obtained in Z3:Z, and Z,:Z; directions. 
These ratios coincide well with those of ob- 
served %’(0) as shown in the table. 

As the calculated y’(0) coincides with ob- 
served (0) within 5% in most cases, it is 
probable that errors of our measurements of 
line shapes and widths are smaller than 5%. 

In Table III, absolute values of %’’ at peaks 
of resonance are shown for powders of MnSQ, 
-XH.O and Z,-direction of single crystal of 
CuSO,-5H,O. Cummerow and others” have 
obtained absolute y’’, which are shown in the 
table for comparison. In only one case of 
MnSO,:4H,0, the data can be compared. But 
it is likely that Cummerow’s sample was 
MnSO,-H,0, as MnSO,-4H.O is unstable in 
air and its power becomes MnSOQ,-H,.O in some 
time. If his sample is MnSO,-H,.O, our data 
agree will with Cummerow’s. 


’’ at maximum absorption. 
xX 


|! MnSO,-5H.O | MnSO,-4H2O0 | MnS0O,-H.O MnSO, CuSO,-5H,O0 
| | Iy-direction of 
| powder powder powder powder single erystal 
Sasi cbe ane ae sie 5.50 14.8 7.16 12.0 
Cummerow and 14.0 wi us | 
y = A powder 1.73 
others’ data : ‘ ; : ; \ 
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Atomic Clocks and Frequency Standard on 


an Ammonia Line. I. 


By Koichi SHIMODA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received December 4, 1953) 


Various causes of errors in an atomic clock utilizing the 3-8 line of 


ammonia are examined theoretically and experimentally. 


A brief 


description of a Stark modulation atomic clock designed for experi- 


mental purposes is given. 


It is shown that the fractional error will 


exceed 1 part in 10-8, unless high degree of frequency-insensitive 
multiplizr output and excellent matching of waveguide to generator 


and detector are achieved. 


$1. Introduction 


The present standard of time is the mean 
solar day, or more exactly the ephemeris 
time which is determined by astronomical 
observations. It has long been known that 
the length of the mean solar day is slowly 
increasing with fluctuations occurring at 
irregular intervals. The deviations from the 
average value are only severel parts in a 
hundred millions, but it has become important 
to obtain more constant and universal stan- 
dards of time and frequency, because of the 
increase of accuracy in other physical meas- 
urements such as experiments on nuclear 
resonance, hyperfine splittings, determination 
of the velocity of light, and astronomical con- 
stants. 

Clocks are based on some preiodic motions. 
The constancy of pace in pendulum clocks, 
chronometers, watches, quartz clocks and the 
like depends on the oscillation of a certain 
macroscopic matter which is subject to small 
changes and unpredictable perturbations. The 
advantages of the “atomic clock” have long 
been recognised. It is a clock controlled by 
some periodic phenomena in the atomic system 
which may be a free molecule, an atom, or a 
nucleus in crystal. It has become practicable 
by the recent discovery of spectral lines in 
the microwave region. Usable radio-frequency 
spectral lines are nuclear quadrupole absorp- 
tion lines in crystals, molecular microwave 
spectral lines, and of hyperfine structure and 
other resonances detected by atomic or mole- 
cular beams. 

The atomic standard, namely a spectral line 
standard is reproducible anywhere and at any 
time. Although the available spectral line in 


the microwave frequencies is not so sharp as 
an excellent quartz resonator, the center fre- 
quency is almost free from various distur- 
bances and hence very accurate. Townes has 
shown that atomic clocks and time standards 
controlled by microwave absorption lines of 
ammonia or other resonances in atomic beams 
have potential accuracy of the order of 1 part 
in 10% or better.» However, the practical 
atomic clock constructed for the first time at 
the National Bureau of Standards in 1949 was 
subject to much larger errors which amount- 
ed to 5 parts in 108, though the program for 
improving the atomic clock is now in good 
progress.” Improving the accuracy of time 
standards would contribute much to astronomy, 
geophysics, and other precise measurements. 

Considerations about possible errors in the 
practical ammonia clock and experiments 
thereof by a Stark modulation ammonia clock 
are given in this article, and an attempt to 
reduce errors applying a magnetic field will 
be given in the following articles. 


§2. Sources of Errors in 2n Ammonia Clock 


There are three basic elements in an am- 
monia clock or an accurate time measuring 
equipment: (1) the source of microwaves, (2) 
the reference frequency standard, and (3) the 
discriminator or detector for comparing and 
correcting the operating frequency with the 
reference. The operating frequency of an 
ammonia clock employing 3-3 line is about 
23,870 Mc/sec. Microwave power generated 
by a chain of multiplier or an oscillator with 
frequency measuring devices is fed to a wave- 
guide absorption cell and detected after 
transmission. The frequency difference is 
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detected by some change of the detector out- 
put due to variation of absorption with 
frequency. If the detector output change by 
other causes, there will be corresponding 
errors in frequency. 

The spectral line is broadened by several 
causes which have been reported by many.) 

The width of the 3-3 line of ammonia filled 
in a waveguide at a pressure of several 
microns mercury at room temperature is 
measured to be about 0.2 Mc/sec.** which is 
nearly 10-° of the center frequency, v= 
23870.13 Mc/sec. If it were possible to draw 
out the gas and refill it in a very short time, 
the maximum absorption would be easily 
detected irrespective of disturbances. The 
frequency for maximum absorption is practi- 
cally insensitive to pressure changes and other 
disturbances as shown by Townes; but it is 
usually the minimum point of the output that 
we may find. The frequency for minimum 
output that is the apparent frequency is slight- 
ly different from the center frequency of the 
line because of various causes, which are 
considered as follows. 

First the effect of frequency dependence of 
microwave input to the absorption cell is dis- 
cussed. The shape of a microwave absorp- 
tion line may be approximately given by* 


da@(1+2)? : 
= ra 
I= op ey 
putting 
=" atid poe (2) 
0 Yo 


where vy) is the center frequency and 4» is 
the half line width. The frequency for 


| maximum absorption is obtained from dz/dz 


ee hat 1S 
C—O 


- Because d? is of the order of 10-'!° and hence 


negligible for the present, we may write 
instead of eq. (1) 


a dy aad’ 
EB ve+d? ’ ae dx a (a?-+d?)? 
(3) 


If the input power to the waveguide cell 


were quite independent of the frequency, the 


point of minimum output through the cell 
would coincide with the point of maximum 
absorption. As a multiplier chain or an 
oscillator to be stabilized has some tuned 
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circuits, it is more or less frequency-sensitive 
and brings about some errors of the atomic 
clock. 

Assuming that the detector is frequency- 
insensitive, the apparent center of the absorp- 
tion line is given by 


d 
=i =(0 


or aged a 
Sipe yao 
where P is the power input to the cell. 
Putting the fractional apparent frequency 4x 
and neglecting the higher orders of 4x and d, 


we may write approximately 


(4) 


(5) 


If the frequency dependence of the generator 
is expressed by a single resonant circuit 
having a quality factor of Q, 

= = 80% , 
where 2) means the fractional shift of resonant 
frequency of the tuned circuit from the center 
of the spectral line. 

In order to estimate the magnitude of error 
due to the power variation with frequency, 
we take 4dy=239 kc/sec. or d=10-°, and y= 
0.5***, And the deviation of apparent frequen- 
cy from the center of the line is given in Table 
I. This table indicates that the detuning of 


Table I. Shift of apparent frequency by a 
small detuning of generator with half 
power width of vo/Q. 


Quality 3 Frequently shift of tuned circuit, %% 


factor, Q 10-4 10-8 10-2 
1000 Ay Salm 5 SrA elma Aimee eS 
500 Aes il Sealer at Se 
200 L6x1059 | 1 6x10 Ske LG Om 


100 4 x10-10 


A x 1059° VAS aloes 


* Strictly speaking, doppler effect and collision 
with walls result in a little different line-shape 
which is not exactly known. 

**& G. Newell and R. H. Dicke: Phys. Rev. 83 
(1951) 1064, and R. H. Johnson and M. W. P. 
Strandberg: Phys. Rev. 85 (1952) 503 have de- 
veloped some methods of decreasing the doppler 
breadth of the line. But the gain of sharpness 
has been obtained by the loss of the intensity, 
and hence the theoretical limit of accuracy as a 
frequency standard cannot be improved. 

*e& This means that exp(—al)=0.5, that is a= 
7x10-4em~-1 for 1=10%em. 
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only one part in 10% will result in the appreci- 
able error in frequency. The frequency 
sensitivity of the detector mount and other 
microwave components are also responsible 
for the error in detecting frequency of the 
line. 

Secondly we consider the effect of mismatch 
in the microwave line upon the apparent 
frequency. It is impossible to eliminate re- 
flections completely in the microwave line, 
because impedances of the generator and 
detector are unsettled and sensitive to tem- 
perature change and applied voltages. Let us 
assume that the waveguide absorption cell 
itself is reflectionless and reflection coefficient 
at both ends of the waveguide are ™ and 7% 
respectively, including reflections from 
windows, joints and terminations. As the 
waveguide is very long compared to the wave- 
length, the circuit resonance due to long line 
effect appears. It is expressed by 


nah 


ye=1+2r sin (4 ate), (6) 


g 
where v= |717,|, 7 is the length of the cell, 4, 
is the guide-wavelength, and ¢ is a constant 
depending on the phase of reflection coefficient. 
Then the variation of power into the detector 


with frequency is proportional to dy,./dzx. We 
obtain 
| dy Sxl . 
et ee ee 7 
Ghie |= — Ke Se 


The circuit resonance may also become a 
source of error in the atomic clock. The 
minimum point of the detector output is given 
by 


1 dy _ dye 
leet de weds 
Thus the fractional error 4a, caused by mis- 
matches at the ends of a long waveguide cell 


is estimated. 


it eS teats SLOT = (8) 
dg 

As a typical case, taking 7=10’cm, 4,=1.6cm, 
Yyo=0.5 and d=10-°, we obtain 


| Ax Ss x 10-‘r A 


For example, the reflection coefficient of a 
mica sheat of 0.1mm thick will be arround 
0.1. Though the reflection by mica window 
can be compensated for the most part, there 
remain reflections from generator and detector. 
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Therefore, it is not so easy to reduce reflec- 
tions beyond 7<10-2.. With 7=10-? we have 
the fractional error, 

Vda 8 xX10-* 


If the phase of reflection were adjustable 
without changing the magnitude, we could 
reduce this error. In practice, however, it is 
very difficult to do so, because insertion of 
any phase shifter would be accompanied by 
some small reflections. We conclude therefore 
that considerable precautions and close ad- 
justments must be done in order to reduce 


the error of an ammonia clock to less thana | 


few parts in 108. 

Distortions of the line shape due to small 
reflections may also affect the apparent 
frequency. This may be called the effect of 
circuit reactance and is discussed in §4 with 
other sources of errors which are rather 
technical. 


§3. Experimental Apparatus 


So far as the variation of input power to 
the absorption cell with frequency is concern- 
ed, it may become unaffected by the use of 
Stark modulation which is familiar to the 
microwave spectroscopist. It is illustrated in 
Fig. 1 that the power variation with frequency 


without gas <a 
5 
2 
3 
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2 
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a 
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Fig. 1. Principle of Stark modulation method. 


does not shift the reference frequency, vy +4vo, 
where the output power at zero Stark field 
is equal to that at Stark field of E0. 


Another advantage employing Stark modu- 


lation is the reduction of low-frequency noise 
of the detector and generator. Accordingly, 
we can obtain enough signal even by the use 
of shorter waveguide cell. 

Under a de electric field parallel to the 


microwave field, 3-3 line of ammonia is split — 


into nine components in the higher frequency 


t 
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| ete 

O 100 200 KC/sg¢ 2Mc Amp. pee Xtal uae 2Mc Amp. 

Fig. 2. Stark components of - 

the 3-3 line is | 

wots Saiwanen fae} oe] fee Hf 

= volt/em). Wixer Way Mixer AF Amp. Lock-in-Amp. 
sidet*). When the Stark field <— se a [306.002me 
is less than 100 volt/cm, all | 2/3Me Amp. |——> Freq. Doubler VHF Osc. K— Controller<——{ Detector 
Stark components lie within Z| 
250 kc/sec. and cannot be [ | seas ee Nie Sis 
resolved usually, but observed ae 5 a Bie 
: pat Hu Mixer ae /3Mc Amp. |K—{ Xtel Mixer Kystron Ital 

as a single line ata little higher | —— | L a pees 
frequency being slightly broader Y 
and weaker than the original [ [ ea, 
; 2/3Me Discr Filter HH» Amp. [steer 23,870.150 Mo 
line. The reference frequency | 
in this case is ¥9+4»), where 
4dvy is roughly one half the pa 

‘ > AF Amp, 2ke P-S-Det Filter DC sn. 
weighted average of all Stark 
shifts at the field. If the Stark 
field varies, 4 ali al ‘ 

: ; vs Ayo an et the Fig. 3. Block diagram of an ammonia frequency comparater 
age pequerey) deal with Standard frequency broadcast or a sort of frequency 
We have chosen it to be 4y,;=23 multiplier. 
kc/sec. corresponding to the 
Stark field of HL=48volt/em. Thus the frequency measurement or experimental use, 


variation of Stark field in 2 parts in 10° is 
responsible for the error in frequency and 
time of about 3 parts in 10°, and the reference 
frequency, v9+4y)=23,870.150 Mc/sec., may 
possess sufficient precision. 

In order to reach the particular frequency 
above mentioned a method of automatic fre- 
quency control of a microwave oscillator as 
shown in Fig. 3 was devised and constructed. 
Because microwave multiplier tubes are not 
available in our country, an inexpensive 
method given in Fig. 3 was used instead of 
a multiplier chain. The use of multiplier 
chain would require many tuning circuits and 
result in the frequency-sensitive output with 
larger noises originating from lower fre- 
quency stages. 

The operation of a sort of multiplier shown 
in Fig. 3 is as follows. For the purpose of 


2 Mc/sec. output of the crystal oscillator is 
mixed with the received standard frequency 
broadcast, JJY, of 4Mc/sec., followed by a 
phase-sensitive detector and controller. The 
controller is a small variable condenser which 
is connected in parallel to the quartz crystal 
and driven by a coil in a magnetic field. 
Adjusting a trimmer condenser, we can 
change the frequency in a small amount and 
easily lock the crystal oscillator into exactly 
half the frequency of the broadcasted 4 Mc/sec. 
This is shown by a Lissajous figure represented 
on a C.R.O. screen. Then a VHF oscillator 
is synchronized to the 153rd harmonics of the 
crystal oscillator with the difference frequency 
of exactly 2kc/sec. The beat frequency is 
amplified by a lock-in amplifier, and controls 
the frequency of the VHF oscillator. Thus 
the VHF is kept exactly at 306.002 Mc/sec. 
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The frequency of a klystron is synchroniz- 
ed in a similar way, where double control- 
loops are used. This is because the self 
oscillation of a reflex klystron has consider- 
able frequency-modulation noise and hence 
requires rapid and effective frequency control 
in order to establish precise microwave fre- 
quencies. For example, the 8000 Mc/sec. 
radiation from a klystron was found to have 
a frequency bandwidth of a few kilocycles, 
though it would be considerably reduced in 
favorable cases». In the apparatus shown in 
Fig. 3 the output frequency of the klystron 
is controlled to be 7956.050+2/3 Mc/sec. by a 
2/3 Mc/sec. discriminator and 2 kc/sec. phase- 
sensitive controller. The controlled frequency 
is tripled by a crystal multiplier to the desired 
frequency of 23,870.150Mc/sec. Thus the 
microwave frequency to be compared to the 
3-3 line of ammonia is controlled within the 
accuracy of -+1 c.p.s. on the basis of the 
standard frequency broadcast, JJY. 

In the case of operating the apparatus asa 
servo clock the discriminator output of an 
absorption line is applied to the controller of 
the crystal oscillator, being out of control of 
the standard frequency broadcast. 

The Stark waveguide cell used at first was 
an ordinary X-band cell of 2 meters in length. 
To obtain the Stark modulation voltage of 
good square waveform, lower modulation 
frequency of 30kc/sec. was employed. The 
detected output of a crystal rectifier was 
amplified by a tuned 30kc/sec. amplifier 
followed by a phase-sensitive detector to obtain 
the proper error signal (discriminator charac- 
teristics). The improved apparatus will be 
given in §5. 


§4. Discussions on Stark Modulation 
Ammonia Clock 


The minimum detectable change of absorp- 
tion coefficient employing a waveguide cell of 
Z in length is given by equating the detector 
noise to the change of signal. We obtain 

Aopen OE oan 3 

LMP; 
where P; is the input power, M the figure of 
merit of the detector and 4f the effective 
bandwidth of the amplifier. The power output 
from the crystal tripler is several microwatts, 
which avoids excessive saturation effect*. Let 


(9a) 


Koichi SHIMODA 


(Vol. 9, 


us take M=10, P;,=5x10-* watts, T=300°K, | 
A4f=1c.p.s., as a plausible case, then we have 
Bain EOL Cha (9b) 

for the cell length of 2=200 cm which is much 
shorter than the optimum length. | 

It is shown that the character of a crystal | 
detector is nearly linear at higher power level | 
and its sensitivity may be represented by a 
noise figure, F. Then the minimum detect- 
able change in absorption is given by 


__ 4 /FRTG,, 
4amin= ] ye Ce 


The value of F is rather large in our case, 
since the modulation frequency is low and the 
input power is small. Taking F=100, 7=200 
cm, and 4f=1c.p.s., we obtain from eq. (10a) 

Aertel tee ena (10b) 
From eq. (3) we obtain in good approxima- 
tion 


(10a) 


da __ 2agxd? 

dx — (a#-+d?)?" 
Assuming 4»)=23 kc/sec., and taking the half 
line width of 4y=»)»d=150 kc/sec., we have 


Ga & 5 
7 ==S Cans 
We conclude, therefore, from eqs. (9b) or 
(10b) and (11b) that the limit of detectable 
deviation of frequency, d4amin, 18 around 
1x10-°. This is the noise limited accuracy 
of our ammonia clock with Stark cell of 2 
meters in length. With longer cells and larger 
power we would have better accuracy. 
Second, the optimum pressure and _ line 
width for the Stark modulation ammonia clock 
is considered. The doppler broadening is 
approximately given by 


2a = 2/2 Py/ RT g? ae 


(11a) 


(11b) 


where R is gas constant, M the molecular 


weight, and c the velocity of light. For am- 
monia we have 
pe 
AW By So ae ep.si 
Va 58 x 10 am C:p.sig 2p) 


Broadening by collision with cell walls is 


* Townes has shown that the use of large 
enough power to saturate the absorption line is 
preferable in the theoretical limit of accuracy, 
but the sharpness of line is advantageous in the 
technical point of view, because there are many 
sources of errors other than thermal noises.) 
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difficult to calculate. 
and Strandberg”. 


It was given by Johnson 
His result has been recently 


corrected by Danos and Geschwind®. It is 
approximately 
ee \ ere 
Av»=0.1( —4+— pe 13 
: ( ah )y M fe 


where a and BD are cross-sectional dimentions 
of the rectangular cell. 

The pressure broadening has been 
studied for ammonia, which shows” 


well 


Avp=2.7X 10 p,/300_- (14) 
VT 
where # is the pressure of ammonia in mmHg. 
The saturation broadening is negligible, when 
Ay ? 3ch* 
Lu An ” 
where S is the cross-section of the cell. With 
the values of 4y=150 kc/sec., S=2cm2, and 
u=1.45 D, the critical power to produce ap- 
preciable saturation effect is given by 
Ss | Av 2 3ch? 
B| 4x 


Pi<s (15) 


=6 x 10-4 watts. 


We may therefore neglect the effect of 
saturation in considering our ammonia clock, 
as the input power to the cell is much smaller 
than the above value. 

Thus we can obtain the following values 
for 3-3 line of ammonia with T=300°K, a= 
2.28cm, and b=0.483 cm. 

Avg=35.8 kc/sec. Avw=13.9 kc/sec. 
Avy=2.7 x 10*D kc/sec. 

If we assume for simplicity that the total line 

width is equal to the sum of above values, 


we can easily calculate the peak absorption 
coefficient, a, and line width, 4y, for optimum 


and 


condition. Assuming 
Av=AvagtAvytAyp , (16a) 
then 
ES eee 17 
a=A L+p6 ” (17) 


where A is approximately 7.2x10-‘cm™* at 
room temperature and 
AL Avy 

AvatAvy 
The maximum sensitivity in the Stark modula- 
tion ammonia clock is obtained, when da/dx 
_ becomes maximum at #=Ay)/v». 


aplae)=° 


p0 =5.75x102p . 
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Assuming the line shape given by eq. (3) 
even with the doppler broadening and broaden- 
ing by collision with cell walls, we obtain 
2Avyp=AvatAvw (18a) 
as a first approximation* which is correct 
when a<d. Then the total line width is 
Av=1.5(4va+4y,)=74.6 kc/sec. 


A successive approximation gives the follow- 
ing optimum condition for 4y,=23 kc/sec. in- 
stead of eq. (18a) 

Avp=0.59(d4vat+dvw) . 


This requires p=1.1x10-? mmHg,. a,=2.7X 
10-4em7?, and 4y=79kc/sec. Fig. 4 shows 
da/dz at «=0,. and a, as a function of 
pressure. 

If we assume that the line width is given 
by 

Av=(dva?+4vy?+Ayy?)/? (16b) 

which is supposed to be a better approxima- 
tion than (16a), we obtain the optimum condi- 


tion in the form 
2A yp =Avg?tAvy? . (18b) 


This requires p=1 x 10-mmHg, 4v»=27kc/sec. 
and 4y=47 kc/sec. 


p x10°* mmHg 


Fig. 4. Caleulated maximum absorption coeffici- 
ent, a, and sensitivity of weak field Stark 
modulation, da/dw, are plotted as a function 
of gas pressure, assuming Av=Avg+Avy+tAv>. 


$5. Experimental Results and Discussions 
on Errors 


The experimental apparatus of a Stark 
modulation ammonia clock is illustrated in 
Fig. 5, in which the detailed block diagram 
of the frequency multiplier was given in Fig. 
3. This apparatus was found to have many 


ook This is compared with the optimum con- 
dition of Avp=Ava+Avy, for video detection. 
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defects in its operation. 

(1) On account of the non-limearity of 
phase sensitive detector, random noises could 
not be balanced out, but rectified spurious 
voltages were superposed on the output 
voltage. In order to eliminate this error due 
to rectified noise, Stark modulation was inter- 
mittently applied with equal interval and 
width of 1/50sec., as shown in Fig. 6. The 
difference of output voltages with and with- 
out Stark modulation were obtained from a 
25 c/s phase-sensitive detector so that it might 
be used as a frequency error signal. The 
noise limited value of minimum detectable 
freqnency deviation was measured to be 


nearly equal to the theoretically expected value 
given in §4, but other errors not of random 
character were found to be appreciable. 


Frequency imltiplier bey Stark Waveguide Cell Crystal Detector 


23,870.150 Mc/sec. 


field 


30 kc =Emgx = 48 Vem 
> time 


Fig. 5. Block diagram of Stark modulation 
atomic clock No. 1. 
(2) The slightest distortion of either Stark 


modulation voltage or reference voltage to 
the phase-sensitive detector was found to 
bring about considerable errors. The apparent 
reference frequency was observed to vary 
within a few kilocycles or several parts in 
10°, as the frequency, phase, or width of the 
square pulse of modulation voltage was chang- 
ed. This is explained as follows. 

Because there are some finite rise-time and 
decay-time in the modulation waveform, the 
absorption by ammonia in the Stark cell does 
not instantly change between values corres- 
ponding to the Stark field of zero and EXO. 
Then the rectified output from the crystal 
detector is not of a simple square wave-form, 
but accompanied by transient spikes, as illust- 
rated in Fig. 7. The height of spikes may 
be of the order of 10-% volts, and the width 
may be some fraction of microseconds which 
is nearly one percent of the square pulse width 
of applied Stark voltage. 
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Fig. 6. Block diagram of Stark modulation 
atomic clock No. 2. 


Fig. 7. Schematic 
wave-form of the 
—>t detector out put. 

On the other hand, signal voltage which 
is comparable to noise is of the order of 10-8 
volts and hence much smaller than the spike 
voltage. Therefore, asymmetry of the 
modulation wave-form, non-linearity of the 
amplifier, and out of phase component of the 
reference voltage, even if they are small, will 
considerably deviate the apparent frequency 
of the line and bring about the error in fre- 
quency and time. For example, non-linearity 
of —40 db is responsible for the spurious signal 
of about 10-* volts at the detector, which 
corresponds to the fractional error in fre- 
quency of several parts in 10°. 

(3) The distortion of line shape by circuit 
reactance due to reflections in waveguide com- 
ponents have also been found to have wrong 
effect on the apparent frequency of the ab- 
sorption line. The dielectric constant of a 
gas, K, can be expressed in good approxima- 
tion by 


A ayed 


K=K,— 
o) 27 pega 


(19) 


where Ky is insensitive to frequency near - 


the absorption line and about unity. And the 

imaginary part, ®, of the propagation constant 

is given by 

ie _ Xe wa 
Ag A 20 eae 

where dg is the guide wavelength and 24 the 

free space wavelength. 


(20) 


eae |! 
Phase-sensitive Detector' 


Crystal Detector|f) 
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If there is some reactive component at the 
output and input of the waveguide cell caused 
by some reflection, the phase change due to 
dispersion by the gas will be converted to the 
amplitude change of the output, Let a certain 
fraction of change of 8 will be detected 
superposed on the absorption, a, then the 
detected line shape will be slightly distorted 
asymmetrically. Hence the apparent fre- 
quency, that is the frequency for maximum 
decrease of power, is given by the equation, 
neglecting other errors. 

185, 

Ox 
We may obtain the apparent frequency, vap, 
using eq. (20) and (21) for small values of fF, 
in the form 


fP+a)=0. (21) 


Pa al PE gi 
Yo eA 
The absolute value of f is equal to or less 
than the magnitude of reflection coefficient. 
For example, take f=10-?, d=6x10-°, and 
A,/A=4/3, then the fractional error caused by 


the line distortion is 

[Argh —=2 xl", 
This is the same order of magnitude as the 
errors experimentally measured by purposely 
displacing tuners and plungers connected to 


the waveguide cell. 
In order to accomplish detailed matching 


(22) 


| and to decrease the errors by circuit resonance 


} and reactance, an experimental set shown in 
Fig. 8 was constructed. A K-band Stark 
/ waveguide of 76cm in length tapered at the 


bE 


S ” Moc 


=] [axe] 


Crystel Detector 


Fig. 8. Block diagram of Stark modulation 
atomic clock No. 38. For the operating 
frequency of vo+Avs=23,870.150 Mejsec. we 
use Hmax>10%, and Hmin=386 volts/em. And for 
the frequency of v=v9=23,870.127 Me/sec. we 
use Hmax>108, and Hmin=0. 


Atomie Clocks I 


385 


mica window was employed to avoid higher 
mode propagations in the absorption cell. The 
tuning adjustment on the generator side was 
performed while inserting a pad at the de- 
tector side, and tuning at the detector side 
was done while inserting a pad at the genera- 
tor side. The presence of reflection in the 
microwave line could be seen by a standing 
wave pattern on a long-persistence cathode 
ray oscilloscope. 

We have used a large field Stark modula- 
tion (Epeax>10* volts/em and Emin<1 volt/cm) 
so that it may remove spike voltage at the 
detector. A Stark field of more than 1000 
volts/cm is sufficient to remove the absorption 
line almost perfectly from its original posi- 
tion. Source modulation has been employed 
together with Stark modulation in order to 
detect the deviation of frequency from the 
center of the line. If necessary, the reference 
frequency could be shifted a little from the 
center frequency by some dc bias field. 


30 kC/sec 


= 


Fig. 9. Observed discriminator characteristics of 


the absorption line. 


A typical observed result of the discrimina- 
tor characteristics is shown in Fig. 9, where 
input frequency is constant and Stark bias 
voltage is changed. The saturation of the 
output voltage seen on the figure is not due to 
the absorption line, but the amplifier. 

Even with the present cell length of 76cm 
the noise limited accuracy of about 2x10-° 
has been measured experimentally, but the 
precise matching by fine tuning could not be 
realised. Certainly, it requires exceedingly 
delicate tuning and good _phase-sensitive 
detectors in order to decrease the error to a 
few parts in 10°. Use of a longer absorption 
cell would improve the noise limited accuracy, 
but could not improve the accuracy caused by 
circuit mismatch, because the spurious effect 
of reflections at the ends of the cell is also 
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proportional to the cell length. 

There is a possibility to avoid the effect of 
reflections: if the imaginary part, 8, of the 
propagation constant of the waveguide is ad- 
justed to be independent of frequency, the 
output power of the cell being Stark modula- 
tion applied does only depend on a. The 
condition for the case is obtained using Eq. 
(20) by dB/dx=0 at x=0, and we have 


ap OmhaD alge a 


Pediat 


Tae oe 
Therefore, if we have chosen aw and d so as 
to be 


(23) 


then the error due to circuit reactance do not 
arise and we are able to get an accurate 
spectral frequency standard. For example, if 
we take 4=1.25cm and d=10-5, it requires 
a=1x10-4cm-1, which is smaller than the 
value for the 3-3 line of ammonia. But this 
condition can be satisfied by the use of 1-1 
line (¥)=23,694.49 Mc/sec. and @max=1.4x10-4 
cm~'), if we carefully control the pressure of 
the ammonia gas in the waveguide cell. It 


(ol. 9, 


would be quite difficult and almost impossible, | 
we suppose, to control the line width and 
peak absorption coefficient, say, within the 
accuracy of one percent. 

We conclude therefore that, 
construct a more accurate and reliable am- 
monia clock, we must realise either exquisite 
tuning devices, the line-width and intensity 
control, or any other new method such as 
will be described in the following part. 


in order to 
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The Change of the Refractive Index of Some Germanium 
Films irradiated by Intense Light 
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A Rayleigh Lowe Interferometer has been modified to measure the 
changes of the refractive index of several germanium films when 
they are irradiated by the intense white light. The refractive index 
of the films was found to increase when the colour temperature of 
the irradiating light source was ca. 3000 K and to decrease when the 


temperature was ca. 1000 K. 


From the dispersion curves, it was sug- 


gested that the present effects were caused by the variation of the 
number of the bounded electrons and not of the free carriers. 


§1. 


When an intense light is focused on germa- 
nium films, some changes of refractive index 
can be observed by the use of the interference 
refractometers such as the Rayleigh-Léwe». 
This effect which may be called “ photo-re- 
fraction ” will be used for the study of the 
behavior of the optical electrons (and perhaps 
of holes) in germanium films. When the wave- 
lengths of the irradiating light are shorter 
than 1.8, the intrinsic absorption occurs and 
the density of the current carriers and at the 
same time the number of the bounded electrons 
will be changed and consequently the refrac- 
tive index of the films will be affected by 
these changes. Recently an interesting 
influence of the change in the density of the 
current carriers to the absorption coefficient 
/has been reported by A. F. Gibson”. But, 
on account of the fairly large time lag (order 
of seyeral seconds) and the increase of the 
effect for the observation at the shorter wave- 
lengths, the present photo-refraction effect 
may be related rather more closely to the 
electrons in the bounded states than to the 
free carriers not in accordance with the case 


of Gibson. 


Introduction 


§2. Experiments 


The interferometer had two auxiliary pairs 
of parallel slits, one pair being in the upper 
‘arm of the interferometer and the other in 
‘the lower arm®™”. (Fig. 2.) This interfero- 
meter functioned as two independent double 
slit interferometers having their two fringe 
systems directly above each other. When the 


coated glass plate was inserted in the inter- 
ferometer as in Fig. 1, both fringe systems 
were shifted horizontally by equal amounts 
but in opposite directions. By rotating a 
compensator inserted in the upper arm, the 
two sets of fringes could be brought into 
coincidence again. When the film was ir- 
radiated by intence light, some additional 
shift of the fringes was arisen and the magni- 
tude of the difference in phase corresponding 
to this fringe shift was determined from the 
rotation angle of the calibrated compensator 
to bring into coincidence again the two sets 
of fringes. 

A small piece of germanium of the resis- 
tivity of 1 ohm cm was placed in a tungsten 
coil and the films studied were evaporated 
from the coil on BK7 glass plates of good 
quality by the usual method of vacuum eva- 
poration. Special heat treatments after the 
film formation were not tried this time. 


Fig. 1. The method of film deposition. 
The films are deposited only on 
the shadowed parts. 


* They are also belonged to Institute of Science 
and Technology where the main parts of the 
present experiments have been obtained and the 
further developments are also in progress. 
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Fig. 2. The arrangements of the 
irradiating light sources. 
also shown in the figure, 


A specimen by which the principal results 
in the following section were obtained was a 
film evaporated on a glass plate of fairly 
complete constant thickness of 3mm. The 
transmission of the specimen for 4=0.59 was 
5% soon after the preparation and 12% after 
the repeated measurements during 3 months. 
The final thickness of the film was 0.152 by 
Tolansky’s multiple beam interference method. 
The transmission spectrum of the film is 
given in Fig. 3. 

As a supplemental experiment, a specimen 
evaporated on a glass plate of wedge form 
was also used for measurements. But the 
general tendencies of the phenomena in the 
following section were not changed from the 
results obtained using the former constant 
thickness plate specimen. If the deformation 
of the glass plate caused by the temperature 
rise by the irradiation of the intense light 
had some considerable influences on the pre- 
sent effects, this would not be same for the 
constant thickness plate and for the wedge 
form plate. Therefore, the fact that the ob- 
served results had the qualitatively same 
tendencies for both cases would give an as- 
surence to the stand point that the observed 
phase shifts were not caused by the heat de- 
formation of the glass substrate but were 
arisen from the more essential physical natures 
of germanium films. 


interferometer and the 
The shapes of the sectors are 


Fig. 8. The spectral transmis- 
sions of a germanium film. 
Lower curve: soon after the 

preparation 
Upper curve: after the repeat- 
ed experiments during 
3 months. 


The incident energies were determined from | 
the temperature rise of the water of 50 cc in 
a glass beaker which was blackened by a 
drop of Japanese ‘Sumi’ or charcoal ink. 

To change the intensity of the incident light, 
several sectors of the known ratios of the 
transparent parts to the intercepting parts 
were prepared and they were rotated to inter- | 
rupt the irradiating light by a small motor | 
with a sufficiently high velocity comparing | 
with the time lag of the present effect. 

The formula connecting the refractive index | 
of a film and the observed phase change is 
given approximately by 


Iim—l1)=24 
or lon=204 . 


Here, » is the refractive index of the film 
and 44 the difference of the optical path 
length in the film and in the air layer of 
equal thickness, 4 being the wave length in 
air, while 07 and 404 are their changes caused 
by the irradiation of light. J is the film 
thickness. 


$3. Results 


(1) The effect caused by light from a tungsten 
lamp of 3000 K colour temperature 


When the light from a tungsten lamp of 
1 K.W. was focused on the specimen from 
the film side, the interference frings were 
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shifted in the direction to indicate the increase 
of the refractive index of the film. The shift 
Was increased almost linearly with the in- 
crease of the incident energy. (Fig. 4) The 
time lag of the effect seemed to be larger 
than several seconds. 

When a water filter of 5 cm thickness was 
inserted in the light passage, the total energy 
was decreased to ca. 1/5 of the former case, 
but the decrease of the fringe shift was not 
so large comparing with this large change 
of the intensity, since the observed phase 
change of this case exceeded almost 3/4 of 
the former case. The spectral intensity dis- 
tribution of the radiation from a black body 
of 3000K (with the consideration of the pre- 
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Fig. 4. The phase changes of a germanium 
film versus the intensities of the irradiating 
light. 

The phase change of 0.14 for the present 
specimen corresponds to the change of the 


refractive index of ca. 0.4. 

“A” shows the effect of the insertion of the 
water filter of 5cem thickness. 

“B” and “C” show the effects of the inser- 
tions of the dark glass filters which transmit 
only infra red light, where “C” is much darker 
than, B?. 
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sence of the transparent glass plate in the 
light passage) is given in Fig. 5 and the effect 
of the water filter is also shown in the graph. 
The relatively small influence of the insertion 
of the water filter will indicate that the light 


) 
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Fig. 5. Spectrum intensities of light from black 
bodies of 3000 K (with transparent glass filter) 
and 1000K. The total energies are adjusted 
to be 1 watt per squ. cm on the surface of 
the specimen for both sources. 
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Fig. 6. Influences of the insertion of the glass 
filter for 1000 K source. 
x: changes of the transmitted energy versus 
glass thicknesses. 
@: changes of the phase shift versus glass 
thicknesses. 


of shorter wave lengths than ly are respon- 
sible chiefly for the present effect. Even 
when the light was projected from the glass 
plate side of the specimen, the general tenden- 
cies of the effect were not changed. To 
prevent the temperature rise of the specimen, 
it was effective to blow with a small hair 
drier. Though this disturbed the stability of 
the interference fringes a little, it was not 
so large to make difficult the observations. 
On the contrary when a glass filter which 
absorbed almost perfectly the visible light but 
transmitted fairly well the near infra red 
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light was used instead of the water filter, 
the phase change was only 8% of the case 
without the filter in spite of the large trans- 
mission of ca. 47% comparing to 20% of the 
water filter for the present light source. This 
fact suggests also that the light of shorter wave 
lengths than ly are responsible chiefly for 
the present effect. 


(2) The effect caused by light from a heated 
carbon silicate rod of 1000K 


The light from a rod of carbon silicate was 
focused on the specimen from the film side 
by a large concave mirror of relatively short 
focal length. The insertions of any glass 
plates in the light passage were avoided. The 
most remarkable effect of the present case 
was the fact that the interference fringes 
were shifted in the direction indicating the 
decrease of the refractive index of the film, 
namely the opposite direction of the case of 
3000K source. But linear response of the 
effect for the incident energy was also ob- 
served in this case. (Fig. 4) Furthermore, 
when the light was projected from the glass 
plate side of the film, the phase change was 
vanished utterly. To study this phenomenon 
more precisely, several glass plates of different 
thickness were inserted in turn in the light 
passage as filters when the light was project- 
ed from the film side of the specimen, the 
fringe shift was decreased more rapidly than 
the decreasing ratio of the transmission which 
was the function of the thickness of the glass 
plate filter. (Fig. 4). 

The spectral intensity distribution of the 
radiation from a black body of 1000K is given 
in Fig. 5. The maximum intensity les. near 
3u. Since the insertion of the glass filter cuts 
off the longer wave lengths than ca. 2.6y, the 
faster decrease of the fringe shift than the 
decrease of the total incident energy suggests 
that the light of longer wave lengths than 
ca. 34 are chiefly responsible for the present 
effect. 

The effect of the superposition of the ir- 
radiations of the both kinds of sources was 
algebraically additive, namely when the sole 
irradiation of the 3000K or 1000K light source 
caused the fringe shift of —0.0884 or +0.0472 
respectively, the superposed irradiation of the 
both sources caused the shift of —0.0452. 
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The variation of the effect with the change 
of the observing wave length 
The above changes of the refractive index 


by the irradiation of white light were ob- | 


served at A=0.591. 
present effects more clearly, the observations 


at the various wave lengths are desirable. | 
But our visual method does not allow the | 


variation of the observing wave length for 
the wide range and it was only possible to 
observe the effects between 4=0.68 and 0.42 


under the constant irradiation of 3000K or | 


1000K light source. The results are given in 


1Siee, Me 
effects are large at the shorter wave length 
side for the both kinds of sources. 


increase —> 


change of refractive index 
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Fig. 7. Dispersion of the change of the re- 
fractive index. 
The dotted curves are the caleulated values 


under the assumption that conducting 
electrons are most effective for the present 
effects. 


When the dispersion formula of Drude type 
is assumed as a first approximation, it is 
written as 
24] =|" Rsdvs ‘i Ridvr 

yee Yz7—Y? 
+\"" Rwdvy 


v- eYw?—y*+tyv 


7 


where, v is the frequency to observe the 
refractive index, vs and vz are the resonounce 
frequencies in smaller and larger frequency 
regions than v, and yy represents the re- 
sonounce frequency which lies very closely to 


: 


However to make the) 


| 


| 


It is clear from the graph that the 


] 
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v. Rs, kr, Rn, y and € are the constants of 
which the physical meanings are not important 
in the present discussion. 

If there is a most sensitive resonounce 
frequency »» for the present photo-refraction 
effect, it is convenient to write the above 
formula as 


N? =Ro/(v9?—v?2) +A , 
or On =O6ky/{2n(v9?—v?)} . 
Since 672 increases with v as is clear from 
Fig. 7, the wave length corresponding to vy 
might lie in the shorter wave length region 
than 0.524 if it were exist actually. When 
the variations of the number of the conduc- 
ting carriers are directly responsible for the 
present phenomena, the dispersion curves 
ought to be the dotted curves in the graph. 
Therefore, the direct influence of the conduct- 
ing carriers for the present phenomena will 
not be large as it might by thought at first. 


$4. Summary 


The influences of the irradiation of the 
intense white light on the pure germanium 
films are grouped in two classes. When the 
wave lengths of the irradiating light are 
shorter than ly, the refractive index of the 
films for 4=0.59y increases linearly with the 
incident energy and when the wave lengths 
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of the irradiating light are longer than 3,, 
the refractive index of the films for ,=0.59y 
decreases linearly with the increase of the 
incident energy and the light between ly and 
du are inactive perhaps by the cancellation 
of the both effects. When the incident energy 
are constant, these photo-refractive effects are 
more prominent for the shorter wave lengths 
of the observation in the range of our experi- 
ments. Therefore, the most sensitive electrons 
for the present effects will be the bounded 
electrons rather than the free carriers. 


The pure germanium samples were afforded 
by Dr. Hiroe Osahune of the Nihon Denki Co.. 
The writers appreciate his help heartily and 
also wish to thank Dr. Jiro Yamasita and 
Dr. Goro Kuwabara for the several valuable 
suggestions and encouragements. 
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Study of the hyperfine structure of the spectra of La I and La II 
yielded the result that the quadrupole moment of La!89 is (0.9+0.1) x 


10-24 em?. 


The construction of the light source (liquid-air cooled 


hollow cathode discharge tude) is described in detail. 


§1. Introduction 


No quadrupole moment of the odd-proton 
nuclei with Z between 53 and 57 has been 
studied, so in order to fill the gap La’? (Z= 
57) was studied. The purpose of the present 
paper is to describe the experimental arrange- 
ment and the result obtained. The abstract 


of the result has already appeared. 


$2. Experimental Arrangement 


A hollow-cathode discharge tube cooled with 
liquid-air was used as a light source. The 
design of Arroe and Mack» was modified so 
as to be vacuum tight against any change of 
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temperature of the cathode. In the present 
design (Fig. 1) no water.heating is necessary, 
so that the consumption of liquid air is very 
small. This is achieved by using a_ fernico- 
seal (or Kovar-seal as is also named in U.S.A.) 
as a glass to metal seal. Aluminum cannot 


= 


—> NG 


NGS 


Fig. 1. Sketch of the liquid-air cooled hollow- 
cathode discharge tube. 
Q: quartz window. NG: noble gas (helium, 
neon or argon). W: tungsten rod. LA: level 
of liquid-air. P: pyrex glass. I: iron wire. 


U: uranium glass. G: insulating glass. F: 
fernico hollow cylinder. IA: iron anode. S: 
Soldered seal. AL: aluminum cup. CU: 


copper cup. 
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(La I) 


15 mm etalon 
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be soldered to fernico, so that a copper cup 
is used outside the aluminum one. 

The sputtering of the sample within the 
hollow-cathode is also small. Thus a few 
milligrams of dysprosium, for example, is 
sufficient in order to maintain a bright spec- 
trum of Dy I and Dy II for over one hundred 
hours. The sputtered sample can be returned 
by an appropriate chemical treatment of the 
anode and the inner surface of the insulating 
glass (named G in Fig. 1). 

In order to resolve the hyperfine structure 
(hfs) a Fabry-Perot etalon was used. Fig. 2 
shows some enlargements of the interference 
patterns of the spectra of La I and La II. 


§3. Hfs of the Spectrum of La I. 


The hfs of the spectrum of La I was studi- 
ed by Anderson® who deduced the spin of 
La!3® to be 7/2. However he detected no 
deviation from the cosine interval rule in any 
term), of War: 

The deep terms of La I® are shown sche- 
matically in Fig. 3; the deepest term belongs 
to the configuration 5d6s?._ The hfs splittings 
of 5d6s??D3/2,5/. are not sufficiently large to 
warrant accurate measurement. In the pre- 
sent work, therefore, study of these two 
levels was abandoned, and the configuration 
5d?6s was studied. Crawford calculated the 
hfs formulas» for the 5d’6s configuration, and 
according to his investigation the term 
5d’6s *F is near an ZS-coupling and 4Fs;. is 
free from configuration perturbation. 

In the present work the line 

45106 [5d°6s *F'3/. -5d° CF )6p * Dy 2] 
was studied, the hfs being shown schematic- 


ally in Fig. 4. The interval factor A and the 
quadrupole constant B of the final level are 
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Enlargements of the interference patterns of the spectra of La I and La II. 
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Fig. 3. Deep terms of the spectrum of La I. 
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Fig. 4. Hfs of La I 25106. 


' calculated to be 
m= —16.7< 10cm? , B=0.011%10 cm" . 
In order to calculate the quadrupole moment 


(Q), the value of >i(8cos?@—1) must be cal- 
culated. This can be done most easily by 
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using the (sl72.21:)-representation, as was done 
by Schmidt® in the calculation of Q(Ta) under 
the assumption of an LS-coupling. 

Since the fundamental formulas published 
by Schmidt contain serious misprints, they 
will be repeated here in a perfectly correct 
form.* The seventh column was corrected 
by Brown and Tomboulian”. The notation is 
the same as the book of Condon and Shortley®. 


(2* |3 cos?0—1|2*)=(—2-|3 cos?0—1| —2-) 


4 
=—-, Re,’ 
7 
(1* |3 cos?9@—=1/1*)=(—1- 3 cos?6 1 |= ts) 
——_(8R,’—7R,/’ 4 . 
=a 7R,/’ +24S,) 
(2- |3 cos?8—1|2-)=(—2* |3 cos?@—1| —2*) 
4 / ip 
= 175 (Re — MR,” —128,) 


(0* | 3 cos?g—1]0*)=(0- |3 cos?0—1|0-) 
4 ; 
=j75 12k +7R./’+6S,) 
LS ice 1|1-)=(—1* |3 cos?@—1| —1*) 
as 6 2 i — 
=175 th Rf +21R,/’—12S,) 
Gas Ae 1|2-)=(—2*|3 cos?0—1|—1-) 
ane, 2, o 2 aa 
= Ro’ +7R,/’ —98S,) 
(0* |3 cos?@—1|1-)=(—1* |3 cos?0—1]07) 
Liye 6, 
== 8R,’ =. — 
175 =f 7R S) 
The wave functions in the ZS coupling are 
first expressed by the wave functions in the 
(SEM; M,)-representation and then by the 
products of one-electron wave functions in the 
(s, J, ms, m1)-representation. For example the 
wave function for 4F3/;. (of ZS-coupling) is 
given by 


2 Pia al (@F, 3/2, 0)-+2(4F, 1/2, 1) 
nie ae: ZL) oy | 5 Ae —3/2 , 3)] , 


1 =i 
yea 


GF, 1/2, = jalV 6 Os = tears) 


saad ON Caras Brin aD a ei Vato SS =) 
a4 Olas Une hee Ere 0" 5) 


CF, 3/2, 0)= —1*,+)+(2*—2*,+)], 


ae Ne [(2-0-, +)+(2*0-, —) 


shai gl 
sr(2 0 ese) he 
7 ie, R” and— S are "relativity eorrection 


factors in the notation of Casimir. 
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GF, 33/2, 3) = Gal, )G 
in which the sign (+ or —) after comma 
refers to the spin of the 6s-electron. Putting 
these expressions in the above-mentioned 
formulas, we get 


(4F'3/2| 3 cos?0—1 |4F 3/2) 


8 
ail 9 (29 Ry BRR = 96S, )- 
4375 ° es ee : 


In the same way we get for the same electron- 
configuration: 
CD3/5| 3 cos?é—1 |?.D3/2) 
6 
—— ee WN Rae Rx 6S, 
g75 (eRe! +7 Ra” + 2) 


(*P3/2|3 cos?@—1|4P3/2) 


4 
= ——-—(104R,’ + 34R,”” +278,) 
1875 oes ‘ 


(2P3/2|3 cos? —1 | 2P3/2) 
2 
—-—_(20)R,’ +25,” -+36S,) . 
BT a 


According to Crawford», the actual wave 
function (F3,.’) in intermediate coupling can 
be expressed in terms of wave functions in 
ZS-coupling in the form: 
# P3790 =Ky 4F’3/. + Ky ?D3j2+K3 *P32+Ky ?P3/2 , 
kK, =0.9955, K,=—0.0946, A,=K,=0. 
We have therefore: 
(4F 3/2 |3 cos?@ —1 |4F'3;2’) 
= Ky?(4F3/2|3 cos?0—1|*F 3/2) 
+ K.??2D3/> |3 cos?é—1 |?.D372) 
+246, KEP 3/2 | 3} cos?0@—1 |?.D372) . 
We need, therefore, one more expression: 
(*F's/2|3 cos?0—1|?Ds/2) 
8// 3 i? aa 
ee ee (OR elie (9a 
875 5 (2R./+7R; 2) 
Putting these expressions in the fundamental 
formula 


ays ZA 


( 1 

er csp= 17 3 Gea 
x J(2J—1)-1,988-10-2 , 
(B and € in cm~!) 

and putting the values €;4=400 (according to 
Cravitord) sa —OL0IalO mene on KO Ale 
f= 7/27 W310), Ry Sl.04 eR =1.152 Ss= 04 
in the final formula, we get 


@(La?*®)=(+0.95-+0.20) x 10-24cm? . 
§4. Hfs of the Spectrum of La II 


The deep terms of La II are shown 
schematically in Fig. 5. The level 5d6s?D, 
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should be the most suited for our purpose, 
so the line 24809 (5d6s*D,—5d4f*Py) was 
studied and the result of measurement is 
shown in Fig. 6. Another line lies very close, | 


a De 10094.9 
5d‘ 
1G, 7473.3 
55¢ cys hii 73 94.6 
=u Pp, —— 62274 
5a 3p ——_ 5718.1 
Pp 5249.7 
D 3250.4 
ie fe} . 
re] 
D,—— 2591.6 
6s5d5 3 < 
F, 1970.7 
* 3D, 1895.2 
D,—_ 1394.5 
5d2 %; —— 1016.1 
ie 0.0 
La II 


Fig. 5. Deep terms of the spectrum of La IT. 


La II 24809 (5d6s “D, - 5d4f “B) 


Cc 
: b 
0.136, 0166) ican 
yp — 
5d4f 4 /: 
dap 7/2 
fot T 
a ; c 
9/2 =i 
5d6s Oe ax ae 
5 


Fig. 6. Hfs of Le II 44809. 


so that it was only possible to use spacers 
thinner than 3.2mm. The constants for 5d6s 
3—y, are: 
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La II 24804(5d6s°D, ~ 5d4f ~P) 


Quadrupole Moment of Lats) 


Lal 24691 (5d6s D, - 5d4f P) 


d oe a b 
C, ,€é ,€ 
a,b def g,h ; 
Hie. etl poie gona ae 
0.137 0.473 0.169 0436 0107 0076 cm 
F y—~> phe 
9/2 0.003 
saaf 173 = a ae 
eae 0.0005 pel puileneegaiy 
35 4 634 | 649 100 51 ¢48e 32h 33 
(52 | 63 “6 100 é [82 42 f5| 18 
11/2 
0.136, | 0.171 
546s D,7/2 et 6 (92 ‘b | 174, 
i 0168 S468, 7/5" 138 
We: 0076 
Fig. 7. Hfs of La II 44804 and 24691. 


A= 36,1 X10 2cm— , 


Casimir’s 


B05 a0a cma 
formula” gives 

(®D,|3 cos*@—1|*D,)= —=R," 
PeeeninCan——O47 Citas it, oi tom and. “the 
value of B in the fundamental formula, we 
get 

CUES SUES UA pe ilOee reanes 


The splittings of the level 5d6s1!D, can be 
determined via the hfs of £4804 and 24691 


(see Fig. 7) only approximately. For this 
level we get 
A=31.2<10%em +, B-0,011 <10-*cm-". 


Starting from the formula 
(D,/ |3 cos?0 — IDs) 


=| © vensenyg gone 


“95 Re Caer 2 Ry! (oe 
=(). 9501, lol «esr (determined from 
the multiplet structure) , 


we get 
Q(La9) = +0.4x 10-74cm?. 
This is a rough estimation and shows only 
that the sign of Q is positive. 
Summarizing the results obtained from La 
I and La II, we can conclude that 


Q(La*) = (0.9-40.1) x 10-24cm?. 
Wageningen and de Boer™ calculated 
theoretically the same moment and got 1.3x 
10-*4cm?. The order of magnitude of this 
prediction is in agreement with the above- 
mentioned experimental result. 
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Contribution of the Change of Entropy to the Directions 
of Spines of Shock Polar 


By Toru KAWAMURA 
Institute of Physics, Nara Women’s University 


(Reesived January 10, 1954) 


The directions of spines of shock polar in two-dimensional iso-ener- 
getie flow of a compressible fluid are caleulated and compared with 
approximated results as obtained by neglecting the variation of en- 
tropy change on the successive streamlines experienced at the shock 
wave surface. The series of numerical values of the spines show 
certain deviations, which would be due to the neglect of the entropy 
variations. The deviations are considered when the angle of inclina- 
tion of the shock wave to the uniform stream is large, and the flow 
behind the shock wave is subsonic, which is the case of frequent oc- 
currence in the study of the detached shock wave problem. Therefore, 
the present analysis indicates the necessity of computing the entropy 


variation in such a problem. 


§1. Introduction 


When a two-dimensional supersonic flow of a 
compressible fluid impinges upon an obstacle, 
there forms a sheet of stationary detached 
shock wave in front of it, provided certain 
conditions are satisfied. There is in general 
a subsonic region bounded by the shock wave, 
the surface of the obstacle and a pair of sonic 
lines starting from the sonic point on the body 
and extending to the shock wave surface. 
The flow in this region is completely deter- 
mined by the conditions on these boundaries 
and the equations of motion, together with 
the equation of state of the fluid. If we 
transform the motion into the hodograph 
plane, the above conditions again determine 
the flow in the corresponding region. The 
initial directions of the streamlines in the 
hodograph plane as they start from the shock 
polar namely the directions of the so-called 
spines are, however, determined, for instance, 
by Rankine’s shock wave relations and the 
equations of motion, together with the equa- 
tion of state of the fluid. It should be noted 
here that the directions of spines are inde- 
pendent of the boundary conditions of the 
surface of the obstacle. Since the form of 
the shock polar is uniquely determined by the 
Mach number of the undisturbed flow and is 
independent of the special forms of the shock 
wave in the physical plane, the directions of 
spines are of a universal character and may 
be considered as an extended form of the well- 


known Rankine’s shock wave relations. 

The present analysis has been performed in 
order to obtain materials for studying the 
flow in the subsonic region, but, as will be 
seen in the subsequent analysis, the results 
obtained are also valid for the supersonic re- 
gion behind the shock wave. 

In the present analysis, the flow in front of 
the shock wave is assumed to be uniform, 
iso-energetic and iso-entropic. At an arbitrary 
point on the shock wave, Rankine’s relations 
determine the pressure, density and velocity 
of the fluid immediately bedind the shock 
wave in terms of the undisturbed Mach num- 
ber M, and the inclination a of the curved 
shock wave at that point». 

The exact directions of spines have been 
calculated and compared with approximate 
results as obtained by neglecting the variations 
of entropy change on the successive stream- 
lines experienced at the shock wave. The 
results of the present analysis show that the 
effect of the entropy change is considerable 
when a@ is large and the flow behind the 
shock wave is subsonic. 

The present investigation is suggested by a 
review of Dr. Busemann” and a work of Dr. 
Guderley*?. 


§2. Fundamental Relations 


We shall consider a case of a uniform super- 
sonic flow of a compressible fluid past an ob- 
stacle, in front of which there forms a sheet 
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of a stationary curved shock wave. Let 4g, 
bp, 0, M, a and @ are velocity, pressure, den- 
sity, Mach number, angle of inclination of 
the shock wave at an arbitrary point to the 
direction of the undisturbed stream and the 
inclination of the streamline to the same 
direction respectively. Suffices 0, 1, and 2 
refer respectively to the quantities of the 
stagnation point corresponding to the state 
of the flow in front of the shock wave, the 
undisturbed stream and the flow immediately 
behind the shock wave. Further, w and v are 
the velocity components parallel and perpen- 
dicular to the uniform stream. 


Fig. 1. 


Rankine’s shock wave relations are 


Directions of Spines of Shock Polar 
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and 


Gi COS @=q, COS (a — 0). 


(3) 

Denoting the line-elements measured along 
the shock wave, along and perpendicular toa 
streamline by do, ds and dn respectively, the 
equations of motion are expressed in intrinsic 
forms as: 


0q 1 Op 
Ade et Aes: 4 
In, oe? (4) 
00 1 Op 
ee See cee 5 
: Os po On’ (od 
while the equation of continuity is given by 
pod mou 
1—M? ———= () 6 
\ i, Os On oF 
The components of velocity are 
W=Gi, 8=0; t%s— 92 c0s.0,,..and 
V2= 2 Sin A, , (7) 


Further, there is a geometrical relation at 
the shock wave, namely: 


OM. Cee 

——— —@)+— sin (a—@). 

bane cos (@ er sin (a—@) 
By means of the above relations, we have, 

after some calculations, 


(8) 


0a 00 
coe “ie 9 
0141 SIN a= P2q, Sin (a — 9), (ole) Oo DN My te Be 
Pitpig? sin? a=p.+p2q2, sin? (a—O), (2) where 
AGS de DT Mig AG sini eee) Mion eee 
we 2 (7 +1) M24 (7 + M2 —4}M? sin? a— 27M! sin a] 
Also, we have 

ul (SOGsy- ce 10 
(at) =f eae (10) 


/ where 


{4q,7 fila, Mh) cos” at+(r+1)q2"} 010» tana 


fsa, M,)= 


The direction of spine on the zw, v-plane or 

_ hodograph plane is determined by 

| dv f3(a, M,) tan @,+1 

du), f3(a@, My)—tan 4%, f 

' since the direction of spine is the initial 

- direction of the streamline on the hodograph 

| plane as it starts from the shock polar. 

The Crocco point is determined by a relation 
tan g=tan 0, . (12) 

Values of a at the sonic point, the point of 


(11) 


tan =( 


A(1—M,”) f(a, My)o:? qi? sin? a—(7 + 1)e2 qn? © 


maximum deflection of the streamline behind 
the shock wave and the Crocco point are 
indicated by as ,@m and a, respectively. The 
value of @, is determined by the relation M, 


=1, and after some calculations we have 
27M, sint as—{(r—3) 
+(7+1)M2}M? sin? a,—2=0. (13) 


The point of maximum deflection is defined 
by 00/de=0 and an algebraic equation for 
determining a» is derived from (9) as: 
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27M, sint Am—{(r +1) M2 —4} MM? sin? am 
2—(7+)M/?= 0. (14) 
Further, an algebraic equation for determining 
a. is derived from (10), (11) and (12) and we 
have 
4y (27 —1)M,' sin’ a. —2(27 —1)(7 +1) MS sinta@e 
—2(272—137 +3)Mj! sin* ae 
—(7?+67+5)M;! sin? a 
—4(47 —5)M,? sin? ae 
-(7?—-1) My? +2(7—5)= 0. (15) 
Between the absolute values of as, @m and 
a. for given Mach number M, there holds 
an inequality: 


WE he, KOlip. 
At the extreme cases when M,=1 and M 
tends to infinity, however, these quantities 
assume one and the same value. 
Further reductions give immediately 


1 (0q/Os)» F3(a, My,) q 1 


g. Oa/do f(a, My) qcosa 
x {1 = VME plan) tan af 
Ox 
=a, ML), (16) 
and 
00/Os BSCE SEE a M,). (17) 


Baldo f(a, My) 
A fluid particle moving along a streamline 
which passes through a point where a relation 
f(a, M,)=0 
is satisfied suffers no acceleration immediately 
behind the shock wave. We shall denote the 
angle of inclination of the shock wave at 
such a point by @, which is determined by 
the above relation through elementary calcu- 
lations. The resulting algebraic equation for 
determining @», is 
2(27 +1)My'sintan, —{3(7 +1)M,2—4) M,?sin2an, 
—{(7+1)M?+2}=0. (18) 
Numerical values of a@s, @m, @ and Qn can be 
calculated by means of (13), (14), (15) and (18) 
respectively. 
The equation of the shock polar is given by 


2 
2( fs yy alae les = CATR 
*( ne 1 M «) (M*—2x)?(M*x—1), 
(19) 


where y=v/C*, g=u/C* and M*=q,/C*, C* 
being the critical velocity, namely: 


conf ar ay 
rap 0 . 
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The Eq. (11) for determining the directions 
of spines is expressed in the notations of the 
present section, in the form: 

tan 9={(dy/dz)y}s , (20) 
where suffix ¢ indicates that differentiation is 
taken along a streamline ¢=const. 

The inclination of the shock polar is easily | 
derived from (18) through differentiation, | 
namely: 

dy (M* —2x) (M*?—3M*2z +2)+M*y? 

( dx ) = 2y{1+2M*/(7+1)—M*ax} 
Numerical values of this quantity have been 
calculated for the case when M,=2 and y= 
1.4 and are plotted in Fig. 2. 


$3. Approximate Calculations 

In the preceding sections the entropy change | 
at the shock wave surface has been taken into 
account; entropy is different for different 
streamlines according to the inclinations of 
the shock wave at points where the stream- 
lines pass through. No additional assumption 
is, however, made in the analysis. If we 
neglect the variations of entropy on the suc- 
cessive streamlines, or more practically, if we 
concentrate our attention to a streamline and 
its close neighbourhood, the variation of entro- 
py may be small and may be neglected. 
Then we are able to develop an approximated 
analysis based upon the isentropic procedure, 
and the motion is irrotational in the narrow 
region under discussion. The above limitation 
allows us to use the Chaplygin’s equation in 
the study of the flow in sucha region. Here 
it must be remembered, however, that the 
present approximation does not assume a 
unique velocity potential valid for the whole 
region behind a shock wave, so that, it is 
different from the so-called Chaplygin’s ap- 
proximation. 

Introducing a new variable”. 


(21) 


we have a set of differential equations for 
velocity potential and stream function, namely: — 


09 O” OP a0 
CO Moge ah 


ip 
06 00 2) 
with K=(1—q?’/c?)*(o,/0)?, ¢ being the velocity 
of sound. These Eqs. (22) are used in the 
following study in place of (4) and (5) in the 
preceding exact analysis. 
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By means of (1) and (3), Frankle®) has ob- 
tained the following relation along the shock 
polar, namely: 


Bn) ds—(5-) do =“ cotad¢, 
00 Ww 06 Jw PL 

(23) 
where suffix W indicates the values at the 
shock wave surface. The directions of spines 
on the a, @-plane are given by 


tan B= cel : 
ado @ 


There is also a geometrical relation along a 
streamline immediately behind the shock wave, 
which is given by 


Oe 6) E 
d¢= = = 
¢ ee ),_¢0s B+( a0 ) sin B Or 
(24 


from which it follows immediately 
tan B= —(0¢/06)w/(0¢/00)w . 
Substituting (25) into (23), 


some calculations, 
gs ) _ K+(po/p:) cota tanB 
0¢/w  (0/p:)cota—tanB ° 
Solving (26) for tan B and taking account of 
the definition for the direction of spines, we 


have 

00 

——) =tanB= 

( 0g af (00/01) cot &+(00/08)w 
(27) 
The similar equation is derived from the 
preceding exact analysis in the form: 
Pol 


(a5),-- 
06 y po fs 


Next, we shall convert the above relations 
into those in the 2, y-plane in order to com- 
pare them with the results of the preceding 
exact analysis. From (21) we have 


(25) 
we have, after 


(26) 


(00/01) cot a (06/00) —K 


(28) 


dq=—" qda, 
0 
and therefore 
00 1 00 p 
dq g 86 fy 


The direction of spine in the xz, y-plane is 


given by 
tan? =( dv ) __ sin 62+@2 cos 0,(06/0q)4 
*\du/y cos 62—q sin 0.(00/0q)y 
__ tan 0.+42(00/0q)» 
~ 1—q, tan 0,(00/Oq)y’ 


(29) 
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where suffix ¢ indicates the value of the pre- 


sent approximation. Substituting (29) into 
the above relation, we have 
ane. 2 tan 4.—(02/09) tan BL (30) 


1+(02/09) tan #, tan B’ 


Comparing the results of the two analyses, 
it is readily seen that there are certain dif- 
ferences between the resulting equations. To 
illustrate the differences clearly, numerical 
values of the inclinations of spines have been 
calculated by (11) and (30) for the case when 
M,=2 and 7y=1.4, and the values are plotted 
in Bigs Ze 

Following relations can easily be derived 
from Rankine’s shock wave relations and the 
conservation of energy, and these have been 
used in the numerical calculations 

0 2+(r—1)M,'sin? a 

Oe. ae Ae sin? a 

Pay 

Pr 
ics sin? a@+cos? a@ , 

Qo Pa 
IME 

{2+(7—1)M,’sin?a}?+(7 +1)?Mitsin’acos’a 

{2+(7—1)M,’sin?a }{27My’sin?a—(y—l)} ’ 

2 cot a{M,? sin? a—1} 

(7, +1)M?—2(M? sin? a—1) © 


Similar relations to those in (31) have also 
been derived by H. Melkus®, but the above 
expressions seem to be simpler. 


= rm: sin? a—(y—1)}, 


tan 05 = 
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§4, Discussion of the Results 

Comparing the two curves in Fig. 2, it will 
be seen that the isentropic curve as obtained 
from (30) coincides satisfactorily with the 
corresponding curve given by the exact for- 
mula (11) as long as the inclination @ of the 
shock wave is sufficiently small and the flow 
behind the shock wave is supersonic. A 
marked difference is however seen for a@ 
greater than about 61°, since the sonic point 
for Mi=2 is between 61° and 62°. The two 
curves again assume the same value at @= 
90°, at the normal portion of the shock wave. 
Therefore, a considerable deviation will be 
expected in the flow characteristics in the 
subsonic region except at the normal portion. 

For the value of K in §3 we have used its 
local values, so that no error will enter into 
the calculation and the deviations of the curves 
can only be explained as due to the neglect 
of entropy. Thus, the present analysis illus- 
trates the effect of entropy changes on spines. 
The region where the deviations of the two 
curves are considerable corresponds to the 
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region of most importance in the study of 
detached shock wave problems, and the pre- 
sent analysis show the necessity of computing 
the contributions of the change of entropy on 
the successive streamlines in such a region. 

In conclusion, the writer expresses his cordial 
thanks to Prof. S. Tomotika of the University 
of Kyoto and Dr. E. R. C. Miles of the Johns 
Hopkins University for their continued inter- 
est throughout the work. The writer’s thanks 
are also due to Dr. G. Guderley for his valu- 
able discussions. 
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Discussing the fog formation in adiabatically expanded dust- and 
ion-free moist air, the relation between the droplet size, the time 
required for the growth of droplets and the rate of self-nucleation 
are derived, based on the assumption of a simple model process. 
These relations, when applied to the case of adiabatic expansion at 
the so-called cloud limit, give a plausible order of magnitude for 


these quantities. 


In particular, the discrepancy between the current 


theory of self-nucleation and the known critical expansion ratio 1.37 


ean be eliminated. 


Sele 


The theory of fog formation in a super- 
saturated vapour is not yet satisfactory at 
present, though the phenomenon itself is 
comparatively simple and also important 
among similar phenomena. The nature of 
the fog nuclei formed in an adiabatically ex- 


Introduction 


panded dust- and ion-free moist air has been 
clarified by the theory of nucleation developed 
by many authors such as M. Volmer and A. 
Weber?, L. Farkas, R. Becker and W. 
Déring®, J. C. Fisher and D. Turnbull, but 
the theoretical derivation of the critical ex- 
pansion ratio 1.37 at the so-called cloud limit 
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has yet been unsuccessful or unsatisfactory. 
M. Volmer and C. Tohmfor used the for- 
mula presented by R. Becker and W. Déring 
and calculated the critical expansion ratio to 
1.27 for the case of supersaturated ion-free 
air. H. Oura® tried to derive the value 1.37 
theoretically on the assumption that the em- 
bryos might be small crystals rather than 
super-cooled liquid drops. The crystalline 
nature of the embryos seems, however, to be 
hardly compatible with their spherical form 
which he assumed. 

Up to present it has been generally assumed 
that the rate of nucleation, i. e. the number 
of nuclei formed in 1 cm* of the vapour per 
sec., is of the order of magnitude one. The 
present author being doubtful about the valid- 
ity of this assumption, seeks the relations be- 
tween the time required for the growth of 
fog droplets, the rate of nucleation, and the 
number of fog droplets. The last one can be 
determined by the total amount of liquid pre- 
cipitated and the size of the droplets. 

In this treatment, no assumption is made 
of the magnitude of nucleation rate and a 
simple calculation is carried out with an 
assumption of an idealized model process of 
fog formation in a supersaturated vapour. 

These relations, when applied to the case 
of adiabatic expansion, of rate 1.37 of the air 
saturated with water vapour at 20°C, gives 
plausible results. 


§2. Growth of a Fog Droplet 


In elucidating the mechanism of fog forma- 
tion, one must first consider in what way a 
nucleus develops itself spontaneously after 
passing over the free energy barrier. 

In the following calculation, each droplet 
will be assumed to grow independently, 1. e. 
the effect of its collision with other droplets 
and other mutual influences will not be taken 
into account. 

The number of vapour molecules, captured 
by a droplet of radius 7 on its unit surface 
per unit time, is given by a gas kinetic con- 
sideration as B=PN,{/kT/2xm » where NV, is 
the number of vapour molecules per unit 
volume of the vapour in contact with the 
droplet of radius 7, P the ratio of the captur- 
ed molecules to those which collide with the 
droplet, & the Boltzmann constant, T the ab- 
solute temperature of the vapour and m the 
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mass of a vapour molecule. 

On the other hand, the number of vapour 
molecule librated from the unit surface of a 
droplet of radius 7 per unit time, which should 
be independent of the surrounding, can be 
shown to be given as 

a= PN€?B!™?1 /RT nm - 

Here N.. is the number of the vapour mole- 
cules per unit volume of the vapour in equili- 
brium with a flat surface of the liquid, o the 
surface tension of the liquid, vz the molecular 
volume of the liquid. This relation can be 
derived from the condition of equilibrium be- 
tween the molecules captured by and those 
librated from the surface of a droplet of 
radius 7, for which the number of molecules 
N,-eq. per unit volume of the surrounding 
vapour satisfies the modified —Thomson’s for- 
mula: log (N;-eq/No)=(20/7)\w2/RT. 

Therefore, the time rate of increase of the 
radius of the droplet, d7r/dt, is 

dr/dt=vz,b\N,—N.e"") 
with a@=2ov2/kT and b=P\/kT/2nm - 

In consequence of the capture of vapour 
molecules on the surface of a droplet, the 
number of molecules per unit volume dimi- 
nishes in the vicinity of the surface and so 
there appears a gradient of the number density 
in the radial direction. If we assume the net 
capture of the molecules be steadily supplied 
by a stationary diffusion of the vapour in the 
radial direction, it is easy to get the relation 
N—N,=(7/D)b(\N,—Ne"/"), where N denotes 
the number of vapour molecules per unit 
volume of the vapour at a great distance from 
the droplet and D the coefficient of diffusion 
of the vapour in the gas. In this case, the 
time rate of growth of a droplet can be 
written as 

dr/dt=v,b(N—N.e"/")/(1+6r/D) ela 
The term e”/” is practically equal to 1 for 
water droplet of radius larger than 10-° cm. 
For such droplet we have therefore an ap- 
proximate relation 
dr/dt=v,b(N—N.)/(1+67/D). Cs) 

We have so far neglected the temperature 
gradient produced by the liberation of the 
latent heat due to condensation. If the heat 
librated on the surface of the droplet per 1 
sec. is assumed to flow steadily outward, there 
appears a temperature drop 4T, between the 
surface and a great distance, which satisfies 
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AT =(nma)/(4nre) where 2 is the net number 
of molecules captured on the surface of a 
droplet per 1 sec., 4 the latent heat of con- 
densation and « the thermal conductivity of 
the gas around the droplet. Since dr/dt= 
vyn|(4nr?), 4T can be expressed as r(dr/dt) x 
(p1a/«) where p; is the density of the liquid. 
The number density WN.. in (1’) corresponds 
to the temperature T+4T at the surface. 
Therefore, if we neglect the small influences 
of temperature difference 4T on other quanti- 


ties than N., we get approximately 
ar =v»:b{N—No—r ( ae re on 
/ 


dt « \ aT )dt D 
whence 
dr : br Di [ dos 
Tey BUN SIN. | ested ees 
ae /| ona ca 
N—N.. 
09h a 1 
EPS ener © oe 


with D.=D/{1+(D2/«)(dos/dT)}, where ps; de- 
notes the density of the saturated vapour. 
The effect of thermal diffusion can be neglec- 
ted in this case. 


§3. A Model Process of Fog Formation 


Suppose a certain state of supersaturation 
be given at an instant and the embryos of 
condensation begin to pass over such a free 
energy barrier that they become nuclei. While 
a droplet grows from each nucleus, the de- 
gree of supersaturation decreases and the rate 
of nucleation diminishes so long as the vapour 
is not supplied from outside, and the rate 
will become practically zero after the lapse 
of a certain time interval. In the next stage 
the number of droplets will remain practically 
constant, though each of them will continue 
to grow further. Finally, they will practically 
cease to grow when the degree of supersatura- 
tion approaches 1. These behaviours might 
be the process of fog formation observed 
under ordinary conditions. 

As a substitute for such a complicated 
actual process, the following simple idealized 
model process will be assumed. 

(I) During the first stage of the process, 
the rate of self-nucleation will be assumed to 
remain constant and be given by the formula 
of the current theory corresponding to the 
temperature T of the vapour and the initial 
degree of supersaturation M)/N... We namely 
imagine in this stage that the consumption of 
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vapour molecules due to the nucleation and 
the following growth of the nuclei is balanced 
by a fictive supply of vapour molecules. 
This is an idealization of the process for 
the stage in which the decrease of the vapour 
molecules is not yet conspicuous but its 
influence on the nucleation is considerable. 


(Il) Next we assume that the vapour is | 


suddenly decreased to its actual value and 
that the nucleation ceases. During this second 
stage of the process, the total number of 
droplets will therefore be assumed to be con- 
stant. We have only to consider the growth 
of the proplets and to persue it until they 
practically cease to develop owing to the 
vanishing of the supersaturation. 

(il) The beginning of the second stage 
will be so chosen that the sudden decrease of 
vapour mentioned above, which could be cal- 
culated approximately by the assumed process 
in the first stage, corresponds to the decrease 
of the rate of self-nucleation to half its initial 
value. 

The distribution of droplet size for the ac- 
tual process at the end of the first stage and 
that of the second stage would presumably 
be something like the curve given in the ac- 
companying figure, drawn with full line, 
while the model process would correspond to 
that drawn with broken line, the latter was 
obtained through the computation given in 
the next paragraph. 


$4. Droplets Size, its Distribution Range 
and the Time of Fog Formation 


The number of droplets whose radius lies 
between y and 7+dr may be expressed as 


I stage II stage 


In drawing this figure a formula 
=(vo(L+br/De))/(vzbNo(1 — Neo/No)) 
and the following data for P=0.1 were used: 
do=1.02 x10-4em, R=2.68x10-4em R—§=2.16 
x10-4em (see next paragraph). 


: 
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f-dr with f equal to »(00/dr), where v is the 
rate of nucleation and @ the time required for 
a drop of radius 7 to grow from a nucleus. 
@ is in general a function of x and the degree 
of supersaturation which is a function of 
lime ¢. 

Now let us consider the first stage, where 
the degree of supersaturation remains con- 
stant. Then @ isa function of y only. There- 
fore, if the radius 7 of a droplet increases by 
dr in a time interval dt, di=(00/0r)-dr or 

| dr 
p= v ‘ak . 

The decrease of the number of vapour 
molecules, imagined as being compensated by 
the supply of the vapour during the first 
stage (but actually not compensated) is shown 
from (1) and (2) to satisfy the relation N)— 


(2) 


ZY) 
ae hs 30 22b( No —N.-) 

x 0o4(1+466,/(5D-)) , C3aF 
where vy, is the constant rate of self-nuclea- 
tion in the first stage and 7* and dy the smal- 
lest and largest radii of droplets at the end 
of the first stage; N, and N, denote the num- 
bers of vapour molecules in the unit volume 
of the vapour at the beginning and the end, 
respectively. If we put N—M=(N.—N..)/O, @ 
can be derived from the condition (III) stated 
above, as follows: From Becker-D6ring’s for- 
mula of the rate of nucleation v=AN?e-#”, 
where A=2un1/c/2xm, B=4no/3kT ,* we get 


dv/y=2(dN/N)—2Br*-dr* . 


Since r*=a/log (N/N-) ; 
Ee (1 + an y pe 
y Buz N 


In the stage where the rate of nucleation has 
an appreciable value, the factor 2(1+(27/3vz)- 
y**) remains practically constant. So, in this 
stage, vy can approximately be expressed as 
yp N \20+(Cr/3v 270%?) 
‘Yo =(y, Ny ) 
where %* denotes the initial critical radius. 
If we put, from the condition (III) 
Vi N,\20.+ @r/8v 3)70*?) 
ee =(7:) 
then we have 
—N.. 
Hey Ny 


, 


Yo 
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Nes 0.30103 
= (1 -- ee logy; 2+ (27 x/30n)ry* - | 
Solving the Eq. (3’), or 
1 ( re Sa Aees of(1 + 4b 3 
Q No 3un2.Ny2b ° 5D, 0) 
(3) 


we can get the value of 6) corresponding to 
the given initial state of supersaturation. 

Furthermore, integrating (1), the time 0, 
elapsed by the end of the first stage is 

o,— dL +b0o/2D.) ibs 
vpb(Ny—Ne) 

The situation in the second stage is more 
complicated to handle ; namely, with a further 
development of the droplets the width 6 of 
the distribution range of droplet size and the 
distribution function f(7, 7m) will change; 
here 7 means the largest radius at a given 
time and 7—r<.d. Using (1) for r=7m and 

dé 


7=I%m—O0, we get 
iD: 
—= = i = 0) — “m 0 5 
drm dt | dt ( AM ) 


D(Fin—9) [dm 
which, after integration with the initial con- 
dition 7%mn=d0=6), gives the relation 


28( rato) + do “|= 0 (5) 


6 can be computed from this equation. 

The differential equation satisfied by the 
distribution function f(7, 7m) is obtained as 
follows. From the constancy of the number 
of droplets in the second stage, we have 


0 ( dr 
= Tm d m 1 ve 
tT, Tm) =f(r tdr, ¥m+ar, i taylan yer } 


if we denote by dv and d7m the change of r 
and 7m in a time interval dt for the droplets 
of radii y and 7». Neglecting small quanti- 


ties we have 
4 Oa 2 all, wise 
Om Or arm 
and using (1) 


of dr 
eS Ay dr a 


Or drm 


Orm Or at] at 
=f b(De+brm) of D. +brm (6) 
(D.+6r)? Or De+or 


This partial differential equation is generally 


* rk is of the order of magnitude 10-8em 
and can be neglected compared with dp. 

* This expression of v is essentially the same 
as that of Becker-Dorings. See Frenkel: Kinetic 
Theory of Liquid pp 397. 
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satisfied by 
f=(De+br)/O[(De+brm)?—(De+br)’] , 

where @ denotes an arbitrary function. Con- 

sidering the initial condition that at 7m=0) 


f= 7 v(De Or) 
Dvxb(No—Ne) ’ 


C7) 


we get for the distribution function in the 
second stage as 
een ( 8° 
Sa ) 
LF D.ve2b(No—Ne) © 


Then in place of equations (3’) and (3) valid 
for the first stage, we now have 


Arvy Tm gr by ) . 
3(] +—— |dr, 
OS ag era ual shat ated Aaa 
(97) 
or 
(1 =e LR ELSA NEL 
No 3U p? 2 No? 19) 
4D . 56 
R‘—(R—6)'+—__{R°—(R—6)} 
x] RR a+ ECR —(R—9Y9 |, 
(9) 
where R denotes 7m at the end of the second 
stage. 
From (3) and (9) we get 
gt R* —(R—6)* +(40/5D.){R>—(R—06)*} 


0o(1+46/(5D_-)do) 
(10) 
This equation together with (5) gives R as 
well as 0. 

To calculate the time Oy required by the 
largest drop to grow in the second stage, we 
have to eliminate N from Eqs. (1) and (9’), 
replace 0 by a function of 7, using (5), and 
carry out the integration of the equation 
F(rm, drm/dt)=0 to be obtained in this way. 
But the computation is so involved that the 
author made the following simplified assump- 
tion. Namely, all the droplets are assumed 
to have the same radius 7 during the second 
stage of the process. Then, instead of (10), 
we have 


PR? 


gu 4B 1+(b/2D.)6, 


Oo? 1+(4b/5D-.)6p ’ 
which gives R as a function of the state of 
supersaturation. As will be seen from the 
results given in the next paragraph, this 
simple assumption seems to be an admissible 
approximation. So we shall use this assump- 
tion in the estimation of the time Oy. 

Eliminating N from (1) and the equation 


(10’) 
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N—N=(42/3v2)%Orr? we get 


eg usp 
Ary A, \ b D./d 


In these equations 7%, the initial value Oleg 
satisfies 
4b 


b 1/3 
i= a (1 TED, 0s) [4 (1 15 p, ay) | 


as can be seen from (3’). 
Integrating the Eq. (11), we have 


D.+Rb [toe(t= em) 
829,R’D.b 1—(7/R) 
1+7/R+(7/R)? 
14+7,/R+(%/RY 
(tan 42GB mee | 

(12) 
Oy, tends to infinity as 7/R approaches 1, but 
it will be shown in the next paragraph that 
it is not very large even for 7/R=0.99. 


Rr ; (11) 


Au= 


Llog 


$5. Results of Numerical Computation and 
Discussion 


Becker-DG6ring’s formula as well as Fisher- 
Turnbull’s one refer to the stationary state of 
nucleation, and a certain time interval, the 
so called incubation period, is necessary in 
order that the stationary state is established. 
But this time interval is of the order of 10-§ 
sec.°? and need not be considered here. Devia- 
tion from the stationary state of diffusion and 
heat conduction assumed in the derivation of 
the Eq. (1) is of minor importance for small 
droplets considered here”. 

In the previous estimation of the tempera- 
ture drop 4T, between the surface of a drop- 
let and a great distance there-from, we have 
neglected the change of temperature of a 
droplet. If we take the influence of this 
change upon 4T into consideration, the factor 
nm mentioned before should be modified to 
nmi—(4/3)xr%pis(d(4T)/dt)). Therefore  4AT, 
instead of being (0.4/«)r(dr/dt) as before, is to 


be expressed as 
mane 
dt od ar 

where s denotes the specific heat of the liquid. 
But the second term in the bracket can be 
neglected as compared with 1, because 7(d(4T) 
/dr) may be of the order of 10 at the largest, 
while s/34 is nearly equal to 0.5 10-8 for the 
case in question, 


AT = 40 
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Now we make the numerical computation 
of the above relations for the state of super- 
saturation corresponding to the adiabatic ex- 
pansion of ratio 1.28, of the air saturated 
with water vapour at 20°C, i.e. the state 
which, according to Becker and Déring, cor- 
responds to the rate of nucleation of the order 


of 1. Then the following results are obtained: 
Yo N,/N-~ r* R 
2.4 4.76 8.0x10-8em 8.4x10-3cm 
Oo Or 


2.0x%10-"em 1.8 sec. 


In this calculation, the usual value of the 
surface tension of supercooled water was used: 
P in the quantity 6 was assumed arbitrarily 


In this computation the rate of nucleation was 
calculated using Becker-DG6ring’s formula modi- 
fied by adding a factor P, i.e. 2vm/o/2x2m N 
x Pexp (—4zr*o/3kT). It is natural to think 
that, in the first approximation, the same 
' condensation coefficient P, as used for the 
| calculation of growth of a larger droplet, can 
also be used, down to the embryos having 
sub-critical radius, for the calculation of the 
rate of nucleation and that the modification 
| mentioned above may be necessary. 
Concerning the coefficient P, we have 
| only conflicting reports.” So values of P=1, 
| 0.1, 0.01 are chosen arbitrarily. Values mark- 
ed with x are obtained using (10’), and the 
values of @ in the last column marked with 
/ (a) or (b) mean the values corresponding to 
| 7/R=0.9 or 7/R=0.99, respectively. 
As far as the author is aware of, there are 
no detailed experimental data to confirm or 
deny the theoretical results given above. It 
might be a questionable point that we have 
used the usual value of the surface free energy 
for so small droplets as those of radius 10~® 
cm. Nevertheless, judging from the descrip- 
/ tion of the phenomenon by many authors’, 
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to be 1. If smaller values are adopted, we 
obtain larger values for Gy. Such a large value 
of the nucleation period 9; as that given in the 
above table would be impossible because of a 
rapid recovery to higher temperature after an 
adiabatic expansion of the air in the cloud 
chamber.® Moreover, the number of droplets 
per unit volume of the gas, »0;~4, is in- 
credibly too small and the value of R too 
large. Therefore we suppose that the assump- 
tion »9o¥1 is neither compatible with the above 
theory nor with the known critical expansion 
ratio 1.37 for the cloud limit. 

If we make the computation corresponding 
to the expansion of ratio 1.37, the results 
tabulated below are obtained. 


¥yo=1.94 x 108/cm?. sec. for P=1, ING|/ Na=7,63;, 7r*=6.44 x 10-8cm 

7 R, 10-4cm Oo, LOmMcna D, LO SKoian @;, 10-8sec. O=0,;+ O41, 10-2sec. 
1 fee 7.6 1.9 1.8 Bae 

pala ee 10.2 5. 9.0 BF 
eee hee 9.9 6. RES 


the values of R and @ obtained above seems 
to be of a reasonable order of magnitude. 
Therefore the present theory seems to be 
successful in avoiding such a discrepancy as 
that existing between the current theory of 
self nucleation and the critical expansion ratio 
at the cloud limit. 

Now in this connection it would be worth 
while to investigate the influence of possible 
change of the surface free energy o of small 
droplets upon the phenomenon in question. 

According to Tolman’? the surface tension 
o of small droplets of radius 7 smaller than 
10-8cm is more or less smaller than the usual 
value o) and can approximately be expressed 
as 

ee 

1+(26/7)’ 
where 6 denotes the distance between the 
Gibbs’ surface of tension and a dividing sur- 
face which is so located as to make the so- 
called “ superficial density ” vanish when com- 
puted with respect thereto. In his theory 7 
is also defined with reference to the surface 
of tension. As Tolman himself pointed out, 
there is much doubt about the validity of his 


(13) 
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theory when it is applied to so small droplets 
as those of the radius critical for embryo- 
nucleus transition. But it might be of some 
interest to consider what would be the results 
for the rate of nucleation when the above 
formula (13) is used. 

In this case we have 
N _20 Uz ede a aN 
N. 7 al fio sooty J 
in place of the Thomson’s formula mentioned 
previously. When we put do/dr from (13) 
into (14) and solve for 7, we get 


1% 40 ey 
pe eens ze 
j a T pi +%), 


n= (0 on 
Te AONE Ih: 


If we put, for example, 7=6.5A for the case 
considered before and 6=0.9A as extrapolated 
from Tolmans results for the same case, then 
ry becomes 0.845 %. The maximum value of 
the free energy change 4Fmax which we have 
when a liquid droplet of radius 7* is formed 
out of vapour molecules becomes 


(14) 


log 


(15) 


where 


Therefore, corresponding to ™*=6.5A and 
6=0.9A we have 


AF max =" 17409 «0.44. 


According to the theory mentioned in pre- 
ceding paragraphs this results means that 
dense fog should appear at the expansion ratio, 
say, 1.25, even when there is no ion present 
in the moist air. This is in apparent contra- 
diction to the experimental fact. 

Bakker!» gave thermodynamic arguments 
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to prove that the surface tension of droplets 
would be absolutely constant down to the 
smallest radii. Bakkers definitions of surface 
tension and of the radius of droplets seem to 
be more compatible with the derivation of the 
rate of nucleation by Volmer, Becker-Doéring 
and others. And such a surface tension does 
not show a conspicuous change even for so 
small droplets as those of radius 10-§cm. 

The author expresses his deepest gratitude 
to Prof. T. Nagamiya of Osaka University 
for his kind criticism. 

Thanks are also due to Prof. I. Uhara of 
Kobe University for his earnest discussion 
about the problem. 
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In the previous paper) a theory was presented by the author which 
concerns the fog formation due to self nucleation in adiabatically ex- 


panded dust- and ion-free moist air. 


In this theory the change of 


temperature of the air after expansion was not taken into account. 

In this report the influence of the rise in temperature of the air 
after an initial cooling due to the heat transmission from outside of 
and the heat liberation inside the gas is treated in an approximate 


way and the results discussed. 


$1. Introduction 


The nature of the fog nuclei formed in an 
adiabatically expanded dust- and ion-free moist 
air has been clarified by the theory of nuclea- 
tion developed by M. Volmer and A. Weber”, 
R. Becker and W. Déring® and others, but 
the theoretical explanation of the whole pro- 
cess of fog formation was deficient until the 
writer tried in the previous report to establish 
possible relations between the time required 
for the growth of fog droplets, the rate of 
nucleation and the number of fog droplets 
under given initial conditions. 

But in that theory, the temperature re- 
' covery of the air through heat transmission 
from outside after an initial cooling was 
ignored. This approximation is admissible 
| when the cloud chamber is large enough and 
_ the rising of temperature after an expansion 
/ so slow that the whole process of fog forma- 
tion is practically finished before the change 
| of temperature becomes conspicuous. In 
actuality, the size of the expansion chamber 
_ is more or less limited and therefore, as will 
| be seen later, the influence of the temperature 
/ recovery after an expansion, especially on the 
rate of self nucleation, is considerable. 

In this report this effect is estimated. The 
influence of the warming of the air through 
the liberation of the latent heat of condensa- 
' tion is also considered and thus the previous 
theory improved. In view of the complexity 
of the process in question, we had to satisfy 
with only an approximate treatment. 


§2. Approximate Expression of the Rate of 
Nucleation Containing the Time 
Explicitly 


If we take the logarithm of the formula for 
the rate of nucleation used in the previous 
report 

v=2v2(0/22m)'!/?- N*P exp (—427a/3RT) , 

(1) 
and differentiate the result, we get after rear- 
rangement 

dyv/vy=2(1+227**/3u2)dN/N 
+(1/2—42r*o/kT )da/o 


+(427r**6/kT )\(dT/T) 
—(4r7*3/302)\(dNoo/Neo) . G2) 
Here the following notation is used: vy the 


rate of nucleation; vz, the molecular volume 
of the liquid; o the surface free energy of 
the liquid; # the mass of the vapour mole- 
cule; N the number of the vapour molecules 
per 1 cm*; N. the number of the vapour 
molecules per 1 cm’® of the vapour in equi- 
librium with a flat surface of the liquid; 7* 
the radius of droplet critical for embryo-nucleus 
transition; k Boltzmann constant; T the ab- 
solute temperature of the liquid droplet; P 
the condensation coefficient. 

Assuming the relations p.=ae-*’", for the 
pressure p.. of the saturated vapour (a and B 
are material constants) and p.ccNoT, we can 
transform (2) into 

dy/y=2(1+227r*/3uz)dN/N 
+[(T/20—4rr’o/kT )do/dT 
+ rer**[k){o/T —(kr*]302\(8/T—D)}] 
aL LT. (2a) 

During the period in which the rate of nu- 
cleation diminishes to a few percent of its 
initial value »», the coefficient of dN/N, 2011+ 
2xr*?/3vz), as well as that of dT/T, [(T/2o— 
Anr*o/kT)do/dT + (42r/k){o/T —(Rr*/3v2)(8/T 
—1)}], do not change remarkably. So if we 
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denote the initial values of them wy, and 
—¢r, respectively, v/v) can approximately be 
expressed as 

v/vy=(N/Ny)?*9-(T/To) A (3) 
where NM) and ZT) are the initial values of N 


and T respectively. The following figure 
(Fig. 1) shows to what extent this approxima- 


full line (Vy), 


broken Line (W/n, de 


TTL ey, 
Yo 
full line (v4, ), 
5 3 U le ‘ 
broken line (7/4, ) * 
Sse ee 
09% 005 008 o1¢ 
iiriees ale 


tion is permissible. In A, (»/y)r,, the ratio 
of the rate of nucleation to its initial value, 
under constant initial temperature 7, is com- 
puted for various values of N/N, using direct- 
ly the Eq. (1) for an adiabatic expansion of 
the air saturated with water vapour at 20°C, 
the expansion ratio being 1.37. (N/Ny)?*0 is 
given for comparison. In B, (»/»)w,, the 
ratio of the rate of nucleation to its initial 
value under constant number density of the 
vapour molecules Nj but for various values 
of the ratio of temperature 7/T,, is calculat- 
ed also using the Eq. (1); CLE N= 22% is given 
for comparison. It will be seen from this 
figure that (N/N,)?¥0-(T/Ty) ~ 270 may be an 
admissible approximation to v/v. 

Using this expression for »/y), we can easily 
compute the temperature rise 4T\/. necessary 
for the reduction of the rate of nucleation v 
to half its initial value, (1/2)y), when the 
number density of the vapour molecule is kept 
to a constant value Np. 
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Now the rise in temperature of the gas oc- 
cures in two ways; first, through heat trans- 
mission from the wall of the vessel into the 
gas, and second, through heat liberation inside 
the gas due to condensation of the vapour. 
The warming of the air due to these two 
causes will separately be considered here and 
superposed for the sake of simplicity. 

In this and the following paragraphs let us 
consider the first effect only. 

The mechanism of the warming of a gas 
in a vessel after an initial cooling is two-fold. 
Namely, the direct heating of the gas by 
conduction is confined to a layer of gas close 
to the walls whose thickness is small com- 
pared with the dimensions of the cloud cham- 
ber. But the expansion of the gas in this 
layer due to the rise in its temperature causes 
compression of the other part of the gas and 
makes it warm up. According to E. J. Wil- 
liams® the rise in temperature of the gas due 
to such a cause is given by 

AT =27r—-V/V x -Vefw:S/V-(Ti—To) VV ¢ 

=Kw/ft , (4) 
with 
Ky=2Ur—-Wh/ eV e[w-S/V-(T1—-T), 

where 7 is the ratio of the specific heat of 
the gas, « the thermal conductivity, w the 
heat capacity per unit volume under constant 
pressure, and S and V denote the surface area 
and the volume of the cloud chamber. T,—T> 
means the temperature depression of the gas 
due to an adiabatic expansion; z¢ the time 
elapsed since the expansion takes place. 

From Eq. (4), we can get an expression ex- 
plicit in ¢ for 


Fr(t)=(T/T») ~ P10 =(1 +4,T/T)) ms or. 
Namely in the following way. 
log Fr(t)= —$7, log (1+4,T/T»), 


as 4,T/T)<1, we have 
log Fr(t)==— $r,41T/T 
or F7(t)=exp (—$¢r, 4,T/T,) . 


So if we define a constant ¢ such that ¢= 
Ky¢r,/T, or from (4) 


b=2r—-DIV/ a +«/w'S/V-(Ti:—T ) br,/T, , 
we have Fr(t)=exp(—$//7z ) . 


Using this formula, the time Or, required 
for the reduction of the rate of nucleation y 
to half its initial value when the number 


1954) 


density of the vapour molecule remains con- 
stant, can easily be calculated. The following 
figure (Fig. 2) shows Or and @y in relation 
to the expansion ratio E. Here Oy denotes 
the time required for the reduction of the 
rate of nucleation »v to half its initial value, 
1/2-¥), when the temperature rise remains 
zero. (@y can be calculated using (7) to be 
given later and is nearly equal to @; of the 
preceding paper.) 


eo Ps 


138 K as 
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with 
and 


Ky = (4rtv9/3u2No)(D-/b)3 
Ky = (2b7vz/D-)(Np—Ne). 
Using (7), we have 

Fy ()=(N/Ny)?*=[1—Ka{( + Kot)? 

x (12/5Ka+(2/5)t)—t4(4 + 3Kot/2) —12/5Ky}] 720, 
an approximate formula explicit in ¢. Thus 
the rate of nucleation v as a function of the 


time ¢, elapsed after an expansion, can be 
expressed approximately as 


v' (=F @)-Fel?) 
=» aK: fa +Kypon{ 32 4 2 :) 
KG 
BAG 12 04 

—1(4 : Fae 
xexp {—27—Dh/ z V/s SIV 
X(Ti1—T))br5/To:1/ ¢ }. 

In (Fig. 3) Fr’@®, Fr?) and »’(@) 


Bye. 2: 


As for S/V, the value for a cloud chamber 
of cylindrical shape with a height and a radius 
of 10 cm each is arbitrarily assumed. From 
this figure we can see that a considerable 
influence is expected due to the rise in tem- 
perature of the gas after an adiabatic expan- 


_ sion, especially upon the rate of nucleation, 
' and also that the results of measurement of 


| the critical expansion ratio may vary more 
' or less according to the apparatus used. 


Now, in the stage where the rate of nuclea- 
tion v is of an appreciable value, the following 
formulae holds when warming of the gas is 


| zero, as shown in the preceding paper. 


and also we make use of the same formula 
as before for the sake of simplicity 


—dN/dt=41v (7m? /3vz) ; (6 ) 


'where 7» denotes the radius of the largest 


droplets ; b=P(kT/2xm)'/? and D, the effective 
diffusivity of the vapour in the gas (cf. the 
preceding article). From (5) we have 


n= (Dz|b){(1 + (260 2/De)No—N.=)t)/2—-1} 


and putting this into (6) we get, on integra- 


tion, the following formula for N/Np 
N/N)=1—Ki{(.4+ Kot)?/2(12/5K + (2/5)t) 
—t(44+3K,t/2)—12/5K} , Gis) 


etc. are shown in relation to ¢, for 
the expansion ratio 1.37 and P= 
0.01. 


We 


VAC) Vi 


Ftd 


1/5 x/05ec. 


/0 
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§3. The Number, the Average Size and the 
Time of Growth of Fog Droplets 


The number of droplet »’ per 1 cm’ of the 
gas, 


3) © 
n= v'at=»\ Fx()Friédt. (8) 


0 
(here @ denotes the time of growth of fog 
droplets and it is much larger than @y) can be 
obtained through numerical or graphical inte- 
gration of the above relation, but for the purpose 
of the approximate solution of the problem, the 
following simple treatment will suffice. 
First we notice that 


fo) 
| Fy’ (@)dt=Oy . 
0 


410 


This relation shows that the model process 
chosen in the preceding article is adequate. 
Now we replace the function Fy’(¢) with a 
function which is 1 throughout the range 
from #=0 to t=@y and is 0 thereafter. Then 
(8) becomes 


0 
nvors| * Fr(t) dt= raf" exp (—$// ¢ ) dt 
0 


0 
= 2y)/b?-exp (—$// Gy ) 
x (exp $/On)—¢/ On —-1). Ba) 
The next table shows an example of the com- 
o) 
parison between Oy and oy'=| F’y(t)dt as 


0 


0 
well as that of * Fr(é)dt and 


0 


|, Fv © Frode 
0 


0 
Ow: 7.48x10-2sec. ” Fr(t)dt: 2.511072 
0 


Oy’: 7.4610~*see.{" Fy/ (Feld: 242103 
0 

We see from this table that approximation 

mentioned above is admissible. 

This replacement means that we adopt the 
following model process with two stages as 
in the preceding paper. Namely during the 
first stage of the process from ¢=0 to f=@y, 
the number density of the vapour molecules 
remains constant, i.e. Ny, whereas the tem- 
perature of the gas rises and the rate of nu- 
cleation diminishes. At the beginning of the 
next stage, the nucleation is assumed to cease 
suddenly; therefore the number of droplet 
remains constant during the second stage. 

The influence of the heat transmission from 
outside upon the final size and the time of 
growth of the droplets is rather trifling. If 
we assume in the second stage of the process, 
for the average radius of droplet 7 satisfying 


N.—N=(47/3v2)n' 7-3, (9) 
the following relation 
d7/dt=vzb(N—N..)/(1+b7/D-) 
which is similar to (5) or 
N—N..=(1/v2)(1/b+7/D.)dr/dt , (10) 


then eliminating N from these equations we 

have 

No—No=(1/v2)0/b+7/D.)dr/dt+(42/3u2)n7* , 
(11) 
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But strictly speaking the left hand side of 


this equation cannot be replaced by (47/3vz) | 


-nR (R denotes the final average radius of 
droplets) as it is the case in the preceding 
paper, because in this case N.. is a function 
of the time and N.. in Eq. (11) refers to the 


time @ which corresponds to the average 


radius of the droplets equal to 7, whereas 
(42/3un)n’ R?=N)—(N.)o, Here (N..)o means 
such N. that refers to the time @ of the 
growth of a droplet; therefore (47/3vz)n’R?® 
is in general smaller than Ny—N-. 

Now we replace the left hand side of (11) 
by (47/3vz)n’R’* and integrate the differential 
equation thus obtained 

(3/42n’)(1/b+7/D.)d7/di=R'?—7 , (12) 


to get @”, as in the case of the preceding 
report. Here we suppose R” which satisfies 


Ann’ R’’3/3vz == No —(N.o)@r 
IN —{Neo +K(dN../dT)o/0”}; 


(N..9 being the initial value of N..). Then R”’ 
becomes smaller than the actual value of the 
final radius of droplets. 

On the other hand, the final radius of drop- 
lets R’, satisfying (47/3vz)n’R?=N,—Neo, is 
of course larger than the actual one. 
be seen from the next table which shows the 
comparison between these two quantities R’ 


and R’’, that their difference is rather small 


and so R’ can be considered as the final radius 


of droplets; consequently O’ satisfying the | 


relation 
(3/47n’)0/6+7/D.)d7/dt=R?—7*, (12a) 

can approximately be identified with the time 
of growth of the fog droplets. 

E: 1%37, 0’ =0.59 sec. SORES (Ooel 0 meGna 
P: 0.01, 9’ =4.86 x 10*/em*s-h "3.3.75 < 10ers 
In computing R’ and @ the initial limit of 
integration of the Eq. (12a), i.e. the initial 
average radius 7) in the second stage of the 
process is identified with 6), i.e. the largest 


radius of droplets at the beginning of the 


second stage which satisfies 


yy +66 ?/2De — VU pb{(.No — Neo On 
—(2/3)(dN--/dT))KoOy*!?} , 


8o= (Del bV/1 + (20 5b*/D.){(No— Nexo) Ow —(2/3)(dNol/dT))K.Ow?}—U, 


It will 
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obtained through integration of (5). This ap- 
proximation will be permissible from the 
following reasons 1) the influence of the error 
in 7, on R is rather small. 2) 7%/d) is 70% 
or so even in the case treated in the preceding 
report where the rate of nucleation was as- 
sumed to be constant in the first stage. 3) 
the rate of nucleation decreases with time in 
the first stage and so the reduction of 7 from 
6) due to the mixing of smaller droplet is 
smaller in this case than in the former. 


$4. Influence of the Liberation of Heat 
Due to Condensation 


When we assume an uniform warming of 
the air through liberation of the heat of con- 
densation, we have, in place of the Eq. (4) 

AT=4,T+4,T=Koy/ t +A4m(N—N)/w, 

(4a) 
where 4 denotes the heat of condensation (cf. 


next paragraph). Therefore Fyr(t) is to be 
replaced by 


Fy’ (t)=exp (—¢7/ ¢ exp (—dr,Am(No—N)/wT») 
or v(t) by 
y(t) =vo(N/No)?*0exp{ —$r,mNo(l—N/No)/wTo} 
xexp(—¢// zt). 
Now let 
(N/No)?*0-exp {—dr,mNo(1—N/N,)/wTo} 
be Fy(t) and Fy(9,)=1/2, then we have ap- 


| proximately, as in the case treated before, 


0 - 
nav] 7exp (—o/V t )dt 


0 


= (29/7) exp (— $//G@)) 
x (exp (¢//0)—-¢/Y/GO;-1) , (8b) 


where 


n=l F y(t): Fr(t)dt 


0 


' replaces former m’, the number of droplets 


ieper 1cm?*. 


Also in this case 9; is nearly equal 


to the time 


| 


Y 


© 

o=\ Fy(ddt. 
0 

These relations can be seen from the next 

table showing the comparison of @; and 0/’ 

as well as 2 computed using the Eq. (8b) and 


the defined. 


m(8b) 4.08 x 104/cm$ 
n(def.) 4.02 x 10/cm? 


5.70 x 10-2 sec 
5.72 x 10-*sec 


O, 5 
Oy: 
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We saw in the preceding paragraph that 
the warming of the air through heat trans- 
mission from the wall of the vessel has little 
influence on the final radius and the time of 
growth of droplets. So when we consider the 
effect of heating due to condensation we 
neglect this effect. We put namely (47/3v.) 
xnk?=N,—N-«, where N.. refers to the tem- 
perature corresponding to the warming 4,T 
due to condensation only, i.e. 

4,.T=iAm(N—Nao)/w . 
Therefore from N..=Neo+(dN../dT)o(Am/w)No 
—No= Noy tK3(No—No) with K3=(dN../dT)p- 
Am/w, we have N.=(Neoy +N) K3)/1+K3) and 
(477/3u 2) R? = (Np —Nooo)/(1+K3) . (9a) 

Now let us consider the time of growth of 

droplets in the second stage. Here we have 

No —N= (47/30 2)n7* , (9b) 
and N—N.=(1/vs)(1/b+7/D.)d7/dt as in the 
preceding paragraph. Since N.=Neo+K3(No 
—WN) in this case, we have - 
N(1+K3)—Nep —K3No= (1/vz)(1/b+7/De)d7/dt. 
Eliminating N between this equation and (9b), 
the following relation will be obtained: 
No —Neo = (1/v2)(1/b +7/De)d7/dt 


+(1+K3)(47/3v2)n7? , 
or 
(1-+-K;)(47/302)nR* = (1/v2)0/b+7/De)dr/dt 
+(1+.K3)(47/3u,)n7? . 
Therefore 
(3/42n(1+K3))(1/b+7/D.)d7/dt=R?—F7 . 


(12b) 
This is similar to equation (11) of the preced- 
ing paper and can be integrated to give 
ig wl DEBRD (1 —8o/R? 
8rn (1+K;)R?D.b|. ~ (1 —7/R)? 


Heer ead tne saailis) 
ape Shoah eatil ROAR 
<A bie mene ae 

poses 
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§5. Results of Numerical Computation and 
Discussion 


On 


Considering the rise in temperature of the 
gas ina cloud chamber due to heat transmis- 
sion from outside, we made use of the for- 
mula (4) given by E. J. Williams”, as stated 
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above. The validity of this formula is limited 
to the initial stage of the warming of the 
gas which follows the cooling by expansion. 
How long does this stage last will depend on 
the size and shape of the chamber, but at 
least during the period considered here for 
fog formation, it retains its validity. 

More serious objection might arise for using 
the Eq. (4a) because the heat of condensation 
liberated from droplets is then doubly taken 
into account. Namely, on the one hand, the 
heat is assumed to make the temperature 
gradient around droplets, corresponding to a 
stationary heat flow; the equation like (5) 
for the growth cf a droplet is derived on this 
assumption as stated in the preceding article. 
On the other hand, the liberation of heat due 
to condensation is assumed tO warm the gas 
uniformly in a chamber, by an amount shown 
in the second term of the right hand side of 
the Eq. (4a). To what extent this reasoning 
is permissible ? Consider a droplet of radius 
ry, growing at the rate of dr/dt. If the tem- 
perature gradient around the droplet corres- 
ponding to a stationary flow of heat is assum- 
ed approximately, then 4T7;, the difference 
between the temperature at the surface and 
that at a great distance therefrom, can be 
expressed as 4T,=7(dr/dt)i/k, as shown in 
the previous report (here the density of the 
liquid is taken as 1). Therefore 4T,, the 
difference in temperature at a point of distance 
eo from the centre of the droplet and that at 
a great distance, is 4Tp»=77(dr/dt)(4/x)(1/0). 

Now the range om from the centre of the 
droplet over which the whole quantity of heat 
(4/3)xr24, liberated through condensation on 
the droplet, distributes, can be roughly esti- 
mated from the following equation 

(drwy? dr|atyals)|™ edp=4rri/3. (14) 


7 


then we get 

Om?/7? —1 = (2«/32)(1/rdr/dt) 

= (2«/3w)(1/br+1/De)/uzN(N/Ne—1) . (15) 
Take, for example, the case treated in the 
preceding paragraph, i.e. the case of the 
condensation coefficient P=0.01 and of ex- 
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pansion ratio E=1.37. Then at the end of 
the first stage of the process when Fy’(#) or 
Fy(t)=1/2, the right hand side of the above 
Eq. (15) is of the order of 1x10® for larger 
droplets that are mainly responsible to the 
warming of the gas, namely for 7~10-*cm 
and N+=N,. This means that pm is of the 
order’ of I<1052 em: 
distance between droplets is a few tenths of 
this quantity (2.5~3x10-%cm or so). 
is, only 10~15% of the heat liberated by 


condensation is doubly accounted in the former | 
In the | 


estimation of the number of droplet. 
second stage of the process, this percentage be- 


comes smaller, as the term (NV/N..—1) decreases | 


more rapidly than 1/7 increases. Therefore 


the formula given in paragraph (4a) can ap- | 
When we | 


proximately be used in this case. 
consider the case where the condensation 
coefficient P=1, pm will become of the order 
of 1x10-2?cm when Fy’(é)e-1/2, that is, 


smaller than the average distance between | 
droplets, and the Eq. (8a) will be valid. But 

in the final stage, 0» is always larger than | 
the average distance of droplets and the Eq. | 


(9a) can be used. Thus we are confronting 
to a rather complicated problem of judging 
what formula should be used in the estimation 
of the quantities mentioned. Fortunately the 
difference is not so large, as will be seen 
from the next table showing the comparison 
of these quantities, computed using the for- 
mulae given in paragraph 3 and 4, for the 
case of the condensation coefficient P=0.01 
and of the expansion ratio E=1.37. 


nm’: 4.86x104/em (Re) 1317824107 em: 

m: 408x10!/em? R: 3.20x10~4cm 
O° S16 x 10 s*see3 
@ 9:07 x10 *sEc, 


Finally, in the following table, some of the 
quantities given in the last table of the pre- 
vious report are compared with the corre- 
sponding newly computed one (marked with *), 
using formulae given in paragraph 3 or 4. 
The time of fog development 9 is that cor- 
responding to 7/R=0.99 (cf. the last paragraph 
of the preceding report). 


1.94 108/cm?-sec for P=1, N,/N..: 7.63, 7*: 6.44x10-8cm 


P R 10-4cm 09 10-5cm Or 10sec nm 10°/cm3 O=0;+4+0;; 10-2sec 
1 2.1 a6: 1.8 ond. PE6 
*1.9 1D Oy: 1.7 Yeon PAS) Se. 
Det, 10.2 9.0 1.8 Ont 
0.1 : - : 
ne 7.8 6.5 0.89 10.8 
Bul Lis? 76. 1b2m) an 
0.01 3.2 8.0 pal 0.41 91. 


whereas the average | 


That | 
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We see from this table that the rise in tem- 
perature of the gas after an adiabatic expan- 
sion has the effect of diminishing the number 
density of fog droplet and of prolonging the 
time of development of fog, but has little influ- 
ence upon the final size of fog droplet. 

Comparison of the theoretical prediction 
given above with experimental observations 
has been undertaken in our laboratory and is 
now in progress. The results will be reported 
later when the experiment is completed. 

In conclusion the author wishes to express 
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his sincere thanks to Prof. T. Nagamiya for 
his kind advice. The author’s thanks are also 
due to Dr. I. Syozi for his helpful discussion. 


References 
1) H. Wakeshima: 
(1954) 390. 
2) M. Volmer and A. Weber: 
119 (1926) 227. 
5) R. Becker and W. Doring: 
(1935) 719. 
4) KE. J. Williams: 
(1939) 512. 


J. Phys. Soc. Japan 9 
Z. Phys. Chem. 
Ann. Phys. 24 


Proc. Camb. Phil. Soc. 35 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 9, No. 3, MAY—JuNB, 1954 


Creep of Polymethyl Methacrylate at Low Temperature 


By Koji SATO, Heinosuke NAKANE, Teruo HIDESHIMA 
and Shigeo IWAYANAGI 
Scientific Research Institute, Tokyo 
(Received December 1, 1953) 


In order to supplement the dynamical investigation of the secondary 
absorption region of polymethyl methacrylate, which appeared at 20°C 
in cps vibration measurement as described in the previous report, 
the torsional creep was observed at various temperatures from —50°C 
to 80°C. Assuming that this polymer is “thermorheologically simple”, 
the master creep curve was constructed, and the activation energy 


of 30 keal/mol was obtained. 


§1. Introduction 


In the previous papers,” two peaks were 
found in the elastic loss vs temperature curve 
of polymethyl methacrylate measured at a 
frequency of about 0.5 cps. One peak was at 
about 20°C which was lower and broader than 
the other at about 120°C, both shifting to- 
wards lower temperatures with the decrease 
of frequency. In view of the relaxational 
theory, as for the peak at 20°C, it may be 
expected that the anomaly of the creep curve 
will appear at a temperature much lower than 
20°C, because the time-scale of the creep 
measurements is usually far larger than that 
of the dynamic measurements. Therefore, 
torsional creep measurement of polymethyl 
methacrylate was undertaken within the tem- 
perature range from —50°C to 30°C. As will 
be described later (§3), the anomaly of the 
creep was found at a temperature as low as 


—50°C when the time-scale was 10* sec or so. 


§2. Experimental 


A cylindrical specimen of polymethyl metha- 
crylate was held horizontally at both ends -by 
two chucks, one of which was clamped and 
the shaft of the other was connected through 
a ball bearing to a wheel to which a load 
was applied to twist the specimen. The 
specimen and the chucks including the ball- 
bearing were placed in a thermostat, the tem- 
perature of which was varied from —50°C to 
30°C with less than 2°C fluctuations. Through- 
out the experiment the same cylindrical test 
piece, 0.425 cm in radius and 9.7 cm in effec- 
tive length was used. The specimen was left 
at least for 1/2 hour at a desired temperature 
before measurements were made. 

A load (the maximum shear stress corres- 
ponding to this load amounted to 5.4x10’ 
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lowest temperature (—51°C) was | 
taken as the standard and the 
curve by the next higher 
temperature was shifted along 
the log¢ axis until it partially |] 
fell in which the standard ] 
curve. By transposing sub- | 
sequent curves in similar man- | 
ner, 
of Fig. 2 was obtained. This | 


curve may be regarded as the ] 


creep curve at —51°C over a 
large time-scale from 1 to 10” 
sec, if the assumption of 
“thermorheologically simple ”% 
is valid in the temperature | 
range used. An inflection point | 
is found at about 10*sec on 
this curve. 

The activation energy E may 
be estimated by assuming the 
relation 

d\n te \ 

E=RaaT) ‘ (a) 
where T is the absolute tem- 
perature, R the gas constant 
per mole and #, the creep time 
in which the deformation 
reaches a constant value (in the 


present case, it is the value at 


the master creep curve, |f 


ioe 
methacrylate. 


dyn/cm?) was then applied quickly and the 
consequent deformation was recorded on a 
photographic paper by an electromagnetic 
oscillograph camera for the first 1 minute, 
followed by successive direct readings of the 
position of the light spot on a scale for 60 
minutes or so. Next, the load was removed 
and the recovery was observed in similar 
procedure. A typical example of this experi- 
ment is shown in Fig. 1. Both creep and 
recovery curves could be regarded identical 
within the experimental error. 


§3. Discussion 


These creep curves obtained at different 
temperatures could be made to one continuous 
curve designated at a certain temperature 
with the method already employed by several 
authors,»* its theoretical foundation being 
considered by F. Schwarzl and A. J. Staver- 
man. The experimental creep curve at the 


The master creep curve at —51°C for polymethyl 


the inflection point). This 
relation was used already by 
Tobolsky et al in the case of 
their stress relaxation measurements. Thus 
approximately the value of 30 kcal/mol was 
obtained as the activation energy for the 
elastic deformation of polymethyl methacry- 
late in the lower temperature range. Consi- 
dering the value of 29 kcal/mol obtained from 
dynamical measurements described in the 
previous paper,» the molecular mechanism of 
deformation in both cases should be the 
same. In contrast to this, creep measure- 
ments made within a temperature range from 
70°C to 120°C (this experiment will be reported 
later) gave 150~200 kcal/mol, which is of the 
same order as the value obtained from stress 
relaxation measurements by Tobolsky e¢ al.» 
Dynamical measurements by Alexandrov and 
Lazurkin showed somewhat smaller value 
(75 kcal/mol). 
There are two kinds of deformation mecha- 
nism with different values of activation energy 
evidenced by the two absorption peaks by 
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dynamical measurement. The fact indicates 
that, in wide ranges of temperature and time- 
scale in which two anomalies appear, the 
polymer is not “ thermorheologically simple ” 
as was assumed by McLoughlin and 
Tobolsky*?. 

The simplest model to represent main fea- 
tures of behaviour of the polymer would con- 
sists of at least three Maxwell elements con- 
nected in parallel (Fig. 3), if the model of 
Maxwell is preferred to that of Voigt. As 
shown in Fig. 3, the first element is degener- 
ated to the spring Gj, the second element 
consists of the spring G, and the dashpot 
%2, and the third the spring G; and the da- 
shpot 73. The relaxation times 24 and 4; of 
the latter two elements are defined by 


H2=Grh, » 3=G33. (2) 


The behaviour of this model is governed by 
the next four relations: — 


Fithatfs=f 

afi ds 

dt "at 

dfs_Gds_ fa C3) 
dt ah) Je 

dfs_gds_fs 

Ti ger ia ig 


where f1, f2 and f3 are stresses distributed 
among three elements, f/f is the total stress 
and s is the deformation which is assumed as 
common to three elements. These equations 


are easily solved for s, when f=const. Under 
the condition 
As<As , (4) 
this solution may be written as 
Bienes Sf [ 4 GlG:+GrtGs) 
G,+G,+G; G1(G,+G,) 
-t/t G; -t/r 
x footed sali fi—ewr |, 
(5) 
where 
7, Ge As, 
2 CG, 
and 
pee at Sas i 
G,+G, 


and is shown schematically in Fig. 4. 
Under a constant load, if the condition (4) 
is satisfied, the deformation takes place step- 
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wise as is shown in Fig. 4. The Instantaneous 
deformation f/(Git+G,+G;) increases to 
F/(Gi+G,) by the first step (creep) which oc- 
curs in the neighbourhood of the time t=r;, 
and the final stationary deformation f/G,, is 
attained by the second step (creep) in the 


Gr G3 
gE 


% % oe 
A Maxwell model. 
S 
2B bs 5 el oie Oe 
Gi 


Log t 


Log x; 


Qog % 


Fig. 4. The creep of the Maxwell model of 


Fig. 3 (schematic). 


neighbourhood of the time ¢=r,.. If both 
steps (creeps) were observed on the same 
time-scale, the latter would appear within 
much higher temperature range (~100°C for 
polymethyl methacrylate) than the former. 
From the creep and vibrational data for 
polymethyl methacrylate, approximate values 
were assigned to the shear moduli Gi, G, and 
G;* of the model as follows: — 
ii 10eadyn cme 
Gs=1.0%10 ” 
Gs=1.0%10 ” 


where in estimating G; use was made of the 
tensile stress relaxation data by McLoughlin 
and Tobolsky.» At elevated temperatures, 
according to these authors, the stress due to 
G, would also gradually relax completely, for 
which reason it is impossible to omitt the 
dashpot 7, from the first Maxwell element of 
the model shown in Fig. 3. 


* G, & Gs correspond respectively to G, & Gy 
in the previous report. 
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Contrary to what was described above which 
was based upon the simple model, the ex- 
perimental curve in Fig. 2 shows that the 
deformation under the constant load steadily 
increases, giving no well-defined instantaneous 
and stationary values of deformation (and 
therefore of elastic moduli G., and G;). The 
stepwise increase of the deformation depicted 
in Fig. 4 is just recognizable as a slight 
anomaly in the monotanously increasing creep 
curve (Fig. 2). In order to explain such _ be- 
haviour, the second and third elements of the 
above mentioned model must be replaced re- 
spectively by the groups of Maxwell elements 
whose relaxation times distribute broadly. Ap- 
proximate feature of one of such distributions 
which corresponds to the third element may 
be inferred from the master creep curve** 
presented above. 

In conclusion, the authors express their 
sincere appreciation to Dr. M. Kinoshita, the 
chief of the laboratory, for his encouragement 
throughout the study. They also wish to 
thank for financial help given by the Scientific 
Research Fund of the Ministry of Education. 
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Tobolsky : 
Note :— 

After this paper was prepared, recent experi- 
mental results by K. Sechmieder and K. Wolf 
(Kolloid-Zeitschrift 127 (1952) 89-) have been ecal- 
led to our attention. According to these German 
authors, the secondary absorption region of poly- 
methyl methacrylate was found by using the 
method of torsional vibration and reported by K. 
Wolf as early as 1951. On the other hand our 
first and second papers of Reference (1) were 
read at the annual meeting of the Physical So- 
ciety of Japan, April, 1951 and 1952 respectively. 

** It is the distribution of retardation time 
that is derived directly from the master creep 
curve. The distribution of retardation times 
thus obtained can be transformed to that of re- 
laxation times. 
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A new interpretation on the glassy state, which includes the ex- 
planation of the transitional phenomena, is proposed on the basis of 
the superposition of the two modes of motion, one of which is the 
network deformation and another is the vibration around the instan- 
taneous configuration of network. To formulate this idea, a new 
parameter, that is the “network temperature”. is introduced and the 
thermodynamical treatment is performed, with the independent deriva- 
tion of the equation of motion. Finally, some experimental data are 
checked with this theory and its validity is discussed. 


range of 500°C—600°C and change their 
physical properties in the various aspects, as 
well known experimentally. This transition 
constitutes the second content stated above, 
that is, the ‘freezing phenomena’. And we 
shall try to study this transition succeedingly. 

The freezing phenomena have the following 
features well known empirically. First, the 
freezing temperature is not a fixed constant, 
but has generally some extent of width. 
Second, the freezing range moves up and 
down according to the cooling conditions. 
Namely, it moves upward when cooled rapidly 
and downward when cooled slowly. Third, 
the freezing process by cooling and the re- 
leasing process by heating do not follow the 
same path. In other word, this phenomenon 
is the irreversible change. For example, Fig. 


/§1. Vitreous State 


It is believed that the glass is in the frozen 
state of the supercooled liquid composed of 
various silicates. This description contains 
the two important concepts, namely, the 
“supercooled liquid’ and the ‘ frozen state’. 

Actually we often experience that the sili- 
cate melts devitrify into crystals in the 
neighbourhood of their melting temperatures, 
when cooled down from higher temperatures. 
This means that the state of the melt below 
the melting temperature is not the true equi- 

librium state from the view point of. the 
| thermodynamics, but the unstable one con- 
‘taining some kinds of the relaxation mecha- 
nism. Usual soda-lime-silicate glasses have 
| their devitrification region in the temperature 


range from 1000°C to 800°C. However, we 
can pass this region so quickly that the de- 
vitrification does not realize. Further, in the 
jrange of 600°C—750°C, we can obtain the 
unique properties of the glasses determined 
by their temperatures only, when they are 
held so long in those conditions. Hence, it 
becomes possible to treat glasses as if they 
are in the (conditional) equilibrium states, 
since the relaxation times for the crystaliza- 
tion are too long and the devitrification is 
practically forbidden. We need not, therefore, 
take account of the unstable character of 
glass caused by the ‘supercooling’, so long 
as we are interested in the glassy state under 
700°C. 

When we continue to cool these glasses, 
they solidify into the amorphous solids in the 


1, the expansion curve of the glass, shows 
this behavior schematically. 

These facts suggest that above transition 
is not the true thermodynamical one, but the 
rate process accompanying some relaxation 
mechanisms. So, it becomes important to 
know the details of those relaxation mecha- 


nisms. 


* The contents of this paper were read at 
the annual meeting of the physical society of 
Japan in 1951 by E. Kanai except some parts in 
$5, whose remainder was added by T. Satoh in 
1952. And both contents were independently 
written in the Japanese magazine, ‘ Bussei-ron 
Kenkytii’. With the mutual consultation, we 
decided to sum up these two papers and publish 
in this journal by English. 

** Now at Physics Department, Safety Acade- 
my, Yokosuka, Japan. 
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We know the similar phenomena in the 
transition of the substances of organic high 
polymers which transform from the rubber 
state to the solid state. In those cases, it is 
probable that the suppression of micro-Brow- 
nian motion of the linear chains composing 
the high polymers is responsible for that 
transition. However, the silicate glass has 
not the rubber state between the fused and 
solid states, and does not posses the unit of 
motion like the chain, according to the X-ray 
investigation. Above the transition tempera- 
tures, the glass performs the Newtonian mo- 
tion although the viscosity is very high, and 
below the transition region, it is an extremely 
hard and brittle solid. 

On the other hand, the molecular structure 
of silicate glasses is fairly well studied in 
the solid state. Namely, their structure con- 
sists of the ramdom network composed of the 
unit tetrahedron each of which has a silicon 
atom in the center and four oxygen atoms at 
corners. And this network contains various 
metal ions in its inner holes. The strength 
of solid glass is able to be explained by the 
strong bonds of the network and the large 
value of viscosity of liquid glass is due to the 
difficulty of sliding motion between the layers 
of the network. 


70 


\ CHANGE IN LENGTH //Cm 


Ee TEMPERATURE 4 
200 300 400 500 600 700 
Fig. 1. Typical features of thermal 


expansion. 


Considering from these facts, we may expect 
that the inner motion of glass is made up of 
the superposition of two kinds of motion. 
One is the network deformation from one 
configuration to other (which is typically seen 
in the flow of the glass), and another is the 
vibrational motion around the instantaneous 
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configuration of the network. The latter mo- 
tion exists not only in the solid state but | 
also in the liquid state. But it is very pro- | 
bable that the network motion is suppressed | 
as soon as the glass has been frozen. Fur- | 
ther, the motion of network deformation is 
possibly the co-operative diffusion phenomenon | | 
of molecular groups from the microscopic ] 
standpoint. It is then naturally explained | 
that the freezing phenomena are the rate pro- | 
cesses as above stated. 
Above idea is probably the most practical 
interpretation on the vitreous state, including 
the freezing phenomena. It is not easy, how- | 
ever, to treat successfully, on this standpoint, | 
the complicated motion having so many de- | 
grees of freedom. In following sections, we | 
shall describe one of simplified trials. | 


$2. Cocept of Network Temperature 


Let us take up a glass sample having volume © 
V at temperature 7’, and consider the pressure 
pas the atmospheric order. As mentioned 
above, the inner motion of the glass is divided 
into the network deformation and the vibra- 
tion around the instantaneous network con- 
figuration. The latter exists commonly in 
both solid and liquid states. Moreover, we | 
consider the vibrational motion exists always 
under the equilibrium condition and its be- 
haviour is represented by the actual tempera- | 
ture T. If it were not so, it would be diffi- 
cult to understand the temperature indicating 
the glassy state. 

Now, we represent the vibrational energy 
by Evin (LF, Dtfnet). Its definition is as fol 
lows: we assume that the network deforma- 
tion be suddenly suppressed at the present 
time. Of course, the uniform expansion and 
contraction, and the small vibration are al- 
lowed. When this system was cooled down 
to the state of the absolute zero temperature, 
the system has only the potential energy de- 
signated by Enet (:fnet) (which is possessed 
by the network). Then, 


Evib (as D: f net) =E—Enet ( D:F net) ’ 
where £ is the inner energy of the system 
concerned. That is, Eyip is the sum of the 
excess potential energy (compared with Enet) 
and the kinetic energy. 

In order to treat exactly, the network 
motion should be properly described by the 
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distribution function fnet with the aid of the 
statistical mechanics. But this procedure is 
practically impossible. So we try to reduce 
the network motion to the temperature scale 
and to introduce the “network temperature ” 
t. The way of introduction of ¢ is arbitrary 
to some extent. Here, we shall take up the 
following procedure. 

If we wait the establishment of the thermal 
equilibrium of the total system including the 
network motion without limit of time, Enet 
must become a fixed function of T and p. 
So we borrow this functional form and pick 
up the temperature which gives the same 
network energy as the present Ene, and call 
this temperature as the network temperature 

me (c.f. Fig. 2) 


EQUILIBRIUM 
CURVE 


. 
Fig. 2. A way of introduction of ct. 
The network temperature zt is not always 
equal to the real temperature T. Only when 
we wait the fulfilment of the thermal equili- 
_brium condition without limit of time, both 
/ temperatures will become equal: 
aout hae (2.1) 


On the other extremity, when the network 
motion is forbidden by freezing, c is fixed: 
2a) 

Now we obtained three independent vari- 
ables: p, T andr. Other variables such as 
-volume, inner energy etc. are the functions 
of these three variables: 

AG pl kaye, 
Ep, 1. G) 

When the glass is still movable at the 
higher temperatures, the condition (2.1) is 
fairly easy to be satisfied. On the other hand, 
the condition (2.2) is satisfied at the lower 
‘temperatures. Hence £, V etc. turn to loss 
the continuous smoothness on the border of 
“two temperature regions. It is the reason 
why the bends appeared on the expansion 


eM a 


(2.3) 


| 
U 


Phenomena of Glass 419 


curve, the heat content curve etc. 

The Eqs. (2.3) do not contain the time ex- 
plicitly. But it is evident that c must approach 
to T in the course of time. Hence, even at 
the constant p and T, the volume V continues 
to change according as t changes. On the 
other hand, £, V etc. become the functions 
of p and T only, after tc has been fixed by 
freezing. That is, the glass below the transi- 
tional region has only the pressure p and the 
temperature Tas state variables. Actually, 
at room temperature, the glass is a nearly 
complete elastic body and the various changes 
take place reversibly, which is the ordinary 
behaviour of the glass. 


§3. Thermodynamical Treatment 


In the last section, we introduced a new 
so-called ‘concealed’ parameter rt as well as 
the ordinary thermodynamical variables, p 
and T. In this section, we shall show that 
the discussions similar to the thermodynamics 
can be applied to our problem with the use 
of these variables. 

It was already explained that the freezing 
phenomenon was the irreversible change. But 
it is right so long as we use the two vari- 
ables p and J as state variables. If we add 
the new parameter ct to them, various quan- 
tities may be considered as the one-valued 
functions of , T and t, at least in the first 
approximation. Among them, 


V=Vibe Ts) (SAN) 
corresponds to the equation of state of the 
glass, and 

A= pT oo) (3.2) 
may be used as the equation of thermal state, 
where A is the enthalpy of the system. 

Of course, it is difficult to deduce the Eqs. 
(3.1) and (3.2) from the theoretical standpoint. 
It is, however, convenient to utilize the fol- 
lowing empirical facts. 

(i) Above the freezing range, V and H 
are both the functions of p and T alone 
which do not depend upon the past history 
of the glass sample. 

(ii) Below the freezing range, the coeff- 
cient of thermal expansion and the specific 
heat do not depend on the thermal history 
experienced by the glass. 

We henceforth take the pressure p as constant 
and ordinary. For, the data under the con- 
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dition of high pressure are rare and out of 
our interest. The fact (i) is well-known and 
(ii) is approximately accepted”. 

From (i) and (ii), the following expressions 
are easily derived: 


VT, )=V(T){1 or g*dT 


+{" (e—saTh, 


T0 
(S33) 
T 
EG )=H(T)+| Grad 
TO 
+\’ (Cy—Cy*)aT , (3.4) 
T0 


where Ty) is a certain high temperature at 
which t is equal to 7, and 8, Cy are the ex- 
pansion coefficient and the specific heat under 
the equilibrim condition (T=r), B*, Cy* are 
the ones after freezing respectively. 

In the ordinary cases, where 8, 8*, Cp and 
C,»* are nearly constants between 300°C— 
700°C, above equations can be represented as 
follows: 

VT, t)=VW(To){1+8*(T—To)+(8—B*)(t—To)}, 
(3.3°) 
ACT, t)=H(T))+Co*(T—T)) 
+(Cp—Ce \t — 1 a) (3.4’) 


Further, if we are interested in the entropy 
of the system, 


AS! =(Cp*/T)AT 


is the increment due to the vibrational motion, 
and 


Asie == {(Cp = Cp*)/t }Ae 


is the one due to the network deformation. 
Of course, the latter vanishes after freezing. 

Above expressions refer apparently to the 
static relations between the variables. Inde- 
pendently of those relations, it is necessary 
to establish the equation which determines 
the behaviour for rt to approach to T. 


§4. Equation of Motion 


It is probably possible to treat the motion 
of the network by the method similar to the 
diffusion problem, since the deformation of 
network is microscopically constituted of the 
motion of the groups of several molecules, 
which translate step by step through the 
potential barriers. 

Now, we shall pick up the rate-determining 


E. KANAI and T. SATOH 


(Vol. 9, | 


Ie, 3 


Schematical reaction 
model. 


m 
m 


step of the network motion and consider the J] 
reaction model shown schematically in Fig. 3. |} 
Here we denote the energies before and be- | 
hind the barrier by #; and #;, and the con- | 
centrations of the representative systems by 
C; and C;, respectively. Then, 
aes le. 

EC, +E sCr=Enet (tT) : 
Further, we represent the reaction rate con- | 
stant from the initial state to the final one | 
by k and the one of the reverse reaction by | 


R’. Then, 
Os RCH), 
T= RC,—R'C, . 
Hence 


= —k(E,—Eys)C; +k E,—Ey)C;y . 
Substituting the following relations to this 
equation, 
(Ei, —Es)Ci=Enet(t) Ey , ) 
(B,—Ey)Cy = Ei —Enet(t) , 
above equation can be transformed into: 


dt ne 


For the time being, we shall assume here 
that k and R’ are the functions of the tem- 
perature T only. This means that the activa- 
tion energies of k and k’ are both independent 
of t and in other word, the activation energy 
of viscosity is nearly constant in the transi- 
tion region, as shown in the later section, 
which seems approximately to be satisfied in 
the case of usual soda-lime-silicate glasses®). 

Then, in the end of the isothermal reactions, 


O=(RE,+R'E:)—(R+R)Enet(T) . 
Therefore, at last 


u(t) =(REy +R’ E,)—(R+R’)Enet(t) . 


f Eyet(t) =(h-+ ® {Ener T)—Enet(t)} 
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Especially, when Epet(t) is approximately re- 
presented by the linear function of t, above 
expression becomes simply to the following 
equations: 


at 

Si fy ae 

gre oes | (4.1) 
c=WT)+R(T) . 


This is the equation which describes the 
| reaction for rt to approach to T. « is the 
diffusion constant and has the next generalized 
form: 


c= > Acexp(—B,/T) , (4.2) 


_ where T is shown as the absolute tempera- 
ture of the system. We may often expect 
that one term in the summation symbol is 
_ predominant among others and then « be- 
comes written as follows, 
k+=Aexp(—B/T). Ze) 

We can obtain more general expressions 
for the equation of motion. In the derivation 
of (4.1), we assumed that k and k’ were both 
the functions of T only. But more generally, 
we can assume that 

RT, t)=K(T, =)R(F) , 
and 
PE oped des ae dy) 2 

Speaking more concretely, it is the case in 
which the activation energies of k and k’ 
are equal except the difference independent 
of ct, although the activation energies might 
be dependent on r and JT. Then, repeating 
the analogous procedure to the previous case, 
we reach, at last, the following equations, 


& Ser). (4.3) 
patie. T)+R(T, T) 
2A exp {—B(T, t)/T}. (4.4) 


‘Namely, we may consider the activation 
energy of the diffusion constant is the general 
-function of T and ct. 
Assuming, for example, that 
B(T, t)=Bo—Bit , (4.5) 

‘the Eq. (4.3) can be written as follows, 

dc/dt=A(T—t) exp {B,;t—By)/T} , (4.6) 
‘which is essentially the same form with the 
equation proposed by A. Q. Tool®. His theory 
is rather of the empirical character, but we 
think that the essence of his theory consists 
‘in the assumption (4.5), which is reasonable 
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in some cases. 

We can further make another extension of 
the Eq. (4.1). The Eq. (4.1) shows that the 
reaction for t to approach to T is drived by 
the force which is proportional to the dif- 
ference (T—r). Hence, for large |T—rt| (whose 
extent is different for each case), the Eq. 
(4.1) is to be transformed as follows: 

dt/dt=«’' sinh {€(T—r)} , (4.7) 
k’=A’ exp (—B’/T), (4.8) 
from the analogy with the diffusion problem. 

At any rate, the combination of Eq. (4.3) 
or (4.7) with Eqs. (8.3), (3.4) is sufficient 
to describe the change of the system. The 
next conclusions, however, are evident with- 
out computation. That is, |7—r| is small at 
higher temperatures and dr/dt is nearly equal 
to zero at lower temperatures, since « or kK’ 
is very large at higher temperatures and very 
small at lower temperatures. From the practi- 
cal standpoint, T'=r [(2.1)] in former cases and 
t=const. [(2.2)|_in datter cases: 


$5. Comparison with Experiments 


We will now apply our theory developed in 
the previous sections to the experimental data 
of thermal expansion and refractive index, 
and evaluate the rate constants of t>T re- 
action contained in both processes. The for- 
mer used here is one made by A. Q. Tool®?, 
and the latter one by P. W. Collyer®. 

(1) Thermal expansion 

Tool’s sample is a kind of borosilicate 
crown glasses for a thermometer, and its 
chemical composition is not given. After a 
sample has been heated at 500°C during 
several weeks, it is cooled down rapidly to 
room temperature and then is reheated uni- 
formly with a constant rate of 3°C per minute. 
The linear thermal expansion in this process 
has been observed by means of the interfero- 
meter method. His results are referred in 
Fig. 4. He has given another result with a 
sample cooled down quickly from a certain 
higher temperature. We suppose that this 
case will be certainly in the field of the Eq. 
(4.6) or (4.7) owing that |T—zc| is large, but 
we shall not take this case to check the 
theory, since unfortunately the necessary 
numerical values have not been given at detail. 

Analizing the experimental result we can 
at the first place decide the values of linear 


€ 
oO 
Ss 
2: 
Zz 
9 
E 
q 
1S) 
]2 
oe) 
nad 
Ww 

300 400 500 600 

TEMPERATURE °% 

Fig. 4. Thermal expansion curves. 
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coefficient of thermal expansion. From the 
slope of the straight line of rapid cooling and 
reheating below 500°C, 


a*=0.066 z/cm °C 
and on the other hand from the curve at 


higher temperatures, referring with the data 
for chilled sample, 


a=0.302)/cr-G 
The changes below 500°C occur reversibly. 
Now if we take the time passing just at 500°C 


as an initial value zero, the following equation 
is derived from Eq. (38.3’). 
(UT, t)-l}{lo=a*(T—Th)+(a—a*)\(t—Th) , 
(zl) 


where 7 is the length of the sample, and the 
initial values of actual and network tempera- 
tures should be taken as 500°C in this case. 
Using the observed values of 7, from the 
above equation we can evaluate the values of 
t corresponding to each time. Taking 7t>T 
Eq. (4.1): 

(dc/dT)(dT/dt)=x(T—r) , 
we can introduce following equations: 

(dt/dT)/(T—t)=k/u , 

where uw=dT/dt=3°C/min., and then 


e (ald?) n(4 ee | 


For the sake of simplicity we take an assump- 
tion (4.2), namely «=A exp (—B/T). 

Exome the waa (Or) weMtcanmexpectm that 
there will be a relationship of linearity be- 
tween In{(dc/dT)/(T—r)} and inverse of T. 
It is clear that this estimation is satisfied 
approximately as shown in Fig. 5. From the 
slope of this straight line the value of acti- 
vation energy B is proved to be 140 Kcal/mol. 
The observed value of viscosity coefficient of 


(5.2) 
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this sample is not given, but the value of B) 
is approximately of the same order as the | 
activation energy of viscosity for ordinary | 
soda-lime silica glasses at corresponding tem- 
peratures. It has resulted, therefore, from | 
this argument that the activation energy of 
rate constant in this t>T process is of the | 
same order with that of the activation energy | | 
of viscosity. 


~ 107, 


—1-12 


— TAs 


=i 


: dt 
Fig. 5. log & /a-n| versus T'-1. 


This is of course expectable. Because the 
change of rt with time is caused by the de- | 
formation of network, and on the other hand | 
the mechanism of viscous flow is the continu- | 
ous displacement of network. Namely the 


fundamental mechanisms involved in these | 
two motions are entirely common. 


(2) Refractive index. 

The experimental data used here are those 
after P. W. Collyer with one of the borosili- 
cate crown glasses, which is signed to be 
517/645. The chemical composition of this 
glass is shown in Table I. 


Table I. Chemical composition of BSC (517/645) 
glass (weight %). 
SiO, 68.6 Na,O 3.9 
B,O3 11.4 K,0 10.0 
ZnO 255 Sb.03 deo 
BaO Ute: R».O3 Ons 


His samples are 8x 8x2 mm and are cooled 
rapidly from 852°K. Then they are reheated 
at a definite temperature in the annealing 
range. In these processes the change of the re- 
fractive index ” with time is observed with a 


| 
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Pulfrich refractometer keeping the tempera- 
ture T to be constant. The fixed temperatures 
have been determined by the method of poten- 
tiometer. It is reported that the limits of 
errors of refractive indices and temperatures 
are 2 in the order of 10-° and 2-3°F respecti- 
vely. After the sufficient elapse of time (f->0), 
the values of » saturate to the corresponding 
values of # which are determined as the 
function of temperature T. (Table II.) The 
initial value , of refractive index is taken 
to be 1.51484 from a mean with six samples 
at room temperature. 


Table II. Saturated values of refractive 
indices. (After Collyer) 


T (°K) Neo 
787 1.51825 
795 780 
803 721 
823 624 


Before examining our theoretical formulae, 
we have to decide the values of volume at 
a higher temperature YT, and coefficients of 
thermal expansion, 8 and 8*. We will assume 
these values from the figures represented in 
the paper by L. Shartsis and S. Spinner”: 

Vii 973) 042925 
Gu Spal Omi Cat 
Bee oral Ve ce Cee ae 


| where the value of V is determined from the 


density data during 1000°C-1300-C range by 


| extraporation, and J, is taken to be 700°C 


arbitrarily. 
Now when T=const., we can write the Eq. 


| (3.3’) as follows: 


V(t)=qr4+7, (@e)) 
or reversely 
where 
q=V(To)(B—B*) , 
F=V(T))\1—BTo+B*T) . 
The differential Eq. (4.7) determining the rate 
of t-T reaction can be easily integrated in 
this case of constant temperature: 


&(T—r)/2=tanh-![tanh{é(T—t)/2} exp (—Exd)]. 
This is transformed as follows: 


in) tann{e(L—2)/2) 1 
7 | tanh{é(L—r)/2} 


=—Ext , (5.4) 
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or when r is written explicitely, 
t= T—(2/€) tanh-Y{a exp (—&«2)} , 
where 


(5.5) 


a=tanh {€(T—1)/2} . 
In this expression of @, t) is an initial value 
of t and taken to be 580°C in this experiment. 
The relation between volume V and refrac- 
tive index is combined through the specific 
refractivity R. If we apply the Lorenz-Lorentz 
formula: 

eal 
W+2 
the volume V is written by the use of re- 
fractive index, as follows: 

Nn? +2 
w—) - 
Now the quantity R is considered to be con- 
stant independently of the conditions. This 


’ 


VER 


(5.6) 


50 TIME 


10 


0-01 


tee } 


tamk {eCT- MA} 


tam® {E(T- 


frl 


Fig. 6. Check of theory, assuming ¢=0.2. 


*& After the beginning of our calculation, we 
have obtained the data of linear coefficients of 
thermal expansion of this glass by a private 
communication from Dr. N. M. Brandt (Mellon 
Institute, Univ. of Pittsburgh). Namely, «=50 
x10-6deg.-1, a*=8x10-8deg.-!1 and transition 
point Tg=525°C respectively. It has turned out 
that our estimations are precise exactly. In this 
opportunity we thank Dr. N. J. Kreidl (Bausch 
and Lomb Opt. Glass Co.) and Dr. N. M. Brandt 
for their sincere facility to our work. 
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consideration corresponds to that the polariza- 
bilities of atoms or ions as constitutional 
elements are invariant during the annealing 
process. In practice, R is determined by the 
use of 7%) when (5.3) combined to (5.6). Then 
the values of V(¢) corresponding to the ob- 
served (Zt) is determined from Eq. (5.6), hence 
the values of t(¢) is able to be given by Eq. 
(5.3’). Therefore, when we substitute this 
t(¢) to the left-hand side of Eq. (5.4) and 
plot it versus time ¢, we would have a group 
of straight lines passing through the ori- 
ginal point, provided that the Eq. (5.4) be 
satisfied. It will be recognized that Eq. (5.4) 
is nearly satisfied for any ZT, when the nu- 
merical value of unknown constant €& is taken 
to be 0.2. It is shown in Fig. 6. Finally 
since the rate constants corresponding to 
parameter T can been determined from Fig. 
6, [Table III], we shall try to plot In« versus 


Table III. Values of rate coefficients in the 
change of refractive index. 


4h T-1x 103 K | hak fe 

787 1.27 | 0.000158 | ~8.75 

795 1.26 0.00075 | = 7224 

803 | 1.25 0.0031 Sly 

828 11 Be 0.17 Sie 
-2 te] 


tas 


Qo 
ba 


1-24 1-26 
ie = 


tT <10° 


Fig. 7. In« versus 7-1. 


the inverse of T. As seen in Fig. 7, the Eq. 
(4.2’) describing the rate constant « as a func- 
tion of temperature T is approximately satis- 
fied. If we evaluate a value of activation 
energy B, from Fig. 7, it has resulted that B 
is decided to be 230 Kcal mol~?, which is of 
the same order with that of thermal expan- 
sion obtained in the previous part (1). This 
result is considered to be quite reasonable, 
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since the mechanism contained in this pro- 
cess comples to cause the continuous dis- 
placements of the network from one con- 
figuration to other—that is configurational 
readjustment in the internal structure. It is 
evident that the inner motions during the 
change of refractive index and the viscous 
flow are quite common. Further, starting 
from (5.5) we can obtain some kinds of ap- 
proximate formulae representing the refrac- 
tive index ” as a function of time ¢, but we 
will not explain them in detail here. 

Concluding from the comparisons with the 
above two examples of experiment, it can be 
regarded that our theoretical interpretation on 
the transitional phenomena of glass is probably 
valid. It is also considered that our theory 
will be able to be directly checked with the 
experimental results of the specific heat of 
glass. It is, however, unfortunate that hardly 
rare data on the specific heat have been 
known to us. We shall now state that the 
precise experiments on the specific heat dur- 
ing the annealing range have been under- 
taken and performed progressively by one of 
the authors, Kanai. Its results will be publi- 
shed elsewhere in the near future. 

The authors wish to express our thanks to 
Dr. T. Moriya (Professor of glass technology, 
Tokyo Institute of Technology) and Dr. S. 
Suetoshi (Chief of Physics Department, Re- 
search Laboratory, Asahi Glass Co.) for their 
continuous encouragements. 

We are also indebted to Dr. M. Mine (Pro- 
fessor of ceramics, University of Kytisyt) and 
the staffs in both laboratories for their assis- 
tances and discussions. 
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Electret 
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Since the experiment of Eguchi, many re- 
searches have been performed on the behaviors 
of electrets. But the mechanisms of electrets 
are still in ambiguity. I have carried out some 
experiments of Carnauba wax electret which was 
at about 60°C. 

The experimental method was a usual one 
which was measured by a string electrometer 
and a capacitor. 

From my experimental results, we can say the 
applied voltages themselves are important to 
determine the formation of electrets under a 
certain electric field. For instance, at the same 
field strength 7 KV/em, under the applied voltage 
1KV, the electret was always charged as hetero 
which decayed with time. At the applied voltages 
between 1-83KV, the electret was charged 
initially as hetero which decreased with time and 
then tended to homo. At the higher applied 
voltages, the electret was charged as homo from 
the first. This voltage depending effect seems to 
be caused by the distortion of the inner field of 
electrets. On account of space charges, the major 
portion of the applied voltages are imposed to the 
tip parts of electrets. Thus the applied voltages 
| take a role to determine the ionization in electret 
which would supply the homo charges. 

Homo charges in electrets also decayed with 
heating. During these processes, it was observed 
that the both surfaces of electrets showed tem- 
| porarily the negative porality and then those 
charges decayed away. The difference of the 
mobility of positive and negative ions seems to 
be a reason of those behaviors. 

To clarify the behaviors in boundary, we used 
the carnauba electret which was coated by the 
thin layer of paraffin, which is positively in- 
sensitive to electret phenomena. Those electrets 
also showed the ordinary variation from hetero 
to homo. When we took of the surface layer 
of paraffin by a grounded tool, the homo charges 
temporarily decayed. But they could recover to 
| the same order of magnitude in a few days. 
From the above three results, it can be con- 
eluded that the phenomena of electret depend 
upon the ionization of tip parts of wax as well 
_as the ionization of interelectrode gaps. 
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Possible Mechanism of Ferroelectric 
Domain Boundary Movement 


By Terutaro NAKAMURA 


Department of Physics, Faculty of 
Science, University of Tokyo 


(Received January 20, 1954) 


It is probable that the 180° domain wall in 
barium titanate erystal is extremely thin, ad- 
jacent dipole planes being saturated in opposite 
directions without any transition layer, because 
ealeulations by Y. Takagi and W. Kinase) lead 
us to conclude that the energy for ferroelectric 
dipole arrangement is nearly equal to that for 
anti-ferroelectric one. Merz?) observed hysteresis 


loops for the barium titanate crystal consisting 


SCREW 
// DISLOCATION 


Fig. 1. Schematic picture of 180° domain 
boundary with a screw dislocation. 


of 180° domains exclusively, and found that the 
coercive field is very small (500v/em). It seems 
impossible for the extremely thin domain wall 
to move under such a small field. The purpose 
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of the present paper is to suggest a possible 
mechanism of the domain boundary movement 
under a small electric field. 

Assume that there exists a screw disloca- 
tion of Burgers’ vector 6 perpendicular to the 
domain boundary, as shown in Fig. 1. Then the 
domain boundary must not be a plane but a 
helicoidal surface. From the intersection of the 
serew dislocation line with the domain boundary, 
a step of height 6, which may be straight as well 
as bent, must extend to a free surface of the 
erystal or to another screw dislocation per- 
pendicular to the domain boundary. This step 
forms a kind of “one dimentional imperfection ” 
due to the displacement of ions. The amount of 
the ionie displacement is so small that this im- 
perfection is very weak compared with the usual 
dislocations. When this step makes one revyolu- 
tion around the screw dislocation, the boundary 
surface moves by a distance equal to the step 
height, namely the magnitude of the Burgers’ 
vector 6 of the screw dislocation. It will be 
seen that by repeated revolutions of the step the 
domain boundary can move smoothly. It will be 
readily understood that the movement of the 
helicoidal domain boundary by means of the re- 
volutions of the step may take place by a very 
small electric field, whereas it would require a 
strong electric field for the domain boundary of 
a simple plane to displace without any imper- 
fection. 


| 2, SCREW 
Tas 
| DISLOCATION 


Fig. 2. Schematic picture of spiral step on the 
180° domain boundary. (according to purely 
topological reasoning). 


In the above discussion, it has been assumed 
that the step is possible to be a straight line. 
In reality, however, when it moves, it would not 
remain straight but would develop into a rotat- 
ing spiral, owing to the higher angular velocity 
of the innermost portion (Fig. 2.). Successive 
closed loops of step will also be generated, when 
there are two screw dislocation lines of opposite 
signs passing through the boundary. These 
situations are closely analogous to those in the 


CVioleags 


erystal growth®. 

In the case of 90° domain wall in barium 
titanate, the situation appears to be somewhat 
more complicated than the case of 180° domain 
wall, and 90° domain wall seems conceivable to 
be a little thicker, from a few to about ten 
lattice constant thick. The domain wall in 
rochelle salt may be also a little thicker, because 
the crystal in ferroelectric temperature range is 
always not far from its Curie point. 
eases, the simple displacement of the plane wall 
will take place by a small activation energy, and 
it will be unnecessary to take account of the 
mechanism presented in this paper. 

In closing the discussion, another effect of dis- 
locations on ferroelectric domains should be 
remaked briefly. Dislocations in ferroelectrics 
give rise to stress field around themselves, result- 
ing in electric polarization. The stress 4, in 
barium titanate erystal, and the stress Y, in 
rochelle salt erystal, which affect the domain con- 
figuration, arise from edge dislocations parallel 
to a-axis in barium titanate, and screw disloca- 
tions parallel to b- and c-axes and edge disloca- 
tions parallel to a-axis in rochelle salt respectively. 
These dislocations, accordingly, have a tendency 
to fix the domains in the vicinity of them, where 
the stresses are very high. In the case of 
rochelle salt crystals, in which domain boun- 
daries are perpendicular to b- and c-axes accord- 
ing to experiments, if the mechanism of domain 
boundary movement suggested in the present | 
paper is the case, the situation is expected to be a 
little more complicated, because the screw 
dislocations perpendicular to the domain boun- | 
daries give rise to the effect of domain fixing. 

The author wishes to express his gratitude to | 
Prof. H. Takahasi for his invaluable advices and 
criticism, and to Prof. A. Ookawa for his ad- 
vices and interests. This research has been 
supported in part by Grant in Aid for Funda- 
mental Scientific Research from the Ministry of 
Education. 
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I, and found that some of the lines exhibit remark- 
Hyperfine Structure of the Spectrum of able isotope shift and that the spins of the odd 


Ruthenium. Part II isotopes must be equal to 5/2 or larger. At that 
time impurity lines masked the genuine hfs of 


By Kiyoshi MuRAKAWA : : 3 i 
: : ey some important Ru I lines, but numerous plates 


Institute of Science and Technology, showing no impurity lines have now _ been 
@ AY esa Pr CHAT = : a 7 : 

Komaba-machi, Meguro-ku, Tokyo obtained. Fig. 1 shows the reproduction of some 

(Received February 12, 1954) interference patterns of the Ru I spectrum. It 


shows especially that 44861 is now not disturbed 
by other lines. 
Measured hfs of some lines») are shown in 
NG 364~ az, .. =z Fig. 2. 44361 was measured with special care, 
erat and the result shows that Ru!0! and Ru%? must 
have equal spin and approximately equal 
magnetic moments. From the hfs of 44361 and 
A4171 the possibility of the spin being 9/2 or 7/2 
is excluded and, therefore, both odd isotopes must 
have the spin 5/2. This conclusion is in agree- 
ment with that of Griffiths and Owen), who 
obtained the result by the method of para- 
magnetic resonance absorption. They obtained 
moreover 0l/,99=1.09 +0.08. 
Measured hfs shown in Fig. 2 now allows us 
to calculate the magnetic moments (,) of the odd 


In a previous work” the author studied the 
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30 mm etalon 


14287 ~ 


2 isotopes. Necessary formulas* follow, all of 
A4224- Bo . 3 i them being calculated under the assumption of 
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Fig. 2. Hyperfine structure of the spectrum of Ru I. 
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Putting the values (dn*/dn)/n;5 5**=0.438, H= 
1.20, €5»=560 em—!, ¢44=820 em—! and the observed 
values in the above formulas, we get 


p(Ru= —0.640.2n.m. pCRu%)= —0.6+0.2n.m. 


A(4d?5p Dy) = — 


In each of the lines showing isotope shift, the 
position of the Ru%-component is difficult to 
measure, owing to the disturbanee of the odd 
isotope components (see, for example, 44554.5). 
The ratio of the distances between neighboring 
even isotope components can, therefore, be 
given only approximately : 

Av(104 — 102) : 4v(102 —100) : 4v100 — 96) /2 

= 0:95-0:12 1: 02755-0222 

Full aceount of the isotope shift in the 

spectrum of Ru I will be published in the future. 
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* Relativity corrections for the p and d 
electrons were neglected. 
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Slip Bands in an a-Brass Crystal 


By Hideji SUZUKI and F. E. Fusrra 


The Research Institute for Iron, Steel 
and Other Metals, Tohoku University, Sendai 
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In the course of the study of plastic deforma- 
tion of a-brass crystals we have observed the 
surface structures of deformed erystals by means 
of an electron microscope using a high resolu- 
tion replica technique, which has been employed 
by one of the authors®. One of these photo- 
graphs seemed to show a _ very important 
character of the structure owing to its very 
favourable direction of the surface. 
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This photograph, shown here, reveals very fine 
structures parallel to the trace of the operative 
slip plane and also etching structures produced 
during the electro-polishing before the deforma- 
tion. The etching structures have very low piramid 
shape with long edge in one direction which is 
nearly perpendicular to the trace of slip plane 
in the photograph. The most remarkable fact is 
that there are layers with considerable thickness 
as marked around the photograph, in which the 
long edges of the etch-pits are along to another 
direction. Fig. 2 represents the relation between 
pits before and after the deformation. We can, 
therefore, estimate the amount of shear from 
the angle between the directions of the edges of 
etch-pits before and after the deformation, 
knowing the angle between the operative slip 
plane and the free surface and also the angle 
between the slip direction and the surface. The 
orientations of the erystal and the surface were 
shown in Fig. 3. Assuming the initial direction 
of the edge of the etch-pits be parallel to the 
edges in zones in which these are nearly per- 
pendicular to the slip plane, we obtain values 
from 1.0 to 1.3 as the net amount of shear in 
the deformed layer, which is nearly equal to that 
caused by the motion of dislocations situated in 
every atomic planes, one per one atomic plane. 

One of the authors?) has pointed out that 
Frank-Read sources multiplying dislocations in 
only one atomic plane, which has been proposed 
first by Frank and Read, seemed to be very rare 
compared with those multiplying in successive 
atomic planes, because the life time until the 
sources are swept out to the surface or annihi- 
lated in the erystal is considerably shorter in the 
ease of the former type than the latter. And it 
was also pointed out that the surface structure 
of deformed pure crystals might be produced 
rather by the operation of the surface sources, 
which may be able to multiply dislocations in 
one atomic plane, than those in the interior be- 
cause of greater length of surface sources than 
those of the interior. 

However, on account of the locking force for 
the dislocation the operation of sources would 
depend scareely on their length in these alloys, 
so the surface structures in a-brass seem to re- 
present the situation in the erystal more ac- 
curately than in pure metals. The fine structure 
in the deformed zone may be caused by the dis- 
turbance in the disturibution of dislocations due 
to the interaction between sweeping dislocations 
and intersecting dislocations as noted in another 
paper”). 

Kuhlman-Wilsdorf and Wilsdorf) have observed 
the surface structures in cold worked polyery- 
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LONG EDGE AFTER THE 
Rs DEFORMATION 


LONG EDGE BEFORE THE 
DEFORMATION 


Fig. 2. Etch-pit;before 


@ SLIP DIRECTION 


& sLiIP PLANE 


Fig. 8. Stereographie projection of the 
erystal orientation. 


stalline a-brass and found large slip without any 
fine structure. Their observation, however, does 
not seem to be contradictory to our own. Because 
the fine structure in the large slip does not seem 
to correspond to the discrete distribution of 


and after, the;deformation. 


b 


a 


Fig. 4. Schematic representation of fine struct- 
ure in a slip band due to the diserete and 
the gradual change in the distribution of slip 
amounts. 


elementary slip (Fig. 4a) but to the gradual 
change in distribution (Fig. 4b), and the observa- 
tion from the slip direction could not be resolved 
the structure by the change in contrast. It is 
obvious that the width of a slip line could not 
be estimated in polyerystalline material. But 
the difference in blackning between parallel slip 
lines in their photographs, for example Plate 
IV Fig. 23, could not be explained without assum- 
ing a finite width of the slip lines. 
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An Attempt to Treat the Interaction be- 
tween Electrons and Lattice Vibrations 


By Fumihiko TAKANO 


Department of Physics, Tokyo University 
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(Received February 22, 1954) 


In his theory of supereonductivity,» Bardeen 
has shown that the shift of the energy levels of 
the electron due to the interaction with lattice 
vibrations is given by 

Ee —&k= >|Mer’|?/(Ek—ek— fork’), = (1) 
where er is the energy level of the electron free 
from the interaction and wp is the angular 
frequency of lattice vibrations for the mode 
which connects the state k and k’. Mppr- is the 
usual matrix element of the interaction energy. 
But his procedure seems to be unsatisfactory in 
two points. 

First, he treated only one electron as if it 
would interact with lattice vibrations indepen- 
dently with other electrons. Secondly, in his 
adiabatic approximation, he took a rather am- 
bigous averaging over lattice coordinates. So 
we attempt to treat the problem along the line 
of Bardeen as rigorously as possible. 

The Hamiltonian of the total system is taken 
as the usual form, 


H=He+H,+Hint. , 


Ha=>(5—pe+Volr0) » 


W 
H, == 2 Tw q j(@qj* qj +Aqjda5* iS 
Ch 


Hint. = — 2.u(aa, ri)- grad Vp(r,) , 
v 
if 
u(aa, N)=F—e YN 2 Reas(aasert” + aay" etary) an 
as 
(2) 


where the suffix j indicates the direction of 
polarization of lattice waves, and V, is the 
periodic potential due to the ions in equilibrium 
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positions. Adopting an adiabatic approximation 
like Bardeen, we take as the total wave function 


Vrj, da)= Oi, 44)9(Aa) - 
We must solve the Schrédinger equation 
HVY=EV. 


Multiplying @* on both sides of this from the 
left and integrating over the electron coordinates, 
we obtain an equation 


(0, HD)9=EK@, 0)0 - (3) 


Regarding eq. (3) as an equation for 0, we 
must solve it. 


We assume the form of @ to be 
D=O {nj} + Dk, a@a@ {np} SU Cae) 

where D {np} is the Slater determinant in 
which the occupation numbers of the levels are 
given by the set {74°} - {77°} —le+1kiq expresses 
the state in which one electron is excited to a 
state k+q from k. br,q are parameters to be 
determined later. 

Substituting eq. 
equation for 0: 


(4) in eq. (3) We obtain an 


1 
Bil chee 2S |bk, a|2(aa*aq +-aq-a*) | 
2 Rd 


r 
ale ae 5 fim a aa* aq +AqQq*) 
qa 


1 
saree y |Ok, al? {Ho—er+e Ek4q thw} 
2 haa a 


x NRC — rk 9°) Aq*aq+AqAq*) 


ee | Bk, q|27k® 1 — 2k + 49) (Ag* Aq +A qAq*) 


«(Se Tw (aq* Ag+ aAqaq* | 


daa 


1 


% NE 2 1 (Ok, q*M* +br,gMa-) 


x NRL — Nk +g KAq*Aq +aya,*)}6 , (5) 


where we neglect the term in third power of a 
Or ax. 
Setting 


<Aq*ag>=Nq and W=B-Ey- Ya Hivg : 
q & 


and minimizing W with respect to bk,q, we 
obtain easily an equation for W, 


1 |M q\27R°(1 — mk +. ¢°) 1 
fos NeU Wik er ce) 

Eq. (6) resembles to eq. (1). Naturally, if we 
set W=0, N,=0 in the right hand side of eq. 
(6), we get the Frohlich’s expression?) obtained 
by second order perturbation, from which he 
derived a shell distribution as a stable distribu- 
tion of electrons. 

It seems to us that one must treat the system 
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as a whole and cannot treat only one electron 
to be influenced by the interaction with lattice 
waves. So Bardeen’s expression (1) cannot be 
derived in a rigorous way. 

Of course, for sufficiently strong interaction, 
it is not a good approximation to neglect the 
term in third power of a or a*, but it seems 
certainly better than the perturbation method. 

As the next step of calculation, it remains to 
solve eq. (6) for W, and then to determine the 
electron distribution {7} giving the minimum 
value of E. The calculation is now being 
carried out, and the result will be published 
later. 
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On the Breakdown of Colored KCl 
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The importance of space charge distortion of 
prebreakdown field in Alkali-Halides, were often 
stressed by von Hippel) and by the authors.) 
To obtain further information on this subject, 
the dielectric breakdown of X-ray colored KCl 
single crystal was worked, and the various 
interesting effects of space charge and initial 
electron injection upon the pheromena are con- 
cluded here. 
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colored by X-ray irradiation at room temperature 
(1 hour, #hour), while the others were remained 
uncolored. Breakdown voltages of these colored 
and uncolored KCl specimen [(100) direction)], 
were obtained under various condition (wave 
form, temperature) with or without illumination 
of visible light (incandescent lamp). 

The results obtained are tabulated in Table I, 
from which the following conclusions are derived 
together with the other experimental facts. 

(1) D. C. breakdown voltage of colored KCl is 
found to decrease greatly with the illumination 
of visible light, while in the uncolored crystals 
no effect is observed. The low breakdown voltage 
in illuminated colored erystal does not depend on 
the temperature in the available range of tem- 
peratures of our observations. 

(2) A. C. (0C.P.S.) breakdown voltages of 
both colored and uncolored crystals are almost 
equal to each other and do not change by light 
Ulumination. 

(3) Impulse breakdown voltages (0.1/100 ps) of 
colored and uncolored crystals are almost equal 
to each other and are not affected by light 
illumination, furthermore being independent of 
temperature.» 

(4) D.C. breakdown voltages of colored KCl 
decrease with both the intensity of visible light 
and the concentration of F centres. 

5) At high temperatures (>100°C) the effects 
of coloration on the breakdown voltage disappear, 
corresponding to quick breaching. Detailed 
theoretical consideration of these “photo-break- 
down” phenomena will need further data on time 
lag and conduction current measurements. The 
pure thermal mechanism, however seems to be 
excluded in our phenomena because of the above 


* 


Ca 1000 lux at Specimen. 


Some of the well annealed KCl specimens were fact (2). The following mechanisms may be con- 
Table I. 
Wave form A.C. max kV : 1saciey; 
of voltage D.C. kV (60 ©) i oh 
Sample B.D. With *| Without! With *| Without | With * Without 
thickness illumina-| illumina-| illumina-| illumina- illumina- | illumina- 
0.5 mm | temperature tion tion tion tion tion tion 
X-ray 100°C 40 kV 43 kV 21kV 22kV 
Colored (4hr) 10 12 35 28 kV 25 kV 18 19 
KCl 0 10 30 ite 21 20 21 
(0.5 mm) — 20 8 23 iy iW VAN 21 
ihcolored 100°C 43 kV 43 kV 21kV 20kV 
es. 10 27 30 24kV 24kV 21 18 
KCl 0 30 30 18 18 19 20 
(0.5 mm) — 20 25 25 re; 17 ai 21 
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sidered to give rise to the various kinds of space J. Puys. Soc. JAPAN 9 (1954) 482~434 


charge effects reported by us. In KCl two 1 a | 
types of space charge may be considered to take Temperature Dependence of Fluctuation | 


place according to the above mentioned ex- of Sparking Voltages in a Gas | 
perimental facts. Discharge Tube 
(a) trapped electrons in normally neutral im- By Makoto HAYASHI | 


perfections (like coupled vacancies, ionically 
neutralized divalent impurities, and F’ centeres 
ete.). These negative space charges in front of 
the cathode play predominant role in suppressing and Yasunori MIYOSsHI 
electron injection (Fig. 1 (a)) and therefore, are Department of Electrical Engineering, 
Nagoya Institute of Technology 


(Received February 12, 1954) | 


Laboratory of Physics, Department of 
General Education, Nagoya University 


The sparking voltages of gas discharge tubes | 
always fluctuate in the time lag, and the mecha- 
nism of this fluctuation seems to be very com- 
plicated. This fluctuation was investigated by 
the method of ZuberD and Tamagawa”, and al- 
most reproducible results were obtained depending | 
on the temperature. The discharge tube used 
has tungsten electrodes and is filled with 
hydrogen. The gap length is about 0.6 mm and 
the pressure is about 20 mmHg. 

Raising the voltage linearly at 30 volts per 
second, we measured the distribution of the 
sparking voltages. Several examples of the dis- 
tribution are shown in Fig. 1. Every cross (x) 


responsible for the increase of D.C. & A.C. 
breakdown strength by interrupting collective 
avalanche cooperation as was suggested by A. 
von Hippel). 

(b) ionized F centeres. These positive space 
charge may be produced by the illumination of 


F band-light under the influence of electric field,” (No. 49) 
and then may be taken to neutralize negative 
space charge (a) to cause enhanced electron field =-74.3°C 


emission from cathode): Which situation con- 


e 
sequently might lead to a sort of collective high Na oils Theoretical Curve 
energy electron breakdown of Fréhlich.®) Rela- 2 o 8 a 
. . . . . e . 

tively long relaxation time involved in these E an¢ Experimental 

processes may be considered to be responsible for 2 Siete Curve 

the occurrence of “photo breakdown” only in as} eheve 

D.C. ® etekens 

fe ee @ @ 
® ® @ 08 @ 
o@e@8?8 86 
References 8 Bie! s 
Oo @ 60 .e@ 
(1) von Hippel. et. al.: Phys. Rev. 76 (1949) of 8 8 
e® @® @ @ 
127. fe) s at Md ee 
2) Y. Inuishiand T. Suita: Jap. J. Phys. Soe. Ss 10 l2 14 
8 (1953) 567; Tech. Rept. Osaka Univ. 3 (1958) Voltage (xX 33-8 Volt) 
269. 
3) H. Frédlich et. al.: Proc. Phys. Soc. A 63 No. 49 
(1950) 6. V=8.84 om Ve 
4) Von Hippel. et. al: Phys. Rey, 91 (1958) — 

568. |dv|=0.985 217 6.67 k=3.08 
Ov? =1.391 2.25 6.59 V5=225V 
| 4|=1.2638 2.16 6.68 eel 
At=2.713 2.28 6.61 
mean value 2.20 6.64 


(A) 


Short Notes 43. 
(No. 55) 
——_-— T=Ill11°C 
2 T=24.9°C 3 : 
Bis Es 2 ee 
3 oe ese z sr shore 
10 oie fess 
2 2333 ® ssss38 
Es Scie: 3 shot eeeds 
g Soa e 3s 5 gf ssse 
Da 2s yee - arsicmencte : 
8 10 12 i4 16 18 8 10 12 14 16 
Voltage (x 33.8 Volt ) Voltage (x 33-8 volt ) 
No. 14 No. 55 
V=10.89 D Wag V=10.19 v Wee 
[dv] =1.54 3.57 7.32 = 8.88 (dv| =0.897 2.08 8.11 k=2.72 
Ov2=3.54 3.60 7.29 Vs=242V Ov2=1.207 2.10 8.09 Vs=275V 
[4] =2.30 3.93 6.96 f=52.1 [a] =1. 200 2.05 8.14 = 25.4 
A2=7.94 3.81 7.08 ‘A2= 2.250 2.03 8.16 
mean value Sats FiedG mean value 2.07 8.18 
(B) (C) 


Fig. 1. The distribution of random sparking voltages at (A) —74.3°C, (B) 24.9°C, 
and (C) 111°C, and its caleulated results. The raising rate of voltage is 30 V/sec and the 
mean rest time is 12 sec. constant. The symbols of the tables are as same as Tamagawa 
(see reference 2). 


-100 -50 O 50 100 150 


Temperature (°C) 
Fig. 2. The temperature dependence of the fluctuation f. Two runs show the exchange 
of the polarity of electrodes. Both electrodes have the same geometry. 


a] 
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on the experimental curves in Fig. 1 corresponds 
to a mean value of the number of three ob- 
servations at V, V—0.5 and V+0.5. 

These fluctuations satisfy fairly well, as Tama- 
gawa pointed out, the equation 

i) uv 

W)dv=— exp(- ) dv. 
Here v=V-—Vs, V is the random sparking volt- 
age, Vs the static breakdown voitage, i.e. the 
sparking voltage when the raising rate of the 
voltage is very small, @ the raising rate of 
voltage, and k the constant which depends main- 
ly on the kind of gases and material of the 
electrode. 

Each distribution was measured at a constant 
temperature between —78°C and 130°C and was 
obtained usually from one hundred measurements 
of the sparking potential. In order to show the 
degree of fluctuation quantitatively let us define 


f= (V- V5)/Vs x 100 (%), 


where V is the average value of the sparking 
potential. The temperature dependence of the 
fluctuation f is shown in Fig. 2. The mean rest 
time ¢ is a constant 12 seconds in Fig. 2, and 
the dependence on ¢ is shown in Fig. 3 at a 
constant temperature. There was no effect of 


irradiation owing to the absorption of ultra-violet 


120 


t (sec) 


Fig. 3. The effect of mean rest time ¢ at 27°C. 


ray by the glass wall of the tube and to a high 
work function of the cathode material tungsten. 

Fig. 2 shows a peak at about 40°C, and Fig. 3 
indicates that focy/} , and these characteristics 
are similar to those of gas adsorption on metal 
surfaces?). We consider, therefore, that the 
fluctuation may be due to the gas adsorption on 
the cathode. 

The authors wish to express sincere thanks to 
Assistant Prof. Y. Mizuno for his encouragement, 
and Mr. H. Tamagawa for his kind advice and 
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his lending of the discharge tube. 
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Nuclear Quadrupole Interaction in Sodium 
Chlorate and Sodium Bromate 


By Junkichi ITOH and Riichiro KUSAKA 


Department of Physics, Osaka University, 
Osaka, Japan 


(Received March 12, 1954) 


The nuclear electric quadrupole spectrum of a 
nucleus of spin 3/2 consists of a single line, 
resulting from the transition between two levels 
with m=+3/2 and m=+1/202, When a weak 
magnetic field is applied, this line shows the 
Zeemen effect and splits into four components). 
In the case of sodium chlorate, the Zeeman effect 
of the nuclear quadrupole spectrum of the chlorine 
nucleus has been studied already*). Besides these 
lines, one more line is expected, which corresponds 
to the transition between two levels splitted from 
the level with m=-+1/2 by the magnetic field. 
When a (=e?¢Q/4) is much larger than 6 (=yH/D, 
the energy of this line is calculated by a simple 
perturbation theory to be®) 


(1) 


provided one assumes an axially symmetric 
gradient of the electric field at the nucleus; 6 
is the angle between the direction of the sym- 
metry axis and the magnetic field. We measured 
this line for the bromine nuclei in a single 
crystal of sodium bromate. Fig. 1 shows the 
results of the experiment and the theoretical 
calculation, in which values of the resonance 
field are plotted against the orientation of the 
crystal, the frequency of the detector being 
maintained constant. The agreement between 
experiment and the theoretical formula (1) seems 
satisfactory». 

When a is not very large compared with b, a 
further approximation is necessary in the caleu- 
lation of the energy of this line. In the ease 
of 9=90°, the calculated energy up to the forth 
order power in b/a is given by)3) 


hy =2b {1 =( Bente yy ‘ 


hyv=b 4 sin? 6-+c0820 > 


(2) 
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3500, 


2500} 
2.000; 
1500Q*———+—_________. — 
0 10 20 30 40.50 60 70 80 90° @ 
Fig. 1. The experimental and the theoretical 
results for the line corresponding to (1). 


Circular marks show the experimental result, 
while the curves are the calculated ones. The 
frequency which is kept constant, is 5.80 
Mec/sec. The ordinate is the potentiometer 
reading which is proportional to the magnetic 
field strength, a value of 3000 of the ordinate 
corresponding to a field strength of 4720 
gauss. 


From the resonance frequency of this line and 
the Zeeman frequency of the nucleus at a fixed 
magnetic field, the value of @ is obtainable). 
We performed the experiment for Cl® nucleus 


in a single crystal of sodium chlorate at about 


7200 gauss. Taking the nuclear magnetic reso- 
nance frequency of Cl- in LiCl aq. for b/h, the 
experimental value of 2b/h—y was found to be 
40.8+2 Ke/see at v=6.000 Mc/see. On the other 


| hand, using the value, 29.920 Mc/sec, of 2a ob- 


tained from the pure quadrupole resonance®, 


| 2b/h—v is calculated to be 45.6 Keysee by using 


amounting to 
| direction”. 


' Proctor and Yu®. 


1 


_ erystals. 


(2). The difference is considered to be due to 
the chemical shift of the chlorine nucleus in 
sodium chlorate compared with that in Cl-, 
(8+3)x10-4 in paramagnetic 
This value may be compared with 
the similar shift in HClO,, 9x10-4 obtained by 
The rather large uncertainty 
in our measurement is caused by the difficulty 
in determining the true resonance position, since 
the intensity of the absorption is weak and the 
absorption line has a width of ~2 gauss, and, 
moreover, the magnetic field is slightly unstable. 


| We have not yet performed the experiment to 


measure such shifts of Br nuclei in NaBrO3. 
We also performed the magnetic resonance 
experiment for the sodium nucleus in these 
In this case, the resonance lines cor- 
responding to the electric quadrupole splitting 


of the nuclear magnetic resonance line) were 
observed around ~5000 gauss at the frequency 


of 5.8 Me/sec. The result of our experiment 
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shows that the gradient of the electric field at 
the nucleus is also axially symmetric, and the 
direction of the symmetry axis coincides with 
that for the halogen nucleus. The value of 
e°q@ for the sodium nucleus in sodium chlorate 
and sodium bromate is found to be 801+8 and 
864+8 Ke/see, respectively. 
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Cathodo-luminescence Study of (BaSr)O 


By Kin-ichi NoGA and Koji NAKAMURA 


Matsuda Research Laboratory, 
Tokyo Shibaura Electric Co. 
Kawasaki-shi, Kanagawa-ken, Japan 
(Received March 17, 1954) 


It has been coneluded from the X-ray diffrac- 
tion studies)234) on the erystal structure of 
(BaSr)O that the homogeneous solid solution is 
formed by the heat treatment following to the 
decomposition of (BaSr)CO;. On the other hand, 
Kawamura) has suggested a coexistence of two 
separate phases of BaO and SrO from the cathodo- 
luminescence studies on BaO, SrO and (BaSr)O 
containing a small quantity of samarium oxide. 
The luminescence of these specimens may be due 
to an inner shell transition in samarium ions, 
so the informations concerning the crystal struc- 
ture obtained should be limited within a rather 
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narrow region surrounding samarium ions. On 
the contrary, the X-ray method should give the 
result averaged over the wide coherent region, 
so our present studies on the cathodo-luminescence 
are of some meanings as an intermediate case. 

The experimental apparatus consists of a vacu- 
um tube furnished with an electron gun and a 
target on which the sample was sprayed in the 
form of carbonate. The carbonates were con- 
verted in to oxides by heating on the exhaust 
manifold. Precautions were taken so as to pre- 
vent the target from deposition of the getter 
and the cathode materials. The luminescence 
was excited by bombarding the sample with 250 
volt electrons at a beam current of 2mA. The 
samples were not heated deliberately, but they 
could not be free from some temperature rise 
due to the electron bombardment. 

The emitted light was photographed by a Zeiss 
Drei Prismen spectrometer with a resolving 
power of 22A per mm for D-line. 

The luminescence spectra of BaO, SrO and 
(BaSr)O are shown in Fig. 1. (BaSr)O used here 
was an equimolar double oxide. All the samples 
were well activated thermionically before the 
luminescence measurements. All curves are 
normalized to the same height at the main peak 
lying in long wavelength region. 

The wavelength of several bands identified 
from the curves are listed in Table I, in which 
the recent data on BaO by Stout® are also cited. 
The luminescence bands at 465, 595 and 650 my 
in his data are also found in our results. Fur- 
thermore, SrO and (BaSr)O show the luminescence 
spectra similar to that of BaO, having the cor- 
responding bands as seen from Fig. 1. Each 
band in the luminescence spectrum of (BaSr)O 
is located just between the corresponding bands 
of BaO and SrO, and not the simple superposition 
of two individual spectra for BaO and SrO. It 
seems likely from this fact that the homogeneous 


Table I. Peaks in luminescence spectra of 
BaO, SrO and (BaSr)O. 


BaO | 
(BaSr)O SrO 
by Stout | by authors 
mz (ev) | mp (ev) | mz (ev)}| mp (ey) 
345 (3.60) | 
410 (3.02) | 


465 (2.67) | 465 (2.67) | 440 (2.82) | 480 (2.89) 
490 (2.54) | 486 (2.56) | 470 (2.65) 
550 (2.25) | 565 (2.20) 
595 (2.08) | 600 (2.05) 
650 (1.91) | 645 (1.93) | 617 (2.02) | 567 (2.19) 
700 (1.71) 


relative intensity 


relative intensity 


relative intensity 


(2) acdivated, 


(BaSr)O 


Sr0 


Wavelength in my 
jiveg, Ale 


(1) unactivated 
I= 34x10 °A 
ot E,=40V 
(2) aclivated 
T=21x10 A 
ot Ep= 40V 


Wavelength in mp 
Myouy 2. 


(BaSr)0 
(1) unactivated ,, [=15xl0°A at E,-1.5V 


[= 29x10"A at Ey -15V 


500 600 


Wavelength in my 
Fig. 3. 
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solid solution is formed in (BaSr)O as expected 
from the X-ray measurements. 

The luminescence bands shifted towards shorter 
wavelength side with increasing thermionic ac- 
tivity. Figs. 2 and 3 show this in the case on 

SrO and (BaSr)O respectively. In these figures, 

the degree of activation is shown by the satur- 

ated thermionic emission current at a constant 
filament voltage Hy; given in the figure. Result 
on BaO could not be obtained because a change 
in activity was induced by the prolonged electron 
bombardment during the exposure. No explana- 
'tion for the shift of luminescence band with the 
_ thermionic activity is presented now. 

The dependence of the luminescence intensity 
}on the thermionic activity is difficult to investi- 
|gate with photographie technique, but it seems 
to be sure that two bands at 4380 my and 470 mpz 
‘in SrO appear only when the sample is well ac- 
tivated, suggesting the correlation of these bands 
with donor levels. 
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A Note on Avoiding Scattered Electrons 
from the Spectrum Obtained by 
Magnetic Spectrometer 


By Mitsuo SAKAI* 
Department of Physics, Tokyo University 
(Received March 26, 1954) 


The present note stresses the energy selection 
eharacteristic of scintillation counter. If a G-M 
zounter is used in a magnetic spectrometer, all 
the particles which pass the counter window 
may be counted. Among these particles there 
are of course many scattered particles, of which 
momentum does not correspond to that defined 
oy the magnetic field. In this case if we replace 
G-M counter by scintillation counter, we can 
avoid the contribution of such particles to the 
spectrum by means of discriminator bias setting. 
And also the possibility is considered to avoid 
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DISCRIMINATOR SETTING 


Fig. 1. Integral and differential pulse height 


distribution curve of 342 Kev internal con- 
version electrons of Pb2%6 measured by a 5819 
photomultiplier tube and an anthracene cry- 
stal. 


156 60 164 168172 
MAGNET CURRENT 


Fig. 92; 


the effect of scattered y rays. 

This is studied by a thin lens type magnetic 
spectrometer equipped by 5819 photomultiplier 
and an anthracene crystal. Fig. 1 is an integral 
pulse height distribution curve of K internal 
conversion electrons of 342 key-y ray emitted by 
Pb206. When we set the discriminator diale—set- 
ting at points A and B (Fig. 1), the line spectra 
A and B are obtained as shown in Fig. 2. The 
curve C represents the difference between the 
counting rates of both curves, pointing out 
clearly the contribution of low energy scattered 
electrons to the spectrum. One characteristic 
feature of curve A is the sharp cut off of inten- 
sity at both sides of peak. This characteristic 


might be used for detecting the weak line mask- 
ed by the foot of a strong line. This considera- 
tion was examined in the case of Cs87._ L inter- 
nal conversion line of 661 Kev-y ray is not 


eo, 
560 580 600 620 


| 640 
MAGNET CURRENT 


Fig. 3. Line spectrum of internal conversion 
electrons of Cs187, 


separated clearly from K line in our experimental 
condition as shown in Fig. 8A. The discriminator 
dial setting is appropriately adjusted, then the 
L line clearly appeared as is shown in Fig. 3B. 

The author is indebted to Professor K. Sieg- 
baln for his kindness to give the opportunity to 
study in his laboratory at Stoekholm**. 


* At present at Department of Physics and 
Astronomy, The Ohio State University, Columbus, 
Ohio. 

** This work was done in winter time of 1953 
at Stockholin. 
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On the Thickness Effect of Dielectric 
Breakdown of Mica and KCl 


By Inseun Ryu and Hazimu KAWAMURA 


Faculty of Science and Engineering, 
Osaka City University | 
(Received March 26, 1954) | 


i | 

We can expect a remarkable thickness effect | 
on breakdown strength, if the dielectric, 
break down is brought about by a large) 
single electron avalanche which arises at the) 
cathode and grows up while drifting to the 
anode. Since the average size of the avalanches 
at the anode is given by exp(d/d), where d is) 
the thickness of the specimen and A the average 
range for the ionization by collision, we must, 
in order to obtain the avalanche of the same 
size, assume that A becomes smaller as the thick- 
ness is decreased. And since A decreases with 
increasing field strength, the breakdown strength 
may increase as the thickness is decreased). If 
the critical size of avalanche to cause the dis- 
ruption is 1, the breakdown strength f™* is 
given by”) 

In (d/F*) =a(F'7/F'*)+In[(e/m)c2 In (79)], (1) 
since A is given by F&*(e/m)r2 exp (af _/F*),3) 
where FF’, is the breakdown field due to Hippel’s 
low energy criterion, and 1/r the mean collision 
frequency of electrons with phonons. The above 
relation holds for various substances, if the 
thickness is less than 10-5em,245) but it seems 
that #’** becomes independent of d for thicker 
specimens. 

We have investigated this effect for mica | 
(biotite) of 10-4~10-3em thick and for KCl of | 
10-2~10-2em. thick. In the case of mica, the | 
electrodes were the aluminum films deposited in | 
vacuum on both surfaces of the cleaved specimen. | 
While in the case of KCl, aluminum deposited 
onto one of the cleaved surfaces and sticked to | 
a brass rod with conductive sticking paste, and 
the other surface was etched with water-added 
alcohol, until the thickness is reduced to a de- 
sired one. Again, aluminum was deposited on this 
surface as an electrode. The thickness was deter- 
mined from the electrical capacitance measured 
at 250 ke. The applied voltages were top flatted: 
pulses of 30 psec. with recurrence frequency of 
100 sec-1.. The pulse height could be varied 
continuously up to 10 kv. In dealing with mica 
the pulse height was raised very slowly, since 
the statistical time lag was as large as 10-3 sec. 
at 10% overvoltage. 

The results are shown in Fig.1. For mica we 
can in accordance with Eq. (1) draw a theoreti-— 
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biotite 


breakdown strength in 106 V/em 
breakdown strength in 10° V/em 


2 A 6 8 | 
Thickness in 10-4em 
(a) 
Bigs: 
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a) Breakdown strength v.s. thickness for mica. 
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2 4 6 8 10 


Thickness in 10-3em 
(b) 


The line shows the theoretical 


curve obtained by assuming «f’y=2.4x107 V/em and r=4x10-16 sec. 
b) Breakdown strength y.s. thickness for KCl. 


eal curve which fits fairly well with the experi- 
mental points, assuming that af y=2.4x107V/em 
and t=4x10-16see. as shown in Fig. l-a. From 
this value of t, we get 0.7 cm?/V.sec as the 
mobility of electron, FPy=/mk@/ec~1-8x107 
| V/em and, therefore, ~~1.3, if we assume that 
1 kO=1000°K. 

Since these values are resonable, the hypothesis 
{| that the breakdown is caused by a single large 
* avalanche which has grown up during the drift 
4 from cathode to anode, is allowed in the case of 
| mica. On the other hand, for KCl the breakdown 
' strength is independent of d as shown in Fig. 
\ 1-b, and hence we get the histogram in Fig. 2, 
i showing the distribution of breakdown strength, 
'from which we have F*=(8.34+0.75) x 10° V/cm. 
Therefore, we cannot apply the above hypothesis 
j\in this case and a different mechanism of break- 


number 


2 4 6 8 10 12 


Breakdown strength in 10° V/em 


i Fig. 2 Histogram showing the distribution of 
breakdown strength of KCl. 


down is required. This is also confirmed through 
the facts that we can scarcely recognize both the 
statistical time lag and prebreakdown noise for 
KCl, in contrast to the case of mica. In the 
forthcoming paper it will be shown that these 
facts can be explained with the “collective 
mechanism” in which the interactions between 
electrons are taken into account. 
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Diffusion on the Fermi-Surface and the 
Conductivity of Metals* 


By F. J. BLATT 
Department of Physics, University of Illinois, 
Urbana, Ill. 
(Received April 8, 1954) 


In a recent paper with the above title, Toda 
has caleulated the Lorentz number at low tem- 
perature for an ideal metal, using a method 
suggested by Koppe2). Some of the approxima- 
tions employed in T have been examined and 
were found to be invalid. The expression which 
Toda obtained is 


2) -1 
L=Tm{t + eo}, (1) 
where 
m2 / fe \2 
ae ee , 


qo foo 
acl BONurdy Cheeta yi, (Cr) 
and the various symbols appearing in Eqs. (1) 
and (2) are defined in T. 

The ratio U/L. was evaluated in T assuming 
B(q) to be a constant and making a number of 
approximations by which the double integral 
expression for «, Eq. (2), was reduced to 


a) a) Bade 


aceon (3) 


et—e-% ~ 
The resulting curve of L/L. is curve A of 
Fig. 1. Also shown in Fig. 1 is the result of 
Sondheimer®), curve B. Curve A is in much bet- 
ter agreement with experiment than curve B. 


Fig. 1. Z/L.; A—result obtained by Toda; 
B—result of Sondheimer ; C—result of Toda’s 
ealeulation using correct evaluation of the 
parameter a, Hq. (2). 


However, examination of the approximations 
leading to Eq. (3) indicated that a more nearly 
correct approximate expression for « is 


Pee LuNS ee (c/a (Oran 
actn(—) got) AY 

If Eq. (4) is used in (1) the values of L/Le 
fall slightly below curve B. 

Rather than rely on the approximations leading 


e~—e-@ 
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to (4), the parameter « was evaluated by numeri- 
cal integration for the range 7'/@ between 0.1 
and 0.2. The curve of L/L. so obtained is curve 
C is Fig. 1, which is seen to follow very closely 
the curve based on the Sondheimer calculation. 

It appears, therefore, that the calculation of 
the Lorentz number by the method of Toda does 
not obviate the disagreement with experiment 
inherent in earlier calculations. Instead, the new 
method serves to substantiate the correctness of 
Sondheimer’s work. 

The writer wishes to thank Prof. J. Bardeen 
for drawing his attention to the caleulation of 
Toda. 
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Diffusion on the Fermi Surface 


By Morikazu ToDA 


Department of Physics, 
Tokyo University of Education 


(Received April 8, 1954) 


The large discrepancy between theory and ex- 
periments on the thermal conductivity of metals 
is one of the most suspicious points for the cur- 
rent theory. The author tried to interprete the 
so-called Bloh’s fundamental equation as that 
determines the diffusion processes on the Fermi 
surface) for the distribution of electrons in the 
momentum space. The Lorentz’s number «/oT 
thus obtained was in better agreement with ex- 
periment than Sondheimer’s numerical ecaleula- 
tion?). MacDonald, however, pointed out) that 
this result had a minimum of thermal conduc- 
tivity which was not seen in experimental data. 
Sondheimer’s result has also such a minimum, 
and this seems to be an essential weak point of 
Bloch’s equation. In addition to this the author’s 
computation had a over-simplification and led to 
incorrect results as was pointed out by Blatt). 
After revising the errors the result comes to a 
close agreement with Sondheimer’s strict ealeu- 
lation. 


We may say that the erroneous formula was 


1954) 


accidentally in better agreement with experi- 
ments. It is, however, not for incorrectness of 
the method. As a matter of fact, the author 
started from the basic equation, Bloch’s equation, 
as Sondheimer. The fact that these two have 
come to nearly the same results is nothing but 
a confirmation of the validity of the method of 
diffusion. The basic idea is therefore quite use- 
ful. It lies in that small distorsion of the dis- 
tribution of electrons in momentum space can be 
resolved into two types which are subject to 
equations of diffusion type: 


OF /0t=DP2F, 0G/0t=DP2G—-oG. 


In the above equations Ff’ denotes the displace- 
ment of the Fermi surface in radial (normal) 
direction, and is connected with a net current 
and therefore with electric conductivity. G de- 
notes the amount of change in the slope of the 
Fermi surface without net current and is con- 
nected with thermal conductivity. 

The author also applied the same idea to the 
viscosity problem of Fermi gas.°) Though the 
elementary process in this case is binary collision, 
it was shown that for a strongly degenerate 
Fermi gas the effect of collision of particles on 
a particle can be descrived by diffusion of the 
latter, if the distorsion of the Fermi surface is 
small. The diffusion coefficient is, in this case, 
given by 
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em (kT)? 

i 3h3 Po2 
where g denotes the relative velocity of colliding 
particles and w(g, @) the scattering cross-section. 
For hard sphere of diameter o we have 


[Jorwcg, 0) sin’ édédg , 


4s earns 
D= Ohe (kT 2m P0202 , 


(Po: maximum momentum) and 
i} P9? 


20n2 m2KkT 202° 

Thus the viscosity 7 of degenerate Fermi gas is 
inversely proportional to the square of the ab- 
solute temperature. This is in qualitative agree- 


ment with experiments on liquid He’. 
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Errata 


Simultaneous Excitation and Dissociation of Water Molecule 
by Hydrogen Canal Ray Impact 


By Tadao Horib and Masamoto OTSUKA 
J. PHys. Soc. JAPAN 9 (1954) 219 


The photographs in Fig. 5 were wrongly arranged and the left and 
right ones must be interchanged as follows. 


§ £ 
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Electrical Resistivity of Polycrystalline Selenium at Higher Fields 


By M. KuwAGATA, EH. OTSUKA and M. TomMuRA 
J. PHys. Soc. JAPAN 9 (1954) 300~301 


Fig. 1 and Fig. 4 are interchanged. 
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K-Auger Electrons From Ba137 


By Toshio AZUMA 
Department of Physics, Naniwa University, Mozu, Sakai, Osaka 


(Received February 5, 1954) 


K-Auger electrons ejected from the L and M levels of Bal37 are 
studied by means of a double coil, magnetic lens beta-ray spectrometer 


with thin Zapon film G-M counter. 


The kinetic energies of those 


electrons observed were compared with the values evaluated from 


calculations by Slater’s system of screening constants. 


The relative 


intensities K-LL:K-LM:K-MN are estimated to be 10:5.0+0.2:0.8+ 
0.04 and the K fluorescence yield ,, 0.8540. 03. 


$1. Introduction 


In the decay of Cs137 nucleus, vacancies in 
the K electron shell are created by the inter- 
nal conversion. The decay form of Cs137 and 
the values of the internal conversion coef- 
ficient are described by Waggoner?. This K 
vacancy is always filled by an electron from 
outer shells. The resulting energy can either 
be emitted as an electro-magnetic radiation, 
or be transfered to an electron in the other 
shell and eject it from the atom, resulting in 
an Auger electron. 

In the theoretical treatment of the Auger 

effect which involves two electrons, for ex- 
ample, in the Z shell when one electron 
makes a transition to the K shell and the 
other is ejected, the relativistic treatment will 
be necessary if the wave length of the Ka 
radiation (L— transition) is of the order of 
the radius of the Z orbit, as with the elements 
of atomic number Z=50. Relativistic calcula- 
tions for the values of K fluorescence yield 
w, and for the probabilities of A-Z,L,, K- 
LLtu, and K-£ZLrLQi11 transitions are carried 
out for Au atom by Massay and Burhop”. 
But the values for A-ZZ, K-LM, and K-MM 
transitions are computed only by Pincherle*® 
with non relativistic method. In his approxi- 
mation the transition probabilities are inde- 
pendent of Z. The agreement between the 
observed and predicted relative intensities of 
various Auger electrons are qualitatively 
satisfactory, but more accurate experimental 
and theoretical values are needed*. 

Recently Burhop® has given a complete 
summary of the data of the Auger effect till 
1950. Broyles et.al.», too made a similar 
summary and also measured the values of the 
K-Auger electron intensities of Sn113, Cs137, 


and Aul98. The kinetic energies of the 
Auger electrons are computed theoretically by 
Ference®) who analysed his own experimental 
result on the A-ZZ transitions from Ge atom. 
Without these estimations of the kinetic 
energies of the Auger electrons ejected from 
doubly ionized Z, M, and WN shells, the de- 
signation of the lines obtained and the evalua- 
tion of the effects of the electrons from N 
shells on the spectrum would be difficult. 
The discussions of Broyles et.al. can not be 
considered as complete in so far as it does 
not takes account of the electrons ejected 
from the A-ZN and K-MQN transitions which 
are probably included in their observed spect- 
rum. 

We have tried to compute the kinetic ener- 
gies of the Auger electrons ejected from Ba 
atom by the method of Slater’s system of 
screening constants. The procedure of cal- 
culations is the same as those of Ference®. 
We evaluated these values arising from doub- 
ly ionized shell of ZZ, ZM, and MM, and 
corrected the effects of the electrons from 
the A-ZN transitions, and compared with 
those observed. 


§2. Experimental Procedure 


A double coil, magnetic lens beta-ray spec- 
trometer is used in these measurements. 
The experimental arrangement and the sources 
are the same as those which were reported 
previously». The G-M counter used in the 
present work is the side window type, and 
the window of Zapon film which is maintained 
by the 50 mesh wire-netting is about 20 yg/ 
cm? thickness. The counter is filled by Alcohol 
of 3 mmHg and Argon of 50mmHg. The 
counter window has a diameter of 5 mm to 
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Fig. 1. Fermi plot of the 518 KeV beta-ray 
spectrum of Cs137, corrected with the correec- 
tion factor C of first forbidden, where 

C=(W2-1)+(Wo- W)?. 
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Fig. 2. Spectrum of K-Auger electrons from 
Ba atom designated as K-LL, K-~LM, and 
K-MM transitions with the energy levels 
calculated. 


Fig. 3. X-ray energy diagram of Ba atom. 


increase the number of counts per minute, 
but the resolution was reduced to 2.5 percent. 

The momentum spectrum of the 518 KeV 
beta-ray radiated from the Cs137 nucleus can 
be measured correctly down to 5 KeV with 
this thin film G-M counter. The Fermi plot 


corrected with the correction factor of first | 


forbidden® are obtained as a straight line 
with the Auger lines at low energy side as 
shown in Fig. 1. 


§3. Discussions of results 


A typical data obtained in these measure- 
ments is shown in Fig. 2 with the lines of 
the Auger electrons calculated by the method 
of Slater’s system of screening constants. 
The maximum energies of the Auger electrons 
designated as K-LL, K-LM, and K-MM 
transitions are 562+3, 61043, and 654+3 
gauss-cm respectively, which are in agreement 
with those calculated. 

The qualitative x-ray energy diagram as 
shown in Fig. 3 must be remembered for the 
discussion of the results and the interpretation 
of the above curves obtained. The A-ZLZ, 
K-LM, and K-MM levels arise from the 
configurations, 


Is? -2sp*) (Ssp°p 3d’)! Asp Ad MGsp Os. 


for K-LL, 
2 7 3sp"," cael 8 10 6 2 
1 ) 2 ’ > ? b) ’ 
He ee fae 3d, Asp®, 4d}°, 5sp°; 6s 
for K-LM, 
Se, Boh. 
Ls?,; 28%, 43sp' 3a, (74s0?, 4d. bsphanes 
OSp moae 
for K-MM. 


If we attempt to predict the kinetic ener- 
gies of the Auger electrons from theoretical 
considerations, the energy levels of Ba atom 
which has lost two electrons from inner 
shells must be estimated. A comparatively 
rough method of Slater’s system of screening 
constants has been used in these calculations, 


considering the low resolving power of the- 


beta-ray spectrometer used in the present 
work. By this means the excess energy re- 
quired to remove one Z or M electron when 
one Z or M electron is already missing has 
been obtained. In Table I the numerical de- 
tails of the calculations about the energies of 
the normal Ba atom are summarised. Table 
II gives the energies of the Ba atom in dif- 
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ferent states of excitation. Table I. The numerical details of the caleula- 
If EZ, is the energy of the normal atom, tions about the energies of normal Ba atom. 
Ey’ the energy of the atom with one Z elec- hiecas ee ee - “(Lett in) 
tron missing, and £,' the energy of the atom quantum Zeft . in Rydberg 
with two Z electrons missing, then E’=E)— shell _number ee unit 
Ey’ is the energy required to remove one L Is 1 e270 1 eton. Boe 
electron, and £’’=E,'’—E,' is the energy re- 28 2p 2 51. 85 672.1 
quired to remove the second Z electron. The 38 3p 3 44.75 222.5 
excess energy required to pull out one Z 3d 3 34.85 134.9 
electron when one Z electron is already missing a 4p a a = pee. 
is E’’— E'=157.03 eV. The same considerations ben ee oe we 
are applied to the electrons ejected from Z 68 We 2.90 a’ 
Prerewiin one Ws electron missing and from = 
M level with one Z or M electron missing. 
If we consider the levels arising from a Table II. The energies of Ba atom in different 
doubly ionized shells ZZ, LM, and MM, their Per reel OMpeR cL yREOD 
locations and the binding energies can be pvOas ; Sra Energies os ‘Desig- 
predicted with some confidence, assuming that Electron configurations in Rydberg : 
these excess energies are sheared to each sub ——— $$ _—_§— ea = pe 
levels. The assignment of these sub levels 70°™@! Die 
is followed to the j-j coupling model. The “™*!™S one Bie on thie RED, i 
binding energies of these levels calculated PDs Se Pareeos ae tes 
with these procedure are shown in Table III. See oe : f aca wee 2 NEAR 
Only the energy differences concerned with ses ay af on ie he : Em 


the A series x-rays, which can be obtained 
from Siegbahn’s data, are needed in the 
present consideration. The probability of the 
appearance of the Auger electrons correspond- 
ing to the energy difference of forbidden tran- 
sition will be small by a factor of about 1/10” 
compared with those of the allowed transition 
and may be neglected. The ultimately estimat- 
ed energies of K-Auger electrons are shown in 
' Table IV. There values are shown in Fig. 2 
with those of observed spectrum. The fine 
structure of the Auger electrons ejected from 
the Z;, Zr, etc. sub levels are not resolved 
| owing to the low resolution of the spectrometer 
' used, which is rather characteristic for the 
| lens type spectrometer. 
The maximum energies of the Auger elec- 
. trons ejected from the A-LLZ, K-LM, and 
| K-MM transitions are in agreement with 
those calculated in the present work. Slater’s 
| method of calculations cannot be extended to 
‘the transitions concerning WN shells, because 
of the errors which are about the same as 
| those of the binding energies. But we can 
-estimate the upper and lower bounds of ener- 
gies within which the Auger electrons ejected 
‘from the K-ZN and K-MN transitions lie. 
The lines designated as K-ZN include the 
electrons arising from the transitions LK, 


electrons 


Table III. The binding energies of Ba atom in 
different states of excitation, in KeV unit. 


Electron : Missing one Missing one 
shell Normal L electron M electron 
Bs 5.980 5.823 5.939 
2p 5.614 5.457 5.574 
2p 5. 237 5.079 5.196 
3s e293 TST 25S 
3p 1.140 0.979 1.100 
3p 1.066 0.904. 1.025 
3d 0.798 0. 636 0.757 
0.741 


3d 0.814 0.620 


Table IV. The energies of K-Auger electrons 
from Bal37 ealeulated, in KeV unit. 


K-LL K-LM K-MN 
25.912 29. 917 30.778 84.725 
26.278 30.035 30.848 34.843 
26.644 30.282 30.961 34.877 
26.656 30.400 30.978 34.952 
27.022 80.482 30.994 84.995 
30.595 31. 076 35. 070 

30.660 81.344 35.220 

30.710 31.360 85.2386 

35.338 


35.354 
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N-o, and N-K, L-o, and its limit is 
estimated as 31.17~31.73 KeV from the bind- 
ing energies of the normal atom. Those of 
K-MN transitions are estimated as 35.85~ 
35.86 KeV. Electrons of such energies are 
not, however, detected in the present work. 
Present spectra obtained are, therefore, as- 
sumed to be the A-Auger electrons arissing 
from the transitions K-ZL, K-LM, K-LN, 
and K-MM. The relative intensities of K-LL 
and K-ZWN lines can be obtained from the 
data of Steffen ef. al. as 1:0.21. This ef- 
fect of N electrons must be subtracted from 
the spectrum of A-ZM transitions obtained 
to get an estimation of the relative intensities 
of K-LL, K-LM, and K-MM. The final 
result obtained with the above correction is 
105 0220/20:3220,04- 

The K fluorescence yield w, is evaluated 
from the relation o,=1l—a,., where a, is the 
K-Auger yield. a, is obtained directly from 
the observed spectrum as the ratio of the 
K-Auger electrons to that of the K internal 
conversion electrons. The K _ fluorescence 
yield w, obtained in this way in the present 
work is 0.085-+-0.003. The error of the final 
result is estimated from the measured spec- 
trum shown in Fig. 2, which is obtained with- 
in the error of 3 percent. It should be noted 
that differences in a absorption between the 
electrons arising from K~ZZ, K-LM, and 
K-MM transitions would be negligible owing 
to the extraordinary thiness of Bal37 sources 
and counter window. 

For the Ba atom, the wave length of the 
ka radiation (L— transition) is the order of 
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0.464 and the radius of the Z orbit is 0.16A. 
Though these are of the same order of 
magnitude, the difference between the results 
which are obtained by the relativistic and 
non-relativistic procedure are small, and the 
data obtained by the spectrometer are not 


accurate enough to show these differences 


clearly. 
In conclusion, the author express his sincere 


gratitude to Prof. K. Kimura of Kyoto Uni- | 


versity for his kind encouragements and dis- 
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his kind discussions. Acknowledgement should 
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The Angular Distribution of Protons from 
the C'*(d,p)C*® Reactions 


By S. TAKEMOTO, T. Dazal, R. Cursa, S. Ito, 
S. SUGANOMATA and Z. WATANABE 


Department of Physics, Faculty of Science, Tohoku University 


(Received February 26, 1954) 


The angular distributions of protons from the C!(d, p)C! reactions 
have been observed at three low bombarding energies, 0.52, 0.63 and 


0.84 Mey, using nuclear emulsions at the proton detector. 


Some 


details of experimental equipments and procedure are described. The 
angular distributions observed were then expanded into series of 


Legendre polynomials. 


The expansion coefficients are tabulated and 


also plotted against the bombarding energy together with those re- 


ported by other authors. 


Large asymmetries have been found in the 


angular distribution curves at these low bombarding energies. 


$1. Introduction 


Numerous articles have ever been published 
about the nuclear reactions on carbon. They 
are all quite important not only for their 
theoretical interest, but also because carbon is 
always present as deposits or contaminations 
on every target surface. Among many reac- 
tions on carbon, the angular distributions of 
protons emitted from deuteron bombardment 
on C! have been observed over the full 
angular range by G. C. Phillips’ in the 
bombarding energy range of 0.75-1.32 Mev, 
together with the excitation functions, and by 
B. Koudijs et. al.~ at an effective bombarding 
energy of 0.37 Mey. 

Between these two measurements it seemed 
that there is an unexplored energy region, 
i.e. the angular distributions are quite different 
at 0.37 and 0.75 Mev. Asa part of series of 
our investigations, therefore, we planned to 
measure the angular distributions and _ to 
investigate the behaviours of the expansion 
coefficients in this energy region. Measure- 
ments were performed at three bombarding 
energies of 0.52, 0.63 and 0.84 Mev. 


§2. Apparatus and Procedure 


In order to investigate the angular distri- 
butions of various nuclear reactions a multiple 
plate nuclear camera of usual design was 
constructed with a diameter of 20cm anda 
depth of 7cm, a photograph of which is shown 
in Fig. 1, where main components are easily 
seen. The chamber is made of brass and has 
four side tubes, two of which serving as the 


beam entrance and exist tubes and one of the 
other two as the vacuum line. The target 
support is a steel rod, which passes through 
a Wilson seal in the center of the bottom 
plate and allows smooth rotation and axial 
displacements. Great care was taken in con- 


structing the chamber with the result that 


ree 


Fig. 1. Target chamber. Inside the chamber 
ean be seen the nuclear plates and aluminum 
foil around the target, and also the slit system 
is in sight. 

irregular displacements could be made_negli- 

gible. In the beam entrance tube two colli- 

mating slits of 3mm diameter were fixed, 
whose distances from the target were 9cm 
and 18cm. As the proton detector the Sakura 
nuclear emulsion plates were used. The plate 
holder is an iron ring with an outside diameter 
of 18cm, inside diameter of 13cm and a thick- 
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ness of 83cm, on which are cut grooves to 
fix the angular positions of the plates making 
an angle of 20° with the center line. These 
grooves are divided into two groups, left and 
right, with respect to the beam; the inner 
edges of the former are at angular positions 
of 0°, 10°, etc., up to 180°. and those of the 
lEitioie ae O°, IS, Cue, WD to WN". 
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of observation of 60° from the deuteron bom- 
bardment of a target of purpurogalline at 
H4=0.638 Mey. Arrows indicate a proton 
group of C2(d, p)C8 (1), O18(d, p)O17 (II) and 
Ol6(d, p)O%* (III), respectively. 


Between the target and the plate holder, 
there is a stopping-foil holder of special design. 
The stopping-foils serve to protect the emul- 
sions from elastically scattered deuterons and 
from blackening due to the fluorescent light 
produced on the target during bombardment. 
They also reduce the ranges of protons to 
adequate lengths for scanning. In this work 
Al-foils with a thickness of 14 microns were 
used throughout. All metal parts were care- 
fully machined. 

After some trials, a good thin target of 
carbon was prepared by vacuum evaporation 
of purpurogalline? onto a silver backing leaf 
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to a thickness of about 1mg/cm?. The silver 
leaf was supported by a fine iron frame, which 
was in turn fixed on the top of the target- 
supporting steel rod. In order to obtain angular 
distributions over the full angular range, 20 
emulsion plates, cut to 1’ x13’ pieces, were 
loaded into the camera in one exposure, the 
forward group into grooves at 10°, 20°, etc., 
up to 100° and the backward group at 795°, 
85°, etc., up to 165°, the emulsion side of 
the forward group facing backward and vice 
versa. 

The homogeneous deuteron beam from the 
pressurized electrostatic generator at Tohoku 
University was, after being magnetically ana- 
lysed, used to bombard the thin carbon target. 
The beam had negligible angular divergence. 
Before bombardment, when the target was 
held down and the plates were already loaded, 
the chamber was aligned with respect to the 
beam by watching the fluorescent light spot 
produced on the surface of a quartz disk at 
the end of the beam exit tube. During bom- 
bardment the chamber was continuously eva- 
cuated by a Hickmann type oil diffusion pump. 
The beam current and the target thickness 
were not measured precisely, so the absolute 
cross sections could not be obtained. 

The emulsions were developed by the two- 
bath method® and the same areas at the same 
position on each plate were scanned under a 
biocular microscope at a magnification of 450. 
The lengths of detected tracks were recorded 
and, when numbers of tracks were plotted 
against their lengths, three proton groups were 
clearly resolved, as shown in Fig. 2, which 
is the result of scanning of the 60°-plate at 
the bombarding energy of 0.63 Mev and where 
the track numbers are plotted against their 
lengths (strictly speaking, their holizontal pro- 
jections) at an interval of two divisions of the 
eye-piece scale (one division corresponding to 
1.21 microns). These three groups were as- 
signed to correspond to the C!(d,p)C?3, 
O'(d,p)O and O'%(d,p)O!"* reactions, respec- 
tively, with the aid of known Q-values®) and 
stopping power of Al for protons. Some 
tracks of far larger ranges were also observed, 
but they were rejected because they could 
not be included in any of the groups, men- 
tioned above. At lower bombarding energies 
the proton yield decreased considerably, so 
longer exposure time was needed and_ larger 
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areas had to be scanned in order to obtain 
enough proton tracks. 


§3. Results and Discussions 


The numbers of proton tracks belonging to 
the C?(d,p)C™ reaction were plotted against 
the angular position of the small areas scan- 
ned, thus the angular distribution for each 
bombarding energy was obtained in the labora- 
tory system. The angular distributions at 
three bombarding energies, thus obtained, 
were converted to the center-of-mass system 
according to the formulas 

sin (@—4@))=7 sin 8 

0(8)=a(A)(1—2y cos 64) 

and 7=( : Ea 

Eat +m,/m.)Q 


where @ and 4 are proton directions with re- 
spect to the incident deuterons in the labora- 
tory and center-of-mass system, respectively. 
Usual notations are used for other quantities. 
The resulting distributions are shown in Fig. 
3, where the ordinates are so normalized that 
the area under each curve is equal to 2, when 
the abscissa is transformed into cos 4% scale. 
The vertical lines through the experimental 
points represent the uncertainty calculated 
from the total number of tracks only. The 
overlapping of the data from the forward and 
the backward groups in the region around 
90° was quite good, indicating no serious 
geometric errors. They were then expanded 
into series of Legendre polynomials up to P,, 
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The coefficients are given in Table I and 
also plotted against the bombarding energy 


Table I. The coefficients in Legendre 
polynomial series representation at three 
different deuteron energies. 


Ea 0.52 Mev 0.68 Mev 0.84 Mev 
a 0. 20-40. 03 0. 29-40. 03 0. 0940. 02 
Ay —0.39+0.03 —0.39+0.04 0.02+0.08 
a3 —0.17+0.04 -—0.20+0.05 -—0.20+0.04 
on —0.0440.05 —0.05+0.05 -—0.00+0.04 


in Fig. 4 where those taken from references 
_ () and (2) are included. The curves in Fig. 

3 represent the calculated most probable angu- 
lar distributions. 
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Fig. 8. The angular distributions of the 
protons from the reaction C12(d, p)C3 in C.M. 
coordinates at the deuteron bombarding 
energies indicated. 
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It is apparent that the angular distributions 
at these low energies are quite complex and 
vary markedly with energy. Fig. 4 shows 
this variation in terms of the expansion coef- 
ficients clearly. It seems that in this energy 
region not only resonances at 0.91 Mev and 
at higher energies, but also the contributions 
from lower levels in the compound nucleus, 
C#+d—N!**, should, to some extent, be taken 
into account in estimating the angular distri- 
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Fig. 4. The coefficients a;(#7) in the expansion o(4, Hqa)ec1+ 

¥ a(Ea)Pl6%); plotted against the deuteron bombarding 

pnorey: The points at Hag=0.52, 0.63 and 0.84 Mev are 

from our data, and the others from references (1) and (2). 


bution, though no definite evidence is present 
about this point. The presence of odd terms 
indicates large interference effects between 
levels of opposite parity of the compound 
nucleus and, accordingly, their theoretical 
interpretation would be quite a difficult matter. 
One conspicuous feature in the variation of 
the terms is the increase of a, with energy, 
which is in agreement with the Phillips’ data. 

The angular distributions of protons from 
the reactions on oxygen, obtained at the same 
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time, will be published in the near 
future, (after proton tracks have 
been accumlated enough by 
further scanning.) 
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Statistical Theory of Phase Transition. I 


General Theory for Lattice Gas 


By Ikuro SHIMOSE 
Faculty of Literature and Science, Yamaguchi University 
(Received October 30, 1953) 


From the point of view of molecular clusters we physically inter- 


pret the statistical properties of phase transitions. 


Our results for a 


lattice gas are expected to be qualitatively correct, though these are 


approximate from the quantitative point of view. 


In Part- 1 the 


partition function, the pressure and the density of a lattice gas are 


calculated in their general forms. 


Particularly, the discontinuity of 


the derivative of the isotherm in P—v diagram is derived from our 
ealeulation of the partition function. 


§1. Introduction 


The existing exact theories, in which sys- 
tems having strong interactions among mole- 
cules are dealt with by statistical mechanics, 
are classified into two types. One is the 
method of cluster integrals developed by 
Mayer,” Kahn and Uhlenbeck,” Born and 
Fuchs,® and others. In this method there 
remain a doubt® about the relation between 
phase transitions and singular points, and 
some difficulties in applying it to the condens- 
ed phase. The other is the matrix method 
elaborated by Onsager,®? Kaufman,® Nambu,” 
Yang,» and others. In this method the exact 
solutions are obtained only for the case of no 
external magnetic field (an Ising system). 
For other cases many approximate theories” 
have been proposed, but most of them do not 
give a proper statistical interpretation of the 
phase transition qualitatively as well as 
quantitatively. 

Recently Katsura’ solved exactly the pro- 
blem of small system (system containing only 
a few lattice points) for an Ising system ora 
lattice gas. Though he deduced, from these 
results, many properties of an infinitely large 
system (system containing an infinite number 
of lattice points), we believe that there may 
be properties peculiar to large system, the 
deduction of which is difficult if we start 
from small systems. On the other hand, Yang 
and Lee! mathematically proved that the 
phase transition is possible at only one value 
of the activity for an Ising system or a lat- 
tice gas at the constant temperature, but they 


did not give the physical meaning. 


In this paper we wish to make physically 
clear the statistical properties of the phase 
transition for an infinitely large system from 
the point of view of molecular clusters. 


§2. Partition Function, Pressure and Density 


We shall deal with a lattice gas composed 
of molecules interacting strongly. For simpli- 
city, we confine ourselves to a two-dimen- 
sional case (square lattice type). However, 
the theory of the present paper will be ap- 
plied also to three-dimensional systems of any 
lattice type as well as to two-dimensional 
systems of other types than the square lattice 
type. 

In the first place, we shall assume the 
potential energy « between any two molecules 
to be of the following form; “w=+o if two 
molecules occupy the same lattice site, w= 
—2é€ (€>0) if two molecules occupy adjacent 
sites, and w=0 otherwise. The partition 
function Q(T, Z, N) of the lattice gas (Z lat- 
tice points, N molecules) at absolute tem- 
perature T is given by the following expres- 
sion. 


Q(T, L, N)=(2xmkT/h?)* {exp (4€/RT)}” 


KOU EN (Cail) 
OT, L,Ny=>)2"", (2) 
x=exp(—E/kT), O22 41) (a) 
Q(T, L, L—N)=QT, L, N), (4) 


where >; in Eq. (2) means the summation 
over all the possible cases in which N mole- 
cules are distributed among the lattice sites. NV’ 
is the number of the pairs of neighboring 
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molecule and hole in one of the molecular 
configurations mentioned above. 1, k, h have 
the usual meanings. 

The pressure P and the (molecular number) 


density o of the system are given as follows: 


pol yr Oren). 
aL 


0=N/Lo , 


(5) 


(6) 


where o is the two-dimensional volume (or 
area) per lattice site. 


§3. Calculation of Partition Function 


In order to estimate the value of Q(T, Z, N), 
we shall call the group of molecules in which 
every molecule is connected with each other 
directly or indirectly a “ molecular cluster ”. 
By a direct connection of two molecules is 
meant that of molecules occupying the nearest 
sites and by an indirect connection that be- 
tween two molecules which are not connected 
directly but joined from one of them to an- 
other by some molecules connected directly 
one by one. Similarly a hole cluster is de- 
fined for the cluster of holes connected with 
each other instead of molecules. Since from 
(4) we have the relation Q(T, Z, L—N)=Q(T, 
I, N), let us consider only the case in which 
the total number of molecules in question is 
smaller than or equal to Z/2. Now we shall 
classify the configurations into the following 
two types: 


(A) the configuration consisting of macro- 
molecular clusters and  micro-molecular 
clusters, 


(B) the configuration consisting of micro- 
molecular clusters only, 
where macro-molecular clusters are those 
having molecules of order Z (for example, 
10727~101® when £~10'*) and micro-molecular 
clusters are those having molecules of order 
1 (for example, 1~10+). Similarly macro- 
and micro-hole clusters are also defined. 
In A-type configuration micro-hole clusters 
lie sporadically over the macro-molecular 
cluster. In B-type configuration macro-hole 
clusters may exist naturally, butmacro-mole- 
cular clusters do not exist. 

Then there may also exist intermediate 
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(Wolk 9: 
(molecular and hole) clusters. However, we 
devide the contribution of any molecular con- 
figuration in an intermediate cluster to the 
value of (1/Z)-log Q(T, Z, N) into those of 
two parts of micro- and intermediate-molecu- 
lar configurations. Further, we devide the 
intermediate-molecular configurations into the 
intermediate configurations having no hole 
and the hole configurations in its cluster. In 
the former case, as the value of (1/n)-log 9(7) 
+h(n) log x (as will be defined in § 38.1) is of 
order 10-4~10-7 when Z is 10%°, its contribu- 
tion to the value of (1/Z)-log Q(T, Z, N) is 
neglected. In the later case, the hole configu- 
rations are added to those of macro-molecular 
clusters and the contribution of those to the 
value of (1/Z)-log Q(T, Z,N) is calculated. 
Thus we think that intermediate clusters may 
be formally neglected without altering the 
statistical properties. 
§3.1 
Let us consider the case of A-type configu- 
ration composed of (Z/2)(1—q) molecules. We 
define the following quantities: 
(a) in the group of micro-molecular clusters, 
(v’) cluster----the cluster containing 2’ mole- 
cules, 
(L/2)p'(m’)--+-the total number of molecules 
of (’) clusters, 
(L/2)p’(n’)/n’---+-the number of (7’) clusters, 
g(n’)-++-the number of all the possible con- 
figurations of a (m’) cluster, 
h(n’).---the number of holes nearest to any 
molecule of a (m’) cluster divided by the 
number of the molecules, 
where n’=1, 2, 3,----, m’, 
(b) in the group of micro-hole clusters in- 
side macro-molecular clusters, 
(n’’) cluster: ---the cluster containing m’’ holes, 
(L/2)p’’(n’’)-++-the total number of holes of 
(n’’) clusters, 
(L/2)p’’(n’")/n’’- -- the number of (n’’) clusters, 
gm’) and h(n’’) are defined in the same way 
as g(’) and h(z’) respectively, inter- 
changing the role of molecule and _ hole, 
where n’’=1, 2, 3,----, m’’. 
We shall see that, by the approximate treat- 
ment (taking mean number) mentioned above 
for h(n’), h(n’), the statistical properties of 
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the system in question are not altered quali- 
tatively, if we divide g(n’) (or g(n’)) into 
some groups so that the numbers of pairs of 
molecule-hole in the configurations belonging 
to the same group may be equal, and if we 
apply our theory to these. 

From Eg. (2) the contribution of the mole- 
cular configuration mentioned above to the 
value of QT, LZ,q) (=Q(T, L,N)) is given by 


QT, L,q@)) 4: vn"); p'?(n!") 
=H 4 (L/2n’ \1l+q+p n’)—p'")! 
n’=1 ((L/2n’)p'(n’)!(L/2n’)\1+q—p’’)! 
ee are hn a 


(L/2n"’)\1—qt+p''(n”’)—p’)! 
(L/2n’’ p(n’)! (L/2n’’)\1—q—p’)! 


mm’? 
x IT 


n’7=1 


ra ap ee te ae : ( te) 


where 


m’ Mm? 


P= PKH), P= RPM). 
n= 1! / = 


By using the Stirling formula for the loga- 
rithm of Eq. (7), we have 


log QUT, L, @))4: p11; 97") 


whG m’ <P ve) 


prtint (l+¢+p'(n')—2) 


log p(n’) 


n 


gal et Money G1 han) lok ol 


PA) fog p(n’) 


te 


n’7=1 


Laat PH IKP tog (1 —gt+h"(n")—P!) 


+ 


—1=4-P og 0—-q—2) 
qe 

+ EO tog a(w’)+ 2m" h(n”) ow a]. 

(8) 
We shall neglect the direct contribution of 
macro-molecular clusters to log (Qi(T, LZ, q)u; 
pn);nny, because its absolute value is 
very small compared with that of micro-mole- 
cular clusters when Z is of order 10'°. Then, 
if Z is small (L=1~100), the values of (1/7)- 
log g(n)+h(n) log x are negative for the clusters 
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of comparatively large » (having no hole, 
n<I/2) and small values of w. Accordingly, 
the contributions of these clusters to the 
values of log (Q(T, Z, @))4; pn :07n7y are 
negative (not negligible generally). There- 
fore, in a small system we can not find any 
cluster corresponding to the macro-molecular 
one in an infinitely large system. Owing to 
this fact the properties of the phase transition 
of an infinitely large system may not be ex- 
trapolated from those of a small system. 

As the formulas to determine ~’(m’) and 
p(n”) which make log (Q(T, LZ, q))4;»m”; 
ypv(n7) MAXIMum under the condition that 


r= > p(n”), p= 3 1; 


g=const., 


we have 


7 vt 


Siceya 
n nt 


4. SNe: log (2) 


0 
ap (n’) 
esl aly ie 
‘tS ey 


aie oh J Aa log a+b") 2) 
n’7=1 

+log (l—q—p’)}=0, Gee 

TAPAS HOD Gs Tif 2 


—, log p(n") + log (l-@gt Pn’) —P’) 


+ log gn’) +h’) log x 


mr oe em Oe ites 
uote (J) lj re ao og 9(9) 
log 25 7) nia} 
+3 1 {log +a+0'W)-2") 
n’=1 


+log (1+q—p’”)}=0, (10) 


1d Nill ANA RCS OP at 1 Sige 
If we denote by fo’, po'(n’); Do’, Do '(n’”) re- 
spectively the values of p’, p'(m’); Bb’, Dp’ (n”) 
for the case of g=0 which satisfy Eqs. (9) 
and (10), by using the symmetrical property, 
we have 


“Po =Po” (=D), 


Do (n)=po''(n) (= Po(n)). 
n=1, 2, 3,-+*> 


(11) 
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Then, for the maximum configuration (giving 
the maximum value of log (Q,(T, Z, q).), the 
number of molecules forming the macro- 
molecular clusters decreases when the value 
of g in creases from zero. We denote by q, the 
value of g corresponding to the disappearance 
of macro-molecular clusters. When we assume 
that 9(n’), h(n’) are functions of ’, x, p’(m)/ 
l+q+p—p’, and 9(n’’), h(n’’) are functions 
of n’, x, pb’ (n/1—q4+p"—p’ (n=1, 2, 3,---), 
the solution of Eqs. (9) and (10) for q=rq, 
(02rZ]l1) is given by the following formulas 
as can be proved easily. 


(1/2)1—qi)=Do , 
P=14n)h, YP ) =(1+7r)p(), 
P'=1-—Nh, 0'(n')=(1—Np(n"), 
(12) 
Wg Ye ea, Fy Bus ooe, 


Generally, the clusters contributing to the 
value of log Q@,(T, Z, q) at the maximum rate 
are those of ’=1 (or n’’=1), and when the 
value of ’ (or m’’) increases, its rate decreases. 
We determine the maximum value 77’ (or m’’) 
of m (or n’’) from the maximum value of 
log QUT, LZ, Q))4:vcan; enn. When py(m)<1 
and g(n’), g(m’’), h(n’), hi’’) do not depend 
One (72) sep (Gun — 1h 23.) theron imullas 
to determine the values of 9’, 92’ are given 
from Eqs. (8), (9), (10), (11) and (12) by 


Hi) Le (3) 
{log (1+ po(271) —Po) —log (1—pp)} 
Pom) ™ fo(n) 
Sa 14 
== py) a ae ) 
Bee Haa(l+ pon esos log ee. 
m+1 


Pol +1)" Polm) 
d —py)” n=1 n 


For the case where p’(m’) (or p’’(m’’)) are not 
very small compared with unity, one can also 
prove, that Eq. (13) holds and that the value 
of m, satisfying Eq. (13) does not depend on q 
(02q=q,). 
§ 3.2 

We shall denote by a (co) micro-molecular 
cluster the micro-cluster in which the number 
of molecules is so large that one may regard 
it as infinite. Similarly a (co) micro-hole 
cluster is defined. In a (co) micro-molecular 


a (14’) 
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cluster it is possible to realize all the possible 
molecular configurations in the cluster when 


the cluster is free from the surrounding ones. | 


Contrary to the above the configurations of a 
macro-molecular cluster are realized only at 


an infinitesimal rate against all the possible 
The same holds for (co) | 


ones in its cluster. 
micro-hole and macro-hole clusters. 


In the region of temperature T (or 2) in | 


which (co) micro-clusters give an effective 
contribution to the partition function, one 
must add the following term to the right-hand 
side of Eq. (8). 


—(1/n..)p'(n.) log p’ (2) 
+(1/no)\1l+q+Dp’ (%o)—p’’) 

x log (1+@+)'(n~)—p’’) 
—(1/n.\(1+q—p’) log 1+q—p") 
+(1/nNo)p’ (Mw) log J(No) +p’ (Mo)N(No) log 2 
—(1/n.)p’’ (Mn) log p’’ (Nea) 
+-(1/na\l—g+p” a)—p) 

x log (l—q+D’’(n-)—p’) 
—(Win-\i=—o—=p ) loot gn) 
+(1/2o)p (Mx) lOg g(I-x) 


+p" (Nx)hi(Neo) log x , (15) 


where ”. is the number of molecules in a 
(co) micro-cluster. As 2. is very large, the 
term (15) is given by 


(DP (Neo) +P” (Mee) Leola) , (15’) 


where 
Teo( 22) = (1/Mee) 1OZ JM) +N Neo) 1Og x . 
In Eq. (8), 


m’ n 


B= BPO) +E Oe) B= SPH +D 


When the temperature is very low (or zx is 
very small), /..(v) is generally negative and 
for the maximum configuration p’(..)= p’’ (me) 
=0 so that (co) clusters do not at ail con- 
tribute to the partition function. When the 
temperature becomes high (or 2 increases), 
I..(a@) increases generally and becomes positive 
at a definite temperature. When J..(x) is larger 
than a definite value, (co) micro-clusters con- 
tribute to the partition function in the value 
larger than those for (#2) micro-clusters in 
which # is larger than a definite number my. 
Generally, the lower limit x, of x satisfying 
this condition is slightly less than the value 
ve Of w corresponding to the critical tempera- 


| 
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ture. According to the numerical calculation 
which will be shown in Part II, x; is slightly 
larger than 0.41, where te=71/ 2 —1=0.41421. 

When we assume that g() and h(n) do not 
depend on f(z) (¢=1, 2,----), we have the 
following formula to determine the value of 
Wipe 

(1/maz){log (1+ po(z)—po) —log (1—Po)} 

= Poms) Leo(a) , (16) 
(1/(92+1)){log (1+ Poa, +1) — po) —log (1—pp)} 
<C Polat. +1) Lco(2°) (16’) 

§ 3.3 
Let us consider the case of B-type configu- 
ration composed of (Z/2)(1—q) molecules. We 
denote by Zp(7) and Lp(n)/n respectively the 
total number of molecules and the number of 
clusters belonging to (2) micro-molecular 
clusters (n=1, 2, 3,----, m). Similarly we 
denote by Zp(7..) the total number of mole- 
cules belonging to the group of (co) micro- 
clusters. 

From Eq. (2) the contribution of the mole- 
cular configuration mentioned above to the 
value of Q,(T, Z, q) is given by 


Q(T, Ib. Q)p: DPC); P(N eo) 
7 § Elm +p(n)—p)! 


n=l \(L/n)pin '(L/nyi—p )! 


x g(n)EPr/n srezvent 

X Y(MNeo PPM x)/ Meo gh (NeodIEP (Neo) J (17) 
where 9(7) and h(m) are defined in the same 
manner as those in §3.1, and 


p= —g)/2= & bn) +P(n~) 


By using the Stirling formula for the loga- 
rithm of Eq. (17), we have 


log (QUT, Z; @))a; n(n); p(n) 
= x S oa log p(n) 


n=1 
a log (1+ p(2)—p) 
pn) 


n 


—1—Piog (1—p) 4 Or” log y(n) 
N 


+pinyh(n) log ot 


+ Dna) log y(te.)-+ W(x) log »)| . 
(18) 
As the formulas to determine p(7) and p(1«) 
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which make log (Q(T, 7b Q)s: P(r); PCN) maxi- 
mum, we have 


—(1/n) log p(m)+(1/n) log (1+ p(n)— p) 
-+(1/n) log 9()+h(n) log a 


= id Dy D(2){(1/2)(0/0 p(n)) log 9(2) 
+log 2(0/0 p())h(z)} 
a > (1/é)(—log (1+ p(é)— p) + log (1—p))=0 


(Pay Bo Beco 56 5 aie (19) 


H(na)=(1—g/2—S, pl). 


Then the value of m giving the maximum 
configuration is determined from Eqs. (16) 
and (16’) (from Eqs. (14) and (14’) if p(n.) 
==) 
§ 3.4 

The value of Q,(T,Z,q) is given by the 
Summation over the contributions of all the 
possible configurations (belonging to A-type 
and B-type). We denote by Q,(T, Z, q))m the 
maximum value of the contributions of all 
the possible configurations. This maximum 
configuration belongs to A-type or B-type. 
Then the number of possible configurations 
belonging to A-type and B-type is given by 
(Z(1—q)/2)* from Eqs. (7) and (17), where c 
is of the order of the number of molecules of 
a (co) micro-molecular cluster and hence is 
very small compared with Z, but very large 
compared with unity. Therefore the relation 


log Q(T, VE, 7d) m= log Q(T, L, qd) 
Zc log (L(1—q)/2)+log (Q(T, L, @))m 


holds. In Part II we shall see that the value 
of log (Qi(T, Z, d))m is positive and of order 
L. Accordingly, if Z is of order 10', the 
relation 


log Q(T, L; q@)=log (Q(T, L, Q))m 


holds correctly. Thus we can determine the 
value of logQ@,(T,Z,q) by the contribu- 
tion of configuration giving maximum value 
in ones given by Eqs. (8) and (18). 
§ 3.5 

As stated in $3.1, the maximum configura- 
tion may belong to A-type for 0<|g|Z2q., 
but to B-type for |qg|=q. When g increases 
from zero, macro-molecular clusters disappear 
just at q=q,.. Then in the group of micro- 


(20) 
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molecular clusters, 9(7’), h(n’), I(x) are func- 
tions of »’, 2, p’(m/1+q+p’—p”) (n=l, 2, 
3,:-+-) and in the group of micro-hole clusters 
inside macro-molecular clusters, g(72’’), h(n’), 
T..(x) are functions of n’’, x, p’(m/U—qt+ pb” 
—p) (2=1, 2; 377->>) « Now, (@/2)l+-¢4- 77 
—p’’) is the number of lattice sites belonging 
to the group of micro-molecular clusters and 
(Z/2\1—q+p’’—p’) that belonging to the 
group of micro-hole clusters inside macro- 
molecular clusters. Therefore, we can cor- 
rectly prove from Eq. (8) by making use of 
Eqs. (12) and (13) that the value of Q,(T, Z, 
qg) is constant for |jgj|aq. 


§4. Equation of State 

Since we can assume the relation 

OT, L,N)=Q(T, LZ, M=(o(T,@)*, (21) 
for the large value of Z (for example, Z~10"), 
the equation of state of the system is given 


by the following expression from Eqs. (5) and 
(6). 


P=(kT/o) log o(T, g)+(kT 1—@)/c)(0/0q) 
xlog wo(T, q) , (22) 

and 

v=1/o=Lo/N=20/(1—@) , (23) 
where v is the specific volume per molecule. 
Particularly, as the value of Q,(T,Z,q) (or 
w(T,q)) is constant from §3.5 for |¢gjZq, 
the isotherm has the portion parallel to v- 
axis for the above range of gq. 


$5. Conclusion 


By the introduction of the idea of two types 
of molecular configurations, A- and B-types, 
we calculated the partition function of a lat- 
tice gas in the general form, in which we 
made clear the properties of phase transition 
physically. In Part II of this paper we shall 
numerically calculate the pressure and the 
densities (vapor and liquid) from the ‘general 
form obtained above. 


Ikuro SHIMOSE 


(Vol. 9, 


Acknowledgement 

The author is greatly indebted to Professor 
A. Harasima, Tokyo Institute of Technology, 
for his kind suggestions and valuable discus- | 
sions. 


References 


1) J. E. Mayer: J. Chem. Phys. 5 (1937) 67. 
J. E. Mayer and Ph. G. Ackermann: J. 
Chem. Phys. 5 (1937) 74. 


J. BE. Mayer and S. F. Harrison: J. Chem. 
Phys. 6 (1938) 87. 
S. F. Harrison and J. E. Mayer: J. Chem. 


Phys. 6 (1938) 101. 
2) B. Kahn and G. E. Uhlenbeck: Physica 5 
(1988) 399. 
38) M. Born and K. Fuchs: 
166 (1938) 391. 
4) §. Katsura and H. Fujita: J. Chem. Phys. 
19 (1951) 795; Prog. Theor. Phys. 6 (1951) 498. 
S. Ono: Prog. Theor. Phys. 8 (1952) 1. 
K. Ikeda: Busseiron Kenkyu (in Japanese) 
No. 57 (1952) 77 ; ibid. No. 65 (1953) 145 ; Abstract 
of Int. Conf. on Theor. Phys. Sec. B (1953) 38. 
5) L. Onsager: Phys. Rev. 65 (1944) 117. 
B. Kaufman: Phys. Rev. 76 (1949) 1232. 
7) Y. Nambu: Prog. Theor. Phys. 5 (1950) 1. 
C 
H 


Proc. Roy. Soc. A 


. N. Yang: Phys. Rev. 85 (1952) 808. 
. A. Bethe: Proc. Roy. Soc. A 150 (1935) 


R. H. Fowler and HE. A. Guggenheim: Proc. 
. Soe. A 174 (1940) 189. 

Y. Takagi: Proc. Phys. Math. Soc. Japan 
23 (1941) 44, 553; ibid. 24 (1942) 333; J. Phys. 
Soc. Japan 4 (1949) 99. 

J. G. Kirkwood: J. Chem. Phys. 6 (1988) 
70. ete. | 

10) S. Katsura: Busseiron Kenkyu (in Japa- | 
nese) No. 64 (1953) 39; Abstract of Int. Conf. on 
Theor. Phys. Sec. B (1958) 34. 

11) C. N. Yang and T. D. Lee: Phys. Rev. 87 | 
(1952) 404. 

T. D. Lee and C.N. Yang: Phys. Rev. 87 
(1952) 410. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 9, No. 4, JuULY—AUGUST. 1954 


Statistical Theory of Phase Transition. II 
Numerical Calculation for Lattice Gas 


By Ikuro SHIMOSE 
Faculty of Literature and Science, Yamaguchi University 
(Received October 30, 1953) 


Applying our theory derived in Part 1, we numerically calculate, 
in this paper, the pressure and the densities (vapor and liquid) at the 
transition point of a lattice gas (having a square lattice type) for 
some ranges of temperature (or some values of 2). Our values cal- 
culated from the molecular cluster method agree well with the exact 
values obtained by the matrix method. For small values of wx (for 
example, v=0.3 or T/T,=0.7321), the values of partition function are 
given as a function of g. The isotherm obtained from these values 
has the portion parallel to v-axis (corresponding to P=constant) and 
at both ends of this portion the derivatives of the isotherm are dis- 


continuous. 


Furthermore, we show that the system in question has 


qualitatively the above properties also for larger values of x (~<a). 


$1. Numerical Calculation of gin) and h(n) 


Though g(7) and f(z) (defined in §3.1 of 
Part IY) are generally functions of several 
variables as stated in §3.5 of Part I, we 
shall regard these as functions of the variable 
n only, by which is meant that a (m) cluster 
in question is free from the surrounding ones. 
In the estimation in this section we shall as- 
sume that the central molecule of the cluster 
is fixed at a definite site. We denote by g() 
and h,(m) respectively the values of g(m) and 
him) evaluated under the condition mentioned 
above. Though the numerical calculation of 
the values of g)(7) and h,(m) is generally dif- 
ficult, for small values of 2 we can estimate 
these quantities by counting directly. We 
estimated the values of g)(2), (1/z) log go(7) 
and jig(#t). for m=1, 2,----,-7 by the above 
method. These values obtained are listed in 
Table I. 


Table I 

nm go?) 1/n-log go(7) ho(n) 
il 1 0 4 

y 2 0.34657 3 

3 6 0.59725 2.44444 
4 19 0.73611 2.15789 
5 63 0.82863 1.98095 
6 212 0.89276 1.86478 
ite 710 0.93789 1.76419 


From the values in Table I, we see that 
the values of (1/7) log 9o(”) and h(#) are near- 
ly linear for 1/n (m=4, 5, 6, 7). Therefore 
we obtained the following relations from these 
values by the method of least square. 

(1/n) log go(m)=1.20626 —1.88228(1/2), (1) 

ho(m)=1.25361+3.62510(1/m). (2) 
In the numerical calculations in §3 we shall 
use the values of Table I for (1/7) log 9(m) and 
hin) with m=1, 2,----, 7 and use the values 
calculated from Eqs. (1) and (2) for those with 
nm larger than 7. 


§2. Exact Values of Pressure and Density 
at Transition Point 


Onsager», Kaufman) and Yang” obtained 
the exact values of the free energy and the 
spontaneous magnetization of an Ising system 
(having a square lattice type) for the case of 
no external magnetic field (by using the ma- 
trix method). Applying the above method to 
a lattice gas (having a square lattice type), 
we have the following exact relations as de- 
rived by Yang and Lee”. 


GM =log +2") 
Lee if 2 aan) pNL/2 
+—-\ log} —{1+ d—k?’ sin? ¢)'/?} | d@, 
27a 2 


(3) 
k,=4e(1—2*\(1+27)-?, 


(Og t(0r)s=1/o , 
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(40)¢=(01):—(00)t 
“ (: 1+-2)(1—62?+a aes 
4 (1—2?)? o 


, (4) 
where (P):, (09)s; (0r)s are respectively the 
values of pressure, densities of vapor and 
liquid phases at the transition point. In the 
subsequent section we shall denote by the 
term “exact value” the value calculated from 
Eq. (3) or (4). 


§3. Numerical Calculation of Parition 
Function, Pressure and Density 


(1) Case of Small Value of x 


Let us treat the case of low temperature 
T (<T,) or small value of « @<2-). In this 
section we shall use (1/2)logg (2) and hy(m) 
for the values of (1/2) log 9() and h(m) respec- 
tively. In the maximum configuration J..(2) 
is not effective to w(T,q) for small values of 
x so that we have p’(n~)= p’(m~)=0 in §3.2 
OM EarteL and pgs) =O0F me Eqn (pon ds) mor 
Part I. By making use of the formulas de- 
rived in Part I, we evaluated the values of 
the pressure (P), and the change of density 
(4p), on phase transition for z=0.2 (T/T.= 
0.5476) and «=0.3 (T/T -=0.7321), where from 
Eq. (23) in Part I 


(09): =(1—q,)/20 , (5) 
(01)e=(1+qi)/20 , (6) 
(Ao)t=(0c)t—(Og t= Qi/o . CHO: 


These values obtained are listed in Table II. 


Table II 


x T/T, (Peo [KT |\(P)i,¢0/KL| (Ap)e-o | (Apr, 0 


0.2 |0.5476| 0.0017 | 0.0017 | 0.9964 | 0.9962 
0.3 0.7321) 0.0094 | 0.0099 | 0.9754 0.9741 
0.41 (0.9885, 0.0453 | 0,0453 | 0.6907 0.6975 


(P),/kT:—the value of P/kT calculated by Eq. 
(22) in Part 1 at the transition point, 

(P);,2/kT:—the exact value of P/kT at the 
transition point, 

(Ap),:—the value of the change of density cal- 
culated by Eq. (7) on phase transition, 
(Ap)t,¢:—the exact value of the change of 

density on phase transition. 


Our values agree well with the exact values. 
Further, for such small values of x the values 
of p(n’), p(n’), p(n) defined in $3.1 and 
§3.3 of Part I (#’, n”, n=1, 2,----) are very 
small compared with unity. Therefore, by 
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making use of the values of (1/7) log y() and 
hin) mentioned above, we shall be able to 


make clear, qualitatively at least, the proper |} 


statistical properties for small values of 2. 
Accordingly we calculated, making use of the 
formulas derived in Part I, the values of © 
w(T,q), pressure P and density o (or specific 
volume v=1/o) as functions of g. For the 
case of «=0.3, the log w(T, g—q curve and 


on on 
0:010 \ o 0-010 
Logeo(t.4) 
0.005; 0.005 
0-000 0-000 


-100 -0-:98 +098 +1:00 


G $ 


Fig. 1. log w(7,q)—q eurve 
atior— Ose TON S215) 


O’: log (1, q)=0.0094, g= +0.9754, 
O'': log o(T, q)=0.0094, q= — 0.9754. 
0-02 A 
_Po- 
RT 
0-01 ye 
N\ 
B 
D 
0-00!» L 
GC if 2 s 80 Ye) 100 No 


Vo 
P/kT—®o eurve at 2=0.3 (/P,=0-732)) 
B: PofkT=0.0094, v/o=1.012, 
C: Po/kT=0.0094, v/o=81.50. 


Bigs 2; 


the P—v diagram are given in Fig. 1 and 
Fig. 2 respectively. We see that, from the 
result of estimation, the type of configuration 
giving maximum contribution to w(T, q) is A- 
type for |q|2q@, B-type for |q|=q., and two 
maximum contributions for configurations of 


1954) 


A- and B-types coincide with at Woah eave 
where the calculated value of gq: for z=0.3 is 
0.9754. Further we see that the value of 
o(T, q) is constant for |g|<q; and decreases 
when |q| increases from q,. As stated in 
§3.5 of Part I, the relation of constancy of 
o(T, q) for |q| <q holds independently of the 
approximate assumption for (1/7) log g() and 
h(n). Therefore, we see from §4 of Part I 
that the B—C part of the isotherm in Fig. 2 
is parallel to v-axis (corresponding to P= 
constant) and at two points B and C the 
derivatives of the isotherm are discontinuous. 


(2) Case of Large Value of x 

When z is large, it is not correct to assume 
that (1/2) log g(7) and hi) are functions of 
the variable » only, because each molecular 
(or hole) cluster is affected by the surrounding 
molecular (or hole) clusters. However, for 
Simplicity, in this section we shall use for 
the values of (1/2) log gi) and him) those of 
(1/) (log 9o(7) —(1/n) log 2) and h,(7) respective- 
ly. In Table II the values of (P)./RT, (4p); 
are given which were evaluated by making 
use of the above approximate values of (1/7) 
x log g(m) and h(n) for x=0.41. These values 
agree well with the exact values. Now we 
shall determine the value of J..(2) under the 
following conditions: 

(i) Z..(x) is linear for log z, 

Giy ¢g,—U0, for z—2,. (using.for ~, the. exact 
value }/ 2 —1=0.41421) and q,>0 for r<ae, 

(iii) for a definite value of z (>a) the pres- 
sure P calculated from Eq. (22) in Part I 
agrees with the exact value at g=0. 
We can derive the following properties by as- 
suming the above approximation. For v2e, 
the same relations as those for small x given 
in §3 (1) hold also for the case of large x. 
For w>2z., the type of configuration giving 
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maximum contribution to the value of w(T, q) 
is B-type for every value of g, and the value 
of w(T, g) increases when |q| decreases from 
1 to zero and becomes maximum at q=0. 
Therefore, a phase transition does not occur in 
x >a. Particularly, the property that the 
value of log w(T, g) is constant for |g|2q, as 
stated in §3.5 of Part I, hold independently 
of the approximate assumption for (1/7) log g(7) 
and him). Accordingly, for large x (#Zae) 
we can derive, qualitatively at least, the 
singularity of the equation of state from the 
value of partition function by making use of 
$4 in Part IL. 


$4. Conclusion 


By making use of the formulas derived in 
Part I from the point of view of molecular 
clusters, we numerically calculated the values 
of partition function as a function of g. Then 
the singularity of the equation of state was 
derived from the above values of partition 
function. 
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On the Variational Calculation of the Activation 


Energy of Dislocation 


By Akira SUGIYAMA 


Nagoya Technical College 
(Received December 17, 1953) 


The formulae of the activation energy of a dislocation trapped 
in potential trough are solved by variational method, which relates 
closely to usual Lagrangean form in analytical dynamics. 'To compare 
them with the approximate solution of Cottrel’s, numerical calcula- 
tions are carried out in the particular case where the anchored force 


is due to the interaction with Cottrel’s atmosphere. 


Consequently, 


the elegant agreement between the observed and Cottrel’s approximate 


solution is lost. 


$1. Introduction 


Cottrel and Bilby’? regarded a yield phe- 
nomenon as the break-down of the anchored 
dislocation by the external stress supported 
by thermal fluctuation energy. The dislocation 
is anchored by imperfections in crystal, say, 
holes, impure atoms surrounding the disloca- 
tion (so-called Cottrel’s atmosphere), the other 
dislocation, the assembly of the dislocations 
(grain boundary) etc. To develope this ground 
idea definitely, Cottrel and Bilby assumed as 
follow ; first, the potential is the interaction 
energy of the Cottrel’s atmosphere ; secondly, 
this interaction can be calculated from the 
classical elastic theory, taking no account of 
the fact that strains round the dislocation are 
too large to be treated by it; thirdly self- 
energy of dislocation per unit length is con- 
stant in spite of the appearance of screw 
component; finally, the activation energy is 
calculated by the approximate methods to 
avoid the apparent difficulty of mathematics. 

In spite of these approximation, the calcu- 
lated activation energy agrees too good with 
the experimental curve of the dependency of 
the yield points of poly-crystalline iron on the 
temperature by McAdam and Mebs”, then 
we have some questions whether the agree- 
ment is accidental, and are interested in how 
each stage of approximations effects on the 
results. 

In this paper standing on the same ground 
idea as Cottrel’s, the third and final approaches 
are examined by attempting to calculate 


on rigorous variational treatment and take 
account of the variations of self-energy of 
dislocation. To make the comparison clear, 
whole process is carried out in pararell to 
that of Cottrel. 

This problem shows a typical feature of the 
activation energy, that is the suddle point 
energy (maximum point in minimum line). 


§2. The Variational Calculus for the Acti- 
vation Energy 


As for a edge dislocation in rest under no 
external stress, we take z-axis along the dis- 
location line, a-axis the slip direction, there- 
fore the origin is in potential rough (Fig. 
la). Now we assume that the interaction of 
dislocation with the imperfections is uniform 
along z-axis (this assumption may be valid in 
the case of uniform distribution of the impure 
atoms along z-axis—Cottrel’s atmosphere—or 
pararell dislocations), then the potential energy 
of the dislocation per unit length is simply 
Viz), where x is the position of centre of 
dislocation. 

When the external stress o is applied to 
this dislocation forward +2 direction, assum- 
ing that the active planes are inclined at 7/4 
to the external stress axis, we must add the 
interaction energy with this stress (it is clear 
that this is uniform type) 


—tiox , (cS 
where 4 is the length of Burger’s vector. 


Then total potential energy of the disloca- 
tion per unit length is 
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F(2)=V(a)—shox . 2) 
Then, the position of dislocation in rest 
moves into that of the quasi-stable x, where 


F(x) takes the minimum. So the energy to 
translate the unit length of this dislocation 
rigidly from 2; to 2 is 

Ff (a)=F(®)— F(a). (SR) 


With the increase of the value of 2, first 
f(a) increases, and soon reaches to the max- 
imum value at 2», then decreases for larger 
x (Fig. 1b). Usually, the energy correspond- 
ing to this potential barrier f(z») is called as 
the activation energy, and a dislocation pro- 
vided with enough energy to exceed this criti- 
cal energy can move freely and cause the 
yield phenomenon. This energy, however, 
too great to be provided with the thermal 
energy, and Cottrel and Bilby showed the 
mechanism in which, taking the deformablity 
of dislocation into account, the dislocation 
provided with even much smaller energy can 
escape from this potential trough in the form 
of rather the appropriate looped shape than 
straight. 

The excited energy (a) to bring the point 
of the dislocation to a given point on z-axis 
w=a, is the total energy difference between 
the looped form 2(z) and the straight form 
x=2,. The energy difference of the element 
dz between the looped and the straight dis- 
location consists of two parts; the one is that 
of potential energy difference f(x)dz mentioned 
above, the other is that of line energy as 
follows. 

The variation of the line energy is also 
composed of two terms, the one is the increase 
of line length, the other is the diminission of 
the self-energy of dislocation due to the ap- 
pearrance of the screw component. If the 
unit length of the edge dislocation becomes 
the composed dislocation with the angle ¥ to 
slip direction, the variation of the line energy 
per unit length g(p) is 

y p)= W P)V1+p?— WO) 


=W(O0){w(p)Wi+p?—-l}, (4) 

w( p)=W(p)/W(0)=1—v cos? ?, (5) 
ee ae 6 
ieee tan(} ), (6) 
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Fig. 1. a,b,e: (a); the shape of looped disloca- 
tion provided with excess energy. (b); the 
form of potential when o/oy=0 and o/op=0.5. 
(c); total exited energy as function of param- 
eter a@ when o/o)=0.5. 


where vy is Poisson ratio, W(0), W(p) are the 
self-energy of edge, composed dislocation, re- 
spectively. 

Now, (qa) is the integral 


Ba=\" {Ft p)}dz, (7) 


here, it is required that the looped form 2(z) 
should be chosen so as to minimize the E(a) 
under the boundary condition that z=0, «=a; 
Euler Equ. for this 
variational problem is easily integrated 
DI (Df (@)+YD}=Hh, (8) 

where the integral constant h is required to 
be zero by the boundary condition. It is 


noted that, for small values of p, 9() reduces 
to 


Zoro, r—>n,, p-0. 


HK p)=4W (0) 1—2y)p? . (9) 

In this case, variation of line energy is pro- 
portional to the square of the gradient, so 
corresponds to the kinetic energy in analytical 
dynamics regarding z as time ¢. Then Equs. 
(7), (8) correspond to Lagrangean function and 
energy integral, respectively. 

From Equ. (8) we can determine the form 
x(z) and energy 
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Ba)=\" pa(p)-de=2\" {9 hee 
: . (10) 
= WO): See ee (1+ el 
TAPS | Mae eee 
(11) 


As a becomes larger, the value of E(a) 
first becomes larger, but reaches to the max- 
imum value U at a=xz,, and then decreases 
to negative value catastrophically (Fig. Ic). 
U is essentially the activation energy, namely 
minimum energy as for the form 2(z) and 
maximum value as for parameter a. Extreme 
values of E(a@) are obtained for the @=2, x, 
etc. where g’(p), i.e. , should be zero, so 
they are the roots of f(#)=0. From the 
definition, it is clear that 2, is one of 
roots and in fact, 2 gives the minimum of 
E(«:), say zero. Then, the next root 2, gives 
the maximum, 

U=Btw,)=2| *{—9' (py}de , 


en ( 


(12) 


where 


TO af a ese 


(13) 


§3. The Particular Case: Cottre’s Atmos- 


phere 


To carry out the calculation definitely, we 
take the V(z) as the same form as the Cott- 
rel’s 


A ahp 
V(2)= Vee) = — — ——_ ; 
@=Vda)=— 
where A is the constant which represents the 
strength of the interaction, and op is the dis- 
tance between the row of the impure (carbon) 
atoms and the centres of the dislocation. In 


(14) 
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A, W(0), 4, p, etc. as Cottrel’s. These values 
are given in Table I. 

For convenience, we transform the variables 
to dimensionless quantities 


a _ 1 _ WO)ro 
&=— , e— 0 ; t Q= A ’ 
jp lB A Norn tay ae 
0 20? ’ 0 2 ’ 
3Vv 3/2 
oF 8 (“) | 
(15) 


Now Equs. (12), (2) based on (14), and (4) 
are transformed to 


U=BE)=U0\” O{-7 (p)yaE , (16) 
a eg OS P..{ .octes 
F() fea pariga 
2B €ENEHS) 
CEE! yoshi ai cele 
= HP) vp” \ as 
i(D)= eee ja Vite 1, (18) 


Then, we can calculate numerically in three 
cases ; 

i) w(p)=1w~=0); this is the same as the 
Cottrel’s third assumption. Here the solution, 


fo) ge eee 
=0,-\" VF(E2Q—-FE)}AE 
=U): L(a/6),@), ( TS 

Particularly, for the case f(E)/2Q<1 (allow- 
able except the case 3 and the region for too 
small o/o9), the integral in (I) is simplified to 
elliptic integral, 

2) 


U= Uoy20|” VIE) dE=UiV2Q- Io/00) 


following, we assume the same values for CTE 
Table I. The appropriate values of constants. 
(borrowed from Cottrel and Bilby) 

Case il 2 3 4 
W(0) (e.v. per atomic plane) 5.0 5.0 1.0 1.0 
A (erg. cm) 3.0 x 10-20 3.0 10-21 3.0 10-20 3.0x10-21 
Q 5.338 53.38 1.0667 10.667 
Up (e.v.) 1.51 0.151 1.51 0.151 
oy (dyne. em~2) 15.84 x 1010 1.584 x 1010 15.84 x 1910 1.584 x 1010 


In all cases, 0=2 A, A=2.48 A.. 


This is, the same result as calculated from 
the approximate formula (9) for 9p), then 
we can regard p as enough small to be ap- 
proximated by (9) when f/2Q<1. The values 
of K(a/oo) are given in Table II. 


Table II. The values of Io(o/Up). 
oo | I)(o/09) 
0.1 | 9.201 
0.2 | 4.044 
0.3 | 2.315 
0.4 | 1.452 
0.5 0.936 
0.6 0.597 
0.7 0.356 
0.8 0.187 
0.9 0.069 
1.0 0.000 


ii) Cottrel’s approach; they approximated 
the loop by the triangle of which height is 
Ym—2x, and angle ¥ is chosen to minimize the 
total energy (Fig. la), then obtained the solu- 
tion J-(a/o),@) (Fig. 4, 5). 

iii) General case; w(p)=1—v» cos? g(vy=0.3) 


(i |" OlVIaaF (1—v(l +a) }dE 
= U,: £(a/0,9, v) , 


ere. 1 ah aa oe (II) 


also for f(£)/2Q<1 , (III) reduces to 
U=oV 2Q(0 —2y) (4/90) - 


Fig. 2 shows the ratios of the exact solutions 
(1) and (IID) to simplified (II) and (IV), respec- 
tively, the full and dotted lines are the ratios 
F(e/00,@)/V2Q L(o/o0) and 

T,(4/0,9,»)/V 2Q (1—2v)ho(4/00) - Q@=1.066, 
10.66 are taken for the reason of the latter is 
case 4 that is considered as the most appro- 
priate, the former is the case 3 where the 
approximation would be expected most wrong. 
Wecan concluded that (II) and (IV) are good 
approximation for cases except too small 
values of a/oy. 

Fig. 3 shows the absolute values of U in e.v., 
based on (III) for cases 1, 2, 3 and 4. In 
Fig. 4, curves 1, 2 and 3 are the activation 
energies calculated from (J), (III) and Cottrel’s, 
respectively. Cottrell’s is the smallest. This 


(IV) 


- correspondence remains for all other cases 1, 


2 and 3 in almost similar relation. 
Finally, Fig. 5 shows the experiments of 
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0.2 0.4 0-6 0-8 We) 
Yas 


Fig. 2. Ratios of the exact solution to the ap- 
proximate, the full and dotted lines are 
T/V2Qlo Iz/V2Q(—2v)Jo, respectively, for 
Q=1.066. 10.66 and v=0.3. 


20 


Activation Energy U m eV 


Yo 


Fig. 3. Activation energies calculated from (III) 
for various cases 1, 2, 3 and 4, respectively. 


yield points for various temperatures and the 
calculated activation energies so chosen as to 
be fitted at 195°K, curve 1 from the approxi- 
mate solution of Cottrel’s and curve 2 from 
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Activation Energy U in ev 
ine) 


Fig. 4. Activation energies calculated from (I), 
(III) and Cottrel’s, for curve 1, 2 and 3 
respectively. 


08 


o2 


° 100 200 300 400 
T° 


Fig. 5. Comparison with the experiments; the 
circles are obtained by McAdam and Mebs, 
eurves 1, 2 are calculated from Cottrel’s and 
variational method, respectively. 


the more accurate solution (II). Then, the 
beautiful agreements of Cottrel’s is lost for 
higher approximation. An attempt to take 


Akira SUGIYAMA 
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(IV) for more appropriate value of QM or the 
modulated curve by Yokobori’s theory® of 
yield phenomenon from activation energy 
instead of (II) itself can not correct this large 
disagreement. 

The reason why the higher approximation 
deviates from the experimental curve would 
be; first, the form V.(2) is based on the elastic 
theory for too larger strains to be treated by 
it; secondly, the experimental value are ob- 
tained for the poly-crystalline specimens where 
it is not certain whether the potential trough 
is caused by the impure (carbon) atoms or the 
grain boundary ; thirdly, the assumption that 
the potential trough is uniform, say V=V(a), 
is also not certain*?, and the form of V= V(a,z) 
would be more appropriate, then we lost the 
simplified integral of Euler’s Equ. (8), where 
the problem corresponds to that of non-con- 
servative in analytical dynamics. 

The inverse problem that is to choose the 
appropriate form of V(a) so as to agree with the 
given curve of activation energy is a kind of 
very difficult integral equations. 

In conclusion, I wish to thank to Assist. 
Prof. R. R. Hashiguchi, in Tokyo Univ. for 
his encouragement in this work and to Mr. 
S. Inagaki and Mr. A. Iguchi for their assis- 
tance in numerical integration. 
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A method of treating the zero point vibration of a molecular crystal 
of lighter elements, in which the vibrational amplitude is fairly large 
but the anharmonicity is small, is described. This consists of employ- 
ing the Ritz variational method, assuming the wave function of the 
same form as that for an assembly of harmonic oscillators. The cor- 
relation between the positions of the molecules can be taken into 
account to some extent by this method. Two approximate methods 
are employed; one is essentially the usual method of supposing a 
harmonic vibrational potential and the other the method of supposing 
an anharmonic potential. Numerical calculations are carried out for 
solid neon, and reasonable results are obtained. 


In the molecular crystal of lighter elements 
the zero-point vibration plays an important 
role. The usual method of treating the 
lattice vibrations as an assembly of harmonic 
oscillators is not adequate for instance for 
solid He, H, and D., since in these cases the 
mass of the molecules is small, their dis- 
placements are large, and hence the inter- 
molecular potential cannot be considered as 
parabolic. This particularity has been con- 
sidered by some authors?” by the method of 
the cage model for calculating the cohesive 
energy of these crystals. In the present 
paper, we shall develop another method of 
treating the zero-point vibration in which we 
take care to some extent of the correlation 
between the positions of the molecules. This 
method applies, however, only when the an- 
harmonicity is small, as in the crystal of Ne. 

Let us consider for a moment the ground 
state of an assembly of harmonic oscillators 
in order to investigate the correlation between 
the positions of the molecules. The ground 
state is described by the wave function 


Y ocexp{—(a quadratic form 
of the displacements of the molecules)}. 


In the case of one-dimension, the probability 
distribution function |¥|?.contains in general 
a factor of the form exp(amm,), where a is a 
parameter (which we will assume to be 


positive) and #, and zw, are the displacements 
of the first and second molecules respective- 
ly. This factor makes the motions of the 
neighbouring molecules into opposite direc- 
tions unfavourable but those in the same 
direction favourable. In the present paper, 
we assume the same wave function as above 
but not necessarly assume a quadratic form 
for the potential energy. The calculation is 
performed by the Ritz variational method, 
assuming the coefficients of the above quad- 
ratic form as the variational parameters. 
An intermolecular potential of the central 
force type ¥(7) is assumed and two approxi- 
mate methods are employed. The _ face- 
centered cubic lattice is treated, and the 
theory is applied to the crystal of neon. 


§2. The Method 


In the system of N molecules, the Hamil- 
tonian H and the energy of the ground state 
E can be written as 


{2 
H=— > P?+ e(\re—rel) , 


Dah Fi s>t 


b=07|..| peanpar, dfn , 


c=|...[ pear; dry. 


(1) 


Suppose that the s-th molecule vibrates in the 
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neighbourhood of the lattice point Rs. Writ- contain undetermined parameters. Assuming 
ing its displacement from the lattice point that As, vanishes when s and ¢ are not 


Rs as us (Us=fs—Rs), we have for ¥ nearest neighbours and _ considering the 
? =exp{— Di (us-Ast-tts)} . aS symmetry of the crystal, the remaining As,’s 
st ‘ 


are shown to be of the forms” 
As,’s are three-dimensional metrices which 


OOO 
Ay=|0 a 0 
Or Oe. 
—f 0 .0 6 1-10 dy Oulauh ia sinsdekiesacea aE 
: 0 —d -r : 0 O-7., : -6 O-r 
= 0 —B 0 , = ——) ea ff 0 “/ ard ) pei 0 ¢ 
Aj} ay 0 —7 Ax 0 0 —B Ais) 0) 0 —B 


Ass are the same irrespectively of s and are Inorder to calculate the potential energy 
denoted as Ay and those As; for which the 

relative positions between the s-th and f¢-th B= 0-1 3 o(ln—r PL? deny dee, 
molecules are the same as those between the (6) 


central and z-th molecules in Fig. 1 are put — . : 
it is necessary to know the functional form 


of -y(7). Two approximate methods will be 
considered for this purpose. 

Method A. This method is essentially the 
same as the usual method of supposing 
harmonic oscillations and consists in expand- 
ing U= 21 0 rs—Tel) into a power series of 

$s 


uw in the neighbourhood of the position uw=0 
and in neglecting the terms higher than the 
second power of uw. This does not necessari- 
ly mean that we are dealing with a small 
oscillation in the neighbourhood of the 
Site ME MARE RE tes ame aite minimun of the total potential energy. We 
reason. We have therefore four parameters oat Spe ren Se EL eee esi >, a 
Cen: given patamaciey ane we shall later determine 

Tired cual tenaaeia ns aN Man eacion cli ie the equilibrium lattice constant by taking the 
whose elements consist of the elements of al) ‘™)7470™ of total epersiny hen cme elraie 
the As,;’s and as A the determinant of A,we U= >) ¢(|\7rs—m|)= S ¢(|Rstus—R:—u:|) 
easily express the normalization constant and ai 10% ai | 


the kinetic energy as follows; =0+—— S (.- Cade 
: 7, st 


(7) 


c=|..[in lau, ss thy (nf2yprm Ans, In the term quadratic in ws, the coeffecients 


(4) Cs,’s have the same symmetry as As;’s and 
a2 are given as 
=c-t|...[pe{— (He /2m) > |Wdte---dy 
=(h?/2m) trace A=(h?/2m)3Na. (5) 
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(or +22) 0 0 aon 0 0 
To % 
ee Oe Cc I c 1 g’ 
iB Wetihun-al ere) cit ipl sia) Ee isi ea ia ete) 
‘ To C; 2 ae Yo 2 ¥ To ‘ 
0 0 a(or-+ 2°) 9 —2 (” £) per (75) 
Yo 2 To 2; To 
; (8) 
iene 0 0 
70 
C2) if yg if gy’ 
ze ae 0 = gy” 3 gy’ : 
Cs) 2 ( a 5) 2 ( a re 
Lefeys ee i yg’ 
0 al (tc / vr i 
| 2 ( 7) 2 (° zn 
Here the suffices 0,1, 2,---12 have the same _ to the face-centered cubic lattice. We write 


meaning as in As:’s, and ¢’ and ¢” are the 
first and second derivatives of g(7) at r=1%, 7% 


being the distance between the nearest 
neighbours. 
Using the expressions (7), E&, becomes 
el on trace(CA-1), (9) 


where A! is the inverse matrix of A. In 
carrying out the calculation of trace(CA™}), 
it is convenient to transform C’ and A into 
simpler forms by a unity matrix 


1 
iS Sis SS Se 

( j) VN 

where 1 is the three-dimensional unit matrix 
and o,(¢=1, ---, N) the wave vectors contain- 


ed in the first Brillouin zone that corresponds 


-exp (2z20;-R5) , 


g 
Yo 


St —( 0+ 2 \ it +") 
0 


T=S CS, A=S AS« 
The elements of J” and A are zero except for 
the three-dimensional diagonal parts, i.e., 
V'=(1130:5), A=(Ais6r3), where 1,3 and Adj are 
the three-dimensional matrices. Therefore 
we obtain 


trace (CA-1)=Strace (MA -) 
N 
a = trace (Ags) . 
=1 


Accordingly; the calculation of the trace is 
reduced to a three-dimensional matrix calculus. 
The summation over z can be replaced by an 
integration over the first Brillouin zone. In 
this way we obtain trace (CA~!) as a function 
of the variational parameters a, B,7,0. Fv 
and A, are given as follows: 


a (*” = is 
To 


jg —(#/ 2 \ Kr (e+ pte eH, — (0) AK) 
To Yo Yo No 
(0-2) (02K 
To To 
-(¢” VK 
To 
le , (10) 
Xo 
(+28 Ie pera (v" 28 ae" Ky) 
To To % 
a—2BK,+ —27(K,+ +K3*) —20K;37 —20K.7 
Aiu= —20K37 a—2BK,*—27(K3*+14*) —20K,7 (11) 
—260K,7 —20K,~ a—2B8K;* —27(Ki*+K,*) 
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= l, ds ue } 
UG =cos ( ny) C0842 N; —x-)f 4 


Ife 1 if 
K;* =cos (27,3) szcos2n( wan nal ; 
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KG" SOS (2n,:) zcos{2n( + — 7) ; 
where 
2 Li, Nx ee a k 
= ee <p 
aie es ee sat 
N,N,N3=N 


(Sz, R=1,2,3, are the reciprocal 
lattice vectors). 


Method B. We express the function (7) 

approximately in the form 
C, exp (—Ar?)—C, exp (— y7”) . 

For this potential the integration of (6) can be 
performed. The numerical values of C,, C,, 
A and yz in Table I for neon gives in the 
range 2.8 AX7v<4.5 A a good approximation 
to the potential determined by Kane from the 
heat of sublimation and the equilibrium 
lattice constant (Fig. 2). Kane took in his 


Table I. 
Cy, erg | Cy, erg | A A-? | p A-2 
2.358-10-12 | 1.805-10-14 0.749 | 0.1235 


E.=@)— Nz {C, exp (—An?) —C, exp(— 47%?) }4 


2 


5.0 


oe) 


Pry ( to Fe 


4 
S 


Fig. 2. Comparison of our approximate po- 
tential (-~--) with that determined by Kane 
(—). 


calculation the zero-point vibration into ac- 
count using the Debye model. A simple cal- 
culation gives the total potential energy in 
the form 


010203 


010203 


sore 1/2 
Z A EN SEEN 


x exp {—A7”03/(03 + 2)} —Cy f 


where we have neglected those terms which 
arise from the pairs of molecules separated 
by a distance greater than that between 
second neighbours. z is the number of the 
nearest neighbours (g=12), and 1, 02 and 03 
are connected with the elements of A7! by 


Q@; the zz-elements of (A-)py , 

D; the yy-elements of (A-}), , 
B; the xz-elements of (A7-}), . 
F; the yz-elements of (A7-}) . 


Q, B,--- etc. can be calculated by use of 
Ai, defined by (11) to 


(r+ 102+) (03+) 


ibe exp {— 479" 03/(03 + 4)} | (12) 


Q=aNr = (Ace) + Ate oz + (A es )38] , 
se tes 
are: 2lCAa At +(Aiim oo Ko 
+(Act71)33 4637] , 
1 N 
arin =a 1) (AQ* + K3*) 
+(A tt })o0(K3* +.Ky*) 
+(Ait~*)33 4 * + Ke*)] , 
lane 
1s 6N Zl4aue A + (A te )oo he 
+(Avi*)33f37] « 


(14) 


The summations are taken over o; contained 
in the first Brillouin zone. 
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$3. Further Simplification and the Results for the Solid Neon 
We apply the above results to the solid neon w 
ith certain furth 
fea urther simplifying mathematical 
w Method A. We assume AixC, (¢=1, 2, -++, 12). Then the parameters given by (3) 
are reduced to three a, 8’, 7’ and Ai’s are expressed as 


iii Q 
Ayp=|0 a Ol], 
Oy FORA ce 
ihn pA ids le Ad Tf Te 8 8s Sin oat uh aA Oo Gian 
Poise eT AB hes i ee ees 0 —p’ ee 
way —BY =F Pg 0 7 —p’ i =(7’=p)0 —y’ 
A, 43 fo" Dati ae As 1 ae Pe eat Ay sf P oe ; 
Anj- 2 aiyet P= (dag tmmee oo , =S17—-8o =r’ 
an Pen Oey Mee 2120 0 —g | Aw 21% 0 —@ 


(15) 


Further, we expand trace (I%j:Ai:~1) into a double power series of (@’/a) and (7’/a@) and 
neglect the terms higher than second order. In fact, the numerical values of (8’/a@) and 
(y’/@) turn out to be about 5x10-? and 1x10~-!, respectively, in the case of neon at the 
equilibrium state. Finally, minimizing E with respect to a@, §’,7’, or solving 0E/Oa=0, 
OE/Op’=0, 0E/dr’=0, we obtain 

E={h?|(2m)}3N(G/2)2+p , 


coors) a(er—a2)(8) ae (2), afer ant) 2) 
ay To Asm Asin a 
— (2407 +32" —\(#) @k + (1807 +26 Nea 
a m re a m 
49(307 +4 Se (v"—2" Nise 13 val 
(5) = uh To Ve io: (16) 
i (70412 at ee = a(30” +4 shes 
Yo To 


aCe <2 20 ae tay re’ (1974 220 ph 
(3) o~ - i 
a m ye / © g 
(79 eh £\(90413 ie 4(3044" ) 
Ti To 


(ii) Method B We assume A«C,,-;,, (%m is defined by %’(7m)=0). Then, only one para- 
meter a@ is left and we have 


i, Wn ell, 
Ay=|0 a Ou, 


Om SOc 
Oe Oe) ie WM —a (0 -—a 
A 1 Ac if A 1 17 
Ai} = 410 -a —a|; oe —a “| Ahad OMOF-O | ue 
i 0 —a —a a 0 a-—-—a : —a(0 -a 
neler Ore A idaae <a 0 A 1[ mae @ 0 
A ape 0 | ape g[ ae mee ; als a —aQdl, 
» a 0-a “ O 0 0 a2 Opes Odel) 
1, 02 and 3 are proportional to a, i.e. (13) and (14). In order to evaluate o,° and 


02°, the summations in (14) are replaced by 
integrations over the first Brillous zone which 
is replaced by the sphere of the same volume. 


Mi=p'a, P2=—°%, p3=a (18) 
where 9:2 and o,° are numerical constant 
independent of a, as can be seen from (11), 
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The integrands are expanded into surface 
harmonics of the cubic symmetry. In general, 
when a function F(7, 0, %) has the cubic sym- 
metry, it can be expanded as 
F=F(r)+FiN¥ (0, 9)+ Fer) Yo(O, 9)+-:-; 
(19’) 
where Y, and Y¢ have the cubic symmetry. 
Neglecting higher terms, we have” 
\ Fdo=“ (10F(, 0, 0)+16F(r, 2/2, 7/4) 
: +9F(7, cos“/j/3), 2/4], (19) 


where © is the whole solid angle. Therefore, 
if we replace the summation in 


meals 


3N > [a(Aie™ rae ieee ea, 1) 33] 


=5 210Q(4:) : 


E={h?/(2m)}3Na+@o— 
Nz 


In this method, we calculate the minimum 
value of & numerically at each given volume. 
The intermolecular potential used is either 


(a> oa) =4e[@*/7)P— G7), 
€=48.82-10-“ erg , 
P=214A., & mA) 
or 
(b)? (7) =(0.968 e-7/9:348 


. —0.1402/7°)-10-“ erg . 

The corresponding @ is given by 

(a)? = @=[1297/7?—3.622/7°]- 10" erg 

(b)?® @=[34.97 exp(—r/0.345) 

x(1+2 exp {—(// 2 —1)7/0.345} 

+2 exp {—(// 3 —1)r/0.345} 
+ -++)—6.105/7°]-10¥ erg . 
The results are shown in Fig. 3 and Table I. 

In Table II the values enclosed by paren- 


theses are those which are calculated by a 
further assumption that (EY 9" =O), Ore 


or (Wy 

“Ao=(0 a (0), Ac=[0] (Gal ves, 12 
ORO Mr 

(22) 

This corresponds to assume Einstein’s model, 
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(N2z/2){C, exp (—27y”)— C, exp (— 14%”) } 


3 Ci xf ee 
Z | ate en J 
-G} 01°p2°at 
(pat 1)(p2° atywl(atp) 


CVolng; 


by the corresponding. integration 


over the | 
sphere, we have 


aQ=| |Paere, 6, v)o*dodw 
Q 
mae 5 10} aQ’(a, 0, 0)a%do 
0 
+16(” aQ"(o, 2/2, 2/4) ode 
0 


+9\" aQ(o, cos“"(1/1/ 3), nid)o%da | 
(20) 


aB,aD and aF can be treated in a similar | 
manner. In this way, numerical values of | 
01° and p,° can be found, and the results are © 


0;°=0.7535,, p2°=0.6924 . 
Finally, we obtain from (5), (12), and (17). 


1/2 
exp {—Ary?a/(a+A)} 


pe 
exp{—antaliatay |. Qi) 
Table II. 
Poten- | mike 
tial Method m A Rilo: =\").@" eis 
pairs , Joule/mol) 
S12 1.87 57.4 
(a) = (3.12) | (4.85) | (9) 
A 3.16 190) 53 
(3.17) (1. 88) (54) 
iy Li aS 
B Big liz 1.86 57 
(3.19) (1. 85) (56) 
Papinaeal eee How Te [ 
Valueoal a2 1.87 64 
in which each molecule is supposed to vibrate 


independently of the others, 7 in this table 
is the distance between the nearest neigh- 
bours at the minimum of the total energy, 
—E the heat of sublimation, and @ the Debye - 
characteristic temperature calculated by as- 
suming that the zero-point energy of the 
system (i.e., H—@ ) is equal to that of the 
Debye model ((9/8)RQ). 

The potential (b) was evaluated by Kane 
from the heat of sublimation and the lattice 
constant. The above results for —E and 
agree well with those used by him in estimat- 


1954) 


ing 9(7). In Table II values for @ calculated 
from (b) lie below experimental one 64K. 
Kane obtained also a lower value 52.7°K for 
@ from the potential (b). 


Oo 
“4 
3 -1.0 
=) 
°o 
to 
ae 
“a 
~~ 
20 
w 
Potential (a) 
Fig. 3 (i). @ Experimental value, 


I Calculated by the method A. 


wane Yo (A) 
e 
£ 
=~ 
6 
> 
°o 
bh 
° 
a ui 
we . 7 

= I 

2.0 
Lu 

Potential (b) 

Fig. 3 Gi). @ Experimental value, 


II Calculated by the method A, 
III Calculated by the method B. 


§4. Discussion 


We may conclude that the zéro-point vibra- 
tion of the crystal of neon is almost des- 
cribable by that of an assembly of harmonic 
oscillators. The difference between the cal- 
culated values of the total energy by the 
method A (essentially harmonic) and by the 
method B (including the anharmonicity) 
amounts only to about 2 per-cent of the total 
energy. Moreover, we see that the vibration 
is not far from that given by Einstein model. 
This make in particular the second simplifica- 
tion in the method A valid. 

In general, if we suppose a quadratic form 
of the potential (1/2) = (us-Cs:-U,) and trans- 
form it toa diagonal matrix D by a unitary 
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matrix T. 
D=() 0) he Ch. 

then, we are easily led to 

A={m2/(2h)}TFT-: , 
where F is defined by F=(D,!/26,;). 

m!2D),1/?/(27) 

is the frequency of the z-th normal modes. 
Since, in our cases, we employed the varia- 
tional method and did not necessarily suppose 
a quadratic form of the potential, the equation 
(23) is not necessarily valid.. But it is plau- 
sible to use it in order to simplify A, retain- 
ing adequate undetermined parameters in C;;’s 
and calculating F approximately. From this 
point of view, our simplifications (16) and (17) 
correspond to assuming 

F=(D(}3/6;,3)=const.(D;6;5) , 


LPR =const: BD ims =const.@m 


Since the exact equality in these equations 
holds only in Einstein’s model in which all 
normal modes are supposed to have the same 
frequency, our simplified A can be of good 
approximate forms when the deviation from 
Einstein’s model is small. 

In the present method, the equilibrium 
lattice constant was determined by minimiz- 
ing the total energy. By doing so, we could 
explain what may be called the expansion by 
the zero point vibration. Indeed, the zero 
point energy of the neon crystal occupies a 
considerably large part (ahout 27%) of the 
total energy and a considerable increase of 7% 
as compared with that determined classically 
by minimizing @) was obtained (See Fig. 3). 

The writers wish to express their cordial 
thanks to Prof. Nagamiya of Osaka University 
for his continual interest and helpful advices. 


(23) 
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An integral representation of the density matrix of a free rotator 


is obtained by the use of the Fourier transformation. 


The general 


term of the high temperature expansion for the partition function is 


also obtained. 


§1. Introduction 


There are several methods in obtaining a 
high temperature expansion for the partition 
function of a rigid free rotator in connection 
with the rotational specific heats of diatomic 
molecules. One of them is to resort to the 
theorem of residues of a function of a com- 
plex variable.» Another is to use the Euler- 
MacLaurin summation formula.” In this 
article, integral representations of the density 
matrix, as well as the partion function, are 
obtained by the method of Fourier transforma- 
tion, and the general term of a high tempera- 
ture expansion for the partition function is 
obtained. As for the partition function the 
result is identical to that of Mulholland”, 
however, the method adopted here is simpler 
than that of him, and also applicable to the 
density matrix. 


§ 2. 


Apart from the electronic motions and nu- 
clear spin a diatomic molecule can have no 
angular momentum about the axis through 
the two nuclei. Thus the correct model for 
its rotational motion is the rigid rotator with- 
out axial spin. The motion of the center of 
mass separates and can therefore, be ignored 
here: 


An Integral Representation 


Let A be the tranverse moment of inertia of 
the molecule, and @, ¢ the ususal spherical polar 
coordinates of its axis. Then the conjugate 
momenta poe, ps are given by 


po=ab, ps=Asin? 0d, (2.1) 
and the classical energy equation is 
(2A) ~}(po?+ po2/sin? 0) =. (2.2) 


The corresponding equation of Schrédinger is — 


2 2 
1 9 (sino 2%) 1 0% 822A 


pees ee : é€¢=0. 
sind 00 06 sin’? 0¢? =? 


The possible values of the energy are 


&:=(h?/8n?A)1(i+1), (2 =0, 1, 2,----), 
(2.4) 
and the corresponding eigen functions are the 
21+1 spherical harmonics of order /: 
27+1 ce 
$1,m(I, 6)=| —— - Soe 
Ue ee (+|m|\)! 
m=-—I, —1+1, ---J—1, 1. 
(2.5) 
The density matrix of the rigid free rotator 
is thus given by 


x P;"(cos Ayeime : 


3 2l+1 U—|\m))! 


kn OY NG HS )= >» Ronda pe ||)! 


x Py" (cos 05) Pi™(cos O)e~ im Cho- 4) 


x eric eee | ¥ 


2.6 
872A eo) 


where 
B=WRTE 
By use of the well known addition theorem 
for the spherical harmonics, the summation 


with respect to can be carried out, and we 
have 


Zo, $019, 6; B)= SI? 
1=0 7 
xexp [—ol7+1)]Pi(cos xr) , (2.7) 
where 
o=Bh?/87r°A , 
and 


cos Y=COS 9, cOS 8+sin A) sin 0 cos (6— gp) . 


The partition function of the rotator is then 
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given by putting 0=0,, d=), i.e., r=0, and 
intergrating over all possible 6 and ¢, and we 
have 


2 


Za=\ 


0 


‘|; 20, 610, 6; B)dbdd 
0 


= ¥ (4 Der s+n, (2.8) 
1=0 

In evaluating the integral (2.8) we paid no 
attention to symmetry with respect to the 
two nuclei. In molecules with two different 
nuclei (hetero-nuclear molecules), there is no 
need to do so. As is well known, in the case 
of molecules containing two identical nuclei 
(homonuclear molecules) on the other hand, 
it is necessary to calculate the following 
partition functions: 


Ze(o)=— dy. (l+1je~ V+» , (2.9) 
1=0,2,4, «+++ 

Zi) sae ae ta meee (2.10) 
1=1,3,5,°*+* 


We shall mainly concern ourselves with a 
mathematical problem of evaluating the above 
given density matrix or the partition func- 
tions, at higher temperature, i.e., for smaller 
values of the parameter o. 

By noting well known property of a Fourier 
transformation of the normal distribution,” 


which is given by 


1 


er 2/2 \- e~(w/2D+tuedy | (2.11) 
Dspe\ Ves 
we have 
en ee os 
T J—wo 
exp [—u?+7201?u-+2i10/*ul|ldu. (2.12) 


If we define a function of a complex variable 
z (o, J are both real and positive) 


Ff (2) 


it has no singularities on the total complex 
plane, so it is easily shown that the path of 
integration can be changed as follows:* 


=exp[—2?+7201/z+2io/2l], (2.13) 


er/4 cotiz 
Cart Da f(z)dz, (2.14) 
73/2 -ortle 
where € is any positive number. Thus the 


general term of the density matrix (2.7) can 
be represented as 
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(21-+1)e-24'+D P, (cos 7) 


0 
zis ; J ar, eee JPicos r) 


1 e7/4[ O (ete , 
oo ods AL BIN yl O42 [Pacos 7) 


2ie7/* copie 
a (x o)i/? 


ZF @)P (cos 7)d2. 
(Qe 
Substituting from (2.15) into (2.7), we have 


—oo+i2 


Zz ter/* oo +i We 
6;7)=— a aaa 
Ma"s 6 Fanart 4 exp (—2?+761/2z) 
x S! exp (2701/221)P,(cos y)dz , 

(2.16) 


where the term by term integration is changed 
into an integral of an absolutely convergent 
series of continuous functions, since if we put 


(2.17) 


then the absolute value of ¢ is always less 
than unity on the total path of integration, 
because the number € is a positive number. 
Actually, by the well known formula, we have 


exp (22612) =7, 


> EPA (cOs-7) (= 22,.c08, 774-72)" 2/25 42 ale 
(2.18) 


Introducing this into (2.16), we have an inte- 
gral representation for the density matrix of 


a rigid free rotator 
HOS 


cote 
"9773/2 g1/2 mas 


(1—2t cos 7 +2?)71!/"dz . 


AGS T= zexp (—2?+701/2z) 


(2.19) 


§3. The High Temperature Expansion 
for the Partition Function 


The partion function is obtained as the trace 
of the density matrix (2.19). Actually, we 
put +=0, and integrate over all values of 0 
and ¢, and we obtain 


el) 


AD Faas [gt ssi, Sin (o/22) 


a/4 footie U2 2 
e \ cVaZ exp Si is 


This is an integral representation for the 
partition function. Now we want to obtain a 


high temperature (small o) expansion formula 


= Lhe father appreciates cee with Mr. 
S. Nagata, as a result of which he noticed the 
Sins of the change of path of integration. 


ATA 


for the partition function. For this purpose 
we expand the function z#/sin w into a power 
series of # as follows:” 


co 2n—-1 
wwe (2 


—1) 
i — Ei. mae 
sin u (2m)! ‘ 


(3.2) 


r=1 
where B,, is the 2-th Bernoulli number. Sub- 
stituting from (3.2) into (3.1) and integrating 
term by term, we have 


eol/t ee (22-1 


(2)! 


) B. Bo" | 


This is a high temperature expansion for the 


Zo)= 


Tg 


mi 


x exp (—2?)dz 

a/4 PY Gee 
= ies 3 

oO 


1) B, aa | 


—oo+is 


Q2n- a (3.3) 


partition function of a rotator. 
Similarly we can obtain the expressions for 
ZAo) and Z(o). From (2.14), we have 
‘ evs cote 
exp —o (4? +2/)= ou 


-ootie 


xexp[—2?+701/?z+4ioi/zl]dz. (3.4) 


Then by the same procedure as above, we 
obtain 


? ? co+ig 
ZA) es Qgni/ va fiorl| 


—oco+ig 


zexp (—2?+20'/%z) 


Sy 5) 
1—exp (4¢01/2z) os 


Employing the method of partial fractions and 
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discarding the integrands which are odd func- 
tions of z we obtain finally 


is elt code 1072 exp (— —z*) 
a= 2 wave Bye sin o}/2z wag oe 
=o). (3.6) 


Therefore in the limit of small o we have 


ZA) = Zo(o)=(1/2)Z(a) . (3.7) 


§4, Concluding Remark 


A formula of the Fourier transformation 
of the normal distribution was applied to the 
evaluation of the partition function of a rigid 
rotator. In spite of its usefulness in the 
theory of the system of interacting diatomic 
molecules, the closed form of the density 
matrix of a free rotator is not yet obtained. 
To obtain such a formula the integral repre- 
sentation (2.19) seems to be useful. 
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The ordered state in the gold-copper alloy of the atomic ratio 1 to 1 
was investigated by electron diffraction with well orientated thin films. 
Below 340°C the pattern corresponded with a tetragonal superlattice the 
c axis of which is distributed into three original cubie axes, while 
above 360°C sharp crosses appeared at some of the positions of super- 
lattice reflection, being accompanied with subsidiary maxima, and at 
the same time regularly spaced satellites arose around normal reflec- 
tions, especially, conspicuously around the incident beam position. 
The former phenomenon could be clearly interpreted by antiphase 
domains which occur in the tetragonal superlattice and which lead to 
the orthorhombic CuAu II structure, and the latter which was firstly 
found by this experiment proved that a definite expansion of lattice 
appears periodically in each boundary of antiphase domains, due to the 
asymmetrical distribution of gold and copper atoms at this place and 
to the tetragonality. Among the satellites around normal spots, only 
those around the direct spot are thought to be fundamental and those 
around the other normal spots arise from the secondary elastic scat- 
tering peculiar to electron diffraction and are the mere repetitions of 
the fundamental satellites. Thus, the lattice of CuAu II possesses the 
inherent defect of lattice which has hither-to been overlooked. The 
transitional region between CuAu II and the cubic phase in the equilib- 
rium diagram was also studied, the composition of films being varied 
in the vicinity of 1 to 1, and it was concluded that the two phases 
surely coexist as in case of CoPt. 


$1. Introduction 


A gold-copper alloy of the atomic ratio 1 
to 1 is of a tetragonal lattice in an ordered 
state, but at high temperatures below the 
critical point, an orthorhombic phase (CuAu 
II) appears as indicated in the X-ray study 
by Johansson and Linde”. According to them, 
this orthorhombic phase is nothing but the 
tetragonal lattice in which regularly spaced 
“out of step” arises at special atomic planes. 
An ordering manner in the alloy Cu,Au has 
been investigated by various workers in 
Europe”, U.S.A. and Japan, theoretically 
or experimentally. Especially, Guinier and 
Griffoul?-' found diffuse crosses at the posi- 
tions of superlattice reflection in their X-ray 
photographs of incompletely ordered specimens 
of single crystal and attributed them to the 
“out-of-step” structure occurring at the {100} 
planes in the ordered regions. Raether’~” 
also studied the ordering process of Cu,;Au, 
especially by electron diffraction in thin, well 


orientated films, and inquired in detail into 
the dimension of the antiphase domain, with 
the results that this dimension is not definite- 
ly defined, and that, it increases as the tem- 
perature approaches to the critical point, so 
that crosses and doublets become _indistin- 
guishable from sharp spots. 

We encounter, on the other hand, a different 
condition in the case of the ordered CuAu; i.e., 
antiphase domains of definite size exist in this 
alloy in an appropriate temperature range. If 
it is so and when we deal with single crystals, 
diffraction spots at the positions of superlattice 
reflection should be sharp and distinct, which 
may promise valuable informations about the 
ordering state. We already” studied, by elec- 
tron diffraction, a new superlattice belonging 
to the gold-copper system, Au,Cu, in the state 
of evaporated alloy film of polycrystal and 
proved such a study to be able to add some 


* A short note concerning this work has been 
published in Acta Crystallographica 5 (1952) 848. 
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informations to the order-disorder problem of 
alloy. The first purpose of the present study 
is to carry out a detailed investigation on the 
ordered state of CuAu, especially on CuAu 
II, using well orientated alloy films, i-e., in 
a simpler crystalline state. 

The transitional region between the ordered 
and the disordered states near the atomic 
composition 1 to 1 in the equilibrium diagram 
is the second object of the examination, be 
cause the direct evidence of the coexistence 
of the two phases in the gold-copper system 
has not yet been given by X-ray studies, 
though Haughton and Payne® concluded it 
from the change in electrical resistance. Such 
a coexistence has been reported by Newkirk 
et al. in their X-ray study of CoPt, which 
behaves itself almost like CuAu. From a 
thermodynamical viewpoint, it will be inter- 
esting to confirm such a coexistence in the 
latter alloy. 


es - 
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Fig. 1. The double film of gold and copper 
prepared by the method (a). Inner spots 
belong to the gold lattice, outer ones to the 
copper lattice respectively. Around each spot 
belonging to gold and also around the central 
spot are visible extra spots arising from the 
secondary diffraction due to the gold layer, 
into which beams diffracted initially by the 
copper layer enter as the incident ones. 


We must be of course careful in applying 
the results obtained for thin films to the bulk 
metals and alloys, but examining former 
works of the same kind, we can know the 
fact that the electron diffraction study on thin 
films generally gives correct results, provided 
that attention was paid to peculiar properties 
of films, e.g. such as those concerning their 
submicroscopical, patchlike structure. It can 
give sometimes even a more precise informa- 
tion about problems of metals and alloys than 
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X-rays. 


§ 2. Experimental Method 
(1) Preparation of alloy films 

Alloy films are prepared usually by evapo- 
ration of alloys of a definite composition. In 
our study, however, different methods were 
used. They are itemized into the following 
three: 

(a) A well orientated gold film was first 
formed by evaporation on a cloven surface of 
rocksalt heated at 400°C after preheated at 
500°C, and copper was successively evaporated 
on it at room temperature. After being 
detached from the substratum, this composite 
film revealed, in its transmission pattern, the 
orientation of the copper layer following that 
of the underlying gold layer in a considerably 
precise manner (Fig. 1). This film was an- 
nealed at 320 or 330°C for several hours in 
order to be homogenized. 


(b) Gold and copper were evaporated at 
the same time onto a cloven surface of rock- 
salt heated at 400°C, and the film was slowly 
cooled. This process was sufficient to make 
the diffusion, and consequently the homogeni- 
zation, active, and an orientated, highly order- 
ed alloy film was obtained without further 
heating process. 


(c) The preparation of polycrystalline films 
was also required under a certain circum- 
stance. Gold and copper were successively 
evaporated and condensed on cloven surfaces 
of rocksalt at room temperature. After de- 
tachment the homogenization was carried out 
at 500~690°C. 

In every case mentioned above, metals to 
be evaporated were fine wires (drawn into 
0.1~0.2 mm in dia.) which were laid in a 
small tungsten coil. The quantities of metals 
to be evaporated, known easily from the wire 
length, were determined so as to result in 
alloy films of proper thicknesses of 300~400A 
having required atomic compositions. 
method (a) or (b) gave essentially the same 
results with respect to the ordering phenomena, 
though there was a slight difference in the 
crystallographical orientation due to the dif- 
ferent thermal treatment. The former method 
was somewhat superior in elucidating the 
ordering process developing in an extended 
range of temperature. 
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Thermal treatment 


(2) 
In the present work, the thermal treatment 
Was carried out in a highly evacuated copper 
tube as described in Fig. 2. A film supporter 
of nickel C was fixed to a small copper holder 
B, and a thermocouple D was put close to C. 
B was tightly placed at the bottom of the 
copper tube A. As all diffraction patterns 
were recorded after quenching, the 
rapid quenching was very important 
and was carried out by pouring water 
rapidly onto the copper tube immediate- 
ly after removal of an electric furnace. 
It is desirable that the observation of 
diffraction patterns at high tem- 
peratures is performed in a high tem- 
perature camera, but our results 
obtained by the above procedure seemed 
to be almost valid below the critical 
point, as they were self-consistent. 
Raether?-® also reported that, below about 
400°C, results in Cu;Au obtained by the quench- 
ing outside the camera were not different from 
those directly observed at high temperatures. 
The thermal treatment outside the diffraction 
chamber is excellent in that the temperature 
of specimen can be accurately measured be- 
cause of a long region of uniform temperature. 
The heating duration was about 3 hr. at low- 
er temperatures (up to 350°C), which seemed 
to be sufficient to attain the equilibrium state 
of ordering. Concerning the heating duration 
at higher temperatures, details will be des- 
cribed in § 3-(3). 
(3) 
The atomic composition of alloy films was 
determined from the lattice constant of the 
cubic phase (Fig. 3) quenched at the disorder- 
ed state; the relation between the lattice con- 
stant and the composition in the gold-copper 
system® was used. In Fig. 3, some weak, 
diffuse superlattice reflections are visible, 
which unavoidably appear as a result of the 
very quick nuclear formation of the CuAu 
superlattice, but they did not seem to leave 
a serious influence in the estimation of com- 
position. The determined compositions were 
in discord with those planned beforehand, 
ji.e., the atomic percentage of the gold com- 
ponent was usually diminished by about 2 
per cent. The discrepancy of such an order 
also existed in Cu;Au films formed by eva- 
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poration of the alloy?-. Our method of film 
preparation seemed to be more convenient 
than the usual method, as alloy films of dif- 
ferent compositions can easily be formed 
without preparation of bulk alloys. 

Under the following conditions the electron 


diffraction photographs were taken: the ac- 
celerating voltage for electron, 50 KV; the 
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Electric furnace 


the heat-treatment. 
nickel 


Fig. 2. The device for 
A: copper tube, B: copper holder, C: 
supporter and D: thermocouple. 
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Fig. 3. The cubic phase quenched at the dis- 
ordered state. (faint superlattice spots are 
visible.) 


camera length, 505 mm; the standard speci- 
men for measuring wave-length, an evaporated 


gold film. 


§3. Results and Discussions 
Gold contents of examined alloy films ranged 
from 40 to 55 per cent. Various aspects of 
diffraction patterns of some films, which were 
heated up step by step from lower tempera- 
ture to the critical point, and their interpre- 
tations will be described below. 
(1) Behaviour of the 50 per cent alloy film 
This film was prepared by the method (a) 
and exhibited the tetragonal symmetry (c/a~ 
0.92) immediately after being homogenized at 
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330°C. The pattern at 340°C is shown in 
Fig. 4. This figure is not so simple as it 
looks, because the c axis distributed in the 


three directions of the original cubic axes. 
At 350°C (Fig. 5) some of superlattice reflec- 
tions became diffuse and spread, and at 360°C 
(Fig. 6) they were converted to crosses. At 
the same time appeared four new spots around 
the incident beam position and each of the 
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Fig. 4. The tetragonal phase quenched at 
340°C (CuAu I). 
a * * 
 ~ _s ‘ 
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¥ ¥ 
Fig. 5. The same sample as in Fig. 4 quenched 


at 350°C. (110), spots become diffuse. 
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Fig. 6. The same sample as in Fig. 4 quenched 
at 360°C (CuAu I+CuAu II). Diffuse spots 
turn to clear crosses. (Satellites around the 
central spot and normal spots are unfortunate- 
ly too faint to be reproduced in this figure.) 
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normal reflections. The crosses at the super- | 
lattice reflection positions became sharp and i 
intense at 370° as well as 380°C (Fig. 7), be- | 
ing accompanied with four satellites around | 
each. The satellites around the central spot | 
became intense and clearly visible at this © 
stage and the four second satellites also ap- | 
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Fig. 7. The same sample as in Fig. 4 quenched 
at 380°C (CuAu II). Crosses consisting of 
four spots become sharp and strong, being 
accompanied with satellites. Satellites are 
visible around the normal spots, especially 
clearly around the central spot. 
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Fig. 8. The explanation of Fig. 7. The spots 
(hkl), belong to a set in which the ¢ axis is 
perpendicular to the film surface; the spots 
(hkl)/j;, and (hkl), belong to the other two 
sets in which the ¢ axes are lying in this 
surface. 
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peared. At the latter temperature faded away 
the intensity of the central part of the crosses 
and, consequently, these become to consist of 
four clear spots. The aspect of the pattern 
did not almost change with the subsequent 
heating up to about 400°C, but the intensities 
of the superlattice reflections were somewhat 
diminished near the critical temperature, at 
which the crosses disappeared, though the 
weak, diffuse spots remained due to the in- 
complete quenching (Fig. 3). The satellites 
around the normal reflections also changed 
into diffuse, weak spots near the critical tem- 
perature and vanished when the phase changes 


| to cubic. 
Now, we shall elucidate the nature of the 


pattern, in which the crosses arose and in which 
the satellites appeared around different kinds 
of diffraction spot. For this purpose we will 


' take Fig. 7 as a representative pattern, using 
| Fig. 8 as an explanatory figure. First, in 
this figure should be watched three kinds of 
mark for the indices of diffraction spot, which 
suggest that the original uniform orientation 
of the cubic lattice splitted into three orien- 
tations of the tetragonal one, in one of them 
the c axis being perpendicular to the film 
surface (1 set) and in the other two the c 
axis lying in this surface (//1 and //2 set). 
Such a distributing manner of the c¢ axis pro- 
bably corresponds to that in Fig. 9 which 
Harker»? deduced from his microscopic as well 
as X-ray study. To minimize the local stress 
produced by the generation of nuclei of the 
tetragonal phase in the cubic lattice, the 
necessary condition seems to be that the new 
lattice appears with such thin (111) layers 
that the directions of the ¢ axis in neighbour- 
ing regions must be perpendicular to each 
other as the tetragonal lattice is contracted 
along the direction of the ¢ axis. 

Next, the considerations will be put on the 
crosses and the satellites. The most intense 
crosses are seen in the {110} positions of the 
original cubic system and all crosses belong 
to the | set. The separation of two opposite 
spots in a cross is equal to the distance be- 
tween one of them and its satellite. The 
central spot and its first and second satellites 
are spaced along one direction with an equal 
distance which is also equal to the separation 
in a cross (the same holds for the other nor- 


Hlectron Diffraction Study on the Ordered Alloy CuAu 


479 


mal reflections). Their separation value seems 
as if they arise from reflections due to planes 
having the spacing 5a. Crosses similar to 
those obtained by us have been observed in 
the X-ray study of Cu,;Au by Guinier and 
Griffoul?-' as well as of CoPt by Newkirk 
et al.,‘% and in the electron diffraction study 
of Cu;Au by Raether?-. Among them, the 
observation by Newkirk et al. concerned the 
normal reflections and their crosses were 
considered to have an origin different from 
that in the present case. The interpretation 
for the origin of the crosses, as well as its 
separation, was given in Cu;Au by Guinier 
and Griffoul and more exactly by Raether. 
We will subsequently explain the peculiar 
diffraction pattern of CuAu, i.e., the crosses 
and, especially, the satellites around normal 
reflections which have hitherto never been 
observed by electron diffraction, considering 


Fig. 9. The distributing manner of the ¢ axis 
in the ordered CuAu. @, @ and © represent 
the directions of the ¢ axis. (This figure is 
quoted from D. Harker’s report.) 


the existence of “out-of-step” in the ordered 
region. This was already concluded in the 
X-ray study of CuAu by Johansson and Linde 
and was treated theoretically by MacGillavry 
and Strijk?-» and also by Wilson?-'? in the 
problem of Cu;Au. 
(2) Structure of CuAu IT 

In the ordered lattice of CuAu, gold and 
copper atoms are distributed as illustrated in 
Fig. 10a. It is supposed that “out-of-step” 
occurs in the x direction with a period Lz= 
Ma. We assume that N.Z;z is a total length 
of the coherent region in this direction. An 
asymmetrical distribution of gold and copper 
atoms exists in the “out-of-step” region. We 
shall consider the equilibrium of each atom 
in the atomic plane A in Fig. 10b. The 
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forces exerted on it by the first nearest neigh- 
bours in the yz plane are balanced, but those 
in the xy and wz planes are not. If the at- 
traction acts between the different kinds of 
atom and the repulsion between the same 
kind of atom, the resultant exerted by the first 
nearest neigbhours in the xy plane, fi, points 
to the right, i.e., to the positive x direction. 
On the other hand, the resultant exerted by 
those in the az plane, f,, points to the nega- 
tive « direction. In the present lattice c/a is 
about 0.92, and hence the first nearest neigh- 
bours in the wz plane are situated slightly 
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Fig. 10. The ordered lattice of CuAu containing anti- 
© and @ represent 
a: the model 
b: the fine struc- 
ture in the boundary between antiphase domains. 


phase domains in the a direction. 
the gold and copper atoms respectively. 
suggested by Johansson and Linde. 


nearer to the concerned atom than those in 
the xy plane, that is, the nearest neighbours 
are divided into two groups. Accordingly, 
|f2| may be slightly greater than | f;|, so 
that the resultant pointing to the negative x 
direction may be exerted on each atom in the 
A plane. In the same way the resultant 
pointing to the positive x direction is exerted 
on each atom in the B plane. Thus, the 
repulsion acts between the two atomic planes. 
While, the second nearest neighbours, of 
which only those lying in the «# direction 
should be considered, act to oppose to this 
repulsion. The distance between A and B 
may be expected to be elongated, as the first 
nearest neighbours have the larger influence 
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than the second ones. 


the neighbouring atomic distances. 
however, neglected, because, e.g., if we con- 
sider each atom in the next atomic plane left, 
of A, its first nearest neighbours distribute | 
symmetrically and only the small resultant | 


due to its second nearest neighbours remains | 
there. The equilibrium position corresponding 
to AB=a/2+6-a must exist, because the re- 
pulsion due to the first nearest neighbours is | 
greatly influenced by this elongation, whereas | 
the attraction due to the second ones is less | 

influenced owing to the larger dis- | 
the lattice defect | 
may possibly exist in each boun- | 
The | 


tance. Thus, 
dary of antiphase domains. 
elongation d-a@ may be calculated 
if the expressions for the niter- 


gold-gold, copper-copper and gold- 
copper are exactly given as a 
function of distance. The exact 
estimation of 6 by means of such 
a calculation, however, seems to 
be difficult, because this value is 
expected to be considerably small. 
On the other hand, we can for- 
tunately determine it from the 
pattern of electron and X-ray 
diffraction, as described below. 
In the calculation of the 
structure amplitude we consider 
only such a lattice that N,M unit 
cells of CuAu I are lined up in the 
x direction, “out-of-step” occurring 
in each distance Ma. The absolute 


magnitude of the structure amplitude for 
this lattice |S} is 


|S] = | {Bu +Eau exp (ni(Ax+Ay)) 
+ Eou exp (zi(Ay+ Az)) 
+ Eou exp (xt(Az+Azx)} 
_sinzMAz  sinzN.{(M+6)Az—(Ay+Az)/2} 
sin zAz 


a 
G, Gy’ 

(a9 
where & is the atomic scattering factor for 
electron, Av, Ay and Az are continuous vari- 
ables in the reciprocal lattice, (Ay+Az)/2 isa 
phase difference produced by “out-of-step” and 
M-+0 is a new period introduced due to the 


Of course, this dis- | 
turbance exists not only in AB but also in 
This is, } 


atomic forces corresponding to. 


sin m{(M-+ 6)Ax—(Ay+Az)/2} |’ 
—=ea______[_—_—— 
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lattice defect. If N. is far greater than M, 
positions of the maxima of the Laue function 
G=G,-G,' is determined by those of Gy’. As 
Gy, has to be considered in the reciprocal lat- 
tice contracted in the x direction in proportion 
to M/(M-+ 6), each maximum of |S] is situated 
as if it arises from a crystal lattice having an 
elongated lattice constant a(1+6/M) in the x 
direction. According to the careful examina- 
tion of positions of the normal spots (202) 7/3 
and (202)//. in Fig. 7, belonging to the sets 
in which the c axes are lying in the film sur- 
face, they are situated slightly asymmetrically 
to each other, with respect to the direction 
passing through (220); and the direct spot, 
which means that the direction in which anti- 
phase domains are lined up is distributed in 
the film surface unequally in the two // sets. 
It was assumed that this direction lies in the 
surface for the one set and is perpendicular 
to the surface for the other set, and the 
measurement of these asymmetrical positions 
resulted roughly in 6/M=0.004~0.005. This 
value should be calculated also from the 
width of the normal spot belonging to the 
1 set, e.g., (220)., which must show a slight 
elongation perpendicular to the radial direction 
due to the different a values. This width is, 
however, so small that the measurement gave 
no significant value. The lattice spacing can 
be, in general, more accurately measured in 
the X-ray method than in the electron dif- 
fraction method, and we found that 6/M had 
already been measured in the X-ray study by 
Johansson and Linde. They reported, on the 
basis of the slight break-up of some diffrac- 
tion lines, that the true rhombic symmetry 
exists in the lattice of CuAu II and a,/ay= 
1+6/M is 1.003. We shall adopt this value 
and apply it to the estimation of intensities 
of satellites, as described later. 

Now, we shall examine in detail Eq. (1) for 
the following two cases. 

i) Normal reflection. In this case h, k and 
Z are unmixed, and if the positions A,={M/ 
(M+6)}h+6&,, Ay=k and A,=/ are considered, 
(A,+A,)/2 is an integer and |S| becomes 


|S} = |2(Esu+Eou) cos 2 ee are, 


M+6 
Biriee EA Ae situa 0) Aa 
Sire Aah ci MBA Aes 


(2) 
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G,’ has its maxima at A,=(Mh-+n)/\(M+6), 
where 7 is 0, +1, +2,----, andif NSM, the 
same holds for |S|. ‘Thus, we can easily 
understand the apparition of the satellites of 
normal reflection in the same way as “ghost” 
due to a periodic error in an optical grating.* 
The maximum values of |S| at positions of 
satellites, neglecting hd/(M+6) against n/(M 
+0), are given by 


Ria | 2N.(Eau-+Eou) cos 


sin z(n/M) 


_sin z(h+n/M)6 | 


sin z(h+n/M)6 
sin (zn/2M) 


a | ING Eis + Eon) 
(3) 


ii) Superlattice reflection. In this case h, 
k and J are mixed and it is easily known 
from Eq. (1) that |S| vanishes if k and k are 
mixed. If hk and & are unmixed, for the 
positions A,={M/(M+6)}h+é&, Ay=k and 
A,=l1, A,+A, is an odd integer and |S|_be- 
comes 


| S| =|2(44u—Eou) cos ae ne, 


_ sin zN.{(M+ 0)Az 32h 
sin z{(M+0)A,—1/2} | 


; sin zMA, 
sin 7A, 


(4) 


If NSM, |S| has its maxima at A,=(Mh+ 
m|2)/(M-+6), where m==1, +3,-:--. If Nis 
comparable with M, the maxima approach 
to the reciprocal lattice points. The maximum 
values of |S| are 


* Daniel and Lipson (Proc. Roy. Soc. A181 
(1943), 868; A 182 (1944), 378) have reported an 
unusual X-ray diffraction effect shown by the 
alloy Cu,FeNiz; when it is in the process of 
splitting up from one _ face-centred cubic 
structure into two. Before the formation of the 
intermediate tetragonal structures a state is 
formed in which each line of a powder photo- 
graph is accompanied by quite strong satellites. 
This effect was later confirmed by Hargreaves 
(Acta Cryst., 4 (1951) 801). The explanation by 
the above investigators was that the original 
cubic lattice is regularly deformed by the segrega- 
tion of the different atoms in such a way that 
there occurs in the lattice the sinusoidally or 
rectangularly periodic variation in lattice para- 
meter or atomic scattering factor. The satellites 
observed by us seem, however, to have a different 
origin from those observed by them for several 
reasons. 


UL 


| S| max== aN. (ELau—Ecu) Cos 4M 


sin z(7/2) 

“sin z(h-+-m/2M )| 
By sian AMAL, 
Ti PE ae ra ere (xm/4M ) 

(5) 

Here, the influence of 6 upon |S|max is negli- 
gible. Thus a doublet accompanied by sub- 
sidiary maxima occurs in the « direction in 
the reciprocal lattice. The same holds for 
the y direction if antiphase domains are lined 
up in this direction in other parts of crystal, 
but not for the z direction, because in the 
ordered structure of CuAu the (007) planes 
are occupied alternately by gold and copper 
atoms and in the corresponding direction anti- 
phase domains cannot exist. 


Table I. 
Wconic | 1 Temper- | m ye 
\M+d= \ Me eae 
per cent t | ature ‘2a AA 
| 5 | (superlattice (normal 
of gold | CC) | spots) spots) 
40 | 310 | 65.8 
20 | 5.8 
330 | 5.8 
340 | 5.6 
345 | 5.6 
350 | 5.6 
| 
46.5 | 870 5.4 
3885 Dao 
390 5.3 
| 3895 5.3 
= - | — —— ————S — 
~50 | 360 | 5. 5.0 
| 3r | 5.1 5.0 
| 880 isu 5.0 
~b0 370 5.4 5.3 
Ban Dao 5.2 
390 5.2 
400 5.1 5.1 
55 340 | 5.4 
350 | 5.4 
360 5.4 
370 5.3 
380 5.3 


The crosses in Fig. 7 are sharp and intense 
and their satellites are also sharp, and, there- 
fore, it is clear that N is considerably large 
and M is almost definite. Applying the for- 
mula to the case of large N, the measurement 
of the separation in the cross led to M5 in 
case of 1 to 1 composition. This value was 
also obtained from the spacing of the satel- 
lites of normal reflection, including the posi- 
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tion of incident beam. The detailed results — 


in various compositions and temperatures are 
shown in Table I, in which the value of M 
tends to increase towards 6 as the gold content 
departs from 50 per cent. Johansson and 


Linde obtained 2M=11 for alloys of 40 and | 
60 per cent gold. The value of M+éin Table } 


I seems to be somewhat larger than 5 in the 
1 to 1 composition, but the measurement of 
small distances is so inaccurate, 
value of 6 cannot be deduced from Table I. 
In Cu;Au, the spacing of “out-of-step” is not 
definite as shown by the diffuseness of cros- 
Sessa?) 
300°C and increases between 300 and 380°C 
as the temperature rises. In CuAu (1 to 1), 


on the other hand, the value M=5 is almost | 


constant between 360°C and the critical tem- 
perature. Therefore, we obtain d=0.003-M 
=0.015. The expansion of lattice at the 
boundary between antiphase domains is, ac- 
cordingly, about 0.06A. 

Now, we shall compare the calculated struc- 
ture amplitude with the observed intensity, 
using 

nme ae T= i 

2h? (sin 6/2)?’ 
where Ze is the nuclear charge and f is the 
atomic scattering factor for X-ray. For the 
satellites around the direct spot, Eq. (3) gives 
|S]@00)=2.2Nz and |S|(200)=1.2N2, sin 6/A 
being 0.026 for the former and 0.053 for the 
latter (we consider only the | set). For the 
first satellites (#2=3) of the cross, e.g., for 
(1%/10 10), Eq. (5) gives |S|(13/,)10)=8.4Ne, 
sin 6/4 being 0.21. The observed intensity of 
(7/500) is, however, greater than that of 
(1°/15 10). About the origin of this discrepan- 
cy may be thinkable the following: It is 
sure that E values at very small scattering 
angles are not correctly given by extrapolat- 
ing the f values for neutral atom to such an 
angular range. There are the atomic cores 


(6) 


that the | 


and M is 7~9 in average at about | 


of gold and copper atoms and the conduction - 


electron cloud in the lattice of the concerned 
alloy. & for ions is, in general, thought to 
be considerably different from that for neutral 
atoms at sin @/A<0.2. If the conduction elec- 
tron cloud is not so effective to the scattering 
factor, H4u+Ecou might become much larger 
in the range of such a very small angle on 
account of the contribution of the positively 
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ionized state of the atomic cores, than expect- 
ed for free neutral atoms. Or, if sucha dis- 
tortion in the valence electron shell as found 
in zinc oxide by Yearian™ and Lark-Horovitz!» 
exists in the present alloy, it would produce 
a comparatively small effect on f, but cause 
E to increase in the range of scattering angle, 
where Z and f are comparable, i.e., at a very 
small value of sin@/A. In the following, we 
suppose that from some of reasons such as 
mentioned above the satellites around the 
direct spot have abnormally large intensities, 
which are, however, difficult to compute ex- 
actly. For the satellites around the normal 
spots other than the direct spot a completely 
different condition holds. They are considered 
theoretically to have the following three pro- 
perties arising from Eq. (3). 

i) First of all, their calculated intensities 
are far smaller than the actual ones. For 
example, the structure amplitude for (1!/; 00) 
is |S|(14/,00)=3.1Nz, using the E value due 
to Eq. (6) in which the f value for a neutral 
atom is applicable because of the larger sin 6/4 
(0,23) (we consider only the | set). Ac- 
cordingly, if the intensity J is proportional to 
SER (Z(14/, 0 0))/(Z¢13/4) 10))2= 0.14. The com- 
parable intensities were, however, observed 
for both diffraction spots. 

ii) The analysis for Eq. (3) results in that, 
in case of the line-up of antiphase domains 
in the z direction, the amplitudes of the 
satellites of (hR1) (h=<0) decrease as n in- 
creases, whereas those for the satellites of 
(0 &Z) slowly increase with m, as the & value 
only slowly changes, except in the neighbour- 
hood of the direct spot where £ abruptly 
decreases with sin @/2. Therefore, the inten- 
sities of the satellites of (0k 7) or (hO71) be- 
have themselves differently in the two direc- 
tions. 

iii) The intensity ratio of the satellites to 
the relevant normal spot (h k 7) increases with 
h, if the antiphase domains are lined up in 
the x direction. 

These properties contradict the observations 
except the last one. It could not be confirmed 
experimentally whether this was so or not. 
The satellites around (200); and (220), fall 
off in intensity both in the two directions as 
m increases, in the same way as in the neigh- 
bourhood of the direct spot. On these bases 
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we will assert the following interpretation: 
Owing to the small angles of Bragg reflec- 
tion in electron diffraction and to the mosaic 
structure in evaporated films, the secondary 
elastic scattering occurred in our film, so that 
the satellites arose around the intense normal 
spots, which act as the secondary direct spots. 
Accordingly, among the satellites around the 
normal spots in Fig. 7 only those around the 
direct spot are fundamental and the others 
are nothing but the mere repetitions of the 
fundamental satellites, those which should 
arise there due to the primary elastic scatter- 
ing being too faint to be observable. The 
secondary elastic scattering was observed also 
in our double film of gold and copper, as 
seen in Fig. 1, and Cowley, Rees and Spink!® 
could fairly explain patterns from films of 
long-chain paraffins as due to the successive 
diffraction of electron from different single 
crystal regions and could accurately carry out 
the structure analysis, using intensities cor- 
rected by considering such an effect. The 
satellites around (200); and (220), in Fig. 7 
can be clearly explained only by considering the 
secondary diffraction both in intensity and in 
appearing manner in the directions (# 0 0) and 
(00). As the secondary diffraction occurs 
around all intense spots, many spots have the 
superimposed intensities, but besides {*/;00} 
and {?/; 0 0}, those arising from the // sets oc- 
cupy different positions owing to the c value, 
e.g., in Fig. 8 the secondary reflection (0 0 1)/;2 
due to (200), appears in the position slightly left 
to (001)/,. Thus, these weak spots slightly 
inside of (001),, and also the fine structure of 
{200} could be just explained due to this ef- 
fect, while no other explanation was success- 
ful. This effect may be possible to observe 
also in the polycrystalline state as Cowley et 
al. obtained “extra ring” envelopes due to 
many secondary rings, if the condition is 
favourable. In our polycrystalline films of 
CuAu II, however, the ring-envelopes cor- 
responding to the satellites around the normal 
spots were too faint to be observable, and 
none was found in the neighbourhood of the 
rings (200), and (220),, though the condition 
is somewhat better in the latter, because of 
such a preferred orientation that (111) is paral- 
lel to the film surface. The fact that there 
is no ring also around the direct spot is pro- 
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bably due to the increased background caused 
by the enhanced inelastic scattering in the 
polycrystalline state. 

In the X-ray method the cirumstance is 
considerably changed. Applying the f value 
for a neutral atom to Eq. (3), we obtain 
|S]a/,00)=3.2Nez and |S}(13/,,10)=96Nz. The 
lowering of the f value at very small sin 6/2, 
due to ions, has no serious influence on 
|S|aj;00). It is exceedingly difficult* to ob- 
serve the spots or ring corresponding to (2/5 
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00) by X-ray, without distinction of single-or 
polycrystal. The satellites of the other normal 
spots are in the similar condition. The suc- 
cessive diffraction effect is not observable in 
the X-ray pattern. 

If antiphase domains were simultaneously 
lined up in the z and y directions, we should © 
deal with a large tetragonal unit celi in place 
of the orthorhombic one. 
for this lattice is, if the part refering to the 
z direction is neglected, 


sin Bis sin zN.{(M+ 0)Az (Ay Ad/2)- sin 7MAy, sin zN,{(M+0)Ay—(Act Az)/2}! 
sin z{(M--6)A,—(A, + Ay/2} 


—e — | 5 
sinzA, sinz{(M+0)A, (Agr Aeon 


The following two phenomena would appear in this case. 


i) Near the normal reflections (Az 
|G| =|G,-Gy’-G,-G,’ | 


Sins \m+ re 


2 


={M/(M+6)}h+&2, Ay={M/(M+6)}k+6&, and A=), 


sin 1 MA, y 


sin (M+ 0\E0— 9 


At €,=[2/(44M+0y"— 


sin _sin aN yf 6)Ey— ee 8) 


sin ny(M+a)Ey— e.sanla) 


1}]{2;M+0)nz+ny} and €,=|2/{4(M-+6)?—1}]}{2\(M+ 0)my+nz}, where nx 


and my, are intergers, G;’ and G,’ have the maximum values N, and WN, respectively. Here, 
the values of G, and G, are not negligible, and hence a cross-grating pattern of normal reflec- 
tion satellites would be obtained, at least around the direct spot. 


ii) Near the superlattice reflections (A,={M/(M+6)}h+&, A,={M/(M+6)}k and A,=)), 


|G| = |G1-Gy’-G,-G,’ | 
_|SinzMé, sinazN.{((M+0)é:—1/2}  ,, sin zNy{(1+6&.)/2}} 
| sin z&z sin z{(M-+ 6)&,—1/2} sin z{(1+6&,)/2} | 7 


At &,=m/2(M+6), where G,’ has its maxima, 
G,’ has no appreciable value, therefore, |G| 
has no maxima at places where the cross 
should arise if antiphase domains are lined 
up only in one direction. Thus all crosses 
and their satellites would vanish. 

These both, however, completely contradict 
the observation, therefore antiphase domains 
are not simultaneously lined up in the two 
directions. The direction of line-up is changed 
from domain to domain, and it is not sure 
whether each (111) layer in Harker’s figure is 
a coherent region having an uniform direction 
of line-up of antiphase domains or is divided 
into several regions. 

Now, we shall add some informations, con- 


cerning the periodic elongation of lattice, 6. 
This quantity arises from the tetragonality 


- : : Hie 1 2 
* The ratio of intensities of S 0 0), ee 0 0), 


a 3 4 hs s 
(= 1 0), co 1 0) and cr 0 0) rings in X-ray 
Debye-Scherrer pattern (CuK,) is calculated as - 
follows, Ic preeinslL, 
sin20 cos 6 
a neutral atom being used. 


F090) "(200)'7 (is): 73 00) ° Ti4 00) 


=0.02:0.005:1:0.5:0.01. 


|S|2 and the f values for 


The ring (= u 0) was very faintly observed in 
the photograph by Johansson and Linde. 


The Laue function | 
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without which no excessive force is produced 
at the boundary between antiphase domains, 
therefore, d decreases with the approach of c/a 
to 1. In fact, the intensities of the normal reflec- 
tion satellites became so weak at 55 per cent 
gold that they were scarcely visible except a- 
round the direct spot. Asc/a is about 0.93 at this 
composition, 0 seems to decrease very rapidly 
with the increase inc/a. Even if “out-of-step” 
occurred in the ordered alloy CoPt, 6 would be 
negligible because c/a is about 0.98 in this 
alloy. 6 is, on the other hand, considerable 
in CuAu II of the composition 1 to 1, and a 
coherent domain is by 0.3 per cent elongated 
in the direction of line-up of antiphase do- 
mains, and hence the expansion of total volume 
should be 0.3 per cent in the transition from 
CuAu I to Il. M. Hirabayashi et al. have 
measured the expansion coefficient of poly- 
crystalline gold-copper alloys at various tem- 
peratures up to 500°C. According to them the 
expansion of volume at 49.3 per cent gold 
was about 0.6 per cent* in the transition from 
CuAu I to Il. The coincidence between the 
result due to our model and the experimental 
datum is not good. However, there seems to 
be some change in the true lattice constants, 
which cannot be known from the data by 
Johansson and Linde, as they did not observe 
the dependence of the lattice constants upon 
temperature in the equilibrium state. 

The aspect of the reciprocal lattice of the 
present alloy is depicted as in Fig. 11, the 
contribution of 6 to the positions of lattice 
points being neglected. Such an _ intensity 
distribution as a cross-like platelet at the 
positions of superlattice reflection was well 
proved by observing, for example, the de- 
formation and vanishing of crosses which 
occur when the film was rotated around vari- 
ous axes and tilted to the electron beam, as 
Raether did. When the beam is perpendicular 
to the film surface, the crosses can be ob- 
served only in the | set and they transform 
to a line form in the other sets. 

The structure in Fig. 10a has been accepted 
as an orthorhombic lattice, one axis of which 
has a length of 10¢ and which Jahansson and 
Linde concluded to be CuAu II in their poly- 
crystalline specimen. It was, however, es- 
tablished by the present study, that this 
structure must be somewhat modified, that 
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is, the inherent defect of lattice periodically 
exists in each boundary between antiphase 
domains. 

The vanishing of the central intensity of 
the crosses at 380°C means that the CuAu I 
phase is completely destroyed, only the CuAu 
Il phase predominating above this tempera- 
ture. The behaviour of the crosses as well as 
the satellites near the critical point suggests 
that N.Z,, the length of the coherent region, 


Fig. 11. The reciprocal lattice of CuAu IT. 
Satellites around normal lattice points except 
the origin are not observable. 


Fig. 12. The vanishing of the | set. 
decreases and, probably, M becomes indistict, 
and, thus, the CuAu II phase begins to col- 
lapse. 

After the film was once heated up to the 
disordered state, the (110), and (220), reflec- 
tions often disappeared in the low temperature 
annealing, as shown in Fig, 12. This fact is 
due to the vanishing of the | set. Therefore, 
the preparing manner of the film greatly in- 
fluences the results. From this point of view, 
the preparing method (b) seems to be inade- 
quate. In a polycrystalline specimen, crosses 
change to two Debye rings, as observed by 
Guinier and Griffoul. Such a break-up of a 


* This value was privately communicated. 
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superlattice reflection arising from antiphase 
domains has previously been observed in the 


(110) ring of the polycrystalline Au;Cu film®? 
annealed at 200°C for 150 hr. This fact, 
however, was overlooked at that time. The 


width of the break-up gave the value M7. 
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Fig.13. The apparition of the spots belonging to 
the cubic lattice in the CuAu film containing 
55 per cent gold, quenched at 870°C. 
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Fig. 14. The equilibrium diagram near the 1 
to 1 composition. @, A and x represent the 
eubie state, CuAn II and the mixed state 
respectively. 


(3) Coexistence of CuAu II and the cubic 
phase* 

In an alloy film containing 55 per cent of 
gold a mixed pattern of CuAu II and the cubic 
lattice was obtained at the temperature im- 
mediately below the critical point. The film 
was an orientated one prepared by the method 
(b) and was heated up step by step. At 357°C 
the spots (200) and (220) belonging to the cubic 
phase were associated with the ordered tetra- 
gonal pattern. They were faint at first but 
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became strong gradually with the temperature 
rise and exceeded the ordered pattern in 
intensity at about 375°C. At 388°C remained 
only the f.c.c. pattern, in which, however, 
weak and diffuse spots belonging to the order- 
ed phase were seen due to the incomplete 


quenching. Fig. 13 shows the aspect at 370°C. 


_ The above fact seems to indicate the coexist- 


ence of the two phases in the 55 per cent 
gold film at the temperature between 357 and 
385°C. In order to examine systematically 
such a coexistence in the present system, 
several polycrystalline films containing 40, 42, 
45 and 46.5 per cent of gold were prepared, 
the homogenization being carried out at 600°C 
for 30 min.~1 hr. The results obtained are 
shown in Fig. 14**. Against that this diagram 
reveals the coexistence of the two phases in 
the equilibrium state might be raised the 
following objections: 

i) Incompleteness of the quenching. 

ii) Unattainment to the equilibrium state. 
Inhomogeneity of composition. 
The first item is thinkable to a certain extent, 
because, as often decribed, the quenching of 
the cubic phase was not complete. This ob- 
jection is, however, not effective in the present 
case. If the sharp pattern of the ordered 
phase appeared in the course of quenching, 
this should also be the case at the quenching 
of the completely cubic state at higher tem- 
perature. It was, however, not so actually. 
The coexistence of the sharp patterns of both 
CuAu Ji and the cubic phase must be dis- 
tinguished from the unavoidable apparition of 
the diffuse pattern of the ordered phase due 
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* Soon after we finished this work, J. B. 
Newkirk’s X-ray work appeared in the Journal 
of Metals [5 (1953) 823], which showed that in 
Cu-Au alloys near CuAu in composition there is 
a finite temperature range within which the 
ordered and disordered states can coexist in 
equilibrium. Our results are similar to his, and 
it seems to be worth while reporting that the 
similar results were obtained by electron diffrac- 
tion with thin films. 

** In this figure the boundary between the 
disordered and coexistence regions seems to be 
lowered by some degrees, compared with the 
preceding works. The source of this systematic 
error may be sought in the temperature difference 
between the specimen and the thermojunction, 
as the latter was covered with a thin glass tube. 
This error, however, has no effect on the catch- 
ing of the essential nature of the present 
phenomenon. 
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to the incomplete quenching. To get rid of 
the second objection a sufficient care was taken. 
In each case, the film was gradually heated 
from lower temperature to a difinite tempera- 
ture, at which it was kept for three hours. 
According to Borelius? and Hirabayashi", it 
was concluded, from the measurements by 
means of calorimetry, electrical resistance and 
X-rays, that the relaxation time for CuAu is 
the shortest at about 350°C and becomes 
larger as the temperature approaches the 
critical point. In order to examine whether 
the equilibrium state was attained or not, the 
prolonged annealing of twenty hours was 
made, which, however, had no influence on 
the diffraction pattern. Therefore, the equili- 
brium state seemed to be already attained by 
the 3 hr. annealing. Moreover, if we did not 
work with the equilibrium state, the amount 
of the disordered phase would become the 
less, the higher the temperature, for the same 
heating duration. The actual state was dia- 
metrically opposite as shown in Fig. 14. The 
grain size in our polycrystalline films was 
considerably small, compared with that in 
usual bulk metals. This fact may lead to a 
much smaller period of the relaxation time. 
According to Newkirk et al. the ordering 
process in CoPt proceeded more rapidly in a 
surface layer, having smaller grains, than in 
an inside layer. The third objection, i.e., the 
inhomogeneity of composition can be dispelled 
by the sharpness of diffraction spots or rings. 
Especially, the fact, that the compositions of 
both CuAu II and the cubic lattice nearly 
coincide respectively with those of the phase 
boundaries in the two phase region at the 
concerned temperature, strongly supports the 
homogeneity of our films. 

Concerning the ordered and _ disordered 
phases near the 1 to 1 atomic composition, the 
equilibrium diagram of the cobalt-platinum 
system is very similar to that of the gold- 
copper system. The coexistence of the dis- 
ordered (f.c.c.) and the ordered (f.c. tetragonal) 
phases in the former system has been con- 
firmed by Newkirk et al. by X-ray studies 
associated with the measurements on electri- 
cal resistance as well as the microscopical 
observations. A similar coexistence of two 
phases in the magnesium-cadmium system 
was also observed!”1®, 
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(4) Streaks emerging from the central spot 
Some films prepared by the method (b) often 
exhibited, in their patterns, streaks emerging 
from the incident beam position. The elong- 
ations were conspicuous in three directions, 
[100], [110] and [111], and they were also ob- 
served, though faintly, in other directions. 
In order to depict the detailed aspect of the 
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Fig. 15. Streaks emerging from tthe central 
spot. The electron beam is perpendicular to 


(100) in (a) and to (110) in (b). 


original plate, Fig. 15 is shown, in which (a) 
reveals the intensity distribution in the (100) 
plane of the reciprocal lattice and (b) that in 
the (110) plane. This phenomenon has already 
been observed by Raether!? in thin films of 
AuCu, AuCuz and gold-silver alloy of 50 
atomic per cent of gold. In our case, streaks 
emerging from diffraction spots (normal-or 
superlattice) were also observed. As Raether 
described, these linear elongations can be ob- 
served not only in alloy films, but also in 
evaporated silver films as well as in electro- 
deposited nickel films. The phenomenon ob- 
served in orientated silver films resembles 
very much that in the present case, and, 
therefore, it will be sure that streaks arise 
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from a lattice defect common to the orienta- 
ted thin films formed by evaporation or by 
electrodeposition, but not from the alloy 
structure alone. At present, we do not engage 
in a detailed discussion on this topic, but it 
should be added that CuAu films prepared by 
the method (a) did not almost show such 
streaks, and, accordingly, the preparing 
method of films seems to be closely connected 
with the effect. 


§4. Conclusion 


As described in §3, the main features in 
the structure of CuAu at various temperatures 
were elucidated by electron diffraction. Es- 
pecially, the fact that the small elongation of 
lattice at every boundary between anti- 
phase domains periodically exists in CuAu If 
caused the satellites to arise around the nor- 
mal spots. On this occasion, those around 
the direct spot became conspicuous, probably, 
due to the larger atomic scattering factor for 
electron at a very small scattering angle than 
expected for free neutral atoms, and those 
around the other normal spots were merely the 
repetitions of those around the direct spot, due 
to the secondary elastic scattering. 

Thus, the obtained results proved our method 
to be superior to the X-ray method in show- 
ing finely and easily the intensity distribution 
in the reciprocal lattice of the alloy. The 
structure of CuAu II was exactly known 
from the present study, but to the ordering 
process of CuAu I which starts from the 
quenched cubic state we cannot almost allude. 
The latter topic is interesting, being especially 
connected with Harker’s study, and hence it 
is desirable to perform detailed investigations 
in the near future on thin films as well as 
bulk alloys by utilizing electron diffraction 
and also electron microscopy. 


In conclusion we wish to express our sincere 
thanks to Dr. G. Honjo for his pertinent sug- 
gestions and kind discussions. Our thanks 
ane™ also! due to) Dire Se shirar ands Dive 
Takagi, for their useful suggestions. And, 
it should be added that ardent discussions by 
Mr. M. Hirabayashi and by several respected 
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investigators in our institute contributed 
greatly to complete the present work. This 
has been supported partly by the fund of 
the Ministry of Education in Aid of Scientific 
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Order-Disorder Transitions in A,BC Ternary Alloys with the 
Plane Square or the Body-Centered Cubic Lattice 
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The statistics of the ternary alloy A,BC in the plane square or the 
b.c.c. lattice is investigated with the same schematic model as used 
in the usual theories on binary alloys. The calculation is made at 
the level of the Bragg-Williams approximation. The behaviours of 
the system are determined by two quantities v,=Vca/Vpo and 
v2 = Vaz/Vzc and by the sign of Vgc, where Vij =(e,;+25;)/2—-e;3. @ and 
j stand for A, B or C; «5 is the interaction energy between i- and 
j-atoms.) Four types of ordered states can appear: A(BC) type, 
(AB)(AC) type and other two intermediate types. They are all partly 
ordered states in which the Heusler type is not included, for only 
two sublattices can be distinguished under the present assumption. 
Which type appears is determined by v1, v, values. The transition is 
always of the second kind. The contours of the transition tem- 
perature on the v;-v, plane are parabolas, and those of the peak value 
of the specific heat are a pencil of the half infinite straight lines 
with the center at (8/4, 3/4). The latter contours have the maximum 
when Vgc=0, that is, when the system reduces to the AB binary 
alloy. The segregation temperatures are calculated, without taking 
the ordering effect into account, in order to show that the order- 
disorder transition cannot realize at least for some v, v2 values, being 


covered by segregation. 


§1. Introduction 


Many statistical theories have been develop- 
ed on binary alloys with success, and their 
applications to ternary alloys have been put 
into practice by several authors. In the early 
stage, T. Hirone and S. Matsuda! discussed 
this problem, chiefly on the A,BC body-center- 
ed cubic alloy, considering only the Heusler 
type and neglecting A(BC) type. This is cor- 
rected by S. Matsuda® from the wider point 
of view, taking the effect of “the second 
nearest neighbours”* into account, though he 
investigated principally the conditions for 
various types to appear. T. Hirone and T. 
Katayama” investigated the stable constitution 
of ternary alloys in general, without consider- 
ing the ordering effect, then they” discussed 
the influence of the third metal mixed in 
binary alloys. The former subject was dealt 
with by J. L. Meijering,® too. H.K. Hardy” 
tried to explain the actual behaviours of the 
Fe-(NiAl) alloy by assuming the effects of 
“the second nearest neighbours”*. In the 
present paper, the ternary alloy of the com- 
position A,BC in the plane square or the body- 


centered cubic lattice was theoretically investi- 
gated at the level of the Bragg-Williams ap- 
proximation, the interaction among “the first 
nearest neighbours”* being assumed. Same 
assumptions as found in the usual theories on 
the binary alloy are made, though they may 
be less valid in the ternary alloy. For instance, 
we neglect the effect of lattice vibrations, the 
deformation of the lattice and the change of 
interaction energy values due to temperature 
and to ordering, and consider only the states 
in thermal equilibrium. Under these assump- 
tions, the dependencies are investigated of 
their order-disorder transition temperatures 
and their peak values of the specific heat on 
the interaction energies. Moreover the segrega- 
tion temperatures are also calculated, neglect- 
ing the ordering effects. 


§2. Fundamental Equations 


As shown in Fig.’s 1 and 2, lattice points 
are divided into four sites: 1-, 2-, 3- and 4- 
sites. Under the present assumptions, how- 


* Those expressions in quotation marks are 
used for convenience sake, though not exact in 
the Bragg-Williams approximation. 
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Fig. 1. The 
square lattice 
four sublattices. 


ic. G2e The body- 
eentered cubic lattice 
with four sublattices. 


plane 
with 


Under the first neighbour assumption 3- and 
4-sites are equivalent to 1- and 2-sites respec- 
tively. 


Fig. 3. All possible solutions are shown by the 
values of a, ane mc. 


Table I. All possible solutions and the variable part of their internal energies. 
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ever, 3- and 4-sites prove to be equivalent to 
1- and 2-sites respectively. Therefore the type 
of Heusler alloy cannot be found among the 
present solutions. New let 2; be the proba- 
bility that an z-site is occupied by a j-atom, | 
where z stands for 1 or 2 and 7 for A, B or | 
C. Two w:3’s out of six are independent, for 
there are four mutually 
identical relations among them. Then let | 
Emn (m, n=A, B, C) represent the interac- 
tion energy between two neighbouring atoms, 
mand n. As seen afterwards, €n,’s appear | 
in the equation only in such combined forms | 
as Vinn=(EmmtEnn)/2—Emn. Further, two ratios 
V,=VoalVac and v,=V4z/Vec are important. 
The temperature is measured by such an unit 
as t=kT/Vzc. So t has the meaning only 
when t is the same with Vzc in sign. Thus 
the internal energy of the system containing 
N atoms in total is expressed as follows: 


U=(2N/8){(26 44 +€n2+€eo)—2Vacf (az, vic)}, 
(2.1) 


where 


Type UB L1G 
Disordered state 1/4 1/4 
I or A(BC) 1/2 1/2 
II or (AB)(AC) 1/2 0 
By 1/2 (v, = V_+1)/8v1 
By (V1 — V2 +1)/8v2 1/2 


S (@12, %10)=(@18+210)—42, 2210 
+01{(l—ay2—3210)+4a10(a%2+210)} 
+2{(1—32,2—a10)+4ar2(eiz+r0)} , 

and z is the number of the nearest neighbour- 
ing atoms around any given atoin, so it is 
four in the plane square lattice and eight in 
the body-centered cubic lattice. At the level 
of the Bragg-Williams approximation, the 
entropy of this system is obtained as follows, 
using the Stirling’s formula. 


S=—(RN/2) x weg ln ayy . 


Fundamental equations are obtained in the 

following form by minimizing the free energy 

JF =U Se 

202(4212—1)+ (0%, +0.—1)(421¢—1) 

= (2r/z) In {2a12(@12+ 210)/(1—2212)(1—2,2—240)}, 
es) 


2A ae 

1/2 (1-+2v,+2v5)/4 
Hl! Uy+Ve 

1/2 (1+01+2)/2 


(5v1 => + 1)/8v1 (Tv? Si 100122 — Vp? +6v, + 2Ve = 1/16, 
(5vg— V1 +1)/Bvz2  (T2 +10v1 v2 — V1? + 6v2 + 20; — 1)/16v, 


20;(4210—1)+(v,+02—1)(4212—1) 
= (2r/z) In {2x16(@18+e10)/(1—2a10)(1—23—20)}. 
(2.3) 


§3. Various States at 0°K 


At 0°K, U must take the minimum value, 
so f(a1z, tic) Must take maximum or minimum 


according as Vag is positive or negative. 2,2 
and a,¢ can vary only in the next range: 
OXa12<1/2, OX<aieX51/2. (3.1) 


S (xz, tic) takes the extreme value on the 
point «:2=2,:¢=1/4 or on the boundary of the 
range (3.1). Several possible points are shown 
in Fig. 3. The type I is sometimes referred 
to as A(BC) type, and the type II as (AB) 
(AC) type. Their meanings will be under- 
stood by Table I, where all possible states 
are listed with their values of f(z, 10). Types 
B, and B, lose any physical meaning in cer- 


independent and | 
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tain regions on the v,-v, plane, because of the 
restrictions (3.1). The most stable type is 
determined, depending on the values of v, and 
v,. The results are shown in Fig. 4. Fur- 
ther, the several solutions of another kind 
must be considered, that is, the ones in which 
the alloy segregate into two or three com- 
ponents. These are shown in Table II, where 
the lattice is considered to still hold its form 
and A.B(ord), for instance, means such a type 
as the A-B pairs are found as many as pos- 
sible. Thus the 2,-v. plane is divided into 
several regions as shown in Fig. 5. Types 
II, B; and B, are all covered by the segregat- 
ing states. 


$4. Solutions in the Ordered State 


The values of 2,2 and 2;¢ which satisfy one 


(a) The case Vac>0. (b) The case Vgc<0. 
Fig. 4. The most stable types of the states 
at 0°K neglecting the segregation. 


Table II. The variable part of the internal 
energies of the segregating types. 


Type iE 
2A+B+C 0 
2A +BCv(ord) it 
2A +BC(disord) 1/2 
B+CA,(ord) vy 
B+CA.(disord) 20/3 
C+ A,Biord) UV» 
C+ A.B(disord) 22/3 


Get 
A2B (ord) 


Type [| | A2B ford) 


A2C (ord) 


(a) The case Vac>0. (b) The case Vac<0. 


Fig. 5. The most stable types of the states 
at 0°K taking the segregation into consider- 
ation. 
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Fig. 6. The solutions (x 2,%1¢) satisfying the 
equation (2.2). The straight line a@ shows the 
solution at the infinitely high temperature, 
whatever values v,; and v, may take. The 
form of the curve depends upon the w, and wv, 
values at the finite temperature. At 0°K, it 
reduces to such a zigzag line as c. Its form 
likes to the letter 2 when Vo4+Vuz>Vac, 
but likes to the letter S as shown here, when 
Vosat Vaz<Vac- 


Eq. (2.2) are on a curve inside the parallelo- 
gram shown in Fig. 6. Of course 2, and 2,¢ 
have the physical meaning only inside the 
square limited by (3.1). 

The situations are the same in the other 
Eq. (2.3), if only we interchange two sets of 
values, xz, 1c and v1, vz. Then the solution 
(xz, X1c) can be obtained as the crossing points 
of these two curves. One example is shown 
in Fig. 7. In this case the ordered solution 
appears in (a), then another ordered solution 
in (b) at the lower temperature. It is easily 
seen that the former solution is of A(BC) 
type and the latter is of B, or B, type. More- 
over there are other solutions which suddenly 
appear without starting from the disordered 
solutions. These solutions are of B, or By, 
and II type in the present example. Thus, 
what type of solutions appear can be found. 
The results are summarized in Fig. 8 for the 
case Vzso>0. For the case Vac<0, the 
transition temperature t- is always single- 
valued and the results are quite the same 
with those in Fig. 4(b). The ordered states 
which appear at the higher ct. in Fig. 8 
are the same with the states at 0°K shown 
in Fig. 4(a). Thus the various solutions in 
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(a) A kind of ordered solution is shown at the 
certain temperature. 


(b) The second ordered solution is shown at 
the lower temperature. 


(ec) Other kinds of ordered solutions appear at 
the further lower temperature without 
branching from the disordered solution. 


Fig. 7. This shows how the several ordered 
solutions can appear in the case Vyo>0, 
M+v2>1 and |v — v2] <1. 


Table I are all found again from the wider 
point of view. These facts indicate that the 
ordered states shown in Fig. 4 have possibili- 
ties to appear at the higher transition tem- 
perature, though Fig. 5 suggests that they 
must segregate at the lower temperature in 
some region of the v,-v. plane. 


§5. The Transition Temperature 
Variables 2x,j’s can be expressed in such a 
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x I(8,)[B,, 1] % II(6,) 


* 1(B,)(8,,1}] 41(8,) 


Fig. 8. All possible ordered states are shown 
for the case Vgc>0 on the w,-v, plane. The 
results for the case Vzq<0 is quite the same 
with those in Fig. 4 (b). The ordered state 
written in ( ) is the solution which appear at 
the lower transition temperature, and the one 
in [ ] is the solution which appears without 
branching from the disordered state. 


general form as follows, using the parameters 

of the long range order, s,; and s,, which 

are 0 in the disordered state and approach 1 

in any ordered state: 
%14= (2—@S, — A2S2)/4, 
CAG — dd + GxS,)/4, 
a4=(2+)S1+A2S2)/4, 
woo =(1—ays,)/4, 


ein=(1+a5;)/4, 
n= (1—ays,)/4, 


where a, and a, are the parameters given in 
Table III. 


Table III. 
Type ay ; Ay 
eS 1 1 
ital i =" 
Bi 1 el =U) — V)/20, 
By (1=v 1 —v2)/2v2 1 


The transition temperature is obtained by 
finding the temperature where two curves in 
Fig. 7 have the same value for dayc/dz, at 
tiz=x\0=1/4. It is determined by the follow- 
ing equation regardless of the ordered types: 

2(4t¢/2)®—{2(v1 + ¥2) +1} (4t¢/z) +40, 02 

—(¥,+v,—1)?=0. (8) 
The contour of te¢ on the v,-v, plane is general- 
ly a parabola which is symmetrical concerning 
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v, and vz. It reduces to the line v,=v, for 
te=2/4, as shown in Fig. 9. ct, has two 
values for every point on the v,-v,. plane. In- 
side the parabola for t,.=0, there are two 
positive values for te. Their meanings are 
quite clear if Fig. 8 is consulted, that is, two 
transition temperatures have relation to two 
different ordered states. The transition at 
the lower temperature cannot be realized be- 
ing covered by the one at the higher tem- 
perature. 


$6. The Peak Value of the Specific Heat 


The peak value of the specific heat can be 
obtained in the following way”. Just below 
the transition temperature, s; and s, are very 
near to 0, and the ratio s/s, which can be 
equated to ds,/ds;, has the finite value. By 
expanding the right sides of (2.2) and (2.3) 
till the order of s;,°, dividing them by s,, 
equating the values s,/s, in two equations and 
neglecting the higher terms of s;, we get the 
expression for s,?. Differentiating this with 
respect to tr, and using (5.1), we get 


( 
TVA ENG, 


6{2r¢/z2—(20, +2v.+1)/8}?_ 
 (3t¢/2—v1)? + (8te/z—v2)? + 2(c-/z—1/4)? ° 
(6.1) 
This does not include a; and is always posi- 
tive. So the transition is always of the second 
kind regardless of the v,, v, values or of the 
ordered types. The point w14=v,=3/4 is a 
singular point and the formula is changed 
into the simpler form, using (5.1) again, as 


G 
Raj lee —0 
3(3k?—2k+3) 


~ 12(k?—k+1D)+|k+1|1/3k —2k +3 ’ 
(6.2) 


where 
k=(v2—3/4)/(1—3/4) « 

When Vzc>0, the positive sign must be taken 
for the point which lies in the same side with 
origin concerning the line vj +%7=3/2, and the 
negative sign must be taken for the point which 
lies in the opposite side, and, when Vzc<0, the 
sign in the above case must be reversed. 


Thus as shown in Fig. 10, the contour of 
(C/R)jc,;-0 is a half infinite straight line 
starting from the point v:=v,=3/4, and its 
value is determined only by the direction 
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coefficient k. If B atoms and C atoms are 
put to be identical, the system reduces to the 
AB binary alloy. Of course the results ob- 
tained by Bragg and Williams on the AB alloy 
are included in the results here, as the special 
case. In fact, at the points v;=v,=-00o (Vze 
£0 respectively) which correspond to the 
AB alloy, the present alloy has 1.5 for the 
peak value of the specific heat. 


ole 


p V2 


Vec< O 


Vec >O 
% (¢6) / (a) Noy 


Fig. 9. The contours of t, on the 2-2 
plane. They are symmetrical concerning 1 
and v,. Each half part shows the case Vgc>0 


or Vgo<0 respectively. 


Fig. 10. The contours of (C/R)rq-0. They are 
symmetrical concerning v and v:, so each half 
part shows the case Vz¢>0or Vgc <Orespectively. 
The values of (C/R)rqj-0 are symmetrical con- 
cerning the point 1; =v,=3/4 in two cases. The 
maximum value is 1.5 and the minimum is 9/14. 
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§ 7. 


Segregation were so far neglected except in 
§ 3, where the several segregating states were 
considered only at O°K. It is desirable to 
think the stable constitution in the segregating 
states, taking the ordering effect into consider- 
ation. However, this investigation is too 
complicated to be dealt with, so here let us 
neglect the ordering effect. Then the phase 
diagram has such forms as shown in Fig. 11, 


The Segregation Temperature 


Fig. 11. The phase diagram of the ternary 
alloy in the case Vy4z>0, Vac<0, Vos>0. The 
temperature Tp is higher than Tg. P and P’ 
or Q and Q’ are a pair of conjugate points. 


Fig. 12. The locus of the point P’. It means 
the point corresponding to the alloy which can 
coexist with the present A»BC alloy. 


Fig. 13. 
temperature ts; on the v-v2 plane. 
symmetrical with v, and v,, so each half part 
is shown for the case Vzo>0 or Vag<0 respec- 


The contours of the segregation 
They are 


tively. ts distributes linearly on each dotted 
straight line. At least tr, is covered by segre- 
gation on the hatched part. 


Sukeaki Hosoya 


(Vol. 9, 


for instance, in the case Vis>0, Vac<0, Vea | 
>0. The solubility curve moves upwards as | 
the temperature decreases, and at the segre- | 
gation temperature t, it passes the point P } 
which corresponds to the constitution A,BC. 
P’ is the conjugate point of P, that is, the } 
point corresponding to the constitution of the 
alloy which can coexist with A,BC. At the 
lower temperature than cs, the A,BC alloy 
segregates into two alloys whose constitutions | 
are given by the points Q and Q’. 

The concentrations of the atoms, A, B and | 
C will be denoted by a, B and y respectively. 
The general condition that the two ternary | 


alloys having the different concentrations can | 


coexist is known.”*? The concentrations (a, 
B, vr) of the alloy which can coexist with alloy 
A,BC are given by the next three equations. 
Using the present notations, 


{(B+r)r—1/8}a1+{(B+7)8—1/8}02 
—(t;/z) In2U—8—7)=8r—1/16 , 
(r—1/4)u1+ (28+ 1—3/4)02 
—(t,/2) In {A—B—7)/28}=r—-V/4, 
(8+27—3/4)0, + (8—1/4)v2 
—(r,/2) In {((1—8—7)/27}=8—1/4. 
(7.1) 
Though 8 and 7 cannot directly eliminated, 
the dependency of t; on the values (v7, v2) can 
be found as follows. 
The coefficients of (7.1) have the next identi- 
cal relation: 


(B+rr—-l/s (B+n)e8—1/8  ar—1/16 
y—1/4- 28B+7-—3/4 =y—1/4 |=0. 
B+27—3/4 pte ee 


Therefore, 8 and y can have only the limited 
values which satisfy the following equation: 


(B+7r)r—1/8 (8+7)8—1/8 In 211—B—7) 
r—1/4  28+7—3/4 In {((1—B—7)/28} 
B+27—3/4 B—1/4 In {(1—@—7)/27} 
=0. (7.2) 


This can be written as 


(B+7—1/2)*{(a+1/2) In a+(8+1/4) In B 
+(7 41/4) In 7-+-(8+7-15/2) In 2} =0. 
(7.3) 


The first factor in (7.3) must be omitted, for it 
does not give any definite value to rt; except 0. 
The second factor corresponds to two loops 
on the phase diagram as shown in Fig. 12. 
Each point on the loops gives a dotted straight 
line on the v,-y. plane (Fig. 13) and on each 
line the t; value varies linearly, as seen from 


the form of (7.1), two of which are now 
independent. Thus the c,; contours can be ob- 
tained on the 2-v, plane. If the sign of Ts; is 
, reversed, they resemble the rc, contours in Fig. 
9, but are not so simple especially in the 
region near v7;=v,=3/4. Particularly the line 
ts=0 is similar to the line -.=0, and is 
equal to —r,. on the line v,=v,. In some 
region ts; has also two values with the same 
sign and their meanings are explained by the 
investigations by J. L. Meijering). Here we 
have only to consider the larger rt; in absolute 
value. On the broken curve in Fig. 13, which 
is approximated by the straight line v;+v,= 
—1/2, te is equal to ts. At least on the 
_ hatched side, the alloy begins to segregate 
before undergoes the transition to the ordered 
state, so the contours of c- in Fig. 9 and of 
(C/R)|-,|-0 in Fig. 10 lose their practical 
_meaning. The results in this section are valid 
_ as far as the constitution of alloy is A,BC, 
| without depending on the coordination num- 
ber z or on the lattice type either. 


Ts 


§8. Conclusions and Discussions 


The behaviours of the order-disorder transi- 
tion of the ternary alloy A.BC in the plane 
square lattice or the b.c.c. lattice can be sum- 
marized as follows. Any given ternary alloy 
has a corresponding point (v,, v2) on either of 
two v;-Vv, planes according to the sign of Vac. 
When the temperature of the alloy decreases 
from enough high temperature, it undergoes 
the order-disorder transition of the second kind. 
The values (v;, v2) decide the transition tem- 
perature t, according to Fig. 9, the ordered 
type according to Fig. 8 or Fig. 4(b) and the 
peak value of the specific heat according to 
Fig. 10. When the point (v, vz) falls at least 
on the hatched side in Fig. 13, the alloy 
segregates before undergoes the transition to 
the ordered state, and finally gets to the state 
expressed in Fig. 5. More exactly the order- 
ed segregating state must be considered, too, 
but it was neglected here for two reasons. 
The first reason is that the order-disorder 
problem in ternary alloys with arbitrary com- 
positions is beyond our scope of this paper, 
and the second is that our model is too 
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schematic to deal with such a problem, be- 
cause for instance the lattice may not hold 
its form after segregation. 

Such a real example as the Heusler type 
cannot be derived as far as only the interac- 
tion between the atoms on two sublattices is 
considered, without depending on the degree 
of the approximation. The practical calcula- 
tion of various quantities may be complicated 
if the interaction among the atoms on 1- and 
3-sites and 2- and 4-sites in Fig. 2 are taken 
into account. This is inferred from the paper 
by K. Adachi® on binary alloys and the paper 
by S. Matsuda’). Though the present model 
is very schematic, some results may be useful 
especially on the dependencies of the transition 
temperature and the peak value of the specific 
heat on the interaction energies. They are 
included as the special case of the small 
interaction among the atoms on the second 
nearest sites, if the various properties of the 
ternary alloy are calculated taking such effects 
into account. 

The whole results can be applied also to 
the case where one component is a hole as 
found in Ag.Hgl, and other substances with 
the so-called average structure. 

We are heartily thankful to Assistant 
Professor S. Takagi for his kind interests and 
encouragements. 
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The thermomagnetic properties of iron selenides F’eSe, with various 
selenium contents « were measured as functions of temperature. 
The thermomagnetic curves obtained belong to the ordinary Weiss 
type. It was also found that the magnetization at the boiling tem- 
perature of liquid nitrogen increases with the selenium content, 
reaches its maximum value, 35 gauss, at r=1.23, and then decreases 
again with further increase of xv. The Néel temperature was ap- 
proximately 150°C in the range of w from 1 to 1.26 whereas it de- 
creases gradually with further increase of « and approaches to its 
lowest value 30°C at w=1.35. The origin of the magnetization of 
this substance was discussed based on the theory of ferrimagnetism. 


Introduction 


Sule 


It has been well known” that iron selenides 
as well as iron sulfides, nickel selenides, nickel 
tellurides and so forth with various anion 
contents 2 crystallize in the nickel arsenide 
structures, the lattice for iron or nickel atoms 
takes a simple hexagonal layer arrangement. 
In these substances the anions, such as sulfur, 
selenium, tellurium, are elements of chalcogen 
group, the electronegativity of which de- 
creases in the order from sulfur to tellurium. 

The magnetic properties of FeS, have recent- 
ly been investigated again in detail by several 
authors». However, it is difficult to find the 
origin of magnetism of this substance. There 
are same explanations for the origin, but only 
from the data obtained with iron sulfides one 
can not make a proper choice of such 
possibilities. For this reason, it is desirable 
to perform a systematic study on the magnetic 
properties of this above mentioned series of 
these substances. If the electronegativity of 
anions decreases in such substances. the 
transfer of the electrons from anions to cations 
become easy, so that the amount of super- 
exchange»? which plays a great role in the 
magnetic properties of these substances is then 
increased. In such substances with various 
anion concentrations the crystal structure is 
the same as mentioned above, while the lattice 
constants @ and ¢ vary gradually with the 


concentration of anions. Hence, in these 
substances, the similar magnetic properties 
are expected with the gradual change of 
super-excharge interaction, which is important 
between the atoms in the nearest neighbours, 
the next-to-nearest and third neighbours, etc. 

As the first step of the systematic investi- 
gations on the magnetism of these substances, 
the study of the thermomagnetic properties 
of iron selenides was undertaken. The pur- 
pose of this paper is to show the experimental 
results obtained on the magnetization in iron 
selenides with various selenium contents 2 
(l<x#<1.35) and to discuss the nature of 
magnetism in this substance. The reason 
why FeSe. was selected to be studied at first 
was that the crystal structure of this substance 
has been analyzed in detail? and that the 
magnetism of FeSe, is expected to be some- 
what similar to that of FeS,, because sele- 
nium is the next neighbor of sulfur in the 
periodic table. 


§2. Preparation of Specimens 


The method of preparation of the specimens 
was similar as that in the case of iron sulfides, 
which was described in detail in the previous 
paper». Hence we shall describe the method 


* This investigation was supported in part by 


the Grant-in-Aid of Fundamental Scientific Re- 
search of Ministry of Education. 
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of preparation very briefly. The selenium 
used was obtained by purifying the raw 
selenium by successive vacuum distillations 
repeated twice and it contained impurities 
less than 0.001%. The reduced iron powder, 
the purity of which was 99.99%, and the 
above mentioned selenium powder were mixed 
in proper compositions and the mixtures were 
heated in evacuated silica tubes at the tem- 
perature of about 1000°C for 12 hours or more; 
and thereafter the reaction products were 
cooled down slowly at the rate of 100°C per 
hour to the room temperature. Sometimes 
cracks were found on the wall of tubes dur- 
ing the cooling process of preparation of 
specimens with stoichiometric composition. 
_ However, by using fused silica for the reac- 
tion pipe no crack was found at all. In many 
cases we could obtain the samples in the 
_ form of single crystals and could find fine 
cleavage surfaces when the specimens were 
broken off. A part of the specimens prepared 
for the present study are listed in Table I. 

The crystal structure of FeSe. was studied 
by Hagg and Kindstrém”; and the proposed 
phase diagram due to Hansen® for the system 
of FeSe, is shown in Fig. 1. Basing upon 
this diagram, all the specimens to be measured 
in the present case were reheated for 12 hours 
at 1100°C and quenched from 600°C in order 
to obtain the same NzAs crystal structure for 
all substances. To prevent the oxidation 
during the measurements the specimens of 
about 20 mg were packed into evacuated cap- 
-sules made of fused silica, 5 mm diameter, 
10 mm length, and 0.1 mm thickness. The 
crystal structures of the present specimens 
were checked by X-ray photograph. The 
results are shown also in Table I. In the third 
column in Table I the crystal structures of 
the slowly cooled specimens are shown in 
order to compare the present results with 
those due to Hagg Kindstrém®. The fourth 
column shows those of the quenched specimens. 

By the preparation of the samples, the 
selenium content « was chosen so as to lie 
between 1 and 1.35. Because, if selenium 
content xz exceeds 1.35, the substance separates 
into two phases, namely the selenium phase 
and that of FeSe;.35 . 


§3. Experimental Procedures and Results 
The apparatus used for the susceptibility 
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measurement was an automatically recording 
magnetic balance, which was already describ- 
ed in detail in another paper” by the present 
authors. The magnetic field used for the 
present measurements was 9,000 Oe. In order 


mol composition Se 


Atom % Se 
Fig. 1. The phase diagram of iron selenides 
due to Hansen. 
Table I. The composition and crystal structure 
of the prepared specimen 
Content o = 
50.00 | 51.2 | 52.4 | 54.5 57.4 
of Se % | 
Content ; 
L007" 1205)" de LO 1220 1.35 
of Se x 
Crystal | I a ~ 
pees PbO | PbO | NiAs| NiAs| NiAs+Se 
cooled _ Pe ESS 
Crystal 
structure | NiAs| NiAs| NiAs NiAs| NiAs+Se 
quenched | 
a || 
Mg 
eo Gauss Hext = 9.000 0e 


GE I955C 


I n 1 n iL 2 
100 105 1.10 WIS 1.20 25 130 35 1.40 


X in FeSe, 

Fig. 2. The curve of saturation magnetization 
as a function of selenium contents wv. The 
dotted line shows a corresponding values 
estimated from the simple application of 
ferrimagnetic theory with holes. 


to measure the susceptibility under such a 
high field, the specimens were put at a posi- 
tion just above the center of truncated pole 
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The curve of Néel temperature Ty 
versus selenium contents. 
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Fig. 4. The curves of magnetization 


versus temperature. 
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- 5. The curve of inverse susceptibility of 
FeSe;.13 as a function of temperature. 


pieces of an electro-magnet, where the mag-) 


netic field was nearly at its maximum value 
and the field gradient in vertical direction was 
comparatively small. | 

In Fig. 2, the relations between selenium 
contents and the intensity of magnetization | 
under 9,000 Oe at the boiling temperature of | 
nitrogen are shown. The difference between 
the values of magnetization under 9,000 Oe 
and 12,500 Oe was so small that the values 
shown in Fig. 2 are regarded as the saturation | 
magnetization of these substances. 
2 shows, the saturation magnetization increa- 
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As Fig. | 


ses with selenium contents and has a flat. 


maximum in the range between FeSe,.49 and 
FeSe,., and it decreases again with further 
increase of selenium contents. The behavi- 
our of magnetization of iron selenides is 
similar in some degree to that of iron sulfides” 
and the value is about one half of that in the 
case of FeS,. The Néel point Ty is also | 
shown in Fig. 3 as a function of selenium 
contents. As can be seen from the figure, 


the Néel temperature decreases gradually with | 


increase of selenium content 2 in the range 
from 1 to 1.26 and the value is about 150°C. 
With further increase of x the Néel point 
decreases rather rapidly and reaches a value 
about 30°C at 2=1.35. The forms of all the 
magnetization versus temperature curves 
under 9,0000e belong to Weiss type as shown 
in Fig. 4. But in the case of specimens, in 
which selenium content is nearly 1.35, a 
hollow on the thermo-magnetic curve is 
found in the neighbourhood of Néel points, 
the origin of which is uncertain at the present 
stage**. 

The temperature dependence of the para- 
magnetic susceptibility above the Néel point 
of these substances were also measured by 
the same apparatus. A result obtained is 
given in Fig. 5, which shows the inverse 
susceptibility as a function of temperature. 
As seen from the figure, hyperbolic depend- 
ence of the ferrimagnetic substances is. 
obtained in the present case. 


$4. Discussions 


As the experimental results show, the mag- 
netic properties of FeSe, (l1<wz<1.11) are 


** Jt may probably be caused by the change 
of anisotropy constant at such temperature 
range. 
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similar to those of FeS, to some extent. It 
may be supposed that the magnetism of this 
substance is attributive to ferrimagnetism® 
just as in the case of iron sulfides. Such a 
conclusion is supported by the hyperbolic 
nature of the inverse susceptibility versus 
temperature curve in FeSe:. as shown in 
Fig. 5. Here it should be expected basing 
upon the theory of ferrimagnetism that the 
apparent spontaneous magnetization will 
vanish at the stoichiometic composition due 
to the antiferromagnetic spin arrangement 
and it will increase linearly with the excess 
selenium content. Such an expected change 
is shown by the dotted line in Fig. 2. How- 
ever, as the figure shows, curve of ferri- 
magnetization as a function of selenium con- 
tent near the _ stoichiometic composition 
deviates from the expected line. Such a 
deviation is a marked difference in the 
magnetization of iron selenides and that of 
iron sulfides, in the latter case no spontaneous 
magnetization being found at the stoichiometric 
composition. 

It might once be supposed that the above 
magnetism of iron selenide in stoichiometric 
composition were just an apparent one as one 
can suppose a similar shell structure as in 
the case of iron sulfide. In the rapidly cooled 
specimen of FeSé;:. , which is used for the 
present measurement, an outer thin shell is 
composed of FeSe, with a little excess selen- 
ium content, whereas the inner part is 
FeSeé;.o.9 with a small amount of precipitated 
iron, and both iron and FeSez («>1.00) 
have ferro- or ferrimagnetization, However, 
only from such a shell structure, the observed 
magnetization in FeSe can not be explained 
at all, since the observed magnetization is far 
greater than that what one will expect from 
this considerations. Moreover, we could not 
find any anomaly of the susceptibility at the 
temperature range including the Curie point 
of iron. Therefore the ferrimagnetization of 
FeSe;.o9 shown in Fig. 2 may be regarded as 
that of essential nature. 
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The observed magnetization of the iron 
selenides at the stoichiometric composition 
may be understood also by the ferrimagnetic 
mechanism. One possible model is the fol- 
lowing: one can assume that the vacancies 
exist both in iron and selenium sites even at 
the stoichiometric composition. If the iron 
lattice can be devided into sublattices and 
further if the unbalance of the vacancy den- 
sity or spin density exist between these sub- 
lattices, then ferrimagnetism will occur due 
to the antiferromagnetic spin arrangement in 
both sublattices. 

The authors wish to express their thanks 
to Mr. Hiroshi Kato; student of physics depart- 
ment of Tohoku University, who performed 
in part the present measurement. 
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The measurements of specific heat was performed at the temperature 
range of §-transformation in iron sulfides with various sulfur contents 


e ranging from 7—1 to x=—1.12° 


A peak in specific heat versus tem- 


perature curve is found at 315°C, and this temperature as well as the 
jump in specific heat, 0.05 cal gr.-! deg.-! in value, is almost inde- 


pendent of sulfur contents. 


The mechanism of transformation is dis- 


cussed, based upon the theory of ferrimagnetism, and it is concluded 
that the present experimental results accord well with the theoretical 


ones. 


§1. Introduction 


In the previous paper, a model concerning 
to the origin of magnetism in the iron sulfides 
with various sulfur contents is proposed. As 
reported by Haraldsen”, when FeS, 99 is cooled 
down from high temperature, the suscepti- 
bility 2 increases gradually until the tem- 
perature reaches a certain point Tp (~320°C), 
thereafter the susceptibility decrease more 
rapidly making an angular point at another 
temperature Taz. These anomalies were known 
as B-and a-transformation respectively. 

For the mechanism of #-transformation 
Yoshida» and the present authors” consider 
that at temperature below Js an antiferro- 
magnetic ordering of spins occurs in the lat- 
tice of iron sites; the spins in a base plane 
perpendicular to c-axis line up in one direc- 
tion, say parallel to a-axis, whereas the spins 
in the next upper and lower planes line up in 
the opposite direction, and so on. Then the 
direction of spines in the successive base planes 
are arranged oppositely. It is then proposed 
by these authors that the @-transformation is 
considered as the order-disorder change of 
such spin arrangements. To confirm the pro- 
posed mechanism of #-transformation, it is 
desirable to study the thermal properties of 
this transformation of iron-sulfides from the 
energetical point of view. Because, if such a 
ferrimagnetic mechanism is correct, the 


anomalous heat capacity to be measured 
should be coincide with that predicted theoreti- 
cally from the model. Moreover it is expected 
that such a measurement also throws a light 
to clarify the mechanism of a-transformation. 


§2. Preparation of Specimens 


Specimens of iron sulfides FeS, with various 
sulfur contents (1.004 2 — 1.12) were prepared 
by the direct reaction between powders of 
iron and sulfur at high temperature in a sealed 
silica tube. As the raw material of iron, the 
electrolytic iron was ground by a ball-mill 
to fine powder of 150 mesh, and then reduced 
by hydrogen stream at 800°C for 24 hours or 
more. The pure iron powder obtained by 
this method contained impurities less than 
0.01% and was reserved in a evacuated vessel 
to prevent oxidation. The purification of sul- 
fur was performed by vacuum distillations. 
After two times of successive repeating of 
vacuum distillations, the sulfur contained the 
impurities far less than 0.01%. 

Powders of about 10 grs. of pure iron and 
the corresponding weight of sulfur above 
mentioned were weighed accurately by a 
micro-chemical balance and mixed in a silica 
tube of 2 cm diameter, 30 cm in length, with 


* This investigation was supported in part by 
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one end sealed. Then the silica tube was 
evacuated by a Hickman diffusion pump for 
24 hours and the other end was sealed off by 
oxi-hydrogen flame. This sealed silica tube 
was put into a furnace to perform the reac- 
tion. The temperature of the furnace was 
raised at the rate of 100°C per hour up to 
1000°C, and the sample was kept at this tem- 
perature for 24 hours, thereafter it was cooled 
slowly down to the room temperature with 
the same rate as in the case of raising. Dur- 
ing the course of this heat treatment no 
breakdown of the tubes occurred. The speci- 
mens thus prepared are listed in Table I. 

The compounds thus obtained were taken 
out from the silica tubes, then they were 
ground again in a mortar, and about 8 ers. of 
these substances were put into containers of 
telex glass for the measurements of specific 
heats, then evacuated by the diffusion pump 
for 24 hours and then sealed off. 


§3. Experimental Arrangement and 
Procedures 


The apparatus used for measuring the heat 
capacity was an automatically recording 
adiabatic calorimeter, whose detailed descrip- 
tion was reported in the former paper#?. The 
rate of temperature raising of the samples in 
the course of measurement was approximately 
0.25°C per minute. The temperature fluctua- 
tion caused by this servo-system was of the 
order of 10-? degree and the maximum devia- 
tion of temperature between specimen and 
the thermal shield was less than one tenth 
degree. 


§4. Experimental Results 


By this method above mentioned an anomaly 
of specific heat was found in FeS, at the 
temperature range of #-transformation above 
mentioned and curves of anomalous specific 
heat versus temperature in such cases are 
shown in Fig. 1. As the figure shows these 
peaks take typical A-shape. The temperatures 
corresponding to the maxima of these curves 
are 315°C in all cases and this value accords 
with the temperature of magnetic transforma- 
tion obtained experimentally by Haraldsen. 

Here it should be noted that the behaviours 
of excess heat capacity for the compounds 
with various sulfur contents are the same 
with each other. The values of excess speci- 
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Table I 
x in FeS, 1.00) 1.01) 1.02) 1.038 1.04) 1.05 
yin F4-yS  |0.00 0.010)0.0200.0290.038 0.048 


« ——- = = i > = ve = 
zin Feyo-2Sz (50.00/50. 29/50. 43/50. 74/50. 98/51. 22 


1.09) 1.10) 1.11 


y in Fey_,S 0.065)0.082)0.091/0. 1000. 107 


zin Peyo-2Sz \61.69)52.15\52.38)52.61/52.83 


Table of the prepared specimens of iron sulfides 
with various sulfur contents. x and 2 were 
used by Haraldsen, on the other hand y re- 
presents the concentration of holes among iron 
sites, hence 2y represents that of Fe3+ if these 
substances are assumed to be purely ionic 
crystals. 
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Fig. 1. The curves of specific heat vs. temper- 
ature at #-transformation of FeS, for various 
sulfur contents «. 


fic heat at Ts of the samples with various 
sulfur contents are also nearly equal with 
each other and are 0.05 cal gr.-! deg.-* in 
all cases. The estimation of anomalous heat 
absorption 4Qs at §-transformation is com- 
paratively difficult, because the true range of 
8-transformation and the base line in the 
curve of anomalous specific heat are not de- 
cided certainly for the present cases. Then 
it may be estimated under the assumptions 
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that the ®-transformation already starts from 
low temperature and the base line of the 
specific heat is assumed to be the dotted 
curve in Fig. 1. The dotted curve is a extra- 
polation of the flat part at high temperature 
side in the curve of specific heat versus tem- 
perature. The estimated value of 4Qp by such 
a method is roughly 600 cal mol-!. Since we 
neglect here the effect of short range order, 
the real value of 4Qs may be larger than 
that obtained. 


§5. Discussion 


As mentioned in the introduction, the origin 
of 8-transformation in this substance is con- 
sidered to be the order-disorder transformation 
of ferrimagnetic spin arrangement. In order 
to confirm this mechanism, the theoretically 
estimated values of 4Qs and 4Cg based on 
this model must be compared with that of 
experimental ones. Since the true arrange- 
ment of the spins below TJ’ is not known, the 
theoretical calculation is performed using 
Bragg-Williams’ approximation under some 
assumptions. 

If the all magnetic ions in FeS, have the 
same spin, S, the expression of anomalous 
heat absorption and the jump of specific heat 
4Cg at the Néel temperature Tg can be ob- 


tained from the theory proposed by Néel®? 
and Smart, et. al.). The final formulas are 


given by 
3 S+(1+S) 
AQ pes ee 
Qe i0 d+s) T p4Cg , Ct) 
9S(S+1) 
oe seCase ys 
P"S'+(-45) > 


where R is gas constant. If S is equal to 2, 
the theoretically estimated value of 4Cz is 
0.052 -eal. gr.-* deg.71:+ This value of dC. 
agrees very well with the experimental one 
OOs> eal eae > clea. 

Now we shall discuss the value of 4Q¢ us- 
ing the formula (1) with the experimental 
values of 4Cg and 7, under the assumption 
S=2. We get semi-empirically estimated value 
of 4Qp, the value obtained is 1,200 cal mol-} 
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which is different from that obtained in the 
previous section. 
above are based on Bragg-Williams’ approxi- 


mation then the present estimation may be | 


certainly larger, about thirty or fourty per 
cent, namely the true value of 4Qg may be 
smaller about few hundreds than that calcu- 
lated here. On the other hand, since we 
neglect the effect of short range order for the 
estimation of 4Qe experimentally as mentioned 
in the previous section, the value 600 cal mol7* 
is surely smaller than the real one. Because, 
if the effect of short range order is taken into 
account, we should use a somewhat lower base 
line which differs from that in the former 
case of estimation. By this modification, few 
hundreds cal mol-! should be added to the 
value of 4Qg mentioned above. Then we may 
conclude that there is no essential discrepancy 
between the theoretical and 
values. 

Such a ferrimagnetic nature of FeS, men- 
tioned above was also supported by another 
experiments; namely it was also known that 
hyperbolic inverse susceptibility as a function 
of temperature was found by Benoit. Very 
recently, Sidhu® and his collaborator found 
by the experimental studies of the neutron 
diffraction pattern that the spins in natural 
pyrrhotite are arranged antiferromagnetically. 
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Thermal Analysis of Iron Sulfides at the Temperature 


Range of a-transformation* 
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Tohoku University, Sendai 


and Noboru TsuyA 


The Research Institute of Electrical Comunication 
Tohoku University, Sendai 


(Received February 1, 1954) 


The specific heat of iron sulfides near stoichiometric composition 
from FeSy.9 to FeS;97 at the temperature range of a-transformation 


was measured. 


It was found that the curves of specific heat versus 


temperature had a comparatively sharp d4-shaped maximum. Both the 
temperature for such a maximum and the peak values of specific heat 


decreased with the increase of sulfur contents. 


It was also found 


that the heat absorption due to this transition also decreased with 
the increase of excess sulfur, its value being about 550 cal mol! at 
the stoichiometric compound, and vanishing at the composition FeS;.7. 
The several possible models for the mechanism of this transition are 
discussed taking into account the above experimental results. 


§1. Introduction 


For the iron sulfides, near stoichiometric in 
composition, several transformations have been 
found above room temperature, one of which 
is called a-transformation. In connection with 
the a-transformation of iron sulfides, Harald- 
sen and others made some magnetic and 
R6ntgenographic investigations»). The re- 
sults are briefly summarized below: i) The 
susceptibility versus temperature curve in FeS, 
shows a “knick” at a temperature T,2 when 
the concentration x of sulfur in FeS, lies be- 
tween 1.00 and 1.08, ii) this transformation 
temperature IT, decreases with the increase 
of sulfur contents 2, iii) in the temperature 
range below Taz a super-lattice structure is 
found which has the unit cell of 6 times 
G/34@x7// 3@x2c) as large as the original 
one, where a and c being the lattice constants 
in the hexagonal lattice, and this super-lattice 
structure is not found if the sulfur contents 
exceed 1.06; iv) the lattice constant c of 


-FeS,.9 contracts approximately 1 per cent 


during heating through T.2 whereas almost 
no effect is found on a. Such an anomalous 
contraction of c due to the temperature change 
also decreases with the increases of sulfur 
contents; v) a definite range of temperature 
is required to finish such contraction in the 
lattice parameter c. 


Several discussions on the origin of this 
transformation have been proposed, but owing 
to the lack of the experimental data, mainly 
concerning to the change of internal energy 
during the transformation, the validity of 
such considerations above mentioned is not 
yet completely accepted. Thus the measure- 
ments of specific heat change during the 
tramsformation for a wide range of sulfur 
contents are undertaken by the _ present 
authors, the results of which are described in 
the following pages. 


§2. Experimental Procedure and the 
Specimen 


The experimental apparatus, procedure*® and 
preparing method® of specimens are the same 
with those mentioned in the former papers 
then the description of them are omitted here. 


§3. Experimental Result 


The experimental results on the change of 
heat capacities due to the temperature change 
for iron sulfides with various sulfur contents 
x are shown in Fig. 1. From this figure 4- 
shaped peaks of the specific heat are found 
at the temperature range from 100°C to 135°C; 


* This investigation was supported in part by 
the Grant-in-Aid of Fundamental Scientific 
Research of Ministry of Education. 
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Fig. 1. 
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Heat capacity vs. temperature curves 
in iron sulfides #eS, with various sulfur 
contents x. In the figure the members stand 
for the sulfur contents «. 
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Fig. 2. a-transformation temperature T, as a 
function of sulfur content v. In this figure 
T- and T* are the temperatures corresponding 
to the initial and final point of «-transforma- 
tion in FeS,, namely the temperature range 
of a-transformation is considered as that from 
IP TO IP, 
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the temperature of maximum specific heat 
will be denoted by Ts in the following pages. 
It is found further that both the peak of 
specific heat and the temperature T'.4 decrease 
with the increase of sulfur content z. The 
value of Ts agrees exactly with that of angu- 
lar point on the susceptibility versus tempera- 
ture curve obtained by Haraldsen. Fig. 2 also 
shows the temperature range of transition. 
This range corresponds just to the tempera- 
ture range which is required for the change 
of lattice parameter c which is found by the 
X-ray studies. 
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Fig. 3. Change of anomalous heat absorption 
AQ. due to a-transformation as a function 
of sulfur content x in iron sulfides F'eSz. 


Now if we assume that the specific heat 
due to the thermal vibration of the crystal 
lattice changes along the dotted lines with the 
rise of temperature as shown in Fig. la, we 
can estimate the absorption of heat 4Q. for 
this a-transformation. The result is plotted 
in Fig. 3. As it shows, such an anomalous 


heat absorption 4Q, takes a largest value — 


(550 cal per mol) at the stoichiometric com- 
position and decreases with the increase of 
sulfur content x and finally disappeares at 2x 
=1.06. This vanishing concentration z of 
4Q@« just corresponds to the extinction con- 
centration « of super-lattice lines in the Debye- 
Sherrer photograph obtained by Haraldsen® 
and others”). 


1954) 


$4. Discussions 


For the origin of a-transformation, the fol- 
lowing several kinds of mechanism have been 
considered. It has once been proposed an oc- 
currence of the change of the nature of 
bonding®, a transition from ionic to covalent 
binding between the base planes during this 
transformation. If such a transition would 
occur, the changes of other physical properties 
including the crystal structure at the transi- 
tion point should be expected, but such changes 
could not be observed actually. We shall try 
to discuss other possibilities in the following 
pages. 

1) Firstly the transformation may be sup- 
posed to be caused by the order-disorder 
transformation of the empty lattice points on 
the iron lattice sites. In this case the number 
of empty lattice points must be equal to the 
excess sulfur atoms. If such a mechanism were 
realized, the anomalous heat 4Qz and the 
transformation temperature JT. would increase 
monotonously with the excess sulfur contents. 
However as shown in Fig. 3, the anomalous 
heat 4Qzq is greatest at stoichiometric composi- 
tion and decreases with increasing sulfur con- 
tent. This thermal behaviour contradicts 
clearly to the above postulation. 

2) Secondly, if this tramsformation were 
attributed mainly to the change of sign of 
anisotropy energy similar to the case of 
transformation in a-Fe,O, at slightly below 
the room temperature, the value of 4Q. should 
be small. Clearly, the present experimental 
facts do not support this mechanism. 

3) Thirdly, we consider a magnetic struc- 
ture transition between two types of anti- 
ferromagnetic spin arrangements. For ex- 
ample, one arrangement is mentioned in the 
former report®) and the other is something 
like an antiferromagnetic arrangement of spins 
in each base planes. In this case we may 
expect that the value 4Q should be far 
smaller than that of 4Q,s reported in the 
previous paper®. Since this transition must 
be a transition of first order, the ordinary 
antiferromagnetic Curie point would be far 
higher than that observed. But from the ex- 
perimental fact the value of 4Q« does not 
seem to be smaller than 4Qg, or at least, it 
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is the same order in magnitude with 4Qz,. 
Hence the experimental evidence conflicts with 
this model. Also the existence of super- 
structure above mentioned suggests that this 
mechanism is not the case, because in this 
magnetic structure transition, such a strong 
effect upon the X-ray photograph can not be 
expected. 

4) Fourthly one can propose a different 
type» of ordering of holes in sulfur sites as 
well as in iron sites. Such a structure is 
expressed by Fe,ZS,,L’ in the case of FeS; og 
where Z and Z’ correspond to the holes in 
the definite lattice sites of iron and sulfur 
respectively. Since the observed volume of 
unit cell of the super-structure is 6 times as 
large as the original one, 12 molecules can 
be contained in a unit cell of super-lattice, 
hence we consider the above mentioned super 
structures as the lack of one molecule from 
12 molecules in the unit cell. Here it may 
be supposed that if the sulfur content increases, 
the additional sulfur atoms find their sites at 
the holes of sulfur sites. If so, we can expect 
that the largest heat absorption 4Qa and the 
highest transformation temperature Ts are 
observed in the case of stoichiometic FeS; .o9 
and are decreased by further addition of ex- 
cess sulfur. By simple consideration based 
upon this model, it is further concluded that 
sulfur is soluble in the crystal lattice till «= 
12/11=1.091. Actually we can recognize the 
a-angular point on the susceptibility versus 
temperature curve in FeS;..5. The anomaly in 
susceptibility at T, may be attributed to the 
change of anisotropy constant owing to the 
contraction of lattice parameter c during the 
heating through Tz. Then we must consider 
the possibility of such ordered arrangements 
of holes in both ionic sites of iron and sulfur. 
We suppose, in this case, there are many 
holes in both iron and sulfur sites at high 
temperature and by cooling they are arranged 
at first in ordered form at JT. and by further 
cooling this ordered state of holes should be 
frozen, because the decrease of mobility of 
ions due to the decrease of temperature. So 
the crystal may be in the state of super 
structure of holes even at low temperatures. 
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However from this model the anomalous con- 
traction of lattice constant c during the heat- 
ing through Tz and the decrease of density 
with increasing excess sulfar content may be 
somewhat difficult to understood by the simple 
theoretical point of view. 

Finally, it is concluded that ali the proper- 
ties of FeS, in the temperature range of a- 
transformation might not be able to be ex- 
plained completely by these models mentioned 
above so that true origin of a-transformation 
remains somewhat mysterious. However it 
seems that the mechanism of magnetic struc- 
ture transition? including a slight displace- 
ment of some lattice points may describe the 
present transformation consistently. 


The authors wish to express their thanks 
to Mr. Kimiyoshi Got6, student of Physics 
Department of Tohoku University, who _per- 
formed in part the present measurements. 
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The Magnetostriction Constants of Silicon Steel (L) 


By Hideo TAKAKI and Yoji NAKAMURA 


Faculty of Science, University of Kyoto 
(Received March 17, 1954) 


By use of long single crystal rods of 0.7% and 1.8% silicon steel, 
having various crystallographic orientations, prepared by strain-anneal 
method magnetization and magnetostriction were measured at room 
temperature by usual ballistic and optical methods respectively. It 
was found that in both materials Kaya’s law with regard to the 


residual magnetization holds 


satisfactorily and on its basis their 
magnetostriction constants Ajo and 2’, and also their 


erystal 


anisotropy constants K; were determined. Gradual decrease of these 
three constants with silicon content was confirmed. 


$1. Introduction 


Because of the close relation with the 
mechanism of magnetization of ferromagnetic 
materials, phenomena associated with magne- 
tostriction have been investigated, both ex- 
perimentally and _ theoretically, by many 
workers. By use of the array of magnetic 
dipole moments, Akulov™ and Becker?) have 
carried out classical calculation and reached 
a conclusion that the magnetostriction, thus 
obtained, is only one tenth of the experi- 
mental value, observed at ironcrystals. Cal- 
culations conducted by Van Vleck,® Von- 
sovsky*? and Katayama*®? have shown that 
introduction of spin-orbit coupling will! be able 
to account the crystal anisotropy of magneti- 
zation and magnetostriction, as well as their 
magnitudes to some extent. 

On the other hand, so far as we know, 
only few precise measurements of the mag- 
netostriction had been conducted, on account 
of the lack of perfect crystals of sufficient 
length. One of the authers has done a con- 
siderable amount of work on the change of 
magnetostriction constants of iron with tem- 
perature? and stress,’? imposed upon them. 
The present work was carried out to examine 
the effect of other elements, which were 
added to iron; especially the effect of silicon 
on the magnetostriction canstants. Some 
early measurements by Heaps® on silicon 
steel show that the magnetostriction depends 
markedly on crystal orientations. Shturkin® 
measured the magnetostriction of single cry- 
stals of 3.5% silicon steel. Recently Carr and 
Smoluchowski!” published a paper on the 
magnetostriction of silicon steel from 2.5% to 


8%, but the region within 0% to 2.5% has 
not been measured. 


§2. Preparation of Specimens 


Electrolytic iron, and metallic silicon were 
melted together in a crucible by a high fre- 
quency melting vacuum furnace.* In addition 
to these elements 0.5% calcium silicide was 
used as deoxidizer. Melted silicon steel ingots 
were cooled in vacuum, then forged and 
drawn until their diameter decreased to about 
2mm. 

The travelling furnace method’ developed 
by Dr. T. Fujiwara was used to produce 
single crystal specimens. The specimens 
were annealed in the atomosphere of dry 
hydrogen at 850°C for 24hrs in order to be 
decarbonized and also to be controlled to the 
adequate grain size. Then after a few percent 
elongation was added, the specimens were 
annealed in the travelling furnace, the 
maximum temperature of which is just below 
their A; points, and the travelling velocity of 
which is about 5mm/hr. By this process, 
single crystal devloped from one end to the 
other and occupied the whole specimen. 

In case of 0.7% silicon steel, according to 
Fujiwara’s device, after a nucleus of crystal, 
about 2cm in length, developed from one end 
of specimen—we call this part “the nucleus 
of single crystal”—the specimen was taken 
out from the furnace for the determination 
of the crystallographic orientation of the nu- 
cleus by the light-figure method’) developed 
by Dr. M. Yamamoto and others. After 


 * The high frequency vacuum melting furnace 
was employed at Tohoku Kinzoku Kogyo Kaisha, 
Ltd., through the kindness of Dr. T. Yamamoto. 
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Table I. 
= —— - - ei *~ ae — — —————— 4 
; irecti sines of 
| Sample Length | Demagnetiz- | aa ridecutst I, & x 108 
% Si + | = = a L Sat..Rem, Obs. 
| number (mm) | ing factor | I . , 
~ ent ain a , 
144.3 0.00708 | 0.306] 0.499 0.813 | 0.606 —10.06 
we ; 142.4 0.00780 | 0.365 0.540 0.759 0.589 —12.27 
0.7 3 140.6 0.00751 | 0.207 0.479 0.853 | 0.635 — 7.06 
0.7 4. | 288.4 0.00218 0.497 0.527 0.690 0.571 —138.96 
0.7 5 | 149.4 0.00728 | 0.031] 0.310] 0.950 | 0.751 0.00 
0.7 6 212.2 0. 00384. 0.004 0.089 0.999 0.941 1s ee 
0.7 i 188.9 0.00479 0.183 0.206 0.961 0.730 2.43 
0.7 8 134.0 0. 00866 0.534 0.579 0.617 0.568 —14.86 
0.7 9 198.6 0.00428 0.048 0.700 0.712 0.669 -—10.77 
eS x | ; 3 
‘ ne DEX Ta 0.003890 0.008 0.523 | 0.8538 0.687 —45.90 
ie 2 166.0 | 0. 00668 OOLTS |, O55387,) 02826 0.641 | —45.30 
1.8 3 Ae 0.00828 0.087 | 0.358} 0.930! 0.704 2.00 
153 4 1422 0m 0. 00886 0.026 0.442 | 0.897 0.693 —19.10 
1.8 5 135.5 0.00967 0.248 | 0.367 | 0.898 | 0.642 —10.50 
1.8 6 ALS) 0.01144 | 0.181; 0.387 | 0.906 0.6438 —15.00 
1.8 iG | ila lege 76 OLOIZTS | OSLsi | 62494") 05856 0.639 — 38.50 
ile || 8 115.8 0.01289 | 0.049 | 0.406 02913 0.696 — 9.00 
ese 9 | 113.4 0.01326 0.047 | 0.3389 | 0.940 0.701 5.00 
1.8 | 10 | 252.6 0.00811 0.065 | 0.2538 | 0.956 0.768 19.80 
Table II. single crystals of 1.8% silicon steel with satis- 
a factorily desired orientations. After being 
oe ee Si (%)|C (%)| 8 (%)| Mn | P etched slightly by nitric acid solution, the 
i crystallographic orientations of single crystals, 
1.0 | 0.73 | 0.043 0.001 trace; trace —_ thus obtained, were determined by the method 
se | 1.79 | 0.008) 0.001) trace| trace = mentioned above. The accuracy of orienta- 
- tion of single crystals is within +1°. Fig. 1 
C111] shows the stereographic projection of the 


COof] C1019 


Fig. 1. Stereographic projection of the orienta- 
tions of specimens. 


x: 0.7% silicon e: 1.8% silicon. 


bending the specimen so as to make its axis 
coincide with the desired crystallographic 
orientation annealing was further continued 
within the furnace travelling from the nucleus 
to the other end. Thus, repeating this pro- 
cess long single crystal rods with various 
crystallographic orientations were obtained. 
Unfortunately, because of the shortage of the 
specimens, we could not succeed to obtain the 


orientations of these rod-axes. The charac- 
teristic constans of the specimens are shown 
in Table I and their chemical analysis in 
Table Il. These specimens were annealed in 
vacuum electric furnace for 2 hrs at 900°C 
for 0.7% silicon steel and at 950°C for 1.8% 
respectively, and then were slowly cooled in 
furnace up to 200°C, then rapidly cooled 
to room temperature by taking them out of 
the furnace. 


§3. Experimental Results and Discussion 


Fig. 2 and Fig. 3 show the magnetization vs. 


effecttive field for 0.7% and 1.8% silicon steel | 
respectively measured by the ballistic method. | 
The crystal anisotropy energy is given by the- 


following relation: 
Ey, =Ky+ Kin? +72 + 2m?) + KoPmen?, (1) 
where Ky, K, and K, are crystal anisotropy 
constants and J, ™ and m are the direction 
cosines of the rod axis with respect to the 
three cubic axes. 

By measuring the area enclosed between 
the ordinate and the magnetization curves, 
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Fig. 2. Magnetization curves observed on single 


erystals of 0.7% silicon steel with various 


erystallographie orientations. 
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Fig. 3. Magnetization curves observed on single 
erystals of 1.8% silicon steels with various 
erystallographic orientations. 
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Fig. 4. Hysteresis curves of 0.7% silicon 
steel single erystals. 
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Fig. 5. Hysteresis curves of 1.8% silicon 
steel single erystals. 
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e: 0.7% silicon oo: 1.8% silicon. 


these constants can be determined. In case 
of 0.7% silicon steel, singl crystals, of which 
rod axes are quite near to [001] and [111], as 
shown in Fig. 1 or Table I, allowed us to 
evaluate easily the order of Ky) and Ky: 

9=3 X10? ergs/cm? , 

K,=1.0x 10° ergs/cm? . 
In case of 1.8% silicon, because of lack of 
single crystal with the rod axis near any 
principal axis (see also Fig. 1 or Table I), we 
were in position only to determine A,, assum- 
ing, Ko=0 and £A,=1.0x10° ergs/cm*; “Ihe 
obtained values of K, are 
K, =4.27x 10° ergs/cm® 
for 0.7% silicon steel, 
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Fig. 7 The descending hysteresis curves of 
magnetostriction observed on 0.7% silicon 
steel single erystals with various crystallo- 
graphic orientations. 
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Fig. 8. The descending hystrersis curves of 
magnetostriction observed on 1.8% silicon 
steel single crystals with various erystallo- 
graphic orientations. 
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K,=4.01 x 10° ergs/cm’ | 
for 1.8% silicon steel. 

Next examination was made whether Kaya’s | 
law! at the remanent magnetization holds or} 
not. It states that magnetization J, at the) 
remanent point is given by the following re-'| 
lation: | 


Epes Le 


= = (2) | 
I; I+m-+n 
where J; is the saturation magnetization. In) 
this case the remanent magnetization is de- | 
fined as the intensity of magnetization at the ] 
sharp corner near the point Her,=0, as shown, 
in Fig. 4 and Fig. 5. As the calculated } 
effective field corresponding to the remanent 
point shifts largely by the slight change of the | 
demagnetizing factor of the specimen, the 
absolute value of the effective field itself has 
no important meaning. The observed values, 
(I;/Ts)obs., are tabulated in Table I and the rela- 
tion between (J;/Zs)ops. and 1/1+-m-+n is shown 
in Fig. 6. As is seen in the figure, Kaya’s 
law holds here satisfactorily. A closer in- 
spection shows, that the experimental values 
are slightly lower than the theoretical one, 
about 1.5% for 0.7% silicon, about 3.0% for 
1.8% in their mean values. These discrepan- 
cies can be ascribed to the disturbances of 
the domain distribution due to the unexpected 
local internal stress within the specimens. 

The coercive forces of these samples are 
smaller than that of iron, and for 0.7% sili- 
con they are from 0.028 Oe to 0.118 Oe depend- 
ing upon their crystallographic orientations, | 
and for 1.8% from 0.0400e to 0.118 Oe. 
Discussions on the coercive force will not be 
given in this paper. 

Magnetostriction was measured at room 
temperature by the ordinary mechano-optical 
method. Fig. 7 and Fig. 8 show the change 
of length along the descending hysteresis loop 
for 0.7% silicon and 1.8% silicon respectively. 
As Kaya’s law at the remanent magnetization 
holds, we can adopt this point as one of the 
standard point, at which the distribution of 
magnetic domains within the specimen is 
known.1%) On the other hand, at saturation 
magnetization the distribution of magnetic 
domains is, of course, uniquely determined. 
So the difference of the length of the speci- 
men between saturation and remanence can 
be expressed; 
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‘ aioe te 
Z+m-+n 


ol 
Cosa fC 
Sat.-Rem. 2 


—3(m?n? +71? +Pne)| Ax00 


+3097? +-1?P+Pm)dy (3) 

Here the magnetostriction constants A1oo and 
41 are defined as the relative change in 
length during magnetization from the demag- 
netized state to saturation, when the former 
is assumed to have uniform distribution of 
domains in six easy axes. 

Using the relation (3) and the observed 


D1 
_ values, (2) , tabulated in Table 
Sat.-Rem. Obs. 


I, we can determine Ay. and A, for 0.7% 


| and 1.8%; they are: 


% Si A100 x 106 Aut x 106 
0.7 | 18.8240.82 | —(15.41+40.17) 
18 16.05+0.58 | 


| te (9.420. 23) 


Fig. 9 represents how the three constants 


— Aioo, 4111 and K, change with silicon content. 


The constants Ajyoo, 41: and K, for pure iron 
are taken from our previous paper!; (Ayo= 
29.0 X 10-°, °-2543=—18.9x 10-* and K,;=4.45x 
10° ergs/cm*). The decrease of 4, and Ky, 
are proportional to silicon content but the de- 


_ crease of Aio9 seems to be not so, and to be 


rapid at low silicon content. 
In case of 1.8% silicon steel, measurements 


were made both on magnetization and mag- 


netostriction for the polycrystalline specimen. 


Under the assumption of uniform distribution 


of grain orientations, theoretical remanent 

magnetization for the polycrystalline specimen 

will be given by taking an average of (2): 
I= 0167 227 

The observed value of remanent magnetiza- 

tion is just 0.6727;. Such an excellent agree- 

ment was also found in case of pure iron.» 


Culculation has been made for the magnet- 
ostriction of polycrystalline material: 


(+) Ls {-(1—0.489)—3 x =I he 
U Sat.-Rem. 2 =) 


+3x-LAn=—2.97 10°. 


The observed value is —1.76x10-*. On the 
other hand, the crystal anisotropy of polycry- 
stalline material is expressed: 
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Fig. 9. Dependence of the three constants djo9, 


Au. and K, on the silicon content. 


B.=Ki+2Ki+ 1 _K,=0.80x 105 ergs/cm? , 


Ia) 
while observed value is only 0.67 x 10° ergs/cm?. 
In conclusion the authors wish to express 
their sincere thanks to the late Dr. K. Honda, 
and professor S. Kaya of the University of 
Tokyo for his kind interest and encourage- 
ment throughout the work. The expense of 
this research has been partly defrayed by the 
Scientific Research Expenditure of the Educa- 
tional Ministry. 
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Polished layers, the so-called Beilby layers, of Cu, Ni and Au are 
heated in vacuum or, for Ni, in hydrogen atmosphere, and the process 
of erystal growth is studied by electron diffraction and electron 
microscopy. The crystallization curves at various temperatures are 
also obtained. Above a certain temperature, for each metal, the 
erystallization goes on pretty rapidly: for instance, polished surfaces 
of Cu, Ni and Au erystallize in one hour at 60°C, 250°C and below 
200°C, respectively. The crystallized surfaces consist mostly of Cu,O 
and of NiO for Cu and Ni surfaces respectively, and exclusively of 
metallic Au for Au surface. They are accompanied by weak fibre 
structures, which are more remarkable by the heating at lower tem- 
peratures. When the polished specimen of Ni is heated in hydrogen 
atmosphere, the number of the nuclei of crystallization is smaller 


than for specimens heated in vacuum. 


$1. Introduction 


It is well known that when a metallic sur- 
face is lapped with fine-grained abrasives or a 
chamois leather, the surface acquires a mirror- 
like appearance and gives the characteristic 
electron diffraction pattern composed of two 
diffuse haloes. Such a surface has been 
usually called the “Beilby layer”. A con- 
siderable number of works*) have been done 
on the Beilby layer by electron diffraction. 

Two views have been proposed for the 
structure of the layer; one is that the layer 
consists of extremely small crystal grains and 
the alternative one is that the layer is, as 
Beilby first considered, 72 amorphous state 
or liquid-like state. Also there have been a 
question whether the layer, for usual metals 
except Au, are oxidised or not when polished 
in the air. 

More recently Raether and his coworker“ 
investigated the layer in detail by electron dif- 
fraction and also by electron microscopy in 
some cases. They supported the view of syzail 
crystal grain, saying that the size of the 
crystal grain near the surface is very small, 
and is as small as a few unit cell in length 
in the Beilby layer**. Also, they considered 


that the Beilby layer produced under the usual 
condition of polishing in the air is oxidised near 
the surface, while metallic in the deeper place. 

However, the background in the halo pattern 
due to the incoherent scattering and the wavi- 
ness of the surface is so strong that it is very 
difficult to carry out an quantitative analysis 
of the pattern in order to settle down the 
above mentioned problems. Moreover, the 
meaning of the crystal grain becomes obscure 
when the grain is so small as thought by 
Raether and coworkers, because the boundary 
region between the neibouring crystal grains, 
which is heavily distorted and might be con- 
sidered rather as amorphous, cannot be neg- 
lected; it is doubtful that such small grains 
have the same atomic arrangement as that of 
an ideal crystal. 


* 


of Applied Science, Faculty of Engineering, 
Kyushu University, when the authors were the 
members of it. Some parts of the study were 
published in the other place). 

** Following Beilby and others the term 
“Beilby layer” will be used also in this paper, 
though it does not mean to accept the liquid-like 
view. We mean by it the polished layer of metal 
which has a mirror-like appearance and gives a 
diffraction pattern of diffuse haloes. 
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This work was carried out at the Institute - 
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There seems, however, to be some other 
points to be attacked by electron diffraction 
as well as by electron microscopy, from which 
a deeper insight into the nature of the Beilby 
layer would be obtained. The change in the 
state of the layer with heat-treatment might 
be one of them. Only a few, not much sys- 
tematic investigations®? have hitherto been 
carried out along this line. Therefore, in this 
paper the changes in the state of polished 
surfaces of Cu, Ni and Au are studied in 
detail under various conditions of heat-treat- 
ment, and some considerations on the nature 
of the Beilby layer are given. 


§ 2. Experimental Apparatus and Procedure 
a. Polishing of the specimens. 

The specimens of Cu and Ni (electrolytic 
nickel) were cut from blocks, and the ones of 
Au were cast. Their shapes are shown in 
hig. 1. 

All the specimens were annealed sufficiently 
before polishing to get rid of the effect of 
working. The automatic polishing apparatus 
as shown in Fig. 2 was used: the specimen 
holder is rotated around the holizontal axis, 
and is balanced by a weight at another end. 
During the polishing, the whole area of the 
specimen was pushed onto the surface of the 
rotating disk with an uniform pressure 25~30 
g/cm”, which is adjusted by a weight on the 
holder. The polishing speed was 50~60 m/min. 
All the specimens were first polished with the 
emery papers in sequence of 0, 00, 000, 0000. 
Then the Cu and Au specimens were polished 
with Al,O; on a cloth, and the Ni specimen 
with Cr.O;, until the surface became glossy 
like a mirror (for about 10~30 min.). Finally 
they were polished with a chamois leather 
dropping pure benzol for about 2.5, 3 and 4 
hours, respectively for the three kinds of 
metals. Some specimens of Ni were polished 
longer, for about twenty hours. 


b. Heat-ireatment tn vacuum. 

The specimen for which the existence of 
the Beilby layer was confirmed by electron 
diffraction was fixed on the Ni holder and 
inserted into the furnace (Fig. 3). It was 
moved to the central part of a quartz tube 
by a small magnet outside the tube, and then 
was heated. After the heat-treatment, the 
specimen was brought to a brass tube con- 
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Specimens. a) Cu and Ni b) Au. 


free arm 


{ 


polishing weight ( Pb) 
adjustable spring 
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specimen holder ) 9 


(b) 


rotating disk 


Fig. 2. (a) Specimen holder 
(b) Polishing machine. 
Fe-piece 
almel-chrome| 
electric furnace thermo couple: 
brass tube quartz tube 


| [000000000000 


——-- 
diffusion pump 
magnet 


specimen holder 
made of Ni 


Fig. 3. Apparatus for heat-treatment 


in vacuum. 


nected to the quartz tube to be quenched to 
room temperature, and was immediately ex- 
amined by electron diffraction. 
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c. Heat-treatment of Ni 
atmosphere. 


in the hydrogen 


Some specimens of Ni were also heat-treated 
in the hydrogen atmosphere. Activated hydro- 
gen generated by electrolyzing the 30% aque- 
ous solution of NaOH was passed through a 
solution of pyrogallol in NaOH and a P.O; trap 
to absorb oxygen and water vapour. (Fig. 4). 
After the air was expelled from the furnace 
by filling it with water, the pure hydrogei 
gas of about one atmospheric pressure was 
introduced. The furnace was then pre-heated, 
and finally the Ni specimens was inserted in 
it. 


§ 3. Experimental Results 


The specimens polished and _ heat-treated 
were studied by electron diffraction and elec- 
tron microscopy. In most cases the diffraction 
pattern was taken with the incident beam 
parallel or perpendicular to the direction of 


Table ws 
Sabstances| Tl ; 

ae Cu Ni Au 
Haloes a 

i 4.0 3:86 | 4.1 

PA | 2.26 Deca | eo 

3 | 1.25 1.26 | 1.24 (in A) 

| 
metal net 


water vapor 
absorbent 
electrode + 


FEEELEE (Ni plate) 
electrode — 
(C rod) 
OQ; absorbent 
oe ) seal 
IN NaOH 30 % NaOH 
Fig. 4. Generator of hydrogen. 
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polishing. In electron microscopy, the method 
of methylmetaacryl alumina replica with 
shadowing by chromium at the angle of tan™' 
1/5 was applied. 


a. The diffraction pattern from the Beilby 
layer. 

The diffraction patterns from Cu and Ni 
are shown in Photo 1 and 4. The spacings 
of haloes in these photographs are given in 
Table I. Besides the two haloes as usually 
observed (2 and 3 in the table), a low angle 
scattering was also observed which seemed 
to be bordered by another halo of a larger 
spacing (1 in the table). The spacings of the 
two outer haloes agree within error with those 
obtained by the previous workers. The new 
inner-most halo will be considered later. 


b. Electron diffraction study of heat-treated 
specimens. 


Cu) 
kept at room temperature, 
vacuum. 

At room temperature, weak Cu,O rings 
appeared after 20 hours. After 94 hours, the 
crystallization of the oxide was completed 
(Photo. 2) where the (200) and (220) rings 
showed arcing. The (111) rings also showed 
arcing after 142 hours. 

At 100°C, several Cu.O rings appeared after 
only 15 min., while the haloes still remained. 
After 30 min., about ten Cu,O rings were 
observed, indicating that the crystal growth 
of the oxide proceeds to some degree (Photo. 
3). After 1 hour, the crystallization of Cu,O 
was almost completed although some diffuse 
rings still existed. After 6 hours, the diffuse 
rings disappeared and seven Cu,O rings and 
some CuO rings were observed. The (111), 
(200) and (220) rings of Cu,O showed slight 
arcing. 


The specimens of Cu after polishing were 
AO ore TOC in 


(3) (4) 
(1) Polished surface of Cu with chamois leather. 
temperature for 94 hours in vacuum after polishing. (Cu,0.) 


100°C for 30 min. in vacuum after polishing. (Cu,O.) (4) Polished surface of Ni with chamois 
leather. 


(2) Cu surface kept at room 
(8) Cu surface heated at 
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(6) 


(5) 
Photo. 5-8. 


(7) 
(5) Ni surface heated at 100°C for 6 hours in vacuum after polishing. 
face heated at 300°C for 1 hour in vacuum after polishing. (NiO and Ni.) 
heated at 500°C for 10 hours in vacuum after polishing. (NiO.) 
700°C for 2 hours in vacuum after polishing. (NiO.) 


(7) 
(8) Ni surface 


1 
pet 
On 


(8) 

(6) Ni sur- 
Ni surface 
heated at 


Table II. Spacings of the diffraction rings from the erystallized surfaces of Ni 
Heat-treatment in vacuum Heat-treatment in hydrogen ; Te te 
(10- mm Hg) atmosphere | X-ray diffraction data 
for 4 hrs for 16 hrs for 8 hrs iory AL laisse; | Ni NiO 
at 300°C at 500°C at 300°C at 500°C 
d(A) Int. | d(A) Int. | d (A) Int. | d (A) Int. | (hkl) d (A) Int. | (hkl) d (A) Int. 
3394: m 
2.90* s 
Zaoen m 
2.41* m aoe s 2.40 m (111) 2.40 Ss 
2. 08* Ss (200) 2.08 vs 
ys} W 2.02 Ss 2.03* Ww GiDe22030e vase) 
1.82* m 1.73 m - 76% Ss (200) 1.76 Ss 
1.63* m | 
1.43 Ww Ay vs 1.49 Vw (220) 1.474 s 
1.28 Ww be rAe, VW 
1.26 Ss | Gia) Wt ,Ass ian 
I Al Ww 1.20 m 1.23* m 1.21 Vow | (220) 1.24 ma (222) ls 20 Sawa 
1.08 m broad 1.05 Ww 1.05 m 1.07 m (311) 1.061 m | (400) 1.042 v w 
Bole diffuse (0,978 Ww 1.01 v W dirtuse| 0.975 Ww (222) TOLii va wi 
ee lt iy 98 (331) 0.957 v w 
0.89 w),t%°"| 0.948 s 0.931 vw (120) 0.938 w 
0.852 m | (422) 0.852 v w 
| | (400) 0.808 w ‘ 
0.798 Ww 0.805 m 0.804 w | 0.802 WwW yeR 0.778 <a (333) 0.802 v w 
746 Ww 0.737 WwW 0.730 WwW (440) 0.737% 
0.718 w | (422) 0.719 w 
0.709 vw) 0.695 m 0.672 Ww 0.679 Ww (442) 0.695 
0.658 Ww 0.658 m (333) 0.678 Ww | (620) 0.659 
0.60 vw) 0.626 m 0.603 Ww (622) 0.628 
0.575 m 0.588 vw (640) 0.578 
0.554 m 0.542 w (624) 0.557 
0.536 w | (553) 0.548 
0.500 Ww (733) 0.510 
| 0.489 w | (555) 0.482 
0.448 vw | (646) 0.445 
* Shows the fibre structure. ** The spacings larger than this are obtained by the calculation. 
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Fig. 5. Crystallization curves for the polished 
Cu surfaces heated in vacuum. Crystallized 
substance is Cu,0O. 
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Fig. 6. Crystallization curves for the polished 
Ni surfaces heated in vacuum and hydrogen 
atmosphere. Crystallized substances are NiO 
in vacuum and Ni in hydrogen. 


Ni) In the case of Ni kept at room temper- 
ature in vacuum, the change in the structure 
of the specimens was studied at temperatures, 
100°, 300°, 500°, 700° and 900eC. 

At 100°C, any sign of the change in the 
pattern did not appear before 5 hours, and 
afterwards, the ring pattern came to appear 
very slowly (Photo. 5). At 300°C, 12~13 
rings of NiO and a few weak rings of Ni were 
observed after 1 hour (Photo. 6), and after 4 
hours, many NiO rings appeared additionally 
but the diffuse rings remained. At 500°C, 
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Fig. 7. Crystallization curves for the polished 


Au surfaces heated in vacuum. 


the rings of NiO began to appear in only 15 
min.. After 4 hours, the change proceeded 
considerablly, and after 10 hours, sharp twenty 
rings of NiO were observed (Photo. 7). No 
more change in the pattern was observed 
after further heating (16 hours). At 700°C, 
many sharp rings of NiO appeared in 30 min. 
without the diffuse pattern. The pattern was 
not changed with a further treatment (2 
hours) (Photo. 8). In Table II, the spacings 
of the rings which appeared by the heat- 
treatment of some conditions are shown. 
When the ring pattern became strong, the 
arcing appeared in the (111), (200) and (220) 
rings of Ni as well as of NiO. 

When the polished specimens of Ni were 
heat-treated in hydrogen atmosphere instead 
of in vacuum, the process of the change was 
different from that observed when heated in 
vacuum. The rings obtained in hydrogen 
consisted mostly of Ni, the NiO rings being 
absent (at 300°C) (Photo. 9) or weak (at 500°C). 
The rings were generally sharp compared 
with those obtained in vacuum. The spacings 
of some of them are also given in Table IL. 

Some specimen polished with a chamois 
leather for a far longer time (about 20 hours) 
was also examined. The crystallization had 
been almost completed with the heat-treatment 
at 520°C for 3 hours, showing no essential 
difference from the ones polished for a shorter 
time. 

Au) The polished specimens of Au were 
heat-treated at 120°, 250° and 470°C. At 
120°C, the rings appeared after 1 hour, but 
the halo still existed. At 250°C, comparatively 
sharp rings appeared after 1 hour, in which 
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(11) 

Photo. 10-13. (10) Electron micrograph of polished surface of Ni with chamois leather. (Cr 
shadowing.) (11) Electron micrograph of Ni surface heated at 700°C for 2 hours in vacuum. 
(12) Photomicrograph of Ni surface heated at 300°C for 8 hours in hydrogen atmosphere. 
(13) Photomicrograph of Ni surface at 500°C for 4 hours in hydrogen atmosphere. 


(111), (200) and (220) rings showed arcing. At 
470°C, the crystallization proceeded to some 
extent in 15 min. and almost completed after 
2 hours. 


Crystallization Curves. The change from the 
halo pattern to the ring pattern indicates the 
crystallization of the substance composing the 
polished layer. However, the rings, especially 
those in the early stage, are too weak to 


(16) 
(16) Photomicrograph of Au surface polished with alumina suspended in water. 
(18) Electron micrograph of 
Au surface heated at 470°C for 2 hours in vacuum after polishing. 


Photo. 16-18. 


(17) Electron micrograph of the same gold surface as Fig. 16. 


measure quantitatively their intensity and 
width. Therefore, classifying the degree of 
crystallization into the only several stages by 
the type of the diffraction pattern, we obtained 
the crystallization curves for each metal as 
shown in Fig. 5, 6 and 7. 


c. Ovservation by optical and electyon micro- 
scope. 
(i) The Beilby layer. 

The surfaces of the polished specimens, for 
which the diffraction patterns of the haloes 
were obtained, were flat in the scale of elec- 
tron microscope. An example of the nickel 
surface is shown in Photo. 10. 

(ii) Ni specimens treated in vacuum and in 
hydrogen. 

The electron micrograph of the polished 
specimen heated in vacuum at 700°C for 2 
hours, is given in Photo. 11, which corresponds 
to the diffraction pattern of Photo. 8. 
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(12) (13) 


Photo. 14-15. (14) Electron micrograph of the 
same surface as Fig. 12. (15) Electron micro- 
graph of the same surface as Fig. 18. 


(18) 


The optical and electron micrographs of the 
Ni specimens heat-treated in the hydrogen 
atmosphere are given in Photo. 12, 13, 14 and 
15. By the heat-treatment at 300°C for 8 
hours, pretty large grains (about 2~4 y), pro- 
bably of Ni crystal, appeared in the flat 
matrix. By the heat-treatment at 500°C for 
4 hours, the grains were far smaller in size 
but more in number than those at 300°C for 
8 hours. 

(iii) Au surface in the process of polishing. 

The electron micrographs of the surface of 
Au, polished with Al,O; suspended in water, 
on which the Beilby layer had not yet been 
observed, showed sometimes an interesting 
feature which was not seen in Cu and Ni. 
The optical and electron micrographs are 
shown in Photo. 16 and 17, respectively. 
There are seen major folds with a nearly 
constant spacing of about 20 4“, between which 
many minor folds were observed, both of 
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them running nearly perpendicular to the 
direction of polishing. This peculiarity be 
attributed partly to the ease of deformation 
of Au, and partly to the fact that Au suffers 
no oxidation disturbing the deformation. 

On the other hand, when the polished sur- 
face composing the Beilby layer was _ heat- 
treated at 470°C, 
siderably rough as if etched, as seen in Photo. 
18. 


the surface became con- 


§ 4. Considerations on the Results 


a. The low angle scattering observed in the 
diffraction from the Beilby layer. 

The low angle scattering in the diffraction 
from the Beilby layer, as mentioned in §3. a, 
has not yet been reported by any previous 
authors. To observe this, the incident angle 
was made as small as possible, and the back- 
ground was lessen by setting a knife edge as 
close as possible to the surface. 

The existence of the similar low angle scat- 
tering was reported in the X-ray diffraction 
from the cold worked Cu and Ni by Blin and 
Guinier®? and was considered to result from 
the sub-microscopic cavities, the radius of 
gyration of which was about 7 A. It may 
be conceived that the low angle scattering 
observed in the pattern from the Beilby layer 
is also caused by some imperfection within 
the crystal. 
impossible to go further into this problem 


However, for the moment, it is 


because of the qualitative nature of our obser- 
vation. 

b. The process of crystallization. 

main features of the 
observations on the process of crystallization 
of the Beilby layer is mentioned. In the pre- 
sent paper the word crystallization means the 
process corresponding to the change from the 
halo pattern to the ring pattern, and it may 
actually be of complicated nature involving 
crystallization of pure metal and oxide in the 
layer. 


(i) 


In this sub-section 


The initial stage of the crystallization. 
At the initial stage of the heat-treatment, the 
diffuse halo pattern coexists with diffraction 
rings due to metal or oxide ; the latter becomes 
relatively stronger as the crystallization pro- 
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ceeds. 


well as in vacuum, develops gradually starting 
from some localized parts in the polished layer. 
This process is also supported by electron 
microscopy on Ni, for instance, annealed at 
300°C in hydrogen. 

(ii) 
pecially the case of Ni). 


For the Ni specimen heated in vacuum, the 


rings, mostly of NiO, remain broad even after | 


the crystallization proceeds and the diffuse 


haloes have completely disappeared. On the — 
other hand, when the Ni specimen is heated | 
in hydrogen, the rings, mostly of Ni, become | 


sharp even at the earlier stage (refer to § 8. 
b). These facts suggest that in the case of 
the polished surface of Ni the existence of 
oxides disturbs the crystal growth or distorts 
the lattice of the grown crystal. The electron 
microscopic study seems also to support this 
18, 20 and 22, the 
surface of the specimen heat-treated in vacuum 
is far uneven than that treated in hydrogen. 


view. As seen in Fig. 


c. Fibre structures. 


As mentioned in $3. b, fibre patterns are 
sometimes observed in the diffraction from 
the crystallized surfaces, as revealed by the 
arcing of the rings (111) and (222) etc. of 
Cu,0, Ni, NiO and Au. The arcing becomes 
more prominent for the heat-treatment at 
lower temperatures. Although the accurate 
determination of the fibre axes cannot be made 
because the arc patterns are weak, it is likely 
that there exist independent fibre axes [100], 
[110] and [111].* 

Lees® confirmed the existence of the [110] 
fibre structure in the region lying under the 
Beilby lavers of Cu and Au. Takahashi® re- 


* For example, when the polished Cu specimen _ 


was kept at room temeperature, the following 
diffraction pattern of Cu,O is observed: when 
the incident beam is perpendicular to the direc- 
tion of polishing, the are in the (220) ring is seen 
in the direction normal to the shadow edge and 
the ares in the (200) and (111) rings are respec- 
tively about 30° and 52° inclined to the normal 
on both sides, extending over the range of 13° 
and 17° respectively. 
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This fact suggests that the crystalli- | 
zation, by the heat-treatment in hydrogen as | 


The second stage of crystallization (es- | 


| 
/ 


4 
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ported that lapped surfaces* of alloys with 
face-centered cubic structure such as a-brass 
and Al-bronze have the [111] and [100] fibre 
structures, both inclined about 8° towards the 
direction of polishing, and that when the sur- 
face of a-brass is polished by a chamois 
leather, the [110] fibre structure reaches to 
the depth of several yw. It is well known 
that, in the cold-worked metals in bulk with 
face-centered cubic structure, the [111] and 
[100] fibre axes appear parallel to the direction 
of force under tension, and the [110] fibre 
axis under compression”. 

Considering the above facts, we may explain 
the generation of the fibre structure during 
the crystal growth as follows. Before the 
Beilby layer is formed, the region near the 
surface is divided into smaller crystal grains 
having fibre structures. From the results on 
the bulk metals, it is likely that the [111] and 
[100] fibre axes are produced by the tangential 
component of the force exerted and the [110] 
fibre axis by the normal component. Before 
the Beilby layer is formed, the fibre 
structure will have extended down to the re- 
gion lying beneath the Beilby layer, and it 
may be possible that the trace of the fibre 
structure remains in the Beilby layer itself. 
These fibre structures may, then, be considered 
to be the origin of that appeared in the Beilby 
layer by the heat-treatment. 

Whether the trace of fibre structure exists 
or not in the Beilby layer itself is an impor- 
tan problem in order to decide between two 
views on the nature of the Beilby layer, the 
theories of “small crystal grain” and of 
“liquid-like packing.”** A few eleceron dif- 
fraction studies!™, carried out on the thin 
film of the Beilby layer stripped from the 
base, do not seem to observe the arcing in 
the diffraction rings. It is desirable to carry 
out further observations on this point. 


d. The temperature of crystalitzation. 


The crystallization curves in Fig. 5, 6 and 
7 resemble the recrystallization curves of cold- 
worked metals in bulk. Because of the rough 
representation of the degree of crystallization, 
it is difficult to evaluate quantities such as 
activation energy of crystallization etc., but 
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it is at least probable to say that the tem- 
peratures of crystallization are about 60°, 250° 
and below 200°C for Cu (actually Cu,O), Ni 
(actually NiO) and Au, respectively. For Ni 
heated for one hour in hydrogen, this tem- 
perature is about 300°C, which is higher than 
that for treatment in vacuum. The oxides 
seem to make the crystallization temperature 
somewhat lower. 

The results for Au and Ni treated in 
hydrogen are most important, since these 
cases are free, or almost free, from the influ- 
ence of oxide. According to the data given 
by Seitz and Read™, the recrystallization 
temperatures of heavily cold-worked poly- 
crystalline Ni and Au in bulk are about 620° 
and 200°C, respectively, being higher than 
those for the Beilby layer. It is no wonder 
that there exists a difference in the behaviour 
of crystallization between the two cases, be- 
cause the Beilby layer is far more heavily 
distorted than the metal in bulk cold worked 
in the usual way, although our present know- 
ledge of the Beilby layer is too insufficient to 
make detailed comparison. 

e. The effect of prolonged polishing. 

According to the result mentioned in § 3. 5, 
the prolonged polishing (about 20 hours) does 
not change essentially the behaviour of the 
crystallization of the Beilby layer. This fact 
seems to mean that the state of polished layer 
(the degree of randomness in the atomic ar- 
rangement and the thickness of the layer) 
arrives at a certain limiting state in a certain 
time under a given pressure of polishing. This 
is in contrast to the case of metal in bulk 
for which the duration of cold-working has a 
great influence upon the state of strain and, 
accordingly, the rate of recrystallization, 


f. The oxides and the Beilby layer. 


Whether the Beilby layer is composed of 
oxides or not has been discussed by many 
authors. As mentioned before, Kranert and 
Raether™ concluded that the surfaces of 


* The surfaces, in this case, have not yet 
become the Beilby layer, but give the ring 
pattern. 

*k According to Prins), it seems to be that 
the fibre structure usually does not exist in the 
intrinsic amorphous state. 
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metals polished in the air are usually oxidised. 
We support their view from the reasonings 
mentioned below: (i) In the early stage of 
crystallization, the oxidation after polishing 
is improbable because the specimens were 
always kept in vacuum (~10-4mm) or in 
benzol, and annealed in vacuum. (ii) In the 
cases of Ni as well as Cu, the oxide pattern 
is obtained from the surface when the polish- 
ing is underway. Especially, in the case of 
Cu, the surface sometimes becomes to bear 
a red tinge, showing the formation of Cu,0O. 

Notwithstanding, since the Beilby layer of 
Au is never oxidised, we may say that the 
existence of oxides takes generally no essential 
part on the formation of the Beilby layer, 
although it may lower the temperature of 
crystallization, or might hinder the growth 
of large crystal grains. 

In conclusion, the authors with to express 
their sincere thanks to Prof. Futagami of 
Kyushu University for his generous guidance 
during the course of the study, and Prof. 
Suge of University of Tokyo for his interests 
and valuable advices, and also Messrs. J. 
Tasaki, T. Oda and T. Yoshii of the Depart- 
ment of Metallurgy, Kyushu University for 
their valuable discussions and affording the 
facilities to the experiments. 

This work was indebted to the Scientific 
Research Expenditure of the Ministry of 
Education. 
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On Nickel Oxides of High Oxygen Content* 
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and Morio KOJIMA 
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Nickel oxides of high oxygen content formed by incomplete dissocia- 
tion of nickel nitrate were investigated crystallographically and 
magnetically. The oxygen excess of these oxides ranges from zero to 0.2 
gr. atom/mol., and their crystal structures are not essentially different 
from that of the ordimary nickel oxide. As they are not in a stable 
state, they have some curious but important behaviors. That is, with 
the degree of excess, they become to have a cubic structure the 
parameter of which is larger than that (a) of a rhombohedrally 
deformed one, and at sufficiently high oxygen contents they behave 
as something like a ferromagnetics. Such rather extraordinary 
phenomena may be considered to be originated from the fact that the 
oxygen excess in the specimens owes not only nickel vacancies but 
also the absolute excess of anions. In the measurements of suscepti- 
bility, the coincidency between the heating and cooling curves is very 
good for ferromagneties-like oxides, while it is not for antiferro- 
magnetic ones. There is also an evidence for the existence of 
antiferromagnetic cubic oxide at a temperature fairly lower than its 


Neél point. 


§1. Introduction 


The physical properties of nickel oxide is 
expected to change with the degree of oxygen 
excess. About this problem, few experiments 
have yet been performed, probably because 
of its very narrow range of oxygen concent- 
ration. In the stable state, the range has 
been generally accepted to be a fraction of 
one percent. According to a literature, how- 
ever, incomplete dissociation of nickel nitrate 
may yield the oxides containing relatively 
high excess of oxygen, although they must 
not be stable. The present paper reports the 
results of crystallographic and magnetic ob- 
servations on such oxides. 


§2. Method of Experiments 


The degree of oxygen excess in the samples 
were determined as follows. At first, a de- 
finite amount of nickel foil (0.06 mm. in thick- 
ness) of 98.95% purity was oxidized until no 
substratum remained. From the accurate 
measurement of the weight increase in this 
oxidation, the deviation from its stoichiometric 
composition was estimated to be 0.0033 gr. 
atom/mol. (deficient in nickel). And _ this 
composition was assumed to be valid when 
the oxide was stablely formed by high-tem- 


perature calcination of nitrate in air. Next, 
nickel oxides of various oxygen contents were 
obtained by heating nickel nitrate at various 
temperatures ranging from 550 to 1250°C. In 
order to estimate the degree of excess, the 
sample was heated again at 1250°C in a vessel 
of nickel oxide which had been prepared by 
oxidizing the nickel foil as mentioned above. 
By this means the sample will have dissocia- 
ted completely without fears lest the sample 
should be contaminated by the vessel if the 
vessel were made of the other material. Con- 
sequently the weight decrease in this operation 
may be considered to be due to the excess 
oxygen leaving the sample and thus the degree 
of excess can be calculated. 

The specific gravity was measured by the 
method analogous to the one which was em- 
ployed by Hagg” in the determination of the 
crystal structure of magnesium nitride.** But 
the values thus obtained for the sample of 
stable oxide formed by the high temperature 
dissociation of nitrate were somewhat smaller 
than the calculated ones, the ratio of the latter 
to the former being 1.010. So the observed 


* The paper was read before the Osaka Meeting 
of this Society held in April, 1953. 

** But in the present case, distilled water is 
employed, while Hagg employed benzol. 
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values were always corrected by multipling 
by this factor. 

The X-ray and magnetic analyses were per- 
formed in the same way as in the previous 
reports.”)) 


$3. Results of Experiments 


As is expected, the oxygen excess of the 
samples investigated increases with lowering 
the temperature of dissociation of nitrate 
(Table I)**, and the greater is the excess the 
smaller is the specific gravity (e) (Fig. 1). 


Table I. Oxygen excess of the specimens. 


Condition of dissociation Oxgen excess 
Temp. (°C) Renee (gr. atom./mol.) 
1250 2 0.0033 
850 2 0.02 
800 2 0.05 
650 2 0.09 
550 2.5 0.20 


— Oxygen excess (relative to nickel) 


Variations of specific gravity (0) and 
lattice constants with oxygen content. 


Fig. 1. 


Furthermore, their crystal structures are not 
any other than a rhombohedral (a slightly de- 
formed rock-salt type) similar to the ordinary 
nickel oxide or than a rock-salt type similar 
to an oxide film. However, it is to be noted 
that their lattice constants, @ and a, vary as 
in the corresponding curves in Fig. 1, which 
means that the unit cell expands and a 
approaches to 90° with the oxygen excess. 
Microphotometer plottings for {111}, {200} 
and {422} diffraction lines (NiKa) of the two 
kinds of oxides are reproduced in Fig. 2, 
where it is seen that the line broadening oc- 
curs in cubic oxide as in the case of oxide 
film on nickel.” 
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Fig. 2. 


** The authors were doubtful if nitrogen re- 
mained in the sample formed by calcinating the 
nitrate at such a low temperature as 550°C. 
According to a chemical analysis, however, it 
amounted only to about 0.004%. 
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There is also an interesting change in the 
magnetic behavior with the oxygen content 
as illustrated in Fig. 3, which shows the 
susceptibility change with temperature for 
several specimens. The specimen formed by 
the complete dissociation of nitrate, of course, 
behaves as an antiferromagnetics (the curve 
for NiO; .99;), and the specimen of 0.09 oxygen 
excess still maintains the similar characteris- 
tic (the curve for NiO;.9.)*. But when the 
oxygen excess becomes as high as 0.20, the 
susceptibility increases in magnitude and _ be- 
comes to have a negative temperature coef- 
ficient just like a ferromagnetics, though at 
sufficiently high temperatures it has a behavior 
analogous to that of the ordinary oxide (the 
curve for NiO;..,). The former behavior can- 
not be ascribed to the contamination by fer- 
romagnetic impurities, because there is no 
ferromagnetic substance with such a low Curie 
point and also no possibility to exist in the 
present specimen. Therefore, the behavior is 
considered to be due only to the high oxygen 
concentration. Actually the same specimen 
behaves as an antiferromagnetics when its 
oxygen contents is lowered by high-tempera- 
ture calcination. To confirm the existence of 
such a ferromagnetics-like nickel oxide, several 
oxides from nitrate of higher purity were 
examined and even in this case the suscepti- 
bility decreased with temperature rise in the 
specimens with sufficiently high oxygen excess. 


§ 4. Discussion 


All the oxides treated here have composi- 
tions fairly deviating from the stoichiomet- 
ric one (NiO), but in view of their crystal 
structures they must still belong to nickel 
oxide. And if their oxygen excess is caused 
only by the cation vacancies, the lattice is 
expected to contract and deform with the de- 
gree of excess. However, contrary to this 
expectation, it expands and does not deform 
with their oxygen content. So the excess 
must be originated not only from the cation 
vacancies but also from the absolute excess 
of anion. This can easily be demonstrated as 
follows. For convenience, their molecular 
formula is expressed as NizO,, where y/z—1 
represents the degree of oxygen excess. Then 
zx and y are calculated from the lattice con- 
stants and the density. The results are illust- 
rated in Fig. 4, which shows that there exist 


On Nickel Oxides of High Oxygen Content 523 


more oxygen ions than their lattice points, 
though, of course, there are also nickel vacan- 
cies. Concerning such surplus oxygen ions, 
it can hardly be said at what positions in the 
lattice they are situated. Such a rather ex- 
traordinary structure perhaps comes from the 
metastable nature of the oxides formed by 
the incomplete dissociation of nitrate. And 
the change in the magnetic behaviors seems 
to be originated from these surplus oxygen 
ions. 
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Fig. 8. Variation of susceptibility with 
temperature (1000 oersteds). 
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Fig. 4. Absolute excess of oxygen and absolute 
defficiency of nickel in nickel oxides. 


It must be further noticed that in the mea- 
surement of susceptibility the heating and 
cooling curves well coincide with each other 
for the ferromagnetics-like oxide, while they 
do not for the antiferromagnetic one. Lastly 
the authors should like to point out the fol- 
lowing fact. The specimen containing 0.09 


* Both these two curves are of heating, and 
the cooling curves, which are omitted to avoid 
the complication of the figure, deviate consider- 
ably from the heating ones as in the previous 
reports.) 
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On the Transition Temperature of Molecular Rotation in 


Long-Chain Compounds with the Discontinuous Model 


By Sukeaki Hosoya 


Institute of Physics, College of General Education, 
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(Received August 25, 1958) 


The rotational transition, which is found in some long-chain com- 
pounds, is discussed at the level of Bethe’s approximation, assuming 
that the rigid molecules occupy the rigid two-dimensional triangular 
lattice points, and that they can take only three orientations around 
their axes. Four kinds of interaction energies must be considered. 
The calculations are made concerning what values of interaction 
energies make the transition to the paraffin-typed arrangement 
possible, and concerning how the transition temperature depends on 
these energy values. Some reasonable results are obtained. At the 
same time, another type of the ordered arrangement is also investigated, 
in which all molecules take the same orientation. 


$1. Introduction sion of the lattice. This may also be assumed 

Some long-chain compounds such as normal below the transition temperature, because the 
hydrocarbons and alcohols have rotational 
phase transition, above which the molecules 
undergo the hindered rotation, and below 
which most of them arrange themselves in 
ordered states such as shown in Fig. 1.1-» 
The crystal of such compounds changes its 
lattice form from the orthorhombic system to 
the hexagonal, when it goes over the transi- 
tion point from the lower temperature. Ex- 
periments”? show that the interaction energy 
between molecules on the adjacent layers 
which are perpendicular to the c-axis is very 
weak when compared with the one among fig. 1. The ordered molecular configuration of 
molecules on the same layer. So we can deal paraffins projected on the a-b plane. The 
with this crystal always as a rigid two- smaller circles represent hydrogen atoms; the 


: é . é larger ones represent carbon atoms. The solid 
eiazensional Pama tiAn lattice above the tran- circles and the open-onéa are not on ne eaate 
sition point, if we neglect the thermal expan- plane. 
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lattice deformation in the orthorhombic system 
from the hexagonal is small. Moreover, we 
consider only the interaction between the 
nearest neighbours, since this interaction may 
play a dominant part in the rotational transi- 
tion. 

Y. Kakiuchi!® developed his theory on the 
same subject in an analogous way to the 
theory of binary alloys, considering two pos- 
sible orientations for each molecule above and 
below the transition point, because each mole- 
cule can rotate only cog-wheel-likely even 
above the transition point. However, it is 
desirable to assume six directions instead of 
two for the molecular orientation. In the 
present paper, we will make a certain plau- 
sible simplification ; namely we consider three 
orientations for each molecule (Fig. 4) neglect- 
ing such distinctions as shown in Fig. 2 (a) 
and (b) or considering, as it were, only the 
projections of molecules on the a-b plane. 
Further, the thermal vibration of molecules 
around their axes is neglected, as it is usually 
done in this kind of theory. Then the system 
reduces to a ternary alloy consisting of non- 
scalar elements which vary in number, and 
its statistical problem can be solved at the 
level of Bethe’s approximation. 


§2. Fundamental Equations 


To discuss our problem, the lattice points 
must be divided into four sublattices, which 
will be denoted by I, il, Ui and IV as shown 
in Fig. 3. It is assumed that each molecule 
can take three orientations 1, 2 and 3 shown 
in Fig. 4. 

We introduce the following notations: 
|= |p Peete a (7 s21, 2) 3): 

p 4 
the number of p-sites occupied by any mole- 
cule with z-orientation. 

Feeder (cogs. So eererers 10. six 

ect 2 


kinds of pairs (p, q)): the number of pairs like 
Jt 


’ 


pq 
a molecule z on a p-site and a molecule 7 on 


its neighbouring q-site. 

Here N means the total number of mole- 
cules, so that wp,’s and Ysij’s are the para- 
meters of long and short range order respec- 
tively. At the level of Bethe’s approximation, 
the free energy of the system can be obtained 


which means a pair of neighbours, 
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by following Takagi’s method™ as first used 
in his statistical theory of binary alloys. The 
free energy per molecule is 


F/N=(1/2) > EnYurs 
6d 
—RT{(5/4) S) evs ln epi—(1/2) S Yor IY xe sg}, 
12 St 


where & stands for one of the interaction 


(b) 


Fig. 2. The projections of C-C bonds on the 
a-b plane and on the plane parallel to the c- 
axis. (a) and (b) are different in the relative 


position but same in their projections on the 
a-b plane. 


Fig. 3. Four sublattices Fig. 4. Three possible 
in a two-dimensional orientations of each 
triangular lattice. molecule. 


| 


=) & 
ja 
> bein 


Fig. 5. Four kinds of relative positions of 
neighbouring molecules. Bars represent C-C 
bond projected on the a-b plane. 


energies, i.e. c, h, J and p shown in Fig. 5, 
according to the relative position to which 
Yuis Yefers. 

As referred above, we are not considering 
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Table J. The list of variables suitably chosen. >) shows the summation of each column 
or row. Each second suffix in y’s shows the type of the relative position between 
the neighbouring molecules to which it refers. 
ae! Midd td 
EEN 5 Ye ayy im ITIV 
p y) € 

oe I TED 1h IV ; 2 x 

1 v1 v1 nal nat 1 2pl Y203 Yoni vy 

2 wy 02 v3 w3 2 Yrc4 Yr1 Y201 2 

3 3 3 x2 X2 3 Yon3 Y202 Yon2 U3 

yy 1 1 1 i! Sa wy v3 X2 

Cy I =] — —S oO ae ret 
ee aC tae mw i iv SONATE FR 

od 2 >} Se) ows 
ae 1 3 De i ult a ae 2 : 3 Sy 

1 Yir Yie3 Yiec2 vy a Y2pr Yr2n3 Yres ry 

2 Yie3 Yi pr Yin ) 2 Y2n1 Y2 pr Yr2e1 Xp 

3 Yicz Yin Yi p3 %3 Y263 Y2e2 Yr21 v3 

Ss xy v2 v3 DS vy x3 X2 

Yrii =e ie 
J 2 3 

ae 1 2 3 y 

il Yur Yier Yie3 xy 

2 Yer Yi ps Yin x3 

3 Yie3 Yih Yi p2 Y2 

SS eal v3 2 


Table II. The list 


of the independent and dependent variables. 


X2— X83 


Yie3— Yic2 Y2e1- Yiexr Y2e2- Yr2e1 Y2e3— Yre1 = Y2n1- Yih 


= LE =71e3 Yn =72¢1 =7202 =7) 203 =7en1 
vy 5 3 zs 
ee) 3 =$ 3 
rs a | 
Yu 3 3 rire a 
Yie3 1 1 
Yiv2 3 =k ee =a al 
Yi ps 3 at #21 at 
um $b -b -b -2 -2 -1 -1 
Y2e1 1 1 
Y202 il 1 1 
Y203 1 1 1 
Yro4 1 it 1 1 if 
Y2n1 i at 
Y2n3 =i 1 == 1 
Yr2n1 $ 3 et ack = —1 = =a) 
Y2p2 3 =; 3 = =I =I —il 


the arrangement in Fig. 1, but its projection considering the symmetric characters of the 


on the a-b plane, which is later called the A A type arrangement. 


The list of variables 


type (Fig. 6) from a broader point of view. suitably chosen, is shown in Table I, where 
Here we reduce the number of variables by the identical relations among wp;’s and Yyezj’s 
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are shown together. 


In the perfect ordered state of A type, 2.= 
Yivz=Yoa=1 or v3=Y13=Yoe2=1 and others are 
all zero. These two arrangements are of course 
equivalent. For later convenience, nine inde- 
pendent variables such as shown in Table II 
are used. &’s or 7’s are linear combinations of 
x’s or y’s and their definitions are also shown 


in Table II. 


Nine fundamental equations are derived by 
minimizing the free energy with respect to 
the independent variables. After some sim- 


plification, they are written as follows: 

(2/23)°= (Y12/Y2r)(Yoer/Yrex)(Yo 12/4 p3Y2p2), 

(x2/23)° = (Yrp9/Y103)(Yre1/Yre2)”, 

exp [7+ p—2c)/RT]= yrer?/Yrryis , 
Yreo”/Y1tY1p3= Y103"/YiYipe 
Yrer”/YrtY1v3= YresYoer/YorYoni 

exp [2(p—h)/RT |= yin?2/Y1poY103 » 
Yrn7/Y1v2Y103 = (YoerYons/YoesY2n2)", 
YoorYors/YresY2n2= YoesY2nz/YoexYoni 5 


; 
YoerYo2n3/Y201Y 22 = Yre2Yon1/Yre3Y2p0 - 


In the disordered state, all z:’s are 1/3 and 
all yx:3’s are reduced to four variables ye, yn, 
yz and yp», the redundant suffixes being omit- 
ted. Only (2.3) and (2.6) are not identically 
satisfied, whcih give the following solutions: 


Ye=(3—7/1-+ 4a)/6(2—2), 


Yo=(1/3—y.)/(1 +7), (2.10) 
yr=1/3—2yc, 
Ya=(1/3—ye)r/A+7) 

where 


(2.1) 
(2.2 
(2.3 
(2.4 
(2.5) 
(2.6 
(2.7) 
(2.8) 
(2.9) 


a=B(1+1/r), B=exp[(2e—h—D/kT], 


y=exp[(p—h)/RT]. 
§3. The State at 0°K 


Because we divided the lattice points into 
four kinds of sites, six different types of ar- 
rangements shown in Fig. 6 can be distin- 
guished. The internal energy of these perfect 
ordered states at 0°K are listed in Table III. 

Now the zero level of the interaction energy 
U is chosen so as to make U zero in the per- 
fect disordered state at the infinitely high 


temperature. This requires the relation: 


—2p/1—2h/t—4c/1=1. 


taken to be the trilinear coordinates. 


(3.1) 


Therefore every set of values for c, h, 7 and 
p corresponds to one point on the plane, 


where the values (—2p/l, —2h/I, —4c/Z) are 
This 


Nay en Ge) ainda Fi SET ae 


A Type B Type C Type 
= \y SS joa a eae 
1 ir lag cme ealneniina 
D Type E Type F Type 


Fig. 6. Six types of the possible 
ordered states. 


Table III. Internal energies per molecule 
in various types. 


Type U/N 
2c+p 
B l+2p 
l 8h 
(C a= aes 
2 SG te 2 
h 
D 2¢ + 9 = 2 
Y P 
2 Bi 
l h 
F aS ate 
5 uk 2 ie 3 +p 
Disordered State (l+4e + 2h + 2p)/3(=0) 


i 


AX 
| Nias 
Fig. 7. The stable states at 0°K. 


plane is useful in the present theory and will 
be referred to as the znteraction energy plane. 

At 0°K, the most stable state, which has 
the lowest value of U, is easily found by 
comparing the values in Table III. Its type 
depends on the interaction energy as shown 
in Fig. 7. Here / is taken to be positive, be- 
cause the molecular form and the lattice 
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dimension indicate the very large value for J 
on account of the repulsive forces. So only 
positive values have meaning for the tempe- 
rature variable rt (=kT/1). 


§4. Transition Temperatures 


Transition temperatures are found in a 
similar way to that used by R. Kikuchi.!” 


oN 


Fig. 8. Contours of t; on the interaction 
energy plane. 


At and above the transition temperature tT 
(=kT,/1), two &’s and five y’s in Table II are} 
zero. At t:, however, the ratios among their) 
differential quotients with respect to t are} 
finite. We differentiate seven fundamental 
equations except (2.3) and (2.6) with respect 
to rt, then insert the conditions for the dis-) 
ordered state, that is, put 2,=1/3 (=1, 2, 3)| 
and express all the yxi;’s by Ye, Ya, Yr and Yn.) 


| 


i 
6 


0.166 2 
° 
wo 
° 
1 
ores | A Type 
Ye --4--- 0,16308-- 
0.162 


0.160 


105° 100° 95 


0,04 


0.024426 ----- 


0 
150° IBO? 210° 240° 21O= 


(b) 


Fig. 9. The relation between y, 
and @ in Fig. 8. 


The determinant of coefficients in the seven) 
equations thus obtained must be zero. This} 
determines t,. The equation now splits into: 
two factors, which can be expressed in the 
following way, using (2.10): ; 
Ye(135ye?—108ye+18)7 

—2(135y62 —99 yo? + 27y,—2)r 1 

+ye(135y.2—90y.+12)=0, (4.1) 
(810y¢3—423y.2+ 84ye—6)71 

—(810ye? —639 ye? + 132ye—8)=0, (4.2) 
where | 


re=exp [(D/1—h/D/r1). 


] 


rh 
if 
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Thus t, is determined by the interaction 
energies, though the actual calculation is in 
reverse order. The results show that the 
contours of a parameter, yc, are a pencil of 
straight lines which pass the point (2h//= 
2p/l=—1) on the interaction energy plane. 
This point will be denoted by O. The value 
of t, varies linearly with the distance from 
O on each member of that pencil. So the 
contours of t are a group of curves which 
have the point O as a common center of 
similitude, as shown in Fig. 8. The depend- 
ency of the parameter y, on the angle 0 shown 
in Fig. 8 can be seen in Fig. 9. 

The t: contours determined by (4.1) and 
(4.2) are in the A and B type regions of Fig. 
7 respectively. This can be seen beforehand, 
because (4.1) was derived from the condition 
that &, y1c3 and 2. have the branching point, 
and these variables characterize the transition 
to the A type. However, (4.2) can be derived 
even when we put &=71c3=7Y2e2=0 from the 
very beginning, taking the orientations 2 and 
3 as equivalent. It suggests that (4.2) gives 
the transition temperature to the B type. 

In the A type region and in the small part 
of the B type region, ct: is double-valued at 
each point. Considering the results obtained 
in §3, we can guess that the higher 7; is the 
transition point to the A and B types respec- 
tively. In the latter, it is directly proved by 
solving the equations at some point on the 
interaction energy plane. In this case, the 
variables decrease in number but it is still 
very laborious to solve the equations, since 
the double try and error calculations are 
inevitable. In this paper, we do not investi- 
gate what is meant by the lower rt. 


§5. Summary 


As far as our model is concerned, the be- 
haviours of our crystal are determined by 
four interaction energy values among the 
molecules (Fig. 5) contained in it. Because 
the zero level of these energy values can be 
determined by satisfying the condition (3.1), 
any crystal with which we are concerned can 
be represented by a point on a plane as shown 
in Fig. 7 or 8. (How trilinear coordinates are 
to be taken is shown in Fig. 7.) The position 
on which a representative point of a crystal 
falls tells whether the crystal has a rotational 
transition to the A or B type, or has no 
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transition. Moreover, the value of a transi- 
tion temperature T; (=ZIr,/k) can be obtained 
from the values of ct contours shown there. 
Thus most of the results obtained are con- 
cisely expressed in Fig. 8. In short, though 
not exact, the necessary condition for the A 
type to appear is c, p<h, IJ, and the larger 
their difference is, the higher the transition 
temperature becomes. These are the reason- 
able conclusions which can be foreseen quali- 
tatively. 

It remains now to determine whether the 
transition is of the first kind or of the second 
kind. If it is the transition of the first kind, 
the discontinuous change may occur at a more 
or less higher temperature than the higher 7 
obtained here. The rotational transition to 
the A and B types, however, are surely pos- 
sible for such limited values of interaction 
energies as shown in Fig. 8. 


§6. Discussions 


Four kinds of interaction energies will be 
proportional to the carbon number m” of the 
long-chain molecule, unless the end effects of 
the molecule are taken into account. As the 
value t, obtained in §4 does not depend on , 
the original transition temperature T; in the 
absolute temperature scale is proportional to 
Z, and therefore, to m. This conclusion may 
not change very much, even if the transition 
should be of the first kind. Now this contra- 
dicts the experimental results. One of the 
way to adapt the theory is to consider the 
entropy due to the molecular twisting as Y. 
Kakiuchi did. The situation does not change 
even if the number of molecular orientations 
is six instead of three. The present model is 
too naive to be compared further with the 
experiments. 

The statistical theory of the rotational 
transition has been developed by many au- 
thors since J. Kirkwood. These theories are 
very interesting, but mathematical difficulties 
make it hopeless to apply these theories to 
the long-chain compounds in which the mole- 
cular interactions are not simple. T. Oguchi!® 
investigated the rotational phase transitions 
in the simple cubic dipolar molecular crystals 
with the continuous model and obtained the 
true transition point as the highest branching 
point of the integral equation. The lower 7 
in the present paper may correspond to the 
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lower branching point found in his investiga- 
tion. The present theory with the discontinu- 
ous model is far from being adequate, but 
may not be much different in its results from 
the theory with the continuous model, espe- 
cially when energy valleys are so deep that 
the behaviours of molecules are almost deter- 
mined by them. 

There are some regions which belong to 
the A or the B type in Fig. 7 but which have 
no transition points in Fig. 8. In order to 
investigate the behaviour of our system in 
these peculiar regions, it seems that we must 
take various possibilities into consideration. 
For instance, only the perfect ordered states 
were investigated in §3. However, partly 
ordered solutions may also be considered. 
These are the states where zp,;’s and Yx:;’8 
can have some definite values other than 0 or 
1 at O°K. These definite values may depend 
upon the interaction energy values. It is pos- 
sible that there are some partly ordered solu- 
tions and that they appear in Fig. 7. More- 
over, it is conceivable that the transition point 
to the A type can not be realized being 
covered by the transition to such states. The 
lower t; already obtained seems to be the 
transition point to some partly ordered solu- 
tion which can be expressed by the variables 
in Table I. If we want to calculate the 
transition point for other types, the vari- 
ables must be reduced in such a way that 
the types may be characterized. However, 
these are beyond the scope of present investi- 
gation. 

Here, a paper by J. D. Hoffman*? must be 
referred to. He compared the experimental 
results with his theory which is at the level 
of Bragg-Williams’ approximation, neglecting 
the short range order and using the discon- 
tinuous model. His assumption is interesting 
in that each molecule has one deep minimum 
and twelve other shallow minima in its poten- 
tial around the axis, though the short range 
order must not be neglected in the rotational 
transition. An interesting report was publish- 
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ed by R. J. Meakins and J. W. Mulley’? on | 
the dielectric absorptions of the long-chain |} 
acetates. They suggest a possible mechanism | 
of dielectric loss, assuming the four positions | 
for each molecule. Finally, a paper by H.} 
Tompa"® is also interesting from some point } 
of view, because he investigated mixtures of | 
oriented molecules with a simpler discontinu- 
ous model than ours. 

Our thanks are due to Assistant Professor 
S. Takagi for his kind encouragements in the 
course of this work. 
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A theory of slip band formation in a face-centred cubic crystal was 
given introducing three concepts, the one was a Frank-Read source 
multiplying dislocations in successive atomic planes, the second was 
the co-operative action of Frank-Read sources, the third was the dif- 
ferent distribution of dislocations in the vicinity of the free surface 
than that in the interior of the crystal. By means of the former two, 
about one thousand dislocations could be multiplied from each source 
under the eritical shear stress of the source without any dynamical 


| 
| 


effects. The third enables us to illustrate the difference in the surface 


structures between abraded and unabraded erystals. 


§1. Introduction 


Theoretical considerations on the formation 
| of slip bands»? have usually based on the 
| assumptions that the amount of slip in a step 
observed first by Heidenreich and Shockley” 
| and examined by Brown* took place in one 
atomic plane and that there are a _ sufficient 
number of Frank-Read sources multiplying 
dislocation loops in one atomic plane. Recent 
_ observations by Kuhlman-Wilsdorf and Wils- 
_ dorf®, Takamura®, and Fujita, T. Suzuki and 
Yamamoto” indicate that the structure of 
slip bands is not so simple as Heidenreich 
and Shockly first described. Especially, Fu- 
_jita, T. Suzuki and Yamamoto have shown 
that the step corresponding to the slip dis- 
tance, 2000 A, in mecanically polished surface 
of aluminium crystal was not parallel to the 
slip plane by revealing fine structures in the 
step using high resolution replica technique. 
One the other hand, the theoretical consi- 
derations on the dislocation networks in an 
annealed crystal with the face-centred cubic 
lattice leads to the conclusion that the dis- 
location network with the longest life time is 
along {113} plane in which two edge and one 
screw dislocations meet at a node®. This 
network does not multiply dislocations in one 
atomic plane, but in successive atomic planes, 
except the case in which the screw segment 
acts as the source in the slip plane belonging 
to the two lines parallel to the Burgers vectors 
of the two edge dislocations respectively. 
The purpose of this paper is to give a 


semi-quantitative explanation of the observa- 
tions of slip bands on the basis of the fol- 
lowing three main concepts. ‘The first is a 
Frank-Read source multiplying dislocations in 
successive atomic planes, the second is the 
co-operative action of Frank-Read sources, 
which was recently introduced by van Bueren®? 
for the sources in one atomic plane in rather 
a different way, the third is the difference of 
the distribution of dislocations in the vicinity 
of the free surface than in the interior of the 
crystal. 


§2. Frank-Read Sources in a Sufficiently 
Annealed Face-centred Cubic Crystal. 


Let us consider a part of a hexagonal net- 
work, which acts as a Frank-Read source, 
this network may notionally be dissociated 
into three dislocations, in which the operating 
dislocation segment is not dissociated as 
shown in Fig. 1. Each fashion of lines de- 


eos 


Fig. 1. Notional dissociation of 
a hexagonal network. 


notes a dislocation with each Burgers vector. 
Then the dislocation loop including the opera- 
tive dislocation segment is just that proposed 


531 


532 


first by Frank and Read'™, which multiplies 
dislocations in one atomic plane. The other 
two dislocations, however, may change the 
state of affairs, namely, there are four cases; 
(i) If the Burgers vetors of the both pole dis- 
slocations are identically in the operative slip 
plane of the source, these dislocations do not 
change the original geometrical charactor of 
the slip plane. The slip plane, however, be- 
comes a multivalued surface around the pole 


EE 

oy ee ee / 

ae Mi, 
Li 


ae 
Se 
Ley, 


Fig. 2. Deformation of the operative slip plane 
of Frank-Read souree, when it is an element 
of a hexagonal network. 


Fig. 3. Jog formation in a group of disloca- 
tions situated in every atomic plane when 
they cut an intersecting dislocation with 
Burgers vector crossing their slip plane. (a) 
View along the slip plane, (b) View along the 
the normal to the slip plane. 


dislocations, if the Burgers vectors of the 
pole dislocations are not parallel to it, as 
shown in Fig. 2. (ii) When the components 
of both Burgers vectors normal to the slip 
plane are the same sign, the slip plane is de- 
formed like 6 in the figure. (iii) If the one is 
of the opposit sign to the other, the plane 
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becomes like c. (iv) At last if the Burgers} 
vector of one of the pole dislocations is paral;} 
lel to the operative slip plane and that of af 
other has a normal component, then the slip} 
plane becomes a simple helicoidal plane round] 
the latter pole dislocation as d*. | 

In the cases (ii), (iii) and (iv) the dislocation 
shifts successively to the neighbouring atomic} 
plane at every revolution around the pole dis- 
location. In the case (ii) a jog with twa 
atomic distance is produced after one revolu- 
tion and in the case (iv) the amount of jum P| 
of the jog is one atomic distance, while in 
(iii) any jog is not formed. 

On the other hand, since Burgers vectors 
of dislocations meeting at a node in a hexa- 
gonal network are in an octahedral plane, the 
case (i) is realized only if the operative slip 
plane is just the Burgers vector plane. 
Under this restriction the mechanical balance 
between the line tensions of three dislocations, 
however, could be established only in the two 
cases, the one being that the networks is in} 
the Burgers vector plane, the other being} 
that the operative dislocation is in screw type} 
and the other two meeting at the node are in} 
edge type forming {113} network as already} 
mentioned by T. Suzuki and the author®. 
The dislocation network lying in its Burgers 
vector plane, however, will disappear more 
easily than {113} network, because the 
former is not required any vacancy genera- 

tion during the coarsening of the mesh of the 
2 network. The screw dislocation in {113} net- 


dislocations during high temperature anneal- | 
ing, Frank-Read sources multiplying disloca- 
tion loops in one atomic plane, therefore, 
seems to be very rare in possible types of 
sources. When the edge dislocation in {113} 
network operates as the source, the case (ii) 
is realized. Other cases (iii) and (iv) seem to 
be as rare as (i), because in these cases the 
network is not a regular hexagonal network, 
which means that the dislocation segments. 
parallel to each other have the same Burgers 
vector®!), so the life time until it is annihi- 
lated is rather short. 

We shall call the layer, in which disloca- 
tions propagate in every atomic plane, as slip 
layer in the following. 


* T am indebted to Prof. Frank for this ease. 
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Now we should note an important property 


_ of dislocations in every atomic plane concern- 


ing the jog formation when these cut through 


| an intersecting dislocation with a Burgers 


vector crossing the operative slip plane. Let 
us suppose that the intersecting dislocation is 
fixed rigidly in the crystal, then a jog should 


. be formed in a sweeping dislocation as cut 
._ through it, but either of the dislocation seg- 


ments divided by the jog will interact witha 


segment of the next dislocation to eliminate 


the jog. The reaction takes place successi- 
vely between dislocations in the neighbouring 
The process is schematically 
shown in Fig. 3. The jogs with jump amount 
of one atomic distance can be removed and 
only one large jog is left behind as shown in 
the figure. The large jog formed in this way 
may be considered rather reasonably as a 
segment of a network. 

The both segments of a sweeping disloca- 
tion separated by the large jog can revolve 
around the intersecting dislocation when the 
jump amount of the jog increases beyond a 
critical distance, at which the both segments 
can move freely from each other under the 
applied stress. The regular elimination of 
jogs is then disturbed. The critical distance 
to cause such a disturbance is given by the 
expression, Gb/[8z(1—v)o], where G is the 
shear modulus, 6 the strength of the disloca- 
tion, v the Poisson’s ratio, o the resolved 
shear stress!™. It is, therefore, reasonable to 
suppose that the distribution of dislocations 
in a slip layer will lose its uniformity and 
result in dilute and dense lamellae alternately 
with the period of the thickness mentioned 
above. This period is nearly equal to the 
average spacing of the elementary slip cal- 
culated by Kuhlman-Wilsdorf, van der Merwe 
and Wilsdorf!®. The fine structure in a large 
slip according to the above consideration, 
however, differs from the picture customarily 
accepted, as pointed out elswhere’”?. 


§3. Co-operative Action of Frank-Read 
Sources 

Van Bueren® has pointed out that the back 
stress against a Frank-Read source due to 
dislocation loops multiplied from itself will 
considerably be decreased, if other sources 
situated in a thin layer including the initial 
source act simultaneously, extending the slip 
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over the whole section of the specimen. Let 
us suppose that a dislocation loop is emitted 
from each source and its motion comes to an 
end forming a pair of screw dislocations with 
that emitted from the neighbouring source in 
the thin layer. The back stress against the 
action of the source is then 


Gb a? pera 
Seas (lige chomatanaing) 


in a very crude approximation, where d is 
the separation between two slip planes in 
which the two neighbouring sources are situ- 
ated, Z; the distance between the source and 
the stopped dislocation pair and of the dis- 
tance by which a screw dislocation propa- 
gates crossing the dislocation networks in the 
crystal. According to the consideration on the 
dislocation networks»), Z,; may be assumed 
to be 5x10-*cm and d is of the order of 
3x10-°cm in an aluminium crystal. Then 
the back stress caused by the first loop is 
about 107-1°G. 

On the other hand, according to the con- 
sideration in §2, the shear stress required to 
continue the action of the source will de- 
crease with the progression of multiplication 
on account of the increase of its length by 
its shift, provided that the crimb associated 
by vacancy flow does not take place. The 
shear stress required to continue the second 
revolution in an aluminium crystal is 


cana Gig LO aise 

where oy is the critical shear stress of the 
source, 4/ the change of the source length 
after one revolution. From these estimations 
it is easily seen that the decrease of the re- 
quired force to continue the multiplication is 
far greater than the back stress. It is, there- 
fore, reasonable to suppose that the multipli- 
cation will continue until the increase of the 
length of the source comes to an end. 

The length of the source increases until the 
operative dislocation reaches to the neigh- 
bouring node shifting over the screw disloca- 
tion in {113} networks. The direction cosine 
of the network plane to the operative slip 
plane is 1/3/11, and the length of the screw 
dislocation is supposed to be considerably 
shorter than the edge dislocations, so the 
distance of shift may be a fraction of 
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VY 3/112. The number of dislocation loops 
emitted from each source is then about the 
order of one thousand in a very rough esti- 
mation, which agrees with the accepted value 
since Heidenreich and Shockley. The expla- 
nation of the observation by Heidenreich and 
Shockley® or by Brown”, however, requires 
more detailed considerations, which will be 
found in §4 and §6. 


§4. Role of Surface Sources 


Hollomon' has pointed out that a source 
ending at the free surface will act as a source 


Fig. 4. Successive processes of elimination of 
three-fold nodes in the vicinity of the free 
surface. 


Fig. 5. Two types in surface sources. 
a: Source multiplying in one atomic plane. 
b: Source multiplying in every atomic plane. 


with the length of twice the real one, so the 
sources at the free surface will act under a 
smaller stress than in the interior of the cry- 
stal. On the other hand, it is reasonably 
supposed that the dislocations ending at the 
free surface are longer than those in the 
interior of the crystal in order to establish 
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the mechanical balance between line tension} 
of dislocations as follows. 

The mechanical balance between line ten 
sions of dislocations will be severly disturbe¢ 
when a new free surface is appeared by} 
electro-polish. The migration of a dislocatio1 


is not arrested by neither the anodic film noi 
the energy of the ledge in the metal surface] 
because a metal ion will leave from thd 
metal surface and occupy a suitable site it} 
the anodic film to make the total energy o} 
the system minimize during the electro-polish) 
The dislocations ending at the free surface 
therefore, tend to become perpendicular taf 
the free surface. Three-fold nodes, in the 
sence of Thompson!, in the vicinity of the 
free surface will then climb to the fre 
surface as shown schematicall in Fig. 4. Th 
process to eliminate the three-fold nodes re} 
sembles the unknitting in its propagatin 
nature. 

Since the decrease in the length of disloca 
tion line is about 7 when a three-fold node i 
swept out to the free surface, the force act 
ing on the node is about /7/R, where T i 
the line tension of the dislocation and R th 
distance between the node and the free surfac 
before the unknitting, provided R be th 
order of 7. This force is sufficiently large t 
make the node climb without any therma 
activation until R reaches to a few times 7 
It seems, therefore, to be reasonable to sup 
pose that a layer about 10 micron thick, i 
which a three-fold node cannot exist, is al 
ways developed in the surface of the crysta 
as it is subjected to electro-polish. 

Frank-Read sources in the surface laye 
then have a different nature than those in 
the interior of the crystal. A source in this 
layer can multiply dislocations in one atomic 
plane, if it revolutes around its two-fold 
node, and it can multiply dislocations in suc- 
cessive atomic planes if the dislocation is 
directly connected to a three-fold node or the 
distance between the two-fold and the three- 
fold nodes is very small as shown in Fig. 5. 

The co-operative action of sources will then 
differ in the vicinity of the free surface than 
in the interior of the crystal. The source at 
the surface will first act, but a source in the 
interior of the crystal could not act simulta- 
neously, because the lengths of the sources 
differ markedly between these two regions. 


| 
| 
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The slip extending over the whole section of 
the crystal takes place rather irrespectively 
to the action of the surface sources. The 
majority of the surface sources produce 
microslip as already mentioned by Kuhlman- 
Wilsdorf et al!, but some further considera- 
tions seem to be required as will be found in 
§5. Very small number of the surface 
sources will continue a part of the slip ex- 
tending over the whole section of the crystal. 

In a mechanically polished surface, the 
mesh of the network becomes smaller than 
that in the interior and the layer free from 
three-fold nodes will become thinner than /, 
so the sources in the surface are not easier 
to act than that in the interior. The surface 
structure reveals then the situation of affairs 
in the interior more precisely than that in 
the carefully treated surface as already men- 
tioned by Mott. 

In a chemically etched surface, as employed 
by Heidenreich and Shockley® or by Yakuto- 
vitch, Yakovleva, Lerinman and Buinow!™, 
the surface layer free from three-fold nodes 
could not be developed, because a dislocation 
ending at the free surface is locked in a 
corner or in an edge of an etch pit during 
the etching process. The surface structure 
due to the deformation is then similar to that 
in abraded surface. 


§5. Explanation of Observations by Optical 
Microscopes 


1. Orientation Dependence of Deformation 
Mechanism. 

Deformation mechanism of face-centred 
cubic crystals has been investigated by many 
workers especially on aluminium crystals with 
great details.1819)202122)23)24) One of these re- 
sults due to Igarashi, Okada and Hirakata*” 
is shown in Fig. 6. The surface structure of 
a deformed crystal has close connection with 
the direction of the tension axis. The 
orientation dependence may be accounted for 
in terms of co-operative action of sources 
belonging to various slip systems as follows. 

If all sources belong to only one slip system, 
parallel slip lines appear, and others do not. 
In a face-centred cubic crystal, however, 
there are many sources belonging to various 
slip systems. The local stress due to the 
dislocations belonging to the principal system 
may induce the action of a source belonging 
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to another slip system, and the back stress 
will be released by the induced action of the 
source depending on the interaction between 
the principal and the drived system. Follow- 
ing Fujita et al we represent a slip system 
by the triangle in the stereographic projection 
of the tension axis, in which the slip system 
is the principal. The interaction between two 
parallel dislocations belonging to the principal 


o +++» Clustered slip 
Deformation bands 
© .... Unpredicted turst slip 


Fig. 6. Orientation dependence of deformation 
mechanism. (After I. Igarashi, K. Okada and 
T. Hirakata4).) 


Fig. 7. Slip systems in a face-centred 
cubic crystal. 


slip system, a, and one of c, d, é, h, t, j, Rk 
and J systems is nearly equal to one half of 
a-a interaction, which is equal to a—fand a-g 
interactions, while there are no interactions 
between a-b and a-m systems using the 
notation in Fig. 7. 
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(a) Cross Slip of the First Kind mation band as already mentioned by Mott*»» | 
We shall call the kink in a slip layer ac- and Frank and Stroh”. | 
companied by a distinct slip structure of the (c) Clustered Slip | 
cross slip system as the cross slip of the Let us suppose that a source with a dif-] 
second kind, and that accompanied by only ferent Burgers vector than that of the | 
the traces of the principal slip system as the principal slip system acts by the local stress) 
cross slip of the first kind. due to the dislocations belonging to the princi- 
If the co-operative action takes place pal, the back stress against the both sources | 
between sources belonging to the principal decreases only to the half compared with ] 
slip system, the back stress is decreased as_ the case of an isolated source. Mean- while, | 
since the drived source is situated in the! 

ee ee ee SSS vicinity of the slip plane of the initial 
SS OS SS source, the multiplied dislocations from the 

Fig. 8. Arrangement of screw dislocarions drived source can move only by a small dis-| 
along the slip layer. tance. The drived source, therefore, cannot 

multiply so many dislocations as discussed in 

ye § 3, and the slip of the principal system will. 

He come to an end when it drives the action of 

ones eo a source with a different Burgers vector than 

W NG itself. 
ee 8G On account of the stress field of stopped 


oe ey dislocations the source belonging to the 
jes I principal and situated in I and II in Fig. 9} 
, could not act. The sources in III or IV 
Fig. 9. Co-operative action between sources could not multiply so many dislocations that 
belonging to the principal and to one of d.¢, Fj entioned in §3, because the multiplied dis- 
h, i, l, m systems. ‘ : p : 
locations will be arrested interacting with 
dislocations produced from B or C source. The 


Neen 
————— dislocations produced from sources situated in 
——eo the regions except I, HU, III and IV will be 
SOF s 
————_ arrested by the stress field in I or II and 
SSS 4 : fs 
————- tend to form stopped slip regions similar to 


the first one. The process seems to resemble 

Fig. 10. Development of clustered slip. the kinking as represented in Fig. 10. The 
so-called clustered slip seems to be developed | 
by means of the above-mentioned mechanism. 
The clustered slip will, therefore, be ob- 
served in the case of large resolved shear 
stress in e, d, h, z, 1, m, systems. The ori-] 
entation depence observed by Igarasi et al2” 
indicates qualitatively good argeement with 


mentioned in $3. Since these sources are not 
situated in the same atomic plane, the slip 
layer is not exactly parallel to the operative 
slip plane, but has a stepped structure being 
composed of segments parallel to the slip plane. 
The stress due to the dislocations lined at the 
step depends on the direction of the disloca- @usvconclacam 

tions, that is, screw dislocations lined at both (D. Cross Sli pop hesSectnd Basa | 
boundaries of the slip layer will readily form | 


; ; When a source belonging to f or g slip 
pairs between dislocations on the both sides system is induced to act by the local stress 
of the layer as shown in Fig. 8. The cross 


; sae ‘ ; due to the dislocations of the principal system, | 
slip of the first kind is an inaccurate projec- the back stress against the initial and the 
en of the step in the slip layer in the rive sources can perfectly be removed by 
interior of the crystal to the free surface 


4 ae i : ‘ pair annihilation. The slip system, f or g, . 
roug e action of surface sources. will, therefore, appear more easily than e, bD 
(b) Deformation Bands 


systems even if the resolved shear stress is. 
The step in the slip layer perpendicular to greater in e or b system than f or g system. | 
the slip direction becomes a nucleus of defor- The cross slip, however, is not so notable in 
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the vicinity of {111} as in {100} owing to the 
more rapid decrease of the resolved shear 
stress of y system in the triangle a than that 
of f system. 

Since the length of a surface source belong- 
ing to the cross slip system cannot become 
shorter than that belonging to the principal 
slip system, the sources belonging to the 
cross slip system are very rare in the surface 
layer. The cross slip of the second kind 
could, therefore, not be observed when the 
surface structure is produced only by the 
action of the surface sources. 

2. Slip Bands in an Alloy 

The threshold value for the action of 
sources in alloy does not depend on their 
length on account of locking force due to the 
heterogeneous distribution of solute atoms?”2®), 
so the source can then continue the multipli- 
cation of dislocations more than in the case 
of pure metals as already mentioned by 
Mott?. Then the local stress due to the 
group of dislocations multiplied from a source 
is very greater than in pure metals, so the 
sources belonging to another slip system with 
rather a low resolved shear stress may easily 
be activated. Moreover in the alloy once the 
action of the source begines, many disloca- 
tions can be multiplied if the dislocations do 
not pile up at the intersection of both slip 
planes of the principal and the drived systems. 
The cross slip, therefore, takes place more 
easily in a-brass than in pure copper. 

The large group of dislocations can also 
pass over a local disturbance caused by the 
action of sources with a different Burgers 
vector than the principal. The clustered slip 
is, therefore, more difficult to take place in 
a-brass than in pure copper. The step in a 
slip layer cannot arrest the motion of disloca- 
tions in a different slip layer, so the deforma- 
tion bands are not observed in an a-brass 
crystal. 

Another difference between pure metals and 
alloys is caused from the difficulty in the 
formation of long surface sources, that is, 
the locking force of dislocations will resist 
the transmission of forces to make the node 
sweep out to the free surface. The surface 
sources, therefore, do not play special role in 
the formation of surface structure even in 
the later stages of deformation. The surface 
structure of a high alloy crystal thus repre- 
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sent the situation in the interior of the cry- 
stal more precisely than that of a pure metal. 


§6. Explanations of Observations by 
Electron Microscopes 


1. Heidenreich and Shockley’s Experiment 

In chemically etched specimens as used by 
Heidenreich and Shockley» the surface sources 
do not play any special role during the defor- 
mation, and the step corresponding to the slip 
amount of 2000 A will be produced by the co- 
operative action of sources situated in a thin 
layer parallel to the slip plane as already 
mentioned in §3 and § 4. 

The dislocation networks in the vicinity of 
the slip layer would severely be disturbed by 
collision with sweeping dislocations during the 
first co-operative action of sources and the 
length of dislocation segments along the slip 
plane will become to be short on account of 
climb of nodes. However, if the network re- 
cover to the initial form, next co-operation 
will preferentially take place near the first 
layer, because there are sufficient number of 
dislocations with the same sign lining on 
either side of the first layer, which may be- 
come the nucleus of the next co-operative 
action. The next action, however, does not 
take place in the same sources with the first 
one because the sources become to be short 
to establish the mechanical balance at the 
new positions. The dislocations multiplied 
by the next action, therefore, could not pro- 
pagate through a layer with a finite thickness 
in which a dislocation is arrested by the local 
stress due to the lining dislocations in either 
side of the first slip layer. The thickness of 
the non-slip layer is nearly equal to Gb/8zo 
as mentioned in §2, and this expression gives 
a value of the order of 200A in aluminium 
when o=2 ke/mm?. 

According to the above-mentioned picture 
the fine structure of a slip band should be 
represented by Fig. 11b instead of Fig. lla. 


Fig. 11. (a) The 


Fine structure of a slip band. 
picture due to Heidenreich and Shockley. (b) 
The picture proposed in this paper. 
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The recent observation by Fujita et al? with 
high resolution replica technique succeeded in 
showing that the step corresponding to the 
slip amount about 2000 A did not take place 
in one atomic plane. 

The recovery of the hexagonal networks in 
the vicinity of the first layer, however, be- 
comes difficult with decreasing temperature. 
The next slip layer then appears irrespecti- 
vely to the first. The temperature depen- 
dence of the number of lamellae in a band 
observed by Brown®” is thus explained in 
terms of recovery of hexagonal networks, as 
already suggested by Brown *» and Mott” in 
rather an ambigious way. 


2. Interaction of slip lines with twin bound- 
artes 

We shall deal only with the case in which 
the slip direction is parallel to the twin 
boundary. 

Kuhlman-Wilsdorf and Wilsdorf® have ob- 
served two distinctly different types of in- 
teraction of slip lines with twin boundaries, 
the one being that a slip line crosses the 
twin boundary with change of direction, the 
other being a fan-shaped array of short slip 
lines. The former was found in a-brass and 
the latter was in pure metals. 

Two cases may be possible when a group 
of dislocations meet with a twin boundary, 
the one being that the dislocations pass 
through the twin boundary and the other 
being that the dislocations do not pass through 
the twin boundary, but the slip layer conti- 
nues through the boundary inducing the 
action of sources in the twinned material as 
in the case of cross slip of the second kind. 
Since the stress required to make a disloca- 
tion pass through a twin boundary is of the 
order of G/50, if a source at a suitable posi- 
tion in the twinned material acts before the 
local stress at the twin boundary reaches to 
this value, the dislocation does not pass 
through the boundary. If there are not suit- 
able sources in the twinned material, the dis- 
location will pass through the boundary by 
means of stress concentration due to the piled 
up dislocations. 

The average distance between the head of 
the piled up dislocations and a suitable source 
to continue the slip layer is 


1/Ldn 
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where Z is the length of the piled up disloca- | 


tions along the twin boundary, d the thick- 
ness of a layer in which a suitable source 
should be situated, 2 the number of sources 
belonging to the slip system in a unit volume. 


The local stress acting on the source is of | 
the order of 7GbZmnd/2z, where z is the num- | 
ber of the piled up dislocations required to | 


pass through the twin bandary and z=G/50c. 
Since in pure metals the surface structure is 
produced by the action of surface sources, Z 
is about 10-cm, is about 2x10%/cm*, d is 
about 3x10-5cm, and assuming o is of the 
order of 1lkg/mm? the local stress in pure 
aluminium is then about 5g/mm?. This mag- 
nitude of the local stress is not sufficient to 
induce the action of the source, so the dis- 
location should pass through the twin bound- 
ary in pure metals. Meanwhile in a-brass 
is greater about one hundred times than in 
pure metals 9'©, and Z is also large in a- 
brass and reasonably assumed to be about 1072 
cm. Then the local stress is about 5 kg/mm2, 
which is sufficiently large to induce the action 
of the source. The dislocations, therefore, 
do not pass through the twin boundary in a- 
brass. 

When a dislocation pass through the twin 
boundary, it must be of screw type, and also 
the both half dislocations in it should be uni- 
fied. The dislocation then is not restricted 
in an octahedral plane and causes an uncry- 
stallographic slip, in which the glide plane is 
decided according to the stress acting on the 
dislocation. The local stress due to the piled 
up dislocations at the twin boundary changes 
gradually as the dislocations pass through the 
boundary, so the fan-shaped slip takes place. 

When sources in twinned material acts by 
the stress due to the piled up dislocations, 
the intersection of the both slip layers in the 
initial and twinned region is not usually in 
the twin boundary. The local disturbance in 
slip layer at the twin boundary found by 


Kuhlman-Wilsdorf and Wilsdorf is thus an - 


evidence for the idea that the slip layer in 
the twinned material is caused by the action 
of sources in this region. 
3. Slip Bands in an a-brass Crystal 

Fujita and the author™ have found slip 
layers in an a-brass crystal which have finite 
width from 100A to ly and the amount of 
shear in each layer being equal to that caused 
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by the motion of a group of dislocations 
situated in every atomic plane. The photo- 
graph showed also fine structure in each slip 
layer at the spacing of a few hundred Ang- 
strom. The fine structure may be attributed 
to the disturbance in the distribution of dis- 
locations in a slip layer as discussed in $3. 

The slip cluster in a-brass crystals may be 
attributed to the difficulty to deform the dis- 
location network by the collision with the 
sweeping dislocations multiplied from sources 
in the first layer on account of the locking 
force, so the operation in the next layer can 
easily take place, because any recovery of 
networks mentioned in 1 or this section is not 
required. 
4. Microslip 

The mechanism of formation of microslip 
proposed by Kuhlman-Wilsdorf and Wilsdorf 
should be modified, because their explanation 
requires to assume a too high density of 
sources in the surface layer. According to 
the discussion in §4 there are only two-fold 
nodes of dislocations in the surface layer 
about 10 thick, and a segment between the 
free surface and the two-fold node act as a 
source. The two-fold node will be swept out 
to the free surface after the multiplication of 
small number of dislocations on account of 
the back stress, and new two-fold node is 
formed at a shifted position. If the shifting 
distance was smaller than Gb/[8z(1—»v)o], the 
source cannot continue the next action under 
the applied force. A surface source, thus, 
produce many microslip with the average 
spacing of the order of Gdb/[8z(1—v)a]. Since 
the number of surface sources belonging to 
the operative slip system is about n/6~4x 
10°/cem?, and assuming that the elementary 
lines have a length of 50, each surface 
source should be shifted by the distance about 
a few micron in order to cover the surface 


with microslip. 


§7. Direct Evidences Indicating a Definite 
Width of a Slip Layer 


The discussions in §5 and §6 support the 
view point that a slip layer has a definite 
width indirectly. It is, however, worth while 
to summerize the direct evidences indicating 
that elementary slip lines in the sence of 
Heidenreich and Shockley have a finite width. 
1. Difference of Blackening between Parallel 
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Slip Lines Shadowed from a Definite 
Direction. 

Fujita, T. Suzuki and Yamamoto” have 
found parallel slip lines with different black- 
ening in shadowed surface structure of de- 
formed alminium crystals. It is obvious that, 
if the slip takes place only in one atomic 
plane, the blackening should identically the 
same. The difference indicates that a slip 
line has a finite width and the shear in each 
line is not identically the same. The photo- 
graph taken by Fujita et al may denotes that 
there are a few types of slip lines; the one 
is produced by the motion of dislocations be- 
longing to the principal slip system situated 
in every atomic planes, the second corres- 
ponds to a similar homogeneous shear but 
belonging to another slip system common 
with the principal in the slip plane, the third 
is the usual one produced by the motion. of 
dislocations in one atomic plane. These 
varaity of the slip lines, however, does not 
seem to correspond to the varaity of the 
sources in the crystal, but of the surface 
sources. The photograph taken by Kuhlman- 
Wilsdorf and Wilsdorf® shows also different 
blackening between parallel slip lines as al- 
ready mentioned elswhere.'. 


2. Different Blackening at the Intersection 
of two slip layers. 

When a slip line produced by the slip in 
one atomic plane intersects another slip line 
in any type, the blackening of the new slip 
line could not be changed at the intersection. 
Neither of the intersecting slip layers, how- 
ever, has the same blackening with the inter- 
sections in many photographs already publi- 
shed, for example, Fig. 5 in Brown’s paper®”, 
Fig. 6 and Fig. 7 in Kuhlman-Wilsdorf and 
Wilsdorf’s paper). 

3. Precipitates Along Slip Lines 

Castaing and Guinier*®?) have shown first an 
electron micrograph indicating selective pre- 
cipitation in a slip band using 4 per cent 
copper aluminium copper alloy. The precipi- 
tates in their photograph were too large to 
know the real width of the layer in which 
selective precipitation took place. Recently 
Koda and Takeyama*# have succeeded in 
showing that each layer of selective precipita- 
tion has a finite width changing layer to layer 
by means of very fine precipitates in Al-Cu 
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alloys. 
4. Slip Bands in an a-Brass Crystal 

See §6, 3. 

5. Fine Structure in a Large Step in Mecha- 
nically Polished Surface. 

As already mentioned, Fujita et al? have 
found fine structure in a large step in mecha- 
nically polished surface which has not been 
resolved by Heidenreich and Shockley” and 
Brown”. This fact indicates at least that it 
is not possible to produce so much as 700 
dislocations in one atomic plane. The slip 
line found by Fujita et al seems to be ac- 
counted for by the mechanism mentioned in 


§2. 
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The Statistical Time Lag of the Dielectric Breakdown 


of Mica, Glass and KCl 


By Hazimu KAWAMURA, Hiroshi OHKURA and Takeo KIKUCHI 
Faculty of Science and Engineering, Osaka City University, Osaka 
(Received February 8, 1954) 


The statistical time lag of the dielectric breakdown were measured 
for mica, glass and KCl, applying the recurrent pulse voltage of 2x 
10-8~1x10-7 see width. For mica, the statistical time lag was as 
large as 10-4see at 10% over-voltage. On the other hand, it was at 
most less than 10-7see for glass and KCl at 10% over-voltage. Thus 
the “single avalanche mechanism” is favored for mica, since the oc- 
eurrence of the extremely large avalanche which is responsible for the 
breakdown may rely on extreme fluctuation, and should be rare event 
at the threshold field. While, in the case of KCl as well as glass, 
we may conclude that the “collective mechanism” is favored, from 
the fact that the statistical time lag is very short. From a rough 
estimation, we can conclude that the avalanche electrons become col- 


lective when their density becomes larger than 1018 1/em3. 


Breakdown Mechanism and Statistical 
Time Lag 


§1 


The importance of the statistical fluctuation 
in the consideration of the mechanism of di- 
electric breakdown was first pointed out by 
Frohlich,? and the role of electrons, which 
extremely deviate from the average behavior, 
in the production of avalanche was deeply 
investigated by Seitz.2? The free electron in 
an insulator has a chance to be accelerated 
to the ionization energy in the course of a 
single free path, even if the field is not strong 
enough to accelerate the average electrons. 
The probability of this chance is given by 
exp (aF,/F), where a=2~3, F is the applied 
field strength and F, is the field strength re- 
quired to accelerate the average electrons. 
Hence the mean range for the ionization by 
collision is given by 

A= Ete/m)c? exp (@F/F) . ole) 
If the solid is brought to disruption by the 
energy dissipation resulting from the drift of 
a single avalanche whose size is greater than 
a certain critical value 7, the chance for the 
occurrence of the breakdown per second is 
given by” 


(2) 


ym is the mean avalanche size given by 
exp (L/4), where Z is the path length allowed 
for the avalanche to drift. vp» is the frequen- 
cy with which the starting electrons are sup- 


y=v,exp(—7,/N) . 


plied. Hence the disruption does not occur 
just at the moment of the application of the 
field, but may delay for 1/y sec on the aver- 
age. This delay time is called “statistical 
time lag” and is very long for mica according 
to our previous measurement.* On the other 
hand, if the disruption is caused by the energy 
gain of electron as a whole just as in the 
case of amorphous substance discussed by 
Frohlich,» the delay time of the disruption 
has not the statistical nature and merely com- 
posed of a build-up time so-called “formative 
time lag” which is supposed to be less than 
10-8 sec at 10% over-voltage. 


§ 2. 


The schematic diagram of our present equip- 
ment is shown in Fig. 1. The transient volt- 
age of extremely short rise time less than 
10-® sec is generated by the spark discharge 
of three-electrodes trigger gap which is trigger- 
ed by recurrent pulses of 10~° sec applied to the 
center electrode with P.R.F. of 50 1/sec. This 
transient voltage is applied to the delay line 
through its characteristic impedance. If a 
point B on the delay line is connected to earth, 
the transient voltage is reflected back and 
absorbed by the characteristic impedance. 
Thus we have pulse voltage at point A, whose 
width is twice the delay time from A to B 
as shown in Fig. 2. The characteristics of 
the delay lines employed are as shown in the 
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Fig. 2. Applied pulse voltage of 6x 10-8 sec 

observed by oscilloscope. 
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Fig. 3. Semi-log plot of time lag of breakdown 


(number of pulses x pulse width) of mica as 
a function of pulse width for various over- 
voltages. 
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lag of mica as a function of field 
strength: broken line indicates thres- 
hold breakdown field. 


Circuit diagram of 10-8see pulse generator. 


following. 


characteristic impedance delay time 
750 ohms 3.2 SO RESEG 
910 LAO NO" 


The height of the pulse was adjusted by 
changing the gap distance and the applied 
voltage, and was variable from 1 kv to 4 kv. 
Specimens were inserted between A and earth, 
and the recurrent pulses of a certain height 
were applied. The number of pulses applied 
before the breakdown occured were counted 
by a counter of scale 16 connected to A 
through a high resistance (1 MQ). The time 
lag of the breakdown was obtained from 
(number of pulses) (pulse width) 


§3. Results 


a) Mica 

The specimens were biotite of 2.5~3.5x1074 
cm thick on whose surfaces aluminium films 
were deposited by vacuum evaporation, and 
were inserted between steel balls which were 
used as electrodes. The thickness was deter- 
mined from the electric capacitance measured 
at 100 kc. The breakdown strength of biotite 
was found previously® to be 4.32++0.12x10® 
volts/em, employing recurrent pulse voltage 
of 7 usec width. 

We measured the number of pulses N ap- 
plied before the breakdown occurred for vari- 
ous pulse widths and field strengths. Since 
time lags had random distributions, we deter- 
mined the mean of N by Laue plot, and ob- 
tained the mean statistical time lag NT, 
where T is the pulse width, for a certain 
pulse width and over-voltage. If the pulse 
width is longer than the formative time lag, 


NT may be constant and gives the statistical 
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time lag, but if the pulse width becomes 
shorter than the formative time lag, N might 
increase rapidly, and we should be able to 
estimate the formative time lag from this 
pulse width. In Fig. 3 we plotted NT v.s. 
T for various over-voltage. We can see that 
the formative time lag is shorter than 2x 
10-§ sec.* 

The statistical time lag NT is plotted against 
the field strength in Fig. 4. At 8x10® volts/ 
cm, the disruption is brought about by a single 
pulse of 6x10-® sec, and therefore, the statis- 
tical time lag is supposed to be less than 6x 
10-® sec. The time lag increases as the field 
is decreased and amounts to longer than 10-4 
sec at about 10% over voltage. 


b) Glass 

Soda-lime glass was blowed and made as 
thin as 2~3x10-? cm. The proccessing of 
the specimens was just as for mica. The 
measurements were done at elevated tempera- 
tures (150°C and 250°C), in order that the 
typical collective mechanism should be ap- 
plied.» The breakdown strengths of many 
specimens were measured using the recurrent 
pulse voltage of 7 w sec and of continuously 
variable height. The distributions of the 
strengths are shown in the histogram in Fig. 
5a and Fig. 6a, from which the strengths 
were determined to be 2.41+0.06 x 10° volts/ 
cm and 0.61+0.02 10° volts/cm respectively. 
Applying the pulse voltage of 3x10-® sec 
whose height were ranging from 2.4 to 3.2x 
10® volts/em for many specimens at 150°C, 
we counted the numbers of pulses required 
to cause the disruptions, and got the results 


as shown in Table I. We can see that the 
Table I 
Number of pulses Number of events 

uf 11 

2~4 2 

5~30 3 

30~300 | 12 
300~3000 | 8 

not disrupted | 6 


number of the events that the disruption is 
caused by a single pulse is overwhelmingly 
large compared to the other events which 
distribute rather widely and may be attributed 


Statistical Time Lag of Dielectric Breakdown 


543 


to the errors resulting from the fluctuation 
of the pulse height or the lack of the accura- 
cy in the measurements of the thickness etc.. 
The distribution of the field strength at which 
the single pulse disruptions are brought about 
is shown in the histogram in Fig. 5b. At 
250°C we also made the similar experiment 
with the pulse of 3x10-7 sec at the field 
Strength ranging from 0.5 to 0.7x10® volts/ 
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Fig. 5. Histogram showning the distribution of 
breakdown strength of glass at 150°C (a): 
distribution of field strength for single pulse 
disruption (b). 


(a) 


= 


De 


fon) 


(b) 


number of events 


f 


9 0.5 1 x10°V/om 


field atrength 


Fig. 6. Histogram showing the distribution of 
breakdown strength of glass at 250°C (a): 
distribution of field strength for single pulse 
disruption (b). 


* In the previous paper, we reported that the 
formative time lag of biotite was in the range 
of 10-8see. We did not then pay a due care to 
the extremely large statistical time lag, and in- 
creased the pulse width too fast compared to the 
recurrence frequency of the pulses. The disrup- 
tion should have occured at the width less than 
10-8see, if a sufficient number of pulses had been 


applied. 
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cm, and obtained the results as shown in 
Table II. Clearly there is only two choices: 
Table II 
Number of pulses Number of events 
1 | 9 
2 | a 


not disrupted 2 


no disruption or single pulse disruption. The 
Fig. 6b is the histogram showing the dis- 
tribution of the field strength under which 
the single pulse disruption occured. Thus it 
is shown that the statistical time lag does 
not exist or at least less than 3x10~" sec at 
the neighborhood of the breakdown field, just 
as expected from the collective mechanism. 
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1/2" brass rod 
Fig. 7. Cross sectional diagram of specimen 


holder for the study of electric breakdown of 
KCl. 
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Fig. 8. Histogram showing the distribution of 


breakdown strength of KCl. 


c) Potassium Chloride 

Single crystals of potassium chloride were 
prepared by the Kylopoulus’ methode from 
KCI powder containing divalent metals by less 
than 0.001%. The crystals were annealed at 
the neighborhood of the melting point. Alumi- 
nium was vacuum evaporated onto the cleaved 
surface and sticked to a brass rod by stick- 
ing paste containing graphite powder. The 
other surface was etched by the solution of 
alcohol and water until the thickness is redu- 
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ced to 2.5~3.5x10-3cm. Again, aluminium 
was deposited on this surface as one electrode. 
The brass rod was employed as the other 
electrode. 
the measurement was as shown in Fig. 7. 


The breakdown strengths were measured | 
increasing the pulse voltage of 3x10-® sec by | 


the step of 110° volts/em for many speci- 
mens. The distribution of the breakdown 
strengths shown in Fig. 8, from which we 
obtained 8.4-+0.6 x 10° volts/em as the average 
breakdown strength. The number of pulses 
required to cause the disruption were counted 
at 9x10° volts/em and 10° volts/em with the 
pulse width of 310-8 sec. The results are 
listed on Table III. At 10° volts/em the single 
pulse disruption amounts to 16 times out of 
the trials of 20 times. Therefore, we can 
conclude that the statistical time lag will be 


Table III 


9 x 10° volts/em 
| 


| Number of events 


Number of pulses 


eS S&S NY LD 


106 volts/em 


Number of pulses Number of events 


16 
2 
1 
1 


Come 


less than 3x10-® sec under this field strength, 
even if it exists. Since at 9x10® volts/cm 
the single pulse disruption was not so donin- 
ant and the distribution was at-random, we 
could determine the mean statistical time lag 


from the Laue plot, and obtained 2.4x10-7 sec. | 


$4. Discussions 


The fact that the time lag of the breakdown 
of KCl resembles to that of glass rather than 
to that of mica is unfavorable to the single 
avalanche mechanism for KCl. If the dis- 
ruption is caused by a large single avalanche, 
the statistical time lag should be very large 
at the slight over-voltage as in the case of 


The specimen just prepared for | 
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mica, since the occurrence of the large ava- 
lanche is resulting from the extreme fluctua- 
tion and hence the very rare event at the 
neighborhood of the breakdown field. The 
following facts also confirm the above feeling. 

1) The pre-breakdown noise of KCI is sup- 
posed to be not resulting from the electron 
avalanches in solid,* since the applied voltage 
was higher than 5 kv in the experiment of 
Yamanaka and Suita.” and there are some 
evidences that, if the applied voltage becomes 
higher than a few kv, we have the noise 
which is presumably the Schoenfeld type or 
resulting from corona discharge at the elect- 
rode. 

2) If the single avalanche mechanism is 
correct, the breakdown strength must increase 
as the thickness of the specimen is decreased. 
In the case of mica we have confirmed this 
fact even for the specimens of as thick as 
10-* cm. But for KCl the strength is con- 
stant above 107% cm.9!% 

If the electron density of the avalanche be- 
comes very high, we must consider, in ad- 
dition to the electron-phonon interaction, the 
electron-electron interaction by which the 
fluctuations in the energy of electrons may 
be reduced. The rate of energy loss of an 
electron per unit distance resulting from the 
electron-electron interaction is roughly given 
by zmnet*/k,€, where € is the energy of the 
electron, 2 the density of electrons and «, the 
optical dielectric constant. If € is about 
ten times of the thermal energy and m~10%8 
1/cm?, we have ~10° ev/cm. On the other 
hand, the rate of energy loss of the electron 
of velocity v resulting from the phonon ex- 
citation is given by fw,/cv, where w, is the 
angular frequency of the longitudial lattice 
wave and 1/c is the electron-phonon collision 
frequency. In the case of KCl, we have 
10°ev/cem for the electron whose energy 
is about ten times of the thermal energy, if 
we assume that t~10-!* sec and fw,~0.03 ev. 
Thus the critical density at which the elec- 
ron-electron coupling would become compar- 
able with the electron-phonon coupling may 
be about 108 1/cem*. The avalanche size re- 
quired to cause disruption obtained by Seitz,” 
under the assumption that the minute portion 
of the material where the avalanche drifts 
would be disrupted if each atom received as 
much as 10 ev, is about 10!° for KCl of 107? 
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cm thick. The density of electron in this 
avalanche is about 102!~10?2,** since the dif- 
fusion radius of the avalanche is about 10-4 
~10-° cm. This value is larger than the 
critical density obtained above by a factor of 
10'~10'. Therefore, the avalanche electrons 
become collective before they are multipled 
to the sufficient number to cause disruption. 
If the field is not so strong that the ionizations 
are resulting from the extreme fluctuations, 
the rate of growth of avalanche may be re- 
duced, if the electron density of the avalanche 
becomes larger than the critical density. A 
stronger field is necessary to bring up the 
avalanche beyond this critical density. Under 
this strong field many electron avalanches 
may be produced at a time and this would 
cause the disruption to occur without any ap- 
preciable time delay. In the case of mica, if 
we assume that the collision frequency be- 
tween electron and lattice is larger than that 
of KCl by the factor of 10, since the break- 
down strength is larger by this factor, the 
critical density may be also larger by this 
factor. This might be the reason why the 
single avalanche mechanism is preferable in 
this case. 

We wish to acknowledge the help by the 
Research Expenditure from the Ministry of 
Education. 
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Thermal conductivity of crystals without defects is calculated on 
the approximation that the mutual collisions of phonons of the normal 
type occur far more frequently than the Umklapp collisions. The 
conductivity K for crystals at temperatures not too low below the 
characteristic temperature and above is expressed as, 


qa(U/V) 
QT 

where q is the sound velocity, a the lattice constant, U/V the cohesive 
energy per unit volume, 7 the absolute temperature and @ is a 
number of the order of unity introduced to take into account of the 
difference of the erystal structure. This formula fits fairly well to 
observed values for ionic crystals having NaCl type lattice and 
furthermore applies equally to the conductivity of liquids. In the 
latter case it is shown that the above formula is approximately 


K~0.1 


identical with the well known formula proposed by Bridgman. 


§1. Introduction 


In a non-conducting crystal, heat is carried 
in the form of flow of phonons. However, 
the thermal conductivity calculated from the 
continuum approximation of the crystal is 
known to become infinite. To get a finite 
value, the periodicity of the lattice has to be 
taken into account which enables the momen- 
tum transfer from the phonons to the lattice 
during a mutual collision of a certain number 
of phonons with the intervention of the lat- 
tice, known as Umklapp collisions. Collision 
process which is most effective for the hind- 
rance of the heat flow against the tempera- 
ture gradient in a perfect crystal is believed 
to be the three phonon collision one of this 
type in which one phonon is destroyed to 
create other two phonons or vice versa. This 
process arises from the nonlinearity of the 
vibration of the lattice. The exact calculation 
has been prevented by the lack of the know- 
ledge on the forms and the frequencies of the 
normal modes in a given crystal as well as 
the ignorance of the explicit form of the non- 
linearity of vibration. 

In this paper we attempted to give the 
conductivity an expression applicable formally 
to every temperature range for perfect crystals 
and calculable from known physical constants. 
The calculation is based on the continuum 
approximation of the crystal and the periodi- 


city of the lattice is introduced artificially as 
has been done by previous authors”). The 
contribution from the optical modes which 
does not seem to have been taken into account 
explicity yet, is treated in two alternative 
ways. In the one approximation the optical 
modes are incorporated into the acoustical 
ones in the manner analogous to the method 
of Debye in the treatment of the specific heat 
of solids. In the other approximation a part 
of these is neglected at all which will be 
suitable when the optical modes have much 
higher frequencies than the acoustical ones 
and their group velocities are very small. 


§2. Interaction Energy of Lattice Waves 


In the harmonic approximation of the lattice 
vibration, the displacement D at point 7 is 
written as the sum of the amplitudes of the 
various modes of vibration. 

D@)=N7? SeEo(ace’"+Gee" 7), (1) 
where o represents the wave propagation 
vector, &> is the unit polarization vector, N ~ 
is the total number of atoms. a is the am- 
plitude operator which is time-dependent, @ 
its complex conjugate and the sum over o 
means also the sum over the modes with 
different polarizations. 

Mutual collision of lattice waves is the 
result of the existence of the nonlinear energy 
density in the Hamiltonian of the phonon 
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system. Since the exact form is not known, 
we wish to use a simple form of the expan- 
sion in amplitudes. 


W=i,N-372 = 010263|@,d2a3 exp {i(o,+0.+063)7} 
— @Q243 exp {t(o,+0,—03)r7}+-++-]. (2) 


This form of energy density has been chosen 


| from consideration of the harmonic potential 


energy density 
U= (r/2)A?+(n/2){2(0u/Ox)? + 2(0v/dy)? 

+ 2(0w/0z)?—(3/2)4?+ (Ov/0z+0w/dy)? 

+ (Ow/Ox+0u/0z) + (Ou/0y+0v/dx)?}, 
where « and » are the volume elasticity and 
the rigidity respectively. «, v and w are the 
three components of the displacement D and 

4=0u/0x+0v/0y+0w/0z . 
The first term of the right side which is the 
energy density for dilatation becomes by (1), 


(K/2N) 3S) a0’{—dcde- exp {i(o6+0’)r} 


(long. wave only) 
+deGo exp {4(6—a' )r} 
+GeQor exp {7(—a+0’ )r} 
—GAcAg exp {t(—a—oa’)r}} , 
and the second term representing the energy 
density for shear becomes, 
(n/6N) Sie,0{3(Eo-Ear\(G-0’)4+3(Eo-0’ Eara) 
—2(E>-a)(Eor-0’)} x {the same as the last 
factor of the former expression}. 
Considering these expressions the simple form 
of (2) was adopted. 


§3. Flows of Heat and Momentum 


A flow of momentum in a crystal is ac- 
companied by a flow of energy. The energy 
flow J defined as the energy passing through 
a unit cross section per second, is related to 
the momentum density p in that direction as, 


Las (3) 


where g is the sound velocity. Apparently 
the collisions between phonons only cannot 


give a finite conductivity, since due to the 


conservation law of the total momentum of 
phonons these will not change p and there- 
fore the energy flow will persist even when 
the temperature gradient is zero. 

The finite conductivity of the actual solids 
results from the tendency of the phonon 
system to approach a Bose distribution, where 
the net momentum vanishes, with a certain 
rate characterized by some relaxation time by 
the aid of the intervention of the lattice 
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periodicity in collisions. 

When there is a steady temperature gradi- 
ent, say in the 2-direction, this tendency just 
balances to the rate of the increase of mo- 
mentum in the same direction which is the 
difference between the momentum flowing in 
from high temperature region and that flow- 
ing out to low temperature region. 

The relaxation time for the attainment of 
equilibrium in the absence of the temperature 
gradient of the phonon system is designated 
by c. Then, dp/dt=—p/t. Though of course 
t should depend on each form of the initial 
distribution of phonons, the approximation 
used in the next section permits the relaxation 
time to be uniquely determined. 

In the steady state the net rate of the in- 
crease of the momentum in a small volume 
of unit cross-section and thickness 62 is 

Rqox dic (One/Ox)(ox7/0) , (4) 
where the summation over o is to be under- 
stood to be taken over those contained in unit 
volume, m~ is the number of phonons belong- 
ing to o. This increase is cancelled by the 
internal relaxation as, 


hd Dic (Ono/Ox)(ox'/6)— p/t=0. (5) 
Since m. differs little from the Bose distri- 
bution, 

0no/Ox=exp (Roc/kT {exp (Roc/kT)—1}-? 
X (hWo/kT*)(dT/d@) , 
where wz is the frequency of o and wc=qo. 
The summand in (4) becomes e“u?(e“—1)~? 
xcos? 86, where 
u=hwc/kT, 6=angle between z-axis and o. 
Accordingly (5) can be transformed as, 
p=—(1/3)re,(dT/dz) , (6) 
where cy is the heat capacity of unit volume. 
Thermal conductivity K is therefore expres- 
sed by the relaxation time as, 


K=(1/3)q?reo . (7) 


§4. The Most Probable Distribution of 
Phonons with a Definite Momentum 


The approximation on which the following 
calculation is based is to regard the phonons 
belonging to the normal modes in each small 
volume remains at any instant in a most 
probable distribution under constant values of 
the densities of energy and momentum, the 
latter being assumed to be directed  to- 
wards z-axis. This approximation will be 
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satisfied when the normal collisions conserving 
momentum occurs far more frequently than 
Umklapp collisions which is accompanied by 
momentum change. Recently Klemens® work- 
ed out calculations, with repeated use of ap- 
proximations, on the roles played by these 
two types of collision and applied the results 
to the low temperature conductivity of crystals 
with defects. But the difference between both 
methods does not seem to be appreciable, since 
it becomes apparent that the normal collisions 
can occur more easily than the Umklapp col- 
lisions, the latter of which needs a certain 
kind of activation. 

The determination of the most probable 
distribution of phonons is an easy task. The 


result is, 

No={eXP (ROs/kT—ac,)—1}-}, (8) 
where a is related to the momentum density 
as, 

= (38/2)q? p/CoRT?. (9) 


§5. Rate of Three-Phonon Collision 


In crystals the 3-phonon collision is believed 
to provide the principal source for the limita- 
tion of the conductivity, since it comes from 


Fig. 1. Zone scheme for normal modes of 
vibration. a@ and b are the lattice constants 
of the original and virtual crystals respective- 
ly. 


the lowest order perturbation and the observed 
temperature dependency of the conductivity 
is in accord with the theoretical conclusion 
based on that process. 

The occurence of this type of collision is 
rather restricted because of the difficulty of 
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the simultaneous conservation of momentum 
and energy. For example, transitions in 
monatomic crystals with a simple cubic lattice 
are forbidden. Actually, it has been shown* 
empirically that the number of Umklapp col; 
lisions will increase with the mass difference 
between the constituent atoms in compound 
NaCl type crystals. Thus the cause of the 
occurence of thermal resistance is the exist- 
ence of the optical modes. 

The problem is to find some appropriate 
treatment of these modes for crystals with 
general lattice types, though an exact one is 
of course not possible. 

Firstly, we take up the case where the 
constituents are the atoms or ions and suppose 
the crystal structure to be a cubic one. A 
virtual crystal is considered which has th 
same density as the original crystal and is 
composed of atoms(ions), which are arranged o | 
the sites of a simple cubic lattice, having the} 
mass equal to the mean value of the original 
atoms. 

This replacement is analogous to that which} 
was used by Debye in his theory on the | 
specific heat of solids. The zone scheme for 
the normal modes of vibration becomes then} 
a single-valued one in which the optical modes 
are replaced by acoustical modes, as it is to} 
say. It is shown in Fig. 1 two-dimensionally. 
b is the lattice constant of the virtual crystal 
which is smaller than that of the original} 
crystal a. If there are s atoms in a unit 
cell, then b=s-'/%a: usually b~a/2. 

To calculate the relaxation time for the} 
decrease of momentum density we take this 
crystal of volume V held at temperature T. 
Let the phonon system be initially in a de- 
finite state which is designated by a state 
vector ¥ having a given momentum P, in 
the x-direction. 

Transitions to states with momenta other. 
than Py take place in Umklapp collisions such | 
as, 


wees 


Hiss») 0 eight tees 
Ma calses), 
fsiden Ra 

ko Vien UO, SEM, SOxego! A=, =/,= 0, 
where x-axis is taken to coincide with one of 
the lattice edge. 

Collisions including the Z’s with components | 
larger than unity may be excluded for the 
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collisions considered here. We wish toreaills 
culate the transition rate for those with = 


+1, /y=1,=0, which is the most important 
This type of collision changes the 


(2x/a)h. 
The rate R, of the transition 01> 6,+03+ 
(2z/a), in which the system loses momentum 


f is, 


R,={12V°73/N3(2)3q?}0 1620371 (,+1)(3+1) 
OE = Bs), 
Ox) =4 sin? (2t/2h)/2, E;=H(o2+0;), E:=fo, 
(10) 
where 7 refer to the virtual crystal and N 
is the number of total atoms in volume V. 
Combining (10) with that for the reverse 
process in which the momentum is gained, 
we get the rate R, at which the system loses 
the momentum unit in the reaction 6,20.+6; 
+(2z/a) among these three modes. 
Rz= Lo 10263{2(m2+1)(m3+ 1) —(m+1)nan2}Q 
=aL(2n/ayen TT? o(e%—1)-10 ; 
in 
L=?V743/27 mi? Neg, u:=fo./kT, (11) 
where a@ refers also to the virtual crystal and 
(8) was used. 
Firstly we sum up the R,’s over the sets 


| of o, and o; with o, being fixed or the same 


| thing for o, (See Fig. 1). 


PAARL sees ee eee 

ne ts, los,c,@2—1 Cie es) 
(12) 

Taking an ellipsoidal coordinate system we 


designate the coordinates by oz, o, and the 


> R,= 


(oy fixed) 


angle ¢, 


Ot=02103, On=02—43. 
The sum over o, and o; in (12) is replaced 
by an integral in the phase space as, 
2 pr J 2 

3°V (((e—an Ridoxdond| ; 

(27)3| 80 
where the integrand except R, denotes the 
volume element in the momentum space divid- 
ed by #? and 3? in the first factor corresponds 
to the number of independent polarization 


vectors. Then the curly bracket of (12) be- 
comes by the ordinary procedure, 

2a BVI dog(% (G2°—dn")o.0;d0n | 

A (2 2)*LdE;)-«, 80(e"2—1)(e"s—1) JE;=Ei. 


The integral is approximated as, since 
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logla,-2,=01 , 
2-3” catt (61 +0n)"(61—6n)"don/ 6 ae 
~ {EXP (21 + u%)/2]—1} {exp (a; —atn)/2]—L} 
-4 eG ites 
(e%1/2 —1)? “f 


~~ 


where 
Uy =AO/RT, Wn= Gon. 
Therefore (12) becomes on substituting (9), 


ee CN ag Cee 
(a, fixed) om 2°0°q’aCukl? (e1—1)(e%1/2?—1)? : 
(13) 
where o=mN/V. 


The summation of (13) over the o,’s is done 
by estimating the mean value of o,, where 
the limitation, 

2/b>012>7/a ) (14) 
for the reaction considered here, coming from 
the condition o,>4), 1s to be considered. This 
mean value is written as z/d, where d is a 
length supposed to be near 0b, of the same 
order of the length corresponding to the wave- 
length which characterizes the Einstein fre- 
quency of the crystal. Correspondingly the 
uw, in (13) is given a constant value z=fjwa/kT, 
where wa=qz/d, which defines the character- 
istic temperature @ for collision: O=fwa/k. 

For convenience we rewrite o,° as (kT/fiq)* 
x u3(z/d)? and substituting we get in place of 
the right side of (13), 


3x27 T f (1) Wee 
2*Rho'qadcy ? Me) ares (ev/2—1)? 
~2? for u-0 ) 


~use" for uc. § 2 
The number of o,’s satisfying the condition 
(14) is (3V/2b')(1—b/a), which varies from 
zero to ~3N/2 with the increase of the num- 
ber of the optical modes. On multiplying to 
(13) we get the rate R of the momentum de- 
crease of the phonon system. But beforehand 
we have to double the calculated rate, because 
there remains another type of collision which 
is, 

6122 6,+03;—(2z/a), 
giving exactly same rate as the above. 
Thus, 


ene 3472 22R?T f (uy —1®) ponlayk : 


or Gadb'co 
By the definition of the relaxation time we 
get, 


c= 3! PRT f(u)(1—b/a)/2°o*q’a’d’b’. (16) 


550 


From (7) and (16) the conductivity is given as, 
R= 23 °C APO cy2/3 0? VRT f (u)1—b/a). 
(17) 
Now for ordinary crystals with several atoms 
in a unit cell, 


b~d~a/2, (18) 


resulting to the approximate formula for the 
conductivity, 


K~0.002{p%q'a'c,2/PET f(u)} (19) 


At high temperatures this becomes, since c,—> 
3k/b? and f-2?, 


K~0.01(p%q'a/27), (20) 


showing the simple temperature dependency 
which is well known. 

The condition (18) applies to cases where 
the number of atoms is about 8. When this 
number differs greatly from 8, it will be 
better to add another factor (s/8)!/? to the 
conductivity formula and the change of the 
factor (1—b/a) in the denominator of (17) has 
to be taken into account. 

Estimation of the nonlinearity constant 2 is 
done as follows. The use is made of the 
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e 
RbCl(0.41) 


7 
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Va 


KI (0-53) 
/@ 
a e 
KBr (0:34) RbI (0-19). 
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NaF (0:10) 7 ‘KCL (0-05) 
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,/ Natt (0-22) 


{ 92 (4) iS : cal”'cmsec 


Fig. 2. Observed thermal resistances vs. cal- 
culated ones for ionic crystals at 0°C. 


Morse type potential energy supposed to apply 
to strained crystals. 
Let the following expression to hold for a 
crystal with volume V. 
U=U,(e- 5 /8V0—2¢e-8V 187 0), 


where U, is the cohesive energy at the origi- 
nal unstrained volume V, and 6bV=V—YV,. 


Sanchi MIZUSHIMA 


(Vol. 9 


Then the volume elasticity « and the non 
linearity constant for dilatation are expressed 
as, 

= (2/8?)(U,/Vo) ; 
A= —(1/8?)(U5/ Vo) = —(«/2)?/*(Ug/ Vo) 1? : 
(21) | 
We assume the & given here to be just the 
same as the one introduced in (2). Meanwhile 
the sound velocity is roughly («/o)!/”. 

The thermal conductivity will therefore be} 
comes, 


K~0.1 qa(Uy/V>/@T , (22) 


at high temperatures, where the numerica] 
factor Q of the order of unity was added tec 
take into account of the difference of the 
crystal structure for various species of crystals 
and also the mass ratio of the componen 
atoms if the crystal is not monatomic. Iq 
any way, the numerical constant given as 0. 
above may be regarded as indicating onl 
that it will not differ greatly from that order 
Fortunately however, it will be seen that (22 
fits fairly good to the experimental data. 


| 


§6. Ionic Crystals of NaCl Type Lattice 


The results of the foregoing section will be 
compared with experimental values of the 
conductivity of ionic crystals having the NaC 
type lattice. In this case Q@ will depend o 
the relative mass difference of the componen 
ions. The number of ions in a unit cell is @ 
here. 

The comparison is made in Fig. 2 in whic 
the ordinate is the observed thermal resistance! 
which is the reciprocal of the conductivity at 
0°C and the abscissa is the theoretical values} 
calculated from (22) where the numerica 
factor and Q were temporarily set to me | 
q was calculated by («/o0)”?. The numerals 
added to each point represent the relative mass} 
ratio of the component ions, (71:—222)/2(m+ 
jy), where 7, and m, are the masses of the! 
ions respectively. i 

In view of the fact that the experimental 
data are very scanty (they were taken from 
Landolt-Boerntein Tabellen), the proportionality 
between the formula and the experimental 
values may be regarded to be fairly good. 
The best fit is given by 


K=0.05qgaU,/V,T, 


provided we set Q to be unity. 


(23) 


|, 1954) 


| We shall be able to improve the agreement 
; between theory and experiment by taking into 
| account the mass difference of component ions 
in each crystal species, as it can be seen from 
the figure that in general the resistance comes 
high when the relative mass ratio is large, 
confirming the observation made by Black- 
iman*), 


$7. Molecular Liquids 


?- In 1935 Bridgman® proposed a simple for- 
imula for the conductivity of liquids. 
K=3kq/é? , (24) 
»where 6 is the mean distance between adja- 
jcent molecules. Its deduction is based on a 
isimple model of the energy transfer that heat 
A carried from a molecule to an adjacent one 
| with the speed of the sound velocity in liquids. 
/ But from the point of view of the quasi- 
‘crystalline structure of liquids the coincidence 
jup to the numerical constant should not be 
Be arded as a justification of the basic con- 
‘cept: the derivation of (24) might be classified 
as an example of the dimensional analysis. 
_ Here also we wish to apply the previous 
discussions and show that the final expression 
is nearly coincident with the above equation 
accidentally. Molecules are assumed to be 
‘arranged on the sites of a closed packing 
lattice. The number of molecules per unit 
‘cell is then 4, which does not differ greatly 
from the above cases. Intermolecular motions 
are considered to be responsible for the trans- 
fer of heat, while the contribution from the 
intramolecular vibrations is neglected because 
of the large value of their frequencies and 
the low value of the group velocity. This 
approximation provides the alternative method 
for the treatment of a part of the optical 
vibrations. Since the characteristic tempera- 
ture for the excitation of the intermolecular 
vibrations is very low, high temperature for- 
mula (22) may be used from low temperatures. 

Now that U) is roughly the synonym of 
the heat of vaporization, (22) can be approxi- 
mated by 

K=Cole/eT, «C=const., 


where Ly is the heat of vaporization per mole. 
Here the fact that 4/a* is the number of 
molecules in unit volume is used. Further- 
more, Trouton’s rule says that L,~20T, 
where JT») is the boiling point. Thus the 
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on 
OO 
mS 


above expression becomes, 


K~C'(q/a\(T>/T), C’=const. (25) 


Since liquids which had been compared with 
success with the Bridgman formula (24), such 
as water, carbon disulphide, ethanol, acetone 
and so forth have nearly same boiling tem- 
peratures, (25) is almost identical with (24) 
at a fixed temperature as far as these liquids 
are concerned. 


K values calculated by the equation 


K=0.12qa(U/V.)T-}, (26) 


where U,/V, is the heat of vaporization per 
unit volume at room temperature, gq is calcu- 
lated by («/0)/? and the numerical constant 
0.12 was chosen to give the best fit, are listed 
in Table I in comparison with the observed 
values. 


Table I. 
Molecular Keale. 
pubstarice shape | (eal. em —lsee-1) Kop 

Carbon. del Spherical | 0.00028 | (0.00026 
Chloroform y 0.00027 0.00029 
Benzene dise-shaped 0.00035 | 0.00037 
Aniline y 0.00053 0.00041 
Toluene ” 0.00036 0.00035 
Carbon , 

disulphide rod-like 0.00081 0.00038 
Acetone ” 0.00034 0.00043 
Hexane 1 0.00020 0.00033 
Heptane " 0.00023 0.00034 
Octane 0.00026 0.00036 
Methanol ae 0.00054 | 0.00051 
Ethanol ” 0.00058 0.00044 
Water y 0.00145 0.00143 
Glycerol y 0.00162 0.00068 


It is to be noted that the numerical factor 
comes into the same order as that for the 
ionic crystals. The fairly good coincidence 
is supposed due to the existence of a short 
range order in liquids: the mean free path in 
liquids will be short enough not to exceed the 
range of the ordered portions. 

More detailed examination of that table 
reveals that for rodlike molecules the observ- 
ed values are larger than the calculated ones, 
which seems to be indicating the increased 
contribution of the intramolecular vibrations. 


On 
On 
bo 


$8. Temperature Dependency of the 
Conductivity 

It has been known that the Eucken’s law” 
describes fairly well the observed temperature 
dependency of the conductivity of a certain 
number of ionic crystals. This law states 
that the conductivity is inversely proportional 
to the absolute temperature from well below 
the characteristic temperature. 


8 


K , arbitrary units 


Fig. 3. Temperature dependency of calculated 
resistance. 


The relation between the conductivity and 
the temperature in our calculation is given by 
Cy?/f(u)T in (19) and accordingly depends on 
the choise of the characteristic temperature 
@ for Umklapp collisions. As can be seen 
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from the foregoing calculations, this temper 
ture does not need to coincide with that of 
specific heat. Any way, if we adopt sucl} 
temperatures lying in the neighbourhood of 
Debye temperature, nearly straight proportio 
nality of the thermal resistance against tem] 
perature results owing to the cancellation td] 
some extent of the temperature dependencies 
of cy? and f(z) except in the region of very} 
low temperatures. Fig. 3 is drawn to show] 
this fact for the choise of 9=Opepye. At exif 
tremely low temperatures the functional def 
pendency of (19) agrees with the existing] 
theory that KocT’exp(—0/T) where »v is 
constant, though of course not observed ir 
reality due to the overlap of the scattering 
effects of the thermal waves by various kinds 
of imperfections which become dominant a 
very low temperatures. 
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Coulomb, exchange, and ionic integrals as well as one-electron 
integrals involving 2s and 2p Slater type atomic orbitals have been 
ealeulated for homopolar diatomic molecules. This work jis the ex- 
tention of the table of the same title (J. Phys. Soc. Japan 8, No. 4, 
463 (1958)) for @6R=7.50, 8.00 and 8.50. The Coulomb and one- 
| electron integrals have been calculated up to 11.50. 


This table is the continuation of the works commenced by Kotani Amemiya and Simose 
we the calculation of molecular integrals including 1s, 2s and 2p Slater type atomic 
-orbitalsP»*). One of the authors has calculated the values of the auxiliary functions 
W.(m,n;a) and G,’(2;a) for a=7.50, 8.00 and 8.50%, which enable us to extend the 
previous tables for these arguments. Thus the exchange and ionic integrals for these 
‘arguments are tabulated. The Coulomb and one-electron integrals, the calculation of which 
is much easier, are tabulated to w=11.50 with the interval of 0.50. 

All the notations are the same as in the previous tables, but we duplicate them for 
ithe sake of convenience. 


(1) Units. We shall use the following atomic units: lengths in units of the Bohr radius 
@=0.5293 A; energies in units of e?/a)=27.204 eV. 


_ (2) Atomic orbitals. Let da, dg, ---- be the atomic orbitals with their centers at A, 
and by, bs, ---- be those with their centers at B. Their explicit forms are: 

a;(1) =(6°/3z)"/? exp (—67a1) Toa (2s orbital), 

(1) =(6°/7)!/? exp (—O7a1)%a1 COS Dax (2po orbital), 

Qn 1)=(6°/7)/? exp (—O7a1)7a1 SIN Aa1 COS Fy (2pz orbital), 

On(1)= (67/7)!/? exp (—07a1)7a1 SIN Gai SiN Yr (2py orbital), 


a,(1) =(0°/27)'/? exp (—6701)7a1 SiN Jar EXP (241) =27*/"[a@c1)+2ax(1)], 
a_(1)=(6°/27)/? exp (—67a1)7a1 SiN Far EXP(—7F1) = 2-7 ax(1)—tae(1)] . 


In the above the coordinate system is chosen as follows: the position of the electron is 


denoted by i 7o,= AP, 7o1= BP, O6a4= ZBAP, Oy = A ABP. 


(3) Molecular integrals 
Roothaan-Riiden- 
berg’s notations 


Overlap Sap (Qa | Bo) |exa(t)*bp(t)ae C 


Integrals Notations Definitions 


1 gel 
Kinetic Tap (cx —o4 Bo) [ancay'(— 4) bode 
Nuclear Kup (a : Ba) [aucty*( =, Jantar 
Attraction r Tr 


554 M. Kotani, E. IsHiguro and K. HIJIKATA (Vol. 91) 


1 1 

Resonance Tug (a 3 Ba) [oucay"( Jabs 
Td To1 | 
1 
Coulomb Dagys (Lata, p00) [auayran)(;, \op(2)*bs(2)de.de, | 
2 
1 } 

Exchange Cupys (Harv; Brdu) [xacty*by(0)( \Ps(2aa(2)dece, 
1 
Tonic Lays (Qatiass palo) fastay*anct( = Jap(2)*bs2\derde. | 
12 


The numerical values were checked by taking differences. In doing this, e°” and 
e’® were multiplied beforehand in the cases of C and Z, respectively. Throughout thi 
procedure, several errors have been found in the previously published values of JZ, which} 
together with the misprints, are listed in the Errata. Although we hope these errata aré 
the final, we would gratefully acknowledge any information about errors and misprints 
in this series of tables. | 

In conclusion we are indebted to Miss Hama, Miss Sugawara, Miss Yuasa and Miss 
Mizushima for their assistance in numerical computations. For the financial support we 
owe to the members of Kotani Laboratory and the Research Grant of the Educationa 
Ministry. For the discovery of misprints we tnank Dr. Niira, Mr. Kimura, Mr. Nakamur 
and Mr. Ohno. 
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| | re a | 8.00 8.50 
| Ss = ile =| = 
C/ | ssss | “(S383 3SaSa. | 0.00207 04 | 0.00112 73 | 0.00060 23 
ool Gees 3 eae ae 0.00284 94 0.00157 89 ~~ 0.00085 65 
ooss | (6g8y3 %Sa) 0.003890 02 | 0.00220 14 0.00121 34 
| 680s | ACG OasxSn Si) 0.00384 15 | 0.00217 50 | 0.00120 17 
| osso | N(GeSasSpoq) 0.00399 06 | 0.00224 48 | 0.00128 39 
| coos | VGH Ongtonsia) | 0.00586 35 0.00308 39 0.00172 70 
| goao le ige aah) 0.00737 41 0.00431 79 | 0.00245 63 
| mrss ) SG@uashsuten sia) | 0.00014 592 0.00007 406 | 0.00003 700 
TSTtS | “Goat, Sosa) 0.00072 061 0.000386 967 | 0.00018 663 
TSST | Gt, 85; Spt) 0.00016 375 0.00008 341 | 0.00004 182 
| «-noo (Tayi Ty Fa) 0.00026 075 0.00013 697 | 0.00007 053 
\Seere = Ol. ana mone 0.00129 696 0.00069 300 0.00036 233 
| noon | (Gy3 Ona) 0.00034 282 0.00017 882 — 0.00009 153 
| «ros | (%o0n3 TySq) 0.00019 654 0.00010 188 | 0.00005 188 
| toms | (pty; O8q) 0.00097 856 0.00051 116 | 0.00026 216 
HOSED Ol Mieyes Poms 0.00023 467 0.00012 111 0.00006 141 
roi | WN tease, State 3 0.00027 797 0.00013 451 0.00006 423 
mrt! | (tatty; tytq’) 0.00025 034 0.00012 124 | 0.00005 794 
| tere’acrc! | (TalKyj Ty!Ta!) 0.00001 3814 0.00000 6637 0.00000 8147 
| +++ | (uatmet; mat) | 0.00026 415 0.00012 788 | 0.00006 108 
Nata Gates t yrs) 0.00002 7627 | 0.00001 3274 0.00000 6294 
| i | 
L/6 sss8 en(SaSaorsase) 0.01989 04 | 0.01428 66 0.01017 11 
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S30sd (8a8p3 a0) | 0.03878 97 | 0.02528 01 0.01864 21 
acs Oa Gada) 0.02103 12 | 0.01510 68 0.01075 24 
Yoxores | (Sa0a}; Cady) 0.01014 68 | 0.007387 79 | 0500529" 2% 
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TSTS (Tata; SaSp) 0.01982 01 | 0.01887 66 0.00988 04 
Strs (Saka3 TaSy) 0.00228 88 | 0.00156 64 0.00106 39 
| 
TSSit (SaTa} Say) 0.00128 77 | 0.00085 30 0.00056 17 
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TOSit (Saka; Caty) 0.00185 88 0.00091 57 0.00061 24 
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The practical accuracy of any atomic clock ever constructed has 
been much worse than theoretically expected. 
amine the use of Zeeman and Faraday effects for the purpose of 
eliminating causes of errors discussed in article, I 
molecular system in a magnetic field violates the reciprocity theorem. 
A method is proposed and investigated to utilize the unreciprocal 
component of transmission characteristics of the absorption cell, 
though it proved to be not so useful as expected. And the character 
of a circular waveguide absorption cell in an axial magnetic field is 
treated in detail as an preparation for designing a high-precision 


atomic clock. 


$1. Application of Zeeman and Faraday 
Effect on an Ammonia Clock 


The ammonia molecule has a small rota- 
tional magnetic moment, coupled with the 
nuclear magnetic moment of N* in the mole- 
cule. When the molecule is placed in a mag- 
netic field, the inversion spectrum is split 
into two groups of Zeeman components. 
These components are symmetrical to the 
centre frequency and the splitting is propor- 
tional to the intensity of magnetic field. Be- 
sides, in particular, the reciprocity relation 


Gal HPs 


which holds in usual electrical circuits should 
fail in the presence of magnetic field. Because 
the violation of reciprocity theorem will be 
found only near the spectral frequency, the 
use of unreciprocal component as a frequency 
standard might extremely improve the ac- 
curacy of the atomic clock. 


In this paper we ex- 


The atomic or 


The reciprocity relation in a microwav 
circuit is expressed in terms of the character 
istic matrix or scattering matrix, (S;x), by th 
symmetry of matrix elements®®». We hav 
usually 

Sin= Sei : eB 
On the contrary, when the magnetic moment 
in the circuit are placed in a magnetic field 
the reciprocity relation does not hold and w 
have 

Six2<Shi a (e2) 

There are many devices to bring out th 
unreciprocal component, S:;.—S;;. A micro 
wave bridge employing a symmetrical six 
arms waveguide junction may be used, al 
though there are some difficulties, in its precis 
construction». Another device employing 
magic tee is schematically illustrated in Fig 
1. A magic tee, B, and a circular waveguid 
absorption cell, A, are connected by tw 
rectangular waveguides, (1) and (2). Th 
characteristic matrix of the absorption cell i 
an axial magnetic field is given by 


Ae (ea may 

Gat Os 
where dz is not equal to az, and it is assumed. 
that the rectangular waveguides allow to pass 
only one mode of waves. 


The characteristic matrix of an ideal magic 
tee can be expressed in the form | 


(ir3) 


ienkOimdieaes | 
1 ne Or Bey ai 
pee 
2 Vee ee ee v2 
ZAP mh Sy Ue 


1954) 


where the phase reference planes in the wave- 
guide arms are properly chosen. If not, the 
matrix elements should be multiplied by exp 
(79x). Now, we consider a practical magic 
tee, the characteristic matrix of which is more 
or less different from Eq. (1.4) and has the 
form 


bu Dis Ors bys 


p= bo bys Doz Dox 1.5) 
bsy bss bs3 bss 
Dax Dap ave Dua 
where 
bir=bei,  X Dixdaa* =O , (1.6) 


and absolute values of by3, By, bys, bo, are 
nearly 1/1/2. Let q, and qg, be the complex 
‘amplitudes of waves transmitting through 
waveguides (1) and (2) respectively from A 
to B; p, and p, be the amplitudes of waves 
' transmitting in the reverse direction; q; and 
qs be respectively amplitudes of input waves 
-in the arms (3) and (4) of the magic tee ; and 
| Db, be the amplitude of output waves through 
arm (4) to the detector. Some reflection from 
the detector must be considered and we put 


Qs=7 px , (1.7) 
in which 7 is the reflection coefficient. From 
the definition of the characteristic matrix we 

' obtain 


! N=41PitQeheo 
( Q2= 21 Pit Ar po 
Di=buGitby2G2 + 61343 + Oud: 

: Do= b21Q, +O 22G2 + b2393 + bas 

Pe=baQ tbiget bisg3t bid . 

Solving the set of linear equations, (1.6), (1.7), 

and (1.8), we can obtain the output, pj. 

Di={Q3/1—1G) D}{(8s1b 22014 + Bs1Da1b04 

—b390y0014— 32011024) A122 — A12421) 
+-B51G11D14 + D32Qo2b04 + B42o1b13 + 01 Qi2b23}. 


(1.8) 


(1.9) 
Here 
D=\|—-1 0 a1 Q2)\ > (1.10) 
O —1 Gy Ge 
De Dig 1 0 
boy De» Ve Pet 
and 


G=byut(1/D){ (142822 —b007b11 (G11 G22 — e112) 
+ By 42 +b 24722 + By 4b24( G21 + ai2)}. 
ay) 
In the simplest case when the magic tee is 
ideal, we see from Eqs. (1.4) and (1.10) that 
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D=1, and using Eq. (1.9), we obtain 
Ps=(Q3/2){(G11— Aaa) + (Ao — yy) Sel”, (1.12) 
assuming that v=0. From this equation we 
find that, if both coupling coefficients of wave- 
guides to an absortion cell are made equal, 
@,=@2,, then the output, ~,, will be propor- 
tional to @:—a@,. Thus we can obtain the 
output which is proportional to the unrecipro- 
cal component, using a linear detector such 

as r.f. biased crystal detector. 

Strictly speaking, however, we have small 
contributions of other terms appearing in Eq. 
(1.9) which are not proportional to a@;—dp., 
since there must be some errors in machining 
and tuning. In order to eliminate these faulty 
effects we propose to reverse the direction of 
magnetic field at a low frequency and to ob- 
tain the difference of respective outputs by a 
phase-sensitive detector. This device is also 
effective in reducing gain-variation noises or 
errors due to slow changes of supply voltages. 

Let the matrix element of A be a,,* for 
the applied field of +H, then we may expect 
for a circular cylindrical waveguide cell that 

Qy*=G1~, Ax2,*=A2,~, and A.*=ay*. 
Besides, dig+-+@oi*, Gig**@n*, and hence D 
and G are independent on the sign of the 
magnetic field. Assuming a linear detection, 
we can obtain the output from the phase- 
sensitive detector proportional to 

Ds* — pa = {3/1 —1G)D}(bi3b24—by3b14) 

X (ot — 12"). (1.13) 
This shows that the output signal will be 
proportional to @—d\. even by the use of 
imperfect magic tee and absorption cell, and 
unmatched detector. 

If there is any d.c. magnetic field such as 
terrestrial magnetic field, magnitudes of 
operating magnetic field of each direction will 
not always equal. The difference is probably 
less than one oersted and may be reduced to 
less than 0.1 oersted, if necessary. The in- 
version spectrum of ammonia is not so sensi- 
tive to magnetic field that we employ rather 
strong field, for example H=200 oersteds, 
which produces Zeeman shift of about 143 
kc/sec. for 3-3 line. Therefore the effect of 
stray d.c. magnetic field will be small, and 
we may estimate the effect by considering a 
small correction proportional to Eq. (1.9). Eq. 
(1.9) itself is nearly equivalent to Eq. (1.13), 
when we use a good construction. Hence, the 
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error due to d.c. field will be negligible. 

In order to maximize @j:—Q@., the polariza- 
tions of two coupling waveguides should be 
orthogonal». In this case, @:=d, for H=0, 
and d2<d;, for H2<0. The absorption cell 
acts as a cavity resonator rather than a wave- 
guide, because the crossed couplings are sub- 
ject to large reflections at the junctions. The 
character of such an absorption cell is con- 
sidered in the followings. 


§2. Nearly Circular Waveguide Cell in a 
Magnetic Field 


The characteristic matrix of an absorption 
cell in a magnetic field is calculated. First, 
we consider a circular cylindrical waveguide 


A 


alone in an axial magnetic field. Since there 
are two orthogonal modes of TE; waves in 
a circular waveguide, the characteristic matrix 
of the waveguide with two openings is ex- 
pressed by a matrix with four columns and 
four rows. 


S= Su Siz Sis Sia (2.1) 
Sx Sup Sng Sut 
S31 S32 S33 S34 
Sua Sw Sis Sul 


This matrix is unsymmetrical and not unitary 
in general. 

Because it is impossible to have a perfect 
circular waveguide, let us consider a slightly 
deformed waveguide cell. When there is no 
magnetic field, the propagating TE,, waves in 
a nearly circular waveguide can be approxi- 
mately expressed by a linear combination of 
two orthogonal modes whose propagation 
constants differ a little. Let the directions of 
polarizations of waves of normal modes be x 
and y, and the propagation constants be 7z 
and ry, respectively, then the characteristic 
matrix of the cell may be expressed in the 
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form 


0 0 e 
0 0 ew 0 (2.2) 
0 Catal 0) 0 
e 0 0 0 
where JZ is the cell length. | 

In a circular waveguide with axial magnetic 
field the polarization of propagating waves 
rotates, which may be considered as a super- 
position of two oppositely polarized circular 
waves having different propagation constants, 
Therefore we should use four propagation 
constants, 72*, 7y*, fx, and vy", for a near? 
ly circular waveguide in a magnetic field, 
Plus and minus sign denote the directions of 
circular polarization with respect to the right: 
and left-hand rotations about z-axis. 

Let the amplitudes of two normal modes o 
outgoing (incoming) waves at the one openin 
(a) be p, and pz (q, and q,), and at the other 
opening (b) be p3 and py (g3 and q,). Eack 
linearly polarized waves can be expressed b 
a superposition of two circularly polarize 
waves. For example, let the circularly polari 
zed components of q, be represented by q, 
and q,~, then we may write that 


p- Vx] 


HG +a =2h"=201 , 
n= —JQ2* +JQ2- = —2jq2* =2jq2", 
in which the phase reference directions o 
circularly polarized waves are taken paralle 
to the direction of polarization of mode 1. 

Instead of the linear polarization syste 
we may use circular polarization system. 
Then we have amplitudes of component nor 
mal modes of circularly polarized waves inj 
the form 


(2.3) 


Da* =pit + pr*, and po* = p3*+ pt, 
(outgoing) 
da*=Q*+q,*, and qo*=q3*+qu*, 
(incoming) 
(2.4) 


If the directions of polarizations of mode 1} 
and 4 are taken to be parallel to the z- 
direction, and mode 2 and 3 to the y-direction, 
we have 


Pi= 0," xp 724) ap, as exp (—ry*0), | 
ps*=q2* exp(—7,*l);, and 
be*=Qi* exp (—7a*)). (2.5) | 


From Eqs. (2.3) and (2.4) we obtain for the 
waves at the opening (a) 
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a. = 3(QitJq2), 
Qn" =di =4(ga" 4 Gems 
and Q2* =—Q27 =3(Qa* —Qa"). 


Then, using Eqs. (2.4) and (2.5), we may 

write 

Po* =q.* exp (—rz*/)+q@2* exp (—Try*/) 

| = 3{(Ga* +@o*) exp (—7re*/) 

=(qa*—qo*) exp (—ry*D}. (2.6) 
Thus we obtain the characteristic matrix of 

‘the absorption cell in the circular polarization 

| system. 


y 


t ates ot 0 fe Ty TET ga (2.7) 
Pa 0 0 Te Ty” Tae 1g da 
po™ i= — Tye ata | 0 (as 

De * Vet ty? Tx2*—Tyt 0 0 Go* 

where 

72> —exp(—72z7/), and 7,*=exp (—7,7/). (2.8) 


If the phase reference directions are rotated by ¢, and ¢» at the two openings as shown in 
| Fig. 3, the characteristic matrix of the waveguide cell is expressed by S) in the following 
' form. 


So=3 0 0 (%x2—Ty )e~ IGat PD) (Te ty)e iea- ev) : (2.9) 
| 0 0 (Te ty ereu- $v) (T2—7 y esa er) 
(%2—Ty \ei(Part eb) (F2tTy EW Ia- 9) 0 0 
(%et%y \ei(ga- en) (T2—Ty)eW JPat od 0) 0 


Transforming the above matrix into that of where 
the linear polarization system by a transfor- Flr2,1y,Pas?0) 


mation matrix, U, we obtain =H ret exp (—j%») +re7 exp (j¢o)} sin Gq 


S=US,U~', (2.10) —j{ry* exp (—Jjn)—Try~ exp (JGn)} CoS Pa 
=4h{—jexp (r2*1+j@a—JP) 


where ; . ; 
+j exp (r2*1—jPa—JP>) 
1 i il 0 0 2 11 : =I, My Mf 
Ua oe ae (2:11) —J exp (72 1+ jat iv) 
; ‘ eit +jexp (r271—j,4J¥») 
Gldgea at ey +J EXP (Ty 14+jPatJPo) 


: Ae : +7 Xp (7 y-1—jPatJPr) 
S is the characteristic matrix of a gas-filled Fexp (7y*14-40,=4?>) 


nearly circular waveguide cell referred to the —jexp (ry *t1—ja—jer)}. (2.13) 

plane polarization system of arbitrary direction 

of the axes representated by %, and 9». §3. Cylindrical Cell Coupled with Rectangu- 
The matrix elements, S.z, can be expressed lar Waveguides 

in the form The characteristic matrix of a nearly cir- 
S11 = So2= S33 = Sua = S12 = Sar = S31 = Sug = 0 cular waveguide cell coupled with two rec- 


Se=—Fre,% 7,8 arr), Sa=Flr2,7y,Pat7/2,9), tangular waveguides is calculated. Let the 
Su= Flry,72,Par%r)) Siu=F(r2,7y,00+7/2,%a), absorption cell with two rectangular wave- 
Ss=  Fre,%1,P0,%a), S32o=Fy,7%2,Pat7/2,%0), guides be divided into three parts, as shown 
Ss = —Fy,72,Par%), Sos=F(ry,72,Po0+7/2,0a), in Fig. 4. Ta is a transformer between one 

(2.12) of and rectangular waveguides and a circular 


opening of the cylindrical absorption cell, S 
We assume that there is only one mode of 
waves in a rectangular waveguide denoted by 
0, and there are two modes of waves in a 
circular waveguide denoted by land 2. T), is 
another transformer and the concerning three 
modes are denoted by 3, 4, and 5 as shown 
in Fig. 4. S is a nearly circular cylindrical 


Fig. 4. 


cell with a certain absorptive gas pervaded in 
an axial magnetic field. The characteristic 
matrix of S is unsymmetrical and not unitary 
as already described in § 2. 

The characteristic matrix of a transformer, 
T,, may be expressed by 


Ta a Too To. Toe ) 
Tio Tu Tie 
T 20 Tx T 2» 


where Tix=Tu: and 3) Tis jx*=O.xx, if we as- 
j 


(3.1) 


sume that it is lossless. Let us take the 
direction of polarization of mode 0 to be 
parallel to mode 1 and assume the symmetri- 
cal construction about that direction, then we 
find that 

|T22|=1, 

T= T= T9=T2.=0. (3.2) 
When we choose the two phase-reference 
planes so as to make TJ. real positive and 
To=L1i2, the characteristic matrix of the 
transformer can be expressed in the form 


Tafa XY ON (8.3) 
XY i ) 


0 0 il 

where |7,|?+|X4|?=1, and 7,X,* is a pure 
imaginary number. To avoid confusion a 
common phase-reference plane has been chosen 
for two modes of waves in a circular wave- 
guide. If the transformer is matched, we 
shall have T;=0 and X;=e?. Similarly, the 
characteristic matrix of T, is given by 


and 
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7 % — laa Msp IES, a = 1 0 0 ’ 
T 13 five: ra) 0 T, x) 
Ts3 Tse Ts5 (Os Xe Ty 


(3.4) | 
where |7,|?+|X.,|?=1 and 7,X,* is a pure 
imaginary number. | 

Let the amplitudes of incoming waves to 
the cell through the opening (a) be g; and q,| 
through the other opening (b) be gz; and qu, 
and outgoing waves be f;, po, p3, and py, re-) 
spectively. The circuit as a whole has two] 
openings of rectangular waveguides, the am-. 
plitudes of incoming waves through them 
are denoted by q and qs, and the outgoing 
waves by fp) and ps. As to the transformer’ 
T,, its incoming waves are q, fi and 9,3) 
and outgoing waves are pp, gi andq,. As to) 
the transformer Ty, they are p3, p; and qs; 
and q3, gq; and ps. Then the characteristic} 
matrices of the two transformers may be 
combined into one matrix, (Tx), in the fol- 
lowing formulas. 


ae Ti.X%0 0 0 0\ fac (3.5) 
a1 XG IM OO We yea 
q2 OOP at SO 20550 Ds 
qs OO O°OFT O70 Ip: 
a4 OO, 0° 0. Lexa Ht De 
Do 09 0 0. 04 Teh Ne; 


Using the characteristic matrix given by Eqs. 
(2.1) and (2.12), we may write 


a] a LO) 0 0 0 Nera, 
Dr 0 0 0 Si; Su 0 gq 
Pr» 0 0 0 So3 So. 0 a2 
Ds 0 S31 SE 0 0 0 a3 
PA | 0A) Sa S200" 10 Oot hg 
add \O}.0 0 oh cee a 


(3.6) 
From Eqs. (3.5) and (3.6) we can eliminate 


Pi, Po, p3 and ~,, and obtain 


Do\=/T, 0 0 XS; X48), 0 do 
qi Hae 70 0 T1Si; TiS, 0 hn 
do 0 0 0 Sz3 Syg 0 Qo 
d3 OF Sgr Sas 0 0 0 iI qs 
qd4 0 TSH TS, 0 ONE a4 
Ds 0 XSi XSi. 0 Ona giles Qs 
(3.8) 


This is a set of linear equations which is easily 
solved. Solving it, we obtain 


a= (1/D){(1—S3,S.3— TSuSo4)o 
+.X4(T1S1+T1S813832S34— T1S10S32593)Gs}; 


t 
| 
| 
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G2=\ 1/D )}{X4(S31S23-+ TS So1 do 
+ X4( S24 + TS3181 523 — TS 94513831) qs}, 
a= (1/D){X4(S31 + T4S3282:Saq— TS31S42S21)Qo 
+ X4(S32S24+ T1S14S31)gs}, 
4:= (1/D){X(TiS + T1S 4823831 
Pei 9s8533)0p 
t.X4(1—S32So3 
where 
D=1 —S$32S23— T1S31Si3 —TSi2S24— T1T:SaSu 
+T1T(S31S1351S14+Si2S04S32S93 
—S42S23831Sy4—S 1383252481). 


Thus we have the following relations. 


11813931 ds}, (3.8) 


(3.9) 


Po=Q1dot MGs ; 

Ds= G21) + G224s : 
The coefficients, @1, @i2, Qo; and Gy», are the 
same as used in §1, and can be written in 
the form 


@,=T,—X,7/T, | 

+(X?/T D){1 —S23832—T1S 2824}, | 
Qi. = (X1X4/D)(S13532S24—S14S32S23+Si4), 
Om = (X1X4/D)(S42S23S31 —SS328234+ Sir), | 
Qx,=T,—XP/T, | 

+(X?/TD)\1—S32S23—T1S318y3). 

(3.10) 

We see that, as expected, a, is not equal to 
Qo, when Sine<Se:- 

These matrix elements are calculated as a 
function of the propagation constants. Using 
Eqs. (2.12) and (2.13), we may rewrite Eq. 
(3.9) in the form 
D=1+T,T {4(&?+ 7?P—4(1? +4”) cos 2¢(E? +77) 

+(I7?—4?)? cos? 29+4174?} 
—(1/2)1—T,)—T,)(T'?— 4?) cos 2¢ 
+(1+7)(14T,){(3/2)r?2—(1/2)4?—2Ey} 
Slates Cent ee) 

x {1-TypE-(1+T)) Fe J*} 
—{(1-T))y—(1+T))le-4*} 


x {1—-T,)y-1+ Tyre}, (a) 
in which 
V=4Gettryt tre +7y ); 
A=hret+7y*—r2-—1y); (3.12) 


E=}(72t—ry*) exp (—j@a—Jjo), 
Q=Hir2- —1y) eXP (JPatJ?o)s 
and 
P=P_—FY>d. 
When the cross-section of the waveguide 


cell is closely circular, we may neglect the 
higher order terms of € andy. We may take 


E+n=6 cos 8, E—y= 6 sin 9, and 0=%_+». 
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Then we obtain 
D=1—$77+42)1+7,)(1+T,) 
31 °—A*)(1—T,)(1—T,) cos 2¢ 

41? 4°T, 744+ (12—42)T,T, cos? 29 

+201'{(1—T,T,) cos 6 cos @ 

—(T,—T,) sin 6 sin ¢}. (i183) 
Inserting Eqs. (3.13) and (3.12) into Eq. (3.10), 
we shall obtain a; in terms of 7,*, 7,* and 
transformer constants. Simplified forms for 
the case of 72=7, will be given in §5. 


$4. Effect of Magnetic Field on an Ammonia 
Line 

Now we consider the interaction of micro- 
waves and ammonia gas. Let the rotational 
quantum number of the ammonia molecule 
be J, nuclear spin of nitrogen be J/, then the 
total angular momentum, F, is made up of 
J and J by the spin-rotation coupling under a 
weak magnetic field, H. And the magnetic 
components of # are given by 


M=F, F—1,----, —F. 
Then energy levels are expressed in the form) 


W=W(J, K, I, F)—MuwH (asgmoitargy), 
(4.1) 


where 

ay ={F(F41)4+-JJ4+1)—-4Hi4 1) 2h F +1), 

az={F(F4+)+104+)—JU+D}2FF +1), 
and wy is the nuclear magneton, gw the nu- 
clear g-factor, and YJmoz: the molecular rota- 
tional g-factor. When the r.f. and d.c. field 
is perpendicular, the selection rules are: 

A J=0, 4M=-=+1. (4.2) 

Thus the Zeeman splitting, 4v», is given by 


Avy= (ew H/h)|(Ymortgw)/2 
+{(Gmor—9 mw /2}{ J+ 1I)—-LI+DYRF+D). 
(4.3) 


For the ammonia molecule, N'*H;, we have 
I=1, gv=0.403 and gmo1=0.480. Except for 
T=1 we have six Zeeman components, which 
are usually observed as partially resolved two 
lines. The splitting of the two lines at a 
field of H=1000 oersteds has been reported 
to be 0.718 Mc/sec. 

Both the dispersion and absorption may be 
represented by the complex dielectric constant, 
€=&'—j&’. But the dielectric constant of a 
gas in a magnetic field cannot be represented 
by a scalar but by a tensor. Let the mole- 
cular polarizability tensor be @ for the im- 
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pressed r.f. field of EFexp (2zjvt), the average 
polarization of the molecule, pexp(2zjvt), is 
given by 
p=ak. 

The dielectric constant of the gas with the 
number density of N is given by 

=&+47Na . (4.4) 
a is a function of frequency, magnetic field, 
and quantum states of the molecule. 

As for the sharp inversion lines of ammonia, 
symmetric and antisymmetric states of identi- 
cal rotational states should be considered. 
Then we may write 

ag; AGT, Fy=ad J, hella, hides 
and the frequency is given by 
hyo= Wa— Ws. 

As the Zeeman splittings for the transitions, 
4M=-1, belonging to different F states differ 
little, the difference may be neglected. Then 
we may write for the transitions from sym- 
metric to antisymmetric state 

W.—W;=h) eH, 
and for the transitions from anti-symmetric 
to symmetric state 

W;— W.a=—E)+«H, (emission) 
Components of the dielectric constant under 
the magnetic field along z-axis, 


(absorption) 


Exa, Exy 0, 
Eyx, Eyy, 0, 
0, 0, Ex, 


are calculated by the perturbation method. 
We obtain 
Cee = Eyg= Eg FETE | | 


aly sex 
Se ey ae 


Exy= 
where 
&*==47Nat 
K? 
dan Ses 
F mu Q, PI- +1)? 
{FF +1)— Ha Ia 


4FXF+1) Me 
7 (a2 (F4M+1) 
| E,—«cH+E 
(F4+M) (F=M+1) og 
ae Jexp | W,/kT) 


+(° (F=M) (F+M-+1) 


a eee 
(FM) ( wee ee 


re | 
—Ey+«H E Walkt), 4 


(4.6) 
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where ys is the dipole moment of the |} 
molecule, Q, the rotational partition function, 
yg; the weight of the state. Since H=hy,} 
> 9 exp (— W:/kT)=3Q,, dvyo<vo and exp 


(— W./RT)—exp (— Wa/RT)=hyo/kT, we obtain | 
ae 2nNgy: WK 2+) | 
3Q,h JT+)) 
WM (1 — 4 | 2 hyo 
3J(J+V * 37% J+ 1?) kT 
-_s ae 4.7 
ees ae ; e-2) 


where o=x/h and 9:=2, when K=3n, g:=1, 
when K=<37. 

When we take into account the line width, | 
24v, according to Van Vleck and Weisskopf®, 
we obtain the following equation instead of | 
Ide), (Gah): 

— 2aNgi uw? K2(2J4+1) 
~ 3Q,kT JJ+#1) 


ee 
é= 


4 2. 
i] us 
x ( rine 


ee are 
vo?—(toH-+yv) 
x(1 (vyotoH+y)(t0H+v)Ayv 
2v9{4y—j(vp> HoH —v)} 
(vo oH — pee (1.8) 
2y9{4v +7) (votoH +y)} 


Thus the dispersion and absorption are given 
by Re (é*) and Im (€*). Because 4v<v,, oH 
=Av)<vy, and 

1—4/3J(J+1)+2/3J/*J+1"=1, when J=3, 
we may write 
FO(2T +1) 2nN Qi 
J(J+1) 3kTQ, 

vy oH—y 

(dv)?-+(vy-RoH—y)?’ 
“Ke *(2J+1) 4aNqi v? 

J(J+1) 3kTO, v9 
- Ay , 

(4v)? +(»>FoH —y)?* 

Since €yz is not equal to €z,, the propaga- 
tion constants of right- and left-hand circular- 
ly polarized waves are not equal. With re- 
spect to the direction of magnetic field, which 
is parallel or antiparallel to the direction of 
propagation, let us represent the propagation 
constant of left-hand circular waves by 7+ 
and right-hand by y-. Then we obtain the 


propagation constant of plane waves in the 
form” 


Re (€*) =u" 


(4.9) 


—Im (€*)=p 


(4.10) 
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(4.11) 


| The problem for the propagation constants of 
quasi-TE}, waves in a circular waveguide was 


exactly solved by H. Gamo*). 


Using Eq. (30) 


in his paper and Eqs. (4.5) and (4.8), we shall 
be able to obtain the propagation constant of 


TE; waves in the circular waveguide 
an axial magnetic field. 


cell in 


However, the pro- 


pagation constant as a function of frequency 


may be calculated approximately 
as follows. 

By differenciating 7?=k?—wEyp 
with respect to frequency under 
the assumption that the cut-off 
wavelength constant, k, is con- 
stant, we obtain 


7/dE= —(w?Ep/27)(1/8) . 


quency. 


$5. Discussions on Faraday Modulation 
Method 


As was mentioned in $1, nearly orthogonal 
coupling of two waveguides is desirable to 
utilize the unreciprocal component of the ab- 
sorption cell. This corresponds to “crossed 
nicols” in the optical system. Neglecting the 
higher order terms of € and y which come 


Thus we can calculate’ the 
propagation constants of circular- 
ly polarized waves in good ap- 
proximation. 
6 =To—Jm(Ag/A*(E*/Eo) . 
Since z¢=(Y—v)/v, d=Av/vo, 
h=4y)/v)>=0H/v, are small com- 
pared to unity, using Eq. (4.8), 
we obtain 
r*=79—(jdg/2A, ad] (zFh—jd)}, 
where 
a — BONG: WITH) Yo” 
3ckTQ@,;  J(J+1) Av 
is the peak absorption coefficient of 
split line. 


Let us assume that a/<1 for simplicity of 
Practically, the solenoid coil is 


calculation. 
not so long that this condition can be s 


(Aes 


(4.13) 


the un- 


atisfied. 


Then, 7’ and 4 which have been defined in 


§3 can be approximately given by 
=F e-M{e-V t+ ¢e-¥ 1} 
= je-m0'{1 Ag ald(x—jd) 


Ag | 
i! A 2?—2jrud—d?— h?S ’ 


iy e~vo'{e-* U —e7v'} 
alhd 


— Je~ ro" a 


A a? —2 jrd—@?— n° 


Teo’ and 4eyo are illustrated on the complex 
When the waveguide ab- 


plane in Fig. 5. 


(4.14) 


(4.15) 


sorption cell is lossless, 7) is pure imaginary and 


it is Fees a0 AG: 
spectively |7’| and |4| as a function 


Fig. 6 and Fig. 7 show re- 


of fre- 


1.0 


e 


1-|Fl in relative scale 


) 
me) 
j 


ND 
Ee 


1Al in-relative scale 
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from circular cross-section, we can calculate 
the elements of the characteristic matrix of 
the absorption cell from Eqs. (2.12) and (3.10). 
Ay, = j(XX,/2D) 42+ 24?) {1+ (E+ 7)/D}, 
ay = —7(X,X;/2D) A(T? + 24?){1 =—E+7)/ 


(SaL) 
where 
D=1—2—(17,4- T)I?4+- Ti Tl +270? 
—Jf?+ 4"), (Oe) 


Q, and a, are odd functions of 4, changing 
their sign with the direction of magnetic field. 
We obtain the unreciprocal component in the 
form 
Q12.— An = (XX; / DAT? +24”). (9.3) 

This does not contain & and vy in the first 
order so that it is practically independent upon 
the slight deviation from circular symmetry 
of the waveguide cell. 

The output signal of the circuit shown in 
Fig. 1 will be more or less dependent upon 
@1—Q2, even when the magic tee is ideal and 
Zeeman modulation is applied. Since |.X4?|+ 


|7?2|=1 and X,7,* is imaginary, we may 
write 
X,=jes1 cos o;, T1=e%1sin 0, 
mee bee: (5.4) 
Ki—Jer"2 COS 03, 4 €?”21s1m 07, 


and we have 
XGA Li li AT = ee 
Using Eqs. (2.12) and (3.10), we obtain a,— 
Q@, for $=7/2 after a little calculation. 
Ay —Gy= Te — YT yd) D} 
XCySt as yt) 
cn OE 8) Wie Bi ay Mar) 
—(2r'/D)6 sin 0(T,/T,* —T,/T,*) 
(G75) 
Thus we find that a@j,—a.. will become zero, 
if T;=7T;, as it is expected from symmetry 
consideration. If 7, is not equal to Ty, how- 
ever, we see that @,—d,. is not always small, 
even when the transformers are nearly 
matched. 
When 7,7,.<1, Eq. 
mately given by 


(5.5) can be approxi- 


Q1— x= (1/D){((T, -T,)A— 4?) 

—(Ti/T*— T/T}, (5.6) 
where 

D=1—4(7,+T,)I?. 
For small absorptions in the cell, the above 


equation is reduced to 
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QS (5:7) 


Hence we see that even with nearly matched 
transformers, where T,, T;<1, @1—@z is noti} 
small, if a; is not close to a. This is due} 
to the fact that the crossed waveguide system 
is essentially reflective. 
We conclude therefore that the output signal 
will be also dependent upon @,—422, not only, 
upon di—dy, even by the use of Zeeman, 
modulation, because the phase character of! 
transformers cannot be made exactly equal } 
and the magnetic field cannot be changed its 
sign without varying its magnitudes. | 
Finally, we investigate the character of | 
the circular waveguide cell for arbitrary } 
angles of polarization of the coupling, assum- 
ing that the waveguide cell has perfect cir- 
cular symmetry. From the assumed sym- 
metry we have yz=7y, and Eq. (2.12) can be 
reduced to 
S~=S3:=—I sin ¢+jd cos? , 
So=Si3= —I sin ¢—jd cos ¥ , 
Su=S23= cos 9—jA4 sin , 
Su=S3.=l cos +jd sin ¢. 
Substituting in Eq. (3.10), we obtain 

Q.=(X,X4/2D){—I'4(1+cos 2%) cos 2¢ 
+ 44(1—cos 2) cos 2¢—21'747(2 —cos? 2¢) 
+2740 ?— A?) sin 29 +(172— 4?) cos 2¢ 
+1?+247}/(P cos $+ 74 sin ¢), 

Oy = (X,X,/2D){ —I'4(1+ cos 2) cos 2¢ 
+4*(1—cos 2%) cos 29—27'74*(2—cos? 2¢) 
—2j A ?— A?) sin 29 +(12— 4?) cos 29 
+1?+47}/ cos —jd sin ¥) (5.9) 


~2je-*Wole%14+%2) sin (ay — Ap). 


(5.8) 


and 
Qy,— A= (1/T*-1/T,*) 
+ DT Taare) 
x (1—I? cos? — 4? sin? ¢) 
—(1/D\T./T*—-T,/T 
x (I? sin? $+ 4? cos? ), 
where 
2D=2—-0+T)A--T)T ?-2") 
—(1—-T))1—-T, (1? — 4?) cos 2¢ 
+2T,T,(1?—f?)? cos? 2¢ +4722, 
Using these results, we can examine the 
character of the circular waveguide absorption 
cell for any angle of the waveguide coupling. 
The case for =7/4 seems to be a little pro- 
missing, but the calculation has shown that 
it is also improper in obtaining an accurate 
atomic frequency standard. Only when ¢=0, 
we have a possibility to be free from trans- 
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former reflections, but the unreciprocal com- 
ponent will vanish at the same time, hence 
it will be unable to use it as a frequency 
standard. 

We conclude, therefore, that it is difficult 
to construct a very accurate atomic clock by 
such a method as shown in Fig. 1, although 
it is very interesting. The dificulties are in 
constructing an extremely well-balanced magic 
tee and a circular waveguide cell of good 
symmetry, and in producing a discriminator 
characteristics by the unreciprocal component 
alone. 

Another successful device to make the spect- 
ral frequency reference free from circuit 
reactances and other sources of errors by the 
use of a magnetic field will be described in 
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article III with experimental results thereof. 
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In this paper the design and construction of a high precision atomic 


clock is described. 


The device effectively employs the Stark-, source- 


and Zeeman-modulation, and is free from the errors caused by reflec- 
tions in the microwave line. The Zeeman splitting nearly equal to the 


line width is preferable. 


The preliminary result with one meter cell- 


length and an unsatisfactory Stark modulator has shown that the 
device is successful and the accuracy of 10-9 or better is obtainable. 
Measurements of the line width and the analysis are also given. 


§1. Introduction 


Atomic standards of time and frequency 
have become feasible by the development of 
coherent electronic oscillators for microwaves. 
Many usable spectral lines are found within 
the available range of frequency. Among 
them, the inversion lines of ammonia are the 
most favorable at present.? Serious difficul- 
ties in obtaining accurate standard frequency 
by these spectral lines come from the fact 
that they have finite line widths of the order 
of 100 kc/sec. at least. Some causes of errors 
were investigated by an experimental appa- 
ratus of a stark-modulation ammonia clock.” 


The author had an idea of utilizing the effect 
of magnetic field upon the spectral line, in 
order to decrease the errors of the apparent 
frequency. The use of Faraday effect was 
found to be unfavorable, though it is not 
hopeless.» However, the analytical treatment 
of the absorption cell in a magnetic field sug- 
gested the author another method for reducing 
errors caused by circuit reactances, modulation 
waveforms, and some frequency-sensitive com- 
ponents in the microwave circuit. The ex- 
periment has proved that the device described 
below is satisfactory. 
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§2. Source Modulation and Zeeman Effect 


Because the output from the absorption cell 
will be minimum at the centre frequency of 
the absorption line, it is necessary to employ 
a sensing method or a so-called source modu- 
lation method in order to obtain a discriminator 
characteristics with the line. Applying the 
axial magnetic field, the absorption line of 
ammonia is split into two groups of Zeeman 
components. The transmission coefficient of 
the absorption cell, @., is optimum at the 
centre frequency, and hence the source modu- 
lation is needed. As was described in article 
II, a, is nearly proportional to I’ (or 4) which 
was illustrated in Fig. 6 (or Fig. 7) in article 
II. 

When the microwave frequency is shifted 
a little (of the order of 10-® or less) at a 


Fig. 1. da/dz? as a function of magnetic field. 


certain frequency, the detected signal at the 
same frequency will be approximately pro- 
portional to 

dA _ diay)? 

Cig vin” 
assuming square-law detection. Here v= 
(v—¥)/v9, and vy» is the centre frequency of 
the line. Then the frequency sensitivity of 


When the absorption cell is lossless, 


r= j8=j = . And we have 


g 


Koichi SHIMODA 


or when the loss is negligible, 


Wolr | 


the spectral line discriminator is given b 
@Aldz? . 

For the parallel polarizations of input and] 
output waveguides, the sensitivity is approxi-] 
mately proportional to | 

d?a(x) pire) ieee 
dat Tee aaa 


This is illustrated in Fig. 1 as a fuction of 


(2.1) | 


h 


If there is no circuit reactance or reflection } 
in the absorption cell, dA/dz will be zero at | 
y=y,. And if there are some circuit reac-) 
tances, the frequency for zero output will not | 
coincide with the centre frequency of the, 
line. | 

Now we consider the case of circular wave- | 
guide cell with parallel coupling, since the 
crossed coupling has been shown to be less 
useful in obtaining a precise frequency refer- 


ence.2? Using Eq. (5.9) in II, we obtain for’ 
e=0 
dig = ay =P e—CA%),, (2.2) 


where I’ and 4 are given by Eq. (4.14) and 
(4.15) in II, and 


D=1-(04+17T)I?-—(14-T)f+-TiT Ff * 

=(1—7?)1—-Ty Tl?) -(T14+- TL? . 
As the cell length, 7, is rather short because 
of the use of solenoid coil, al is small, being 
of the order of 10-2 for the cell length of less 
than a few meters. Neglecting higher order 
terms of al, the transmission coefficient is 
given by 


REGU Ne 
let 


A=|ai.\"= (2.3) 


we may write 


X2XP{1—2ud*(a?+d?+ h®)} 


Ae 7 
1—2R cos @ Re (J”)—23R sin 6 Im (I?) + R{1 —4ud*(x? +d? + h?)} 
= X42X2{1 —2ud? (2? +d? + h?)}/{1—2R cos ¢+ R? 


+ 4ud?(a?+d?+W)R cos &—4ud(x?+d?—h2)xR sin ¢—4ud*(a?+d2+h2)R} , 


where 7,7,=Re0, and 28/—0=¢ . 


2 
u=—* —__ 


(2.4) 


a (2.5) 


~ 2 (ea? — 2)? 4 42a?” 
By differentiating Eq. (2.4) with respect to x, we obtain the output for source modulation, 


or the discriminator characteristics of the line. 


The apparent frequency of the line is given 


by dA/dv=0. After a little calculation we can obtain the apparent fractional frequency in 


the form 
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1 2 fy? 
ane PRS Lee aoe os nh’) 
Rsin¢ a?+-}? 
es au eet) (2.6) 
a@ d*%(d?—3h?) 2(d?—h?) dB 
—R?*)+ lRd 
(P+? Peis Gass ate 
where a= La and d= 2 ee es ; 
A Yo Yo Yo 
| The fractional error frequency, dx, will be lation ammonia clock No. 3 (Fig. 8in I). The 
) zero when either square wave modulation of strong Stark field 
| 7 R=0, sin¢=0, will produce the output from the detecter at 
| or the modulation frequency proportional to the 
dp ne difference of output power with and without 
de 2 th —4ad*) — se = eeu (2.7) (that is, far shifted) absorption line. More- 
fe 241 fy? 


The third condition, Eq. (2.7), is essentially 
similar to that discussed in article I §5. In 
order to satisfy this condition it is necessary 
| to change peak absorption and line width, 

which would be difficult in practice, though 
_ there is a certain range of allowance to be 
controlled by the applied magnetic field. If 
| Eq. (2.7) does not hold, the left-hand side of 


is of the order of 


the equation an : 


xv 


| Because oe = ahs , the fractional error of 
xv Le 
) the reference frequency may be 
| Sy oe @ R sin ¢= 2n@ sin’ , 
dx a ha 
Hor example, taking 2@=2x10-*cm“},* 


| d=5x10-* corresponding to 4y=120kc/sec., 

we obtain 
62~10-*Rsin¢ . 

Consequently, when we want to get an ac- 
curary of 10-°, Rsin¢ is required to be less 
than 10-°. Reduction of power reflection coef- 
ficient within 10-° is prohibitively difficult, 
and the alternative, sin¢<(10~°, requires pre- 
cise adjustment of cell length including elec- 
trical length of transformers within the 
accuracy of 10-5/28=10-4cm, which is also 
nearly impossible. A most skilful technician 
would be able to reduce both FR and sin¢ and 
obtain the accuracy of the order of 107°. 
But it would be very difficult to detect a small 
mismatch and to correct it. 


§3. Stark- Source- and Zeeman-Modulation 
Ammonia Clock 

One of the best devices in reducing errors 

due to reflections is to apply large field Stark 

modulation as was done in the Stark modu- 


over, this device is also effective in decreasing 
the error caused by frequency sensitivity of 
the multiplier and the detector. 

The output signal from the absorption cell 
at the Stark modulation frequency is expressed 
by 

P= P;{|\a12(a@)|?— |a12(0)|?} A (Gi) 
where P; is the input power to the cell. 
Neglecting higher order terms of al and R, 
the above equation may be rewritten in the 
form 

P/P,=—2ud(2?+d?+h*®)\1+4R cos ¢) 
+4uxd(a?+d?—h)R sin ¢ , (G2) 
where the symbols are the same as already 
used. 

Since the output becomes maximum or 
minimum about the centre of the line, it is 
necessary to employ source modulation of 
small amplitude in order to discriminate the 
centre of the line. The frequency of source 
modulation should be lower than that of 
Stark modulation. The output signal from 
the phase-detector at the source modulation 
frequency will be nearly proportional to dp/dz. 

If we assume for the present that the input 
power, P;, is insensitive to frequency, the 
apparent centre frequency of the line is given 


by 
al [fle 
——{— }=0. 
ae 


And we obtain from Eq. (3.2), as «<d, 


da (3) 4al Cay 
dx \P;/  d*+h? (d?+h?)? 
o@—h dB 
+2 Fa er 1Rd cos the 


* We have denoted the peak amplitude absorp- 
tion coefficient by «, and power absorption coef- 
ficient by (=2ca). 
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Thus we see that the fractional error will be 
zero, when we have 
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Because Woh gle is) about. LOR2= for 


the cell ie of a +16 meters, Eq. (3.4) may 
approximately be expressed by h?=d?. The 
reason why the effect of circuit reactance will 
vanish, when h=d, is the fact that the dis- 
persion does not exist 1.e. the imaginary part 
of the dielectric constant of the gas does not 
change near the centre of the line in this 
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Change of apparent frequeney with 
magnetic field intensity. 
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particular case. This can be seen from Fig. 
5 in II by a cusp on the curve corresponding 
to h=d. Fortunately, the discriminator sensi- 
tivity by the absorption line becomes maxi- 
mum at the same time as can be seen in 
Pig. 1. 

Now we have a problem of how we may 
adjust the Zeeman splitting so as to satisfy 
Eq. (3.4). When hed, the fractional error 
can be approximated from Eq. (3.3) by 

ey ae dp 
ae=(7r —l|— a age 
ps 2” inate 
dx 
the line, y=»)(1+06z), will be independent of 
Rdsin¢, only when 


ne =(1 + p28 ida 
dx 


and then it is exactly the same as the centre 


id\Rd sing, 


The apparent frequency of 


(3.4a) 
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frequency, »). Let us use a phase shifter o 
other waveguide components to vary the value} 
Rsin (28/—0), and change the intensity of] 
magnetic field so that the discriminator out- 
put may not vary with it. Then the condition 
Eq. (3.4a), is satisfied and the fractional one 
will be practically negligible. 

As the line width changes gradually, suelf 
cessive operation of the phase shifter and] 
control of magnetic field are necessary. The 
process is so troublesome and difficult that 1 
is better to superpose Zeeman modulation and) 
automatically control the phase shifter so as 
to satisfy sin(28/—0@)=0. The principle can] 
be understood from Fig. 2. The discriminator 
output will vary with magnetic field intensity, | 
if Rsin¢ is not zero. Thus using an auto- 
matic control by the output of the phase- 
detector at the frequency of Zeeman modu- 
lation, we may make Rsin¢ zero, and the 
error of the reference frequency may be made 
negligible, if hed. We only have to adjust 
d.c. field at long intervals, according as the 
line width changes appreciably. The frequen- 
cy of Zeeman modulation should be still lower 
than that of source modulation. 

Finally we consider the effect of frequency 
Sensitivities of the multiplier, detector and 
other components. The over-all characteristic 
may be represented by a function P;(x), and 
the output signal with Stark- and _ source- 
modulation can be given by 


— 


iN inde pigs ta Cy a 
da tee satis) Gy 
We have for «<d 
P _ 2ald? 
P; ath?’ 
and we obtain approximately 
dP — 2ailP, slaea 2d?(d?—3h?) 
dx @+nAP; dx (thy 
: Saat so 1a \ Rd sin | , (36) 
where a term, & IRdcos¢, is neglected, 


since it may be less than 107% at most. 
The output due to Zeeman modulation is 
approximately given by 


dab 


dh dz 


Differentiating Eq. 
we obtain 


a dP 


Chae ; 
(3.6) with respect to h?, 
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@ dP 2alP, | d* dP; gf Carel aa 
diidx (@+h)_P, dx (2+h)2” 
eS Rd sin¢ i (3.7) 


If either the phase shifter, tuners arround the 
transformers, or the detector is adjusted so 
that the output due to Zeeman modulation 
may be zero, then it requires 


: d*(d?—h’) 
R aera (weve Bd _ 
eases (d?+h?)(3d?—h?) % 
d?(d?+ h?) _, dP; 


Sn iat ag eee) 
At the same time the output of the phase- 
detector at the frequency of source modulation 
is fed back to the main crystal oscillator so 
as to control the operating frequency. Then 
the Eq. (3.6) will be equal to zero, and the 
fractional error of frequency, 6x, is obtained, 
by substituting Eq. (3.8), 


: 9 GB 
a?— Id(d? +h?) 
vm “de es uatiaa dP 3.9) 
—h? Py daz ~ ; 
1 1622 Big 3 
a ah 
As OPid<l , Wwe may write 
bs 
bs taeed : 
Ba 10) 
Oxz pigee (3.10) 
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Only the noise-limited error will be found, if 
the detector output without the spectral line 
is frequency insensitive. If not, the error 
will change with square of the line width. 
Eqs. (3.9) and (3.10) show that the error is 
independent of the magnetic field intensity. 
However, the case, h&=d, is preferable as 
will be easily shown. When had, the output 
at the Zeeman modulation frequency, Eq. 
(3.7), is almost independent of x, but depends 
on Rdsin¢’. On the other hand, the output 
at the source modulation frequency, Eq. (3.6), 
depends largely on 2, but is almost inde- 
pendent of Rdsin¢. It is not necessary, there- 
fore, to make Eq. (3.7) exactly vanish in order 
to reach the noice-limited accuracy of the 
reference frequency. Hence we have to only 
adjust the tuners at times so that the output 
of the phase-detector operating at the frequen- 
cy of Zeeman modulation may be less than a 
certain limiting value, keeping the Zeeman 
splitting nearly equal to the half line width. 
It is our regret that the effect of frequency 
sensitivity cannot be completely avoided even 
by the use of Zeeman mudulation and large 
field Stark modulation. But the simultaneous 
use of source- and Zeeman-modulation enables 
us to acquire the spectral frequency reference 
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Fig. 38. Block diagram of a Stark- source- and Zeeman-modulation ammonia clock. 


without errors caused by circuit mismatches 
and other faults. 


§4. Experimental Apparatus and Results 


In order to study the validity of the reason- 
ing described above and to realize a high 
precision atomic standard of time, an ex- 
perimental apparatus has been constructed and 
tested. A block diagram of the Stark- source- 
and Zeeman-modulation ammonia clock is 
shown in Fig. 3. The frequency multiplier 
which was used in the experiment of Stark 


modulation clock is used. Because the operat- 
ing frequency of the Zeeman modulation clock 
should be about 23,870.13 Mc/s, as compared 
to that of Stark modulation clock, 23,870.15 
Mc/s, the main crystal oscillator is operated 
at a frequency a few c.p.s. lower than 2 Mc/s. 
The frequency of the crystal oscillator can be 
compared with the standard frequency broad- 
cast of station, JJY, which is located about 
20km west of the University of Tokyo. 

Modulators. Three types of modulators are 
employed on the grounds already described 
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The Stark modulator is required to generate 
a large square-wave voltage at a frequency of 
30 kc/sec. The peak voltage of 400 volts has 
been obtained in good waveforms, but the 
amplitude has been found to be insufficient 
for the purpose of obtaining precise frequency 
standard. The construction of an improved 
Stark modulator capable of generating square- 
waves with peak voltage of about 1500 volts 
and with botom voltage of less than 1 volt 
is now in progress. 

The operating microwave frequency is modu- 
lated at a frequency of 2 kc/sec. with the 
frequency shift or amplitude of about 10 kc/ 
sec. The rectified signal from the crystal 
detector is amplified by a tuned amplifier at 
a frequency of 30kc/sec., followed by a de- 
tector and 2 kc/sec. lock-in amplifier. 
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Fig. 4. Relative field intensity in the solenoid. 
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Fig. 5. Line shapes of 3-3 line of ammonia 
with Zeeman and Stark field. H=340 oersteds, 
Avy=105 ke/sec. 


The magnetic field may be modulated at a 
low frequency, say, several c.p.s. However, 
the magnetic field modulation has been done 
in this preliminary work by the manual oper- 
ation of a rheostat in the d.c. circuit. 
Absorption cell. A cylindrical cell of 1 meter 
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in length is used. The inner diameter is 10.2 } 


mm and a Stark electrode of 0.8mm in di- 


ameter is supported at the centre of the} 
cylindrical waveguide by many triangulated | 
mica spacers, arranged every several centi- | 
One end of the cell is sealed by a } 
mica window over which the circular to} 


metres. 


rectangular waveguide transformer of tapered 
junction type is connected. The polarization 


of the rectangular waveguide is rotatable with | 


respect to the absorption cell. The other end 
of the cell has a transformer inside the vacuum 
seal which is placed in the rectangular wave- 
guide. 


rectangular waveguide between the cylindrical 


cell and the mica window. A vacuum outlet 


which is used as a gas inlet is connected on 
the broad face of the transformer near the 
lead of the Stark electrode. Hence the 
polarization is not rotatabe at this end with 
respect to the cylindrical cell. 


The rotatable tranformer is connected to | 


the detector mount through tuners, while the 
fixed end is connected to the frequency multi- 
plier through phase-shifter, tuners and a 
filter. 

Solenoid. The main coil of the solenoid is 
1 meter in length, with 15,554 turns. The 
auxiliary coils of 2cm long with 506 turns 
each are placed immediately outside the both 
ends of the main coil in order to make the 
intensity of magnetic field uniform near the 
ends. The inner diameter of the solenoid is 


36mm. The calculated field intensities with | 


and without auxiliary coils are shown in Fig. 
4. We are sure that the field is uniform 
within one percent. 

Results (1). The line shapes of the absorp- 
tion line were measured in detail, espetially 
with both Zeeman and Stark fields. 
Stark field is not uniform in the cell, it is too 


laborious for one to compute the line shape, | 


which has been determined by experiment. 
Applying the square-wave modulation with 


strong Stark field to the molecule, without — 


magnetic field, the detected waveform has 
sharp large spikes at the higher frequency 
side as shown in article I, and no spikes at 
the lower frequency side. On the other hand, 
if there is such a magnetic field as to make 
the Zeeman splitting near equal to the line 


As the | 


/ q 


The lead to the Stark electrode is } 
drawn out from the narrow face of the nearly 


' voltage 
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width, the detected signal has little or no 
spikes near the centre of the line. This is 


' explained by the illustration of the observed 
' line shapes in Fig. 5, where 4y)=1.164», and 


4y=105 kc/sec. Though the crossing of curves 
for V;=0 and V;=30 volts can be seen in the 
centre frequency region, if the magnetic field 


~is weaker so that 4yy=4y, or the line width 


is narrower than this case, we hardly observe 
such crossings. 

Because the line shape with finite Stark 
is not symmetrical to the centre 
frequency, the detected signal with rounded 
Square waveform of the Stark modulation will 
not be strictly symmetrical with respect to the 
centre frequency. But the effect can be practic- 
ally negligible, when we use fairly good Stark 
waveform easily obtainable. In other words, 


‘the use of magnetic field will reduce the error 


due to spikes to much less than that of Stark 
modulation atomic clock No. 3 not to mention 
that of No. 1. 

(2) Comparison of time of this atomic clock 


with quartz clocks can be performed by count- 


ing beats between the controlled crystal oscil- 
lator of nearly 2 Mc/sec. and the standard 
frequency broadcast, JJY, of 4 Mc/sec. which 
is considered to be accurate within 2x1078. 
The beat was counted by the visual observa- 
tion of the Lissajous’ figure in our preliminary 
work. It will be replaced by an electronic 
system in future. 


Table I. 
frequency line width estimated pressure 
23,870 Me/s+ 
ke/s ke/s 10-3 mmHg 
130.67 111.3 1.68 
130.99 109.2 1.60 
180 .93 We 1.60 
131.29 101.9 ee) 
180 .99 101.9 1.28 
131.04 98.0 aba bs 
180 .87 90.6 0.80 


mean value vj=23,870,130.97+0.10 ke/sec. 


The measured results may be expressed by 
the values of the spectral frequency with 
respect to the standard frequency broadcast. 
A set of values measured within two hours 
are shown in Table J. The pressure of am- 
monia was purposely changed in order to study 
the pressure dependence of the apparent fre- 
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quency, which is given in Eq. (3.10). But 
the pressuer dependence cannot be seen from 
this result in this pressure range and ac- 
curacy of the frequency measurement. 

The fluctuations of values in the table are 
considered to be chiefly caused by the short 
time fluctuation of the standard frequency 
broadcast which is estimated to be a few part 
in 10°, and by the error of visual countings. 
The noise limited accuracy will be probably 
within one part in 10° for the band-width of 
about 0.1 c.p.s. Because the amplitude of 
Stark voltage used is not sufficient for the 
purpose, the error of about +1 kc/sec. is 
estimated. Then the true centre of the 3-3 
line of ammonia is tentatively determined to 
be 

23,870, 130.97+0.10-+1 kc/sec. 
without any correction on the standard fre- 
quency broadcast. 


§5. Analysis on the Line Width 


Precise measurements of the line width are 
feasible by the experimental set of this atomic 
clock. The line width itself may be deter- 
mined within the error of less than one per- 
cent. Because the absolute pressure of the 
gas in the absorption cell is very difficult to 
measure at the pressure of about 1x1i10-? mm 
Hg, the relative intensities of the line and 
the line widths have been measured. 

It was shown in article J that the line width 
might be given by either 


Av=Avp+Avy+ Ava ; (5.1a) 
or 

(4v)?=(dyp)?+(dyw)?+(dva)?. — (5.1b) 
However, the pressure broadening, dye, and 
broadening by collision with cell walls, 4yyw, 
are both caused by sharp interruptions of the 
free paths of the molecules, and the doppler 
broadening is independent of the collision. It 
is more natural, therefore, to write the line 


width in the form 
(Av)?=(dyp+Avy)?+(4ya)?. (5.1) 

Two other causes of broadening should be 
considered. The one is saturation and the 
other is the apparent broadening due to modu- 
lation. The saturation broadening has been 
well stodied theoretically and experimentally”. 
The line width broadened by saturation effect 
with input power, P;, is approximately ex- 
pressed by 
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dim) 14 Bde (6.2) 
where 
pe oi Av(dup+4vw) 5 , (6.3) 


Ar | eor|? 

and S is the cross-sectional area of the cell, 
ju the dipole matrix element for a typical or 
the most saturated Zeeman component. The 
saturation broadening is appreciable, when the 
line width is small and microwave radiation 
is intense. 

It has been known that the apparent line 
is broadened and deformed, when modulation 
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frequency is not considerably smaller than the 
line width. But the broadening of this type 
has never been evaluated as far as the author | 
knows.* It will be given in the following. 

Suppose that the square wave modulation | 
is applied, then the molecule is subject to 
sharp disturbance every half period, $7, and | 
kept in a constant condition only within a | 
time of 47. The original line is assumed to | 
be similar to that of the collision broadened | 
line which is characterised by an effective | 
average collision interval of w=1/2z4v . Then | 
the mean coherent length of absorbed waves © 
is given by 


w( > = Jeere-ovedg 


0 0 

The second integrals in the numerator and 
denominator come from disturbances at every 
half period of the modulation. After a little 
calculation, we obtain 


raat hae Oe (5.5) 
where 

el ey 

iF ee fa 
Thus we obtain the apparent line width 


broadened by modulation, assuming Aves ; 
Tue: 


ody 
p—1+ er? 
If the modulation frequency, fm, is lower 
than 0.64», the apparent width may be ap- 
proximated by 


Ayn= e 
o— 


(5.6) 


4yvu= 


Av)? 

jy) Sg 
1 d tAv—fim ~ 
When we have fm<0.14y, Eq. (5.7) may be 
simply written by 


Av y=—Av+ Sf: 


m 
7 


(5.7) 


Now we can compute the line width of the 
3-3 line of ammonia in the atomic clock. For 
the temperature of T=290°K we obtain 

Ava=35.2 kc/sec. 
and 

Avp=27.5 x 10°p kc/sec. 
Slightly modifying the result obtained by M. 
Danos and S. Geschwind®, the broadening by 
collision with cell walls may be given by 


T/L 0/26 i 
leat e-twatdo+| 


= a5 ae (5.4) 
we 12-01 dg 


0 
Avyw= 9.1 io 
a—b Vi 


where a is the inner radius of the cylindrical | 
cell and bis the radius of the Stark electrode. 
Taking @=5.1mm and 6=0.4mm, we obtain 
for ammonia 


Avw=11.2 kc/sec. 


Thus we can compute line width according 
to Eqs. (5.1a), (5.1b) and (5.1c). The micro- 
wave input power to the cell is rather difficult 
to measure. Assuming that the sensitivity of 
the crystal detector is about 0.4 ~ A/y» watts, 
we obtain the value of about 10 watts, as 
the rectified current was 4~5 uA. The satu- | 
ration broadened line width is calculated by 
Eq. (5.2), and the apparent broadening by 
Stark modulation with 30kc/sec. is added to 
4ys, using Eq. (5.6) or (5.7). The results for 
P;=15x10-* watts and |“|=1.2D are illust- 
rated in Fig. 6 by dashed curves, a’ and ¢’ 
originating from Eq. (5.la) and (5.1c) respec- 
tively. Though we use source modulation, its | 
effect on the line width is negligible, as the 
modulation frequency, 2kc/sec., is much 
smaller than the line width. 

The exact calculation of the peak absorption | 
coefficient, a, is also too difficult to do, be- | 
cause it depends on the line shape. But the 
following simple calculation may not be so. 
far from truth. Assuming that the over-all | 


] 
He had missed a paper by R. Karplus, Phys. 
Rev. 73 (1948) 1027, when he wrote this. 


(5.8) 


* 
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line shape is quite similar to that of pressure 
broadening, we can write 


(5.9) 


when 4yy.s is the over-all line width broaden- 
ed by Stark modulation and saturation as well 
as doppler and collision broadenings. Curves, 
a, b, andc, in Fig. 6 show 4» versus a) with- 
out saturation and modulation broadenings. 
Curves, a’, and c’, show 4yy.s versus a. 
The observed values are shown in Fig. 7, 
where small circles indicate the results of 
directly measured values of line width and 
relative intensities, and crosses indicate those 
obtained from the line shape with magne- 
tic field of a few hundred oersteds. The com- 
puted results for P;=10x10-° watts are also 
given by full lines. Contrary to expectation, 
the observed results fit rather to an elementary 
assumption of Eq. (5.1la) than Eg. (5.1c).* 


Conclusion 


Although our preliminary apparatus is in- 
complete and a patch work, we have been 
assured that the Stark- source- and Zeeman- 
modulation ammonia clock is one of the best 
devices realizing the high precision atomic 
standard of time and frequency. 

A rectangular Stark wave-guide cell might 
be used instead of cylindrical cell above men- 
tioned. But the propagation of waves in a 
rectangular waveguide in a magnetic field is 
too difficult to calculate, and besides, the ro- 
tation of polarization of waves might cause 
some complex effect, which would result in 
decreasing the accuracy of the reference fre- 
quency. 

The continual operation of the atomic clock 
needs many other problems to be solved. 
However, by the use of a good crystal oscil- 
lator and stabilized power supply this device 
will enable us to have an accuracy of the order 
of 10-9. If we use a longer cell at a reduced 
temperature, it will not be so difficult to get 
an accuracy of better than 10-°. The atomic 
clock is useful as a primary standard of time 
and frequency, since the accurate time and 
frequency is reproducible, even if it cannot 
be operated continuously. 

The author expresses his thanks to the 
helps of the members of the laboratory, T. 
Nishikawa, Y. Saburi and others. He also 
wishes to thank Professor M. Miyaji at Tokyo 
Astronomical Observatory and Mr. K. Matsu- 


moto at the station, JJY, for their encourage- 
ments. 
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Fig. 7. Observed line width versus relative 
intensity 
©: observed at H=0, x: observed at H= 
250~400 oersteds. ——: calculated curves for 
P;=10 x 10-6 watts. 
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Errata 


article I 9 (1954) 386 left line 10 
should read 2ndg/A? instead of 2rdg/A 


* Pp, W. Anderson has noticed that Eq. (5.1a) 
should be a better approximation, when the dop- 
pler broadening is predominant, while Eq. (5.1b) 
should be a better one, when the collision broaden- 
ing is predominant. This consideration agrees 
well with observed results in Fig. 7. 
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The Positive Joshi Effect in Oxygen under 
Electrodeless Discharge 


By S. R. Monanty, J. JAYARAMAN and G. V. G. KRISHNA RAO 
Physico-Chemical Laboratories, Banaras Hindu University, India 
(Received March 13, 1954) 


The Joshi effect -- 47 has been studied in oxygen, in the visible, as 
a function of the applied potential V under electrodeless ‘sleeve’ ex- 
citation. The positive effect +47 sets in well below the breakdown 
“threshold potential’ Vi,, increases with V to a maximum at a limit- 
ing potential V; near V,,, and decreases thereafter ; it changes sign 
(to the negative effect — Ai) at an inversion potential V;. Above V;, 
— Ai inereases with V. The initial increase in +47 is the conse- 
quence of enhanced photoelectron emission due to diminution, under 
fields #, in the surface work function ¢ in proportion to Y~p. The 
subsequent diminution in +47 and inversion are due to simultaneous 
occurrence of — 4% which sets in near V,, and increases rapidly with 


V. 


§1. Introduction 


Mohanty, et al. have observed the nega- 
tive Joshi effect? —47z, vzz., the instantaneous 
and reversible photodiminution of the current 
z through gases and vapours under discharge, 
in oxygen over a wide range of the operative 
conditions, é.g., applied potential?» V, gas 
pressure») p, etc. Data on the positive 
Joshi effect +47, z.e., the photoincrease in 2, 
on the other hand, are scarce.*? It was of 
interest therefore, to observe in the gas, under 
electrodeless ‘sleeve’ excitation, an appreci- 
able +42, and the dependence of this last on, 
and its inversion to —4z with, V. 


§ 2. Experimental 


The general experimental arrangement and 
electric circuit employed are shown in Fig. 1. 
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Production of the Joshi 
Oxygen under ‘ sleeve’ excitation. 


effect in 


Oxygen, prepared and purified as described by 
Mohanty and Kamath”, was contained at dif- 


ferent (28-31 mm Hg, 30°C) in cylindrical 
soft soda glass tubes (diameter: internal, 7.0 
—8.2 mm; external, 9.2-10.8 mm) provided 
with external ‘sleeve’ electrodes (3-5 cm 
apart). Each ‘ sleeve’ consisted of a single 
turn of unoxidized copper wire (diameter ca. 
1mm). The gas was excited over 4-10 kV 
(rms) of 50 c/s frequency. The discharge 
current z was observed with a sensitive mirror 
galvanometer (G) actuated by a Cambridge 
vacuum thermocouple (‘ Vacuo-junction ’, V.J.) 
in dark (¢p) and when irradiated (zz) with 
light (3700-7800A) from a 300 watt, 200 volt, 
incandescent tungsten filament (in glass) lamp 
placed at a distance of 28 cm from the dis- 
charge tube(s). 
the lamp were cut off with an appropriate 
filter. A representative set of results is con- 
tained in Table I, and shown graphically in 
Fig. 2. 


The structure of 7 at various V was obser- 
ved with a DuMont cathode ray oscillograph. 
Input to this last was obtained from across 


15 kQO in the low tension (L.T.) circuit of. 


the discharge tube. Fig. 3 contains a typical 
set of oscillograms, in dark and under light. 


$3. Discussion 


A. The Breakdown ‘ Threshold Potential’ 
That the ‘threshold potential’ Vm, which 

marks the transition from mainly capacitative 

to ohmic conduction brought about by the 
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The heat radiations from | 


The net effect +47 is given by iz—Zp, | 
and the relative effect +%4i by (+4i/ip) 107. 
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breakdown of the medium as a dielectric, is 
of fundamental importance to chemical and 
quasi-chemical changes in gaseous systems 
under electrical activation in general, and to 
the Joshi effect -:4z in particular, has been 
emphasized by Joshi.) This Vi, as evident 
from Fig. 2, is characterized by a rapid in- 


Table I 


Potential Dependence of the Joshi Effect, 
Positive and Negative, in Oxygen 
pOz : 28mm (30°C) Temperature : 31°C 
Dimensions of the (glass) ‘sleeve’ tube : External 
diameter, 9.2mm; internal diameter, 7.0mm; 
inter-‘sleeve’ distance, 5.0 em 


- 

(kV, rms) tp tr At AN 
50 
Oe, an es ee Se ar ee ae 
4.53 1.41 1.41 es = 
4.80 | 1.41 1.73 |+0.32 -|+20.2 
5.07 [-1.78 ey 0.51 29.5 
weasel i7s 2.65 0.92 58.2 
5.60 | 1.78 2.83 1.10 63.6 
5.87 1.73 3.32 | 1.59 91.9 
6.13 | 2.00 | 3.46 1.46 73.0 
6.40 | 2.65 4.00 | 1.35 50.9 
6.67 | 4.69 4.00 »|=0,69) .\—14.7 
6.93 | 5.66 A 12 |, BA 27.2 
7.20 6.32 4.24 2.08 32.9 
7 AT 9.06 | 4.47 | 4.59 51.8 
1.78 NUG95 wil 4..69)) }rb: 26 52.9 | 
8.00 | 11.05 4.90 6.15 55.7 | 
8.27 11.92 | 5.20 | 6.72 56.4 
8.53 13.11 5.39 772 58.9 
8.80 | 14.73°) 6.74 8.99 61.0 
9.07 15.63 6.25 9.38 60.0 


crease in the current through (and the watt- 
age dissipated in) the system; obtained by 
extrapolation, it is 6.27 kV in dark, and 4.80 
kV under light. 


B. Potential Inversion of the Positive Joshi 
Effect 

The V-zp characteristic (Fig. 2) is intersect- 
ed by the V-z; curve at an inversion poten- 
tial V; (=6.6kV), below which zp<z; and the 
effect is positive, and above which tp >7Z; 
and the effect is negative, at V:, zp=z, and 
+47=0. It is significant that V; is larger 
than V,, in dark. 

The net positive effect +47 is zero at and 
below 4.53 kV, and increases with V to 1.59 
at 5.87 kV (cf. Table I, Fig. 2) immediately 
below Vm. Beyond this V, +42 decreases and 
inverts to —4z at V;; —4; thereafter increases 
to 9.38 at 9.07 kV. The potential dependence 
of +%d4i is essentially similar, except for the 
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fact that the latter diminution is compara- 
tively more rapid. The transition +4ie—At 
is potential reversible. Of a like nature are 


APPLIED POTENTIAL V_ IN kV (rms) 
Fig. 2. Potential 


inversion of the positive 


Joshi effect (d: Inter- ‘sleeve’ distance; D: 
Internal diameter of ‘sleeve’ tube). 


Fig. 3. Oscillograms of the discharge current 
at different applied potentials, in dark and 
under light. 


the findings of Joshi,® ef al. in chlorine,®” 
and iodine®® and water vapour.’ 

Observed oscillographically (Fig. 3), +47 is 
characterized by the initiation of high frequen- 
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cy (h.f.) pulses on the otherwise smooth 
sinusoidal current trace (first pair). At V; 
(middle pair), whilst there is no photovaria- 
tion of z, the oscillograms reveal simultaneous 
occurrence of —4z and 47, represented respec- 
tively by a decrease in the amplitudes of some 
h.f. pulses, and increase in their number. 
That at V;, +47=0 (vide supra) is therefore 
due to the fact that +47=—d4z. This observa- 
tion is in general agreement with Joshi’s sug- 
gestion," confirmed in other systems by 
Joshi,#2 Shukla, Jatar® and Atchutara- 
maiah,!” that depending upon the conditions, 
+d4z and —4z co-occur, and that the detector 
shows the balance. 

C. The Harries and von Engel Mechanism 

According to Harries and von Engel,'® the 
external irradiation is strongly absorbed by, 
and causes photodissociation of, molecules ad- 
sorbed on the electrodes into atoms. The 
secondary electrons released from the electrode 
walls, under discharge, are attached by these 
atoms, and therefore, no longer produce elec- 
tron multiplication. Further, the negative 
ions formed have a negligible mobility com- 
pared with that of the electrons, and do not 
contribute toz. And hence, according to these 
authors, the negative effect —d4z. 

The energy of dissociation of oxygen into 
normal atoms is 5.11 eV, corresponding to 
about 2400A.%) That —4z should occur in 
oxygen in the visible’) (where the absorption!) 
by the gas is negligible), including the ex- 
treme red, and in the near infrared,!© shows 
that the above mechanism is not tennable. 
The secondary electron emission is the con- 
sequence of the y and the 769 processes.! 
Whilst electron attachment would diminish 
the extent to which these processes occur, 
their enhancement is independent of the ex- 
ternal light. The observed +47 and its co- 
occurrence with —4z (wide supra) cannot 
therefore, be accounted for on the Harries 
and von Engel mechanism. These authors 
contend further!® that photodissociation can 
occur above the threshold, especially with 
‘dense’ wall-layers and large intensities of 
irradiation. This does not, however, appear 
probable in view of the large shift, from 2400 
to ca 8000A, involved. Furthermore, at tem- 
peratures much above the critical temperature 
in the case of gases, and at low relative pres 
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sures in the case of vapours, the formation 
of ‘dense’ multi-layers is excluded. 


D. The Josht Theory 

For the occurrence of +47, Joshi®1)1%) 
postulates that (a) an adsorption-like electrode 
layer) consisting of excited particles, ions 
and electrons is formed under discharge; (0) 
light releases electrons from this layer; (c) 


negative ion formation due to capture of the | 
photoelectrons by excited neutral particles | 
—4i, mainly as a space |) 


reduces z to give 
charge effect ;742 and (d) uncaptured photo- 
electrons, and their secondaries 
under the applied fields, cause +47. 


The observed influence on +4 of ‘aging | 
under discharge and electrode films” supports | 
the postulate (a); furthermore, the marked | 


increase of +47 with such films of photosensi- 
tive substances follows from (6).22 <A direct 
consequence of (c) is that the magnitude of 
—Azi depends upon the electron affinity” of the 
excited media. 


E. Mechanism of the Posttive Joshi Effect 
In the pruduction of --4z, the photoelectric 
emission from the electrode layer takes place 
under fields F due to the applied V. The 
surface work function ¢ is therefore lower- 
ed,?%)?4) as a Schottky consequence, to ¢’ ac- 
cording to the equation 
P=b-VF ,; ey 
the validity of which has been demonstrated 
by Lawrence and Linford.?) If this value of 
¢@ is substituted in the Richardson equation, 


I= AT?’ exp (—e¢’/kT ) , (2) 
there results 
I=I,exp (eFV2/kT) , (3) 


where J, is the current for zero external field. 
Experimental evidence for relationship (3) has 
been adduced by Pforte?®) and by de Bruyne.?” 
As V on the discharge tube is progressively 


increased, emission occurs when, depending | 
upon the nature of the photoactive surface © 
and ¢, the produced F is such that ¢’ is equal_ 


to or less than the energy of the incident 
light. This marks the onset of +47. With 
increase in V (and F), 1/¢’ and the emission, 
and therefore +47, increase. Below Vm, ip 
is chiefly capacitative; +42 is thus the con- 
ductivity due to the photoelectrons released 
under F. Hence, the gas amplification being 
-relatively less important, 
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(+42)=(+42)exp(eFV2/kT), (4) 
where (+42), is the hypothetical +47 due to 
the primary photoelectron emission with zero 
jexternal field. Since, for a given arrangement 
\of electrodes, F is directly proportional to V, 
it follows from (4) that the plots of log (+42) 
against 1/V should lie on a straight line. 
| The fact, evident from Fig. 4, that this anticipa- 
tion is realized experimentally for the potential 
‘enhancement of +42 (and +%42) is in accord 
| with the above deduction.” At a limiting 


LOG (+ ALXI07/p) 


Zs 


23 
WV 


Fig. 4. The Schottky analogue in the potential 
enhancement of the positive Joshi effect. 


potential V, near V,, the slope dlog(+4z, 
+%4i)/d,/V changes sign; V; marks the in- 
cipience of the co-occurrence of +4z and —4z. 
As V is increased beyond V;, —4z increases 
rapidly in magnitude. Consequently, the ob- 
served +-4z decreases, and inverts at V;. 
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The quenching and stimulation of phosphoresent brightness under 
infrared irradiation, and their spectral sensitivities about some ZnS 
doubly activated phosphors, have been investigated as well as the 
photocurrents induced simultaneously. 
contains two types of electron traps, namely traps associated with 
emission levels at the activator and isolated traps. 
culations based on this model are compared to the experimental 
results for nonstationary behavior. 
radiative transitions from the conduction band to the filled band, and 
so-called infrared-sensitive “quasi-direct transitions” from the as- 
sociated traps to the activators become negligible a few minutes after 
the ceasing of ultraviolet excitation, and then the proposed theory 


becomes available exactly. 


$1. Introduction 


The fact that sulfide phosphors show the 
stimulation and quenching of phosphorecence 
by infrared irradiation (abbreviated as ir), 
was early discovered by Lenard. Recently 
Fonda,”? Urbach*®) and others*? have discovered 
that the sulfide and selenide phosphors show 
the remarkable stimulation of phosphorescence 
upon irradiation with ir light after natural 
phosphorescence has dropped to a negligible 
value. 

The variations of photo-conductivity and 
phosphorescence under ir irradiation were 
quantitatively measured by Hardy», 
Ellickson™, and Kallmann and Kramer”. 

The present paper deals with the stimula- 
tion and quenching of phosphorescence caused 
by ir light, their spectral sensitivities and 
the simultaneous induced photoconductivities 
about eight different doubly activated ZnS 
phosphors at room temperature. 


§2. Preparation of Materials 


Into aqueous solution of ZnSO,7H,O (Special 
class reagent, Katayama Chemical Works) 
were added small amounts of pure FeCl,6H,O 
and pure 30% H,O,, and pure NH,OH enough 
to obtain zinc amine solution. After a few 
days the supernatant solution was decanted 
so that the Fe(OH); precipitate (plus occluded 
hydroxides of strange metals) on the bottom 
of the vessel might be discarded. Further, 


A model is proposed which 
Theoretical cal- 


The comparison shows that non- 


the decanted solution was filtrated. Fro 
the filtrate we could deposit Zn(OH), precipit 
ate by heating. This process was repeated 
twice successively. The obtained Zn(OH) 
precipitate was washed with hot distille 
water by twenty or thirty decantations. Then 
it was dissolved in 50% pure H,SO,, whic 
was distilled twice in silica-stills. From th 
solution were recrystallized ZnSO,7H,O cry- 
stals. Further, they were fractionally re- 
crystallized twice in aqueous solution. The 
purified crystals were dissolved in hot distilled 
water at the concentration about 150 g/l. The 
hot stirred solution was electrolysed with 
clean, pure, cylindrical Pt electrodes at 2.2 
volts for several days. After the electrolysis, 
through the solution was passed H,.S gas, 
which was generated from FeS and HCl and! 
washed through several washing-bottles con-; 
taining HCl, Ba(OH), and distilled water. 
The supernatant ZnSO, solution was frac- 
tionally decanted twice off the discarded ZnS_ 
precipitate (plus occluded low  solibulity. 
sulfides). The remaining ZnSO, solution was. 
diluted to the concentration about 5 to 10 g of. 
ZnSO, per litre. After the addition of 1 cc 
pure conc. H,SO, per 11 of the diluted solu- 
tion, it was saturated with pure H.S. The 
Supernatant liquid was decanted and discarded. 
After decantations repeated several ten times 
with hot distilled water, the ZnS precipitate 
was collected by a glass-filter. Finally it was 
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dried at 70°C in an electric drier. Thus was 
obtained the purely white, homogenious ZnS 
powder. In our case the average yield of the 
pure ZnS powder per 1 Kg of coase ZnSO,- 
7H,O was less than 10 g. 

In order to investigate the purity of this 
material the following experiments were made. 


| In each of four silica crucibles was put 25 g 


of the prepared ZnS. Previously into three 


| of them had been added 10-!£%, 10-59, 10-°% 


copper (CuSO,5H;0 purified by triple recrystal- 
lisation) respectively and into the remaining 
one no copper. Then the four phosphors were 
prepared at 1050°C for 15 min. in N. atomos- 
phere. The spectral distribution of the pure 


| ZnS phosphor (blue luminescent) compared 


with the results of the litteratures®®) and the 
was recognized be- 
tween them. The phosphor containing 10-*% 
copper showed the green, fairly persistent 
after-glow. Further, spectral analysis of the 


pure ZnS phosphor showed only trace of Ca. 
Cd and <10-°% copper, which did not affect 


the optical and electric properties of the 
furnished phosphors. 

Because it was difficult to detect the Cu 
impurity in our sample directly in use of our 


! spectrographic equipment (Shimadzu QF-60), 


its amount was estimated by the following 
method. The analogous method has been al- 


_ ready applied by several investigators}?! for 
_ the detection of small Pb amount in minerals 
and sea-water. 


20 g of the pure ZnS phosphor was dissolv- 


ed bit by bit in 100 cc of pure hot conc. 


HNO; so that all the sample might be dissolv- 
ed completely. The solution was filtrated off 
the deposited sulphur through a glass-filter, 
and the solution wetting the sulphur was 
washed down with distilled water, too. The 
filtrate was vaporized slowly in a porcelain 
basin on a sand-bath, until the deposited solids 
came to have the appearence of drying. Upon 
this solids about 15 cc of pure conc. H,SO, 
was added and it was heated for long enough 
to change the deposited nitrates to sulphates. 
Then, all the contents in the basin was com- 
pletely dissolved in 0.5 | of hot distilled water, 
and its acidity was made about 0.5 N by the 
addition of pure H,SO,. After the filtration, 
into this solution was added 40 mg of pure 
AgNO, (Schering-Khalbaum. Guaranteed rea- 
gent for analysis), in which no copper was 
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detected by spectroscopic inspection. The 
solution was sufficiently saturated with pure 
H.S. After one night the Ag.S precipitate on 
the bottom of the vessel was collected and 
washed with distilled water saturated with 
H.S. Finally it was dried at 110°C. The 
Same process was applied for the three Cu- 
activated phosphors, too. In use of our spec- 
trographic equipment the small amount of 
CuS, which could be occluded in Ag,S and 
precipitated with it, was inspected. The pre- 
cipitation-rate of Pb with CuS has been re- 
ported to be 60 to 70% by M. Isibasi et al.) 
That of Cu with Ag.S should be much larger. 
(Deps=4.2«10-*. Lous=8.5%10-*) 

The de source voltage of the carbon arc 
was 180 volts and its arc current was adjust- 
ed at 6 amp through a reostat. The impuri- 
ties in the carbon electrodes (Shimadzu) were 
previously inspected by spectroscopic method. 
One sample was devided into nearly equal 
three parts and their photographs were super- 
posed successively (Each exposure time: 40 
sec. Plate: Fuji Panchro) so that all the 
sample might be consumed effectively. To 
avoid the scattering of the sample on the 
electrode, the arc current was increased 
gradually to the rated value. Among the 
strong, persistent lines Cu-3273.9A and Cu- 
3247.5A, the detection of the former was very 
difficult owing to the neighbouring intense 
Ag-3280.6A line. Therefore, we used the lat- 
ter as the characteristic line. According to 
our results, for 10-4% Cu that line was fairly 
distinct, for 10-°% Cu faintly recognizable 
but for 10-°% Cu and no additional Cu any 
trace of that line was not detected. In this 
manner the copper amount in the pure ZnS 
was estimated to be <10-°%. In order to 
avoid accidental errors, the same experiments 
were repeated twice and the same results 
were obtained. 

Through all the chemical processes triply 
distilled water was used and all the glass 
vessels used in our experiments were of in- 
soluble hard glass. 

The preparing condition of all the doubly 
activated phosphors was kept at 1100°C for 
15 min. in N, atomosphere. 0.05 mol of KCl 
per mol of ZnS was added as flux. Only core 
part of each batch was submitted to the ex- 


periments. 


Table I. 
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ee optical and electric characteristics of the prepared phosphors. 
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| Composition Gols of | Color of | Induced current | gurrent by ir 
Phosphor | (2 atom et stimulated | foes | Oy “how irradiation 
| mol of ZnS phosphorescence | Phosphorescence excita (6 mW/em?) | 
No. 1 | Pb 10-2 Cu 10-5| Pale blue | Blue green 8x10-5amp | 410-7 amp | 
No. 2 | Pb 10-2 Mn 10-3| Nearly white | Pale yellow 3x 10-5 | 3x 10-7 
No. 3 | Mn 10-2 Cu 10-5| Orange _ Orange 6x 10-5 3x1077 
No. 4 | Mn10-3 Cu 10-5| Orange | Yellow 8x10-6 383x107 
No.5. | Mn 10-4 Cu 10°) — | Yellow green 1x10-6 9x10-8 
No. 6 | Bi 10-2 Cu 10-5| — | Yellow green Apa Dig? Popa Kit 
INOjue won LOB Ci LO a8 Blue green 2x 10-6 | ESA 
No. 8 |Sb 10-4 Cu 10-5 — Blue green 110-6 6 x 10-8 
plate of same thickness, too. Thus were] 
prepared a step-wedge Ws (5 steps) and al 
weakener W. 
The plate P; was kept in darkness for 
min. (20°C) after ultraviolet (abbreviated a 
uv) excitation (3650A Hg) for three minute 
and brought into contact with a photographi 
Fig. 1. Schematic diagram of sensitivity plate P. (Fuji Panchro.) The weakener 


measuring apparatus. 
A: Glass-spectrograph adjusted for ir region. 


L: Convergent lens. S: Heating lamp. 
P,: Phosphorescent plate. 

M: Weakening plat. 

P: Photographic plate. 


§3. Experimental Apparatus 


(1) Spectrographic Measurement 

Fig. 1 shows the experimental arrangement 
of the light sum measurements. The spectro- 
graph was Shimadzu Type GW-30, whose slit 
was changed with a finely adjustable, bilate- 
ral one. 

Fine, homogenious powder selected from 
the crushed phosphor by sedimentation was 
mixed with dilute amyl acetate solution of 
celluloid. The powder was spread over a 
glass-plate with uniform thickness about 0.3 
mm by sedimentation. After sucking up the 
supernatant liquid, it was dried at 40°C. Thus 
was furnished a phosphorescent plate P,. 

Further, the gelatine films of several uni- 
formly blackened plates (Fuji Process) of 
various density were striped with a knife- 
edge and they were steeped in very dilute HF 
solution for a while. The stripped gelatine 
ribbon-films (3x80 mm) were arranged on a 
thin glass-plate (0.6 mm thick) in order of 
density and pasted on it. A rectangular film 
(20x80 mm) stripped from the most trans- 
missible plate was pasted on another glass- 


was inserted between them. Then, P; wa 
irradiated by ir light for ¢; minutes through 
the spectrograph equipped with a step-slit. 
(5 steps) The duration ¢ was made enoug 
long to diminish the blackening by natura 
phosphorescence to negligible value in the case! 
of the stimulable phosphor. On the other 
hand, in the case of quenchable one P,; was 
irradiated by ir light immediately after uv 
excitation, without being kept in darkness} 
(¢=0). 

After the step-slit had been dismounted, the 
slit-width of the spectrograph was made equal 
to Bmax. (B: width of the step-slit) The 
same phosphorescent plate P,; was brought 
into the same excited state again. Inserting 
the step-wedge W, instead of W, we made it 
come in contact with another part of the plate 
P. Then, the similar process was repeated 
in the case of the stimulabie phosphor. In 
the of case quenchable one, they were kept 
in darkness for ¢; minutes without being ir- 
radiated by ir light. In this manner an inten: 
sity mark was made on the same plate P. 

Measuring the distribution of ir irradiance 
ZI, incident upon P,; and the density of the 
spectrograms on P obtained in use of the 
step-slit, we could determine the density D) 
for the light sum to be stimulated or diminish- 
ed by an equal monochromatic photon density 
m incident upon P; by means of a graphical 
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method. (n=Kh/hy=I)A/hc). 

Further, plotting the density of each spec- 
trogram obtained in use of the step-wedge 
W, against log (100T), we obtained a charac- 
teristic curve of the plate P. (T: Calibrated 
transmittance of Ws) In the case of “the 
stimulable phosphor, it was made at the wave- 
length of maximum density about 0.8-0.9 jx. 
Interpolating the obtained D, to the character- 
istic curve, we determined the difference be- 
tween the abscissas 
interpolated points. 


S. of two adjacent 


a 
A diagram illustrating 


| these processes is shown in Fig. 2. 


In order to measure the light sum of phos- 
phorescence by photographic method, some 
allowable assumptions were made. We as- 
sumed that phosphorescences stimulated or 
weakened by ir irradiation at two different 
points on P,; have an identical spectral com- 
position, and the their brilliances z,(¢), 7,(¢) 


_ have the approximate relation 


8 ee * ens 


ets. 


| tions 
' nearly allowable. 


ll) 


in the case of stimulation, if the incident ir- 
radiance at the two points are comparable, or 


(2) 


in the case of quenching, where c and c’ are 
constants. 

Further, one of the two phosphorescences 
may be replaced with natural phosphorescence 
in the latter case. Repeated visual observa- 
showed that these assumptions were 
Their reasonableness is ex- 
pected from the consideration about mechan- 
ism of these phenomena, too. (§ 5.) 

As #¢; was enough long, 7.(¢)=2,(c’t)=0 for 
If we assume Schwalzschild’s relation 


DAE —= Gla tie 


ei — OC ie 


for our emulsion, the ratio M of the light 


( 


sums corresponding to the two interpolated 
points on the characteristic curve is given!” 


by 


M=L,/Z,=Q ’ 
M=L,/L,=Q"’” , (4) 
for the case of Eq (1) or (2) respectively, 
where 
ti ti 
L=| 2,(t)dt , 1.=| t,(t)dt , S,—S,=log Q. 
0 0 
p: Schwalzschild’s constant of the emulsion. 
The zero-line of stimulation or quenching 
was determined by the density of the non- 


blackened part or of the part blackened by 
natural phosphorescence respectively. 
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The stimulable light sum by a constant 
monochromatic irradiance was measured for 
various natural decay duration ¢ in the similar 
manner, too. 


No. | 


= 0-75U 
t; =5 min 


Sample 


(09,0 


logi(100 T) 
Diagram illustrating graphical method. 


(b) (e) 


— l0l40AHg 


Fig. 3. Infra-red light-stimulation and -quench- 
ing spectra. 
(a) Heating lamp (Sample No. 7). 
(b) Heating lamp (Sample No. 1). 
(¢) High pressure mereury lamp (Sample 
No. 1). 

For the calibration of wave-length the 
spectral lines from an Ar or Hg discharge 
tube in the range 0.7 to 1.5 ys were photo- 
graphed in the above manner. Several photo- 
graphs are shown in Fig. 3. The irradiance 
distribution was measured in use of a calib- 
rated vacuum thermocouple* (Compensated 


* This thermocouple was constructed at Osaka 
Industrial Research Laboratory (Ministry of Com- 
mercial and Industrial Affairs). 
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type. Hutchins Alloys. 11.2 Q. receiver area 
3x0.5mm) with a glass-window, which was 
connected to a high sensitivity galvanometer 
(Scient. Res. Inst. 5.3x10-§ V/mm. 18.4 Q). 
A thin copper sheet with a rectangular aper- 
ture (4x1 mm) was pasted upon its window 
so that the radiation to be measured might 
be effectively incident upon one receiver alone 
without being hindered. It could be travelled 
along the position of P,; by a micrometer- 
screw. The galvanometer deflection was read 
in use of a Shimadzu Galvoscale at 1m 
distance. The window of the thermocouple 
was cut out of a glass-plate, which was simi- 
lar to the base-plate of P, on quality and 
thickness (about 0.5 mm). Therefore, the 
monochromatic radiant energy incident upon 
the receiver through the window might be 
considered to be equal to that incident upon 
the phosphorescent layer of P; through the 
base-plate. The maximum irradiance about 
1.5 was nearly 6x10-® W/cm? for the mini- 
mum slit-width Bmin. The step-slit was calib- 
rated by measuring the spectral irradiance 
through it in use of the thermocouple. 


B. Some Preliminary Calibrations 

First, we prepared two radiation sources ; 
one for visible range, the other for ir range. 
The former was a Mazda Enlarging Lamp Z, 
(100 V. 250 W. Color temperature: 2870°C), 
whose opal glass-bulb was covered by a dia- 
phragm with a circular aperture Rcm in 
radius in the manner such that its central 
axis coincided with the lamp-axis. The il- 
Juminance at the distance d cm from the 
lamp-top on the axis may be considered to be 
proportional to 1/UR?+d?) exactly. When R 
=1.5 cm, the illuminance measured in use of 
a Mazda Photoelectric Luxmeter was 2.59 
10-? lumen/cm? at d=50 cm. 

The latter was a Mazda Heating Lamp L, 
(100 V. 250 W. S-type. Color temperature: 
2060°C) equipped with a diaphragm in the 
similar manner. Its circular aperture could 
be covered with an opal glass-plate Py. In 
order to calibrate the irradiance from L, with- 
out Py, we used a Mazda Vacuum Thermo- 
couple (Bi, Hutchins Alloy. 12.0 Q. 1.02 x 10-1 
mV/mW) sealed in a glass-bulb and a galvano- 
meter (YEW. D3-D. 4.65x10-7 V/mm. 1.82 
10° amp/mm. Coil resist. 10.5 ©.) equipped 
with a compensated shunt suited to it. The 
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] 
sensitivity of the thermocouple had been] 
calibrated for the standard radiation of similar] 
spectral characteristics at Mazda-Institute-} 
The irradiance corresponding to the galvano- 
meter deflection at 1 m scale was calculated] 
from the above constants and the multiplying} 
power of the shunt. Further, measuring af 
known irradiance from L, without Py and an un-} 
known irradiance from L, with Py at the same} 
point on the axis in use of a thermopile with- 
out window (Eiko-Seiki Co. 14 elements-j 
Manganin, Constantan. 17.4.0. 1.64x10-4] 
mV/mW), we could determine the latter from] 
the ratio of the two responses at various dis- 
tance. The measurements showed that the 
above proportionality was exactly available 
for the radiation from L, diffused by P,, too. 
When R=2 cm, the irradiance at the distance: 
50 cm from Py was 6.4x10-4 W/cm?. Thes 
lamps were lighted in use of a voltage stabu-| 
lizer. 

The step-wedge W; was calibrated in the 
following method. The spectral transmittanc 
at several points on each step was measure 
in use of a monochrometer (Shimadzu. GW-30: 
and a phototube (Mazda PT-25-V1 or PS-50.V), 
whose photocurrent was amplified by a d 
amplifier connected to a galvanometer. Ac- 
cording to our results, it was nearly non- 
selective in the visible range 700 to 400 my. 

Inserting W,; between a photographic plate 
(Fuji Panchro.) and a ground glass-plate Py, 
we set them in a light-tight container with 
a 10 cm aperture equipped with a _ shut- 
ter. Further, each one of ten diaphragms, 
which were cut out of thin sheet metal and| 
had a similar rectangular aperture at shifted 
position to each other, was mounted one after 
another in front of P,, being in close contact; 
with it in the position such that the longitu-. 
dinal azimuth of the aperture was perpendi- - 
cular to that of W;. Illuminating the different 
part on P, through each aperture for an equal) 
exposure time with an uniform colored light) 
from L, at various distance, we made inten- 
sity marks on one plate successively. The 
color of illumination was made match that. 
of the phosphorescence as nearly as_ possible 
in use of Mazda Glass Filters. From the ob- 
tained characteristic curves the transmittance. 
T for the colored light was determined in use. 
of Eq. (3). We could use them as that for 
the corresponding phosphorescence, because the 


| difference between the transmittances of each 
step for the various colored illuminations was 
/quite negligible. 
| Further, to investigate the deviation from 
/the reciprocity law of our plate (Fuji Panchro.) 
}the following experiments were made about 
‘some of them. Through the aperture of each 
diaphragm in the above set was thrown the 
Fcolored uniform illumination of various inten- 
sity J from L, for the exposure time ¢, which 
‘was made inversely proportional to J. (¢: 5 
|sec. to 5 min.) Then, fifty blackened squares 
}could be obtained on one plate. Plotting the 
‘density of each square against log (100¢/tmax), 
fwe obtained the five curves of equal light 
fsum. Although slight falls appeared in the 
‘long exposure parts of each curves, they were 
snearly horizontal in the density range, within 
ee the light sum measurements were made. 
Plotting the isopaque points in the log (100/T 
pee) versus log (100¢/tmax) diagram by inter- 
polation, we determine the Schwalzschild’s 
>constant p from the slopes of the curves con- 
'necting them. Although p was not rigorously 
‘constant even about one plate, it lay within 
0.92 to 1.03 for all the colored illuminations 
‘in our density range. Therefore, we took for 
| p=1 approximately. If we assume p to be 
‘slightly less than unity, M given by Eq (4) 
changes its value. Then, the peaks of the 
-quenchability curves should become somewhat 
higher relatively owing to this correction. 
The optical system of the microphotomer 

used in densitometry was of Shimazdu Read- 
ing Type and as a receiver we used a photo- 
tube (Mazda PS-50-V), whose current was 
amplified by a dc amplifier (Mazda UX-54. 
1Q18: 1.2108 ©) connected to a galvano- 
meter (YEW. D-2L. 5.18x10-* amp/mm). The 
light beam from an auto lamp (8V. 50c.) 
lighted by storage batteries was incident upon 
the entrance slit of the receiver container 
covered with a red filter (Mazda VR3). I- 
luminating a side-aperture covered with a 
ground glass-plate by the lamp L; at various 
distance and focusing its image upon the 
entrance slit in use of a glass-lens and an Al- 
coated plane mirror, we repeatedly calibrated 
the galvanometer deflection during the mea- 
surement. 

The compensated thermocouple was calib- 
rated in the following process. For the radia- 
tion from L, with P, the transmittance of the 
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glass-plate, of which the thermocouple’s 
window had been cut out, was measured in 
use of the thermopile without window. Mea- 
suring a known irradiance from L, with P, 
in use of the compensated thermocouple con- 
nected to the high sensitivity galvanometer, 
we calibrated its response for the irradiance 
incident upon the receiver in the range 1 to 
10x10-' W/cm? from the transmittance of 
the window. As the calibrated points fell on 
a straight line passing through the origin in 
the response versus irradiance diagram, we 
could use it for the range <1x10-5 W/cm?, 
too. The sensitivity calculated from the 
galvanometer constants was nearly 0.095 nV/ 
LW cm-?236.3 wV/uW. Setting the thermo- 
couple to the spectrograph, we could deter- 
mine the monochromatic radiant energy in- 
cident upon the receiver from the above 
calibration curve. In the above calibration 
the spectral absorptivity of the receivers coated 
with lamp-black in these radiometric instru- 
ments was assumed to be non-selective. 
(2) Photoconductivity and Phosphorescence 
Measurement 

Fig. 4 shows the electric circuit for the 
measurement of the current induced by ir 
stimulation. For the current measurements 


AC 100V 


DC Voltage 
supplier 
eS 

| |r 
Shuntin = 
Compensator ~ resisf. 


Fig. 4. Schematicfdiagramfof current 
measuring apparatus. 
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Fig. 5. Diagram illustrating electrode 
arrangement. 


a high sensitivity galvanometer (YEW. D-3F. 
1.3x 10-1 amp/mm) was used. The electrode 
arrangement is shown in Fig. 5. On each 
one of sixteen rectangular, polished copper 
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sheets (4x70 mm. 0.2 mm thick) was pasted 
a mica plate of 0.1 to 0.15 mm thickness with 
viscous solution of polystirol] and they were 
left to dry. They were piled up each other 
and pressed between two polystyrene plates 
with screws slightly. Thus was built up a 
powder holder. The fine, homogenious powder 
was mixed with a small amount of dilute amyl 


Fig. 6. Diagram illustrating radiation arrange- 
ment and brightness measurement. 


Si: Mercury lamp S.: Heating lamp 
R: Phototube Fi: uv filter 
F.: ix filter F3: Glass-filter 
Fy: Liquid filter P: Glass-plate 
M: Phosphor T: Rotative table. 
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Fig. 7. Spectral stimulability 
and quenchability. 


acetate solution of Vinidine (Commercial bind- 
ing cement). This mixture was inserted in 
the ditches of the holder and pressed with 
screws tightly so that the powder could be in 
good and stable contact with each other and 
electrodes, and make thin and homogenious 
layer. This set was enclosed in a glass- 
container with a quartz-window, and left to 
to dry at 60°C for several hours, being eva- 
cuated by a rotary pump. After the vacuum- 
drying had been finished, dried air was led 
into the container. The electrodes were 
polished and cleaned every time the powder 
was changed. 

The experimental arrangement for phospho- 
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rescence measurement is shown schematicall: 
in Fig. 6. The sample was a disk 3.5 cm i} 
diameter and about 1mm thick. It waf 
mounted on a rotative table. The light emit 
ted from a phosphor was picked up by } 
phototube (Mazd PT-25-V1) and it photocurren} 
was amplified by Mazda UX-54 tube and if 
high resistance tube (Mazda 1Q20: 2.0 10"QO 
in use of the Dubridge circuit!®. The curren! 
in the final stage was read on the galvana 
meter (1.3x10-!° amp/mm) equipped with a1 
Ayrton shunt. Mazda Glass Filters and Aod 
solution of CuCl,2H,O (15 mm thick) were 
interposed between the phosphor and photo] 
tube, so that the ir light scattered on the | 
surface of the sample was cut off and onl | 
the luminescent wave-length was effective] 
The ir source was placed in a position suchf 
that the light fell on the sample at nearl 

normal incidence. | 

Placing a ground glass-plate in front of the 
aperture of the phototube container and il 
luminating it with the lamp L, at various 
distance, we ascertained the linear responden 
cy of the galvanometer for various colore 
light. 

The uv source used in our experiment wag 
of high pressure mercury discharge type 
equipped with an uv filter (Mazda UVD-2). 
The ir source was a Mazda Heating Lamp 
(100V. 100W. R-type) enclosed in a light-tight, 
water-cooled container with 5 cm _ aperture} 
and lighted in use of a voltage stabulizer. 
Through an ir filter (Mazda IRD-1) about 1 to| 
59 mW/cm? was incident upon the powder. 


$4. Experiment Results 
(1) 


Fig. 7 shows the spectral stimulability or 
quenchability curves about some of the pre- 
pared phosphors, which were measured in the 
manner described in §3, (1). The most con- 
spicuous behavior is that all the phosphors 
have their maximum sensitivity at 0.8 to 0.9 
“# and about 1.3 uw. The general feature of 
the curves was completely similar about the 
eight stimulable or quenchable phosphors. 

The second and third Columns of Table I 
give the observed color of the strongly stimu- 
lable and quenchable phosphorescence. It is 
remarkable that the Mn-activated phospoor 
changes its type corresponding to the change 


Spectral Sensitivity 
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of its luminescent color with the increase 
of manganese concentration. This fact shows 
}the existence of two sorts of Mn-activator™, 
jmamely neutral Mn-atom and doubly ionized 
Mn-ion that substitutes a Zn-ion. Pb: Mn- 
jactivated phosphor showed a nearly white, 
bright emission caused by mixture of the 
jtwo stimulated phosphorescences emitted from 
jthe both activators. 

About the three stimulable phosphors the 
jlight sums of the stimulated phosphorescence 
bwere measured for various natural decay 
sduration t. (Fig. 8) In the case of Pb-acti- 
vated phosphors the stored light quanta by uv 
ation were kept for a long time, and the 
stimulation could be observed even 20 or 30 
ours after uv excitation. 


\(2) Induced Photoconductivity 

The dc steady voltage supplied from a recti- 
fying apparatus shown in Fig. 4 was raised 
islowly up to several hundred volts so that 
ithe applied field between the electrodes could 
be made greater than 15000 V/cm. Then, 
without making interruption, the voltage 
source was changed with accumlators supply- 
ing the same voltage. When the field was 
kept at this value, photoconductivity rose 
slowly to a constant saturated value under uv 
excitation during thirty minutes. Fig. 9 gives 
the curves of the natural decay and forced 
decay of photoconductivity after uv excitation 
has ceased. In the case of immediate ir ir- 
radiation after uv excitation, a retardation of 
decay rather than a stimulation was observed 
and noteceable quenching followed it (Fig. 9). 
A few minutes after the ceasing of uv excit- 
ation, the natural decay of conductivity be- 
came not so conspicuous and then a remark- 
ably stimulated photocurrent by ir irradiation 
could be measured and a only slight quenching 
followed it. About the sample No. 3, the 
stimulated currents at two different ir inten- 
sities are shown in Fig. 10, and these of other 
several phosphors at ir intensity 6x10-* W 
cm-2 are given in the same figure, too. 
General behaviours of the curves in Fig. 9 
and Fig. 10 were throughly similar about all 
the prepared phosphors. 

Absolute values of the currents were calcu- 
lated from the sensitivity of the galvonometer 
and the shunting ratio of the resistor net- 
work. The reading when the decay of cur- 
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rent ceased throughly after ir irradiation of 
several minutes, was taken as the zero-point 
of current. The steady photocurrents excited 
by uv and the observed maximum _ photocur- 
rent induced by ir irradiation are given in the 
fourth and sixth Columns of Table I. 
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Fig. 8. Dependence of light sum asa function 


of natural decay duration. 
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Fig. 9. Infra-red current-stimulation and -qu- 


enching 10 seconds after uv excitation had 
been interrupted. 
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Fig. 10. Infra-red current-stimulation 2 minutes 
after uv excitation had been interrupted. 


(3) Stimulation and Quenching of Phospho- 


rescence 

About the four quenchable phosphors the 
variations of phosphorescent brightness were 
measured immediately after the ceasing of uv 
exitation at two different ir intensities, and 
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Fig. 11. Infra-red light-stimulation and -quench- 
ing 10 seconds after uv excitation had been 
interrupted. 
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Fig. 12. Infra-red light-stimulation 2 minutes 


after uv excitation had been interrupted. 
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Fig. 13. Energy states of electron in phosphor. 


compared with the natural decay. The quen- 
ching was accelerated with the increase of ir 
irradiating intensity. The results about one 
of these phosphors are given in Fig. 11. 

The same experiments were repeated about 
the four stimulable phosphors. One of these 
results is shown in Fig. 11 also. In such an 
earlier irradiation only a slight rise of bright- 
ness was observed for comparatively low ir 
intensity as stated in the case of the induced 
carrent. 


The conspicuous stimulation after natural 
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phosphorescence has dropped, is shown in ri 
12 under different ir intensities. The gener 1 
features of the curves in Figs. 11 and 12 we 
throughly similar for the other quenchabl 
and stimulable phosphors respectively. | 


§6. Theoretical Consideration 


(1) 


On the mechanism of ir-sensitive phospho } 
a simple theory has been presented by Her | 
man et al’), but it cannot explain the depen! 
dence of light sum on the ir intensity, an¢ 
the quenching of natural phosphorescence} 
Recently, Kallmann and Kramer” have pref 
sented a more complicated mechanism whicl} 
is available for the stationaly state, where ar 
ir irratiation is added upon a constant uv ex 
citation, too. But it is difficult to deduce an 
formulated mathematical conclusion abou 
non-stationary state from their theory becaus 
of the complicacy of assumed mechanism 
Here is presented a theory that covers th 
most important and general behaviors in non 
stationary state and can be arranged mathe 
matically. 

According to the energy-band theory o 
solids, the spectrum of energy state of elec 
trons in a phosphor may be represented as i 
Fig. 13. Electrons in the conduction ban 
and associated traps fall into luminescenc 
center via one of its upper state D. But th 
description of situation is simplified by con 
sidering only those electron transfer prooseed) 
between the three states, namely, conductio | 
band, trapping states and holes. This re-| 
moves the difficulty of taking into account 
two possible transitions for an electron in the 
state D, namely, luminescent transitions to 
the normal state and thermal transitions to 
the conduction band in Kallmann and Kramer’s 
theory. Further, for the sake of simplicity, 
it is assumed that the three states have only 
single multiplicity and isolated luminescence 
centers do not exist. : 

Let No, Ni, %, and » be the number of 
luminescence centres, isolated traps, vacant 
centres and conduction electrons per cm? re- 
spectively, and 21, , be the number of elec- 
trons per cm* in isolated and associated traps 
respectively. Now it is assumed that both 
the isolated and associated trapping states are 
at nearly equal energy €, below the conduc- 
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tion band, because the spectral sensitivity 
/curves of all the phosphor were throughly 
similar (Fig. 7) and these traps seem to be 
(peculiar to ZnS crystal and to be caused 
pherhaps by omission defects.!™ 

If €;:>kT, then electron transfer processes 
that occur upon irradiation with ir light can 
be represented by the following set of dif- 
ferential equations. 


dn,/dt= —Ann.—(B/Np)nonz , (1.1a) 

dn/dt= —Ann,—Kn(N.—n2)—K’n(Ni—11) 

+e(m2.+m) , (1.1b) 

dn,/dt= —cn,+K n(Ni—n,) , GEG) 
dn,/dt= —cn,—(B/No)no22+Kn(No—m) , 

(1.1d) 

Ny=n+n,+N, , (1.le) 


‘where A is the probability that an electron in 
_the conduction band recombines with an ion- 
ized luminescence centre or hole; K’ and K 
‘are the probabilities that a conduction electron 
is captured into an isolated or associated trap 
respectively. The quantity ¢ is given by 
c=dp1/hy , (1.2) 

where op is the cross section of a trapped 
‘electron for a photon of energy hy, and J; is 
the intensity of the ir light. gp is assumed to 
be common for traps of the both types. 

The transition probability from an associat- 
ed trapping state to a normal state of lumi- 
nescence centre consists of the two transfer 
| processes, namely, the transition to pass over 
}or through a potential barrier and the normal 
spontaneous transition. In the former process 
‘an alternation of electron spin is required 
‘because the multiplicity of the intermediate 
state D is somewhat different from that of 
‘trapping state generally’. This spin alter- 
nation is to some extent forbidden, so that a 
»low frequency factor results as observed in 
iglow-curve experiments». Therefore it is 
‘assumed that the probability for the former 
process is smaller than the normal light emis- 
‘sion probability (~10-* sec~?) and the proba- 
ibility for the whole process, consequently 
\phosphorescent intensity by transition B, is 
controlled mainly by the former. 

Then the specific rate constant B that an 
electron in an associated trap obtains the 
activation energy €, and recombines with an 
ionized center or hole, is given by 


B=s exp (—6,/kT) , (1.3) 


where s is the frequency factor. Therefore, 
B is strongly temperature-dependent. 

The number of electrons per cm~? sec7} 
which have the possibility to pass over or 
through the potential barrier is Bn,. Among 
these electrons, number of the electrons per 
cm~*sec~! which are in the traps associated 
with the vacant centers and can realize the 
transition B, is By,-2/No statistically. The 
remaining electrons which correspond to the 
filled centers are excited to the conduction 
band by ir stimulation immediately. There- 
fore, B/N) means the probality that an elec- 
tron in an associated trap falls into an ionized 
centre, when we consider the electron to have 
the possibility to recombine with arbitrary 
one of the vacant centres indifferently. 

In this theory is neglected the probability 
of infrared-sensitive direct transition that an 
electron in an associated trap is excited to 
the upper state D by ir light without passing 
through the conduction band and falls into 
the normal state, because the excitation energy 
for this transition should depend on the sort 
of added activators and consequently spectral 
sensitivity curve should be influenced strongly 
by them, if it is comparable to the other in- 
frared-sensitive transition probabilities. 

Eqs. (1.1) can be stated in a more conveni- 
ent form by following substitutions. 


E=n/No, 1=M/No, C=m/No, X=Me/No. 
(1.4) 
Substisuting Eqs. (1.4) into Eqs. (1.1), we 
obtain 


dy[dc= —En—BXxXy , (1.5a) 

ai /dt=—Ey EF l=) 6 0 =F) a) 

(1.5b) 

di jdt=—r1rE +6 ET—€) , (1.5c) 

dx/dt= —rxX—Bxn+EE(1—%) , (1.5d) 

and 

pee ree (1.5e) 

where 


t=at, €=K/A, &=K’/A, r=c/AN) 

B=B/AN,, a=AN,, 1=Mi/No - 

Then phosphorescence brightnesses Ba and 
B, caused by the transition A and B are ex- 
pressed respectively by 


Ba= pahvAmn= pahvaNoen En ’ 


Bo= pPohv(B/No)noN2= DPohvaBNoxy<X7 , 
(1.6) 
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where fa and p» are the ratios of the radia- 
tive transition probability to the total transi- 
tion probability for the transion A and B 
respectively. Therefore, they may be sub- 
stituted approximately by the quantum yields 
of luminescence for these transitions. 

Induced current density j is given by 

j=newE=eEwNié x€ , (1.7) 

where w is the mobility of conduction elec- 
trons, e the absolute electron charge and E 
the applied field intensity. 

If a phosphor is of stimulable type, pa is 
fairly large (~1) and if it is of quenchable 


0-25 


Fig. 14. Hffect*of varying ,;y on the time de- 
pendence of induced current, light-quenching 
and stimulation under ir irradiation for the 
case 79=0.5, &=0.1, yo=Co=0.2 and for y= 
LOS Opale 


type, pa is nearly equal to zero, in other 
words the transition A is non-radiative. 

Puttng X=B=€=0 in Eqs. (1:5), we obtain 
the Herman’s simple equations. 
(2) Special Solution for €=€’=0, B=1 

If the retrapping probabilities are negligible 
compared to the recombination probability A, 
and the recombination probabity B/N, is 
comparable to it, €é=K/A=0, &=kK’/A=0 and 
A/BN,=8=1. In this special case the Eqs. 
(1.5) can be solved exactly. 

From Eqs. (1.5) we obtain 


C=epexD=Ta)e (2.1) 
and from Eqs. (1.5a), (1.5e) 
dyldt=—y—f) . (2.2) 


Further, combining (2.1) and (2.2), we obtain 


N= (Ne"/u)e-" , (2.3) 
where 
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u=1—(e%0/7)[Ei(—y)—Ei(—o)] , 
Y=(Cq Tr) exp =a) 


-Ei(—w)=[" ae 
» 


fo, % and y= the initial values of tC, 4 
and y (t=0). From Eqs. (1.5c) (2.3) % can b@ 
solved | 


X=(%p/u) exp(—rrt) , (2.4) || 
— is given necessarily from Eq. (1.5e) | 
E=(ne%0/u)e-%—(Xo/C out ry , (2.5) | 
where 7%, &) are the values of x, & at r=0. | 
In use of (2.3), (2.4) and (2.5) the decay 
curves of &y, %y and & for the different twa 
values of y are plotted in Fig. 14. In the 
numerical calculation of the quantity w, tabu) 
lated values of the expotential integral —E. 
(—y) in the various references!*~?) were used 
(3) Approximate Solution for large r 
Eqs. (1.5a), (1.5b), (1.5d) can be combine 
in the forms: 


dE _E(EK4EO) Es (EFEDE-1At+O} 

dy n(E+B%) E+B% WE+Bx) 
(3.1) 

ax __—~EX BX rx—6E 

dy ~nE+BD E+Bx nE+BD ees 


If 73<0, &, vy, € and % vanish when t—-co 
The physically important solutions are thos 
for which dE/dy, dy/dy are infinite when t 


co, In order that d&/dy—>«, dz/dy—>0 wher 
tT—0o, we have 
(ETEDE—7X1+0)=0, 
3.3 
eer, (3.3) 
From Eqs. (1.5e), (3.3) 
a Se 5 4 
 TEHEDEET ae eheDera al 
and from Eqs. (1.5a), (3.4) 
1 P Q 
= ——_ = — ee 
“ kt+e ’ kt+e ’ kt+e ’ 
where 
Sty EV TREE, seeh tn 8 | 
(C461) 7. (EtED+7’ | 
— c 
(€+€)) 47° | 
Consequently, Ba, B, and j have the well 
known forms”): 
BG Bycc[eyt+c,]-?, j=leit +e,]-}, (3.5) 
Let Za and Ly be light sums of stimulatec 


and quenched phosphorescence respectively, | 
then 
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ri | B.dt= pahyNoner|(r +88), 


0 


Ts =|" Brdt= pohyNono-B/(y +B) . 
0 
(3.6) 
Combining (3.6) with (1.2) 
W/ZLg=ey +¢:/-1/f, 1/ZLo=c1'’ +e.//I,. (3.7) 


(4) Approximate Solution for B<;<é~é’ 
This case is of practical interest because & 
and €’ lie between 0.5 and 1.0 for ZnS phos- 


| phors'® and from Eq. (1.2) r~10-? when J, 


—— Ss. 


}has a smaller value always. 


~10-2cm-?, if N°~101% cem-2,1915) A~10-13 
em®/sec,))2 op~10-1® cm? 23) and y-~10-4cm. 
And 8~10-", even if the probability B is of 
order of normal light emission probality (~ 
10-*/sec). Further, it is assumed that n/N, 
=&<r, n/N) is of order 10-'—10-7 with ordi- 
nary uv exciting intensity of 15—20 “W/cm?,! 
and this value becomes much smaller for the 
ir irradiation as shown in Table I. The as- 
sumption &2€’ is allowable, because the for- 
mations of the traps of the both types seem 
to be attributed to an identical irregularity as 
described above. 

Substituting 9=é&/r, E=E€ into Egs. (3.1), 
(3.2), and neglecting 7 for & we obtain 


de _%[&+d—6y)—2 EG? (4.1) 
dy ral?+(B/r)x] [9 +(B/r)xX]? 
ax x—EP+(Bly)nx , EP (4.2) 
dn Aer+(B/r)X] * le +(B/r)x] ’ 
where 
&=E+4l. 


The state of a phosphors can be represented 
by a moving point P in the %7%-space shown 
in Fig. 15. The point P is driven towards 

the origin along a curve by ir irradiation, 
and it tends to the origin when t->oo. If 
the point P is not on the surface 


g[é.+0—&)y]—7=0. 
|dv/dy| takes a very large value, because 
the denominator of the first term of Eq. (4.1) 
is very small quantity and the second term 
(g=&/r<1) In 
‘this case the point P must be constrained in 
the plane 7=7- On the other hand, the two 


(4.3) 


#terms of Eq. (4.2) do not become so large, 


because their denominators and numerators 
are of same order, even if the point P is not 
/ 
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on the surface (4.3). Therefore, the point P 
moves on the straight line passing through 
the starting point P) (%p, %, %), until it reach- 
es the interaction with the surface (4.3) and 
then it tends to the origin along a curve C 
contained in the surface. 


Fig. 15. Illustration of a path of a moving 


point P in the g7x-space. 


Fig. 16. Effect of varying « on the time de- 
pendence of number of vacant centers, induced 
eurrent and light-stimulation under ir irradia- 
tion for the case 7)=1 and for e=e’=0.1, 0.5, 
iLO. 


According to the above order estimation, it 
can be assumed that 9=>%/7. Then, neglect- 
ing By/r for %, we can write (4.2) in the form 


dx/dyn=(X/n)1/e+&)—E/y . (4.4) 
Combining (4.3) with (4.4), we obtain 
dx/dy=(X/n)(E.+2)/0}—Eln 


cxf +(eo[-a(1—)]} 
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This is the projection of the curve C on the 
X%n-plane, and it has X=€y/€; as an asymptote, 
when 7-0. 


1.0 


ae 


0-8 


0-48 


0-2 


Fig. 17. Effect of varying « on the time de- 
pendence of light-quenching under ir irradia- 
tion for the case 7)=1, y=0, 0.5, 1.0 and 
e—c =(.1, OF5; 120: 


(arbitrary unit ) 


ll 


Ti (min) 


Fig. 18. Dependence of 1/7 as a function of time 
under ir irradiation. 


When 7=1 specially, 


ofa Sool a2) 
(4.6) 


Using the relation ¢>8z/r and substituting 
g=E€/r into Eq. (1.5a), we obtain 


dy/dt=—7?x . (4.7) 
Further, from Eqs. (4.7), (4.3) 
rt =E,(1/9—1/)—A—€’) In (y/o). (4.8) 
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If go=l, 
rt=E,(1/ny—1)—1—€’) Ing . (4:9) 9) 
The curves of Eqs. (4.9) for €=€, J=1, &= | 


2€ are plotted in Fig 16. In use of those} 
curves and (4.3), (4.6), y and ¢ are plotted | 
against yr in Fig. 16 and %y7 in Fig. aa 
respectively. 


§6. Comparison between Experiments and 
Theory 


The most general features about photocon- | 
ductivity and phosphorescence shown in Figs. 
9 to 12, are well covered by the theoretically | 
calculated curves of Figs. 14, 16 and 17. In 
Fig. 17 the calculated %y-curves show a slight | 
and slow rise for a very small value of Xat | 
This cause is that the electrons in isolated 
traps are excited to the conduction band and 
retrapped into associated traps, when a large 
portion of trapped electrons is in isolated traps 
and associated traps are almost vacant at the 
initial state. Such an initial state can be 
realized only after the natural phosphorescence 
has dropped. But this rise of %y is consider- 
ed to negligible, if we assume the smaller) 
value for € or existence of isolated centres of 
considerable number. Also in the experiments} 
any rise of phosphorescence by ir stimulation} 
was not observed for the quenchable phosphors 
after natural phosphorescence had become 
negligible. 

From Figs. 9 to 12 are obtained Figs. 18, 
19 and 20. These results are in approximate 
agreement with the formulae (3.5). The be-| 
havior of induced photoconductivity curvesif 
along the earlier part of natural decay (Fig. 
9) can be explained as follows. Although the 
trapped electrons are excited to the conduction 
band by ir irradiation, the process that the! 
conduction electrons fall into vacant centers 
or traps, has more predominant effect in th 
earier stimulation. If the maximum valu 
Ym determined from the curves of Fig. 16 i: 
smaller than the value of %)=&/r at this 
instance, not a remarkable rise but a retard 
of decay is observed. As 7 increases abrupt-} 
ly by the ir stimulation, the conductivity 
decays more quickly than in the natural de | 
cay. (Fig. 16) This is the case that the 
moving point P starts from the point Po,f 
reaches the point P, and then tends toward¢ | 
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the origin along the curve C. In order to 
rise the photocurrent in the earlier irradiation, 
a more intense radiation will be necessary so 
that the initial value &)/; becomes smaller 
than ¢m, and a more noticeable quenching 
will follow. This behavior is also similar 
about stimulation of brightness. (Fig. 12) 
The experimental values of the time required 
to reach the peak of photoconductivity and 
stimulated brightness seem to be somewhat 
larger than that expected theoretically. (Fig. 
16) This discrepancy will be attributed to 
the thickness of the samples and the time 
lag of the galvanometer deflection for quick 
current change in the initial starting. 

Therefore, the true peak values of induced 
current and brightness will be larger than 
the maximum values observed upon the de- 
flections of the galvanometer as shown in 
Figs. 9 to 12 by dotted lines. The rise of phos- 
phorescence was much more remarkable, com- 
pared with that of photoconductivity in ear- 
lier ir stimulation after the ceasing of uv 
excitation. (Figs. 9 and 11) This experimental 
result suggests the following possible explan- 
ation. 

A large portion of conduction electrons has 
been excited from the filled band initially?“ 
and they return into it quickly after the 
ceasing of uv excitation, dissipating energy 
by phonon ejection.”®? 

On the other hand, some of the electrons 
excited by ir stimulation to the conduction 
band from the traps, in whose vicinity vacant 
centers are abundant locally, pass through it 
only for a short time and immediately re- 
combine with neighbouring vacant centers, 
giving negligible contribution to the electron 
density in the conduction band.? (quasi- 
direct transition) 

A few minutes after uv excitation has been 
interupted, these processes become negligible 
and the presented theory may be available 
exactly. 

Although the theory proposed here covers 
the same important behaviors of the results 
obtained in nonstationary state for all the 
prepared phosphors, it would be necessary to 
take into account more complicated electron 
transfer processes, in order to deal with the 
more detailed phenomena in nonstationary 


state. 
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Fig. 19. Dependence of 1// Bg asa function of 
as a function of time under ir irradiation. 
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Fig. 20. Dependence of 1// By as a function of 
time under ir irradiation. 
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Absorption Spectra of Dyes in Solution 


By Yuzuru OOSHIKA 
Kobayashi Institute of Physical Research, Kokubunji, Tokyo 
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A theory of absorption spectra of dyes in solution is presented. The 
wave-number shift of the absorption maximum is calculated by using 
the perturbation theory, where the distribution of solvent molecules 
is assumed to be uniform, and the shift is represented by experiment- 
ally convenient quantities, such as the dielectric constant, the re- 
fractive index, and the absorption wave-length of the solvent. The 
solvent effects are classified into several groups, and the theory can 


explain the various experimental facts successfully. Previous 
theories are criticized. 


§1. Introduction venient to classify those solvent effects into 
It has been well known that the absorption the following groups. | 
spectra of dyes vary from solvent to solvy- 1. Dielectric effects, or, from the molecular. 
ent both in intensities and in wavelengths. point of view, the dipole interaction between 
Since the effects of solvents are very com- solute and solvent molecules. 
plicated and various influences are superposed, 2. Short range specific interaction between 
there have been yet few theoretical studies solute and solvent molecules, or solvation ef- 
concerning those effects. Sheppard has ex- fects, especially by hydrogen bonds and elec- 
amined the experimental results extensively tron transfer. 
and found various sorts of solvent effects. 3. Association effect between solute mole- 
From the theoretical point of view, it is con- cules. This effect changes with the solute 


: 
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-concentrations and may be neglected in dilute 
solutions. 

4. Electrochemical effects, e.g., the change 
of the degree of dissociation of solute mole- 
cules, interactions between solute and added 
electrolytes. 

5. Long range intermolecular resonance. 
Though this effect is important for the quench- 
ing phenomena of fluorescence, it may be 
rather unimportant for the light absorption. 

In the present paper, we discuss the solute- 
solvent molecular interactions, neglecting the 
' specific effect, in dilute solutions. 

In discussing the effects of non-polar solv- 
jents, Chako” derived a formula for the ab 
|sorption intensity, based on the classical 
/ electromagnetic theory, but, according to the 
discussion by Jacobs and Platt®, the above 
‘formula does not hold in many cases and it 
j should be regarded to be constant as average. 
_This may mean that the intensity is very 
) sensitive to the property of the solute and 
solvent interactions and it is not plausible to 
| consider the solvent as an uniform dielectrics. 
On the other hand, the influence on the 
_ wave-length of the absorption maximum has 
_ been investigated by several authors. In 1878, 
Kundt concluded for non-polar solvents that 
the absorption maximum is shifted towards 
the long wave-length side with increasing 
dispersion of the solvent Sheppard*) proposed 
| the formula 
Avm=a(l—1/K) , 
where 4ym is the increase of the wave number 
of the absorption maximum, K the dielectric 
constant of the solvent and a is a constant. 
| In general, the dispersion increases with the 
| refractive index and we may suppose that 
'Kundt’s rule means that the wave-length 
increases with increasing refractive index. 
Recently, Bayliss‘? has proposed a theory that 
| the wave-length shift is proportional to 

eT f. 
Uy [rae 
when 7 is the refractive index of the solvent 
and f is the f-value of the transition, con- 
sidering the work for changing a dipole mo- 
ment in dielectric medium. 


If one investigates the effects of polar 
solvents, he will note that the circumstances 
-are much more complicated, and, at first 
sight, the absorption maximum might seem 
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to change its wave-length in no systematic 
way. On this point, Brooker®) found an inter- 
esting phenomenon for various merocyanine 
dyes, resently. In general, in merocyanines 
and other dyes, the absorption maximum is 
shifted towards the long wave-length side and 
the absorption intensity is increased with 
increasing dielectric constants. For example, 
the absorption wave number of the dye (I) 


ye ep aa 
tle Jecu—cul Ales Ta 
N C 
h t 
PRE monty 
ey Pomc ly yeriuna 
N Cc 
it 60 


changes linearly with the dielectric constants 
of the solvents. On the other hand, Amax 
(Emax) Of the dyes (II), (IID 


i 
Me—N Vac pits % | Ila 
\c=N 
; th 
i 
an ——=() 
eA \ Den cui | Ub 
Nuit /s C=N 
a 
Me —N \\—cH—CH ia OM 
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Nem \ enh i ae 
a A os 


decrease with increasing dielectric constant of 
the solvent. However, the dye (IV) 


ene 
re IIIb 


S 
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shows a strange behavior. The dye IV has 
Amax. at: 5650A “(Guay 9-710) ine pyridine 
solution, but, as water is added, the absorp- 
tion maximum is slightly shifted towards red 
and the absorption intensity is greatly increas- 
ed, until the volume percent of pyridine be- 
comes (92.5, Amex is) 5660 As (Gpax, 12,05¢0%),; 
and then the wave-length and the intensity 
are both decreased to Amax 4900A (Emax 3.9 
10‘) in water solution. The explanation of 
these phenomena by Brooker is as follows. 
In the case of the dye I, the non-polar re- 
sonance structure Ja is more important than 
the polar structure Ib for the ground state 
and the inverse for the excited state. Hence 
the stabilization by the solvent (as an uniform 
dielectrics) is larger in the excited state than 
in the ground state and the absorption is 
shifted towards the low energy side, i.e., to- 
wards red. On the other hand, in the case 
of II and III, the basicity of the left nucleus 
is very large and the contribution of the polar 
structure is larger to the ground state than 
to the excited state, and, therefore, the shift 
is towards blue, contrary to the case of the 
dye I. The dye IV has the intermediate 
property and IVa is more important for the 
ground state in pyridine solution, but IVb 
becomes more and more important with in- 
creasing water content until the contribution 
of IVb is equal to that of [Va at the maxi- 
mum wave-lengh (isoenergetic point) and, 
after passing this point, the circumstances 
become the same with the case of the dyes 
II and III and the shift is towards blue. His 
suggestion will prove to be essentially correct 
by the present calculation, although there 
exist other influencing factors in his case. 
W. T. Simpson® proposed a theory based 
on the valence bond method, assuming the 
energy for separating the electronic charges 
in a molecule to be proportional to 1/Dr (D= 
the dielectric constant of the solvent, =the 
distance between the charges.). But the result 
cannot explain the experiments. Further, 
from the theoretical point of view, the charges 
in a molecule are not burried in an uniform 
medium, but the molecule should be considered 
to exist in a cavity in a dielectric medium, 
and, therefore, the energy for sepa- rating 
charges is not proportional to 1/7 and must 
be determined by an appropriate inner field. 
Thus, Bayliss? found that the wave-length 
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| 
of the absorption maximum of the dye II an¢ 
its homologs does not necessarily vary paralle} 
to the dielectric constant of the solvent. In} 
fact, the dielectric polarization of the solven} 
contains the part due to the orientation of thé 
permanent dipoles of the solvent molecules} 
and that due to the electronic polarizability] 
The latter interacts with the motion of the 
electrons in the dye molecule and the forint 
cannot follow the electronic motion and] 
hence, it is obvious that the light absorption} 
of dye molecules is not determined simply b 
the total dielectric constant of the solvent. 
In this paper, the solvent effects are dis} 
cussed in a general way, using the perturba) 
tion theory. The treatment is essentially base 
on the valence bond method. 


§2. The Treatment by the Perturbation 
Method 


Imagine a dye molecule surrounded by 
solvent molecules. Fixing the dye molecule 
let the N molecular distribution function be 

AS ERI EB FG Sy Eee ex: 
where fo) is the hypothetical distributio 
function when the dipole moment of the dy 
molecule is assumed to be zero, and /f,; re 
presents the orientation of solvent molecules 
by the dipole of the dye molecule in its groun 
state in the solution. The relaxation tim 
for the orientation of the solvent molecules i 
much longer than the time required for th 
light absorption by a dye molecule, and henc 
the function f above does not change if th 
dye molecule is excited by light. 

The electronic wave function of the solut 
molecule is given by 


n= Emems 
and that of the solvent as a whole is 
HY, =E,, (2) 
H=SA-> > #446; (3) 
i=1 i j>t aj | 
@,;=2 cos 6; cos 0j—sin 0; sin 0;cos gig, - 
(4) 


where 2 is a quantum number, HA; the hamil- 
tonian operator of the 7-th solvent molecule, 
4; its dipole moment operator, 7;; the distance 
between the z-th and the j-th solvent mole- 
cules and @,;; represents the mutual orientation 
between yz; and w;j. Since the hamiltonian # 
contains the interactions between solvent 


4, 


iyi 


ij assumed to be not so large. 
, turbation operator by the interaction between 
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molecules, the wave function ¥ is not a sim- 
ple product of the wave functions of particular 


' molecules, but depends on the distribution of 


molecules. This interaction, however. may be 


Then the per- 


the solute molecule and the solvent may be 
written 

Mo hi 
Ti 


me O, , (Gop) 

& 
where 7 and O; are the distance and the 
mutual orientation between the dye and the 
z-th solvent molecule. Of course, when the 
distance between molecules are very small, 
the intermolecular interaction cannot be re- 
presented by such a simple dipole interaction, 
but such specific interaction is not considered 
in this paper. 

Thus the problem reduces to discuss the 
energy change of the total system by the 
perturbation V, and to average that change 
over the disturtion of the solvent molecules 
f. In the following, we shall discuss the 
energy change by using several appropriate 
approximations, classify various solvent effects 
and relate the shift of absorption spectra of 
dyes to those quantities which are convenient 
to measure experimentally, for example, di- 
electric constant and refractive index. 

The electronic wave function of the total 
system of the first order is approximately 
represented by 

Omn=?ml n : (6) 

In the calculation below, we will assume that 
the solute molecule is in the state m and the 
solvent is in its ground state y. The excited 
states of the solvent are represented appro- 
mately by linear combinations of the states 
in which one solvent molecule is excited and 
hence they are almost N-fold degenerate. On 
the other hand, the probability distribution 
function of the solvent molecules is deter- 
mined by the dipole moment of the solute 
molecule in the ground state in the solution 
¢, and cannot follow the change by the light 
absorption. 

1. The first order perturbation 

The first order perturbation energy, 4/4, 
is the mean value of V in the state Ong. 


A= (Ong | V | Omg) 
Ons) 


al iO; 
i — (Ons See 
4 % 


Absorption Spectra of Dyes in Solution 


597 


=—(72| |) 5 Pelee) 9, (7) 

4 é 

where last @; represents the mutual orienta- 

tion between (72| “o|m) and (¥,|u4;|¥%,) and 

differs from that in hamiltonian operator. 

This is the same in the discussion below. 
Averaging 4E, over the molecular distribu- 


tion, we shall write generally, 


foc. Dp. BNO Pe. Ne eee 
= N=Foiee-,, ein SOAS Sie IND) 
Oe ; (8) 


where t,; represents the position and orienta- 
tion of the z-th solvent molecule and 


i) Gus ae 


Now we assume that f(z) is a function of 
r; only and 


H=\ 7a, bia ae eee 


: AES Ht We) 
pee ae =| One ri<as ID 
A.O@O=fiOKi, o)=— fi, —0.) , (10) 


where 7; and w; are the position vector of 
the z-th molecule and the solid angle repre- 
senting its orientation. These assumptions 
are to be allowed in the range where the 
concept of the dielectric constant and _ refrac- 
tive index is permissible. wv is the molecular 
volume of the solvent. 

(Fy\42|%,) is the dipole moment of the z-th 
solvent molecule in the solution, and, assum- 


ee a 
ing (Yg|4:|%,) (W@=0,1) is independent on 7, 
it is reasonable to use the result obtained by 


Onsager 
(2D+1) (2?4+2) 
Z Us \ a Neo ZS z 
(Lg| | ¥ 0) 3(2D +n?) Mg 


where D and m are the dielectric constant 


(11) 


Sa , 


and the refractive index of the solvent, re- 
spectively. 
Then 
aa Soda: -dtx=0 , (12) 
Th 
and 
SLU HE ce 
4 t 
=n ue Fi Vdts =F cos Ginm « (13) 
Ty : 


F cos Omm is the component to the direction of 
pm (90| Lo| m2) of the so-called reaction field 
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due to the orientation of the solvent molecules 
by the dipole moment sy’ of the solute mole- 
cule in its ground state in the solution. A@nm 


/ 


> > 
is the angle between yz,’ and (| /9|2), and 


— 


/tg’ is not the dipole moment Pa=(9\ 2019) of 
an isolated dye molecule, because of the 
polarization by the reaction field. In Onsager’s 
approximation, 


a (2D=1) 20 1)) s/ 
i We 1x Re TE , 14) 
(2D+1  2n?+1)J a 
5 ey: Ha’ (g| Ho m\(g| 017) 
"f : 2D+ A a mag Em— Ge 
mead) 2 Ho-(a\t0| mq | H0| 70) 
a. : 2D-P1 a meAeg En— Si : 
in the second approximation. Thus we may 
write 
2D—1) 27-1) jets 
De al\ Laud 
eo oD yl Ont ht ae 


as —> => = 
20-1) 2 > {99 | H0| ge we | 40 | 970”) }) 
2D BY ages En’ —E Ie 
(16) 
2. The second order perturbation ts classified 
into three kinds of interactions 
i) Ong—Omn interaction 
Vg (ol Li He | ¥ En)€ 0; 


(Ong | V| Onn) = —(on t49| m2) OEE 


LZ | Mi | Pr g | Lj | Yn) 0; 0; 
AE n= lm (Fo 
a pate (Ey—Ey)ri*r3 
(17) 
Firstly, averaging this energy over fo, 
Sos (sg | i |En\ Lo | Lj | LnjOiO;5 
j neg (E,—E,) rer; 
XS omer Act, dt 74.07 dey 
Uo | L422 | | Pn Fo | Lt | we) 0; 0; 
== SS ( g PG\* mn) GIi5 (2) pn? 
j n*g (Ey —En)r F793 f (2) 
(18) 


is the mean energy of the interaction between 


=> 
the dipole zm of the solute molecule and the 
dipole induced on the z-th solvent molecule 
fixed at the position and the orientation in 


the solution by the field of re Thus 


CAA Ce | 45| Pn) Ox 6; 
_ bs “ (Eg—Fn)rAr 3 
X foP@) mdr: 


J ntg9 


OOSHIKA (WVolag, 
equals to 
2090? — 1) Hm 
2n?+1 a 
Then 
2(7—1) Um? 
1) = — (19) fi 
ea eae CaS | 
Further, assuming that the mean polarizability] 


of the solvent molecule in the reyes 1.€., 


CAVAL AIA AL 


is isotropic, we can ei show that 


[48a fide, ve -dty=0 


by using Eq. (10). 

)Ong—Omrg interaction 
/ YL é L 0; 
(Oma | V|Omeo)= —(om| Ho] 20°) > Pokal Bee 
12.0: O;(m| Lo lm’)? 
Em—Em* 


When we average 4E,, over fo, if we write 


es ee fet uz fodt,,-- 


AF a.= Da 


Ee 
mam G5 Tes 


(20) 


F dty 


nis 
P (2 pre, eR 
Ti 
where 
Ee fee“) 
pert Or_ HOS (22) 
Ti j 75° 


esr Yepresents effectively that, fixing the 
position and orientation of the z-th molecule, 
the other molecules are oriented and their 
dipoles can polarize the solute because of the | 
correlation between the solvent molecules, 
when averaging over the distribution other 
than the z-th. It may, of course, be a func- 
tion of the position and orientation of the z-th 
molecule. But, assuming that s;; is inde- 
pendent on the position of the z-th melecule, 
and that the solvent molecule is a point di- 
pole at the center of a spherical cavity with 
a radius d ((4z/3)d’=v), the apparent charges 
appearing on the surface of the cavity are 
just those which show the orientation of the 
medium due to the correlation between the 
solvent molecules and those apparent charges 
are equivalent to a dipole with a moment 


_2D-1) 
ee 
for the outer environment. 


Therefore, 
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“pp 
D in this formula involves the part due to 
the polarizability of the solvent molecules, 
while the Eq. (22) shows that seery is only 
that part due to the permanent dipole of the 
solvent molecules, but in the discussion below, 
we include the former, which is of the higher 
order of magnitude, in “#ey;. Thus 


(23) 


(4E2.°>= [a8 foe --3-dty 


25x [sere re cyae > (| 49 | 992")? 

a ai m/s=m m—Em? 

| og (911 | £49 |90")? 
Ss 0 

| ~2D+1ad sca Em—Emr ee) 
‘If we use the formula 

ae ec TAY Dm (25) 

kT 3(2D+n?)D i 


/we can eliminate the value of the dipole mo- 
ment of a solvent molecule. 


| 2(D+1(D— nm?) kT | (m|p|m’)? 

A) Sa aE 
| ‘ ea a 3(2D Sia ils ?)D a m’/ =m Em— Em? 
| (26) 


Next, we calculate the average over /;. 


20.0; 
irs ce ae = erat dr iar j 
a7 


Jj 


This approximation is not unimportant, be- 
cause f; is a correction term and the neglect- 
ed quantity is of higher order of magnitude. 
It is equivalent to that one puts the average 
of the square of the reaction field to be equal 
to the square of the average of the reaction 
field. Thus, 


(SE 2) )= Sy 


mm i,j 


pre OY fdr; (| Lo | 70") 


\ee Fi Oa)de: 
Yr 


Sig Em? 


ye el wolze é 


— PS (F cos Gran? & 


m/s=m 
This equation means that ¢(4,.1> is the inter- 
action energy between the reaction field due 
to the mutual orientation of the solvent mole- 
cules and the dipoles induced on the solute 
molecule by it. But, for convenience, we in- 
clude in (AE!) the energy due to the induced 
dipoles on the solvent molecules and write 


Absorption Spectra of Dyes in Solution 


2D—1))21 {pom |’)? 
4B.) = (: ae) AHA | Ho |) 
‘ as ? i 2D+1 s a non Em — Ems : 


(27) 
where the part of the reaction field due to the 
induced polarization of the reaction field due 
to the induced polarization of the solvent 
molecules is determined by fm, not by py, 
but we neglect their difference. 

ili) Ong—@Omnm interaction. 
(Qing | V|Omen)= —(an| fo | 970") > atte ais ; 


i %% 
4Eys= >) dX 3 (| Uo|m’) 


m’=m N*=G 4,5 
(Fa Li | Pr g | 5 |Un)OO5 
(Em—Em +E y— Enver 
If we assume that the polarizability of a 
solvent molecule is isotropic, the average of 
43 over, f, vanishes as in 2, i, and we have 
to account only the average over fy. Then 


(4E33)= ees 


mm nag 
x \ si (Fol us |En) Lo | 125 | Fn )OO; 
4,j (Em—Eme + By — En) ri 5? 
x fodti- ee -dtw 


m’/~m 4 


(28) 


(Pq | Li [Pn (Fg | Lj | Pn )OO; 
le 
= j Ems + Lg — En)riPr7? 
Foy (2)dt: , (29) 
Considering that the excited states of the 
solvent are almost degenerate, 


(Em aX 


(4Fo3)= D1 Dt 
mam 4 
0,1 
(Yq | Li | Pru a | 13 |Un)OO; 
5 a 
(Ey—En)(m| to|m’) 
)(z) dt; ee 
So @) ea Te) pe —Ey, 
_ 21) Eg —En _(m| Hom’? 
2n?+1 a’ mem Eg—En+ Em— Em’ : 
(30) 
by Eq. (19). 


Ordinarily, as the light absorption of dye 
molecules occur at much longer wave-lengths 
than that of solvent molecules which are 


colorless, 
|£,—En|> |Em—Em | ’ 
Hence 
(AEy3>= Sree = on (210 | Ho | 772")? 
jg Sree a (31) 
f E,—EnJ 
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In ordinary treatments, by the second order 
perturbation, the additivity holds for the in- 
duction energy and the dispersion energy. If 
we use it, we obtain (m?—1)(m?+1) instead of 
2(n*—1)/(2m?—1) in all equations above, which 
means that when the number of the molecule 
is very large, the total error cannot be always 
neglected, even if the particular error of each 
term is small, and that we cannot assume 
simply the additivity rule. 

In the end, considering all the effects above 
we obtain for the energy change in the state 
m, and neglecting the term involving 


2{D=1)(n?—1) 
2D+1 2n?+1 ’ 
ss 
CAP ae on Sys 200-1) bm? = Lag bin 
D+1 a 2n? +1 a 
ADA Dany hi, (972| to | m2’)? 
32D+n2 \D Q@ Mm =m Em— Em? 
> > 
cee CEN OME Loca aabye 
Ceeah a panes Enm— hi 


(rol9 | Lo | my’) Hm(Y iz, Lo m’)} 
= B 2 Ey —Em? 


Mm’ 2m 


2(m*—1) 1 a 
Qn?-+1 a on (a2 | fo | 970’) 
x 1! _Em— Em} 


ip =e (32) 


$3. Results 

The shift of the wave-length of the ab- 
sorption maximum is the difference between 
<4E> for the ground state and that for the 
exited state, 


{4E >e—(4E gy 
— ADV) tg? Mg Me, 2(n?—1) Mg Me be? 
2D+1 a 2n?+1 a 
ZO) (D7) al (7 | £40 |)? 
3(2D+n? \D a mg Em—Eg 
(e| Ho|2m)*) 
mse Em—Ee 
aa {4t9(g| Ho| m0))? 
2D+1 msg Cneeey 


ayy Caste Lo i | m)}* 


mace Em—E€e 


_ Os {2g | io | m)} {neq ¢ Bo | es 


MAG Em—Eg 
a(n? — 1) up 2 Gi Go 
+ OORT gil 2, Wlolmy (1 aa 


Yuzuru OOSHIKA 


ae (e| M4 | 970)? ( oa: 


The first and the second terms may 
either positive or negative according to tl] 


magnitudes and directions of Lg and jie an} 
we call them together the polarization effecif 
The sign of the third and the fouth terms ar} 
not constant, while the last term, which exist} 
also for non-polar dyes in non-polar solvents 
is always negative (red shift). They may 
named the induction effect, the polarizatio 1 
induction effect, and the dispersion effect, re 
spectively. | 

Thus, we obtain the following formul| 
which explains the shift of the wave-lengt] 
of the absorption maximum of a dye in vari 
ous solvents. | 


2(D—T) 2(n?—1) Fak: 
RES OSS (8 A 
ee ieee One 
2D-+1T f (2D+n?)D 
(33) 
where 
te pa? — Habe 
a ; 
hice 2 
gallo He AG are) — sy > (e| 4o| 72) 
@ a Phy 
= Wie 
if hee Lm, CA Lo | 112) (En—Eg) 
= E> (e| 4o| 2)? En—Ent 
552 
~ Poller 29 0,  o9=(Ee—Eg)/he, 
8 = 543 Sy {nog H6| 2m)? 
a mg Em—Eg 
{219(e| 29] 2)}? 
2, Gii—Ge 
oss {ag jto|m)} {ng | j1o|)} ) 
miekd Em—Eg j | 
=) 2 {Ho Lto| e)} {(2itg— L(G Bo |e)} : | 
GE Ee—Eq Z | 
en WE = luolon _ 5 (elon 
3a° meg Em—Eg me Em— Ee 
~ ART (a) 106 | 
ci iy, COR 
ds=(Ln—E,)/he , (35) 


where h and c is Planck’s constant and the 
light velocity and a, 8, 7, 6 and € are esti- 


11954) 


nated by the wave-length and the intensity 
»f the intrinsic absorption of the dye. In the 
hbove equation, we used the approximation 
{that the contributions from (sm| |’) may 
joe neglected except for that from (e|/|9), if 
chose terms have been divided by &—&m-. 

j We can obtain various conclusions qualita- 
jtively from the above formula. 

a. It is not only the dielectric constant D, 
jbut also the refractive index » and the ab- 
ssorption wave-number ao; of the solvent that 
{determines the shift 4c. The fact that do is 
not always parallel to D is explained by this 
veffect. The absorption maximum of the dye 


0 
| 


Me—N&  =(CH—CH», =C 


BoSN 
Ph 


‘shifts towards blue with dielectric constants 
in the order of chloroform, pyridine and ace- 
tone, but in nitrobenzene, of which dielectric 
‘constant is larger than of acetone, the dye 
absorbs light at shorter wave-length than in 
acetone. This fact may be explained by the 
much larger refractive index and much longer 
absorption wave-length of nitrobenzene. 

b. When the dielectric constant is small, it 
is the first and the second terms that produce 
the red shift, but, since the first term is pre- 
dominant, the absorption maximum shifts to- 


wards red only if pet < pepe Ordinary dyes 
have a smaller dipole moment in the ground 
state, and hence the solvent effect is in general 
to produce the deeper color. 

c. Even if the shift is towards red when 
D is small, it is possible that, with increasing 
dielectric constant, the absorption wave-length 
passes a maximum and then shifts towards 
blue. This is the case of the dye IV describ- 
ed previously, and the point where the wave- 
length is maximum is near the isoenergetic 
point as Brooker pointed out, but, since the 
present theory can be applied only when D 
is small, the detailed discussion will be pre- 
sented in a later paper. 

d. If the merocyanine has an abnormally 
acidic nucleus and an abnormally basic nu- 
cleus, the polar resonance structure may by 
more stable and “,? may be more larger than 


(ita Hee) This corresponds to the case of the 
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dyes II and III. 

e. When y,~0, the effect of the solvent 
is very small, even if a small dipole moment 
is produced by the interaction with the solvy- 
ent, because the effect is proportional to sy. 
In contrast, if “#y is large, the solvent effect 
is also large. This is in agreement with what 
Brooker has observed with the dye II and its 
homologs and is a special case of so called 
“Sensitivity rule”. 

Thus the solvent effect can be explained 
qualitatively by the present theory and no 
facts that are contrary to the theory have 
been found, so far as the author knows. 

We will carry out the detailed calculation 
for actual dyes in a later paper, in which a dis- 
cussion will be given without the perturbation 
theory, and, here, we content ourselves only 
with the discussion of the effect of non-polar 
solvents. 


$4. Non-polar Solvents 

In non-polar solvents, D equals » and the 
second power of 2(D—1)/(2D+1) may be 
neglected. Therefore, 


el r ) 
AG=— +p— 
hcAo ows at+B a 


that is, 


If we plot —{(2n?+1)/2(m?—1)}4o against 4s, 
the absorption wave-length of the solvents, a 
straight line will be obtained. The following 
data are the ones for the dye I estimated by 
the author from the absorption curve in the 
paper of Sheppard. 


solvent in gas n-hexane CCl, CeHe CS: 

n = yieael'Srh461- 1550" 62 
4,(A) — 1,600 2,300 2,600 2,300 
o(em-1) 21,300 19,700 19,000 18,600 18,300 
=Ageap~ oe 1,600 2,300 2,700 3,000 
BOTS fg A260 5, BBO AAO -60 
2(n2—1) 


The longest wave-length absorption of CS, 
is very weak, and we adopt the next absorp- 
tion as As. Fig. 1 shows {(2m?+1)/2(7?—1)}4o 
as a function of 2s, and it is seen that the 
four points lie on a straight line. Bayliss 
has thought that do was proportional to 
2(n?—1)/(2n? +1), but the constant of proportion 
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proves to be incorrect from the present theory, 
because it is 
gut Pe et Gieolam) (erga)? 
Lg — He mag me 
<5 ialbat = Wa eee ga 
a a 
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(Vol. 
and the f-value of the transition vanishes. | 

This work has been done by the financig 
aid of the Ministry of Education in 1953. | 
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The authors 


calculated the wave aberrations of the slightly 
decentred lens system with the finite aperture. 


First a general 


formula was obtained for the wave aberrations of the decentred lens 
system, and then the problem was confined to the axial object point. 
In addition to the spherical aberration that had inherently existed 
before decentering, new aberrations were introduced. These new ones 
were the spherical aberration, coma and astigmatism, and of these 
three coma was the most effective, as the other two were the smail 


quantities of higher order. 


$1. Introduction 


Generally speaking, when the axes of the 
lens elements composing a lens system are 
not at one with each other, the system is 
called as decentred, and the decentering 
deteriolates the lens performance seriously. 

The problem of the decentred lens system 
has been studied by many investigators, and 
many interesting results have been reported. 


In the following we calculate the formula’ 
of the aberrations of the slightly decentred 
lens system with the finite aperture, by ex- 
tending the André Maréchal’s method.» 


§2. General Theory 


A centred lens system has a common. opti- 
cal axis both in the object and the image 
space. In Fig. 1 the optical axis crosses the 


entrance pupil @ and the exit pupil Q’ at A 
4 and A’, the object plane O and the image 
plane J at C and C’, respectively. 

In the polar coordinate with the origin at 
C in the object plane, an object point P is re- 
| presented by 7 and 4, where y is the height 
| of the object point and ¢) is the azimuth mea- 
sured from a certain standard meridional 
plane. A incident point H (i, ¢:) of a ray 

from P in the entrance pupil is also represent- 
-ed by the polar coordinate with the origin at 
| A, where Ji is the height of incidence and ¢; 
{ is the azimuth measured from the same 
meridional plane. 

If this lens system undergoes a slight de- 
centering, a ray that emerges along A’C’ in 
the image space is no more on the original 

axis AC, but on the slightly displaced line BD. 
| That is to say, the optical axis, observed from 
the image space, appeard as if it had been 
removed from AC to BD after the decentering. 

The intersection points of the new axis with 

the object and the pupil plane are D (Z, £) 

end 5 (s, a). 

We transform the polar coordinates by 
changing the origins from C to D and from 
A to B in each plane. Then the object point 
P and the incident point H will be shown by 
P (y’, ¢) and H (h,’, @2) respectively, and 

~ among these coordinates the following relations 


are found, 


y, sin du=y2’ sin ¢.+2 sin Bf , 
Yz COS fi=Yo" COS d2+# Cos B , (1) 
Jy sin dh:=h,’ sin d.+s sina , 
hy Cos di=hy’ CoS $2 +SCOSa. 


Assuming the directions of the decentering 
elements are all the same, we get 
a=. (2) 

Let the inclination of the new and old axis 
be &, then we have s=fp+t, where p=sin € 
and f is the object distance from the pupil. 
If the decentering is assumed to be small, 
then s, ¢ and # are all small quantities of the 
same order. 

As the axis inclines, the heights of the ob- 
ject and the pupil incidence must be corrected. 
The true heights y, and hk, will be obtained 


ad 
from the vector products of the vector DP 
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or BH and the unitary vector of the new 
axis. 

Neglecting small quantities of the third and 
the higher order, we have the next expressions. 

Yo’ =Yo[1+ 3p? cos? (¢2.—8)] (3) 

hy’ =hy[1+34 p? cos? (d.—a)] , 

Substituting (2) and (3) into (1), we get 

yi sin gy = y[1+3p?cos?(%.—a) sind, +¢sina 

yi cos¢i = y,[1+43 p? cos?(¢,—a@)|cosd.,+¢cos a 

Jy sin ¢:=h,[1+4? cos?(d.—a@)|sing.+ssina 

In cos¢i = h,[1+2p? cos?(¢.—a@)]cos¢.+scosa. 
(4) 

By consideration of the rotational symmetry, 

the wave aberration of the lens system before 

decentering will be of the following type, 

A= fly’, In, YI cos (¢1—G1)] . (5) 
Owing to the slight decentration, the coordi- 
nates of the object and incident point turn 
into P (y, ¢.), and H (hz, ¢,), and the wave 
aberration 4’ after decentering will be shown 
as the sum of the following two terms, the 
term of the prism action, which contains as 
variables y2, Jz, ¢2, $2 instead of %, In, d1, di 
and the term 6 (y2, Jy, S, t, 2, ¢2, a), Which 
represents the small change of the aberration, 
iy 

A’ = f[Yy2?, Io’, Y2h2 cos (¢2—$s)] 

+O(Y2, Ita, 8, t, Po, bo, &) (6) 
The additional term introduced by decentering 
can be calculated by the total differentiation 
of the function f/f. 
In general, 4 can be represented by 
4= f[y?, h*, yh cos (¢—9§)] 
= tee Caee ey * it COS), eta) 
where o:+%Cj+%-x% is the intrinsic constant about 
the lens system, and the order of the aber- 
ration term is defined as 
n=t+j+k—1. 
We calculate the necessary quantities from 
(4) and (7), and substitute them into (6), then 
we obtain a following expression, the quanti- 
ties of the third and the higher order being 
neglected, 
4’ =4+A+B cos (¢,—a)+C cos (6.—@) 
+D.cos? (b,—a) +E cos? (¢2—-@) 

+F cos (¢2—@) cos (¢2—@) , (8) 

where 


= S. PE RCHTE Ree a ee COSK (b,— 2) 


4=>' 
A= > [(#hz?+Js°y2”) Cos (hg — Ga) Rst volts iis nCatemeie ta tis an COS (do— 2) 
B=) [2zth,z cos (Qo— 2) +Rsys lois nCoj+K gia? Fe tot *F—) cos* reaG.) 
C= > [2jsy2 cos (qh. — bo) + REM2 Joes no 544 KY2r Py? ? cos*~1 (d2— de) 
D= > [2¢(¢@—-1)Ph.? cos? (b.— bz) + 2kisty hz COS (ho — ba) + 3R(R—1)s?y2? 
+(¢+h/2) p?ys?Its? COS? (ha— G2) brie nCag ee nya *P-*May?d t? cos*~? (¢,— ¢z) 
E= > [2j(7—1)3y22 cos? (fb, —b2) + 2jkstyzhz COS (b2— $2) + 3R(R—-D Phy? 
+(7+k/2) p’y2"hs Cos? (ho— Po) Ini nCoge ne nyo 7B 7fg?I tB-? cos*~*(h,— 2) 
F= > [4¢jstysht, cos?(h,— $2) +2( jks?yo? + Rit’hy”) cos (b2— 2) 
+R(R—1)styohe]oe4 woj4 te nor **- *My25*®- 2 cos®-? (f2—de) . 


§3. Aberration for the Axial Object 


In the special case, when the object point 
is on the axis, namely y,=0, (8) becomes 


Ag = 4) + Ap +Cy Cos (¢2.—a@) 4: Ey Cos? (¢2—-@) , 


(10) 
and here 
Ao = di 027-02” 
j 
Ag= di [JS?0Coj- 0+ (StiC2j+1-1 +P2€25- 0) M2? |h?5-* 
Co= Dd) (2JS0C25-0 +t1C2541-1o?) 75-1 
Fo= & [27(J—1)8?0€25- 0+ 2jstiCoj+1-1hy? | 
+0 2C2j+2:2h2*+ J P'oC25-oh2|he5-? . 
(11) 


The first term of (10) is equal to the spheri- 
cal aberration which is preserved constantly 
before and after decentering. The following 
terms correspond to the spherical aberration, 
coma and astigmatism, which have appeared 
by decentering. As s, ¢ and p are small 
quantities of the same order, Ay and EZ) are 
those of the second order. 

For the usual lens systems of relatively 
wide aperture it is enough to take up to »=2 
in the wave aberration formula,* and when 
we neglect the small quantities of the second 
order, we have from (10) and (11) 


A’ = (Coho + oCooht2®) +[ (4S C19 thie) Me? 


+ (68 C6 +f1Cs1)h»°] cos (62a) « (12) 
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In this formula, oC and Cs indicate the 
first and second order spherical aberrations | 
and ,Cx and iC; indicate first and second } 
order comas. Therefore, if one of them is 
not zero at least, the lens system will manifest | 
coma for the axial object after decentering. | 
After all for the axial object point the aber- 
rations of the slightly decentred lens system 
are interpreted as the sum of the spherical 
aberration which had existed before decenter- 
ing, and coma which appears after decentering. 

The quantities s, ¢ and p which appear by | 
decentering are the small ones of the first 
order, and they can be calculated by paraxial 
ray tracing if the decentred values of the 
elements are known, and then we can get 
the numerical values of the aberrations by 
these quantities. 
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On the Subsonic Flow of a Compressible Fluid 
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Introducing new variables the fundamental equation for compress- 
ible fluid flow in the hodograph space is reduced to a form similar to 
that for incompressible fluid flow. 

Safely neglecting the variation of the shape of an obstacle caused 
by the transformation, we can obtain the velocity distribution on 
the surface of the obstacle for the case of compressible fluid flow 
from the corresponding distribution on the surface of the same 
obstacle for the ease of incompressible fluid flow (which is known 
theoretically or experimentally), with the aid of the following rela- 


tions: 


25 (l+a)l/# 


p=1—-@/ery? , 


$1. Introduction 


As is well known, the subsonic flow of a 
/compressible fluid past an axisymmetric slen- 
der body can be easily dealt with by the 
linear theory, due originally to prandtl [1] 
-and Glauert [2], which has been applied to 
the present problem by several writers [3], 
|[4]. However, this method does not give a 
good approximation near the stagnation points 
where the perturbation velocity is not so small 
/as to be negligible in comparison with the 
free stream velocity. 

On the other hand, by using the successive 
/approximations of the M’-expansion method, 
due originally to Janzen [5] and Rayleigh [6], 
we can, in principle, approach the exact solu- 
tion as closely as we want. In fact, this 
-method is successfully used in the case of 
such low Mach numbers that even the first 
-approximation can give a good result, but it 
is very laborious to obtain good approximation 
in the case of high Mach numbers where we 
‘need to take many terms of M?-expansion 
because of the convergence of the series be- 


f 


ee 


l+p 
a=(y-D/(y+1), 


where q, g, c and y denote respectively the magnitudes of fluid 
velocity in incompressible and compressible fluid flows, the local speed 
of sound and the ratio of the specific heats. 

As an example the velocity distributions on the surface of a prolate 
spheroid with thickness ratio t=0.1 are calculated for various Mach 
numbers and they are compared with the result obtained by the first 
approximation of the M?-expansion method. 


coming very slow. 

In this paper, the fundamental equation of 
compressible fluid flow in the hodograph space 
will be expressed in a simple form by the 
use of new variables, based on the assumption 
that the angle of inclination of the velocity 
is very small. This simple equation is formal- 
ly equal to the hodograph equation for in- 
compressible fluid flow. Thus we can obtain 
very easily the velocity distribution over the 
surface of an axisymmetric slender body, 
provided that numerical tables of new vari- 
ables are prepared. In this connexion it will 
be of interest to mention here that an analo- 
gous procedure has been developed by Imai 
[7] for two-dimensional compressible flow and 
that the numerical table prepared by him can 
be immediately used in the present three- 
dimensional case. 


§2. Fundamental Equations 


We shall take the cylindrical coordinates 
0-zy, where the x-axis is taken along the axis 
of revolution of the body and y denotes the 
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distance from the axis. If we denote the 
velocity components along the z-and y-direc- 
tions by uw, v and the density of the fluid by 
p, the axisymmetric irrotational flow of a 
compressible inviscid fluid is governed by the 
equations: 
9 (oyu) +—2-(oyv)=9, (2.1) 
Ox Oy 
APs laa (2.2) 
Ox Oy 
If, instead of the velocity components uw, v, 
we make use of the magnitude q and the 
angle of inclination @ of the velocity vector 
such that #«=qcos 8, v=qsin#, the above two 
equations become respectively 


{sing 90 sin 9 80. 
q) + cos 6 Ox + sin # ay 
nos 00 06 | 
osin @ Ae +ocos 6 ay | 
Ly te ay alse (73) 
Ox 
a} cos yo sin 0 _ + sin 8 aa 
Mrs hae 
cos 6 ay =e (2.4) 


For a slender obstacle we may assume that 
G) Except in the vicinity of the stagnation 
points, @ itself and spatial derivatives of q, 9 
and oe are all very small so that the second 
and higher powers of these quantities can be 
neglected. 

Thus, remembering that sin0=6, cos @@1 


when gq-<0, Eqs. (2.3) and (2.4) become 
respectively 
OE aoe LOC NG ioe: aerate 
a : sae +0 ay rte An =0, (2.5) 
00 =60g 
—— =0. : 
TO Oy eo 


(ii) At the stagnation points themselves we 
have qg=0 and Egs. (2.3) and (2.4) decome 
respectively 


OO, OST, 16g 
924 po ass 
cos Ox + sin By 0, (Bol) 
ren OGe Og _ 
sin @ Ax cos 0 By ==) , (2.8) 
Hence we have 
0q/Ox=O0q/Oy=0 . (2.9) 


The same results can be obtained by putting 
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| 
q=0 in (2.5) and (2.6). Therefore we can 
conclude that Eqs. (2.5) and (2.6) can be used’ 
even at the stagnation points where the angle 
of inclination of the velocity is not always) 
small. | 

We shall introduce the modified velocity) 
potential ¢ satisfying (2.6) such that ] 


log q=0¢9/0x , 0=0¢/0y. (2.10) 
Then using Bernoulli’s theorem: 
(c?/o)dp+qdq=0, (2.11) 


where c=(dp/dp)'” is the local speed of sound, | 
we obtain, from (2.5) and (2.10), the following 
fundamental equation: 


PNO-0 OL? 
jig? — t 
( @ tes t Oy? a 


§ 3. Fundamental Equation in the Hodograph 
Space 


1 09 _ 


0. Be 
y Oy 


Now we shall apply Legendre’s transforma- 
tion to (2.12). Thus putting 


0¢/0x= log q=Q , 0¢/dy=8 , 
r=00/09 , y=00/086 , | (3.1) 
o=xQ+yd—¢ , ) 


we obtain the differential equation for deter- 
mining the function » with @ and @ as in- 
dependent variables, namely: 


2 Ow 020 
eee 
( Slee + 9Q: 


py Lae ro) -( 


(OQ? an 


2 7 of SG. en 


6000 ) fawja0 
§ 4, 
We shall consider the factor K=1—q?/c? in 
the first term in (3.2). This K is of course aj 
fixed function of g or Q. Thus, for the flow 
of gas obeying the adiabatic law poco’, where } 
y is the ratio of the specific heats, we have 
K=(—q)(—a'@), a =(r¥-1)/(r +. 
if we introduce new variables t and W such) 
that 


c= —|Kvag = —\vi-eicdaia, | 
o=K 2 W , 
then (3.2) becomes 


Approximations in the Hedograph Space 


4.1) 


ew @Pw aw 
50? Oc? +kw—n ac 
(OW i OW ew 
+4 Sains ene a 
ow @W)] @ 
" a0 ee ae (42) 
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where 
(Ray ae Wi aac ani 
dQ ~ (1—q)8 (1—a’q’) 
x {2—(3a?-++5)q?-+6a2q"} , 
dK“ (1—a*)¢! 


n 


ag (1—q?)3?2 (l1—a2g?)!2 : 

We now discuss the orders of magnitude 
of various terms in Eq. (4.2). To do this, 
we note that 
(i) In the vicinity of the stagnation points, 
all the terms kW, nOW/dc and nOW/00 can 
be neglected in comparison with other terms, 
since k and 7 are of the order of q?. 

Gi) Except in the vicinity of the stagnation 


| points, the flow of gas is nearly parallel to 


the z-axis, so that |W], |@|, and the spatial 
derivatives of g and @ are all very small. 
On the other hand, following relations may 


exist: 


OW/d-~O(x) and d@W/d0~O(y) , 


and hence 
PW gO), OH of 4 29.) 
Or? 0q 0700 Oq/’ 
Oow 


dy 
Ae 
00? = ) ; 
Thus, as in the vicinity of the stagnation 
points, all the terms kW, nOW/O0r and ndW/00 
can be neglected in comparison with other 


terms. 
(iii) At a great distance from the obstacle, 


_OW/dc and OW/00 may become very large, 


since they are of the same order of magnitude 
as x and y respectively. But, making use of 
the relations: 


a> co Zz 


it can be shown that the terms 60?W/dr?, 


| W/0c00 and 6?W/06? become infinity of the 
order higher than 0W/dc and OW/00. 


Thus, finally Eq. (4.2) can be approximated 


_ very closely to 


002" Or? Or? 00? 
~(Fear) lowiao ~° 
0700 ] |OW/00 i 
Corresponding Incompressible 
Flow 
In the case of incompressible fluid flow, we 


have the equations which correspond respec- 
tively to Eqs. (2.5) and (2.6) for compressible 


CW aw cee 


(4.3) 


Fluid 
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fluid flow, namely: 
vp tdoget se=0, Gul) 
oe ree (5.2) 


Introducing the modified velocity potential 
%) such that 


log Qo= 9 o/Ox ; A) =O0%y/0y : (5.3) 
we get from (5.1) and (5.2), 
0?L 0? Po il OLo 
—=(). 5.4 
Ox oy? y+ Oy on 


To this equation we apply Legendre’s trans- 


formation. Thus, putting 
0% )/0z=log ga=Wo= —To » OY,/Oy=% , 
X=00)/0Qo A Y=0a/00y 
Wy =xQo+yIo—Fo , 


(5.5) 
we obtain the differential equation for deter- 
mining the function w) with t) and @ as 
independent variables, namely: 

0?.W 0? Wo ; 020 07a 
00? OT)? OT)” 00,” 


-( 02H y| Ao ay 
OT 00 00900 


It is of great importance to note that this 
equation is formally equal to the fundamental 
Eq. (4.3) for compressible fluid flow in the 
t0-space. Thus, if we know an incompress- 
ible flow pattern expressed by o(to,4o), we 
can immediately obtain a corresponding com- 
pressible flow pattern o(c,@) by making use 
of the following relations between the vari- 
ables: 


i=, 
== Q=—2=|'VI=@edala G0) 


(5.6) 


In the case of the adiabatic gas, the second 
equation becomes 


mernc( pen) cae 
‘ 1—ap re | (5.8) 


p= Kage, 
where C is an arbitrary constant which can 


be conveniently determined by the requirement 
that q@—q as g>0. We then have 


C=2(14-a)- 2. 

It may be of interest to remark here that 
the relation between g and q as expressed by 
(5.8) is quite the same as the corresponding 
relation introduced by Imai [7], [8] in the case 


608 
of two-dimensional irrotational flow. 


§6. Boundary Conditions 


We now consider the relation between the 
boundaries of compressible and incompressible 
fluid flows. In the case of compressible flow, 
the variables 2 and y can be expressed as 
functions of t and @ in the forms: 


Pen st Gage Wap ") 
an is ny 
Ww, OW op 6.1) 
1/2 4 
dy=K- ro) aan ap Oe os ie 


while, in the case of incompressible flow we 
have 


d2y=— Teo To+ wa) aby) , 
OT” OT 04 (6 2) 
0? Wo oO Mo 
= dD, . 
Oar per ak Gara 


In the physical space of compressible flow, 
the gas must flow tangentially along the sur- 


axis of revolution 
stream line 
curve Cs 


curve Co 
source and sink 


Fig. 1. 
pattern due to a pair of source and sink lying 
along the axis of revolution in a uniform 
flow. 


An axisymmetric incompressible flow 


face of the obstacle, so that we obtain, by 
the use of (6.1), the following equation: 


aw. , ew 
Cee aro" age 
Pia Wo BW oy 
a) 


=tan@ on Cz, (6.3) 


where Cz is the meridian curve of the obsta- 
cle. If we make use of (5.7) and P: 2), this 
equation becomes 


07.0 (oo) 
Or ae) 
Gy ge on come 
eek ie ae 
dx 0709 Poo ae 
OGne 2 OT 08 3 
= K-¥%(¢,) Si Lyo He tan Oy (6.4) 
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dyo/day= K/(zo) tan A 
on curve Cp, say. 


Hence 
(6.5) 
The curve Cy) cannot be the boundary of 
the obstacle for incompressible fluid flow, 
since the gas does not flow tangentially along 
the curve C, but crosses it. (In fact, 


the curve Cy should be expressed by dyo/day= 
tan. Oy) 

If we consider an axisymmetric incompress- 
ible flow pattern due to a certain distribution 
of sources and sinks along the axis of revolu- 
tion in a uniform flow, it is recognized that 
the curve C, lies in the interior of the boundary 


of an obstacle denoted by a curve C,* on. 


which the following condition is satisfied: 
dy*/dz*=tan 6o* (6.6) 

where (dx*, dy*) is the line element along the 

curve C,* and 0 * is the angle of inclination 


orn (Gy 


of the velocity at a point on C;* (cf. Fig. 1). | 


If an obstacle is slender, the flow is nearly 
parallel to the z-axis except near the stag- 
nation points, while the value of K'/?(t9) is 
almost equal to unity in the vicinity of the 
stagnation points. Hence we may safely as- 
sume that at the two points having the same 
abscissa (w=2*) on the curves Cy and Cz*, 
the inclinations of the velocity 4) and @* will 
take almost the same values. Thus, putting 


Oo=6o* Ati te (6.7) 
Eq. (6.5) becomes 
dy o/dxzy= Kc) tan Oo* , (6.8) 
which, by the use of (6.6), becomes 
BYo/d x9 = K (cy) dy*/dx* (6.9) 
Comparing this with (6.4) we obtain 
dy/dz=dy*/dzx* , (6.10) 


from which it will be seen that the shape of | 


the boundary of an obstacle in compressible 


flow is quite the same as that of the cor- | 
responding obstacle in the correlated incom- | 


pressible flow. 


If this correspondence of the boundaries: 


is used, we can find the magnitude q of 


the velocity of compressible flow on the sur- | 
face of an obstacle with the aid of the relation | 


(5.8), provided the magnitude of the velocity 
of incompressible flow on the surface of the 
Same obstacle can be known theoretically or 
experimentally, and for this purpose we can 
conveniently use the numerical tables for the 


the | 
condition that the gas flows tangentially along | 


i | 
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Velocity distributions on the surface of a prolate spheroid with thickness 


ratio t=0.1 for M=0, 0.7 and 0.9. 


relation (5.8). which has been given in Imai’s 
papers [7], [9]. 


§7. A Numerical Example 


As an example, we shall investigate the 
velocity distributions on the surface of a pro- 
late spheroid of thickness ratio ¢=0.1 for 
several Mach numbers. As is well known, 
the magnitude of velocity of incompressible 
flow on the surface of a prolate spheroid is 
_ expressed by 

sin 6 
A= coe 


/ 1—e? 

=e} ( 1— ——— log =—— 
rs é|( 2¢ gar 
t=c/a=V 1-2 ) 
y=csiné, 


(7.1) 


zx=acos 6, 


where a, c and qa are respectively the semi- 
major and semi-minor axes of the prolate 
spheroid and the free-stream velocity. If we 
take ¢=0.1 the value of B becomes 1.02071. 

On the other hand, between the free-stream 
velocity g. and the free-stream Mach number 
M incompressible flow there exists the re- 
lation: 


Fede ar t+DM? 
“ 14+3(7-1)M?" 
Thus, starting from the incompressible flow 


(7.2) 
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Fig. 8. Variation With the Mach number of 
the ratio of the maximum velocity occurring 
at the end of the minor axis of a prolate 
spheroid with thickness ratio t=0.1 to the 
free-stream velocity. 


velocity distribution as given by (7.1), we 
have calculated, with the aid of (5.8) and 
(7.2), the velocity distributions of compressible 
flow for M=0.7 and 0.9. The values of g/q. 
thus calculated are shown in Fig. 2. The 
points on the surface at which q=q. are the 
same for all Mach numbers; this is due to 
the assumed simple correspondence between 
the boundaries of the obstacle in the physical 
and the hodograph planes. 

Recently, Hida [10] has dealt with the pre- 
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sent problem by the M?-expansion method. 
He calculated the velocity distribution correct 
to the order of M2? on the surface of the pro- 
late spheroid with thickness ratio t=0.9. Be- 
cause of the computational difficulty, however, 
he did not obtain the velocity distribution on 
the whole surface in the case of such a small 
thickness ratio as 0.1. But he has calculated 
the ratio of the maximum velocity occurring 
at the end of the minor axis to the free-stream 
velocity as a function of the Mach number, 
which can also be obtained by the present 
method. 

Both results are shown in Fig. 3. It will 
be seen that at low Mach numbers both 
methods give almost the same values, but at 
high Mach numbers the values obtained by 
the present method become larger than those 
obtained by the first approximation of the 
M?-expansion method. It may be expected, 
however, that if we proceed to calculate 
similar values correct to the order of M*, M®, 
... by using the second and higher approxi- 
mate solutions, they will approach to those 
obtained by the present method. 

The critical Mach number at which the 
fluid velocity first becomes equal to the local 
speed of sound becomes 0.9153 by the present 
method, while it is 0.972 by the first approxi- 
mation of the M?-expansion method [10] and 
0.962 by the linear theory. (This value 0.962 
has been re-estimated by Hida from Sears’s 
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note [11].) Considering that the approxima- 
tions of these three methods fail near the 


critical Mach number because of different — 
reasons, this large difference among these | 


three values of the critical Mach number is 
not surprising. 

The writer wishes to express his heartiest 
gratitude to professor I. Imai for his many 


useful suggestions and kind advice on this | 


work. 
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The motion of an incompressible viscous fluid generated by a cylinder 
of arbitrary cross-sectional form which is started to move suddenly 
from rest with uniform velocity in the direction of its length is con- 
sidered. By using Laplace transform and complex variables, asymp- 
totie expansion formulae in powers of a2/(vt) are derived for the 
velocity distribution (valid in the vicinity of the cylinder) and for 
the frictional drag on the cylinder, correct to the order of a2/(vt), 
where a is the characteristic length of the cross section, v is the 
kinematic viscosity, and ¢ is the time. These formulae are given in 
terms of only the analytie function which maps conformally the 
region outside the cross section of the cylinder onto the region out- 
side the unit circle, and of certain integrals F,’(a/y’yt) which are 
common to any arbitrary cylinder. In particular, when a/,’y¢ is 
sufficiently small, the total frictional drag on the cylinder per unit 
length is expressed as 4nuWE)(a/Vy ¢t)~4a,W(8-1—B-2---), irrespec- 
tive of the cross-sectional form, where @=—2[y+log(a/4yf)], and 


y=0.5772--- (Euler’s constant). 


§1. Introduction 


In 1911 Rayleigh’) considered the following 
problem: with Cartesian coordinates (2, y, 2) 
an infinitely thin flat plate coincident with 
the plane 7=0 is initially at rest surrounded 
by an incompressible viscous fluid also at 
rest: starting at time 7=0 the plate is made 
to move uniformly with velocity W parallel 
to the z-axis, and we are required to deter- 
mine the subsequent motion of the fluid. 

The significance of this problem is great, 
especially from the point of view of the 
boundary-layer theory. The boundary-layer 
nature of the motion of the fluid is easily ob- 
served from the velocity distribution obtained, 


w= W{[l—erf 4y(vt)-/7] , 
where v is the kinematic viscosity. Also, re- 


placing ¢ by 2/W in his unsteady flow solution, 
Rayleigh formed a qualitative picture of the 


/Blasius problem of the steady flow past a 
semi-infinite plate y=0, z>0, whose leading 


edge is normal to the direction of flow. 
Recently, interest is developing in the three- 
dimensional boundary-layer theory. Howarth» 


-appreciated the significance of ‘Rayleigh’s’ 


problem, and treated the corresponding pro- 
blem for a semi-infinite plate coincident with 
the half-plane y=0, x>0, in order to throw 
some light on the flow past an infinite quar- 


ter-plate and on the edge effect on the bound- 
ary-layer growth. With a view to studying 
the corner effect, the author*) discussed the 
problem for a bent flat plate of angle a; the 
same problem has also been discussed inde- 
pendently by Sowerby! and by Sowerby and 
Cooke’. Jaeger® also treated the correspond- 
ing heat conduction problem from a different 
point of view. 

In these papers the width of the plate is 
infinite. The total skin friction D fora plate 
of finite breadth with corners and edges is 
given approximately by the formula 


D=2nW([Drx SL;+5E\] , (1.1) 


where Dr=1/\/nvt (Rayleigh’s uniform fric- 
tion per unit width for one side of an infinite 
flat plate), 4 is the viscosity, SZ, is the total 
width of the plate, and SF; is the sum of the 
so-called edge and corner correction constants. 
If Z:/7/vt is small the interference between 
edges and corners becomes so large that this 
approximation fails, and the effect of the cur- 
vature of the plate is also great. Ina previous 
paper” the author studied the edge effect for 
a plate of finite breadth 2a, using the Laplace 
transform and the integral equation for the 
vorticity distribution on the plate. As far as 
a> /vt the approximation of (1.1) is good. 
On the other hand, the approximation is poor 
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when a<y/vt ; however, the asymptotic solu- 
tion in powers of a?/(vz) obtained by the 
author has been found to give a satisfactory 
result for this case and moreover give a 
smooth matching with (1.1) in the intermedi- 
ate values of a/;/yz , if the first two terms 
are taken and the terms higher than a?/(v2) 
are discarded. 

In this paper the author discusses the pro- 
blem from the most general point of view for 
the case of an infinitely long cylinder with an 
arbitrary cross-sectional form moving in the 
direction of its length. 

Apart from the application to the boundary- 
layer theory, the solution is useful for the 
corresponding typical problem of heat conduc- 
tion in solids and diffusion etc., because the 
defining equation is the same as the partial 
differential equation of heat conduction. Re- 
placing velocity by temperature or concenira- 
tion and vy by thermometric conductivity or 
diffusivity is only necessary. 

In this connection we must mention the 
research work on heat conduction problem 
for a circular cylinder by several authors)”®% 
10)11)13)16) and an elliptic cylinder and a plate of 
finite breadth by Tranter!™. Although their 
treatment is rigorous, the numerical calculation 
seems to be very laborious. Especially with 
Tranter’s solution, which is expressed as 
series of integrals of Mathieu functions, it 
would require prohibitive labour to proceed 
exactly ; in fact the numerical calculation is 
not carried out in his paper. Using the La- 
place transform and complex variables, the 
author obtained the general asymptotic ex- 
pansion formulae, in powers of a?/(vt), for 
the velocity distribution (valid in the vicinity 
of the cylinder) and for the frictional drag on 
the cylinder ; they are correct to the order of 
O(a?/vt), where a is the characteristic length 
of the cross section. They seem to give 
satisfactory approximation as far as a/y/yt 
<i. For the actual evaluation it is only 
necessary to know the mapping function which 
maps conformally the region outside the 
cross section onto the region outside the unit 
circle, and the integrals E,"(a/1/vt ) which are 
common to any arbitrary cylinder. Values of 
E,™ have been calculated for some values of 
a/\/vt in Appendix and §7. Application to 
cylinders of some cross-sectional form is made 
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in §7. The previous results obtained for a 


plate of finite breadth are derived as a special | 


case. 


§ 2. Fundamental Equations 


The equations of motion and continuity 


possess a solution for which the velocity com- 


ponents parallel to the zx- and y-axes vanish 


everywhere, provided w, the velocity compo- | 
nent parallel to the z-axis, can be found asa , 


function of x, y satisfying the equation 
Ow oO” Oh 


at =vdw=( 2, aie wn) . (Za) 
subject to the initial condition 
¢=w/W=0 when 7¢=0, (222) 


and the boundary conditions when 7>0 
¢=w/W 

=1 at the surface of the cylinder: S, (2.3) 
(2.4) 
Multiplying (2.1) by e-”*, integrating with re- 
spect to ¢ from 0 to oo, and using (2.2) we 
obtain 


>0 as R?=2?+y?> 00. 


(4—R?)¢*=0 , (235) 
for the Laplace transform of ¢ 
QACr OF p= \"oe, y, te ?'dt, (2.6) 
0 
where 
R= ply (Re p>0). (2.7) 


From (2.3) and (2.4) we see that the boundary 
conditions on the function ¢* are 


¢*=1/p onS 
g*>0 as R—- oo. 


(2.8) 
(2.9) 
The exact determination of ¢* is difficult for 
the general shape of cylinder, and the calcu- 


lation of ¢ from ¢* by the inverse Laplace 
transform 


il C+teo 
a pt hy* 
$ oi wie e*dp (c>0), (2.10) 


is laborious even in the case of a circular 


cylinder (radius a), where ¢* and ¢ are found 
to be 


vee K (Rr) 


~ pik) ei 


Geil 
a a \ en ure J(ur) Y((ua) i= Y (ur) Jo(ua) dul 
™ Jo Jo(ua) + Y >(ua) Ca | 
(2.12) 
By consideration of dimensions, we know 


| 


1954) 


that ¢ has a similar functional form for 
cylinders having similar cross sections, if the 
value of 


S=al// vt ; (2a) 


is the same, where @ is any length defining 
the scale of the cross section (e.g. the radius 
@ in the case of a circular cylinder). When 
@ is small compared with 7/yz,i.e. when s<1, 
we can find a general asymptotic solution for 

_ an arbitrary cross-sectional form, by investi- 
gating the behaviour of ¢* when ka is small 
(see Appendix). 


§3. Introduction of Complex Variables and 
Expansion in Powers of k?a’ 


Introducing complex variable € and its 


complex conjugate & 


C=e+iy, C=2x—-2y, (3.1) 
the region outside the cylinder: €=€, in the 

' €-plane can be mapped conformally onto the 
region outside the unit circle: Z=exp(z0) in the 
Z-plane by means of analytic function f(Z) 
of the form 


€=/Z=agZ)s 


WZ Las aa (20) (3.3) 
m=1 


whose existence is asserted by the theory of 

functions, and which is easily found by the 

| theory of arbitrary wing sections in aero- 
dynamics®”. 


¢-plane ; Z-plane. 


ioe pli 


Then (2.5) can be put in the form: 

Oe yea 
@ZOZ—ti“‘<‘ié‘“ 

which must be solved with the boundary con- 
ditions: . 

i) #* is one-valued, real and continuous in 


the fleld of flow, PD) 
ii) ¢*>0 as (3.6) 


9, (3.4) 


|Z| > ~, 
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iii) ¢*=1/p on S, accordingly at ZZ=1, 

(3.7) 
corresponding to (2.8) and (2.9). As far as 
the solution of (3.4) is concerned, we treat 
k and p as though they are real and positive. 
The asymptotic solution of (2.1) when 
a/\/vt <1 corresponds to the solution of (3.4) 
when ka<1. In the first approximation we 
may neglect the right-hand side of (3.4), in 
the vicinity of the cylinder. Physically speak- 
ing, when a<j1/yzt the flow becomes almost 
stationary (w~W) except in the region (R= 
vt) at a great distance from the cylinder. 
Acting on an idea suggested by these con- 
siderations we assume that ¢* can be expanded 


into 
°° 272\ 7 
Aika (* a ) Yn, 
n=0 \ 4 
in the vicinity of the cylinder. 
Substituting (3.8) into (3.4) and equating 
the same powers of k?a? we get 


(3.8) 


=a = @) ‘ ; 
OZOZ 39) 
OL Vy ve 

Khia (3.10) 


Integrating (3.9), (3.10) successively we obtain 
Die == ICAO, (3.11) 
d*=[9\ Foy dZ+F(Z)]+e.c., (3.12) 


where F(Z), Fi(Z),--- are the analytic func- 
tions of Z to be determined by the boundary 
conditions (3.5)—(3.7), and ¢.c. denotes complex 
conjugate. 

In order to match these solutions valid in 
the vicinity of cylinder with the condition 
(3.6) at infinity, the harmonic parts F,(Z)+ 
F(Z) must not be taken arbitrarily, but are 
obliged to obey some conditions. 


§4. Harmonic Part of ¢* 
Using cylindrical coordinates (R, 9) 
x=R cos @, y=Rsin 8, (4.1) 
the fundamental solution of (2.5) satisfying 
the condition at infinity (2.4) is given by 


oo 


3S (An cos n@ By, sin nO) Knp(RR) ; 
oe (4.2) 


where K,, denotes the modified Bessel function 


ota 
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which vanishes exponentially at infinity. When 
kR<1, by use of the expressions for A,(RR); 


K\(kR)~—y7—log (RR/2) (4.3) 

1 (n—1)! 
Ki, (RR) ~~ : 4.4) 

2 (RR/2)” 
¥=0.5772--- (Euler’s constant), (4.5) 


¢* reduces to 


ow A —7— log “s + ahet poe) 


n=1 
x (An cos 29+ B, sin nO\(RR)-”, 
(4.6) 
which is the only harmonic part in ¢*, 
has already been expected in (3.9). 
In terms of complex variables €=Re’®, €= 
Re-‘®, (4.6) is the linear combination of 
—y—log (k€/2), €-” and their c.c., (4.7) 
or, introducing (3.2), (3.3) into these expres- 
sions and using 


log €=log a(Z+¢,Z-1+---) 


as 


=log atlog Z+¢,Z-?+-:-, (4.8) 
C-"=a-"Z-"1 teZ-2 +++) 
=O0 2 PO L0" 2 eae (4.9) 


[Z| >1, 
the harmonic parts in ¢*, i.e. F,(Z) and F(Z) 
in (3.11) etc. must be expressed respectively 
by linear combination of 


S—logZ, Z-", | 
aa AN ge (=, Bah ee) 
S—logZ Z-*, 
where 
S= = 7— leg (ha/2). (4.11) 


This is the condition mentioned in the last 
paragraph of §3. 


§5. Determination of ¢) and ¢, 
Using (4.10), (3.5), (3.7), and the fact that 


log ZZ=0 when ZZ=1, (5.1) 
F(Z) in (8:11) is = nl seen to be 
ig (Zs g (Slog Zaye (5.2) 


The boundary oe to be satisfied by ¢,* 
at S becomes 
¢n*=0 when ZZ=1 (n>1) (5.3) 


Introducing Fy determined by (5.2) into (3.12) 
we obtain 


1 dZ 
ies 999] 205—0n 247 9 7 [ER 
+6.C., (5.4) 
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where 


Ig= ZL+Z Dy Cee be Cite! 


n=1 


at y Sy ES mZ-%, | 


m=1 n=1 


7\9 92 = ZE+Z Situ agree i led EG 
n=l 
faa 3 3 M7 CnCnZ-"Z-” . (5,9) 
m=1 n=1 


Taking account of (3.5), (3.7), (5.4), and (5.5)| 
F(Z) is determined as follows: 


+25 $y onZ-C+D428 3 Ciba ZO nm) | 
m>n 


rohan Cn€n)(S—log Xh) 


ae 1 — x n-"ex6y \'S—log A 
n=1 


\ 


a Ss Chia Za) 


nm=1 


eS -F = 
a SS (MA Nenin Ze} | Z 


m>n 


(5.6) 


In order to interpret ¢*=¢)*+(a?k?/4)¢,*--- by 


the formula (2.10), we need interpretation of | 


Da Ss LA aye re 
Then we have 


which is given in Appendix. 


w/W=¢= %,—(a?/vt)?,—O(a*/v*t?), (5.7) 
where 
Py=%=1—Ey log ZZ, (5.8) 
1 = aZ £2 aU Bes 
?,=— . — — — 
1 fe By E (0 VA € = je ex6) 


= il 1 So F el: il 
= Cn 1 mare 24 iP =e se: ioe re 
= ( n ) rare 8 - n ) 


X Ener =—| -(1 ate x enén blog Z| 
Zm-n au | 
+E . (0-5 1 ene) log WA 
n=1 0 

-++C.€ en 

The integrals 
2 pt — 1 ie a)men* 

E,™ 7) (8—log ee 

Ca ee [(8—log 2) 72]mt1 v, (5.10) 


B= —2y —log (a’/4vt)=log (4T)—27, T= vt/a? 


come from the interpretation of p-}S-(m+D | 


(ak). For the first approximation, making 


further expansion in the integral Ey, we ob-. 


tain 

w/W~%)~1—(1/8) log ZZ, as aly/p#> 0. 
(5.11) 

§6. Skin Friction over the Cylinder 


We now proceed to calculate the skin fric- 
tion Ds per unit length over the cylinder. 


1954) 


This is connected with the vorticity distribu- 
tion over the cylinder w, 


Os= —(00/0n); (6.1) 
by the formula 
Dae (6.2) 


where 0/0n denotes differentiation along the 
outward normal to the surface of the cylinder, 
which can be expressed by using complex 
\variables as follows: 


go. | dz (- 0 0 
On |AZ ee 


ZZ=1. 
(6.3) 
Thus, from (5.7 


nD, Ws = 
Ww -aZ [pE+s acs (14.3 een) 


)\—(5.9) we obtain 


= Le Se 
+2H)}. 1-™ 500m) +E 
n=1 2 
x © OnOnZ- (m—-n) __ eS 1 enZ- or ) , 
m>n 77 n=1 


(6.4) 


where, Re stands for “the real part of ”. 
In particular, the total frictional drag D per 
unit length is given by 


D= b27-D.| dz 


2 dees ae Zt ES. (1 ae ent | 


n=1 


This shows the interesting similarity rule 
that: If a/1/yz is sufficiently small, the total 
frictional drag D is expressed by 


An wWE\(a/\/ vt )~2nuw/{—7 —log(a/7/40)}, 
(6.6) 


irrespective of the shape of cylinder. Phy- 
sically speaking, if j/y¢ is large compared 
with a, the boundary-layer thickness is large 
and the velocity of the fluid is almost station- 
ary except in the region which forms the 
outer edge of the boundary layer. This 
vaguely defined region which surrounds the 
cylinder may be considered to have a nearly 
circular form as a result of diffusion of 
vorticity. 

It may be noted that (6.4) and (6.5) can be 
also obtained directly from (5.4)—(5.6). 


Instead of the series form 1+ Senen etc. 


=1 
given in (6.4), (6.5) and (5.6) ae can use 
integral representations of them, which can 


Rayleigh’s Problem for a Cylinder of Arbitrary Shape 


615 


be easily obtained by using the theorem of 
residues: 


i +S Sono = 5 Sa LKOI* ge 
n= eA 


= te |g(e%®) |2de , (6.7) 
Tae Wes is mG I | 
1—>} nN Cee 
n=1 re ‘ a, acl 
1 : ede 
ar i “hea ge) do , 
7 Jo 0 
(6.8) 
y On 7 —-(a41) — es WA-A A j 
m=1 Are A Lb © 2 
Ss Semen ZO") 
1 favs da 7a 
=o Pe | pegll-F@l, 6.19 


oS eS + : oy omen Z- (m—2) — —_—_ a 
m>n = 


al g(ay—a a ie \ ee | 
al Te ae RUZ 


(6.11) 
where the path of contour integration i) is 


the unit circle €€=1, and in (6.9), (6.10) and 
(6.11) we take |Z| as though |Z|>|C€|. These 
formulae will be useful when the analytical 
expression for the mapping function f(Z)= 
ay(Z) is known. 


$7. Examples 


i) elliptic cylinder 
Using the function /(Z)=ag(Z), where 


WZ)=Z+07/Z, (7.1) 


Cn=0 (n>), (7.2) 


we can map the region outside the unit circle 
Z=e'® in the Z-plane onto the region outside 
an ellipse in the z-plane: 


x=a(1+o7) cos 8, (7.3) 
whose major and minor axes are respectively 
2a(1+o7) and 2a(1—o?). Introducing (7.1) and 
(7.2) into (5.7), (6.4) and (6.5) we obtain 


w/W=1—Eo log ZZ 
Sar | 2 (2z— fp-ite ‘) 
3 eax Z+$\—a = log (22)| 


jpeg a') log (ZZ) -+O( ©) tn Ree) 


(=O, 


y=a(1—o?) sin 6 , 
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ldzldZ) 5° =a =o 2) 


-1(1—26? cos 20-+0'*)- 3/2, (7.5) 
Be No fe Pee 
nW  @\/1—202 cos 20-+6! vt 


x (1 +o) E,+2(1—o) Ey! — 0? Eicos 2o}+— |, 
(eo) 
D a 
=2F)+ —{ +o, 4+21—o) EY }+ 
27 4W o7 vt * seek iy 


(fo) 


Taking o=0 in (7.6) we get for the circular 


cylinder of radius a 
Dy =A By + - (Ext 2 Be) +~ al (7.8) 


Taking into account (1.13) in Appendix we 
see that the first term £) in the square 
brackets of (7.8) is in perfect accord with the 
formula $127 (10) in Carslaw and Jaeger 
to the order of O(8-?) 


2a 


t 
' 
5 t 
‘ ‘ 
. ' / 
‘ / 
\ ' / 
N ' 
\ ' i 
\ | F 
\ 
/ a 
\ 
\ \ / sing 
\ i} / 
Si ' é 
. \ if 
\ iOB 
\ —~/ 
\ 7 
Ne, 
Vv 
Bigs 2 


Replacing a@ by a@a/2 and o by 1 in (7.7) 
and (7.8), we obtain for the flat plate of width 
2a 


D; 1 = em ik 
a pf | 160s 28 
nw sain 2B" Diane (1 ae ) 


ute i (7.9) 

D zk a ma 
ee) Ieee oy CMO 
27 uW Day re \ 


These are in accord with (3.14) and (3.15) of 
the previous paper as far as O(a?/yt). Thus 
we know that the result in the previous paper 
can be derived as a special case. 

ii) Joukowski profile, especially circular arc 
Consider 


KZ)=Z+7 


This maps the region outside the unit circle 


ges 9 brealeec 7.11) 
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Z=e' in the Z-plane onto the region outsid| 
a Joukowski profile in the z-plane. In thi} 
case 


Cn= bX —Q)"}. (7.12) | 
Introducing (7.11) into (6.7)—(6.11), or makin} 


summations directly by using (7.12) we obtai| 
| 


eo easige 
Si Cr€n= 7 Se) 
n=l (| 
1— Sree Cn€n= 1+ -log (1—qq) ’ 
n=1 | 
| . q 
= yj Loe UE De ee lo (1 i $ 
Ps n° qZ 2 Zs | 
co ees | 1 | 
mon COD) bt == ere | 
2 c @ a qa ew r: 
1 YE, Z+q 
: aw ie 7s 
q(i+qZ) ZA —aaq) 
> (J+ emu COED) == ate log (1—qq) 
m>n \™M n 
1 1 Z ( | 
; log(1 +-£ 
Mies tae) ig Z 


C7713) 


icamos 


b=cos 8, g=7siniB> (7.14) 
we obtain a circular arc as shown in Fig. 2 
In this case D; and D are respectively 


Ds 0) 
uW 2a\/[1—cos (0-+8)][1+cos (@— -p)| | 


ae pe ee 


2) 
cos? ~ ; 
tes 1a log 9—log cos?R} 


x {2 sin B+(1+sin® 8) sin 0}+ cos? 8 cos 6] 


+—— 


1954) Rayleigh’s 


0.005 10.828 0.0863 0.008* 0.0006* 0.0924 0.0874 


10.010 9.442 0.0980 0.010* 0.0009* 0.1059 0.0994 
10.025 7.610 0.1187 0.014* 0.0017* 0.1814 0.1214 
0.050 6.223 0.1410 0.0189 0.00238 0.1607 0.1458 
0.100 4.837 0.1726 0.0274 0.00391 0.2067 0.1807 
| 0.250 3.004 0.2391 0.0474 0.00718 
| 0.500 1.618 0.3202 0.0698 0.00836 
| 0.750 0.807 0.3820 0.0821 0.00644 
1.000 0.232 0.4312 0.0881 0.00869 
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Table I 
l@i%vet B Ey Ey Hy 1/g 1/8— 1/B? 
0.000 co 0. 0000 0. 0000 0. 0000. 0. 0000 0. 0000 


* Approximate value calculated by (I. 12) and 
Wl. 14). 


ine was 303 60° 90° 

Fig. 4. Vorticity distribution on the cylinders. 

a, a’-.-flat plate ; b, b/..-elliptic cylinder (t=0.1); 

elliptic cylinder (t=0.5); 4d, d’---cireular 
a/\/yt=0.1 and 1.0. respectively. 


Geile 
cylinder: 
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4 
ih = (sin 8 log 9@—2wcos »} +0( = Ap 
2sin B a ha 
(Calta) 


O@=1-+sin? B+2 sin B sin 6, 
sin B cos 0 
1l+sin 8 sind ’ 


O= tana 


1D) 
onnW ((L-+c0s? BE, 


+2(1+cos? 8 ae B log cos? 8) F,"] 


4 
O aa 
“ & 


Table I and Fig. 3 show the numerical 
values of the integral A), &,, and £&;}; and 
1/8—y/8?2 as a further approximation to E 
(see Appendix). 

Fig. 4 shows the vorticity distribution on the 
cylinder with the same value of a/7/yz (0.1, 


D= = oa 


(7.16) 


1.0 


ROT 


0, 005, 1.0 


Fig. 5. Total frictional drag. a.---flat plate 
(width 4a), b---elliptic cylinder (t=0.1, major 
axis 3.63 a), e-+-semicircle (radius ,/ 2a), d 
elliptic cylinder (¢=0.5, major axis 2.6), e 


circular cylinder (radius a). 


1.0) for a circular cylinder, a flat plate, and 
elliptic cylinders (thickness ratio #=1/2 and 
1/10) calculated by (7.6), taking respectively 
e7=(, 1, 1/3. and 9/11. 

Fig. 5 shows the total frictional drag D on 
these cylinders. The value for a semicircle 
calculated by (7.16) (8=7/4) is added. The 
curve e for the circular cylinder corresponds 
to Fig. 32 of Carslaw and Jaeger, and is in 
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accord with it as far as a/;j/yi<1. It is 
interesting to note that the values of the total 
frictional drag for a cylinder with complicated 
cross section are smaller than those for a 
circular cylinder if their peripheries are of 
equal length. This will be accounted for, by 
considering the interaction between the sur- 
face elements; the diffusion of vorticity is 
easy from the surface which is convex to the 
fluid, and is very difficult from the surface 
which is concave to the fluid. 

In conclusion the author express his cordial 
thanks to Professor Isao Imai for his conti- 
nual guidance. 


Appendix Interpretation of ¢* 


In order to interpret ¢* by use of the inver- 
sion formula for the Laplace transformation 
(2.10), we adopt the following procedure. 

Taking into account the presence of log (ka) 
=tlog p+--- which makes ¢* many-valued, 
we replace the path of integration by: 

(1) the line p=qe-'* from g=R to q=€; 

(2) the small circle p=€e'® from 6=—z to 
C= a 

(3) the line p=ors trom. g= 6 to. g— i. 
Here the contribution from the large semicircle 
Re’® in the left half-plane tends to zero on 
account of (4.2) (¢*->0 as |plo>w, —c#< 
arg D<_z) and of Jordan’s lemma. “There 
may be some contribution from some poles 
(if exist) other than the origin in the left 
half-plane, but they should decay exponential- 
ly when v¢/a?—>co in accordance with the dif- 


fusive nature of the problem. Thus, the 
main contribution to ¢ is given by 
¢~Residue of ¢* at p=0 
1 co 
ise In| Ce lea gexn corneas (Ey) 
0 


corresponding to (1), (2), and (3); and on ac- 
count of the factor exp (—qf#) in the integrand, 
asymptotic solution when vz/a?—>co is obtained 
by introducing expansion (3.8) into (I.1), where 
Im stands for “the imaginary part of ”. The 
contribution from ¢%nm*= p-\(ak)"S-™ can be 
calculated as follows ; 


Oneal Png =O (m=<0), (1.2) 
Sraycn ag 
3 y 
at gqrd 
I 2 q 
a m\" a= BT a 
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-PoM (2 \" | ae 
7 vt » #1 B—log x—zz]™ | 
(1.3) |} 


where 


p=—2(7 +log- ae 


using k?= p/p ((2.7)). Residue of Yam (mas | 
at p=0 is zero. Differentiating the firs 
integral in (1.3) with respect to ¢ we get 

0,m 


Fa d ivi Naaea 
y dt” | 
(1.5) | 


dt -dn- =i, m— 

This corresponds to interpreting k?a? formall3 
as an operator (a@?/y)(d/dt). Differentiating} 
the integral of 3) with respect to B we ge 
—2 


(1.4) | 


g mn 


& Pam = Sn Dn, m — 
Le ee ie al 
ots 1  Seages EP L6 
— (m—1)! agent" Pra) . ( . ) 
In particular 
2 oi e-*dz 
y= a =e 1% 
a Im Peete 2—T1) 2 Oe 
Se e-*dz 
Ey=Ey=\" - L7’ 
snaks \ x[(B—log x)*+7"]’ ee 
20° = e-*dx 2a" 
g, = ———- I eS 
eG mvt m\ B—log x—zzt ye 
(1.8) 
e-*dz 
i E Oi L.&’ 
: \, (G@—log ax oe 
4a’ e-*dx 8a 
~ — In a E. 
Bayt mi" eee 2—Tni)? ae 
(1.9) 
° (B—log x)e~* dx : 
hy= 1.9 
: \ (B= logs)t--a7P a 
a (e At 
71 vt 
x \ mm (B—log 2)" te72a"da 
0 x[(B —log a:)?+-722]™ 
=2™m(— Pee a En m-1 (Bo), (1.10) 
a”-1(8— log x)™e-*dx j 
En= aCe 1.10’ 
ie [(8—log a)* 7? |r ( ) 


A further expansion of £; as Boo is easily 
obtained by noting the relation 


1 oe On ee! oon em 

i= Si | 

ends \ B—log «— ni Yd m\" 2, Bee 
silo pena" oe = Arn (1.11) 


foe ae <a 
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where 
An = * Im\" e~ “(log et ne)"da, A,=0, A,=1, 
A, = 2{ “e-*log xsdx=—2yz , 

as 

(1.12) 

Using from (1.4) to (1.8) we get for EZ) and Ey! 
Boe bow Jf uate ft 


B N AG i! v 
=—| Bdp~s manila ue 
i ee le sie ie} B? ; 
t ya 1 dE 
See ee -|te — = xeot 
: Bat? a@ dpel=— > ag 
WA, sl sr ' 
SA ee if 
x 2p"+? B3 Bt ( 14) 


Numerical values of &, &,, E,;} have been 
obtained by numerical integration, using the 


‘formulae suited for this calculation: 


TEE: wel bei dy 
E. nip ae z= a Bie INE Pree — 
Mice = 8 borate oaveas 
: ee bs ee (1.15) 
oz|( B+ log a)?+77] 
Cae On 
: Fees eee 
\ = exp (—l/2) dz 
ox*[(B+logaz)*+z7]  ” 


E ‘=| (Blog ze * 
* So [(8 — log'z)?-+7?? 
4 | Clie log x) oat ae 
o 2 [(8+log x)? +77] 
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together with Simpson’s rule. For very large 
values of 8 the approximate formulae (1.13), 
(1.12) and (1.14) are useful. 
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Absorption of Ultrasonic Waves in Organic Liquids (I) 
Liquids with Positive Temperature Coefficients of Sound Absorption* 


By Tadashi KIsHIMoTo and Otohiko NoMOTO 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received December 24, 1953) 


Ultrasonic absorption coefficients have been determined for 12 organic 
liquids by the pulse technique in dependence of temperature (0°~ 
40°C). The frequency employed was 8.25 Me/sec, 14.5 Me/see or 20.0 
Me/see. The “frequency-independent” absorption a/v? (a: the absorp- 
tion coefficient, v: frequency) at 20°C are as follows (in units of 10~™ 
sec2jem): benzene 838 carbon tetrachloride 510, chloroform 406, cyclo- 
hexane 503, ethylene chloride 184, chlorobenzene 141, nitrobenzene 86, 
hexane 80, heptane 55, toluene 94, xylene 81, benzylchloride (18°C) 75. 
All these liquids proved to have positive temperature coefficient of 
ultrasonic absorption in the temperature range of 0°~40°C, the ab- 
sorption increasing about 0.5~0.6% per degree. Toluene (1.06% /°C) 
and benzene (0.84%/°C) showed greater temperature coefficients of 
absorption and carbon tetrachloride and cyclohexane (ca. 0.27%/°C) 
showed lower values of temperature dependence than the other 
liquids. The chief mechanism of ultrasonic absorption in these liquids 
is attributed to the thermal relaxation of molecular vibrations, though 
the absorption due to viscosity amounts to 20% in some of the 
liquids. The relaxation times of vibrational energy have been com- 
puted for three of the liquids, giving B=3.64x10-"see for benzene, 
1.87x10-see for carbon tetrachloride and 1.51x10-see for chloro- 
form at 20°C. The activation energy for the deactivation of molecular 
vibration are of the order of several hundred ecal/mol at most for 
benzene, carbon tetrachloride and chloroform. The exact values of 
the relaxation time were not to be calculated for other liquids be- 
cause of the lack of the molecular vibrational data, but they are of 
the order of 10-Usec. The activation energy is presumably smaller 
than several hundred eal/mol. 


$1. Introduction verberation method, etc. There may be som 


Measurements of the ultrasonic absorption 
in organic liquids were performed by many 
authors and a great number of experimental 
results were published in these twenty years”. 
Many of the results, however, are rather 
fragmentary, and different from one another 
with respect to frequency, temperature, and 
the experimental techniques, and widely dif- 
ferent from one another with respect to the 
values of the absorption coefficients. So we 
will consider the influence of various factors 
on the absorption coefficients, at first. 

As to the techniques of measurements, there 
are various methods as the method of the 
diffraction of light by ultrasonic waves, the 
Schlieren method, the method of ultrasonic 
interferometry, the pulse technique, the 
method employing the torsion vane, the re- 


sources of error in all of these methods, bu 
the pulse technique developed in recent year 
seems to bethe most reliable, giving absorp4 
tion values which are mutually in good agree4 
ment. 

As there is observed no velocity dispersion 
in ordinary organic liquids in the frequency 
range of usual ultrasonic experiments, except 
in a few cases as in acetic acid, carbon disul- 
phide and highly viscous liquids such as gly- 
cerine and castor oil, the absorption coefficients 
obtained at different frequencies must be pro- 
portional to the square of the frequency in 
this case. The measurement of the absorption 


coefficient at various frequencies by a single 


* ‘The text in Japanese of this paper will be 
published in “Bulletin of the Kobayasi Insti- 
tute of Physical Research, Vol. 3 (1958), No. 3.” 
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_ dependence of the absorption coefficient. 
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method and on a single sample liquid, how- 
ever, are required to test the constancy of 
the “frequency-independent absorption coef- 
ficient” a/v, where a means the absorption 
coefficient and v the frequency. 

The lack of systematic measurement of the 
absorption at various temperatures in many 
cases is certainly a more serious reason for the 
above-mentioned discrepancy, which makes 
difficult the comparison of the data obtained by 
various authors. Also the mechanism of the 
ultrasonic absorption in liquids must be care- 
fully examined according to the results of the 
systematic measurements of the absorption 
coefficient and especially its temperature vari- 
ation. There are various mechanisms of ultra- 


» sonic absorption in liquids as discussed by 
' Pinkerton”? and others. 


The chief cause of 
the ultrasonic absorption in ordinary organic 
liquids are considered to be the molecular 
absorption. There is, however, the prevailing 
tendency that nearly all the liquids are clas- 
sified as the liquids with molecular absorption 
as their chief absorption mechanism, without 
appropriate examination of the temperature 
Ac- 
cording to our measurements, there are also 
a number of liquids in which the sound absorp- 
tion is mainly due to viscosity, though these 
liquids have hitherto been considered as 
liquids with molecular absorption as_ their 


'chief absorption mechanism. The liquids in 


which the sound absorption decreases with 


temperature, naturally, have the viscosity as 


| 


1 
} 


‘their chief absorption mechanism, while the 


liquids with strong molecular absorption have 


positive temperature coefficients of ultrasonic 


{ 


absorption. 
The temperature coefficient of ultrasonic 
absorption in organic liquids are also of im- 


portance when they are used as solvents of 
-high-molecular substances, the ultrasonic prop- 


agation in these solutions being investigated 


with much interest in resent years. 


We have, therefore, performed the measure- 
ments of the ultrasonic absorption in ordinary 
organic liquids by the pulse technique at 
various temperatures and at frequencies 8.25 
Mc/sec, 14.5 Mc/sec and 20.0 Mc/sec., although 
the three frequencies have been employed 
mainly for obtaining adequate absorption 
values for certain substances, and a systematic 
measurement with various frequencies was 
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not performed for each substance. This first 
report describes of the result of measurements 
on the liquids, in which the sound absorption 
increased with increasing temperature. The 
chief mechanism of sound absorption in these 
liquids are supposed to be the molecular 
absorptian due to the thermal relaxation of 
molecular vibrations. 


§2. Experimental Techniques 


The apparatus and the methods of the 
measurement are nearly the same with those 
employed previously except a few alterations. 
The main difference is that a single quartz 
plate was used as the ultrasonic transducer 
both for generating and receiving the ultra- 
sonic beam. The liquid vessel was of closed 
type and the temperature was obtained by a 
thermocouple inserted in the vessel. The total 
apparatus was immersed in a water bath to 
control the temperature. The quartz trans- 
ducer was an xX-cut plate 1mm thick and 20 
mm in diameter. The measurements were 
performed at frequencies corresponding to the 
3rd, 5th and 7th harmonics of this plate, 
namely, at 8.25 Mc/sec, 14.5 Mc/sec and 20.0 
Mc/sec. The oscillator worked only for the 
short interval of time when the pulse was 
impressed to the screen grid of the oscillator 
tube (6AG7). The received signal of pulse 
was amplified through a straight amplifier or 
a super-heterodyne amplifier and the absorp- 
tion coefficient was determined from the plot 
of the reading of the attenuator attached be- 
fore the amplifier against the reading of the 
distance of the reflector plate as the height 
of the received signal was maintained constant 
on the oscilloscope screen. The scattering of 
the measured absorption values seems to result 
in errors of the absorption coefficients of 2% 
or so, as indicated in the examples shown in 
the next paragraph. . 

The sample liquids were prepared from 
commercial pure liquids by fractional distil- 
lation under addition of suitable desiccation 
agents. The fraction with boiling point con- 
sistent with the table value was separated 
out and used. No chemical analysis was 
performed. Only the liquids hexane and hep- 
tane did not show the boiling points consistent 
with the table values, each exhibiting a rather 
wide range of boiling point. 
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Fig. 1. Temperature dependence of ultrasonic 
absorption in benzene and carbon tetrachlo- 
ride. 


x xXIO'/ 2 


Fig. 2. Temperature dependence of ultrasonic 
absorption in cyclohexane and chloroform. 


§3. Experimental Results 


The results of the measurements are re- 
produced in Fig. 1 to 5. The values of the 
sound absorption are summarized in Table I. 
Fig. 1 and 2 (benzene, carbon tetrachloride, 
cyclohexane, and chloroform) indicate clearly 
the well-known property that the liquids with 
symmetric molecules are of high ultrasonic 
absorption coefficients. 

The liquids whose absorption coefficients 
are indicated in Fig. 3 to Fig. 5 (ethylencho- 
ride, chlorobenzene, nitrobenzene, hexane, 
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Fig. 3. Temperature dependence of ultrasonic 
absorption in ethylene chloride and chloroben- 
zene. 


Fig. 4. Temperature dependence of ultrasonic 
absorption in nitrobenzene, hexane and hep- 
tane. 


heptane, toluene, xylene) are of much smaller: 
absorption than those reproduced in Fig. 1. 
and 2. These are mainly the liquids consisting 
of less symmetric molecules. The diriva-. 
tives of benzene, i.e., toluene, nitrobenzene, 
are of smaller sound absorption than benzene, 
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r . . . . . ° 
Table I. Temperature dependence of ultrasonic absorption in organie liquids ‘es x 1017) 
v2 ; 


liquids (Me/sec) Beha URE s 2B" TSO ire oor” *(F) 
benzene 8.50 710 758 798 8388 873 908 937 968 0 Bd 0% ; 
carbon tetrachloride 8.50 482 492 501 510 517 521 527 530 ORAG 
chloroform 8.50 358 3875 3938 406 418 425 432 435 0.54 
cyclohexane 14.5 489 496 508 510 517 523 528 0.26 
ethylene chloride 14.5 168 174 180 184 188 191 0.51 
chlorobenzene 14.5 123) 128) 132 186 145 i455 14S 153 0.61 
nitrobenzene 14.5 aii 80 83 86 89 oil 93 95 0.60 
hexane 20.0 73 76 8 80 82 84 0.55 
heptane 14.5 55 58 61 Ci) 
toluene 14.5 83 89 94 9903 1.06 
xylene 14.5 72 75 78 81 84 86 89 91 0.67 
benzyl chloride 20.0 75 (13°C) 
not exceeding 20% of the absorption coefficient ox 10/2 
of benzene. The sound absorption coefficient HO 


of most of the liquids indicated in Fig. 3 to 
5 does not exceed a/v?=100 x 107!’ cgs., except 
ethylenchloride and chlorobenzene. 
The values of the temperature coefficient 
of the sound absorption are great for benzene 
and toluene, showing increases of about 30~ 
40% absorption in the temperature range of 
0°~40°C. Other liquids are of comparatively 
small temperature coefficient of sound absorp- 
tion in this range (about 20% increase), and 
the increase in ultrasonic absorption of carbon 
| tetrachloride and cyclohexane is only slight 


100 


90 


80 


| (about 10%) in this range of temperature. 70 
As is well known, the classical sound absorp- 
tion due to viscosity is given by the Stokes’ O 
formula 
Qelass= 2 Se oF ‘ (1) Fig. 5. Temperature dependence of ultrasonic 
Sie ama ded absorption in toluene and xylene. 


where w=2zy (with v the frequency), 7 the 
viscosity coefficient, p the density and V the 
sound velocity. Table II gives the classical 
part of sound absorption for some liquids, the 


Table II. Classical sound absorption in 


liquids (eee x 1017 ) . 
v 


values of o and V being taken from the paper ee AVENE Ma canons ih chloroform 
of Freyer, Hubbard and Andrews. The clas- the SS 1 " = oe === 
sical absorption, however, is small and amounts ais : 
to only 1~4% of the total absorption shown a pap? oe 10% 
in Fig. 1 and 2. It amounts to 10~20% of m Bub ee Bee 
the observed absorption in other liquids in 2 3.16 19.0 10.1 

40 8.00 18.8 10.38 


which the absorption coefficient is not so great 
as in these liquids. 

Thus the main part of sound absorption in 
the liquids here investigated are not the clas- 
sical absorption due to viscosity. Also the 


fact that the total absorption increases with 
increasing temperature indicates that the most 
part of sound absorption in these liquids are 
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due to molecular absorption ov thermal relax- 
ation mechanism. 

The absorption coefficients here obtained 
are not necessarily in coincidence with the 
results of existing measurements, but are in 
comparatively good agreement with the results 
obtained by the pulse technique in resent 
years, for example, with those of Pellam and 
Galt». 

As above stated, the sample liquids of 
hexane and heptane here employed were of 
somewhat different boiling points with those 
cited in the tables. This may account for 
the small absorption coefficient of heptane 
obtained in this research, 20% lower than the 
existing data. 

The discrepancy of earlier measurements 
are presumably due to the defects of ex- 
perimental techniques than to the scattering 
of the temperature of measurements, because 
the temperature coefficients of sound absorp- 
tion proved to be not so great. 


§4, Molecular Absorption of Sound 


The nature of the molecular absorption of 
sound in liquids, constituting the main part 
of sound absorption in many of the organic 
liquids, became almost clear in recent years 
and the theoretical values of absorption are 
given by (cf. Kishimoto and Nomoto») 


a 2 CD ¢ 


yr ie COG la ; (2) 
where 
D=Cor)—Cy9=Cpo—Cy ; | 
T=BCyalCoo ; (3) 
Cyn=Crp—C; , Cyan Cy Cie 


and where V, means the sound velocity, C; 
the internal specific heat of the molecule 
' which is considered to contribute to the sound 
absorption, Cp) and Cy the specific heats at 
constant pressure and at constant volume 
respectively at sufficiently low frequency, 
Cp. and Cy. the specific heats at sufficiently 
high frequency than the relaxation frequency, 
and 8 means the relaxation time or the period 
of adjustment of internal energy accompany- 
ing the volume change of the acoustic cycle. 

The next step is to consider what degree 
of internal freedom will contribute to the 
sound absorption in our frequency range. There 
are various degrees of freedom of the mole- 
cules coestituting the liquid. The molecular 
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rotation, however, is known to have very | 
short relaxation times even in case of gases, | 
due to the very close intervals between the | 
energy levels. This presumably is true also 
for liquids, where the interaction between | 
molecules is more strong than in gases. Thus | 
we may treat the rotational energy of the | 
molecule as external energy in this case. The | 
electronic energy states, on the other hand, | 
will afford only a negligible contribution to | 
the specific heat, and therefore, also to the 
sound absorption. In experiments in the fre- | 
quency range of 10° to 10° cycles/sec, there- | 
fore, we have to take into account only the | 
influence of molecular vibration as the internal | 
degree of freedom. | 
The results of existing experiments indicate 
that for most of the organic liquids the relax- 
ation frequency is far higher than the frequen- 
cy of our measurement, so that wr<l. In 
this case Eq. (2) becomes simply as 
ag Cin 
Cw oe 
As stated below, the values of the relaxation 
times obtained by employing this equation are 
found to be of the order of 10-#°~10-" sec 
for all the liquids here examined. This indi- 
cates the adequacy of the assumption wr<l. 
We will assume that the relaxation times 
are the same for all the normal modes of 
vibration of the molecule. Although there 
is left some doubt as to the general applica- 
bility of this assumption, it is not without 
reason considering from the result of absorp- 
tion measurements in CS,, and from the. 
results of the dispersion and absorption of | 
sound in various gases, and from theoretical | 
considerations about them®, although a few | 
exceptional cases are also known. The relax- | 
ation times of various modes of vibrations of | 
a single molecule are supposed at least to be 
of the same order of magnitude for most of 
the substances. We can obtain the vibrational 
or internal specific heat from the Planck- 
Einstein’s formula . 


(4) 


rs ~hy,/kT 
c= (GH) , @) 
based on the above assumption. Here », 


means the frequencies of the normal modes 
of vibrations of the molecule, h the Planck’s 
constant, k the Boltzmann’s constant, and T 
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the absolute temperature. 

If, therefore, all the normal vibration fre- 
quencies of the molecule are known for each 
substance, we can obtain the value of C;, and 
calculate the value of the relaxation time from 
the absorption coefficient, at each temperature. 
This calculation was performed for benzene, 
carbon tetrachloride and chloroform for which 
the normal vibration frequencies are known. 
The result is indicated in Table III, where a’ 
means the non-classical part of the sound 
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absorption obtained by 


/ 
a =A— Aolass - 


(6) 

The values of V, Cy, 7 and the values. of 
Cy) obtained therefrom are taken from Freyer, 
Hubbard and Andrews’ paper, the values of 
7 from the “International Critical Tables” 
and the normal vibration frequencies (practi- 
cally the wave-numbers) from Herzberg’s 
book”. 

Table III indicates that the variation of the 


Table III. Molecular sound absorption and the relaxation time of vibrational energy in 
benzene, carbon tetrachloride and chloroform 
benzene “3 hears te chloroform 

— x10 = Bx 1010 “x10 Bx 190 x10" Bx 190 
5°C 705 3.441 3 1.351 850 1.455 
10 750 3.532 2 1.3862 365 1.475 
15 790 3.589 481 1.367 382 1.500 
20 830 3.641 490 1.374 896 1.511 
25 866 3.662 496 1.850 407 1.504 
30 900 3.687 502 1.340 415 1.486 
35 930 3.692 508 1.328 421 1.461 
40 962 3.745 bil 1.308 425 1.429 


relaxation time $8 with temperature is com- 
paratively small. There are observed some 
temperature regions where § increases with 
increase in temperature. It is, however, not 
certain whether this increase is real or merely 
the result of experimental errors of the absorp- 
tion measurements, and especially because of 
the imperfection of the values of Cp) and Cy 
given in tables. 

We have stated above that the temperature 
coefficient of sound absorption is greater in 
benzene and toluene than in other liquids. It 
is known that the absorption of sound in 
toluene decreases at 1 Mc/sec (Moen®). It is, 
however, not certain whether the compara- 
tively high temperature coefficient of sound 
absorption in toluene here obtained is the 
result of this low frequency relaxation. If 
the increase in temperature shifts the relax- 
ation frequency to higher frequency, as is 
supposed to be the case in most of the liquids, 
the absorption coefficient on the high frequency 
side of the relaxation frequency will increase 
more rapidly with increase in temperature 
than on the low frequency side. The above 


result in toluene is consistent with this view 
at least qualitatively. 


§5. Activation Energy for the Deactivation 
of Molecular Vibration and its Physical 
Interpretation 


Assuming the temperature dependence of 
the relaxation time as B=A(T)exp(E/RT), 
or especially 


8=Bexp(E£/RT), (%&) 


where B means a constant independent of 
(the absolute) temperature 7, we have Fig. 
6 as the plot of log ® vs. 1/T. In this figure, 
the curve for CS, is reproduced from the 
result of the previous paper*). 

The figure indicates that the result on CS, 
is fairly represented by a straight line of the 
form 


log. B=log.e B+E|RT . (8). 


with an activation energy of #1300 cal/mole. 
On the other hand, the other three liquids do 
not obey this experimental formula so well. 
The figure indicates, however, that the acti- 
vation energy is very small and not greater 
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than several hundred cal/mol at most for 
these three liquids. 

The physical significance of this small acti- 
vation energy is that in liquids the exchange 
between the molecular vibrational energy and 
the translational energy of the molecule is 
very easy. This is also in accord with the 
small value of the relaxation time itself in 
the liquids. 

In liquids other than indicated in Fig. 6, 
such as xylene, the complete set of the normal 
modes of vibrations was not available to us, 


G | K2 Siw Sie Ds SO 3 
+x \03 
Fig. 6. log Bws.1/L curves for carbon disul- 


phide, benzene, chloroform and carbon tetra- 
chloride. 


and therefore, the value of the vibrational 
specific heat was not exactly to be computed, 
so that only an order of magnitude was esti- 
mated for the relaxation times. The @ obtain- 
ed in this manner is of the order of 10-"sec 
for these liquids. The values of the activation 
energy will be too small to be determined 
exactly in these liquids if we assume emprical 
formulas of the type (7). 

As regards the rotational degrees of free- 
dom, we may except a transition probability 
10~10? times higher than in the case of mole- 
cular vibration, so that we may expect the 
exchange between the rotational and the trans- 
lational degrees of freedom by almost every 
molecular collision. 


T. KisHimoto and O. Nomoto 


(Vol. 9. 


§6. Comparison with the Result of Experi- | 
periments on the Scattering of Light} 
by Elastic Heat Waves | 


Recently, Fabelinsky and Shustin® have re-| 
ported of the result of emperiments on the scat- } 
tering of light by elastic heat waves in benzene, 
carbon tetrachloride and toluene, in which a] 
comparatively precise result has been obtained i 
on the velocity of propagation of elastic waves | 
of high frequency. After this work, the | 
hypersonic velocity at 10'° cycles/sec is higher | | 
than the ultrasonic velocity by 10.4% in ben- 
zene and 16% in carbon tetrachloride, indicat- | 
ing the existence of dispersion between the 
ultrasonic and hypersonic frequency regions. | 
Toluene has revealed no dispersion in this. 
frequency range. | 

They used the theory of Mandelstam and 
Leontovich and formally employed the absorp- 
tion formula due to the second viscosity 
a w jes w?t(Voo2— Vo?) (9) 

2V,%p 2V.%(1-+wr?) ’ 
and explained the excess absorption and the 
dispersion by the relaxation phenomenon of 
the second viscosity. The interpretation of 
sound absorption by second viscosity, however, 
is permitted only in case when the sound 
absorption decreases with increasing temper- 
ature, as in the well-known case of water, 
for the second viscosity decreases with increas- 
ing temperature nearly in the same manner 
as the shear viscosity. 

The second viscosity here considered, there- 
fore, must correspond to the molecular absorp- 
tion in its physical content, though the | 
mathematical expressions of the absorption 
and dispersion formula coincide with those of 
the molecular absorption theory. As to the 


absorption coefficient, we have by substitution 
of 


An’ 


bee Dp Cro Tay ae p Cp 
s 0 Coo’ Mera eae | 
(where o means the density and p the pres- 
sure,) in (8), the relation ‘ 
Gyr 2? D(Cu—Cr.) 
psuVeIOS CR Telazes aD 
which coincides with Eq. (2) of the molecular 
absorption theory within the order of approxi- 
mation of the formula (V=V,, or CpCyo= 
CyES): 
The relaxation time tz is obtained from vari- 


(10) 
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ation of the sound velocity as 2.44x10-! sec 
for benzene and 6.7 x 10-!! sec for carbon tetra- 
chloride. These values are in good agreement 
with the values to be obtained from our relax- 


- ation times indicated in Table III, if an ap- 


propriate transformation t=BCp.=/Cp) (cf. Eq. 
(3)) is performed. We have namely r=2.32~ 


| 2.37x10-'°sec for benzene and 8.44~7.85~x 


10-!! sec for carbon tetrachloride. 


Conclusion 


Summarizing the results, we may conclude 
that the sound absorption increases in ordinary 
organic liquids with low viscosity (benzene, 
carbon tetrachloride, chloroform, cyclohexane, 
ethylen-chloride, chlorobenzene, nitrobenzene, 
hexane, heptane, toluene, xylene, and benzil 
chloride), though the temperature coefficient 
is not so great except in benzene and toluene, 
and that the chief mechanism of sound absorp- 
tion in these liquids is the molecular absorp- 
tion. 

In conclusion, we express our sincere thanks 


Crystal Habit of Magnesium Oxide Smokes 627 


to Mr. S. Okui, Ass. Prof., Institute of Pharma- 
ceutics, Faculty of Medicine, Tokyo Univer- 
sity, for his kind collaboration in distillation 
and desiccation of the sample liquids. 
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Crystal habit of magnesium oxide smokes was observed by using a 
magnetic electron microscope. Interference fringes appearing in 
erystals and the contour forms of crystals in images were observed 
in order to determine the twin plane and the orientation of the crystals. 
As the results it was found that there existed many crystals having 
(111) twin beside normal cubic one. Extraordinary crystals having 
particular cut section were observed and it was known that their cut 
sections may be perhaps (111) planes. It was also found that there 
were many interesting modes of connection of cubic magnesium oxide 


erystals. 


$1. Introduction 


Electron microscopic studies on the crystal 
habit of metallic oxide smokes have scarcely 
been made up to present. After the study 
on the equal-thickness interference fringes 
due to Bragg reflection of electrons in magne- 


sium oxide smoke by Heidenreich and Stur- 
key®, one of the present authors, Kambe and 
Honjo”) studied them electron-microscopically 
in detail, and found that magnesium oxide 


Hitachi, Japan. 
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Crystals having (111) twin which can be explained by using the model in 


Rigagl: 
Hijo 25 (aye 


crystal is sometimes twinned. 

In the present study the crystal habit of 
magnesium oxide smokes was observed elec- 
tron-microscopically in detail, and the exist- 
ence of the (111) twin appearing in various 
manners was confirmed from the contour 
form of crystals in images and the _ interfer- 
ence fringes. The bare faces at the corners 
of crystals (we call it cut section in the present 
paper) and various modes of connection be- 
tween crystals were also newly studied. 


§2. Twin 


Electron-microscopic photographs of magne- 
sium oxide smokes were obtained by using a 
magnetic electron microscope with objective 
aperture of 0.078 mm and anode potential of 
50 KV (A4=0.054A). In order to determine 
the twin plane and the orientation of crystal, 
interference fringes appearing in the crystals 
were observed together with the contour 
forms of the crystals in image. 

As already described in Hibi, Kambe and 
Honjo’s paper®, McGillavry® has developed 
the dynamical theory in the case of a plane- 
parallel plate, and has given the formulae 
which express the intensities of the transmit- 
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(a) and (b), 50,000 x ; (c), 100,000 x ; 


(d) 


(d), 70,000 x . 


ted and reflected waves as sinusoidal functions 
of the thickness of the crystal. Heidenreich 
and sturkey” used these formulae* to calculate 
the spacing of the fringes. By the equation” 
which Heidenreich derived from this conven- 
tional theory, the distance Z between the nodes 
of beat of electron wave travelling the crystal 
field is given as follows: 


Zrxr=(2r/|R|)[(Vanr/E)? + (40)? sin? 20)]-1/2, 


where (27/ 


k|)=A, 2 is the wave length of 
incident electron beam, EF the accelerating 
potential, 6 the Bragg angle, 40 the angular 
deviation from the Bragg angle, and Vix a | 
Fourier term of the inner potential of crystal. 
In the case of applying this to a wedge-shaped 
part of the crystal, the spacing of the fringe 
is given by 


* As the thickness varies rapidly in the case 
of magnesium oxide, this equation does not ex- 
actly hold. Generalized Bethe’s theory to the 
case of a wedge-shaped crystal was treated by 
N. Kato. However, in the present study the 
calculation on spacings of the fringes was made 
for the purpose of determining the twin or the 
cut section faces of crystals. So the equation 
in the case of planeparallel plate was used for 
simplicity. 


| 


=F Lau ’ 
where f is a function depending on the 
orientation of crystal and its shape. In this 


experiment the largest spacings of interference 
fringes were calculated, by using the values 
of Fourier terms of the inner potential of 
magnesium oxide crystal shown in Table I.** 


Table I. Inner potential of MgO. 
(hkl) Vaxz (volts) remark 
(200) 7.42 (1) 
(220) 5.37 Q) 
(111) 1.56 qd) 
(222 4.30 (6)* 


* The value introduced from ealeulated value 
of f (atomic structure factor for X-ray) 


It was found from the observation and its 
discussion by Hibi, Kambe and Honjo” that 
the image shown in Fig. 1 (a) could easily 
be explained as a (111) twinned crystal cor- 
responding to the model shown in Fig. 2 (a). 
In their work Fig. 1 (b) could also be ex- 
plained from the same model. This is, namely, 
the case when (100) is perpendicular to the 
incident electron beam, and certain lattice plane 
of one or both crystals (P- and Q-crystal in 


_(a) and P-crystal in (b)) of the twin satisfies 


the Bragg’s condition. Fig. 1 (c) can also be 
explained from the same model; it is the case 
when (100) is parallel to the incident electron 


| beam, [010] and [001] are in the direction 
| making angle 45° to the incident beam, and 


one of the twinned crystals satisfies the 
Bragg’s condition. However, as the observed 
value of the angle B is not perfectly equal 


' to observed _“D as shown in Table II, it must 
_be considered that the orientation of the cryst- 


with the ideal case. 


al slightly rotates around [100] as compared 
In this example (200) is 
the most probable reflecting plane for genera- 
tion of fringes, as seen in Table II. 

In some cases, crystals showing no striations 
but with triangular projections like Fig. 1 (d) 


_ are often observed. 


The crystals having the (111) twin of other 


types are shown in Fig. 3 (a), (b), (c) and (d). 


These are expected to occur when one [100] 


| 


(D D’ of the models shown in Fig. 2 (b) and 
(c)) is nearly parallel to the incident electron 
beam. Then, Fig. 3 (a) corresponds to the 
model in Fig. 2 (b), and Fig. 3 (b), (c) and 
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Direction 
of electron 
beam 


[Of0} 
a 


(C) 


Various models of crystals 
having (111) twin. 


Fig. 2. 


(d) to the model in Fig. 2 (c). Fig. 3 (c) is a typi- 
cal case among these and the inscribed letters 
A, B, C etc. are a projection corresponding 
to those in Fig. 2 (c). In the case when P- 
crystal of the model in Fig. 2 (c) has the 
base (CDE) either rectangle or regular square, 
a symmetric figure as Fig. 3 (b) or asymmetric 
** Tn the case of using Mg++ and O--, the 
values of V;,%, become larger a little than those 
in Table 1. See the reference (2). 
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Table II. Comparison of angles and spacings of the fringe between ideal 
and observed cases in the case of Fig. 1 (¢). 


spacing of fringe 
along CD-edge 


spacing of fringe 
along BC-edge 


—_ Zs > i Sele “ <= : = i 
ideal 54.7° 70.6° 54.7° me OTA | MAX. oor A 
58 73 53 250 | 300 


Ce) 
Fig. 2 (b) and Fig. 2 (¢). 


Table III. 


(a), (b), (¢) and (a). 


(d) 


Fig. 8. Crystals having (111) twin which can be explained by using the models in 


70,000 x 


Comparison of angles and spacings of the fringe between ideal 
and observed cases in the case of Fig. 3. 


af 


S; (220) 


case | LA JEJE | S» (220) 
ideal = | -148..2° 108.62 | 185° 108.6° ee G87 mex 252 A 
Sue . 130 230 
obs. a | 142.5 108 | 135 109 | 126 259 
’ b | 142.5 | 135 
> 128 196 
7  e@ | 148 | 118 133 108 | Be | me 
” d 145 5 id. 133.5 108 | 


one as Fig. 3 (c) is obtained respectively. As 
(220) of Q@-crystal is nearly parallel to the 
direction of the incident electron beam, this 
may be the reflection plane causing the inter- 
ference fringes. The values of the corner 
angles and the spacing of fringes in the ideal 
case of this model, and those values observed 


are shown in Table III, and good agreement 
is seen between both values. 

Crystals of apparently different type from 
previous ones are shown in Fig. 4 (a) and (b). 
These crystals can be, however, explained 
essentially from the model in Fig. 2 (c). 
These are the cases in which the model is 
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(b) 


Crystals of apparently different type 
70,000 x 


ioe 
from ones of Fig. 1 and Fig. 3. 


placed in such a manner that [001] axes of 
P- and @-crystal are nearly perpendicular to 
the incident electron beam. Sizes of both 
crystals were nearly equal in our case. If 
[001] axes of both crystals are exactly per- 
pendicular to the incident electron beam, ? 
indicated in Fig. 4 (a) and (b) should be 70.6°. 
In the cases (a) and (b), ¥ are 70° and 71° 
respectively, slightly deviating from the ideal 
case. In Fig. 4 apparently [100] 
slightly inclines to the plane 
perpendicular to the incident 
electron beam; but it is found 
by the calculation, that ¥ scarce- 
ly changes and has nearly a 
constant value of 70° even 
though [100] slightly inclines. 
Only in the case of (a), the 
striation is seen. This happens 
because only the right crystal 
satisfies the Bragg’s condition. 
If (110) of this crystal is nearly 
parallel to the incident electron 
beam and the striation is caused 
by the reflection (220), the largest 
spacing of the fringe is 260A 
corresponding to the observed 
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hl 


Crystal which is essentially equal to 
70,000 x 


lien, 15. 
Fig. 3 and Fig. 4. 


value of 200A. 

Fig. 5 is essentially similar to Fig. 3 and 
Fig. 4; it occurs when (100) (A B C’ G’-plane) 
of Q-crystal in the model of Fig. 2 (c) is 
nearly parallel to the incident electron beam 
whereas [100] (E E’) of P-crystal is perpendi- 
cular to the incident electron beam. In Fig. 
6 (sketch of Fig. 5), S; is clearly due to the 
reflection (200) by P-crystal, and S, may also 
be considered to be due to P-crystal only. As 
no striations are seen at another part of Q- 
crystal, it is probable that only /P-crystal 
satisfies the Bragg’s condition. If the angle 
between (010) (E E’ G D’ D-plane in Fig. 2 
(c)) of P-crystal and the incident electron 
beam is a, the spacing of the fringes S, is 
given by 

sina 


52==(COS @=- SIN a) 
VY lp sint a 


200 + 


Calculated value of S, in the case of @=157.5° 
and observed one are shown in Table IV. 
From this, it can be seen that each calculated 


[T10] 


Fig. 6. 


Sehema of Fig. 5. 
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Fig. 8. Schema of Fig. 7 (a). 


angle and spacing of the fringes are in good 
agreement with observed values. If the 
fringes S, and S, are due to the reflection at 
(200) of the same crystal, the values of the 
deviation 40 from Bragg’s angle, estimated 
from the fringes S,; and S, neglecting the re- 
fraction effect, must agree to each other. We 


(d) 


Extraordinary crystals having particular cut section. 


100,000 x 


Table IV. Comparison between caleulated and 
observed values on angles and spacings of 
the fringe in the case of Fig. 6. 


case; o | ¢ y * ess Sy 

cale. 157.5°| 48.2° 88.5°/M9X197 a |MaXi97 4 
| | | 

obs. |157.5 | 47.5 APoUtgg 17 | 149 


* y is the angle between A B C’ G’-plane and 
a plane perpendicular to the incident electron 
beam. 


obtain from the equation by Heidenreich, 
40(S,)=0.0022 radian 
and 
40(S,)=0.0028 radian, 


which are in a good agreement. This is very 
interesting because it proves the correctness 
of dynamical theory to some extent. 


$3. Cut Section 


Extraordinary crystals having particular cut 
section as shown in Fig. 7 (a) and (b) were 
often observed in crystals having the (111) 
twin. The striation appearing in such crys- 
tals is due to the reflexion on (200). Because 
of small cut section and distortion of image, 
errors easily enter into measurement of 8 (in 
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Fig. 8). The values of @ in the right and 
left corners are considerably asymmetrical. 
The largest spacings Smax of the fringe due 
to theoretical calculation assuming the cubic 


Table V. Comparison between calculated and 
observed values on spacings of the fringe in 
the case of Fig. 7 (a) and (b). 


Beg p | Observed is nx (11 |Snex(ll2) 
ee ; 
a |59° |52.3° | 125A 130A 180A 115 A 
b Ba eibb 2 | 93 | 96 180 106 
e 60 60 70 100 
d-“|57.557.3 145 | 147 180 108 
e |55.7150.7 147 | 160 180 120 
f (67.7 109 106 180 106 
ge 66.8 119 124 140 80 
h 60.8 105 170 96 


crystal form are shown in Table V, which 
were calculated by using the mean value of 
8. In this table, Smax (111) and Smax (112) 
are respectively the spacings of the fringe in 
the cases when the cut sections (111) and 
(112) were assumed. Considering from this 
table, the cut section (111) is more probable 
than that of (112), but it cannot be concluded 
clearly to be so. If we assume the cut sections 
to be the {112} planes, there are two possible 
cases, namely; (A), the case of the cut section 
(112); (B), that of (121) or (211). By utilizing 
the calculated 6—aq@ curve and the Smax—a 
curve given in Fig. 9, we can confirm, for 
the case of (A) the fact that the largest spac- 
ing of the fringe Smax (112) calculated from 
the observed angle #8 is smaller than the ac- 
tually observed spacing, so that possibility of 
(A) is very small. For the case of (B), B ob- 
tained from observations can not exist theo- 
retically, so that the possibility of (121) or (211) 
is none. Therefore, considering the fact that 
(111) has the largest atomic density except 
(100), it is concluded that cut section may be 
11). 

Fig. 7 (c) is another typical example. Crys- 
tals are nearly cubic and interference fringe 
due to the (222) reflexion is seen. In the 
figure, C, A and B’ are ona straight line and 
(111) is nearly parallei to the direction of the 
incident electron beam. The calculated values 
of .“B and the spacings of fringe due to re- 
flexion on (111) and (222) are shown in Table 
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VI by assuming AC/BP,=0.64. 

Crystal shown in Fig. 7 (d) is imagined to 
be that with a cut section and a equal-thick- 
ness interference fringe due to Bragg reflex- 
ion of electrons. But, assuming that (100) is 
perpendicular to the direction of the electron 


S200, max (A) 
200 


{00 


MNIOMNC OMNES ONRS0NNS Olmn6 Ommk7 ONES OM? OM 
90 80 70 60 S50 40 30 20 10 9 
Fig. 9. B—« curve and Smax—«a curve. a and 


6 are the angles defined in Fig. 8. 


Table VI. Comparison between claculated and 
observed values on angle and spacings of 
the fringe in the case of Fig. 7 (ce). 


| spacing of fringe 
case AC/BP, | Va = 


calc. 0.64 | 100.7° 


S ai | S. (222) 
| MAXg 49 A | MAXong A 


290 A 


obs. |0.60~0.64| 100.5 
| 


beam and that (111) is the cut section, the 
largest spacing of the fringe become twofold 
larger than the observed value in both cases 
of (220)- and (200)-reflexion. 


$4. Modes of Connection of Crystals 


Various modes of connection of magnesium 
oxide cubic crystals are found in Fig. 10 (a) 
to (j). Modes of connection at edges ((c) and 
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(d) 


(f) 


(h) 


Fig. 10. Various modes of connection of 


MgO cubic crystal. (a), (b) and (e), 100,000 x ; 
(¢), (d), (g), (h) and (j), 70,000 x ; (f) and (i), 50,000x. 
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(e)*), at corners ((a), (b) and (d)) and at (100) 
plane of crystal ((f) and (g)) are seen from 
this figure. (In the case of connection at 
edge there are crystals having uniform cont- 
rast as (a) and crystals having a part of weak 
contrast as (b)). 

There also appears a considerably long 
crystal of rectangular parallelepiped, but it 
should be noted that the ratio of each side is 
not always integer, which suggests the fact 
that the crystal is one block, not a long chain 
of smaller cubic crystals. 

Among crystals which are practically re- 
garded as rectangular parallelepiped, there are 
crystals having not straight contour in their 
image such as (h), and also, crystals showing 
the manner of bridging over of a little cont- 
trast at connected part of (100) such as (b). 
Also, there is Z-shaped crystals as shown in 
Ga). And also there often appears a compli- 
cated crystal such as (j), though its origin 
cannot be explained at the present. From 
the appearance of crystals in which inter- 
ference fringes are continuous as seen in (c), 
(d), (e) and (g), it can be concluded that all 
crystals have a common lattice. 


§5. Conclusion 


Considering from the above-mentioned re- 
sults, it is clear that magnesium oxide smokes 
often produce the (111) twin. It is reasonable 
physically that the (111) plane, having the 
lowest index and the largest atomic density 
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except (100), becomes the twin plane. It is 
also very interesting that there exist many 
crystals having the (111) cut section. Perhaps 
these may be produced by breaking off of 
twinned crystals at the twin plane. It was 
also found that there are many interesting 
modes of connection of crystals, and this will 
be an interesting problem to be studied in the 
future. 

In conclusion the authors wish to express 
their appreciation to Prof. R. Uyeda and Prof. 
S. Miyake for their kind interests, to Dr. G. 
Honjo and Mr. K. Kambe for their kind dis- 
cussions. They would also like to express 
their thanks to Mr. S. Takahashi for his 
helpful assistance. 
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On the Anomalous Absorption of X-rays by Crystals 
at the Setting of Bragg Reflection 


By Hide YOSHIOKA 
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Intensities of X-rays transmitted through crystals of calcite, topaz 
and pyrite at the settings of Bragg reflections were studied using a 


double crystal spectrometer. 


In the case of MoKa, transmission 


patterns have minima at Bragg angles. However, an asymmetry 1s 


noted in the patterns. 


In the case of CuKa, the transmission pattern 


through calcite has a large maximum near the Bragg angle accom- 
panying a small minimum on the side of large glancing angles. 


$1. Introduction 


G. Borrmann” reported recently an interest- 
ing observation that when a thick crystal 
(2.71 mm in thickness) of calcite was exposed 
to a divergent CuKa X-ray, the photographic 
plate placed at the back of the crystal showed 
two kind of intensity maxima ; one was due to 
the reflected rays by the net planes, while 
the other appeared in the incident directions 
at which Bragg reflections take place. Sub- 
sequently Campbell?) measured intensities of 
transmitted CuKa@ X-rays through calcite 
using an X-ray spectrometer and found a sharp 
maximum at a setting of Bragg reflection. 

These results are in contrast with those 
obtained previously by W. H. Bragg and W. 
L. Bragg, James and Bosanquet.» These 
authors reported that the intensity of RhKa 
X-rays transmitted through diamond or NaCi 
crystal is decreased at Bragg angles. The 
difference of these results seems to imply that 
the transmitted intensity depends strongly on 
X-ray wave-length, crystal thickness and cry- 
stal perfectness. In order to study these de- 
pendences, the author carried out some ex- 
periments using MoKa@ and CuKa-rays and 
crystals of calcite, pyrite and topaz. 

(Shortly after the experiments were finished 
Rogosa and others*) published a paper which 
is similar to this work). 


§2. Experimental 


The apparatus used in this work was a 
double crystal X-ray spectrometer. The first 
crystal was a calcite which was cloven care- 
fully. The second crystal is a sample to be 
studied. The intensity of rays transmitted 
through or reflected by the sample was mea- 


sured by a G. M. counter. The counter was 


a glass sealed type, the cathode was a brass | 


cylinder ca. 2.5 cm in diameter and 12 cm 
long, and the anode a tungsten wire of 0.01 
cm in diameter. 
sured entered the counter through a window 
of thin mica (0.01mm in thickness), and 
passed through the counter in its axial direc- 
tion. The gas filled in the counter was a 
mixture of argon at 120 mmHg and C,H;,OH 
vapour at 12mmHg. Counter pulses were 
recorded by a 64 scale-down circuit and a 
mechanical register with resoluble time of 
1/30 sec. Since the stabilization of the X-ray 
source was a difficult task, the intensity of 
the monochromatized X-ray was monitored 
before the sample by means of an ion chamb- 
er and an electrometer system. The ion 
chamber was filled with normal pressure of 
air mixed with a small amount of CH:Br. 
The number of counter pulses was recorded 
for a period during which the electrometer 
gave a certain deflection. 


§3. Results 
(1) Experiments with MoKa. 
Calcite. The sample was a plate parallel 


to the cleavage plane. Its thickness was 
reduced to 0.60 mm by grinding the surface 
with 800 mesh Corrundum. 
move the surface layer it was slightly etched 
with dil. HCl. The Bragg reflection studied 
was due to (112) plane (equivalent to the 
cleavage plane) which makes an angle of 
74°55’ with the plate face. The paths of the 
transmitted and reflected rays are shown 
shematically in Fig. 7. Variations of the re- 
flected intensity and the transmitted one with 
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An X-ray beam to be mea-_ 


In order to re- © 


/ ness 0.26 mm parallel to a cube face. 
surface was etched with boiled aqua regia. 
| The measured refiection was due to (100) plane. 
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the glancing angle of incidence are shown in 
Fig. 1. It is noteworthy that the minimum 
of the transmission pattern coincides, within 
the experimental error, with the maximum of 
the reflection pattern. Moreover, the depth of 
the minimum of the transmission pattern is 
nearly equal to the peak height of the reflec- 


| tion pattern. 


Topaz. The sample was a plate of thick- 
ness 1.57 mm parallel to (001) plane. The 
surface layer was not removed because no 
adequate etching reagent was available. The 
Bragg reflection by (120) plane was studied. 
The results are shown in Fig. 2. 

Pyrite. The sample was a plate of thick- 
The 


The results are shown in Fig. 3. 

In every case with MoKa it is noted that 
the transmission pattern is unsymmetrical 
with respect to its minimum, the transmitted 
intensity is slightly greater for small glancing 
angle side of the minimum than for the other 
side. 


40 
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Calcite, (112). thickness 
0.60mm, Moka. 


(2) Experiments with CuKa. 

Samples used in these experiments were 
thin because the transmitted intensity through 
thick crystals such as used before became too 
weak to be measured by our apparatus. In 
the case of FeS, it was unable to prepare a 
sample thin enough to be used. 

Calcite. The results for a sample of thick- 
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Big. 2. 


Topaz, (120), thickness 
1.59mm, MoKa. 


Intensity 


Hoo #50 sec, 


te) so 709/50 200 250 300 30 


—— . Angle 
Fig. 8. Pyrite, (002), thickness 
0.265mm, MoKa. 


ness 0.33 mm is shown in Fig. 4. The trans- 
mission pattern has a large maximum ac- 
companying a small minimum on its larger 
glancing angle side. The position of the 
maximum of the transmission pattern is 
slightly shifted to smaller angle from that of 
the maximum of the reflection pattern. 

In the experiments described above (includ- 
ing the case of MoKa) reflection patterns had 
relatively large angular widths, which sug- 
gested the divergence of the beam incident 
upon the sample is large. This divergence 
seemed to cancel a large part of the minimum 
and maximum, and to flatten them. In order 
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Fig. 6. Calcite, (112), thickness 
0.285 mm, CuKa. 


sec, 


to reduce the divergence which is due to thi 
imperfectness of the first crystal, only a smal 
portion ca 2mm in diameter of the first cry} 
stal is exposed to the X-ray beam. (At thd 
same time the focus of the X-ray source wa} 
reduced to an area of 0.2mm in diameter)| 
A sample of 0.28mm in thickness, was use¢ 
and its exposed face was confined by a leae 
diaphram to a circle of 3cm in diameter 
The results are shown in Fig. 6. The hall 
angular width was reduced as expected, an¢ 
it appeared to be only 17 seconds. It is r 
markable that the maximum of the transmi 
sion pattern is now very sharp and the posi 
tion of the maximum of the transmissio1 
pattern is very close to that of the maximun 
of the reflection pattern, the angle betweet 
them is the order of an experimental erro 
1 second. 


Topaz. A sample of thickness 0.38m 
was used. The results are shown in Fig. 
Though the maximum of the transmissio 
pattern is not so marked as for the calcit 
the asymmetry of the pattern with respect t 
its minimum is strongly enhanced. 


§4. Discussion 


The transmission patterns of MoKa through 
calcite, topaz and pyrite show minima a 
Brage angles as observed by James, Brag 
and Bosanquet in the case of NaCl with RhK 
X-ray. Recently Schwarz and Rogosa*) hav 
observed a similar pattern for calcite 0.4m 
in thickness. They have also observed that 4 
minimum in the pattern changes to a maxi 
mum when the thickness of the crystal is inl 
creased. In our experiments the transmissios 
pattern in the case of CuKa X-rays throug 
calcite crystal has a sharp maximum and 
shallow minimum. This kind of pattern wa} 
also observed by Schwarz and Rogosa, ane 
it is an intermediate pattern between tha 
observed by James, Bragg and Bosaquet ane 
that observed by Campbell and Borrmann. ~ 

The theory of the X-ray diffraction by ab 
sorbing perfect crystals was developed by 
G. Moliére,®» v. Laue? and recently by 
Hirsch.” The calculated curves according te 
v. Laue’s formula for the transmitted an 
reflected intensities for calcite in the case o 
CuKa@ are shown in Figs. 7, 8 and 9. Ths 
imaginary parts of Fourier coefficients o 
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Fig. 7. Calcite, (112), thickness 
0.01mm, CuKz, caleulated. 
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Fig. 8. Calcite, (112), thickness 0.10mm, 
CuKa, calculated. 
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Fig. 9. Calcite, (112), thickness 0.285 mm, 
CuKae, calculated. 
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susceptibility %)’, %,’’ in v. Laue’s formula 
can be calculated from the value of complex 
scattering factors calculated by Ho6nl.8 A- 
mongst the calculated patterns for various 
thicknesses, that for 0.1mm thickness (Fig. 
8) has a similar form to the observed one 
for CuKa@ (Fig. 6) instead of that for 0.28 mm 
thickness (Fig. 9) This contradiction may 
be solved by assuming a mosaic structure for 
the sample crystal. However, a simple com- 
parison of the observed and calculated curves 
is not adequate since there seems to exist an 
angular divergence of about 10 seconds in the 
incident X-ray. The difference of the maxi- 
mum of reflection pattern and the minimum 
of the transmission pattern is calculated to be 
ca 1 second which is the order of an experi- 
mental error in our experiment. 

The patterns for MoKa@ have similar forms 
to the calculated one for thin plate with CuKka. 
This is because the wavelength and the crys- 
tal thickness play similar roles in v. Laue’s 
formula. The minimum of transmission pat- 
tern has much larger value than the maxi- 
mum of the reflection pattern in the case of 
topaz and pyrite. This is not explained by 
v. Laue’s formula and it seems to be due to 
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the mosaic structure of the crystal. 

The author would like to thank Prof. R. 
Uyeda for his interest in this work and many 
helpful discussions. 
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The Use of Radioactive Isotope in a Study 
of Evolution of Strontium Oxide 
under Electron Bombardment 


By Shigetomo YOSHIDA, Nagao SHIBATA 
Yoshitaka IGARASHI and 
Hikaru ARATA 


Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Corporation, 
Musashinoshi, Tokyo, Japan 


(Read Oct. 17, 1953, Received Feb. 22, 1954) 


The changes of thermionic emission of oxide- 
coated cathode caused by electron bombardment 
have been measured by the authors) to make 
clear the factors which determine the life of com- 
posite secondary emission surfaces such as barium, 
beryllium and magnesium oxides. The results ob- 
tained indicated that barium oxide decomposed 
into barium atoms and oxygen molecules by elec- 
tron bombardment. From many experimental 
results,” it is certain that the oxygen molecules 
formed are liberated from the surface. There 
is, however, very few knowledge about the be- 
haviour of barium atoms and, in general, of 
metal atoms. We, therefore, measured the quan- 
tities of strontium evolved during electron bom- 
bardment by using strontium oxide containing 
radioactive strontium 89. 

The experimental tube is shown in Fig. 1. A 
is a nickel sleeve coated with strontium carbonate 
containing Sr8% One gram of this strontium 
carbonate contained 0.86 me of the radioactive 
isotope also as carbonate. F is the primary 
electron source and C is the nickel plate (2.51.5 
em) on which deposit strontium atoms evolved 
from A. In order to diminish the possibility of 
contaminating the collecting plate C by strontium 
radioactive isotope evaporated from A during 


+ 


evacuation, activation and aging processes, 
circumference and the upper and lower sides 
those electrodes are shielded by means of me | 
and mica plates respectively. The decompositi 

process of Sr-carbonate into oxide was carried 0 
at a pressure lower than 2.5x10-5mm mercu 
S, in Fig. 1, is a movable shield to be remov 
only during the bombardment. The quantities 


Cc F S) A 


Fig. 1. Experimental tube. 


S189 deposited on C is measured by Nuclear In 
counter (1.4 mg/em? miea window) which is shiel 
ed by 5 em thickness of lead on all sides in ord 
to diminish natural counts. 

The quantities of Sr89 and total mass of stro 
tium deposited on C under various Mahe 1 
conditions are shown respectively in Table I, as) 
function of bombarding currents, times and vol! 
ages. The factor (2.2 10-8 gr/epm) which convert 
cpm into total mass of strontium is caleulat 
from the counting rate of the standard specimes 
As the temperature of strontium oxide depenc 
on the input wattage (bombarding current x vo 
tage), the temperature is adjusted to be constar 
by means of backheater even though the bon 
barding current is varied at a given bombardmer 
voltage. Fig. 2 gives an example of the curv 
showing the quantities of S189 deposited on C < 
a function of bombarding time. 


1954) 


Bombardment conditions 
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Table I. The quantities of S18° and total mass of strontium deposited on C. 


Voltage Current Temperature Time Shwe nk aint Laas 
(volt) (mA) (°C) (hour) (107) er 
150 3.5 450 6+ 26.4+ 0.8 5.00.2 
Y Ui Y 6 26.8+ 0.8 5.9+0.2 
” 4 ” 34 95.14 1.1 20.9+0.3 
Y w w 57 222.2+ 4.1 48.9+1.0 
4 ” ” 100 141.9+ 2.0 3120.5 
” ” " 110 415.1+ 8.4 Chl gseil 8) 
” y " 140 637.2 7.5 140.2-+1.7 
” ” ” 150 627.84 7.7 138.2+1.7 
r fi ” 180 682.1+ 9.9 1505-272 
y 2.5 400 6 11.4+ 0.9 2.0-- 052 
a ” ” 150 233.64 4.9 SA 
" " 450* AR 280.6+ 4.5 50.8+1.0 
" ” W% 60 190.3+ 7.0 A1.94+1.5 
” ” pes 128 412.5+ 3.5 90.8+0.8 
” ! y* 191.5 699.8+10.9 153.6+2.4 
" Hise 260 21 0.24 0.5 0.10.1 
” ” y 122 1.3+ 0.6 0.8+0.2 
” " 450* 21 1 ise Wok 3.9+0.3 
i” ” y* 120 179.9+ 3.3 39.6+0.8 
500 ” 450 6 O+ 0.6 0+0.2 
” ” ” 34 3.5+ 0.6 0.8+0.2 


y} strontium oxide was heated at 800°C for 5 min after each bombardment which 


lasted for 10 min. 


* temperature was adjusted using back heater. 


¢.p.m. 
1000 


800 


600 


400 


0 200 hrs. 


100 
Bombardment time. 


Fig. 2. The quantities of Sr? deposited on C as 
a function of bombardment time. 


Though there are some irregularities in the ex- 
perimental results obtained, the following general 
eonclusions may be drawn: 

(1) When the voliage was kept at 150 volts 
and the current was varied as 1 mA, 2.5 mA and 
3.5 mA, the rate of evolution increased linearly 
with the current provided the temperature of 
strontium oxide remained constant. 

(2) The rate of evolution increased exponentially 
with the rise of the temperature between 250° 
and 450°C. ‘The activation energy about 0.8 eV. 

(3) When the input wattage is equal, the 
evolvement by 500 eV electrons is far less than 
by 150 eV electrons. 


(4) The efficiency of the evolution, or the 
number of strontium atoms evolved per one pri- 
mary electron, is around 1.51075 at 150 eV and 
8.5 mA primary electron current. 
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On the Relation Between Sound Velocity 
and Intermolecular Free Length 
of Liquids 
By Yasaku WADA 
Department of Applied Physics, 
Faculty of Engineering, 
University of Tokyo, Tokyo, Japan 
(Received April 12, 1954) 


Recently, B. JacobsonY has introduced the fol- 
lowing experimental formula, 


uLdV/2=constant=K, @s) 
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where w is the sound velocity (m/sec) in a liquid, 
L the intermolecular free length (A) and d the 
density (gr/em3). The value K has been confirmed 
to be constant for a large class of liquids: 55 
non-associated organic liquids and 5 series of liquid 
mixtures. The values of K at different tempera- 
tures have been given by Jacobson as listed in 
Table I. The procedures of computation of Z 
have been given in another paper of the same 
author.) 

The relation (1) can be accounted for by the 
following simple consideration. According to the 
hard sphere model proposed by Kincaid and 
Eyring,®») the sound velocity in a liquid is related 
to the intermolecular free length by 

w=Up'(D+L)/L , 2) 
where uw is the sound velocity in the same sub- 
stance in vapour phase and D is the diameter of 
the molecule. Using the perfect gas law, Eq. 
(2) reduces to 

v=(YRT/M)1/2(D+L)/L , (3) 
in familiar notations. The distance between the 


centres of adjacent molecules, D+ ZL, is related to 
molal volume V approximately by 

M/d=V=(«/6)N(D+ L)3. (4) 
Substituting Eqs. (3) and (4) to (1), it follows 

K=(6/nN)'3y(RT)V/2V-VS, (5) 
Though y, the ratio of specific heats in vapour 
phase, and V vary from liquid to liquid, y1/2/V1/6 
remains nearly constant for widely different kinds 
of liquids. As a consequence, it may be concluded 
from Eq. (5) that K is nearly independent of the 
substance. 


Table I. 

(GTS) TE K/T1/2 
BYR 588 35.6 
283 604 35.9 
293 618 36.1 
298 625 36.2 
303 631 36.2 
lee 642 36.3 
323 652 36.3 


As for the temperature variation of K, it is 
easily seen from Hq. (5) that K is expected to 
be approximately proportional to T1/2. In Table 
I the values of K/T'/2 are caleulated from Jacob- 
son’s data. The results are in agreement, at 
least approximately, with the above expectation. 

Using numerical values of V and y, e.g. V= 
90 em3/mole and y=1.2, K/T1/2 becomes 69 from 
Eq. (5), being larger than Jacobson’s data by 
about a factor of 2. Anyhow, since the theory 
is only of a first approximation, it may be un- 
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Transient Phenomena in the Backwara 
Direction of Germanium Crystal Rectifiers: 


By Makoto KIKUCHI and Yasuo TARUI 


Electrotechnical Lab. Tokyo, Japan 
(Received April 16, 1954) 


It has been found out that when certain yv 
tage was applied on a Ge point contact rectifie 
instantaneously in the backward direction, th 
current remained almost constant for first sever 
microseconds and it suddenly increased. Th 
sudden increase of the current (called “step 


<< 10 usec ———= 


\ 


v 


Fig. 1. The “step” observed on the oscilloscope. 
above ——— current, below voltage. 
pulse width is 10 microseconds. 


hereafter) observed on the oscilloscope is shown 
in Fig. 1. This step, whose rise time is of the 
order of 0.1~0.5 microsecond, is so sharp that it 
cannot be attributed to the self heating effect of 
the contact point such as proposed by Hunter 
and others), since the variation of the contact 
temperature must be far more gradual. It seems, 
however, that some temperature effects must be 
responsible for this phenomena because the ex- 
perimental results show that the time required 
for the step to occur after the application of the 
voltage (denoted by 7;) is quite dependent on the 
value of the product of the voltage and the cur- 


| 


| 
| 


: 


| 


rent. 
The experimental results of the relation be- 
tween ts; and the power (IV) is shown in Fig. 2 


-Sec 
- aaa B \D 
es i 
54 & 
Na ce ae 
= oa 
OF 1 
Oo 5 10 15 20 
W in watts 
Fig. 2. Experimental results of r;-W relation. 


We have analyzed this phenomena on the basis 
of the following physical picture. 

(1) The temperatare of the contact point is 
increased after the application of the voltage. 

(2) The strength of the heat source is propor- 
tional to the power dissipation. 

(3) The heat source is concentrated just beneath 
the contact point. 

(4) The step occurs just when the temperature 
of the contact point reaches a certain characteris- 
tic temperature 0. 

It must be noted that in this analysis the pro- 
blems that “what is 0?” and “what is the 
mechanism of the step itself?” are kept un- 


- touched. 


Theoretical equations are derived for the contact 
temperature as a function of time as follows”; 


T=T)+mWl-—G*O} , ey) 
where 
1/2 A f1/2 
G*(t) = exp (x22t) E ~ Fa (F se exp(-S2)as? |. 
aa) 


(2) 


T and T> are the temperature of the contact 


point and the ambient space, respectively, a, A 


are the constants which depends only on the 
thermal constants of the materials used and the 
geometrical construction, and W is the power 
VxI. Hq. (1) shows that when a voltage is ap- 
plied on the diode in the backward direction, the 
temperature of the contact point increases with 
time and gradually saturates to certain finite 
value. From the assumption (4), the relation 
between 9 and W is obtained as follows ; 
{(O —T)/ao} 1/W)=1-G*(rs) - (3) 

This equation shows fair agreement with experi- 
mental results by the proper choice of the two 
constants. For example, comparison of the theo- 
retical curve with experimental values on sample 
B is shown in Fig. 3. 
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f-sec 
1074 \ 
© ! EXPERIMENTAL VALUES 
S — : THEORETICAL CURVE 
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SH 
(e) T T I 

O 5 10 i) 

Ww in watts 
Fig. 8. cs-W relation. 


As is shown in Eq. (3), (Q—T») is linearly de- 
pendent on W for constant 7s. This means that 
if we measure the power W which is necessary 
to make the step to occur just r;9 seconds after 
the application of the voltage as a function of 
the ambient temperature 7, then it is expected 
for T)-W relation to become a straight line cut- 
ting T> axis at 0. 

In fact, as is shown in Fig. 4, the experimental 
results have shown that the above expectation 


6 
5 
SAMPLE D 
4 
L 
is = 
= 
Sis 
a 
Ss 
! 
Oo | °. 
O ia) Zo so) ey Ge Go 7o Go © 


Fig. 4. Experimental results of W-T> relation. 
=10p —see. 


was a correct one. From these lines the values 
of 9 are determined as follows. 


sample ) 
D 80°C 
E 70°C 


It is concluded, therefore, that sudden increase 
in the current as is shown in Fig. 1 occurs just 
when the contact temperature reaches to 0, which 
is estimated to be about 80°C. 

The meaning of the temperature 0 might be 
imagined in several ways. For instance, it may 
be the temperature at which the intrinsic con- 
ductivity initiates, or it may be the temperature 
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necessary for the ionization of some kind of traps 
which offer minority carriers. The definite con- 
clusion on the mechanism of the sfep itself can 


not be given at present and some discussion will 
be given in some detail somewhere”. 
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On the Internal Field of the Microwave 
Resonance in Ferrites 


By Noboru TsuyA 


Research Institute of Electrical Communication, 
Tohoku University, Sendai 


(Received April 26, 1954) 


From our experiments on resonance absorption 
in Ni-Cd ferrites anomalously large values of g- 
factors were obtained when frequencies of micro- 
wave were comparatively low, e.g. 4,000 and 
9,000 MC per sec.. Okamura”) has proposed that 
the existence of an internal field H; in addition 
to the observed resonance field H,.,;. In other 
words true values of g-factors, g,, should be 
determined by the equation 


hy =908 Brest Hi) , 


where £ is the Bohr magneton, v the frequency 
of microwave used, h the Plank constant, H,¢; 
the resonance field obtained experimentally using 
spherical samples with very small diameters so 
as to avoid the so-called size effects. The pur- 
pose of this note is to propose a possible mecha- 
nism which may cause such an additional internal 
field H;, although we have not been able to 
determine its magnitude by mathematical caleula- 
tions unfortunately. 

According to a simple application of Kittel’s 
formula») the effect of the anisotropy in poly- 
crystalline case is not so large). This internal 
field is also present even in the case of single 
crystals. Thus we do not consider here the aniso- 
tropy energy. The effect of ferrimagnetic coupling 
between spins is also small and moreover has an 
opposite sense in contradiction to experiments. 
Hence the true origin of this field H; may most 
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probably be attributed to the imperfectness « 
the specimen used. The real specimens of thi 
ferrites have more or less low density®) compare 
with that obtained by X-ray measurements. Thu 
there may be many holes, cracks, and other sori] 
of imperfections within the specimens even in th 
case of single crystals, so that the most signif] 
cant origin of H; may be assumed as the spacié} 
fluctuation of magnetic fields around the crack 
or cavities in the sample under test. This flud 
tuation of magnetic fields should come from th 
discontinuous disappearance and irreqularity® «a 
the exchange energy at the surface of cracks af 
cavities and from the inhomogeneous magnet¢ 
strictive energy due to the change of stress fiel 
around the imperfections. 

Now we shall discuss the effect of those im 
perfections more in detail. First we consider | 
crack in a perfect crystal. If the magnetosiati 
charge appears around eracks under the applica 
tion of strong external field in z-direction, it 
then easily concluded that the internal static fiel 
caused by the magnetostatic free charge result 
in a broadening of the resonance line but not i 
any shift. If we superpose the microwave fiel| 
on the static field, there appear alternating frel 
charges on the surfaces which are parallel to th 
z-direction, though not on those which are ra 
pendicular to it. These free charges behave ver 
differently from the above mentioned static one 
and can make additional demagnetizing field] 
Haz,y Such as expressed by 


a y= NU. svg) s 
Here it should be noticed that the effect of thes 
additional fields will vanish if and only if al 
spins precess in the same phase and amplitude} 
However the effective field fluctuates from place 
along the surfaces of cracks and cavities, so tha} 
some spins may be in the states of reasonancé 
and the remaining ones may be in advanced o 
retarted phases with smaller amplitudes and hene 
there should appear free charges at the eee | 
of cavities. 


Generally, as we can easily under! 
stand, this demagnetizing effect does not vanisk 
by the process of averaging over various shape 
and orientations of cracks. Thus we obtain I) 
internal field 


HH; =<Niz, yay, : 


The author wishes to express his heartly thanks 
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showing him their unpublished data on the inter. 
nal field and the porosity of the specimens. 
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Chlorine Pure Quadrupole Spectra in Some 
Solid Compounds 


By Kazuo TORIZUKA 
Tokyo Gakugeit University, Koganei, Tokyo 
(Received May 11, 1954) 


Using the frequency-modulated super-regenera- 
tive oscillator, which was already reported), C1% 
pure quadrupole resonance spectra of some chlo- 
rine compounds have been observed at liquid 
oxygen, dry ice and room temperatures. 

Frequencies were measured by superimposing 
the signal of a marker oscillator on the nuclear 
absorption pip on the oscilloscope screen. The 
marker oscillator was calibrated by crystal oscil- 
lator which in turn calibrated by JJY 4 me/s 
standard signal. The error of measured frequen- 
cies was estimated +40 kes and that of tempera- 
tures was +2° at dry ice and liquid oxygen tem- 
peratures. 

The results are listed in Table I. 


Table I. 

ila Frequency, in me/s 

Molecule 90°K  210°K =. 285°K 
CCl,CH(OH)(OCH;) 38.59 88.06 37.65 
38.74 38.25 37.80 
38.83 28.33 87.99 
CCl;CH(OH)(OC.H;) 38.51 88.12 37.80 
38.70 38.385 38.02 
39.11 38.54 38.06 
1-Chloro-2, 4-dinitro- 27.75 975A 27 34 

benzene . 

Ba(C103)2-H2,0 29.93 29.62 29.38 


Recently P. J. Bray and P. J. Ring”) also mea- 
sured the chlorine quadrupole resonance of 1- 
chloro-2,4-dinitrobenzene, chloral alchoholate 
(ethyl) and Ba(ClO;),-H20 at liquid nitrogen tem- 
perature. Present results are in agreement with 
them considering the temperature dependence and 
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the error of measurements. 

In Table I chloral compounds are methyl and 
ethyl substituents of a hydroxyl group hydrogen 
of chloral hydrate CCl;CH(OH),. Chloral hydrate 
was reported by Kondo and Nitta) to form inter- 
molecular hydrogen bonds with chlorine atoms 
of adjacent molecules. Comparing the chloral 
hydrate chlorine quadrupole spectrum which 
was studied by Allen) and the present results of 
chloral alchoholates, the following features are 
found. 

(1) Im alchoholates the separations of three 
lines which are due to three chlorine atoms in a 
molecule are small compared to hydrate. They 
are less than 600 ke/s and perhaps particular bonds 
of chlorine atom like inter- or intra-molecular 
hydrogen bond do not exist in alchoholates. 

(2) Temperature dependence is larger in alcho- 
holates than in hydrogen-bonded hydrate, and 
methyl substituent has larger value then ethyl. 
One of the chlorines of ethyl substituent has 
larger temperature dependence than the other 
two. This is compared to the particularly large 
temperature dependence of CH,CICOOC.H; among 
the monochloroacetic acid derivatives.5) 

Perhaps two chlorine atoms which are supposed 
to form hydrogen bonds would have higher quad- 
rupole couplings of about 1.6 me/s than the value 
of free molecules near the melting point. On the 
other hand non-hydrogen bonded chlorine would 
have lowered value about 0.8 me/s. But more 
precise informations about the electronic structure 
of hydrogen-bonded chlorines will be obtained by 
Zeeman. effect of quadrupole spectrum line using 
single crystal. 

1-Chloro-2, 4-dinitrobenzene (m.p. 51.5°C) shows 
single line, so the chlorine positions in molecular 
crystal are not greately different in each mole- 
cule. Comparing it with the frequency of o-nitro- 
chlorobenzene obtained by Dean and Pound®), NO, 
group at para position shifts the Cl resonance 
frequency about +0.7 mce/s and this is considered 
to be due to the electron withdrawal effect by 
NO, group from the benzene ring. Its tempera- 
ture dependence is rather small compared with 
o-nitrochlorobenzene. 

Ba(ClO3)2-H2,O, whose resonance frequency was 
already reported”), has resonance frequency be- 
tween that of K and Na chlorates, and rather 
near to Na one. The order of their frequency 
Na: 30.01, Ba: 29.38 and K: 28.20 meys is the 
same as that of electronegativity Na: 0.9, Ba: 
0.9 and K: 0.8. This parallelism between the 
quadrupole coupling and the electronegativity in 
chlorates is similar to bromates observed by 
Shimomura et al®). 

The author wishes to express his sincere thanks 
to Prof. S. Kojima of the Tokyo University of 
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Internal Friction of Alpha-Iron Due 
to Boron Atoms 
By Ryukiti Robert HasiGut1 
and Gen-ichi KAMOSHITA 
Department of Metallurgy, Faculty of 
Engineering, University of Tokyo, 
Tokyo, Japan 


(Received June 12, 1954) 


Short Notes 


(Vol. | 
It has not been decided experimentally whethex 
boron atoms dissolve in alpha-iron interstitially, 
or substitutionally. A distinet evidence for the 
interstitial solution was found in our laborator 
by means of internal friction measurements, 
Boron atom concentration in solid solution an 
diffusion coefficient of boron in alpha-iron were 
also determined. | 
Internal frictions at about 20 kilo-cycles pe 
second of vibration were measured as a function 
of temperature. The results are shown in Figs, 
1 to 3. Specimens are (1) boron steel containin 
0.4% carbon and nominally 0.004% boron (Fig. 1), 
(2) earbon steel containing 0.4% carbon (Fig. 2), 


Table I. 
Boron | Nitrogen Carbon 
i | 
Atomic te Sh eRe 
1.4x10-5 | 9.81075 9.8x10-5 
per cent 2 ay on’ elegy Seba Tae 
aera 2.6x10-8 | 2.5x10-5 | 2.1x10-5 
Diffusion [506 ea res ‘ 
e 2.9x10-2 | 3.0x10-2 | 3.0x10-2 
in hes at 128°C | at 163°C | at 177°C 
Activation - 20,100 
17,900 19,500 ? 
energy a hd | (aecepted 
cal/mol. (estimated) | (estimated) | value?) 


and (8) Armco iron. They were all annealed at 
600°C for an hour. 

Three peaks of internal friction, Po, P; and Py» 
are found in boron steel as shown in Fig. 1. 
Two peaks at higher temperatures, P; and Ps, are} 
found also in carbon steel and in Armco iron.| 
P, is due to nitrogen atoms and P; is caused by 
carbon atoms. The peak at about 
129°C is found only in boron steel, | 
which means this is due to boron 


atoms. As the concentration of| 
boron atoms is very small, their 
contribution to the internal friction 


peak is possible, only when they 
make interstitial solid solution in 
alpha-iron. 

The concentrations and diffusion 
coefficients of boron, nitrogen and) 
carbon were calculated from three. 
ee of Fig. 1 as tabulated in Table 

Assuming a linear relation be-. 
tween absolute temperatures of. 
peaks and activation energies of 
atomic jumps, we can estimate the 
activation energies for boron and 
nitrogen from the currently used 
value of activation energy of. 
carbon». These values are shown. 
in Table I. | 


Arm¢o Iron 


+ 
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bouring sites which from a face- 
centered cubie lattice, and w; is the 
increase of the potential energy 


when the 7-th molecule is at the 
distance 7 from the centre of the 
cell with all the neighboring cells 


occupied. We have assumed in (1) 
that zo; cells are vacant and 


2(1—w;) cells are occupied around 
the 7-th molecule. We now propose 
the following approximation for 


2] 4 = ere ae) — * a 
50 70 +90 10 130» 150.—s«170.-—Ss«d19 @est—(ié#Y 
Fig. 3. In j()=1n 7(0)+ © {0 In 7(w)/00} weo - 
Figs. 1, 2 and 3. Internal friction as a function ve 
of temperature. Then we have 
In j(w)=In (2nro3qg)+(q-48 — 29-29 ewe, (8) 


The authors would like to thank Mr. N. Igata 
for his kind cooperation and Mr. S. Ishii for his 
assistance in carrying out the experiments. 
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On the Free Volume Theory of Liquid 


By Kiyoshi ARAKAWA 

Fuji Denki Setzo K.K. Material Laboratory 
Kawasaki, Kanagawa 
(Received June 19, 1954) 


After the pioneering researches of Lennard- 
jones and Devonshire, and Eyring and his co- 
workers, not a few attempts have been made on 
the free volume theory of liquid, but with limited 
success. An approximation for the generalized 
free volume j()) is proposed in this report. The 
total partition function of the whole assembly 
composed of N molecules distributed on Z sites 
is, if it is assumed that a cell can be occupied 
by only one molocule and that the energy of 
interaction of two molecules is 


Er) =4e {(r9/r)2 — (r0/r)} 5 
Z=[2nmkT /h2 p42 > exp {-2(N — X)H(0)/2kT} 
<I ji) (1) 
where 
J(oy= neue { —(1—0,4)ui/kT} 4nr2dr 
and DGS pa Wj. 


E(0) is the energy of two molecules on neigh- 


q; the reduced cell size 

a; the distance between two neighbouring lat- 
tice sites 

BOWEL; =(1/t)(q-4-29-?) 

7; the reduced temperature=kT'/c, 


Se Oleh 7=YmlG » 
apes 


yi? exp {—(z/t)(q-U(y) -2q-2n(y)} dy 
gh= fr" pretyexp{ —(2l=\q- Uy) —2q-2nly)} dy 


"0.30544 
m= | > yientyyexpt —(e/z\(q- Uy) — 2q-2n(y)} dy 


Uy) =(1+12y +25. 2y2+12y3+ y4\(1—y)- 1, 

nyjaAty\l-y) 4! . 

Then, after the calculation by means of the 
quasi-chemical approximation, which is analogous 
to that of previous theories), the following 
equations are obtained. 


py|nkT = —(1/x) {Ind —2) 
+(2/2)In((B+1—2a)/(1—x)(1+8))} ; 
@=1—4a(1 —x)[1 —exp{—(1/r) 
x {1 +24)g-4-2(114+279)q-2} 1, w=NIL. 
(5) 
The equation of state (4) has the same form as 
those of previous theories»), which results from 
various form of linear dependency of Inj(w) on 
», and the difference between our result and 
those of previous theories lies in the form of @. 
The second virial coefficient is 
B=4Nr3q{1 +2 {1—exp (-(/r(+28)¢q-4 
—2(1+27)9-*))}] - (6) 
The value of B/bp (b)=2/8nr0%) plotted against t 
is shown in Fig. 1, together with those!) of other 
approximations and exact values” for the Lennard- 
jones type intermolecular potential. Numerical 
calculations were made for g=1.174, the value 
which was used previously in the theory of Sato 
and Ono. The values of g, 91, gm are taken and 
interpolated from the tables of Wentorf, Buehler, 
Hirschfelder, and Curtiss®). The influence of the 


(4) 
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ta det tL 
| t 10 100 


Fig. 1. The calculated second virial coefficient 
plotled aganst c. 
(a) Cernuschi and Eyring, (b) Ono, (c) Peek 
and Hill, (d) Rowlinson and Curtiss, (e) Exact 
values of Lennard-Jones, (f) this work. 


Table I. Critical constants (including Boyle point). 


second and third nearest neighbouring molecules} 
is corrected by multiplying g term with 1.011G}j 
and 1.2045 respectively. 

The critical constants are tabulated in the fol4 
lowing and compared with those of other approz} 
ximations). (the values of Cernuschi and Eyring} 
and those of Ono are calculated for g=1.174) taf 


is obtained by solving graphically the following} 
equation. H | 


(jee) {q-4(1 +28) —2q-2(1+27)} = —In {z/(z-2)} . 
Cr) 

From the above results it is seen that this ap-] 
proximation is near to that of Cernuschi and| 
Eyring, but is improved to some extent. In the} 
latter the second term of the formulae (2) is# 
dropped. Considering from the form of (2), this} 
approximation is found to be useful at rather 
low values of », that is, at high density, and isif 
not a good approximation at the values of » near 
1. Generally speaking, the state of liquid at the 
value of » near 1 cannot be exactly treated by, 
the cell model. In this approximation, the cor- 
relative effect of molecules between different cells 
is not considered, and, to improve the theory, it 


eritical constant \(PVINET)¢ 
mean experimental values for | 0.293 | 
N, Ne, A | a 
Lennard-jones and Devonshire | 0.591 | 
| | 
Peak and Hill | 0.71 
Cernuschi and Eyring | 0.342 
Ono |. .<0QNB42 
this work | 0.842 


oy V_/73 ra) | Boyle point ty 
1.28 | 3.09 ho gc | 3.42 
1,80.) ae 0.00 | — 
118 3.25 | 0.175 2.2 
3.34 2.35 | QA5B)) be 1520 
date 2.35 | 0.455 1.66 
Bid2i || Sgeso trea cordsE 6.00 


| 


is necessary to consider the interaction of mole- 
cules between different cells, or to enlarge the 
cell so that each cell can be occupied by more 
than one molecule, as proposed recently. 
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Photoconductivity of In.Te; and CdTe 
Single Crystals 
By Hisao MIyASAWA and Suezo SUGAIKE 
Matsuda Research Laboratory, 
Tokyo-Shibaura Electric Co., 
Kawasaki-shi, Kanagawa-ken 
(Received July 2, 1954) 


Recently, semiconducting properties of In.Te; 
and CdTe were reported by Appel», who observed 
the electrical conductivity as a function of tem- 
perature and determined the values of their acti- 


Yivation energies. 

\) Artificial single crystals of these compounds 
have been grown and studied also in this labora- 
\tory2, and here will briefly be given another 
iievidence which may indicate the width of their 
forbidden energy band. The conclusion is deduced 
from the measurements of photoconductivity. 

| Usual photoconductive cells were prepared, con- 


(A) IngTes SYNTHETIC SINGLE CRYSTAL #5-2) 


Eare=22.5V, R=lOOK, 21°C 
T q 

| | | | | | h 
| | SS a ae 
aD EES | | 
} vit | | | | 
: {| | | | | 

| | 

ht | 


-3 
lox Og Ve) L2 14 1.6 SeEZO. 22° 24 
hy in ev 
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(B) Cdte SYNTHETIC SINGLE CRYSTAL #6_|2 | 
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| 
| | | 
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ao St ee y 
ae ee 
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| 
1O" - 
| 
~ > | 
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Fig. 1. Typical spectral sensitivity of the photo- 
conductivity, (A) for In,Te; and (B) for CdTe. 
S in the ordinate represents relative photo- 
response per incident light quantum in loga- 
rithmic scale. 
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sisting of a wafer of the single erystal cemented 
on a glass plate with Araldite resin and a pair 
of evaporated gold electrodes between which a 
cleavage surface of the crystal was exposed. 
These cells were fairly insulative in the dark and 
showed appreciable photoconductivity. Then, the 
voltage developed acoss a suitable load resistor 
connected in series with the cell and a battery 
was applied to a vacuum tube voltmeter through 
an amplifier. Monochromatic light directed upon 
these cells was interrupted at 140 eps by a rotat- 
ing chopper disk, and the light intensity at each 
wavelength was measured which was required to 
give rise to a constant photoresponse. 

Typical results are shown in Fig. 1, where 
photocurrents passing through the electrodes per 
incident light quantum are plotted against the 
photon energy. In most semiconductors, sharp 
drop in the photoresponse may usually correspond 
to their fundamental optical absorption edge or 
their intrinsic energy gap, though there are seve- 
ral exceptions such as suitably activated lead 
sulphide films. Henee, it is tentatively believed 
that the values, 1.2 ev for In,Te3 and 1.47 ev for 
CdTe, respectively indicate the energy gap near 
room temperature of these compounds. 

Meanwhile, isothermal values obtained by Appel 
have not been assigned to any electronic energy 
state. As compared with our data, however, 0.94 
ev for In,Te3; and 1.48 ev for CdTe) may be re- 
garded as intrinsic ones. 

According to Frerichs#), on the other hand, it 
is said that CdTe crystals show a maximum of 
photoconductivity corresponding to the absorption 
edge at 6200A or 2 ev. This does not agree with 
the data given here. The reason would be at- 
tributed to the difference in crystal structure ; 
i.e., Frerichs’ specimens presumably crystalize in 
the wurtzite structure, while those used by other 
workers are the zincblende type. In the former, 
interatomic distance between cadmium and tellu- 
rium is smaller than in the latter. In turn, this 
might cause the latter to have a smaller energy 
gap as is the case, because the lattice dilation 
in these type compounds tends to narrow the gap. 
It is plausible that an activation energy of 1.98 
ey near 1000°K found by Appel, which is consist- 
ent with Frerichs’ one, belongs to the wurtzite 
structure transformed at higher temperatures 
from the zincblende phase. 

The authors wish to thank Dr. H. Inuzuka, Mr. 
Y. Uemura, and Mr. J. Okada for helpful discus- 
sions, Mr. M. Sugito for assistance with the ex- 
periments. 
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Some Electrical Properties of AlSb 


By W. SASAKI, N. SAKAMOTO and M. KuNo 


Electrotechnical Labolatory, 
Nagatacho, Chiyodaku, Tokyo 


(Received April 19, 1954) 


An ingot of AlSb was prepared by stoichiome- 
tric fusion of Al and Sb, and purified by passing 
four molten zones in argon atmosphere. The 
ingot was composed of small crystals, each with 
about 1x1 mm area perpendicular to the axis of 
ingot and 5 mm length along the axis. Excess 
Al component, which was probably partly due to 
the evaporation of Sb during zone refining, is ob- 
served near the tail part of the ingot. 

Specimens for electrical measurements were cut 
out, examined for electrical homogeniety, and 
resistivity, Hall constant, and thermoelectric 
power have been measured as functions of tem- 
perature. 


{Qem) 


SISTIVITY 


SPECIFIC RE 


3 «= 
\O/t (%) 


Fig. 1. Resistivity versus temperature plot for 


three specimens of AlSb. 

Fig. 1 shows measured resistivity versus tem- 
perature curves of three specimens. Near room 
temperature the resistivity decreases slightly as 
the temperature is raised, then it increases to a 
maximum value at about 800°C, and decreases 
rapidly. The broken line shows the curve 

px T3/2 F 
which represents the expected resistivity versus 
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temperature relation when the charge carrier} 
produced by complete ionization of donors or a 
ceptors, are scattered by non-polar crystal vibrf 
tions, and may be compared with the experiment) 
curves. 


| 
B i i 
6 } 


4q 
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Fig. 2. The Hall constant of the specimen “C”| 

Fig. 2 shows the Hall constant measured on thg 
specimen C in Fig. 1. The sign of the Hall cor 
stant is that for conduction by holes. The Ha 
constant decreases slightly with increasing ter 
perature. The Hall mobility R/p is 40 em?2/v.se 
at room temperature. 

Thermoelectric power was measured on th} 
specimen C over the temperature range fro 
17°C to 89°C, and the result is shown in Fig. 
We can calculate thermoelectric power from th 
Hall data when a model is proposed for the ener 
bands and the scattering process of the charg 
carriers of the semiconductor. The solid lines i 
Fig. 8 are such curves based on the followin 
assumptions. (a) The effective mass model is a 
plicable and the effective mass m* is given by 

(m* /m)g?/3=1.8 , 


oO 
@ 


THERMOELCTRIC POWER ( MV/geq ) 
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Bb 


fo) 50 
TEMPERATURE ( °C ) 


100 


Fig. 38. The thermoelectric power of the 
specimen “C”. / 
where m is the free electron mass, and g the de- 
generacy of the band edge except for spins. (b) 
The scattering is caused either by the lattice 
vibration, corresponding to the curve denoted by 
L, or by the ionized impurities, the curve denoted 
by I. Taking into account the experimental 
errors, the (m*/m)g?/3 value in the model described 
above is estimated to be 1.8+40.8. 
The authors wish to express their thanks to 
M. Hatoyama for his encouragements. 
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Hyperfine Structure of the Spectrum of Ruthenium. Part IT 
By Kiyoshi MURAKAWA 
J. PHys. Soc. JAPAN 9 (1954) 427~428 
The last two lines of page 427 should read: 


A(Ad8585p°F 5) = al s)-+ ea p +oea, A(4d®5s5p7 Py) = uo) - gant pote: 
oz Interaction in Benzene 
By Kazuo NITRA 
J. PHys. Soc. JAPAN 8 (1953) 630~642 
Page 
633 Eq. (15.1a) I/8Crsse—+-++1/6Crnta'e should be read 2x(1/3Curssa—-+-+1/6 Conran) 
635 Table II, *Hy, 10.9 " 9.3 
(9.9) " (8.5) 
9.0 ” ied 
(8.0) ” (6.6) 
641 Table V, 3H, 
for A=0.5 —1.16 ” —0.44 
yey ” 1eoo 
(2.13) ” (0.73) 
1.76 ” 0.89 
(0.97) ” (0.29) 
for A=1) —0.80 ” —0.24 
2.96 Y 1.35 
(2.32) E (0.87) 
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On the Absorption of Cosmic Rays Underground 


By S. HIGASHI, M. OpA, T. OsHi0o, H. SHIBATA 
and K. WATANABE 
Physical Institute, Osaka City University 
(Received May 21, 1954) 


The local absorption in lead absorbers in a counter telescope has 
been measured at the depths of 20, 25.5 and 40 m.w.e., and com- 
pared them with the absorption produced by increasing the depth 


underground. 


within the limit of the accuracy of the measurment. 


It was found that the former agrees with the latter 


The results show 


that at least 98 percent of the cosmic rays underground consist of 
mu-mesons coming from the atmosphere, and that the remainder has 
short ranges and may be composed of electrons produced by mu-mesons 
in the ground. The cosmie rays underground created by unknown 


processes are probably very few. 


§1. Introduction 


A number of investigations!~ have made 
it clear that the penetrating particles detected 
} underground are primarily 22u-mesons, and 

that these particles penetrate through earth 
losing their energy mainly by the ionization 
processes and their ranges are accounted for 
by the energy loss of s2u-mesons. It is also 
known that the su-mesons are accompanied 
| by a small amount of electrons and a smaller 
amount of N-components both of which are 
in equilibrium with the parent sz#-mesons. 
Though the above view looks most reasonable, 
other possibilities may not be excluded, be- 
cause the observed cross section for the large 
angle scattering of penetrating particles under- 
_ground®-!) seems to be larger than that ex- 
pected and in this connection the hypothesis 
of K-mesons are suggested by Hayakawa’). 
If there were some charged penetrating par- 
ticles produced locally in earth, the energy 
spectrum underground should slightly deviate 
from the expected from the intensity-depth 
relation and also the absorption in earth should 
be different from the absorption in matter 
placed between the counters by such an a- 
mount that are produced locally in earth. If 
the cosmic rays underground are wholly com- 
posed of mzu-mesons which are created in the 
atmosphere, their absorption with increasing 
depths should agree with the local absorption, 
subtracting the absorption of electrons and 
also of the negligible amount of charged par- 
ticles due to nuclear interactions. 

An accurate absorption measurement was 


made by the Cornell group at a great depth 
of 1,600m.w.e.”, confirming the reasonable 
picture mentioned above. To see whether the 
anomalous absorption would take place at small 
depths or not, we carried out the absorption 
measurement at depths of 20, 25.5 and 40 
m.w.e. in Isohama Tunnel*, Shizuoka, Japan 
(geomagnetic latitude; 24.5°N), from Oct. 1952 
to June, 1953. 


§Z. Experimental Arrangement 


We have constructed a counter telescope 
with attention to minimize following hazards; 

1) If the absorption is as small as expected 
for mu-mesons and if the trajectories of the 
incident particles can not be traced clearly, 
spurious events may disturb results. 

2) When the particles are scattered out by 
absorbers from the apparatus, the events are 
falsely interpreted as stopped in the absorbers. 

3) As the rate of absorption is expected to 
be very small, it may be impossible to obtain 
the absorption with the statistical significance 
comparing the independent observations of 
penetrating and absorbed fluxes. 

The arrangement of the counter telescope 
for measuring the absorption is shown in 
Fig. 1. The top of the telescope was sepa- 
rated from the ceiling of the tunnel by 60cm. 
Earch counter was connected to a hodoscope 
circuit, and a master pulse was generated 
whenever one or more counters of every tray 


* The ground above the tunnel is composed of 
basalt and soil, and its mean density determined 
by gravity measurements, is found to be 1.6, 1.6 
and 2.2 at the respective depths. 
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of A, B, C, D and E were discharged simul- 
taneously. The photographic records show 
which counters have been discharged. Trays 
K, L, M and N indicated whether the master 
pulses of the hodoscope were made by a single 
particle or by two or more particles. >i, dn, 
>, and 33; were lead absorbers, the thickness 
of which were occasionaly varied. 


kK [ Z ZZ J 
L OOO QOO 
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Fig. 1. Arrangement of counters and absorbers 
used to measure the absorption and the 
intensity of cosmic rays. 
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Fig. 2. Arrangement of counters and acsorbers 
used to measure the intensity of cosmic rays. 


The intensity-depth relation was measured 
by the apparatus containing three sets of 
counter telescopes as shown in Fig. 2, in ad- 
dition to the telescope shown in Fig. 1. 

The coincidence resolving time of the ap- 
paratus was 15~20 4 sec, and chance coinci- 
dences were completely negligible. 


$3. Experimental Results 

About 30 percent of photographic records 
obtained with the hodoscope shown in Fig. 1 
at three depths concerned were the cases 
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where two or three particles entered the ap) 
paratus, and about 9~10 percent of records 
indicate four or more particles entering it an¢ 
may be considered as coscade showers coming 
from earth. The former case is noted as 
A.P. (associated particle) and the latter as ES) 
(earth shower). Relative frequency of A.P.\} 
E.S. per flux are shown in Fig. 3. 


Sh 


0,20 © 


10 20 20 40 50 mw, e., 


Fig. 3. (a) 


ES ian 


6,03 } 


Relative frequency of A.P./flux. 


0.02 t 
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10 20 30 40 50 mW: e€, 
Soke 
Fig. 3. (b) Relative frequency of E.S./flux. 


About 60 percent of photographic record 
showed that the particles which entered int 
the apparatus were associated with no par 
ticle within the area of the apparatus. The 
trajectories of particles were traced, and al 
few of them were found to be scattered. The 
rates of absorption of the single particles in 
three layers of lead absorber were simultane- 
ously obtained in each series of measurements. 
The observed curves are shown, for various 
depths, in Fig. 4 (a), (b), (c) and (d). As pre- 
viously noted, when particles are scattered in 
the absorber and failed to discharge counter 
trays, they may erroneously be interpreted 
as absorbed. This was corrected on account 
of the observed rates of scattering, and was 
found to be completely negligible for trays F 


and G, but at most 2 percent or less for tray 
H. 
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In Fig. 4, the rate of local absorption was 
compared with the rate of absorption in earth. 
In this comparison, the integral range spect- 
rum at depth hy is represented by the formula 
Ilo + 4h)=I(ty)e-*4", and hence the rates of 
absorption in earth fearth and in lead fy» are 
as follows: 


i ‘ 
Fearth=Feq LU leo) — Meo)e-**"} : 


F vo = {I(hoo)—T ye" 4}. , 
where J is the intensity of cosmic rays and 
” iS a correction factor which comes from 
the difference in energy losses of mesons in 
lead and earth. In the energy range con- 
sidered, the energy loss of mesons comes 
entirely from the ionization process and 7 was 
computed as 1.45 in reference to Halpern and 
Halls’ calculations'». a@ is the gradient of the 
intensity-depth curve when it is plotted on 
the semi-log diagram and can easily be ob- 
tained graphically. As expected, the intensity- 
depth relation at 20~50m.w.e. at 24°N 
geomagnetic latitude is consistent with that 
at high latitude within the limit of errors. a@ 
is estimated from a number of observations 
by various authors! including ours, and the 
relation f vs 74h is represented by the shaded 
regions in Fig. 4, on account of the errors in 
the estimate depths. 

In Table I, a obtained from intensity-depth 
relation, absorption coefficient @jocaj computed 
from local absorption of the particles with 
ranges longer than 100 gr/cm? lead, and the 
discrepancy A coming from the particles which 
seem to have ranges shorter than 100 gr/cm? 
lead are listed. 


§4. Discussions and Conclusions 

In comparison of the local absorption curves 
with /f-lines represented in Fig. 4, the slope 
of the local absorption curves is steeper than 
f-lines up to 100gr/cm? lead and gradually 
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Fig. 4. (a) Absorption Curve at 20 m.w.e. >> =0. 
(The shaded region indicates f-line) 
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Fig. 4. (b) Absorption Curve at 20 m.w.e. = 
10cm Pb. 
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Fig. 4. (ec) Absorption Curve at 25.5 m.w.e. >) 
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Fig. 4. (d) Absorption curve at 40m.w. e. >/=0, 


Table We 
20 m.w.e. 22.5 m.w.e. 40 m.w.e. 
S60 | ¥=10em Pb ==0 ~=0 
(/10 m.w.e.) 0.6 ~0.7 | 6-057 0.6 ~0.6 0.34~0.48 
(/10 m.w.e.) 0.640.038 | 0.64+0.08 0.550. 04 0.42-+0.07 
A (%) 1.0 £0.7 | 0.8 40.5 0.7 40.9 0.6 £0.7 


A: rates of short range particles per flux. 
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come to parallel. This fact indicates that 
some short range particles are produced in 
earth. The difference of two curves indicates 
the amount of particles produced in earth, 
and their rates per flux are listed in Table I. 
The short range particles, whose mean range 
seems to be shorter than 30 gr/cm? lead, may 
be almost electrons which are produced by 
mu-mesons in earth. 

If the short range particles are produced by 
unknown neutral particles, the amounts of 
neutral particle should be less than 2-10~4 
I.:(4/n), where 4 is the mean range for 
neutral particles to produce charged particles 
in gr/cm?, 2 is mean multiplicity and J, is 
the number of charged particles at the inter- 
esting depth. 

If a few particles with the larger ranges 
are produced by some unknown processes, the 
difference between the local absorption and 
f-line should be scarcely detected. 

The amount of charged particles due to un- 
known processes is estimated from the dis- 
crepancy between a@ and Qjcc31 must be less 
than 0.06 7, (Zu: intensity of u-mesons at 
the interesting depth). 

However, Amaldi et al? ?© had shown 
negative conclusion for the process following 
which charged particles are produced by K°- 
meson. 

Even if all of the short range particles are 
slow mu-mesons, which are produced by some 
mechanisms, the amount of them should not 
be enough to explain anomalous scattering 
observed by many workers. 

In Fig. 3, the rations of A.P./flux and E.S./ 
flux increase with increasing depth. This 
fact is naturally recognized, if these events 
are considered as the electromagnetic inter- 
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action of 22#-mesons, whose average energy} 
increase with increasing depth. | 

The authors are greatly indepted to Pro: 
fessor Y. Watase for his suggestion and dis- 


cussion, and to Messrs T. Kubozoe and I! 
Higashino for their useful help. 
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One decay 


event of the unstable heavy meson was found in the 


photographic plate exposed at high altitude. The unstable heavy meson 
was decayed in flight into single lighter charged meson and assumed 


to be « particle on account 
decay point. 


of the energymomentum relation at the 
The possibility that this event occured due to a spurious 


distortion such as “wetting effect” will not be completely neglected, 
because the direction of motion of the emitted particle is very close 


to that of the parent. 
event by the wetting effect. 


$1. Introduction 

During the last few years a number of ex- 
amples»~*) have been reported of heavy 
mesons which are usually referred as « or % 
particles. Each of those unstable heavy par- 
ticles decays near the end of its range into 
single lighter charged meson and one or more 
neutral particles. 

Recently, in our laboratory, a particle, which 
can not be identified as a proton or a z-meson 
and decays in flight into a lighter meson, has 
been found among star particles in a photo- 
graphic plate exposed at high altitudes. 

The plate in which this particle was found 
was one of those which were exposed and 
processed by Dr. V. Perterson.* They are 3 
inches x3 inches I/ford G-5 emulsions, origin- 
ally 400 microns thick, and flown by means 
of free balloons** at Bismark, North Dakota 
(magnetic latitude 56°N) on August 3, 1951. 
The flight reached a minimum pressure of 
1.2 m.m. Hg, and remained about 45 minutes 
above 50,000 feet. The plates were contained 
in a thin bakelite cylinder wrapped with rock- 
wool and suspended in a gondola of wire and 
cellophan. Prior to exposure these plates were 
eradicated of accumulated background tracks, 
and owing to this process the surface layer 
of the plate, about 80 microns thick, was not 
available for the investigation. The shrinkage 
factor of the plate was 2.2, and the grain 
density corresponding to minimum ionization 
tracks was about 25.7 grains/100 microns. 
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But it seems quite difficult to interprete whole 
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Photo 1. An unstable heavy meson (the grey 
track) emitted from the star O decayed in 
flight into a lighter meson at the point B after 
about 3500, flight. This event is possibly a 
«-p decay in flight. 


* Dr. V. Perterson: California Institute of 
Technology. 

** This balloon flight was financially supported 
by the “Office of Naval Reserrch U. S. Navy.” 
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§2. General Description of the Event 


The event in question is a simple star com- 
posed of two thin tracks, one grey track and 
one black track. Fig. 1 shows the projections 
of the star on the planes parallel and normal to 
the emulsion-glass plane. Photomicrographs of 
the event are shown in the Plate 1. Two 
thin tracks have very large dip angles as are 
shown in Fig. 1 (B), and the primary particle 


> 


O ae Faro Zenith 
NB 004° 
= 


1000 
ee 


Fig. 1. (A) The projection of the star on the 
plane parallel to the emulsion-glass plane. 
Oa: Thin track emerging to the surface, 


grain density 25/100 pu. 


Og: Thin track emerging to the glass, grain 
density 34/100 p. 
Oe: Black track stopping in the emulsion, 


about 500, lone. 
OABC: Grey track. 


100 scale div. 


pee 


emulsion-glass plane 


Fig. 1. (B) The projection of the star on the 
plane normal to the emulsion-glass plane. 

Seale div. x Shrinkage factor (2.2) = Original 

thickness in .. 


4 


Table I. The measured values of each part of 
the grey track. 
OA AB BC 
Length in pz 1123 2379 2001 
g.d. N/100u 78.1 74.6 43.6 
a° /(100;2)3 0.180 0.197 0.336 
Tabie II. The results after the correction for 


distortion on Table I. 


OA AB BC 
Length in 1217 2326 1998 
g.d. N/100u 1a 1a 43.7 
a°/(100n)4 0.195 0.195 0.336 


of this event cannot be identified. The grey 
track shows a sudden change of direction 
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about 7° at the point A and further more ab- 
rupt decrehse of its grain density at the point 
B, and then enter into the surface layer at 
the point C. However, the direction change 
at the point B is very small, about 0.4° parallel 


and about 1.4° normal to the emulsion-glass jf 
The length, grain densities, and mean | 


plane. 
scattering angles of each part of this track 
are shown in Table I. Before the interpreta- 
tion of this unusual track, the distortion and 
the possible nonuniformity of the emulsion 
must be examined. 


$3. Correction for the Distorsion and the 
Examination of the Nonuniformity 
of the Emulsion 
The star is created in the region near the 
edge of the plate as shown in Fig. 2. In this 


ae gee 
| 
| 
| 
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+———- 3 inches ————4 


iows2s 
star 


The position of the region where the 
was found (shaded region). 


in (22x5.3x10-2)z 


‘The length of distortion vector 
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0.1 0.2 1.0 


> y in cm. 


Fig. 38. The magnitude of distortion vector in 
the shaded region in Fig. 2, as a function of 
y-coordinate in Fig. 2. 


z: The hight above the emulsion-glass plane 
in seale division. 


region, systematic C-shaped distortion of emul- 
sion was found. Using some tracks which 
have large dip angles, it was found that the 
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distorsion vector had the direction parallel to 
the y-axis in Fig. 2, and its magnitude was 
given as a function of y-coordinates as shown 


Y in m.m. 
38 4 5 6 ( 


(b) 


Fig. 4. The position of the neighbouring tracks 
examined the possible local variation of grain 
density. 


y in m.m. 
1 2, 3 4 5 6 7 


100 


(a) 


surface 
layer 


0 50 100 150 
—? zim scale div. 
(b) 
Fig. 5. The results of the examination of the 


possible local variation of grain density related 
to the y-coordinate (a), and related to the hight 
above the emulsion-glass plane (b). The grain 
density of each track is normalized by its 
mean value. 

—: Naighbouring tracks. 

—: The grey track. 
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in Fig. 3. The results corrected for this dis- 
torsion are shown in Table II. Possible local 
variation of grain densities was examined by 
means of neighboring tracks as seen in Fig. 
4, and the result is shown in Fig. 5. No local 
variation of grain densities was found except 
the surface layer (80 »). Still no local varia- 
tion of background fogs was found except at 
the surface layer as shown in Fig. 6. 


! surface 


layer 


background fogs/16 ux 16 


——— > z in scale div. 


Fig. 6. The result of the examination of the 
possible local variation of background fogs. 
>: y=5~7m.m. in the shaded region in Fig. 2. 
*: y=2~4m.m. in the shaded region in Fig. 2. 
-: The center region of the plate. 


§ 4. 


Relations between the grain density and 
the scattering angles of the grey track (Table 
II) and those of other tracks in this plate are 
shown in Fig. 7. From this figure one can 
see that the particle which produced the grey — 


Interpretation of the Event 


Kinetic energy in Mev. 
20 30 “50 100 
20 30 50__—:100 
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(041 0006 0404 0602 0,01 
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Fig. 7. Relation between the grain density and 
the scattering angle. 
4: The grey track. 
HH: The tracks related to stars in this plate. 
Ha: Single-tracks in this plate. 
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Table III. Difficultiness of the interpretation of the present event under the assumption. 
that the particle in OB would be a proton 


The reason why the left side assumption cannot 
be held. 


A Proton whose kinetic energy is 70 Mev cannot 
produce meson at B. 


quite small. 


Assumption 
0 ~ OB BC 
Particle Proton (70 Mev) meson (40 Mev) 
O>B BoC 
Direction of O2R BKC 
motion 
Os8 : B>C 
O<B 


A proton whose kinetie energy is 70 Mev cannot | 
produce a star which has two thin tracks. 


track has the mass near the proton mass in 
the part OB and near the z-meson mass in 
the part BC respectively. 

In the first place, one might assume that 
the particle in OB would be a proton and that 
in BC az-meson. Then their kinetic energies 
should be about 70 Mev. and 40 Mev. respec- 
tively. This makes the interpretation of the 
whole event quite difficult under any assump- 
tion on the direction of motion of these parti- 
cles as shown in Table III. 

Next, let us assume that the particle in OB 
is one of the unstable heavy mesons, its mass 
(1160+170 me) being close to the proton mass 
but smaller than it. Then the event can be 
interpreted as follows. An unstable heavy 
particle was produced in the star and decayed 
in flight into a lighter meson (294-55 me) at 
the point B. Then the kinetic energy of the 
lighter meson in the rest system of the parent 
particle is about 7 Mev. This value is in- 
consistent with the current knowledge about 
the unstable heavy meson Z*) which is con- 
sidered to decay into one neutral particle and 
one charged z-meson with unique kinetic 
energy of about 110 Mev. If one assumes 
two particle decay mode, therefore, one should 
introduce another types of heavy mesons. 
Alternatively, however, if one assumes three 
particle decay mode, the present event can be 
interpreted as a «-zz decay. Because the ob- 
served momentum value of secondary particle 
is not inconsistent with the expected one 
which ranges continuously from zero to the 
maximum value of about 220 Mev/c*® provided 
that three particle decay mode (one charged 
v#-meson and two neutral particles) is assumed 
on the « particle. The probability that the 
parent particle decays in the course OB is not 
so small, on account of the time of flight of 


0.26x10-19 seconds. Thus 
in flight. 


$5. Discussion 


Usually, the determination of such a event 


depends on the abrupt change in grain den- 


sity at the given point and the direction 
change at the same soint. In the present 


event the crucial evidence is based only upon | 


the abrupt change in the grain density at B, 
while the direction change at B is very small. 
Alternatively therefore we have to examine 
whether this event will occur due to a spuri- 
ous distortion such as “wetting effect” (Ap- 
pendix) or not. In the present case the wet- 
ting effect will not be completely neglected 
because of the facts that the direction of 
bending of the track at B is downward and 
that the distribution of the signs of the scat- 
tering angles in BC suggests a possibility of 


a different type of distorsion from that des- | 


cribed in §2. But, the order of the abrupt 
decrease in grain density at B seems quite 
larger than that expected from the wetting 
effect. 
at B does not obstruct to explain this event 
as a decay, because in the decay process the 


angle between a parent particle and an emit- 

ted particle can take arbitrary value including | 
The different distribution of the scat- | 
tering angle in BC may be explained as a- 


Zero. 


statistical fluctuation. Moreover, it is pre- 
sumed that the probability of observing this 


type of phenomena due to the wetting effect 
is very smaller than that observing this type _ 


of phenomena produced by the «-z decay 
(Appendix). After all, it seems to us most 


reasonable to explain this event as a «-“ 


decay-in-flight. 


Thus the very small direction change | 


“The probability which this event will happenis | | 


it seems to be. 
plausible that the present event is a«—y decay 
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Appendix 
Wetting effect 

The wetting effect is as follows. During the 
drying of the wet emulsion coated on the 
glass in the procedure of making up a photo- 
graphic plate, a part of the emulsion may 
remain wet while the other part is already 
dry. One may therefore assume that just 
during this period a star was produced near 
the still wetting region and one of its prongs 
traversed there (Sse Fig. 8). In that case the 
sensitivity of the still wetting region is lower 
than that of the other part of the plate, and 
the grain density of the track in BC will be 
lower than that in OB. According to the 
later drying of that region the distorsion of 
the track in BC may be somewhat different 
from that in the other part. These effects, 
the decrease of grain densities and the pos- 
sible difference in distortion may called as the 
wetting effect. 

This effect may take place only in a limit- 
ted time interval, and almost all tracks are free 
from the wetting effect, for they are register- 
ed at high altitudes when the whole plate is 
completely dry. Even if all of the neighbour- 
ing tracks do not show any nonuniformity of 
the emulsion, therefore we cannot exclude 
the case in which this star prong alone suf- 
fered the wetting effect. In fact the direction 
change of this prong at B in the projection 
-on the plane normal to the emulsion-glass 
plane is in such a direction as that which may 
be expected from the later drying of the still 
wetting region (See Fig. 9.) Though the ex- 
amination of the neighbouring tracks show 
that there exists systematic C-shaped distor- 
tion in this part of the plate, the distribution 
of the sign of the scattering angles in BC is 
as if BC part of this prong was subjected by 
S shaped distorsion. (Of course it can also 
be explained as a statistical fluctuation.) Since 
it may be the case that this special event is 
produced by the wetting effect, the compari- 
son was tried between the probability of 
detecting this type of phenomena produced by 
the wetting effect, P, and that of detecting it 
as produced by the «-u decay, P’, in the way 
shown in Table IV. Estimating the probability 
P and P’ by means of the above procedure 
following values were taken as N, T, V.—etc. 


N~10-‘ or 10-* stars/hr. c.c. Based on the 
frequency of the star and the energy 
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Still wetting region 
+ 


Fig. 8. The star which is produced near the 
“still wetting region”. 


CLA 


Still wetting region 


Fig. 9. The bending of a track expected from 
the later drying of the “still wetting region”. 


Still wetting region 


Fig. 10. The star-prong traversing the “still 
wetting region”. 


spectrum of N component at sea level. 
(7) (8) 

T~Lhr. Assumption’ 

Vwle-* C.C, Assumption. In the case of 
comparison between P and P’ this 
volume don’t play any role, because 


Ae 
n~1/40/star Based on the experience. 
pi~1/4 Assumption. See Fig. 10. 


Dow X We have no information about the 
possibility that the ratio g.(BC)/g.(OB) 
~0.6 will be explained as to be affected 
by the wetting effect. But Xl. 

pP3~l1 Expected from Fig. 9. 

N’T’~40 stars/c.c. The value on this plate. 


We OA-G.C; Equal to V. 
n’~10-? or 10-‘/star Assumption. But this 
value is not inconsistent with the 


frequency of K-particles coming to rest 
in the emulsion 6/140 c.c. hr., observed 
by Crussard et. al.”. 

pi’ ~1071 Based on the time of flight of 
this K-meson 0.26 x1071° sec. 
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po ~1 The ratio g(BC)/g(OB)~0.6 can be 
explained by the decay. 

In the case of the decay the second- 
ary paiticle can be emitted into any 
direction. 


p;’~1 


Applying above values, to N, T, V,---etc., 
P and P’ are estimated as follows. 

Po (0-6 510s" or: 1052) xX... 

Pema 1S or 10-5) . 
Therefore the probability of observing this 
type of phenomena produced by the wetting 
effect seems to be much smaller than that of 
observing it as produced by the «-u decay. 
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Long Period Effects in Germanium Crystal Rectifiers 


By Makoto KIKUCHI 


Electrotechnical Laboratory, Tokyo 
(Received October 9, 1953) 


Long period phenomena in germanium diodes, i.e. the “creep” and 


the “creep of photocurrent”, have been observed. 


These phenomena 


have close connection with the “photoaftereffect” which we have re- 


ported in our previous paper). 


It is proposed to take the trapping levels into account to explain 
these three related phenomena consistently. Although the time con- 
stants observed in these experiments, as long as 30-50 sec. or 200-300 
sec., may seem to be too large to be attributed to the traps, we believe 
that this model is the most reasonable one to treat such long period 
effects in crystal rectifiers hereafter. 


§1. Introduction 


We have found out that when a germanium 
diode is illuminated for one minute or two, 
the resistance of the rectifier decreases to 1/2 
—1/5 of the initial value, and the effect de- 
cays away in 5-10 minutes after the light is 
turned off. We have reported on the experi- 
mental results of this “ photoaftereffect ” and 
have proposed to consider trapping levels in 
the forbiddenband.” 


Recently, we have examined about 50 
samples of 1N34 germanium diodes furnished 
by Sylvania Electric Co., and found out that 
they can be classified into two groups. 

About 60-70% of them constitute one group 
which show following three phenomena, i.e. 

(1) photoaftereffect, 
()mcneep: 
(3) creep of photocurrent. 
The remaining 30-40% constitute the other 
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group which show none of these effects. It 
must be noted that there is no sample which 
shows only one or two of these phenomena. 

The purpose of this paper is to present the 
experimental results of “creep” and “creep 
of photocurrent ”, and to discuss the physical 
model underlying the above mentioned three 
phenomena. 


§ 2. 


In performing the experiments of these ef- 
fects, we must avoid any creeping effects 
coming from the measuring operation itself. 
For instance, in measuring the recovery of 
the backward current after few minutes’ ap- 
plication of certain large voltage, we cannot 
apply low (measuring) valtage continuously 
during the recovery period, since it will cause 
undesirable creep effect in the measurement. 
Therefore, a single pulse method such as sug- 
gested by Ono” is most preferable but, as it 
is too troublesome in its preparation, we 
adopted a pendulum method which is com- 
monly used in the experiments of physiology. 

The circuit is shown in Fig. 1. Sy, Sg are 


i 


Experimental Procedure 


ife}ife 


G, 


LIGHT 


Fig. 1. The circuits used in the experiment. 


the switches coupled in the pendulum and 
are closed initially. When the pendulum is 
set free it first opens S, and then opens Sz. 
The time interval is about 1/50 sec. Using 
the galvanometer ballistically, we can measure 
the value of the current with a proper calib- 
ration. 

The terminal 2 in the figure is to apply 
certain voltage in either easy or hard direc- 
tion to cause the creep phenomena (we use 
the symbol Vo for this voltage in this paper), 
and the terminal 3 is to measure the variation 
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of the photocurrent with time. The voltage 
Vo is interrupted for about 1/3 sec. for a 
measurement when the variation of the cur} 
rent under the application of Vo is studied. | 

A tungsten lamp for a microscope wasf 
utilized as the light source. 


§3. Creep and the Static Characteristics 


We have intended to find out some correla-[ 
tions between the creep phenomena and thej 
static characteristics. This is only a pheno-§ 
menological treatment, but as for the creep] 
phenomena we have few knowledge about its] 
substantial nature at present. 

We can define several quantities from the] 
static characteristics, i.e., 

(1) Rg; the resistance of the linear part 

of the backward characteristic, 


(2) Is; so called saturation current of the 
backward characteristic, 
(3) Ry; so called low level resistance. 


On the other hand, as a measure of the 
creep, we define the ratio 7 as a ratio of 42 
to z; where 4z is the increase of the current 
observed at 2 volts reverse voltage after the 
application of certain voltage of V,, and 2 is 
the initial value. 

As a result, we could not find out any cor- 
relation between 7 and the quantities, Raz, Js, 
Ro, Is/Ro, Rx/Ro. Namely, we could not get 
any information about the creep phenomena 
from the static characteristics. 


§4. Creep Phenomena 


It has been intended by several authors to} 
observe the creep phenomena as a variation 
of the voltage across the rectifier fixing the 
current flow constant. We observed, however, 
the variation of the current under constant 
voltage. The main reason is as follows; we 
are going to find out some substantial know- 
ledge about the barrier layer, so it is perfer- | 
able to use the energy diagram as is shown. 
in Fig. 2 fixing the difference of Fermi levels 
of the metal and the semiconductor, and to 
find the causes of the variation of the current 
in this model, (e.g., the variation of the shape 
of the barrier, the traps in the forbidden 
band, etc.), rather than to find out the causes 
of the variation of the difference of Fermi 
levels. 

We have observed the variation of the cur- 
rent at 2 volts reverse voltage throughout 
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these experiments. 
Fig. 3 shows the variation of the current when 


2 volts reverse voltage is applied on Sample 
Mo. 5. 


As is shown, the current first in- 
creases rapidly and the increase becomes very 
slow after 200 sec., but showing no evidence 
of saturation in the time range of the obser- 
vation. The time constant of the first part 
of this curve is about 40 sec. 


Fig. 2. A energy diagram of the barrier. 


CURRENT AT -2V 
IN ARBITRARY UNIT 


20 
thE. No 5 


VMe=-2V 


180 SEC 
TIME 


90 


Fig. 3. Variation of the current at volts re- 
verse voltage under the application of V,=2V 
reverse voltage. (somple No. 5) 


Fig. 4 shows the variation of the current in 
the recovery period after 1 minute’s applica- 
cation of 2V reverse voltage on Sample No. 1. 
It must be noted that this typical decay curve 
of the creep phenomena is quite similar to 
that observed on the photoaftereffect, namely 
it first decays rapidly and then slowly to the 
initial value. When this curve is replotted on 
the semi-log paper (Fig. 5) it does not plot a 
straight line, but it might be explained by 
two time constants, t, and t., where 


t1= 30 sec. 
To=200 SEC. 
We did not try to pick up two different 


Long Period Effects in Germanium Crystal Rectifiers 


667 


CURRENT AT -2V 
IN ARBITRARY UNIT 
304 


SAMPLE No.| 


Saale 


Sl ee eeeereces | SEEEETe) Sincere ¢ 


aunce baore soma ecrmee cr olerenenlereedrenner 
ISO" 270" S60"eEG 
TIME 


The variation of the current at 2V 


Fig. 4. 


reverse voltage after 1 minute’s application 
(Sample No. 1) 


of 2V reverse voltage. 


CURRENT 
ARBITRARY UNIT 


SAMPLE No | 


T=30sec 
T=250 SEC 


O-} 
90) 180 270) S60 ee 
TIME 
Fig. 5. Semi-log plot the curve of Fig. 4. 


time constants from such a curve as shown 
in Fig. 5 in the previous paper for some 
reasons, but we have tried the analysis here 
because informations about the decay con- 
stants were obtained from some other ex- 
periments. It will be discussed later in some 
detail. 

The time constants t, and t, determined in 
this way in 7 samples are 

T,=30—50 sec. 
T,=200—300 sec.. 

It must be noted that one sample out of 8 
samples showed the decay curve which 
was a simple exponential curve with the time 
constant of 105 sec.. 
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Fig. 6 shows the variation of the current 
when the voltage Ve is applied successively. 
Namely, Curve A is the first run of the 
creep. After the first run, the same voltage 
is applied before the effect of the first run 
does not completely decay away. The varia- 
tion of the current under this condition is 
shown by the Curve B. At first we expected 
that Curve B would come to coincide with 
Curve A by just shifting it to the right, but 
the Curves B and C did not coincide with A 
by such an operation. 


CURBENT Al, =2\y/ 


in arpitrary unit 


Ca—a—-4 
en, —— Ko 
20 Veo x—* 
ates 
Sa 
ee 
iS ( 
} 
ae 
O I50 300 sec 


TIME 


Fig. 6. The creep phenomena when the voltage 
V, is applied before the former effect does not 
decay completely. 


CURRENT AT -2V 
IN ARBITRARY UNIT 
20 - 
a2 Vt 
a 
Pa 


15 ve 


VSO Cees 


i5@ 300 SEC 


TIME 


Fig. 7. Dependence of the creep on the voltage 
V-. (Sample No. 5) 


It has been found that the ratio r=4z/z, 
(whose definition is given before,) depends on 
the value and the direction of the voltage Vz. 
An example for sample No. 5 is shown in 
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Fig. 7. In this case the amount of the cree, 
by the application of 2V reverse is larger thar 
that by the application of 0.66V forward, and 
also this figure shows that the ratio 7 is posi) 
tive both for positive and negative Ve. | 

Figs. 8 and 9 show the dependence of 7 orf 
Vc for three samples. As is shown in these 
figures, there is no definite tendency of the 
dependence of 7 on Vc, namely 7 is larger in] 
the positive V. than in negative V, in thé 
case of No. 4, while, in the case of No. 7 # 
becomes negative for positive V,. It should 
be noted that this peculiar characteristic of 
No. 7 has no correlation with the fact that 
the decay curve of this sample can be ex- 
pressed by a simple expotential law, since th 


a4 


O | 
Ve VOLTS 


Fig. 8. Dependence of 7 on V,. (Samples No. 2 
and No. 4) 


SAMPLE No? p= aif 


I 


Fig. 9. Dependence of + on V,. (Sample No. 7) 


y—V, characteristic similar to that shown in> 
Fig. 9 can also be found in other samples 
whose decay curves consist of two time con-. 
stants. 


These results seem to show that the creep | 


] 


; 


| 
i 

+ 
i 


| 


| 
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phenomena can not be explained simply by 
the temperature rise or impurity migration. 


§5. Creep of the Photocurrent 


In close connection with the photoaftereffect, 
we have observed the variation of the short- 
circuited photocurrent with time. It first in- 
creases with a time constant of 30-50 sec., 
and then very slowly without showing an 
evidence of saturation in as long as 5 minutes 
or so. (Fig. 10). This effect is also quite 


PHOTOCURRENT ip 


pA 


150 SEC 
TIME 


Fig. 10. Variation of the photocurrent with 
time. 


100 


50 


well reproducible. The accuracy of this effect 
is relatively low because the absolute value 
of the variation of the photocurrent is small, 
but presumably the time constants of the re- 
covery process are nearly the same with 
those observed in the other two phenomena. 


§6. Discussions 


We have pointed out in the previous paper”) 
that the photoaftereffect is due to neither the 
temperature rise during the illustration nor 
the impurity migration. We have also reject- 
ed the possibility of being due to the humidity. 

The model which we have proposed in that 
paper is also applicable to the above mention- 
ed phenomena, but we shall first examine 
other possible factor briefly. 

In the case of the creep, the heat dissipa- 
tion at the contact point may cause some 
temperature rise but the observed variation of 
the current can not be attributed to this effect, 
since in some cases the ratio 7 is negative for 
positive V, as shown in Fig. 9. If we want to 
explain this result by the temperature effect, 
we must introduce the Peltier effect. It seems, 
however, too sophisticated to take such an 
effect into consideration, and moreover, the 
creep must be expected to occur in every 
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sample if it is caused only by the temperature 
rise, 

It is also quite unlikely that the creep might 
be due to the impurity migration by the ap- 
plication of the voltage V,, since in many 
samples the ratio 7 is positive for both positive 
and negative V, as shown in Fig. 8. 

Now, first we shall discuss the case of the 
creep of photocurrent. The photocurrent z» 
can be given by 


i» =(Je/hv)~A(o) , (1) 


where 
=i 
A(o)= 1 ene (-dj), (2) 
eF ou 

as deduced by Lehovec?). 
used as follows; 

J =intensity of incident light, 

a@=number of electrons released by a 


The symbols are 


photon, 

F,=electric field strength at the metal-semi- 
conductor interface without applied 
voltage, 


d =effective thickness of the barrier layer, 

“#4 =absorption length. 

We must integrate this formula with fre- 
quency if the experiment is performed using 
white light. 

In short, the increase of z, may be attribut- 


ed to either the increase in 
(1) the number of electrons released, or 
(2) the electric field which sweeps the 


created carriers. 

The first case may be explained by the 
“trap” model. If there are several trapping 
levels in the forbidden band, the electrons 
will be excited from the filled band to the 
conduction band stepwise through these levels 


Fig. 11. Energy diagram of the barrier with 
trapping levels. 
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(Fig. 11) by the photons having an energy 

hy < Eg¢ (3) 
where /g is the width of the forbidden band. 
The time constants of this phenomenon may 
be attributed to that of the trapping and re- 
leasing processes of the traps. We should 
like to point out that the creep of photocur- 
rent and the photoaftereffect may also be ob- 
served using the light whose wave-length 
satisfies the Eq. (3). 

Considering that the excitation of carriers 
might take place due to the electric field in 
the barrier, it seems reasonable to apply the 
trap model to the creep phenomena. The 
result as shown in Fig. 9 is expected from 
this model, but as for the case of Fig. 8 in 
which 7 is positive in both posite and negative 
V., further modification with some other 
factors might be necessary. 

There still remains a possibility that the 
creep phenomena might be explained by 
combining the temperature effect and the im- 
purity migration. The photoaftereffect and 
the creep of photocurrent can not, however, 
be explained even if they are combined, while 
the trap model meet with only one difficulty 
in explaining these three phenomena consist- 
ently. Moreover, according to Tillman and 
Henderson®, the time constant coming from 
the temperature effect connot exceed several 
micro-seconds. 

Hence, we propose that, 

(1) three related phenomena are caused by 
the same or at least similar mechanism, 
and 

(2) the substance which is responsible for 
these phenomena is the “traps”. 

Recently, Haynes and Hornbeck® have re- 
ported the decay time canstant cf 260 sec. of 
the photoconductivity of Si and Ge bulk, and 
explained it to be due to the deep traps. 
This result seems to support our conclusion. 

There are some comments on the creep 
phenomena and the nature of the traps: i.e., 
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(1) The traps are not essentially localizee|| 
only on the surface but may be distributed i 
the bulk. 

(2) It is probable that such traps become 
kind of surface states when they exist at the 
surface. 

(3) It is likely that the traps might be 
produced by the electrical forming, but it ig} 
not the only possible way to produce them. | 

(4) According to Osahune®, there are some} 
correlations between the bulk resistivity anq 
the creep, e.g., the creep phenomena can be 
observed only on the Ge whose resistivity is] 
higher than several ohm-cm. 


§7. Conclusion 


We have observed three related phenomena 
on 1N34 Ge diodes and proposed the trap 
model to explain them. Our discussion of 
the trap model is qualitative and not exactly 
quantitative, but as for the investigation of 
the surface phenomena of Si and Ge, we 
think, it is necessary to discuss about the 
physical model of the barrier layer qualita 
tively or semi-quantitatively since the accuracy 
of the experiments is not high enough at 
present to treat the results quantitatively. 

Of course our model is not the only possible 
one but it seems to be most reasonable for us 
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Hall Effect and Electrical Conductivity of Lead Selenide 
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Electrical conductivity and Hall constant of both P-type and N-type 
specimens were measured all over the range of temperatures from 
500°C to —180°C. The complicated properties of P-type specimens 
were fairly well analysed by taking into consideration the scattering 
from both lattice and impurity centers and the temperature dependence 
of Fermienergy. The agreement between the calculated and measured 
values of conductivity and Hall constant at any temperature was 
satisfactory. The Fermi energies of impurity semiconductors in which 
both electrons and holes act as current carriers were calculated, and 
the errors in the approximate calculation of Fermi energy were dis- 


cussed. 


/§1. Introduction 


| The electrical properties of lead selenide 


| have been studied by K. Bauer”, and L. 
' Eisenmann”, but there is a leak of the de- 

tailed reports about the conducting electrons 
! and holes in this material. The authors have 


| performed the experimental measurements of 


' conductivity and Hall effect, and discussed 
the conduction mechanism of the material. 
The samples used in this study are poly- 


- crystalline ones containing excess selenium or 


. 
. 


excess lead as impurity. Selenium excess 
samples were P-type and lead excess samples, 
N-type. A remarkable impurity scattering 
was observed on the samples containing ra- 
ther large amounts of impurity. 

At first, the experimental results on these 
samples were analysed by the semi-empiri- 
cal formula. And then the exact analysis 
taking account of the temperature effects 
on the Fermi levels was carried out. In the 
semi-empirical analysis it was found that the 
energy gap between conduction and filled 
bands was considerably narrow. In these nar- 
row gap semiconductors (similar to the case 
of germanium and silicon) the thermal transi- 
tions of electrons from filled band to conduc- 
tion band would be observed above room 
temperatures. 

Therefore, it is necessary for computing 
the Fermi energy that the electron and hole 
distributions over both conduction and filled 
bands should be taken into account. This 
computation generally yields the equation of 
the fourth degree with respect to 7(7=exp 


€/kT, € is Fermi energy), the solution of 
which is complicated and laborious to be 
worked out. 

In this paper, by using some method of ap- 
proximation the equation of the third degree 
with respect to 7 has been delt with, the 
errors of which have been estimated for the 
case of our materials. 


§2. Samples and Experimental Procedures 


Lead Selenide used in our experiment are 
prepared as follows; the suitable quantities 
of powders mixed of pure selenium and pure 
lead are heated about 600°C in a quartz or 
pyrex vacuum tube, and the lumps of the 
compound prepared are then grinded into 
powder, and are sintered in a iron mould 
under a pressure of 100 Kg/cm. The speci- 
mens used in this measurements were made 
rectangular in shape, approximately 1mm x 
3mmx1l0mm. Metallic electrodes and Hall 
sonde contacts were fixed on the specimen by 
the spattering of gold in a vacuum jar. The 
specimen holder was bedded in a wolfram 
wire furnace of dimensions 20 mm in diameter, 
10cm in length. These holder and furnace 
were put in a pyrex tube (25 mm in diameter) 
and set them into the refrigerant bath (Dewar 
Vessel), situated between the pole faces of 
magnet which diameter is of 150mm. The 
measurements were carried out over the range 
from 500°C to —180°C; using the wolfram 
wire furnace in atmosphere of pure nitrogen 
gas at high temperature measurements and 
the liquid-air refrigerant bath at low tem- 
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for) 
-] 
bw 


perature measurements. The magnetic field 
strength, produced at between pole faces of 
50mm in distance, was chosen about 8000 
Gauss for most of the measurements of Hall 
effect. 

Our measurements of conductivities, Hall 
voltages and thermo electric powers of thermo- 
couple were made by using a K-type poten- 
tiometer. 


§3. Experimental Results 


Results of the measurements on many 
samples have clearly shown that the samples 
containing selenium as impurity were of P- 
type, whereas the ones containing lead as im- 
purity were of N-type. The typical results 
only in many measurements are picked up 
and shown in Figs. 1~4. In these figures, 
the solid and open circles represent the meas- 
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Fig. 1. PbSe, Specimen, No. 16. 
ured points of conductivity and Hall constant. 

The specimen of No. 16 (Fig. 1) is the sample a : 
containing a small quantity of lead asimpurity 1 2 3 4 5 6 7 8 9 10 ca 
(probably less than 0.1%) and shows N-type = x 10° 
behaviour. The specimen of No. 10 (Fig. 2) i : 
and No. 11 (Fig. 3) are the samples contain- Pigifan 1 Be, Geccmen. Nea 


ing excess selenium of 0.5% and 1% respec- 
tively and show P-type behaviour, that is, at 


low temperatures the Hall constants are | 
positive and decrease with increasing tem- | 


1954) 


perature and then show negative values above 
room temperature after passing zero value. 
The fact that the Hall constant changes to 
negative from positive values will correspond 
to the fact that the appreciable numbers of 
electrons in filled band are activated thermal- 
ly to conduction band at high temperatures. 
The specimen of No. 6 (Fig. 4) containing 
excess selenium of 3% shows rather compli- 
cated behaviour in conductivity, in this 
sample its values at low temperature are 
larger than those of the last three specimens 


@ Measured points of 
1@) Measured points of R 


Calculated 


1 2 aes S Sy Sk Se Ihe 


Fig. 4. PbSe, Specimen, No. 6. 


and decrease with increasing temperatures 
and pass minimum value at about 150°C 
before the rapid increase with temperature. 
The increment of conductivity at higher tem- 
peratures as well as the change in sign of the 
Hall constant will be ascribed to the thermal 
‘transition of the electrons in filled band to 
the conduction band. 

The qualitative analysis of the mentioned 
results shall be described in the next section. 


§4, Analysis of the Experimental Results 


The temperature dependence of conductivity 
of specimens Nos. 16, 10 and 11 are so mono- 
‘tonous that they may be easily analysed in 
the two ranges of temperatures, that is, the 


I 
/ 
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impurity range at low temperatures and the 
intrinsic range at high temperatures. But, as 
seen later, the specimen of No. 6 is found to 
have important and _ essential properties. 
Therefore, the results of No. 6 will be delt 
with at first and the results of other speci- 
mens will be discussed later on. 


$4.1. Lattice and Impurity Scattering 


The drop of the conductivity in the speci- 
men of No. 6 in the range from low tempera- 
tures to room temperatures may be interpreted 
by the scattering due to the lattice vibrations 
and impurity centers. 

A mobility of electrons (or electron holes) 
under a thermal lattice scattering is® 


Py (1) 


3 Gem 5/2- RS! 
where Cy is the elastic constant for [110] longi- 
tudial acoustical waves, & the energy relating to 
the deformation energy of the lattice, and 7, 
the effective mass of electrons. Now, if m, 
is assumed as a free electron mass, &, oder 
of lev, and Cy, oder of 10! dyne/cm? and vz 
is expressed in cm?/volt-sec in the following 
way 

Ue=ox 108-7 2/2 on li = 0.3K 10se 

(2) 

In a polar crystal, a scattering by the 
optical vibration of the lattice also should be 
considered. A mobility due to an optical lat- 
tice scattering is? 


=? F232 - k—Ko+1 -@-a, (i) 
” / ae K—Ko ” ds 
(3) 


where « and «) are the dielectric constants 
for static fields and high frequency fields re- 
spectively, @ the Bohr radius of hydrogen 
atom, e electronic charge and @ the charac- 
teristic temperature defined by kO=hy, for 
polar lattice vibrations vo. 

Since @ for polar crystals may be between 
300°K and 800°K, the insertion of numerical 
values in “4% leads to 

Lo=C(e2/?—1), Cr1.6~2.6. (4) 

A mobility due to the scattering by the 

ionized impurity centers is”? 
LONG -e a $ 
ait 00 cama maa 

x=6«-d-kT/e? , 
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where WN, is the concentration of impurity 
centers, d the average distance, which is as- 
sumed to be the average distance between 
neighbouring ions, since the field of any one 
ion extends on the electrons or holes. 

If Nr;~10"", «=8 and d=0.5-N-/%, we have 


Way=047 1-3, (6) 


Finally, a mobility due to the scattering by 
the neutral impurity centers becomes” 


1/tn=(mle)-Nn-v-A ) 
A=124-7-n?-Ay-a(T) , e) 


where WN, is the concentration of neutral im- 
purities, v an average thermal velocity for the 
carrier, and a(Z) a numerical factor less than 
unity. 

Using the numerical values, 1/“, is of the 
oder of 2.9x10=2-72?.N,-a(h) which is 
negligiblly small compared with 1//:. 
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Fig. 5. The fall of mobility by the scatterings. 


As seen later, the activation energy for an 
impurity level is very small so that almost 
all the impurity ions are found to be become 
. lonized centers. Because of the above situa- 
tions, the ionized impurity center will take a 
main part in the impurity-scattering in our 
case. 

The total mobility, therefore, may be ex- 
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pressed, all over the temperature range, ap 
proximately by an expression of the form | 


1/u=1/er+1/4atl/Lo | 
=@q-T 3+. T3/2+¢(e9/T-1)-1, (8) | 
which is used in the analysis of the conduc 
tivity behaviour for the specimen of No. 6 
In our actual procedure, coefficients a, b an¢ 
c in Eq. (8) are determined by fitting the 
equation to the observed mobilities and thes 
they are compared with Eqs. (5), (2) and (4 
respectively. | 
Since the conduction phenomena in the low 
temperatures ranges are nearly ascrived to thy 
hole-carrier, the following expression for thj 
mobility of non-degenerate carriers is con 
sidered to be valid approximately, 


p= (8/3z)-o-R=0.85-0-R, (9) 


where o is the conductivity and R the Ha 
constant. 

Using the best fitted values of a, 6 and qi 
Eq. (8) for the holes becomes 


1/4,=0.38-T-3/2--4 % 10-7. 73/2 
+5.8 x 10-%(e9/7—1) , 
A=800°K. 

The values for a and 6b in Eq. (10) are if 
qualitative agreements with the theoreticd 
ones in Eqs. (6) and (2), but the value for 
is smaller by a factor of 10-2 in comparis 
with Eq. (4), which discrepancy become 
larger for the smaller values of @ than 800° { 
suggesting the negligible contribution from 

The actual situation of the fitting proceduit 
is shown in Fig. 5, in which the curve (4 
does not contain the term of scattering ay 
to the optical modes but the curve (B) cosf 
tains them. If the ratio of electron mobiliti 
Hel» IS assumed to be constant all over thf 
temperature ranges, the 4, may be obtaine§ 
from Eq. (10) multiplied by the factor s= 
Hel Ln. 


| 


(10) | 


with 


$4.2. Calculations of Fermi Energy 


For the detailed analysis of both conductivit 
and Hall constant, the Fermi energy is require 
to be calculated as a function of temperature 
and its temperature-dependence for sem, 
conductors has been studied by many worker 
Shifrin, Putley”, Lehovec and Kedesdy® 
and Blakemore”. 

In the high temperature range, our expen 
mental data suggest us the  appreciab) | 
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number of both electrons and holes in the 
conduction and filled bands respectively. In 
the calculations of Fermi energy, therefore, 
we must take account of the electron distribu- 
tion over conduction-, filled-bands and impurity 
levels. Our model of P-type impurity semi- 
conductor is shown in Fig. 6 in which &, E 
and FE; are the energies of the top of filled 
band, of impurity levels and of the bottom 
of conduction band respectively. Nx is the 
concentration of impurity states. 
We assume that 72, 2, and 2; are the con- 
_ centrations of the electrons in conduction 
_ band, of the holes in filled band, and of the 
| electrons in impurity levels respectively. 
' Thus we have 


ne=2\" f(E):D(E)-dE , 
Bs 
B. 
nn=2\ : {1—f(E)}-D(B)-dE, 


m=Na-f(E£), ad) 
where /(£) is Fermi distribution function, 
f(#)=[1+exp {((L—£)/RT}], € the Fermi 
energy and D(£) the state density near the 
band edges which is given by 
D(E)=(1/42?)(8zm’/h?)?/?.(B—E’)*/?, 


6 


(12) 
m’ is an effective mass and E’ the energy at 
' the band edges. 

_ At any temperature the hole concentration 
in the filled band is equal to the sum of the 
electron concentrations in the conduction band 
and in the impurity levels. Then, we get 


2{v" {1—f(E)}:D(E£)-dE 
Lng PE) f(E)-D(E)-dE. 


(13) 
In case £3>€, the Fermi distribution func- 
tion in the conduction band may be approxi- 
' mately replaced by the Maxwell distribution 
| function, which leads to 


ne 2\" f(E)-D(E)-dE 


be gill io ip 2 
Arf efi? 


Gouna Hrs He) cate 
a ,l+exp {(£— C\/kT} 


. 2rme-kT \3/? 
we (Bem cl - 


E3—¢ 


RL; 
(14) 
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and 


: a 
a=) a ; 
hi? 


where - is the effective mass of electrons in 
the conduction band. 


Similarly, the concentration of holes in the 
filled band, 


m=2{" {(1—f(£)}-D(é)-dE 


1 ier 1 _ exp {(E—O)/kT} 
ie I? -l+exp {(E—€)/kT} 
E\—E)'?-dE, (15) 


is Lie: approximately into 


figs da BRNO 2 (B _S7E 
Nn reat hi ) = [i exp( kT ) 
6 


—E)/2.dkE 
a 279yn: RT 3/2 ait 
é ( ie ) -exp (— kT 
=p exp(—") ' (16) 
and 
; 3/2 
ie ee ) 
hi? 
for the case 4, <€. 
CONDUCTION BAND 
Ea 
IMPURITY LEVEL 
Na Ee 


YU; 


FILLED BAND 
Vig. 6. Energy diagram of P-type. 


The above approximation does not hold for 
E,~€, which case shall be discussed in the 
later section (§ 6). 

The substitution of Eqs. (14), (16) into Eq. 
(13) leads to 

ay eh e-= No f+ exp ee 


= B3/kI. gS/KT 


+aer€ (17) 
At low temperatures range in which £;> 
kT, the electrons in the conduction band, 
activated from filled band and iupurity levels, 
may be taken to be negligibly small in 
number. 


o> 
<¥ 
co 


Thus, Eq. (17) reduces to a quadratic equa- 
tion for exp(—C/kT), 


Ay CPF Bad /ET . Q~ 2IET 1 Quy  QUVET . E-S/KT — Ng, 
(18) 


from which exp (—€/kT ) may easily be solved. 
Putting the solution of Eq. (18) into Eq. (16), 
we obtain for the concentration of holes in 
filled band, 
Mn = Aly €~ G~ BWET = 3. Quy, E- Ha- O/T 
ait asa DAN Le 
V3 + ain -eXp {—(E,—Ex)/kT} of 
(19) 
Replacing , and a, by mm; and a, we 
would have a usual expression for the electron 
concentration of impurity level at low tem- 
peratures. 
From Eqs. (14) and (16), we have the well- 
known relation 


2akT 
hi2 


norms =A{ Yoone: *™Nn)?!/2 +» E~ (43- F)/KT 


(20) 
This relation will be of use to obtain the 
energy gap (£;—£,) from the slope of the 
curve relating 2.m,/T* to 1/T. 
Now, the Eq. (17) becomes of the thied de- 
gree with respect to exp(—C/RT), 
E~8S/KT A p- Ha /kT . g-28/kT 


~| t-e-corsmoree N4  9-(ay 4a /kP -e-S/kT 
an an 
Ae 
25 = (81 +89 +H3)/KT — () (21) 
An : 


which is easily solved by the well-known 
theorem in algebra. 
If put 


A=Ze- 83/kT , 


B=- 1 is e7 81+ Ag V/kT 4 Na 


-e7 (4, +8g)/kT 
3 An An u 


Cea 4 Me A e7 (4+ 824+83)/kT 
2 Ah Z 
m=e-sikTt A. 


Eq. (21) is transformed into 
w—3(A?+2B)a+2(A3+3A-B—C)=0 
(22) 
which solution are 


m= Vg EY Gi pps l= iS 
y= WV" —g+V Ge p+ wi —q—Vgr— p 
23= WY — wie iV GSE 


q: VG ‘De | 
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where 
p=AP+2B , q=A?+3A:-B—C, 
Peter aret ey, ey miskat. | 
2 | 
As shown in “Appendix”, we have c-P 
>0, in which case the solutions are easily 


expressed throush a new variable ¥ in the 
following way. 


| 
| 
| 


ss 
m=2V/ p -cos-5 , t= —2Y/ p -cos™ 3 


(23) | 


m<P<0. 


cos ¥=—q/1/ B 

In view of x being always positive by its 
definition, the admissible solution of Eq. (22) 
is clearly seen to become 2% only. 
The application of the above formula to the 
actual case shall be shown in the next section| 


§ 4.3. Calculation of o and R 


The expressions of conductivity and Hal 
constant for the case of both electrons and 
holes contributing to current carriers are ag 
follows. 


= C(Ne- Me +n Ltn) 5 
— Me He FMn: Ln” 


2 (24) 
C(Ne* Let+hn- Ln)? 


For the calculation of o and R we mus} 
compute m, and m, for all temperatures in 
addition to the expressions Eq. (10) for mw. and 
Lh. 

Furthermore, for the computations of | 
and mn, Na, Ei, Ex, E; and ae, ay should bef 
estimated for the measured sample, an 
Fermi energy should be computed as a funcf 
tion of temperature as mentioned in the lasif 
section. | 

The analysis of the experimental results fo 
the specimen of No. 6, P-type impurity semi 
conductor have been proceeded as follows. 


[i]. Impurity level distance E,, and con} 
centration of impurity level Nu. 


At low temperatures it may be assumed 
that the concentration of electrons in ut i 


with that of holes, and then the concentratiol 


of electrons in impurity levels is nearly il 
to the one of holes in the filled band. In sucif} 


case, Hall constant R thus will become 


—_ 


R=1/en,=1/en; . (25) 
On the other hand, at low temperatures 2; 
may be given from Eq. (19) replacing mp by 2:, 


nyt Gen CF 1~ Balk? 
2 
4Na 


lteter 
By fitting a temperature dependence of 7; 
calculated through Eq. (25) by the use of the 
observed R to the theoretical formula (19’), 
both the impurity level distance E;=E,—E, 
and the concentration of impurity levels Ny 
will be obtained. In such procedure it will 
be assumed approximately that the effective 
mass of holes #2; in a, is equal to free elec- 
tron mass. 


fii]. Ey, energy 
and filled bands. 
At high temperatures, in which the elec- 


i} PLO?) 


gap between conduction 


| tronic transition to the conduction band be- 


comes appreciable, we have 


and 


O=C(Me* Me+Nn: Un )=C1+s)Ne- Un +eni: Ln , 
(26) 


where 
S== fel fim 


The hole mobility 4, is given by Eq. (10), 

but the third term in the right hand of Eq. 
(10) may be neglected compared with other 
terms as mentioned above. 
_ At high temperatures of the intrinsic range 
now in consideration the Fermi level will 
locate near the middle of the energy gap be- 
tween conduction and filled bands, and then 
(E;—E;)/2 may be used for (£;—€) in Eq. (14). 
Therefore, 


5 3/2 
me 2{ 2rmekT QlGa Mg y/kP 
h? 


2=2( or elt  T3/2.. e— Ao/2kT 
: he 

=N)° 13/7 e~ Molk? , (27) 
where L,=E;—, the energy gap between 
conduction and filled bands and ™ is nearly 
constant. 

Putting Eq. (27) into Eq. (26), the estimation 
of the first term (designated o’) in the right 
hand of Eq. (26) is graphically obtained by 
subtracing (e-h:- 4») from the measured values 
of o. And then a plot of the obtained result 
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on log o’:1/T will be used, as usual, to deter- 
mine /, i.e., the energy gap between the 
conduction and filled bands. 


[iii]. Constant m) and mobility rotio s. 
The expression of R in Eq. (24) becomes 
_ =nds?—1)-n: 
~ e[nes+1)+miP ’ 
(28) 

which will have unknown parameters m) and 
s, since m, (Eq. 19’) and m. (Eq. 27) have 
been estimated already. Making use of the 
measured values of R at high temperatures, 
therefore, Eq. (28) will yield the values of 7 
and s. 

The above mentioned analysis of the speci- 
men of No. 6 has been found to give the fol- 
lowing result, 


oe tet Me? +n, + Un 
C(Me* Ltee+Nn* Un)” 


E,=0.0l4ev, Nu=1.5410", Ey=0.48 ev, 
N= 2.89 x 10%, 

and S143, 
liv]. Effective mass me. and my. 


At high temperatures the lattice scattering 
may be assumed to predominate compared 
with the other scattering mechanisms, in 
which case we have 


S= fle| Ln=(Mn| me)”. 


By making use of the above relation and 
s=1.43, we have mp/m-=1.15, and 


27 Me REN? Me oie 
== Do| (See ee = Do (i 
Pe ( h® ) ( m ) 


SLO SNOOP” 
A 3/2 3/2 
ayaa. (27 -) ae (any 
Nie m 
DILEK NOE ILA. 
(30) 
where m is the free electron mass. 
From the numerical value of 2, obtained 
in [iii] and the expression of Eq. (27) 


3/2 
eo (= 2.42 x 10 =2,89 x 10, 


m./m=0.71 is obtained, and using ,/m.= 
1.15, we have ,/m=0.82 m, from which a, 
and a, may be numerically estimated. 


[v]. Hermit energy 

Using the numerical values obtained above, 
A, B, and C in Eq. (22) are computed and 
finally the Fermi energy is obtained as a 
function of temperatures aS mentioned in 
§ 4.2. In the calculations of Fermi energy 


the origin of energy is conveniently chosen 
to be the top of the filled band, ie. A1=0. 
The temperature dependence of Fermi energy 


for specimen of No. 6 is shown in Fig. 7. 94 
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[vi]. Carrier concentrations ne and Mn, con- 
ductivity o and Hail constant R. 

From the values of € obtained above and 
Eqs. (14), (16) the temperature dependences 
of m and ”, were computed as shown in Fig. 


(8). 
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ell culated values of o and R& for Specimen, 
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Using these m and mp, we can calculate ¢ and 
R in Eq. (24) at any temperature. The results 


Fig. 9. Comparison between measured and cal- 


No. 6. 


calculated are shown in Fig. 9, in which open 
and solid circles are respectively the measured 
values of Hall constant and conductivity. 


$5. Discussions of the Results for other 
Samples 


On the specimens of No. 16, No. 10 and No. 
11, which show rather monotonous behaviours, 
there are some troublesome problems which 
are hardly soluved at present. 

That is, the plotting of logo to 1/T are not 
necessarily straight lines but curved like bows 
as seen in Fig. 10, in which the conductivities 
of No. 10, and No. 16 are represented ap- 
proximately by o=exp(T/200) and that of 
No. 11, o=exp(T/120), and such behaviours 
seem not be explained by the usual simple 
formula for semiconductors. 

Although the definite conclusion about the 
mentioned anomalous behaviour has not yet 
been obtained, these bending might be due to 
the scattering by some inhomogeneity at the 
grain boundary’ or to the some temperature 


shift of energy gap between the conduction 
and filled bands. 

Another difficult problem is that Hall con- 
stants of these specimens except No. 6 are 
considerably smaller than expected from their 
conductivities, which situation leads to the 
considerably small mobilities compared with 
+ that of No. 6 specimen by using Eq. (9), as 
shown in Table I. 


| Table I. Mobilities of specimens. (at —150°C) 


| Specimens. No. 16, No. 10, No. 11, No. 6 


| Mobility. 
(em?/volt. see.) 


1.65 Ssh 7 lors Svalalisy he 


In particular, in view of the extremely 
/ small values of Hall constant for specimen 
| of No. 16, there might be some mixtures of 
| N-type and P-type in the non-equilibrium 
| state of such specimen, in which negative 
values of N-type are reduced by positive 
values of P-type. 

Anyhow, no matter that it may be, in 
order to solve these troublesome problems, it 
will be necessary that the further detailed 
measurements be made on the poly- and 
single-crystalline samples. 


§6. Errors of the Approximation 


In § 4.2 it was mentioned that the approxi- 
mate calculation of 2 replacing Fermi func- 
tion by Maxwell function, introduced some 
amounts of errors. 

In this section the errors will be estimated. 
The exact expression for hole concentration, 
z6., Eq. (15) is 


ee amy" 
0 On? i? 

mm exp{(E—-OVRT} op pit. dE 
skew {(E—€)/RT} a ae 
nT 0 1+y-e-* 

=an°-7 ’ (31) 
where 
_(fa—E\? zm (- ae 
Ket Hl (Samet [hie eas 
ele ie ol+y-e” 


The approximate expression of Eq. (16) is 
written as 
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i 8 2. W ey 3/2 oo a 
7" ie 0 
> [ 2nmn- kT \3/* 
=2-( a ) N=An-7. (32) 


It must be noticed that a," contains 7 but 
@p does not. 
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The exact equation for 7 (or €), therefore, 
becomes 


w+Q-7?—Q-y/an®—R-1/a,9=0, 
where 
P=e-*/*7, Q= (ae €7 H3/kT 1 NN 4e@7 H2/kT) 


R= ap: e7 824 83)/ kT 


(33) 


In this equation the energy is measured 
from the top of the filled band as before. 

If a, is replaced for a,°, Eq. (33) is clearly 
seen to be reduced to Eq. (21). We must ex- 
amine the variations of 7 when a,,° changes 
into ap. 

For this purpose, therefore, 7 is expanded 
into the Tayler series. 


1(An)=7(a9+ Aan)=7(an”) | oa “Aa, 


1 Orn 2 


and then 


I if Ges » (dan \* 
2 Geo cat Le) a ioe 

The numerical calculations of this series 
have been carried out by the following 
method of approximations. 

At first, we must know daz, (=an—an°) as 
a function of 7. From a,° and a», in Eqs. 
(31) and (32), we have 


Fig. 11. Av/7 and Aap,/a,° versus ¢/kT, and 7 
Aan &n—an? 
an? an? 


which was numerically evaluated with the 
parameter 7 the result of which is shown in 
Fig. 11. It will be found that at one limiting 
case log 7=1 (or (€—K)/kRT=0), the deviation 
of a,° will become a largest value of 31%. 
Secondly, we have to calculate the coeffi- 


cients of (4an/ai®) and its powers. Eq. (33) 
gives, for constants P, @ and R, 
PCL on 7 @Q On 
Oye SP dye mn a See ed 
i ae f i Bano? ai, an? 0a,° 
+R 0, 
(8 Git 


and than we get 
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(Q/an®)-Q+R/lan? 


LOWIN SGU? ROC 35) 
(ee ay 3727 +2P-y—Q/an® ’ : 
Similarly, it follows 

-s ( an ) Zan” i 
ON come Grwegee ne) bata ae 

0a,” 377 +2P-7—Q/an 
On Q ( 07 
- aa) ee tah Be) 
Q R . 
=(Fe % ee : ee 


We may compute the numerical values of | 
Eqs. (35) and (36) at any value of vy for a 
given semiconductor, in which £2, £3, E4 and 
M:, Mn, (even approximate values they are 
!) are known and also the values of (4a;/an) 
may be estimated on Fig. 11. 

From these values computed above and Eg. 
(34), we are able to calculate 47 at any value 
of 7. 

The calculations mentioned above have been 
carried out for the specimen of No. 6. The 
case of 7=1 will be expected to give rise to 
the largest error, the second term in Eq. 
(34) being taken into consideration, in the 
cases of y=0.5, 0.1 and 0.05 the only first 
term is sufficient for our estimation. 

The values of 47 and 4y/y for each value 
of 7 are given in Table II, and the plotting 
of 4y/y versus 7 is shown by dotted line in 
Bigeslie 


Table aL 
ea 0.1 0.05 
Ay 0.16 0.061 0.0084 0.0009 
Ann 0.16 ~—s0«.12 0.034 


0.018 


The variations of €/kT with respect to 1/T, 
for the specimen of No. 6 are described in 
Fig. 7. In the temperature range of our 
measurements, €/kT is found to be larger 
than 3 as shown in Fig. 7, and for these 
values of €/kT the errors of 4y/y are smaller 
than 2% at most. 

In conclusion, the authors wish to express 
their sincere thanks to Prof. Dr. T. Muto and 
Dr. J. Yamashita, University of Tokyo for 
their kind discussions. 


Appendix 


The expressions of A, B and C are given 
in §4.2, and as far as g?—p*<0, the second 
term of B will be safely neglected because of 
its positive value. Hence, then 


)ceAetae mire ° 


=|5¢( ae er eatnasanine 
An 
_ 19 a A * g- 2B] + Hy Bg) /kT 
108 An 
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oy 1 ( | «7 3(By + B3)/kT 
An 
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== AS ic ) - 7 2(81 +H24+H3)/kT 
108 Ah 
4 


ae y. e7 (A +484 83)/kT 
: ( 
108 


2 a =) ( Bo) Meee Bnet 
108 An an 
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Statistics of Two-Dimensional Lattices with Many Components 


By Taro KIHARA, Yukio MipzuUNO and Toshio SHIZUME 
Department of Physics, Faculty of Science, University of Tokyo 
(Received April 15, 1954) 


The statistics of the two-dimensional Ising lattice, for which each 
lattice site may take one of two states, has been partly generalized 
to the following model: each lattice site may take one of s states and 
each pair of neighboring sites in different states has a common excess 
energy, J, compared with a pair of neighboring sites in a same state. 
The partition function for the square lattice has a temperature 
symmetry and the Curie temperature, T., is given by 

(s -1) exp (—2I/kT,)+2 exp (—J/kT;)-1=0, 
(k is the Boltzmann constant). Although the partition function itself 
has only been obtained in the form of power series valid at low and 
high temperature regions, it is highly probable that for any finite s 
the specific heat is infinite at the Curie temperature. The transition 
is not the normal phase transition of the first order which the Bragg- 


Williams approximation predicts for our lattice with s=3. 


§1. Introduction 

Recently Ookawa treated the solid-liquid 
transition considering the liquid phase as a 
mosaic of crystal fragments as shown in Fig. 
1(a). Making use of several assumptions and 
approximations he concluded that he could ex- 
plain, by means of this mosaic model of 
liquids, the normal phase transition of the 
first order between liquid and solid. (Here 


“normal” means that the specific heat remains 
finite at the transition temperature.) The 
conclusion, however, is doubtful since his 
model is not clearly defined and his statistical 
calculation is not rigorous. The present 
authors want to criticize such an approximate 
treatment of phase transition by means of a 
clearly defined model which is as follows. 
Each mosaic domain is composed of one or 
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several unit cells and may take one of s pos- 
sible orientations as shown in Fig. 1 (b). the 
boundary surface of a mosaic domain has an 
excess energy proportional to its area. 


(a) 


Bicyods 


If we apply the Bragg-Williams approxima- 
tion to our model with s>3, we shall come 
to the conclusion that there should exist a 
normal phase transition of the first order (§ 5). 
In reality, however, we can show below that 
the transition is not normal phase transition. 

Our model is equivalent to a lattice com- 
posed of many equivalent lattice sites, each 
of which may take one of s different states; 
each pair of neighboring sites in different 
states has a common excess energy compared 
with a pair of neighboring sites in a same 
state. We shall treat two-dimensional case 
for the sake of mathematical simplicity. In 
the particular case of s=2, our lattice reduces 
to the Ising lattice which has been playing an 
important role as a typical model of phase 
transition of the second order?”). 


§2. Dual Transformation 


Let us formulate our problem as follows. 
Consider a lattice composed of N equivalent 
lattice sites, each of which possesses an inter- 
nal coordinate # which may take s values 4, 
@2,°**+ , @s corresponding to s different states, 
where 

1 for J=m 


0 for Jsem. eh) 


Lem = | 


Then the interaction energy of the system 
takes the form 


Bes qe (Oisues We 
2 <iK> 


(2.2) 


Here J is the energy gained when a pair of 

unlike neighbors changes to a pair of like 

neighbors; >} means the summation carried 
<tjk> 


out over all pairs <%, R> of neighbors. The 


partition function of this system is 
Fj) > expe Pa CHite—1)], (2.3) 


Pi=A1y° °°, <a 
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where 


KJ /2ET (2.4) 


| 
denotes the summation extend-, 


and DS 


P4=21,°°°5@s 
ing over all possible states of the system ;_ 
i.e. it would have to be written explicitly as | 


Dale age oe 
PtH 215°**50 5 fpI=C1;°**5€s5 x= E1°°° 5s 
Sere Pieters oy 
PN =41,°°*,€s 


Eq. (2.3) is a sum of terms each of which) 
is a product of factors of the type exp[K(2uy’ 
—1)] where v and yw’ are the internal coordi- | 
nates of direct neighbors. Each factor exp 
[K(2uy’—1)] can be replaced at will by some 
other expression, provided it yields the same 
two values e* and e-*. We, therefore, 
introduce the following “dual transformation” 
ek @ue’-D— F(R) eX*+(supe’—1)e-**]. (2.5) 
Here K* and F;(K) are determined by 

oP te ea hs 
eX =F,(K)[e**+(s—l)e-**]. 


From these two relations can be derived the 
expressions 
(s—l)e-?* e~2*+ e-2?% 4 e- 2K*_]=(), (2.6) 
and 
ay es -+-(G—Ne = 
HE He La © 
which will be used later. 
into (2.3) we have 


[Fs(K)P= 


(2.2) 


Inserting (2.5) 


Ne 


f = Pe) | ae 


PtHE1,°° 5,657 
+ (Surtty’ —1)e-**]. 


Here the product over 7 extends over all con- | 
necting rods in our lattice, and M denotes the 
total number of such connections. (For ex- 
ample, M=2WN in the case of the square lat- | 
tice, M=3N in the case of the simple cubic 
lattice.) 

In developing the product, we get a sum 
of products of eX* and (sfrf-’—1)k-**, each - 
product of which can be characterized in our 
lattice by a polygon (not necessarily closed) | 
running along the connecting rods. The ex- 
ponential factor of each term is such that 
every connecting rod not included in the poly- 
gon contributes a factor e** to it, and every 
connecting rod included in the polygon a factor 
e-**. Then we get 


[ex* 
1 


tt 
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~ ryN : . - Mu — L 
nl )= [Av )] SS SS ITcr) 
Jt =€1,°* *5@5 polygon re=l 
x (Sint ——1 \eCt - 21) K* 
=(F(K)|*¥ > 


polygon 


TT ee WE, (2.8) 


Here 7 is the number of connecting rods in- 
2 l 

Cluded in the polygon I’; cr) means the 
f=} 


product extending over all connecting rods of 
the polygon 7”; “\_ indicates the sum over 


polygon 
fall possible polygons; and we have denoted 


for brevity 


7 
r(P)= > TT cry(Strtty’ —1). 
Mi=E1,°°°,€s r=1 


(2.9) 


In the product development (2.8), 7(I) 
vanishes when the polygon is not closed. In 
fact, if the polygon J consists of two polygons 
I’ and I” which possess only one common 
lattice site, holds the relation 


aes” )77 J=4/8")7 (29x GST”), (2.10) 


and for an isolated rod 


| SS SS (S/y 4g —l)=sxs—s?=0. 


| jo=el,- SSC PZ C{,° "56 ¢ 

Hence only closed polygons (with bridges in 
general) give a non-zero contribution. Thus 
we have 


PD )=TPEO pry 


closed polygon 


(2.11) 


§3. Temperature Symmetry 


In 1941, Krammers and Wannier* proved 
that the partition function for the usual Ising 
square net has a temperature symmetry and 
succeeded first to locate the Curie tempera- 
ture. A more general relation of the tem- 
perature symmetry will be derived in this 
section. 

We start from Eq. (2.11) in the previous 
section. For a lattice on a simply connected 
surface, every closed polygon. divides the sur- 
face into several regions. We can, therefore, 
characterized every term in our product 
development by such an arrangement Ofas 
states v:;=61, @x,-°-:, @s in the dual net, that 
all the lattice sites in a region are in a same 
state and two sites in neighboring regions are 
in different states. (see Fig. 3). If (°,--::. 
yy,; [) is one of such arrangements cor- 
responding to the polygon /’, we can write 
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AG att Se exp} Sy Gey “| 5 eel 
r=] 

Furthermore, we shall show in Appendix the 

relation 


nas" Pao (3.2) 


where f(/’) is the number of different ways 
to paint by s different colors (states) a map 
which has the boundary lines corresponding 
to the polygon I’. 


(a) (b) 


ign 2. 

gons. 

(b): Examples of contributing or “closed” 
polygons. 


(a): Examples of noncontributing poly- 


Hence we get from Eq. (2.11) 
AQF. Moo SP) 


closed polygon 


<exp| > ACN(2y, 0p," —T)] 


=[F(K)]"s¥ 7} sy 


Vg=@19° °° 565 


xexp[ >) K*(2y,y,’—1)] 


[Fs La (3.3) 
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where /*(1) means the partition function for 


the dual net, and 7* is the “dual” tempera- 
ture given by A*=J/2kT*. 
Inserting (2.7) into (3.3) we obtain finally 


POLS 
\ — 


3% e2* +(s—1) Cae 


eee ie Be 
~ g*/2 [ere (s—1)e72%*] "4/2 ? 


(3.4) 


where N* is the total number of lattice sites 
of the dual net, and N+N*=M-+2 (Euler’s 
theorem) has been used. 

In particular, for the square net 


fT D)=f{1), NN, M=ZN, 
and we have 
fie ks) spp FMS) 
[ek +(s— L)e72* |¥ [ex*+(s— L)e-2k*]}¥ ° 


(Gro) 


This is the generalized form of Krammers- 
Wannier’s relation®) of the temperature sym- 
metry for the square net.* 

With use of the function 


fry uy 


%(K)= GE 4(s— lente’ 


(3.6) 


for which 


4(K)=%K*) , (3.7) 


the energy and the specific heat of the system 
are given by 


as (a 
Kye aid Seed Bs 
oe nif 2K + (s—1)e- 2K 
fe : fein 1K) il (3.8) 
C(K)i= NRE ___16(s—1) 
[eX +(s- lek Pp 
a ma te 2K) | (3.9) 


From (3.7), we see that if x(K) has a singu- 
lar point at a certain temperature Ty, then 
it must also have a singular point at the 
temperature 7T,* “dual” to Ty. Accordingly 
if there exists only one singular point of 
x), it is located at the temperature T;, 
for which K*=K. From (2.6) the tempera- 
ture is given by 

(GSO GeO ei ==(0) (3.10) 
or 


GPE t= | ee (3.11) 
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where 
Ke=J/2kT, . 
Thus the Eq. (3.10) gives the transition tem: 


perature (which henceforth we shall call “the} 
Curie temperature”) of the system under the} 


assumption that there exists only one. (This 
assumption will be confirmed to some exten 
in the following section.) 

At the Curie temperature, we can derive 


the following relations: from (2.6) 
(Pan (Benes 
dK /K=K, . \ dRY) K= ke hy sae 
(3.12) 
and therefore from (3.7) 
dx dx 
— feat al 
(Sr Ns Sn ea ae 
( ax ) -( rin) 
aK? ]K,+0 aK? }K,-0 
Sala) atte em 
V dK J K=O "“\dK ) K;=0e 
(3.14) 


Using (3.8) and (3.13) we see that the arith- 
metical mean of A(K,+0) and E(K,.—0) 
given by 
uf 
E(K.)= —N—— 
( e) We s ? 
When the energy is continuous at the Curie 
temperature, this E(.K.) is equal to the energy 
of the system itself. It is also concluded from 
(3.8), (3.9) and (3.14) that if the energy is 


(3.15) 


j 


continuous at the Curie temperature, then the | 
specific heat is either continuous or infinite. | 


It will be shown in the next section that the 
latter case is highly probabie. 


$4. Partition Function for the Square 
Lattice 


We evaluate the partition function for the 


square lattice by the method of power series _ 


expansion used by Kramers and Wannier® 
and several other authors in the case of the 
Ising lattice. 


The partition function (2.3) can be expressed 
in the form 


* For | the “special case s= 4, a relation 
equivalent to this was obtained by Ashkin and 
Teller in 1948, See reference 5. 


fTQy= x gi exp (—E,/RT) . 


| Here gy; is the number of states of the system 
)) at the energy level £;; >=; means the sum- 
2 


‘) mation over all energy levels. 
At low temperatures terms corresponding 
y to low energy levels predominate. At the 
1) lowest level all the lattice sites are in a state 
So that L>=NJ and g=s. At the first ex- 
| cited level a single site is in another state so 
that A=NJ+4J and 1=Ns—1)s. Proceeding 
in this way, we find a power series expansion 
| valid at low temperatures 
f(T)=2-*[s+Ns—1)sxt+2NN—1)sx8+---], 
with 
e=ern~IT/kT . 
Taking Nth root we have 
[f(T)/s]/" =a" P() , 
P(z)=1+(s—1)z*+2(s—1)2°+--- 
=1+4(s—1) 3 an, (4.1) 
i=4 


where the coefficients a; for 74 are given in 
Table I. 


Table I. 
a a; 
4 1 
5 0 
6 2 
th 2(s—2) 
8 —2s+9 
9 12(s —2) 
10 2(3s2 16s + 27) 
11 2(s —2)( -—5s+32) 
12 38 +558? — 248s +302 
13 2(s — 2)(9s2 — 71s +180) 
14 — 3783 +561s?— 1802s +1808 
15 2(s — 2)(4s3 +1308? — 70484-1189) 
16 58st — 99883 + 6269s? — 15162s +12870 


By virtue of the symmetry relation (3.5) 
the high temperature expansion is shortly ob- 
tained from the low temperature expansion: 


n/a tet Pp eal ye aeelt. 
eal, 
where 


1l—«x 
4=— 
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and P(w) is the same as in (4.1). 
From these two expansions the energy per 
site 


ae 2 O- 1/N 
no PP lin FDI, 


and the specific heat per site 


CG 1 0E 
NN or 
can be calculated. 

Fig. 4 shows the specific heat for several 
values of s. (The curve for s=2 is taken 
from Onsager’s solution®.) It is highly pro- 
bable that for any finite s the specific heat is 
infinite at the Curie temperature J, given by 
(Gotlib), 


Fig. 4. Specific heat curves for the square 
lattice. 


§5. <A Criticism of the Bragg-Williams 
Approximation 


It may be instructive to compare our result 
with the Bragg- Williams approximation applied 
to our lattice. Let N:=Nz; be the number 
of sites in the zth state (a+a.+----+as=1); 
let z be the number of direct neighbors of a 
site. 

The Bragg-Williams approximation is 
characterized by the assumptions that the 
energy of the system is 


mee 
4 


and that the entropy of the system is given 
by the entropy of the random mixing 


E JUL 2(av2+ay? +--+ +a], (5.1) 


S=—kRN{[a1 In ay +22 In w+ ++ ++ +25 In as]. 
(6.2) 


Then the free energy becomes 
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F/N=(E—TS)/N 
=2]/4—(aJ/2)(ar? +a? + 
+RT (ay In ay +++ as In as). 


apa tars?) 

(5.3) 
The equilibrium values 2,’s of wv,’s are 

determined by the minimum of the free 

energy under the subsidiary condition 

Mtagt----+tes=l1. 
Namely, with the Lagrange multiplier 4, %,’s 
are given by 


—2Je,t+kTnz:+1)+A4=0 7=1, 2,---,s, 
(5.4a) 

and 
Mtet-+-++te=l. (5.4b) 


Eq. (5.4a), as an equation for z,, has at 
most two roots, a@ and $. Thus, we can 
aSSUME m= ---*=7j=a, Ljai=----=FZ.=P. It 
can be shown that only the state Soren. 
ing to j=1 can be stable, and other states are 
always metastable. 

For our purpose, therefore, sufficient is the 
investigation in the special case 


Uy O=X.=U3= +++ —=2s 


? 


namely 


(5.5) 


LACON eeaeel B 


NiaiA'R 38 


’ “(14 (6—1a" 
a “(asin s+ln[1-+-(s—1)e]+(s—1)In (l—o) 


+(s—1)o In 


lisse 
By &6) 


c— 


The disordered phase corresponds to o=0 
and an ordered phase to o=<0. 

The transition temperature, T,;, and the 
value of o of the ordered phase at the transi- 
tion temperature, o,, are determined by the 
relations 


[F ]o- ce =[F ie 0 > 
and 
OF 
J aal: rae one 
the result being 
; et eS Che 
P75 [nkisecih ea? slap ies Ge anne ee 
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| 
| 


| 
The latent heat of transition is calculated 
to be 


JE 1 aay ole 
“wh oy HE leo Elo = 9 I yy - 
(5.9) 


| 


In the case of s>3 the calculated latent 
heat is non-vanishing and the specific heati} 
remains finite at the transition temperature. ] 
Thus the Bragg-Williams approximation leads) 
to a normal phase transition of the first order | 
for s=3, the result being far from the reality.) 


Appendix 
Proof of 7(’)=s* 1p). 
We shall begin with mentioning some fea- |} 
tures of p() which will be used later. Let |] 
UWS) edennem lien ace --, I, as the closed 
polygons which are obtained by erasing some 
of the rods constituting the closed polygon T’, | 
and 7’) as that obtained by erasing all rods 
(see Fig. 5). Then we see that 


DO) +i0 1) +: +--+ +00.) +pT)=s7 . (A.D) 


(f is the number of regions divided by 7’), 
because the sum on the left-hand side is equal 
to the number of different ways to paint by 
s colors a map corresponding to the closed | 
polygon 7’ allowing the appearance of pairs | 
of neighboring regions in a same color. 


P52 ni Ou 

hth 

o--d 6--4 

Li Ec [ee [3 [se 
Oras 15% 


Returning to the proof, the following rela- 
tion is obvious. 


7rLo=s* pl») , (AcZ> 
because 
r0)= elas 5 Al ola s. 
Pt=€1,°°**,€s8 


Let us assume that y()=s*-1p(") has been 
proved for every closed polygon 7” including 
4(<Z) connecting rods and consider 7(Z") for 


the closed polygon J" with 7 connecting rods. 
When 7’ consists of two isolated closed 
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‘| polygons 7” and I’, we can easily verify that 


aU =— pT PU”) ; 


1 ee eo; 
aa ioe W< SN EGO. 
| Hence using the assumption 7(J/”)=s*~1pU"), 
7I)=s* 1p”), we get the result we want- 
| ed to prove 


fps" pw’). (A.3) 


When TI’ is a single closed polygon, the fol- 
lowing topological relation can be easily shown 
from Euler’s theorem: 


n+ f=I14+2, (A.4) 


where 7 is the number of lattice sites on J’. 
Then with the help of this relation (A.4) and 
the argument in the last paragraph of §2, 
we get 


42 )+ry+ aan ote, ee (tro) 
1 
— Sy f Tor) (Serltr’ —1) 
a1 


+ Wop (Strltr’—1) +---- 
r=1 


lz } 


+ Hor (Strlr’ —1)+1 f 
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: , 
a HT or{ (Spy tty’ —1)+1} 
Pt=61,°°°,@5 T=t 
b 
ehh ry br tr’ 
fp=C1,°°°,@5 T= 

= sl tN —-n+1 
wale (A.5) 


Comparing this equation with (A.1), we get 
TI )=s* "1 p). (A.6) 
The mathematical induction completes the 
proof. 
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Second Virial Coefficient between Unlike Molecules 


By Taro KIHARA and Saburo KOBA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received April 15, 1954) 


By means of the core model of molecules introduced by Kihara in 
Revs. Modern Phys. 25 (1953) potentials between unlike molecules in 
nonpolar gases have been determined from the second virial coefficients. 
The intermolecular potential U,, for the pair of molecules (A, B) is 
assumed to be a function of the shortest distance 9 between the cores 
of the molecules, and furthermore 
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Usrlp)= Uoas| (P42 


verified: 


0vsAB=3(0044+ Powe) > 
Uosn=(Uo4s4 Uopn)/? . 


i 2 a1) 7 pase ae 
One of the present authors introduced Bp eee ino U42(0) dbid pba 
model of nonspherical molecules in gases by eae leak 
use of which the second virial coefficient can \ here 
be integrated easily. He assumes, namely, an 
ate p 
appropriate convex body called core inside bazl(0)= Va 5 Me Se ey 
each molecule and defines the intermolecular e 
distance op as the shortest distance between Ma=2rp+Moa , 
two cores. The intermolecular potential Uss Sa=79?+Mysp+Soa , 
1 7 = [Prints i 5) 1 7 
for the pair (A, B) is assumed to be a func Vas) 4M 9) So ee 
tion of o only: Uss=U.42(0). 6 4 2 


Making use of this “core model” he deter- 
mined the potential between like molecules 
from the second virial coefficient of pure 
gases. The object of the present article is to 
determine the potential between unlike mole- 
cules from the virial coefficient of two-com- 
ponent gases. 

The equation of state of two-component 


kT V 


rey) 


Here Up4, and ~o4, are constants which have been determined. 
garding these model constants the following relations have been 


Re- 


and similar relations as regards the species 
B. Here Vos, Sos and Moa are, respectively, 
the volume, the surface area and the mean 
curvature integrated over the whole surface 
of the convex core of the molecule A. The 
function b4% (@) may also be expressed in the 
form 


gases may be expressed in the form banlo) == pt hat Moe 0? 
D ! (NN) + (BN 2428 NUNG Soat Son Moa Mon 
V2 =p 9 te is 0 
+BaupNz?)+ see Voa Ae Vor Mop So A —- Mya Sox 
2 8x 


Here p is the pressure; JZ is the absolute 
temperature; k is the Boltzmann constant ; 
Na and Nz are the numbers of molecules of 
the species A and B, respectively, in the 
volume V. The coefficient Buz, which is a 
function of the temperature, is called the 
second virial coefficient for the molecular pair 
(A, B). 

By mean of the core model of molecules, 
the second virial coefficient is given by 
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In particular, when the potential U4,() is 


the Lennard-Jones function, 


‘ 
Ue Vous (224*) 24 Gay 
0 p 


the second virial coefficient Buz is expressed 
by a power series with respect to 


Zapl?=(Upan[RT)? , 


that is 
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Table I. The second virial coefficient between 
unlike molecules. 
(A, B) GRE B4pA8 Reference , 
ACSI, 298 13.6. a 
323 15.4 
348 18.3 
373 20.8 
398 22.9 
423 ee 
447 26.2 
He, Nz 273 20.4 a 
293 2 
No, Oz 273 Sl a 
3238 == Bye! 
373 = 2.5 
423 5.6 
473 1258 
Oz, C.Hy, 298 —70 b 
C.H,, A 298 —72 b 
Oz, Qz 273 — 36.9 Cc 
323 —15.4 
373 — 4.3 


a. EH. A. Guggenheim, Mixtures (University 
Press, Oxford, England, 1952) p. 160. 

b. Caleulated from the data by L. Masson 
and L. G. F. Dolley: Proc. Roy. Soc. London 
A103 (1923) 524. 

e: L. Holborn and J. Otto: 
(1922) 367. 
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2 ; 
Bian = Oo sp l’s(Z4n) 


_ Moat Moz 
a 


Sle ee So 2 ae MoaMon Oosnl(Z 4p) 
2 4x 


 Voat Vow , Mon Soa +MosSon 
2 87 ; 


OoaB'l(Z 12) 


ee 
20 8e! 
(S= 18 2Ne3)) 


igs 


r (5 » hatate +8)/12 
12 


the table of which is given in reference 1. 

The potential constants Up 4z and O94z be- 
tween unlike molecules, which are determined 
from the second virial coefficient given in 
Table I, are shown in Table IJ. The Table 
contains also the model constants between 
like molecules for comparison. (Our cores of 
molecules are given in reference 1 except for 
oxygen. The core of oxygen O, has been 
chosen as a thin rod connecting two O’s with 
length 1:10A, so that Vj=0, S,=0 and Mj= 
3.45A. The core of argon is, of course, a 
point.) 

From the results shown in Table II we may 
conclude as follows. (1) Within the limits of 


Table II. The model constants determined from the second virial coefficient. 
: 2004B Voss o Uvsn 
ae ge ae Nike a anne 
A, A 3.83 119 
A, He 3.42 0.03 HSN 0.08 
He, He 2.81 39.4 
He, Ne ele 0.00 66.8 —0.04 
Ne, No 34 AYE 124 
INeaEOY 3.20 —0.08 149 0.08 
Oz, Oz 3.14 153 
Oz, CoH, 2 0, assumed 250 —(0.07 
C,Hy, CoH 3) A470 
GsHy, A 3:2 0, assumed 220 —0.06 


experimental accuracy, ~o1z is equal to the 


| 


arithmetical mean of Oy44 and Pozz. In fact 
we have assumed 4(Oo44tOozz) aS oan iN 


cases of oxygen-ethylene and argon-ethylene 


mixtures for which the number of observed 
values is not sufficient for the determination 


of the two parameters U, and oy. (2) Within 


the limits of experimental accuracy, Upaz is 
equal to the geometrical mean of Uoaa and 


Uyeex. These are similar to the relation which 
Beattie and Stockmayer” verified on the spheri- 
cal approximation of nonspherical molecules. 
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Miyake and Uyeda found a remarkable phenomenon: that an 
asymmetry occurs in the intensities of a pair of reflexions (hhl) and 
(hhi) when an electron beam impinges upon a cleavage face (100) 
of a zincblende crystal in the [110] azimuth, which violates Friedel’s 
law. In the present paper this phenomenon is studied in detail by 
applying the dynamical theory. Assuming the intensities of only the 
twor eflexions (hhl) and (hhi) to be large and neglecting all other 
reflexions, we find that asymmetry occurs for an odd index when the 
selective reflexion takes place in the Bragg case, and does not for an 
even index. By numerical calculation, (331) has one peak and (331) 
has two peaks, with the integrated intensity of (831) larger than that 
of (331). These results are in accordance with the general trend of 
experimental observations. Detailed features of experimental observa- 
tions which are inconsistent with this theory may be explained 
qualitatively by taking into account the effect of weak reflexions or 
additional simultaneous reflexions. 

The present work proves that Friedel’s law fails in the dynamical 
theory. It must be emphasized that the failure is not caused by the 
effect of absorption or dispersion, but is due to a dynamical interac- 
tion between simultaneously excited reflexion. 


§1. Introduction phenomenon. He then suggested that the | 


According to Friedel’s law in X-ray crystal- 
lography, even for non-centrosymmetrical 
crystals, the intensities of (kk/) and (hk/) re- 
flexions are equal to each other.» By this 
law, senses of polar axes can be determined 
not alone by diffraction patterns. This law 
fails when an anomalous dispersion of X-rays 
takes place in atoms of one kind within the 
composition of the crystal. Nishikawa and 
Matsukawa®) and other workers’)? comfirmed 
this phenomen by experiment using zincblende 
crystal. 

Although Friedel’s law is usually considered 
to hold also in electron diffraction, the follow- 
ing two observations seem to violate it. Thies- 
sen and Moliére® reported an anomaly that 
the diffraction patterns produced by the natural 


(111) and (111) surfaces of zincblende give dif- 
ferent values for apparent mean inner poten- 
tial. Moliére® studied the effect of absorption 
on apparent mean inner potential by applying 
the dynamical theory; but found the effect 
too small to explain quantitatively the above 


anomaly might be due to a certain difference | 
in surface states. 

Later, Miyake and Uyeda” reported as fol- 
lows: When an electron beam impings on a 
cleavage surface (110) of a zincblende crystal 
in the [110] or [110] azimuth so as to excite 
simultaneously the (hkl) and (nhl) reflexions, 
the diffraction pattern shows an asymmetry 
across the plane of incidence. (The principal 
features of their experiments are described 
in §5.) Although the asymmetry is concerned 
with the intensities of the (hl) and (hhl) re- 


flexions, and not of (hkl) and (dhl), the ex- 
perimental result can be considered to violate 


Friedel’s law in a broad sense, because (nhl) ; 
is equivalent crystallographically to (hh) in 
zincblende and because the senses of polar 
axes of the crystal can be determined by the 
observed asymmetry. It is to be noted that, 
in their experiment, the both reflected waves 


* A short communication was given in Acta 
Crystallographica.) 
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leave the crystal from the same surface so 
that the complicated factor encountered in the 
experiment of Thiessen and Moliére is absent. 
Accordingly the observation by Miyake and 
Uyeda may be compared less ambiguously 
with the theory than the one by Thiessen and 
Voliére. 

In the present paper the asymmetry ob- 
served by Miyake and Uyeda is studied. 
Previously Miyake and Uyeda considered, on 
the basis of the kinematical theory, three 
causes for the asymmetry: (1) the displace- 
nent of ions at the extreme surface (as pre- 
viously discussed by Lennard-Jones®) ; (2) the 
*ffect of strong absorption resulting in two- 
dJimensional diffraction on the uppermost layer; 
3) the phase change of scattered waves ex- 
yected from the collision problem. In sub- 
nitting these possible causes. they failed to 
Sive any satisfactory explanations. Using the 
lynamicel theory, the present author calculat- 
»d the effect of absorption on the (hl) and 


hhl) reflexions by assuming periodic inner 
dotential in a way similar to Moliere. The 
qumerical calculation, however, gave too 
sight an asymmetry to explain the experi- 
nent (see Appendices). 

Now we should notice that because, under 
the experimental condition of Miyake and 


Jyeda, the (hkl) and (hhil) reflexions take 
ylace simultaneously, a strong dynamical 
nteraction between both reflexions must be 
mevitable. It is most probable that the failures 
yf the previous considerations are attributed 
the neglect of this state of affairs. In the 
wresent paper, in the hope of explaining their 
sxperiment, we calculate the intensities of 
poth reflexions on the basis of the dynamical 
theory taking into account the occurrence of 
simultaneous reflexion. 


$2. The Dynamical Treatment of Simultane- 
ous Reflexion 


The general procedure of the dynamical 
-heory was given by Bethe. Some special 
cases of simultaneous reflexion were treated 
oy Shinohara! and Heidenreich'»>. An out- 


‘ine of the treatment will be given below. 

i) Derivation of the reduced fundamental 
equations. 

' Suppose that the incident wave with the 

energy eE impinges on the surface of a 


U 
| 


i 
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crystal slab of infinite area and of thickness 
H and that two strong reflexions simultaneous- 
ly emerge from the crystal. The two bound- 
ary surfaces will be called hereafter the upper 
and lower surfaces, upon the former of which 
the incident wave impinges. The two free 
spaces divided by the slab are called the up- 
per and lower free spaces. The wave func- 
tion in the crystal satisfies the Schr6dinger 
equation: 

Ap 7 (EV b=0 
where all the notations have the usual mean- 
ings. The periodic potential V can be ex- 
panded into Fourier series as follows: 


(1) 


9 

2meé = ae 

jp V= 21 Ug exp (2zzgr) , 
L g 

where g is a vector representing a reciprocal- 


lattice point, 


(2) 


9= AO, + 920.4930; , (3) 
and the suffix g means (%9293). The wave 
function # can be expanded into a form 


b= > bg exp (2xtkgr) , (4) 
g 
where 
Rg=ky+g. (5) 


From (1), (2) and (4), we have an infinite set 
of linear homogeneous equations, 

(Ko? +00 — Rn) Pat di Un-gho=0 , (6) 
where K,?=2meE/h? is the square of the 
magnitude of the incident wave vector Ko 
and 3)’ the summation over g except for g= 
h. Let us assume that only the amplitudes 
of three waves %, %m and dn, primary and 
two diffracted waves, are large compared 
with the others, #,’s. Then we have the 
reduced fundamental wave equations in the 
approximation neglecting the weak waves: 


Ky? + —k,? Waa V_n Mo 
( Um KK,” “f Ves Rn? Un-—n \(s) 
Un ~ Un-m Ko? +V9—Rn?/ \Pn 
=a). C7) 


In order that (6) has the finite solution, the 
equation 


Ky? +u—ko? V_—m V_n 
| Um Kk a5 Vo — Ry? Um—n <= 0 ) 
| Un On -—m BK? +v9—kn’ 
(8) 


must be satisfied. For the vectors ky, Rn and 
k, satisfying (8), we obtain from (7) the fol- 
lowing relations: 
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des = Ym —nVn — Vina j Dy =Cnbo (9a) 
QnQn—Um- nUn—- ee 
and 
Vv, v md 
n= _—  Un-mUm—V rQn asst do (9b) 
OnQu= —Um-n Un —m 
where 
Qn= K,? (= Rex? ) (10) 
and Qn = Ko? + — Rp? 5 


(ii) Determination of the wave vectors and 
the general solution. 

When the incident wave is given, the wave 
vectors, Ro, Rm and ky» are determined by the 
secular equation (8) and the condition of tan- 
gential continuity of wave vectors. Namely, the 
wave points in the reciprocal space are given 
as the intersections of the dispersion surface 
determined by (8) and a line (v-normal) normal 
to the surface of the crystal and at a distance 
from the origin of this space equal to the 
tangential component of Ky. We denote the 
wave vectors of the two diffracted waves in 
the free space by K, and K,, where their 
tangential components are equal to those of 
Rm and k, respectively according to the condi- 
tion of tangential continuity. We also denote 
the components of &, Rm and k, along the 
normal to the upper surface directing down- 
wards by 70, 7m and yn, and the magnitudes 
of the normal components of Ky, Km and K,, 
by Io, I''m and I’, respectively. From the 
relation |Ko|=|Kn|=|K,| and the condition 
of tangential continuity, the diagonal terms 
of (8) are rewritten as follows: 

Or=L boat Vor Kor » Qn? =In? +00 — 7m? ; 
and On? =Pn? +09 — 
(11) 
Since 7m and 7, can be written in terms of 7) 
by (5), and 7» and Il’, in terms of I) as will 
be given by (33), 7) is determined as a func- 
tion of 7) from (8) and (11). 

The Eq. (8) gives six roots of 7). We adopt, 
as usually done, only three roots of them, 
vo) (s=1, 2 and 3), which make all the 
diagonal terms to be nearly zero, in accordance 
with the assumption that the amplitudes of 
the three waves are large. Corresponding to 
these roots, (9a) and (9b) are written as fol- 
lows: 


JmO=CmO Po and Pn) =Cndy, (12) 


The remaining three solutions are neglected 
because they would be proved to have only 
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small contributions to the amplitudes of dij} 
fracted waves in vacuum. (A rigorous cor 
sideration taking into account all of the root 
was given by Lamla.}”) 

Then the general solution of the wav 
function in the crystal is given by | 


BSS ,3 0,7, 


pap? by exp (2rtk,r). 


(13) | | 


(iii) Determination of the amplitudds of tid 
waves by boundary conditions. 
The wave function # in the crystal shoul 
be joined to those in the upper and lowe} 
space, 7 and @, respectively, so as to satisf | 
the conditions of equality of the amplitude 
and their normal derivatives at the boundar) 
surface. These conditions are written sepa 
rately for each set of plane waves in an| 
outside the crystal which have a common tar 
gential component of wave vectors. For ex 
ample, corresponding to the index m, there a 
possible waves as follows: “9 exp (277¢hm© 
(s=1, 2 and 3) within the crystal, ?n™ ert 
(277K,n©r) and ¥, exp (2z7Kn6r) in thi 
upper free space, Dp, exp (277K,™r) an 
On™ exp (2z7K,@r) in the lower free epace@ 
where the superfices (#) and (d) are referret 
to waves travelling upwards and downward} 
respectively (Fig. 1.). The symbols used before 


iy 


a ful 


14) g(d) 

we KS Db, Ko q 
(W pgs 
SAE 


Nora Ke oe ge 
Upper ce, 


surface ; her xo 


os { 
1 Om 
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Fig. 1. Waves in vacuum and crystal. 


| 
Ky, Kn K, are rewritten K,)™, Ky ™ ane 
K,,“ respectively according to the prese 
notation. Let us assume that the coordinat 
origin is taken ata certain point in the uppe 
surface, then the boundary conditions for thes: 
waves at the two surfaces are given by | 
ASD) PO = Di Dm) 
s 


Pn —E nm +E 2) = oy Fm Pm) 
s 
(14) 


and 


for the upper surface, and 
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DCO exp (—2zal fbb) (PAGD) exp (2721 hs FH) 
= 3 Pn exp (270t7mOD), 


and l 
P'm{ —On™ exp (—2r1P mH) 
+Omn© exp (2771, )} | 

=) Tn dn ® exp (2ri7m©H) 


(15) 
for the lower surface. Similar equations are 
obtained for other sets of waves correspond- 
ng to the indices 0 and 2. 
| Now let us calculate the amplitudes of the 
ewo strong diffracted waves for the case in 
which these emerge from the crystal through 
rhe upper surface, corresponding to the ex- 
eriment of Miyake and Uyeda. By the analo- 
zy with the case of single reflexion we call 
ereafter such a case the Bragg case, and the 
ase where the diffracted waves emerge from 
he crystal through the lower surface the Laue 
ase. The quantities in the boundary equa- 
lions, Yn®, F,©, @™, On and 0,™ should 
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de actually zero because there are no waves 
entering the crystal besides the incident wave, 
but in the present calculation three among 
them must be assumed to have finite values, 
in order to make the number of the unknown 
quantities to be equal to that of the boundary 
equations. This inadequacy comes from neg- 
lected half the roots of the secular equation (8). 
In the present treatment (the Bragg case), 
Yr», ¥,© and @ are assumed to have 
finite values, but they are usually so small 
that such an assamption does not have any 
serious influence on the amplitudes of the 
stronger waves ¥,,“) and ¥,“ (see Ap- 
pencices). Then from (12) and the boundary 
equations (15), (16) and similar equations, we 
can determine the ratios of the amplitudes of 
all waves to that of the incident wave. The 
amplitudes of the diffracted waves emerging 
from the upper surface are given by 


1,2,3 G,2,3) 2 ; é 2 3 
Po (Pat tm©) > [em Cm en —CmOen™) exp {201 rm + rn) }] 
s 


(Cys = 
Pm C1,2,3) 


xP 
nd 


1,2,3 


r (Potro L iat tm) Lat rn) Cm Men —CmOPen™) exp {2747 m™ + Yn) }] 
m : 


(16a) 


3,3) ey) at ey, : 
he TAI (Pnatrn™) SS CAG. C26, ) e€xp {274 (pn + tm©) A }] 


(4) — S 
Pn 1,2,3) 
| 


x Po ? 


(1,2,3 : 
iwhere 3’ means the summation over three 


lerms which are obtained by changing cycli- 
lally the super fices (1), (2) and (3), and ¥7)“ 
laeans the amplitude of the incident wave. 
liv) Intensity fluxes of the diffradted waves 
in the selectiv region. 

\ Since the form of the matrix in (8) is her- 
‘nitian, the roots 7.“ (accordingly 7m and 
-,©)) are either all real or one of them is 
eal and the remaining two are complex and 
conjugate to each other. The former case 
akes place only in the Bragg case when the 
caue condition is nearly satisfied (§3 (ili)), 
vhereas it cannot be expected to take place 
n the Laue case. The angular region of the 
incident beam for which the roots, 7“? and 
,@, have the complex values or the selective 
eflexion takes place, will be called hereafter 


U 


¢ 9 { 2 9 “2 9 * 9 
1s Se [Po == To?) TP nt Tn) |r Tm) Cn Cm —CnOCm@) exp {27 7nO+ (goes ie 


(16b) 


the selective region. Let the imaginary parts 
of 7o™ and 7) be positive and negative re- 
spectively, then 7), 7. and the real root 
yo correspond to exponentially decreasing, 
increasing and periodic waves respectively. 

In the present case (the Bragg case) there 
exists the selective region. Inside the region 
each of three terms in the denominators and 
parentheses of (16a) and (16b) show monoton- 
ous increase or decrease or oscillation with 
increasing H. When H is sufficiently large, 
only one of three terms corresponding to the 
decreasing wave remains, and (16a) and (16b) 
are reduced to 


1 ()) P 
YO = Po(L'm+7m sag Cn OU, 


(17a) 
PP otto) 


and 


694 


pw) = POP nt TAM) 

. Pr(P otro) 

The ratios of the intensity fluxes (intensities 

multiplied by the cross section of electron 

beam) of the diffracted waves to that of the 

incident wave, or the reflexion powers, are 

given by the use of (9a), (9b), (17a) and (17b) 
as follows: 


CrOE >. (17b) 


> [Pr | Ga ee | a 
Pn == Set 
Py |Fo |? 
ahs Lol Pint tm | : VUm—nUn Um | 4 
P'm|Po+ ro |7| Qn PQn © — Um —nUn—m |? ; 
(18a) 
and 

Bi ae 
Po|¥o™ |? 


Po|PntTn© |? | On—mUm—Vn@n© |? 

Pal Potro |? 1QmP Qn —Um—-nUn—m|? : 

(18b) 
Since the calculation is much simpler inside 
the selective region than outside and more- 
over, the reflexion is expected to be strong 
only inside the region, we shall be concerned 
hereafter solely with the reflexion inside the 

region. 


§3. Calculation of the Reflexion Powers 

In this section, we carry out a calculation 
for the (hkl) and (hhl) reflexions by assuming 
that the incident beam impinging upon the 
cleavage (110) in the [110] azimuth (Fig. 2) as 
in the experiment of Miyake and Uyeda. 


(RRQ) | 
Mo 
s 


se 


incident 


Kige 2: 
(i) Relations among the Fourier coefficients. 
The values of the Fourier coefcients v,’s 
are given by 


Vg =o vg) exp (2rigR™) , (19) 
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where R@ is the position vector for the zw-tk 
ion in the unit cell, p> means the summatiot 
over all the ions in the unit ceil, and | 

vg =(Brmelhiga(Zer—f i), (20) | 
where Z™” and f,{”) mean the atomif 
number and the structure factor of the z-tl 
ion in the unit cell respectively. The origil 
of the unit cell is taken on a zinc atom Sq 
that the coordinates of the other ions in tha 
unit cell are given by (see Fig. 3) 


Oo Zn 
Migs eS: 
Lat: 40°00). (O12 1/2) Ca aE 
(1/2 1/2 0) and 
S--: (1/4 1/4 1/4), (/4 3/4 3/4, (3/4 1/4 3/4 


(3/4 3/4 1/4). 
Then v,’s are zero for mixed indeces and 
Vg =4(Vg4n) + (—2) Atk Dy )) , (21) 
for all even or all odd indices. For m=(hh 


and m=(hhl), we have 


Om = ar SS Ui eo (22) 
For even indices, these are real and 
Dip ls Oe (23) 


Since m—n=(0 0 22), both vm_n and Yn—-m 
always real and 


ar: 


(24) 
(ii) Comparison of the reflexion powers 
(hhl) and (hhil). 

Now we calculate the difference betwee 
the reflexion powers for (hkl) and (hi) insid 
the selective region by the expressions (18 
and (18b). Since, under the assumed condi 
tion, both the reflexions are geometricall 


symmetrical with respect to the (001) plan 
we have 


Pm=ln , Trn©= Tr) and QO =An™ . 
(25) 


Un—-n=VUn-m - 


1954) 
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From (18a), (18b) and (25), we obtain 
4 hoe y 1 |2 . 4 1y]2 | 2 
eas ety 2 ee o|/ = me ) (\2 m— nv n— Um n +) | 4 — |Un —mVm —Vr@m© |?) 
Pal Pot To |? |Qy Mn —Um—-nUn—m|” 2 
and from (22) and (24), 
Apo 4—T Tae mt Tm |? q) *«(1)) #24. 
(Oe r otro |? = |QnM Qn — Um — n- Ae 2 (2m Qn om" ies os ie i ) 


Al" 0) ge mbm |? ; 
0 |?} On OPQ,O—v j2 


Mm—N | 


Pelle 


where /( ) means the imaginary part of the 
expression in the bracket. When 7“) which 
corresponds to the decreasing wave is written 
down in a form 
ImO=a+28 . (27) 

with real a and 8, we have a<0 and $>0. 
It is seen from (11) that 

LOr Y= Gn?) =—2a p> 0, 
and from (21) that 


(28) 


HQ) =O for {=42 or 4u+2, 
=320_m ZV _m) =4y+1, 
= —324_mZFrvinD =4n+3, 


(29) 


where y: is positive or negative integer. When 
m and » are odd indices, we have 


Um —n=Vo021 7 —Vpo21 > 0 : (30) 
Substituting (28), (29) and (30) into (26), we 
obtain 

AP=P,,,—P,a=9 for 1=4u or 442, | 
<0) =4y+1, 

>0 =4p-+-3. 

(31) 


This result means that the asymmetry in 
intensity is observed only in the reflexions of 
odd indices, but not of even indices. 

In the present calculation, it is assumed 
that the coordinate origin lies on the upper 
surface (§ 2 (iii)) and further is taken at the 
centre of a certain zinc atom (§3 (i)). This 
implies that the upper halves of all the atoms 
in the uppermost layer are cut off by the 
boundary surface. This apparent inadequacy 
however, is trivial since the the results (26) 
and (31) are independent of the choice of the 
origin from the following reason: when the 
origin is displaced by Ro, the reflexion powers 
are calculated to be Pn’ =Pm|exp (—2z7Rym) |? 
and P,’ =P, \exp(—27z7Ron) |? Pn’ =Pm and 
Pr =Pr.- 


-Um —nl(Qn©) Tv _m?) , (26) 


Numerical calculation on the (331) and 
(331) reflexions. 

Now we carry out a numerical calculation 
for the (331) and (331) reflexions in which 
the asymmetry is observed especially conspicu- 
ous. We have to solve 7 (accordingly +m 
and yn) as the function of 7’) from the Eq. 
(8) under the boundary requirement. For this 
purpose we rewrite them in terms of new 
parameters by the use of the Ewald construc- 
tion (Fig. 4). Fora given incident vector Ko, 


(111) 


M( ge 2) | 


Fig. 4. Wave vectors in reciprocal spade. 


y-normal is determined on which a point L 
(Laue point) is taken so that ZLO=7/K,?+w. 


For a certain Ky, we have a special point L’ 
which satisfies the Laue condition, Z’/O=L’M 


—7/N where M and N mean the reciprocal- 
latticep oints (dhl) and (hh!) respectively. We 
put (L/O\y=b and introduce a quantity € 
(resonannce error) defined by 

C= (LO), L/O)y =Vlort+ MP» (32) 


where ( )y means the component of the 
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vector in the bracket along the normal direct- 
ing downwards. € gives a measure of the 
deviation from the Laue condition. As earsily 
seen, I), I’m and J’» are respectively given by 
Po=V/(P+C)—U0 

and Mm=7/(p+C"—u—Uar=ln » (33) 

where a is the length of the edge of the unit 
cell. We introduce another quantity 0 (anpas- 
sung) which gives the distance from the Laue 


am 
point Z to the wave point A (d=ZA). Then 
Yo, Ym and yn are rewritten as follows: 


Y¥o=(OA)y=p+C +0 
and Ym=Yn=(M)y—(P+C+0). (34) 
where (77), stands for the normal component 
of m, the reciprocal-lattice vector of M. 
We substitute (11), (83), (84) into (8) and 
neglect terms higher than third-degree of € 


(58 172 186 200214 [Z (in A’) 


Fig. 5. Reflextonpowers of (331) and (881) re- 
flexions. Vertical lines indicate the selective 
region. 


and d@ since € and 6 are small quantities in- 
side the selective region. Then we obtain the 
third-degree equation of 6 with parameter ¢€ 
as follows: 


8pq°d* + 16p( p+4q)ql0?+{8p( p+4q)” 
= 2DPUm anit AQUinVin* } 
=F {40m 0mn*( p+qe — (Vn PF Dis 2 Ue, -n} =0, 
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Vo2= 0.64 and Um=V3n=0.57+0.331¢ (in A-?) ; 
p and q are values in accordance with the 
lattice constant of zincblende @=5.42A; Uv 
corresponds to the mean inner potential 12.5 
volts of zincblende which is the average of 
the values measured by various workers; 
Um-n and Um are calculated by (20) and (21) 
using the f-factors for S~- and Zn*t given 
by the table of James and Brindley! or its 
extrapolation.* 

Substituting 6, calculated numerically as 
the function of € by (35), into (18a) and (18b), 
the reflexion powers Pra: and P,; are given 
as the function of € or by (32) as the func- 
tion of I». The result is shown in Fig. 5. 
The dotted curve outside the selective region 
is drawn by extrapolation because the above 
calculation covers only this region. In this 
figure it is noticed that the sum of the both 
reflexion powers are not constant and exceeds 
unity. This inadequacy is a result of simpli- 
fication of boundary condition which will be 
discussed in Appendices. 


$4. Comparison of the Experiment with the 
Theory 
(i) The (331) and (331) reflexions. 

In the experiment of Miyake and Uyeda, 
the asymmetry of the (Akl) and (hhl) re- 
flexions appeared not only in integrated inten- 
sity but also in profile of the intensity dis- 
tributions (Photo 1 and refer to Fig. 4 of 


(aiel ili 


Photo. 1.** Reflexion spectra from (110) surface 


of a ZnS erystal. (Incident azimuth: [110]) 


(35) 
where g=(m),—p and, in the present case, 
(m),=h/a. For a practical calculation, the 
following numerical values are used: p= 
0.414, g=0.368 (in A-!) and 1=3.28, Um—en= 


* The present values are corrected by the 


Debye factor corresponding to the Debye temper- 
ature 250°K, although this is not based on any 
theoretical ground in the dynamical theory, and 
1s not essential to the present problem. 


** For Photo 1 we are indebted to Prof. R. 
Uyeda. 
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Miyake and Uyeda’s paper). The difference 
was especially conspicuous for the intense re- 
flexions such as (331) and (331). Namely, the 
integrated intensity of (331) is considerably 
larger than that of (331) and moreover, the 
intensity curve of the latter splits, showing a 
minimum at the angle for which the former 
shows a maximum. We see that these fea- 
tures of the observation are reproduced to 
some extent by the theoretical curve shown 
in Fig. 5 where the (331) reflexion has a single 
stronger peak while the (331) reflexion splits 
into two weaker peaks at the both ends of 
_ the selective region, although the observed 
intensity distribution is more complicated. 
(ii) The effects of weak reflexions and ad- 
ditional simultaneous reflexion. 

In spite of the agreement between the 
theory and observation in the case of the 
(331) and (331) reflexions, the general result 
(31) fails in explaining the following experi- 
mental observations: (i) the asymmetry is 
also observed for the reflexions of the even 
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(222), and (ii) the (“hZ) reflexion is more in- 


tense than (hkl) for lower order reflexions 
although this is not always the case with 
higher order reflexions, for instance, (553) is 


more intense than (553) in opposition to (31). 
Such discrepancies, however, are interpreted 
in the following way. 

In the above calculation, the influence of 
all weak waves other than the assumed strong 
waves are neglected. In electron diffraction, 
this influence is usually not so small but is 
pretty large when the incident direction is 
nearly parallel to a simple zone axis, as in 
the condition of Miyake and Uyeda, where 
many reciprocal-lattiec points (41 9293) with 
91=9 lie close to the Ewald sphere. The in- 
fluence of weak waves can be taken into ac- 
count following the method of Bethe. From 
(6) the amplitude of the weak wave is given 
in terms of ¢, ¢%m and ¢» as follows: 

y= _ Ugo+Vg—mPmtVa—-nPn J 
Ko? +u—k,* 
Substituting (36) into (6), we have the follow- 
ing reduced fundamental equation in place 


(36) 


index such as (442) and (442) or (222) and of (7): 
K,’ —k,? ta Vio Vom Vo Po 
Vino Ky? Rn? + Vim, Vinn Lm =() , (37) 
Vno Vim Ke —Rr? + Vin p n 
where 
tit 4ut 
UV_qVyqg V-gUq — m1 UV_—gVg—n 
V, =v, — > V =0 _ ano Tae Von =VU_xn = ae 
00 0 a re—R,? ’ om m re—k,? , e—k,? 5) 
Vit 1d & Sit 
v -_gU ome -gUg— pias Um- -gUg— =n 
Veni Um— Sy ee: 5 z aon —> 3 Vin On je 2B eo. 
—k, g g 
ts Zee TIT ; 
Pie Un—gUg—m ee 1 Un-q¥g-n 
aie, Vam=U2-m — > V.2=o— Ss 
20 oS ak, - nm—Un—-m ae A eke ; 
(38) 
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_ where «?=k,?+v) and S} means the summation 
over g excluding g=0, m and n. 
Each denominator in the summation terms 
is written as 2—k/=I'2+u—7,” and finally 
in terms of € and 6. But these quantities 
are so small that we can neglect them so long 
as they are contained in the summation terms 
which are correction terms. Then V;j;’s_be- 
~ come constant and relations corresponding to 
(9a), (9b), (11), (16a), (16b), (18a) and (18b) 
are obtained by replacing only w-5 by Vis. 
_ Corresponding to the expression (26) we obtain 


AP= PnP ini 
AT |\Pmttm© |? i 

Pin\ Lotro |? | Om POn™ — Vian | 

x LQn©)IC Vom” Vaan) (39) 
Vom and Vinn* are always complex not only 
for odd indices but also for even indices, be- 
cause complex Fourier terms (with odd indices) 
are without fail contained in the summation. 
Accordingly for the selective region, that is, 
for Qn)-+0, we have in general 4P=-0 for 
even indices as well as odd indices. Thus 
the discrepancy (i) between the theory and 
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observation might be explained. Another 
discrepancy (ii) must be reexamined by cal- 
culating practically values of V;;’s. However, 
it seems to be not worthy to practised because 
of the circumstarices mentioned below. 

In the above treatment it is assumed that 


only the two reflexions (Akl) and (nhl) are 
strong although the effect of other weak re- 
flexions are taken into account. However, 
we must notice the situation that other strong 
simultaneous reflexions take place additional- 
ly under the experimental condition of Miyake 
and Uyeda. For instance, the Ewald sphere 
passing the reciprocal-lattice points (331) and 
(331) runs very closely to the points (222) and 
(222), and the value of J) satisfying the Laue 
condition for the simultaneous reflexion of 
(222) and (222) lies well inside the selective 
region for (331) and (331) as seen in Fig. 6. 
This means that the (222) and (222) reflexions 
practically occur simultaneously with (331) 
and (331) reflexions. Similar additional simul- 
taneous reflexions seem to take place almost 
always in other cases, for instance, a pair of 
(442) and (442) is accompanied by another pair 
of (333) and (333). It is beyond doubt that 
such additional simultaneous reflexions, if 
exist, will have a greater influence upon the 


aU for n 
/ (331) & (331 
aL yor 
(222) a(222) 

x 


It 


= 


Fig. 6. Intersections of Ewald spheres and (110) 
plane in reciprocal sapce. 
Horizontal arrows indicate the selective 


region for (381) and (331) reflexions. 


asymmetry between the two reflexions con- 
cerned than the weak ones above mentioned. 
Thus it is very likely that the discrepancies 
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between the theory given in the preceding 
sections and the observation are caused by |} 
the effects of the additional simultaneous re- 
flexions and weak other reflexions, although | 
it is very difficult to carry out a calculation | 
taking into account them. 


$5. Discussions 


In the previous sections the asymmetry ob- 
served by Miyake and Uyeda is explained | 
theoretically. According to (26) or (89), the | 
asymmetry occurs theoretically when the | 
coeffecient @,-n OF Vm—n which correlates the | 


(hhl) and (hhl) reflexions does not vanish and, | 
at the same time, @, or the wave vector in 
the crystal is complex. In other words, as | 
seen from (26), the asymmetry is caused by | 
the fact that effect of the (Zh) reflexion upon 


the (ahd) reflexion is different from the effect 
of the latter upon the former when the selec- 
tive reflexion takes place in the Bragg case. 
In short, we can say that the dynamical 
inter-correlation between the symultaneous | 
reflexions is the cause of the asymmetry. All 
the other possible causes of the asymmetry 
as mentioned in $1 could not explain the ex- 
periment so succesfully as the present theory. | 

Recently Schoemaker and Glauber! sug- 
gested that the difference in the phase shifts | 
of the scattered wave for Zn and S ions is a | 
possible cause of the asymmetry. Since the 
phase shift discussed by them is expected | 
only for the scattered wave by each individual 
atom, it has some effect upon the diffraction | 
in the kinematical theory, but it is meaning- 
less to consider the effect in the dynamical 
theory: in the latter case, the resultant scat- 
tered waves by all the atoms in the crystal | 
is considered. So far as the kinematical 
theory is adopted, the phase shift, as consider- 
ed previously by Miyake and Uyeda, whould 
not cause any asymmetry more remarkable 
than the one caused by the effect of absorp- 
tion. At least it is not a principal cause for 
the asymmetry observed. 

According to the present theory, the asym- 
metry occurs only in the Bragg case and does 
not in the Laue case. This result is in agree- 
ment with the experimental result by Uyeda, 
Takagi and Hagihara!: They observed the 
diffraction pattern from the etched surface 
(110) of zincblende crystal under the same 
geometrical condition as in the experiment of 
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Miyake and Uyeda, and they observed no 
asymmetry as far as the integrated intensities 
are concerned. Since the etched surface gives 
the transmission pattern, the Laue case occurs 
and the asymmetry should not appear accord- 
ing to the present theory. If some of other 
Causes mentioned in $1 has a predominant 
effect on the occurrence of asymmetry, the 
asymmetry would be expected in the Laue 
' case as well as in the Bragg case. There- 
fore the disappearance of the asymmetry in 
transmission pattern gives a strong support to 
the present theory. 

The present theory shows that Friedel’s 
law fails in the dynamical theory of electron 
diffraction even when the anomalous dispersion 
or absorption does not exist. Since the forma- 
lism of the dynamical theory is the same for 
, X-ray, electron and neutron diffractions the 
_ failure of Friedel’s law should occur in general 
in the dynamical theory. This result con- 
| tradicts to the generally accepted views’ that 
the law holds in the dynamical theory as well 
as in the kinematical theory. This contradic- 
tion is discussed in detail by Miyake and 
Uyeda?®. 

The asymmetry similar as the observed by 
Miyake and Uyeda should also be observed in 
X-ray diffraction by zincblende under suitable 
conditions, even if the dispersion is not utiliz- 
ed. The actual observation of the asymmetry, 
however, may be most difficult, because the 
dynamical effect is far smaller in X-ray dif- 
fraction than in electron diffraction. 

In conclusion the author wishes to express 
his hearty thanks to Professors R. Uyeda and 
S. Miyake who suggested this problem and 
gave valuable discussions. He is also indebted 
to the Ministry of Education for its research 
grant. 


Appendices 

The Effect of Absorption in the Case of 
Single Reflexion 

In oder to take into account the effect of 
absorption, we add the imaginary potential to 
the usual one in the Schrédinger equation as 
done by previous authors:'” 

Adb+(8r2me/W(E+V+iV’)p=0, (a.1) 
where V’ is supposed to be a periodic func- 
tion like the real potential, the Fourier ex- 
pansion of which is given by 


(1) 
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(2me[h?)V’ =>) v9’ exp (2xigr).* —(a.2) 
g 
Basing on the Eq. (a.1), the amplitude and 
reflexion power of the diffracted wave for a 
single reflexion with the index hf are expres- 
sed by 


v= P(atrrz®) ? (Un +2Un’) Tne 
PrDot+ro®) Ln2?+09 +200" — rr?) ’ 
(a.3) 
and 


PAULO eae (a.4) 


Let us consider the reflexions of (khZ) and 


(hhi) separately. Suppose that, in each case, 
the direction of incidence deviates a little 
from [110] azimuth so as to excite only one 
reflexion but not the other simultaneously, 
and that the incident directions in both cases 
are symmetrical to each other with respect to 
(100) so that the normal components of the 
corresponding wave vectors are equal. We 
carry out numerical calculations on the re- 
flexion powers for the (331) and (331) reflexions 
where, for the sake of simplicity in calcula- 
tion, we suppose that the incident direction in 
each case changes in such a way that Ip is 
equal to /’,. This condition is satisfied only 
approximately in the usual rotation photograph 
and exactly realized by varying the incident 
azimuth and angle at the same time in a suit- 
able way. The procedure of calculation is 
similar to that in §8. As the values of the 
Fourier terms of potential, the following 
values are used: 2=3.28, v33:=0.67+0.382, 
va53=0.67—0.382, vo’ =0.4 and Un’ = =0.33. 
The values of w% is the same with that in 
§ 3, and the values of v3 and vss are a little 
different from those in §3, only because the 
structure factors used this time is not correct- 
ed by the Debye factor. w=0.4 corresponds 
to the path-length 7=250A in which a wave 
travelling in a medium with an uniform 
potential v)+zv)’ decreases in intensity l/e 
times of the initial value.** The values of 
V331 and v3q° are assumed in such that v,/= 
vy'(|vg|/|eo|) following Moliére. 


* According to the theory of Yoshioka”), the 
effect of absorption cannot be introduced in such 
a simple way. However, in order to see the 
general tendency of the effect of absorption, we 
follow the conventional way. 
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The intensity curves of the (331) and (331) 
reflexions for various cases are shown in Fig. 
7. The curve a shows the one for no absorp- 
tion, the curve Db the one for uniform absorp- 
tion (zu), and the curves c and c’ the ones 
for periodic absorption (2v’+zvn’). As seen 
in Fig. 7, there is no difference between both 
reflexions for the case of uniform absorption 
as well as for the case of no absorption. For 
the case of periodic absorption, the positions 
of the maxima remain almost constant, al- 
though a slight difference can be observed. 
From these results we see that the absorption 
cannot be the principal cause for the asym- 


Css) 
C’(33T) 


230 
Gin A7-}) 


Fig. 7. Reflexion prwers of (331) and (331) in 
the presence of absorption. 


Fig. 8. 
ae 


Intensiry fluxes of various curves. 
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YmO|?, cl Ly 2, 

d,d’: the same curves as in Fig.5. candc’ 
are the intensity fluxes of the diffracted waves 
in the crystal. 
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metry observed in the experiment by Miyake | 
and Uyeda. | 


(2) On the Apparent Excess of the Intensity 
Fluxes of the Diffracted Waves over that | 
of the Incident Wave. | 

As pointed out in §3, the sum of the inten 
sity fluxes of the (331) and (331) reflexions | 
exceeds the value of the flux of the incident) 
wave (Fig. 5). This difficulty is met by a) 
following consideration. In the treatment of | 
the boundary condition (§2 (iii)), the ampli-| 
tudes of the specular reflexion and two} 
suprious entering waves, Yo, Yn™ and 7, ) 
are supposed to be finite in the upper free ] 
space besides those of the incident and two | 
diffracted waves. In order to insure formally | 
the equalness of the intensity fluxes of the 
entering and emerging waves, the above 
mentioned three waves must be taken into | 
account. The intensity fluxes |%)]?, (n/Po) | 
x |FmOl|? and (Pr/l'o)|Fn™|? are evaluated 
and shown in Fig. 8. When we take into 
account these fluxes it is seen that the sum 
of the intensity fluxes of entering waves is 
equal to that of emerging waves within the 
error of calculation. 

If six roots are taken on solving the secular 
equation in §2 (ii), the boundary conditions 
are rigrously solved without assuming the | 
existence of the above mentioned suprious | 
waves, and the entering intensity flux would 
be equal to the emerging one. The calcula- 
tion would be pretty complicated, but the 
essential feature of the intensity curves of 
the (331) and (331) reflexions would not be 
changed. 


** When a wave, which has a wave vector Ko 
in vacuum, travels in a medium with an unform 
potential of v9+%v9’, the wave vector within the 
erystal is given by kon=VK,2+19+%vp' Sp and the 
damping coefficient of the intensity by 


/ 
0 
ex Chey prem “) 
p( V Ko? +v9 ¢ ) 
where sp means the unit vector in the direction 
of travelling of the wave. From (a.5), lis given 


py Chee 
Vo! 


(a.5) 


and for the accerelating voltage 
of 40kv, we have approximately 


(U in A). (a.6) 
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X-ray Studies on the Structures of Solid Solutions NaCl-CaCle 


I. Main Results and General Considerations 
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Stationary X-ray diffraction patterns from transparent single crystals 
of solid solutions of NaCl dissolved with a few per cent of CaCl, show 
a number of diffuse spots. Their displacements with the change of the 
direction of incident X-rays reveal the existence of several kinds of 
rods in reciprocal space. Among them, the rods running along <111> 
and <310> rows are most remarkable. The appearance of these rods 
are considered as the result of the formation of thin plate-like 
precipitates in the matrix because of the homogeneous solid solutions 
being unstable at room temperatures. The precipitates may be the 
places where Cat* ions replacing Na+ ions, and vacancies of Na* 
sites, are Jocally concentrated. It was shown, by a general considera- 
tion, that the plate-like precipitate responsible for <111> or <310> rods 
is likely composed of an assembly of anti-phase domains of super 


structures. 


§1. Introduction 


Although X-ray studies on structures of 
metallic solid solutions are numerous, similar 
studies on ionic salts have hitherto been re- 
ported only very rarely. Wasastjerna)”) 
studied the solid solutions of the system KCl- 
KBr and KCI-RbCl mainly by the powder 
method, and concluded irregular displacements 
of ions from the normal lattice sites due to 
different sizes of corresponding ions in the 
component salts. 

The present authors have intended a sys- 
tematic X-ray investigation of solid solutions 
of metallic halides by using single crystals. 
Such a study seems to be worthy to be per- 
formed not only because it deals with the 
formerly neglected field, but because it ap- 
pears to be interesting from the following 
points of view. Firstly, we can expect that 
it might bring informations on behaviours of 
imperfections in ionic crystals, since the solid 
solutions of ionic salts are regarded as crystals 
containing many artificially made imperfec- 
tions. Secondly, some valuable suggestions 
on the mechanism of the precipitation of new 
phases in alloys by aging or other heat treat- 
ments might be obtained from the observa- 
tion of the similar phenomenon in ionic salts. 

As was reported first by Preston» and 
Guinier® and afterwards by Barrett & Geisler» 
and Geisler & Hill®, some alloys such as Cu- 


Be, Al-Cu, Al-Ag and Al-Mg-Si etc. give 
characteristic diffuse diffraction patterns in 
certain stages of the precipitation hardening. 
Some of these patterns, which are explained 
in terms of a rod-like distribution of the 
intensity weight in reciprocal space, has been 
ascribed to the precipitation of small plate-like 
structures in the homogeneous matrices. 
There are, however, some controversies con- 
cerning the detailed structure of the precipi- 
tates. 

In the course of our studies, in which single 
crystals of the solid solutions such as NaCl- 
KCI, NaCFAgCl,” NaCiBaCl,,  NaClCacr 
KCI-KBr, and KCl-SrCl, were dealt with, it 
was found that the system NaCl-CaCl, con- 
taining a few moles per cent of CaCl, gives 
diffuse diffraction patterns resembling those 
observed in the above mentioned alloys. This 
result suggested an intimate analogy to exist 
between the phenomena in the solid solutions 
of metals and of ionic salts. Though it is 
anticipated that the phenomenon jn _ jonic 
salts would be more complicated than in 
alloys, we can expect that the comparative 
study of the both kinds of solid solutions 
would be fruitful. 

The details of the study of solid solutions 
NaCl-CaCl, will be published in a few separate 
papers. In the present paper, Part I, the 
main experimental results and the general 
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considerations on the observed diffuse pattern 
are reported. 


§2. Experimental Method 
a) Preparation of samples 


Single crystals of solid solutions NaCl-CaCl, 
were prepared from the melt. The mixture 
of NaCl and CaCl,-2H,O which were finely 
ground and mixed uniformly in a desired 
ratio was put in a ceramic crucible suspended 
in an electric furnace, and heated to tempera- 
tures above the melting point. The crucible 
was then downed gradually to cooler portions 
in the furnace so as to solidify the melt from 
/its bottom. After the solidifications was finish- 
ed, the crucible was cooled slowly to room 
' temperature with the cooling rate of about 
1-2°/min. Single crystals of the size of about 
1 cm? were obtained by the above procedure 
when the content of CaCl, did not much exceed 
10 moles per cent. When this content was less 
than 4 moles per cent, almost all parts of the 
crystals were transparent. For higher con- 
tents, the part corresponding to the later stage 
of the solidification became perfectly opaque. 

The phase diagram of the system NaCl- 
CaCl. was reported by Menge” and also by 
Sato & Amano». Fig. 1 is a reproduction of 
the result of Sato & Amano. Though Menge 
suggested the existence of an inter-salt com- 
pound in the range near 20 moles per cent of 
CaCl, Sato & Amano could detect no such 
evidence. Unfortunately Sato & Amano 
failed in determining the exact phase bound- 
aries for the range of low CaCl,. The bound- 
aries shown by the broken curves in Fig. 1 
which were presumed by Sato & Amano 
seems, however, to be reasonable in main, 
because they were found to be in general ac- 
cordance with the results of the present study 
(see §3 and §4). These boundaries can be 
refined a little further by assuming the maxi- 
mum solubility of CaCl, in NaCl, which occurs 
at the eutectic temperature, is about 4-5 moles 
per cent of CaCl., the fact which is suggested 
from the limit of CaCl, proportion (about 4 
moles per cent) to prepare wholly transparent 
crystals. Wecan believe, then, that the phase 
diagram in the range in question is approxi- 
mately given by that shown in Fig. 2. 

As is clear from Fig. 2, the concentration 
of CaCl, in a single crystal prepared can not 
be uniform, varying over a wide range with 


Structures of Solid Solutions NaCl-CaCl, I 


703 


different stages of the progress of crystalliza- 
tion. Consequently, it is difficult to mention 
exactly the concentration of CaCl, in each 
specimen subjected to the X-ray examination. 
Different specimens, which correspond to tiny 
portions of the single crystals, are hereafter 
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at lower CaCl, compositions. 


discriminated by the composition of CaCl, by 
the preparation of the mother crystal, but 
this value indicates only the possible upper 
limit of the CaC,l concentration in the speci- 
men concerned. (The fact that the CaCl, 
concentration for transparent crystals is in 
any case less than 4-5 per cent (the solubility 
limit) should also be remembered.) 


b) Heat treatment 
There is nothing to be especially mentioned 
with respect to annealing, slow cooling or 


heating. The quenching was made by placing 
suddenly the heated specimen on a copper plate 
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kept at room temperature. By this method 
we could avoid cracks resulting from thermal 
stresses. 

c) X-ray examination 

The specimens used in the X-ray study were 
thin plates parallel to a cube face, say (010), 
about 0.1 mm in thickness and about 3 x 4 mm? 
in area. We took series of stationary-crystal 
X-ray photographs by keeping either [001] or 
[101] direction of the specimen vertical and 
varying successively the azimuthal angle 
around the vertical axis. Cylindrical or flat 
films were used: the specimen-to-film distance 
was 4 cm in either cases. The X-ray scat- 
tering by air is minimized by putting a small 
stop just behind the specimen. 

In most cases nickel-filtered Cu radiation or 
Mo radiation were used. In some cases a 
pure monochromatic Cu Ka radiation, genera- 
ted in a rotating X-ray tube and crystal-re- 
flected, was applied. In all cases the focal 
area of electrons on the anode surface was 
about 6 x 0.3-0.5 mm2, which was adjusted by 
bias voltage applied to a Wehnelt cylinder of 
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the electron gun. Examples of the exposure 
time are: with filtered Cu radiation (not 
crystal-monochromated), 10 mA, 40 kV, 5-10 
hours; with crystal-monochromated Cu Ka 
radiation (using a pentaerythritol crystal), 80 
mA, 40KV, 2 hours: 


[001] 
t 


Fig. 8. Stationary-crystal X-ray photograph for 
NaCl-CaCl, solid solution containing 2% CaCl. 
g=24°. Filtered Cu radiation, 40kV, 10mA, 
10h. Flat film. Diffuse spots and streaks are 
indicated by ——» and —=> respectively. 
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Stationary-erystal X-ray photograph for NaCl-CaCl, solid solution con- 
taining 2% CaCls, taken with monochromatic Cu K« radiation reflected 


by pentaerythritol erystal. 


$3. Experimental Result 


a) General features of diffraction patterns 
Fig. 3 shows an example of the stationary- 
crystal photograph for a transparent crystal 
of CaCl. content 2 moles per cent, with the 
[001] axis vertical. Fig. 4 is a series of sta- 
tionary-crystal photographs for the same 
sample rotated successively around the same 
axis. Y is the angle between the incident 
X-rays and the horizontal [010] axis. In these 
photographs one may see many Laue spots 
and, in addition, the extra diffuse reflexions 
composed of streaks and spots. Similar diffuse 
patterns were observed on specimens which 
were cut from transparent parts of the 
mother single crystals of various CaCl, con- 
tents (from 0.5 to 10 moles per cent), not be- 
ing subjected to any heat treatment. The 
larger was the CaCl, content by the prepara- 
tion of the crystals, the stronger the intensity 
of diffuse patterns. For CaCl, content less 
than 0.5 moles per cent, the patterns became 
indiscernible. 

The positions of diffuse spots moved with 
changing ¥, from which we could deduce the 
corresponding distribution of intensity weight 
in reciprocal space. It was found that there 
are a number of rod-like distributions of in- 
tensity weight in reciprocal space. Among 
them, the two kinds of rods parallel respec- 
tively to the reciprocal rows <111), and ¢310),* 
are most remarkable; they pass through re- 
ciprocal lattice points and are most intense 


y=24°, 40kV, 80mA, 2h. Cylindrical film. 


about these points. Diffuse spots due to other 
kinds of rods were also observed (e.g., see 
the photographs for =23°~24° in Fig. 3, or 
Fig. 4). These rods, however, are in general 
short, and located at positions independent of 
the reciprocal lattice points due to the matrix. 
We found, besides, weak rods about {334} re- 
ciprocal lattice points. The directions of these 
rods, however, correspond to neither <111),. 
MOCO) ys: 

On the other hand, the streaks in the dif- 
fraction patterns seemed to suggest the pre- 
sence of planar distribution of the intensity 
weight in reciprocal space. However, in 
photographs taken with the crystal-monochro- 
mated radiation, almost all streaks disappeared, 
leaving only faint short arcs passing through 
certain diffuse spots (Fig. 5), hence it is clear 
that most of the streaks in the photographs 
taken with the filtered radiation are due to 
the continuous X-rays. As was discussed by 
Geisler & Hill®, a rod in reciprocal space 
produces an apparent planar distribution of 
intensity weight by the presence of continuous 


* In the present paper, the lattice planes in 
real lattice and the corresponding reciprocal- 
lattice points are denoted by (hk1) or {hkl}. On 
the other hand, the lattice planes in reciprocal 
space are denoted by (hk1),, or {hkl}, and the 
lattice rows by [hkl], or <hk1>,. In previous 
works (e.g. by Guinier?) and Geisler and Hill®) 
the lattice planes and rows in reciprocal space are 
denoted by the same symbols as those for real 
lattice, which, however, would result in confusion 
if the lattice were of lower symmetry. 
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X-rays. 
b) Influence of heat treatment 


The diffraction patterns changed when the 
specimens were subjected to heat treatments. 
The results obtained are a little complicated, 
so, only typical examples are reported here. 

The diffuse spots (or rods in reciprocal 
space) given by a transparent specimen (10 
moles per cent CaCl.) disappeared after heat- 
ing up to 400°C and subsequent quenching to 
a room temperature. The rods, especially the 
<111), and <310>, rods, reappeared gradually 
within a month when the specimen was kept 
at the room temperature. Recovery of the 
<111), and <310>, rods to similar extent occur- 
ed when the quenched specimen was kept at 
100°C for 1 hour, though there were some 
differences between this case and that at room 
temperature. For instance, intensities of 
<111), rods were generally stronger than 
those of <310), rods for the specimens kept 
at 100°C, while it was opposite for the speci- 
mens kept at room temperature. 

When the specimen annealed at 100°C was 
kept at 250°C for 1 hour, the diffuse spots 
changed to a more spotty pattern. This pat- 
tern disappeared at 400°C by reheating. 


§4,. Assumption of Plate-Zones. Distribution 


of the <(111>, and (310), Rods in 
Reciprocal Space 
As mentioned in introduction, there is a 
close analogy between the diffuse patterns 


from the NaCl-CaCl, solid solutions and 
To( 202) 
To(220) 
To( O00) 
Fig. 6. Distribution of rods about (200) re- 


ciprocal-lattice point. 


those from certain alloys in early stages of 
the precipitation. Also, the phase diagrams 
for these cases bear a common characteristic 
in concentration ranges concerned. On the 
ground of these similarities the origin of the 
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rods in the case of the NaCl-CaCl, solid solu- 
tions may be presumed as follows: At higher 
temperatures where the solubility of CaCl, in 
NaCl is large, the specimen containing a few 
moles per cent of CaCl, may assume a homo- 
geneous structure (the a@-phase in Fig. 2). 
When such a specimen (in a state, say, A in 
Fig. 2) is brought to lower temperatures, the 
homogeneous structure becomes unstable and 
the precipitation of new phase (the (-phase) 
may begin to be motivated. In its initial 
stage, a number of small thin plate-like zones 
(or simply plate-zones) with certain structures 
may be transiently formed in the interior of 
the matrix, which give rise to the rods in 
reciprocal space along the directions perpen- 
dicular to the plates. 

The phase diagram Fig. 2 seems to be in 
general accordance with the above presumed 
process. For instance, the disappearance of 
the rods by heating to 400°C for the specimen 
of CaCl, content about 10 moles per cent ((b) 
in § 3) is explained reasonably by the solubility 
curve in the diagram. (On the other hand, 
the solubility limit of about 0.5 per cent at 
room temperature shown in the same diagram 
has been determined by taking account of the 
minimum CaCl, content to give rise to rods 
((a) in §3)). 

Let us concern ourselves, from now on, only 
with the diffuse spots due to the ¢111>, and 
<310>, rods, because they are most noticeable 
and their origin is conceived to be independent 
of other kinds of spots. Then, according to the 
presumption of plate-zones these rods are 
interpreted as indicating the presence of the 
two kinds of plate-zones respectively parallel 
to {111} and {310} planes of the matrix lattice. 
There exist a number of rods around each 
reciprocal-lattice point: for instance the rods 
along [111],, [111], [111], and [111], and [031], 
[013],. [031], and [013], were found around 
the (200) reciprocal-lattice point (Fig. 6). 
Analysing sets of such rods, resulting from a 
superposition of contributions from the zones of 
different orientations, we can obtain the rod 
distribution due to the zones corresponding to 
a single orientation. Fig. 7a & b, show the 
rod distributions near the reciprocal-space 
origin due to the (111) and (031) plate-zones 
respectively: the change of intensity along 
rods is indicated qualitatively by the thick- 
ness of stripes, which. run perpendicular to 


Fig. 7. Distribution of rods for a single plate 


orientation. (a) for the (111) plate; (b) for 
(031) plate. The hatched planes at (000) indicate 
orientations of the plates concerned. 


the corresponding plate. The rod distributions 
for other orientations of plate zones are ob- 
tained by symmetrical relation. From Fig. 7 
we know the following facts: 

(a) For both [111], and [031], rods: 

(i) The rods appear only about normal 
reciprocal-lattice points. 

(ii) There is no rod accompanying the 
reciprocal origin. 

(b) For [111], rods: 

(i) There is no rod accompanying the reci- 
_procal-lattice points (111), (111), (222) and 
(222), 

(ii) The rods accompanying some of the 
{220} points, e.g. (202) and (022), are less 
noticeable than (220). 

(iii) The intensity distribution of most of 
rods is symmetrical with respect to the reci- 
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procal-lattice point concerned, but asymmetry 
is noted for the rods accompanying the point 
Ci VO i) andeain: 

te) Bor 10st rods: 

(i) The rods are present only about the 
points (200), (200), (220), (220), (220) and (220). 
Other reciprocal-lattice points, so far as ob- 
served, seems to be wanting rods. 

Gi) Asymmetry of the intensity distribution 
of rod is noted at the {220} points. 

The length and thickness of rods may sup- 
posedly be related to the dimention of ex- 
ternal shape of the plate-zones. The thick- 
ness and lateral length of the presumed zones 
estimated from the usual theory of the size- 
effect of small crystals are respectively about 
10-20A and about 100-200A. 


$5. General Consideration on the Nature 
of {111} and {310} Plate-Zones 


Let us now proceed on general considera- 
tions on the structure of the presumed {111} 
and {310} plate-zones. The atomic process of 
the formation of plate-zones in the NaCl-CaCl, 
solutions may be conceived as follows. When 
calcium chloride is dissolved in a sodium 
chloride crystal, a Na* ion at a lattice site 
may be replaced by a Ca** ion and, at the 
same time, another Nat ion may be removed 
from the crystal to satisfy the requirement 
of the neutrality of electric charge, leaving a 
positive ion vacancy. When the CaCl, com- 
position increases, Ca*+ ions and positive ion 
vacancies will begin to concentrate locally to 
certain regions in the matrix lattice, whereat 
plate-zones may be formed. The zone, being 
supposedly the earliest product of the process 
of the precipitation, may be made of Ca**, 
vacancies and other ions (Nat and Cl-) ina 
certain way. 

A theory of X-ray scattering from a crystal 
including internally a small foreign structure 
of arbitrary kind was given by Guinier” 


(1952). The scattering amplitude / due to a 
crystal including a plate-zone is expressed by 
Ee a in (1) 
St Dak es ere 
J wale cies 
Sn Do. CDI EIT) @ (2) 
pit nas 
SY = SS) fmexp (2atire), 
IV in 
plate-zone 
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where h=(s—S))/A (So and s being the unit 
vector of the directions of incident and scat- 
tered X-rays, and 2 the wave length of X- 
rays), and f, and fr, are respectively the 
scattering factor and position vector of the 
m-th atom in the original matrix crystal, and 
fw and ry those of the N-th atom in the 
structure of the plate-zone. When the crystal 
is sufficiently large, Sy is a diffraction func- 
tion for ordinary crystals which shows sharp 
maxima only at reciprocal-lattice points, so 
that the contribution to the diffuse scattering 
comes solely from 


dt =e ee £39 


On the other hand, the scattered waves from 
different plate-zones are assumed to be in- 
coherent with each other. 

By applying the above considerations to the 
results of the present experiments, we reach 
the following conclusions concerning the 
structure of the plate-zones: 

(a) The absence of any rod about the 
origin of reciprocal space (Fig. 7a & b) is in 
accordance with the presumption that a posi- 
tive ion vacancy is produced for every Catt 
ion introduced into the matrix. For, the 
scattered waves from atoms in the crystal 
superpose in phase, or nearly in phase, to- 
wards the directions ahead of the incident 
beam, for which (3) assumes the form 


F’=ncat+(Zoat+—2LNat)= —NCabt-2, 
(4) 


where Zca++ and Zyat+ are the number of 
electrons in Ca*+* and Na* ions respectively, 
and mca++ the total number of Ca++ ions in- 
cluded in the plate-zone. Since the factor 2 
in the right-hand side of (4) is very small, 
corresponding only to the scattering power of 
a helium atom, rods with appreciable inten- 
sity are not expected to appear about the 
reciprocal origin, as is actually the case. 

(b) Let us assume, for a moment, that all 
the atoms in the plate-zone succeed the atomic 
sites of the original matrix, which are given 
by 

Pn =1y(A,/2) +1(Ao/2)-+;(3/2), (5) 
where @,, @, and a; are the axes of the cubic 


cell of NaCl lattice, and 2, 2; and m3 integers. 
Then (3) is written 


F= 3 (fn —fn)exp Onihrn), (6) 


nm in plate-zone 
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where f»’ is the scattering factor correspond- 
ing to the atom assuming the m-th site in the 
plate-zone. This atom may be Ca**, Na’, 
Cl- or vacancy (for which fn’=0). (fn’—Fn) 
corresponds to the effective scattering factor 
for the diffuse scattering due to the m-th lat- 
tice site in the plate-zone. Since F’ in (6) is 
a periodic function in the reciprocal space 
with periods of the reciprocal lattice cor- 
responding to the space lattice given by (5) 
when the monotonous change of fn and fn’ 
is disregarded, the actually observed strong 
intensities of the rods accompanying the reci- 
procal lattice points of even indices, e.g. (200), 
(220), (222) etc., can not be compatible with 
the absence of the both kinds of rods about 
the reciprocal origin. (Fig. 7a & b) This 
contradiction can never be removed unless 
displacements of atoms in the plate-zones from 
the lattice sites of the matrix are taken into 
account. 

(c) The fact that the rods are present only 
around the normal reciprocal-lattice points 
(Fig. 7a & b) seems to indicate that the 
structure of the plate-zone (responsible for 
the first term in (3)) would be a periodic pat- 
tern with the lattice period equal to that of 
the matrix lattice. However, such is not pos- 
sible so far as the plate zone is presumed to 
be the place whereto the Catt ions concent- 
rate. For, what kind of periodic structure it 
may be, its primitive cell should contain at 
least three particles, one Ca** ion associated 
with two negative particles (Cl~ ions or posi- 
tive ion vacancies), to satisfy the condition 
of neutrality of electric charge; whereas the 
volume of the primitive cell of matrix, con- 
taining one Na* and one C!~ in full, is too 
small to accommodate even the above three. 
That is to say: if the plate-zone have a periodic 
structure, it must possess a larger primitive 
cell than that of the NaCl lattice so that it 
must give rise to rods at non-integral positions 
in reciprocal space, in contradiction to the 
observation. Accordingly, the structure of 
the plate-zone having a coherent periodic pat- * 
tern should be discarded. This result repre- 
sents a serious difficulty in interpreting the 
nature of plate-zone, since structures having 
no any crystalline character are least con- 
ceivable concerning the precipitation product. 


1954) 


§6. Structure of the Plate-Zones as Assem- 
blies of Smaller Units 


In the present section, we propose a pos- 
sible model for the structure of {111} or {310} 
plate-zones avoiding the lastly mentioned dif- 
ficulty. Let us assume that the plate-zone is 
an assemblage of a number of smaller units, 
each of which possess a crystalline pattern 
| developed to a certain extent. Though there 
| may be several species of structures in these 
units, they are presumed to have unit cells of 


Structures of Solid Solutions NaCl-CaCl, I 709 


a common size, which is a few multiple of 
that of the matrix lattice, namely being a 
super unit cell. The external shape of each 
unit is arbitrary, but since a thin plate-like 
form is most conceivable, we call them 
“ platelets ” 

Let us consider fictitiously a lattice, having 
a super lattice period as mentioned above, ex- 
tending over the whole space of the plate-zone 
(Fig. 8), and call it the S-lattice, (whereas the 
lattice of matrix is called the O-lattice). The 
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Fig. 8. Plate-zone registered by S-lattice. 


platelets for which p=1 and p= 


structure contained in each unit cell of the 
S-lattice may be in general various, not only 
because of different kinds of platelets, but 
' also of the possibility of different coordinations 
of platelets relative to the S-iattice (see later 
paragraphs). Correspondingly, we may have 
several— presumably not too numerous— 
species of the structure amplitude (related to 
the structure in each unit cell of the S-lattice) 
effective to the diffuse scattering. We denote 
them by 


F,(h), p= ue Ws 


Let us then classify the lattice points of S- 
lattice to groups p=l, 2, according to 
the species of the structure amplitude of the 
cell concerned, and denote the position of the 
n-th lattice point of the p-group by Ryn. The 
S-lattice points with the index pu may be distri- 
buted over different platelets, even with fixed 
p. pis constant within a singie platelet. 

The scattering amplitude due to a plate- 
zone as a whole is given by 


ffP ee aS, F,(h) Ss exp (27thR pn). 
p m 


a) 


We assume now that the crystalline structure 
of each platelet is developed at least to such 
degree that the corresponding scattering ampli- 
tude is appreciable eilher only in the neigh- 
bourhood of the S-reciprocal-lattice points, or 
only along reciprocal-lattice rows perpendicu- 
lar to the plane of the platelets. Then 
Sexp (2z7hRpn), the sum for lattice points 
n 


in different platelets corresponding to a com- 


and indicate respectively the 


2 (only two kinds of platelets being considered). 


mon #, may also be appreciable only in the 
neighbourhood of the S-reciprocal-lattice points, 
or, at most, along the reciprocal-lattice rows. 
Furthermore, since the location of the re- 
levant S-lattice points is, according to our 
presumption, confined only to the thin layer 
of the plate-zone, it is safe to say that 
Si exp (2zzhRp») will really give a rod at every 


S-reciprocal-lattice point. 

We can show now the fact that, in certain 
cases the assembly of platelets may give rods 
only about the O-reciprocal-lattice points, 
notwithstanding individual platelet has the 
super lattice. For example, let us assume 
that there are only two groups p=1 and 2, 
and that: 

(I) The two groups of S-lattice points p= 

1 and 2 on a lattice plane parallel to the 
surface of the plate-zone are always equal 
to each other in their total numbers. 

(1) (a) Fidh=F (A) (8) 
in the neighbourhood of the S-reci- 
procal-lattice points coinciding with 
O-reciprocal-lattice points; 

(b) F,\(A)= —F (hk) 3) 
in the neighbourhood of the other 
S-reciprocal-lattice points. 

Let us treat the cases (a) and (b) separately. 


(a) Region around the S-reciprocal-lattice 
points coinciding with O-reciprocal-lattice 
points. (7) is written, with (8), as 


F’=F(h) De SS exp (27thRpn) . (10) 


p 


The right-hand side of (10) is the summation 
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taken over the S-lattice cells occupied by the 
platelets. Since all of them are confined to 
the thin layer of the plate-zone, it is sure that 
(10) gives rods about the reciprocal-lattice 
points concerned. When, especially, the space 
of the plate-zone is filled with the platelets 
densely, (10) becomes 


I’ ~F,(h) &\ exp (277hRp) , (11) 
3 


where ™ is the summation taken over all S- 
ee 


lattice points Rp (indexed by P) in the plate- 
zone. In this case, the rods possess such an 
extension as expected from the whole size of 
the plate-zone according to the usual theory 
of the crystal-size effect, since » is the dif- 


fraction function for a crystal having the same 
size. In other cases, the extension of the rods 
might be larger than expected from the size 
of the plate-zone. 

(b) Region around the S-rectprocal-lattice 
points not coinciding with O-reciprocal-lattice 
points. (7), with (9), is written as 


F’ =F (3 exp (2rthRy) 
Uo ti 
=> exp (QrihRys)} : 
p=2 


Since, as we have shown, the both sum- 
mations in (12) are appreciable only along the 
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Fig. 9. Formation of domains with anti-phase 
relation. Solid lines indicate S-lattice, and 
broken lines O-lattice. 


rods passing through S-reciprocal-lattice points, 
we consider exclusively the value of F’ along 
the rods. Let us put 
h=H,+t, (13) 

where H; is the vector of the S-reciprocal- 
lattice point concerned, and f is the vector 
which starts from this point along the direc- 
tion of a rod. Let a,’ and a,’ (which are re- 
spectively parallel to the axes a, and a, of 
the O-lattice) be the axes of the S-lattice 
lying in the lattice planes parallel to the sur- 
face of the plate-zone, and a,’ (parallel to a;) 
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the third axis, then a,’ and a,’ are perpendi- 
cular to ¢, and exp (2z7a;/Hs)=1 for z=1, 2, 
3. Let 23 be the index specifying the S-lat- 
tice plane in the plate-zone parallel to the 


plate surface, %1m3; and %m; be the number of || 


the S-lattice points for two groups p=1 and | 
2 on the m-th lattice plane. We carry out | 
the summation in (12) first on lattice points | 
on each lattice plane 273, and then on different | 
lattice planes in the plate-zone. Then, as | 
readily proved, (12) becomes 


Tae =Fin( >) exp (2z7¢- mstt’) (Mang Pan) : 
His 
(14) 


Thus, we obtain F’=0 by virtue of the con- 
dition (I), or 2 1mg3=om3. Namely, the rod does 
not appear about the S-reciprocal-lattice points 
not coinciding with O-reciprocal-lattice points. 
We must mention here an important circum- 
stance as follows. The different species of 
the structure amplitudes F(A) result not only | 
from the different species of the platelets, but 
also from the property of the super lattice 
itself even when we have only one kind of 
the platelet. This circumstance is similar to 
the case of super structure alloys, e.g. 
Cu3Au,' in which the formation of domains 
accompanied by the anti-phase (or out-of-step) 
relation among them has been well known. 
For example when a@,’=2a,, @,’=@,, G3 =Qs, 
the formation of the super structure in the 
matrix lattice may occur in the alternative 
ways as shown schematically in Fig. 9a and b. 
The modes of the formation of both structures 
are equivarent with respect to the O-lattice 
(which is shown by broken lines), but differ 
from each other with respect to the S-lattice 
(shown by solid lines). Let the structure 
amplitude for the structures (a) and (b) in 
Fig. 9 be F(A) and F.(h) respectively, then 


F(h)=F (fh) exp {2nth(a’/2)}- , (15) 


and they satisfy just the relation (8) and (9), 
and the assembly of platelets of this kind 


gives rods only about the normal reciprocal- - | 


lattice points, when provided with the con- 
dition (I). 

For the super structure a;/=3a, a,/=d,, 
a;,=a;, we have three kinds of the structure 
amplitudes F,(h), F.(h) and F;(h) such that 

F,(h)=F,(h) exp {2xih(ay’/3)}, 


F,(h)=F,(h) exp (2rih(2ay'/3)}. | eo) 
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| In this case it holds: 

(a) Fi(h)=F.(h)=F;(h) (17) 
for the S-reciprocal-lattice points coin- 
ciding with O-reciprocal lattice points; 

(b) Fi(h)+F.(h)+F;(h)=0 (18) 
for the other S-reciprocal-lattice points. 

| Replacing the condition (8) and (9) by (17) and 

(18) and with an assumption a little modified 

| from (I), we reach the same result as in the 

previous example. 
The above mentioned examples can be ex- 

} tended to more complicated cases. In more 

general cases, the intrinsically different species 

of platelets, not due to the out-of-step relations 
among them, may also take place. 


§7. Discussion 


According to the general consideration in 
the sections $5 and §6 it became most pro- 
| bable that the presumed {111} or {310} plate- 
zone in the NaCl-CaCl. solid solutions is com- 
_ posed of a number of platelets having a super 
cell. As was already noticed, the external 
size of the plate-zones may be larger than 
that estimated from the extension of the rods 
according to the theory of crystal size effect. 
Therefore, their lateral dimension might be 
considerably larger than the formerly men- 
tioned value of about 100-200A. On the other 
hand, its thickness can not be much larger 
than the former values 10-20A, because the 
small thickness of the plate-zone is one of 
the essential assumptions in the foregoing 
theory. However, the formation of a thicker 
plate by piling-up of a number of plate-zones 
incoherently with each other might be possible. 

It may be interesting to compare here the 
structure of the {111} and {310} plate-zone 
presumed for the NaCl-CaCl, solid solutions 
with those for alloys. Geisler and Hill® con- 
sidered that precipitates formed in certain 
stages of the precipitation process in the 
alloys such as Al-Ag, Al-Mg-Si, etc. are small 
thin plates having concrete crystalline pat- 
terns, which give rise to rods in reciprocal 
space as the result of the crystal size effect. 
On the other hand, according to Guinier” the 
same precipitates have structures which are 
not simply small crystals of the final products, 
but they are of a transient character accom- 
panied by irregularities, being in more or 
less coherent relations with the matrix crystal. 
Though there is no exact similarity between 
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the cases of NaCl-CaCl, solid solutions and 
above mentioned alloys, the structures of the 
presumed plate-zones in NaCl-CaCl, seems to 
akin to the model by Guinier rather than by 
Geisler and Hill, in the sence that the plate- 
zone in NaCl-CaCl, is considered to be a 
transient structure, not being a uniform 
periodic pattern. Guinier proposed that the 
precipitate formed in Al-Ag (20 wt% Ag) aged 
at temperatures <.150°C is composed of a 
pile of thin plaquettes (as shown by Fig. 5 in 
his paper). Our consideration in the previous 
section ($6) may be applied to it when these 
plaqueites are incoherent to each other, and, 
moreover, each of them is divided by anti- 
phase domains of a super structure. (His 
plaquette then corresponds to our plate-zone. 
Piling-up or scattered distribution of plate- 
zones can not be discriminated from the dif- 
fraction pattern alone.) 

Since the intensities of the rods depend on. 
the structures of platelets, it is now required 
to propose their detailed structures explaining 
the observed distribution of the <111>, and 
<310>, rods given by Fig. 7a and b. Though 
the conclusive determination of these struc- 
tures seems to be not easy, we can suppose 
that they may be at least as follows: (1) 
positions of atoms in the platelets are in 
general displaced from the original matrix 
lattice sites (§5, paragraph (c)); i) the 
packing of ions in the platelets is compatible 
with the NaCl lattice surrounding them ; (iii) 
the neutrality of electric charge is fulfilled ; 
(iv) the arrangement of ions around a Ca** 
ion may bear some resemblance to that in the 
crystal structure of CaCl,. In a subsequent 
paper (Part Il), the structures of platelets in 
the {111} and {310} plate-zones will be re- 
spectively discussed by proposing plausible 
detailed models. It is to be mentioned here 
only the fact that these models could explain 
not only the relative intensities of rods quali- 
tatively, but also their absolute intensities in 
order of magnitude. 

Throughout the foregoing consideration on 
the (111), and <310>, rods, we have assumed 
the existence of thin plate-zones by the a- 
nalogy with the phenomenon in alloys, but it 
must be mentioned that this is not the unique 
assumption in order to interprete the presence 
of rods in reciprocal space. Generally speak- 
ing, the rods may result also from the stack- 
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distorsion, spreading over more extended Comment. Phys.—Math. XII, 5 (1945). 
volume than that of the plate-zones. How- 3) G. D. Preston: Proc. Roy. Soc. 
ever, the consideration taking account of all an i 
of possible causes is postponed to avoid com- ) ss Canaan 
plication. Also, the discussion on the nature 
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is entrusted to the future study. 
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The Magnetic Properties and their Temperature Dependence 
of Ferromagnetic Alloys with an Order-disorder 


Transformation. I. NisFe 


By Tadami TAOKA and Taiichiro OHTSUKA 
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The temperature dependence of magnetic properties of Ni3;Fe have 
been measured at a fixed state of order. Ni3Fe is a characteristic 
example of the A3B type ferromagnetic alloy undergoing an order- 
disorder transformation. Particular stress was placed on the change 
of magnetic properties at the order-disorder transformation temperature 
490°C. Magnetization was measured with an astalic magnetometer 
equipped with an electric vacuum furnace enabling rapid heating of 
the sample. Magnetostriction was measured by a new apparatus 
designed to simplify manipulation of the sample at high temperatures. 
At a fixed state of order, the saturation magnetostriction was seen to 
decrease monotonicaliy with temperature, whereas at a fixed tem- 
perature it was seen to increase with the formation of order. In 
particular, 2; increases by 200%, from below 2-10-6 at the disordered 


state to 5.8-10-6 at the ordered state at the order-disorder transfor- 
mation point. 


§1. Introduction 


The effect of the formation of a superlattice 
in a ferromagnetic alloy on its non-magnetic 
and magnetic properties is diverse, depending 


with the increase of order in some cases (e.g. 
Ni;Mn) and falls in others (e.g. Fe;Al). Also 
the rate of the order-disorder transformation: 
itself varies considerably from alloy to alloy. 


on the type of lattice, composition and the 
elements involved. For instance, although 
NizsFeD, Ni;Mn” and Fe;Al® being to the same 
A;B type, the ferromagnetic Curie point rises 


Complications are due mainly to the fact tha 
two different cooperative phenomena, i.e. th | 
formation of the superlattice and the alignment 


of the spin moments, are taking place simul- 
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taneously interacting with each other in an 
intricate manner depending on the elements 
and the composition of the alloy in question. 
A thorough treatment of this problem from 
the atomic point of view encounters seemingly 
unsurmountable difficulties in calculation. 
However, statistical treatments have been 
made by Sato on the basis of the Bragg- 
Williams approximation, and by Muto using 
the Bethe approximation”. Although the ap- 
proximation is more coarse, Sato’s method 
involves simpler calculations and yet enables 
one to explain at least qualitatively the ob- 
served diversity of the phenomenon. How- 
ever he introduces a certain number of adjust- 
able parameters which affect the results to a 
considerable extent. Hence it is doubtful 
whether a quantitative comparison with ex- 
periment would have much significance. It 
seems that the interaction between the two 
cooperative phenomena is too complex to be 
dealt with by such a simple model. 
Therefore it was thought desirable to see 
if we could get any further information by 
studying the behavior of some quantity with 
the other quantities fixed, e.g. the temperature 
dependence of saturation magnetization at a 
fixed degree of order. One encounters diffi- 
culties, however, due to the fact that it is 
impossible to maintain an ideally fixed degree 
of order at appreciably high temperatures. 
On the other hand, it is known that the re- 
laxation time for the rearrangement of atoms 
is much longer than that of the magnetic 
moments. Thus by utilizing this large differ- 
ence in relaxation times it is possible to 
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achieve the desired measurements to a satis- 
factory extent. 

Our experiments were conducted essentially 
along this line. By appropriate heat treat- 
ments, various degrees of order were formed 
and the effect of the formation of the super- 
lattice on the ferromagnetic Curie point, 
saturation magnetization and magnetostriction 
along with the temperature dependence of 
some of these properties at a fixed degree of 
order were measured. Particular attention 
was focused on the behaviour near the order- 
disorder trans- formation point. We _ shall 
first report the results obtained on Ni.Fe. 


§ 2. 
§2.1. Astatic Magnetometer 

The astatic magnetometer developed by F. 
Kohlrausch and L. Holborn® is most con- 
venient for measuring the temperature de- 
pendence of magnetic properties. Fig. 1 illus- 
trates the magnetometer we constructed for 
this purpose. The two small magnets I and 
II have the same magnetic moments. They 
are fixed antiparallel to each other at a dis- 
tance 80cm apart by a thin glass rod. The 
system is suspended by a thin Pt-Ir filament. 
The small magnet II compensates external 
magnetic disturbances. The Pt-Ir filament 
consists of two parts, I and II, with different 
thicknesses. The sensibility can be decreased 
by clamping the suspension at the junction 
of filament I and IJ. The whole system is 
then suspended by filament II only. Important 
dimensions and properties of our meter are 
listed in Table I. An electric furnace wound 


Apparatus 


Table I. 
4 Filament (90% Pt-Ir) : we - Sone 
Magnet Gia. S length Period Sensibility 
M.D. Steel I 0.049 mm 585 mm 21.1 sec 0.02764 
38mm by 50mm Il 0.10mm 105.5 mm 3.4 sec 0.778 
Kohlrausech & Holborn 0.2928 


* Kohlrausch and Holborn®), Eq. (5). 


with Molybdenum wire (diameter 0.8mm) is 
placed inside coil I. The heat capacity of 
the furnace is made small so that the sample 
can be heated up to 600°C at the rate of 50°C 
per minute. The change in the magnetic 
properties at this heating rate can be followed 
sufficiently by the magnetometer. 


§ 2.2. Magnetostriction Apparatus 


The conventional method for measuring 
magnetostriction at room temperature is to 
utilize the rotation of a small roller. This 
method has been used by Takagi’? to measure 
magnetostriction at high temperatures. How- 
ever, various difficulties, e.g. setting of the 
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sample, etc., are encountered when this method 
is used at elevated temperatures. Therefore, 
an apparatus illustrated in Fig. 2 was built 
for the purpose of our experiment. The 
schematic diagram (b) shows the principle of 
the apparatus. The contraction or expansion 


‘ia 


<— Filament J 


Clamp 


Filament II 
yan Ne) 
Fa | 


Magnetizing coil J 
Mo. furnace 


Magnetostriction 


apparatus (Fig. 2.) Specimen 
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Magnet J <— Standard coil, 
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Fig. 1. Astatic magnetometer. 
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A 

Magnetizing coil _ } 

9 Morune sya al 
Coapeemer SSS PR, 
Sea ; ; el 
Specimen 
Cb) 
Fig. 2. Magnetostriction apparatus. 


of the sample is transferred through A to 
point » of lever Z,. The displacement is 
thus enlarged by a factor of about five at 
point 7 which rotates the mirror M supported 
by a knife edge s. The rotation of the mirror 
is observed by the telescope and light method. 
When 7s=2.0mm, the system exhibits the 
same sensibility of a roller 2.0/5=0.4mm in 
diameter. The actual procedure for measure- 
ment is as follows (cf. Fig. 2(a)): (1) During 
the process of raising or lowering the temper- 
ature, the sample and its supporting rod D 
are left free to expand or contract on rollers 
Ry, Rs (Fig. 2b) and Ri, R., R3 (Fig. 2(a)) with- 
out transferring its displacement to the lever. 
(2) After a sufficiently constant temperature 
has been attained, part B, which supports the 
lever Z, by the action of a spring, is moved 
by a worm gear W until A and P, 7 and M 
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come into contact with each other, (3) the 
mirror is then adjusted by lever Z, with screw 
S, so that an appropriate portion of the scale 
comes into the field of view of the telescope, 
(4) due to displacements caused by temperature 
fluctuation, etc. the scale will fluctuate for 
some time. When it is seen that these effects 
have disappeared or become sufficiently small, 
the field is applied and the magnetostriction 
measured. As the whole system is enclosed 
in a vacuum chamber, the various adjust- 
ments, i.e. the rotation of screws and gears 
are conducted via tombac bellows. The sensi- 
bility of the system, calibrated with a preci- 
sion micrometer, is such that when a sample 
200mm long changes its length by 10~°, the 
deflection observed on the scale set 2 meters 
apart is 1.74mm. Reproducibility was checked 
by making test runs on a suitable sample and 
was found to be satisfactory. 

The characteristics of our apparatus as 
compared to the conventional roller method 
can be described as follows: a) Sensibility 
is of the same order, b) difficulties due to 
slipping of the sample on the roller and ex- 
ternal vibration are removed, c) sample can 
be readily set at identical conditions from 
outside of the vacuum chamber, d) measure- 
ments at high temperature can be easily per- 
formed. The power for the furnace was sup- 
plied from a battery of large capacity in order 
to maintain the current as constant as possible. 


§ 3. Sample and the Experimental Procedure | 


Electrolytic nickel, electrolytic iron and 
manganese (0.5% of the entire weight) was 


melted in vacuum and drawn to a rod 1.5mm _ 


in diameter and 250mm in length. Upon 
analysis the sample was found to contain 25.1% 
Fe which is slightly iron rich as compared 


with the stoichiometric composition of Ni;Fe | 


(24.2% Fe). The superlattice was formed ac- 
cording to the heat treatment prescribed by 
Kaya™. Various degrees of order were ob- 
tained by lowering the temperature from 


1000°C to the ‘order-disorder transformation - 
point (490°C) and holding it there for certain — 


lengths of time. A sample held at 490°C for 
100 hrs., cooled to 450°C in 6 days, and then 


slowly cooled in the furnace to room temper- | 
ature was defined to be in a perfectly ordered | 
state. Measurements on electrical resistance, 
hardness, etc. made by Kaya ef al. show | 


that the formation of the superlattice at 
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490°C takes place in three stages. The an- 
nealing procedure for forming the superlattice 
was reduced from the the results of these 
measurements. 

The magnetization curve at various temper- 
atures were measured by the astatic magneto- 
meter described in §2.1. The temperature 
dependence of magnetization at a fixed degree 
of order was performed by applying a constant 
field and heating the sample from room tem- 
perature to about 600°C at a rate of over 
590°C per minute. The temperature of speci- 
men was measured by P?t-PtRh thermojunc- 
tion with diameter 0.4mm which was in 
tight contact with the specimen by means of 
a thin Pt wire. It is doubtful whether the 
temperature observed by the junction would 
be the temperature of specimen itself in our 
case. This uncertainty must be considered in 
some degree on the discussion in later section. 


§4. Experimental Results 
§4.1 Properties at Room Temperature 


The specific electrical resistance and the 
magnetic properties at room temperature are 
shown in Table II for various degrees of order. 
The magnetization curves are shown in Fig. 
3. The general tendency of the results agrees 
with the measurements made by Kaya!) 
and Chikazumi*™. The formation of the 
superlattice appears as a decrease in electrical 
resistance. The maximum permeability de- 
creases abruptly in the first stage of super- 
lattice formation, reaches a minimum value 


8 


50 100 
Effective field Oe. 


Fig. 3. Magnetization curves at 10°C and 490°C 
for various states of order. 


at the second stage and recovers slightly in 
the third stage. The magnetization at 150 Oe, 
which can be considered approximately as the 
saturation magnetization, increases by about 
4% in going from the disordered to the ordered 
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state. This is in agreement with the results 
obtained by Grabbe™, although the manganese 
content has essential effect upon this change. 
The susceptibilities obtained by the magneto- 
meter yielded smaller values than those ob- 
tained by other authors by the ballistic 
method. 


$4.2. Temperature Dependence of the Magne- 
tic Properties 


The magnetization curve of samples with 
a fixed degree of order were measured at 
various temperatures extending up to the 
Curie temperature. The temperature depend- 
ence of the maximum susceptibility and the 
magnetization at 150 Oe are shown in Figs. 
4 and 5. Up to 400°C the samples were 
maintained at the respective temperatures for 
about an hour after which various measure- 
ments were made. The time maintained at 
the order-disorder transformation point (490°C) 
are listed in Table IV. For the disordered 
state, the maximum susceptibility remains 
sensibly constant up to 300°C and decreases 
abruptly near the transformation point, tend- 
ing to zero at the Curie point**. At other 
degrees of order, it increases gradually with 
the increase of temperature. As seen in Fig. 
4, the susceptibility at the order-disorder 
transformation point becomes larger for the 
ordered states than for the disordered state. 
This behavior is also inferred from the magnet- 
ization curves at 490°C shown in Fig. 3. 

To determine the saturation magnetization, 
several experimental formulas related to the 
field strength have been proposed. 
Unfortunately, we could not deter- 


i | at 10°C. mine the saturation magnetization 

g ae oe Ee. Lr from our experiment shown in Fig. 

q io oe Je ae rc 100 hrs. 

et we gO ae aE Cg Toa 3, because of the accuracy and the 
23 a eS CS §) . | isoYder, . 

tf i ae at 490°C. magnetic field range of our measure- 


ment. The magnetization at 150 Oe 
could not be regarded as the satura- 
tion magnetization, especially for 
the specimen which has high magne- 
tic anisotropy or at the elevated 
temperatures. But the strength of magne- 
tization are constant over the range of field 
from 80 Oe to 160 Oe within the experimental 
error (1~2%), therefore we shall regard the 


* Chikazumi’s sample consists of 21.5% Fe. 
*& The tail near zero is perhaps due to the 
nonuniformity of temperature along the sample. 
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Fig. 6. Change of saturation magnetization 
with annealing time. 


magnetization at 150 Oe as the saturation 
magnetization in the following. 

On the whole, the saturation magnetization 
decreases with increasing temperature in a 
normal fashion. However, it is seen in Fig. 
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5 that the difference in values of saturation | 
magnetization for various states of order in- 
creases as the temperature becomes higher. | 
This behavior is more clearly exhibited in |] 
Fig. 6 where the saturation magnetization at | 
room temperature and 490°C has been plotted | 
against the annealing time. It is seen that 
the saturation magnetization at 490°C increases | 
by over 30% from the disordered to the ordered | 
state, whereas we have already seen that the | 
increase amounts to only 4% at room temper- 
ature. 

The saturation magnetization-temperature 
curve for the disordered state agrees fairly 
well with the curve obtained by Weiss and 
Forrer on Nickel*. The ferromagnetic Curie 
point lies at about 585°C. A large deviation 
from the Weiss curve is seen for the ordered 
states if the Curie point is assumed to remain 
constant. We shall next look into the effect 
of superlattice formation on the Curie point. — 


§ 4.3. Variation of the Ferromagnetic Curie 


Point 


According to Kaya’s measurements! on 
the temperature hysteresis of electrical resis- 
tance of Ni;Fe, we can expect the sample to 
maintain its degree of order to an appreciable 
extent even after surpassing the transfor- 
mation temperature if the heating rate is 
made sufficiently large. We have made use 
of this sluggishness of the order-disorder 
transformation in determining the change in 
the ferromagnetic Curie point with order. An 
external field of 50 Oe was applied and the 
magnetization measured while heating the 
sample at the rate of over 50°C per minute. 
The results are shown in Fig. 7. The curve 
for the disordered state coincides with the 
Weiss curve. On the other hand, the curves 
for the various ordered states show an abrupt 
decrease at temperatures over 550°C. The 
point of disappearance of ferromagnetism in- 
creases, however, from 585°C to 620°C. The 
increase in the separation of the curves at - 
higher temperatures can be considered as due 
to the difference in Curie temperature. It 
must be noted, however, that the increase in 
the anisotropy energy with order (Grabbe??) 
will produce a similar effect if the sample is 
insufficiently saturated at lower temperatures. 


- Henceforth this will be called the Weiss 
curve. 
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Fig. 7. Temperature dependence of magnetiza- 
tion at 50 Oe. for various states of order. 


disordered state. 

x 490°C 18hrs. \ \ 
es 4 490°C 100 hrs. \ \ 

° ordered statee xy 

full line nickel. \\ 

2 \ 

| | | l 
%6 2 4 26 28 1,0 


Fig. 8. Weiss curve: Temperature dependence 
of saturation magnetization of Ni3;Fe for 
various states of order and nickel as com- 
peared with theory. 
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The effect may appear to a certain extent in 
our case because of the relatively low external 
field (50 Oe) used*. The abrupt descent at 
temperature above 550°C can be regarded as 
due to the destruction of order. As the curve 
for the disordered state which suffers on effect 
due to the destruction of order agrees well 
with the Weiss curve, it is plausible to assume 
that the curves for the ordered states will 
also fit the Weiss curve if the order could be 
maintained ideally up to the Curie point. 
Therefore, in order to determine the true 
Curie point, the values for the saturation 
magnetization between 10°C and 490°C were 
normalized with the value for the Curie point 
and the saturation magnetization at 0°K so 
chosen that the best fitting with the Weiss 
curve was obtained (cf. Fig. 8). The Curie 
point thus obtained are listed in Table III. 
Up to now, no attempt had been made to 
measure the change of the Curie point with 
order due to the fact that the Curie point 
lies above the transformation point. There- 
fore, NizsFe has been so far regarded as a 
case in which the Curie point does not change 
remarkably with the formation of the super- 
lattice. As the value of saturation magneti- 
zation were replaced by the magnetization at 
150 Oe, as noted at § 4.2, we can not discuss 
the details of this point. Our results, however, 


Table II. The Electric and Magnetic Properties of NizsFe at Room Temperature. 


i itial Maximum Coersive ee 

Degree of eteetrical Sees suscepti- force oe 
order resistance bility bility Sradanes 
p22 Xo Xm H,Oe 

Disorder 16.1 235 612 0.19 919 
490° C 10 min. 15.5 150 370 0.31 939 
490°C ihr. Lb a2 100 260 0.42 942 
490° C 18hrs. 14.0 65 212 0.44 945 
490° C 100hrs. 122)5) 325 0.33 955 
Perfect order 368 960 


iBIGit 


Table III. 


Ferromagnetic Curie Point of Ni3Fe 


various States of Order. 


Saturation Magnetization and the 


for 


Stateof ,,satmation Curie point 
order at 0°K 

Disorder 92%, 585 
490°C 18hrs. 949 630 
490°C 100 hrs. 964. 680 
Perfect order 972 710 


show that it increases by about 20% from the 


disordered to the ordered state. 


We feel it 


more reasonable to take this effect into account 
when considering other effects in Ni;Fe. 


§ 4.4. Magnetostriction 


Magnetostoriction was measured at various 
temperature on samples in different states of 


* Higher fields could not be used because of 
difficulties encountered in the manipulation of 


the astatic magnetometer. 
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order. The apparatus and the experimental | 
procedure has been described in §2.2. The } 
magnetization curve was measured immedi- | 
ately following the magnetization measure- | 
ment under similar conditions. As is well | 


known, the magnetization of a polycrystal is |} 
affected by the domain distribution in the |} 
In a long thin } 


initial demagnetized state. 
sample an anisotropy in the distribution of 
the domains is produced when the sample is 
demagnetized by alternating current. When 
demagnetized thermally, the domain distri- 
bution can be regarded as to be nearly iso- 
tropic. In our case, the magnetostriction at 
room temperature for the two alternative 
methods of demagnetization coincided with 
each other within experimental uncertainties. 
Therefore the alternating current method 
was used up to 490°C and the thermal 
method from there on. The reason for not 
using the simpler alternating current method 
over and in the vicinity of 490°C is because 
the application of a magnetic field in this 
region is known to result in the fixation of the 
domains in the direction of the applied mag- 
netic field. Figs. 9 and 10 show representa- 
tive curves obtained. The curves correspond 
to a sample annealed at 490°C for 18 hours. 
The form of the curves for other states of 
order are similar. It is seen in Fig. 9 that 
the points for all temperatures fall on the 
same line satisfying the relation 


oll=C P-L’) , Galle) 


where C and J, are constant. The relation is 
more explicitly presented in Fig. 10 where 
ol/l has been plotted against (J/J;)?. Here J; 
is the saturation magnetization at the temper- 
ature in question. The slope C remains un- 
varied with temperature but depends on a 
degree of order. J)/Js also remains sensibly 
constant with a slight tendency to increase 
with temperature. Fig. 11 shows the vari- 
ation in oél/l—I curves with the change in 
order, and Fig. 12 the corresponding - 
ol/l— I/Is)? curves. It is seen that the simple 
quadratic relation (1) tends to break down in 
the initial stage of magnetization as the order 
increases. The point near saturation, how- 
ever, fall on a straight line. The extrapolation 
of the line shows that the slope C increases 
and J, decreases with increasing order. The 
values of inagnetostriction approach constants, 
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Table IV. 
Degree of Temp Demagne- We 2 3 Time at** 
order °C inom 4510-6 Ganed 720? C10-2 490°C, 
"i rue 8 min. 
Disorder 10 JO De YZ 918 8.5 10.2 7 
10 ALD. se 919 8.4 10.1 
100 FADE 6.4 889 8.1 10.4 
200 ACD: 6.1 853 8.2 10.3 
300 A.D. 4.8 786 tne Yo8) 
398 A.D. 3.8 690 8.0 lode 
493 A.D. Beal 600 8.6 ate al 100 
492 AMET Pee) 575 8.7 10.5 40, 
495 Avo 2.2 555 15 
540 DD. Wak 443 
585 deal B 0.6 118 
10 JURE 8.9 943 10.0 30053) 
10 ALD: 8.9 945 10.0 OFS 
490°C 100 Ad), 8.24 926 926 10.3 
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303 A.D. 6.9 833 8) I 
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304 A.D. foe &63 10.2 13.8 
410 A.D. 6.2 790 929 14.1 
490 A.D. 5.3 692 a 2s 14.8 160 
495 Tal); 152 555 15 
AT {ba iO 960 TO 
Perfect zim! AED: LO 960 11.0 
order 100 A.D. eu 953 10.9 
207 A.D. OS 921 11.0 
315 A.D. TO 869 10.5 
407 ALD: (ied 808 10.3 
489 A.D. 5.8 (27 IBEX) 55 
T.D. Thermal Demagnetization 


Alternating Current Demagnetization 
* C in Eq. (1) 


7K Time spent at 490°C until measurements were made 


the saturation magnetostriction, before the 
field strength reaches 150 Oe. 

The temperature dependency of the satu- 
ration magnetostriction is shown in Fig. 13. 
All states of order show a similar monotonic 
decrease with increasing temperature. Points 
measured at temperatures over 490°C by the 
method previously described fall on the ex- 
tension of the curve for the disordered state. 
Large ‘fluctuations in the measurements at 


490°C for the disordered state is due to the 
fact that in the course of waiting for the 
system to reach thermal equilibrium, the for- 
mation of the superlattice inevitably takes 
place. 

The variation of saturation magnetostriction 
with the annealing time at 490°C has been 
measured both at room temperature and at 
490°C and the results are shown in Fig. 14. 
Both curves show an abrupt initial rise taper- 
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Fig. 14. Change of saturation magnetostriction 
with time of annealing at 490°C. measured at 
room temperature and at 490°C. 


ing off to a gradual monotonic increase. The 
saturation magnetostriction for the disordered 
state at room temperature is 7.1-10-*. At 
the perfectly ordered state, the value increases 


TAOKA and T. OHTSUKA 


Wola; 


to 10.1-10-§. The increase thus amounts to | 
30%. At 490°C, the percentage increase is | 
much larger amounting to 200%, the saturation | 
magnetostriction for the ordered and disordered | 
states being 5.8-10-*, and below 2.0-10-°, re- | 
spectively. Results for various state of order | 
are listed in Table IV. 


§5. Discussion 


The results of our experiment show that in | 
Ni,;Fe, the ferromagnetic Curie point, satu-— 
ration magnetization and magnetostriction all | 
increase with the formation of the superlattice. 


Up to now it had been tentatively assumed ] 


that the Curie point does not change remark- | 
ably with order from consideration of other | 
factors. Recently Josso found that in a 
Ni-Fe alloy containing 77% Ni and 3.6% Mo, 
the Curie point increases from 475°C for 
samples quenched from high temperatures to 
520°C for samples annealed at 450°C for 50 | 
hours. The addition of Mo is known to in- 
hibit the formation or destruction of the super- 
lattice, thus making direct observations of the 
change in Curie point easier. His results sug- 
gest that the Curie point of Ni;Fe will also 
increase with the degree order in agreement 
with our results”. 

The increase in the saturation magnetization 
from the disordered to the ordered state is 
about 4% at room temperature in agreement 
with the results obtained by Grabbe and other 
people. The fact that the corresponding in- 
crease becomes over 30% at the transfor- 
mation temperature, 490°C, can be understood 
if the increase in the Curie temperature is 
taken into account. It is noted that the ten- 
dency in the increase of saturation magneti- 
zation at 490°C closely resembles the manner 
with which the electrical resistance decreases. 
Smoluchowski'!? has attempted to explain the 
change of magnetization with order on the 
basis of the band theory. He assumes that 
the magnetic moments of the superlattice © 
alloy is determined by the local electron den-— 
sity and then calculates the effect of super- 
latricG formation by considering the change 


More recently, Wakelin and Yates have 
observed the same tendency for the Ni-Fe alloy 
containing no Mn, but do not give the details of 
the heat treatment, experimental method and the 
determination of the Curie point concerning the 
formation and destruction of the superlattice 
during the measurements. 


) 


| 
| 


‘neighbours. 


t 
if 


i 


| 
| 
| 
| 


| 


1954) 


in the local electron density due to the change 
in the type of the nearest and second nearest 
The electron density is related 
to the magnetic moment by Pauling’s re- 
lation'». His results are compared with the 


| experimental values obtained by Goldman et 


al. The theory can not be adapted to our 
results, however, because the conditions re- 
quired by the theory fail to be satisfied in 
cases such as Ni;Fe where changes in length 


amounting to about 5-10-4 occur with the 


formation of the superlattice. 

We shal! next consider the results of the 
magnetostriction measurements. Until re- 
cently, no particular effect of heat treatment 
had been observed on the magnetostriction of 
Ni-Fe alloys, even for those with compositions 
known to possess an order-disorder transfor- 
mation. In recent years, however, it has 
been found that the saturation magnetostric- 
tion for alloys such as Fe-Co?®, Fe-Si (114% 
Si), and Fe-Ni?») show an increase of 40%, 
100% and 100%, respectively, with the for- 
mation of the superlattice. Our results show 
the same tendency. In particular, we have 
made measurements not only on the value 
of the saturation magnetostriction, but on the 
relation of magnetostriction and magnetization 
at various degrees of order and temperatures, 
with special attention paid to the behaviour 
at the transformation temperature. AS was 
seen, our results can be expressed by Eq. (1). 
Eq. (1) can be deduced from the domain 
theory if it is assumed that the magnetostric- 
tion is isotropic and that the magnetization 
takes place by discontinuous rotation of mag- 
netic moments towards the easy axis lying 
nearest to the direction of the applied field 
up to % and by continuous rotation from 
there on. It is interesting to note that the 
AR effect measured by Gerlach’? on single 
crystals of Fe, Ni and Fe-Ni alloys can also 
be expressed by the same equation. The 
deviation from Eq. (1) suggests that the dis- 
continuous and continuous rotations are taking 
place simultaneously. The fact that the points 
for the ordered state lie lower than the straight 
line (Fig. 12) cannot be explained unless an- 
isotropic features are taken into consideration. 
In Eq. (1), (h/Js)? should be equal to 1/37"? 
if the anisotropy energy is predominant. The 
fact that this value decreases with order 
indicates that there happen some other factor 
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which may control the distribution of domains, 
for instance the appearance of uniaxial aniso- 
tropy. The manner in which the saturation 
magnetostriction 2; increases with order at 
room temperature and at 490°C is similar 
to the increase of saturation magnetization 
and the decrease in going from the disordered 
to the ordered state 3093 at room temperature, 
whereas the increase at 490°C exceeds 200%. 

Bozorth and Walter? have recently mea- 
sured the magnetostriction of a Ni;Fe single 
crystal at room temperature. The values cor- 
responding to a polycrystal can be calculated 
from their results assuming random grain 
distribution. They are 10.2-10-° for the dis- 
ordered state and 12.6-10-® for the ordered 
state. The result for the ordered state agrees 
fairly well with our values. However, the 
change in saturation magnetostriction from 
the disordered to the ordered state amounts 
to 24% in their measurements whereas it is 
as large as 30% in our case. This may be 
due to the difference in heat treatment. 

At present there is no satisfactory theory 
concerning the phenomenon of magnetostric- 
riction. Assuming dipolar interaction between 
magnetic moments and considering the con- 
dition of equilibrium for the magnetic plus 
the elastic energy, R. Becker? has derived 
an expression of magnetostriction as a function 
of saturation magnetization, elastic constant 
and crystallographical orientation. His result 
agrees qualitatively with the magnetostriction 
of body centered cubic Fe at room temper- 
ature but fails for the face centered Ni, the 
sign coming out to be the opposite. Smolu- 
chowski2?® has extended this theory to alloys 
by considering different interaction energies 
for pairs of like and unlike atoms. He suc- 
ceeds to some extent in explaining the change 
of magnetostriction in Fe-Co. However, his 
result fails, as in Becker’s case, to give satis- 
factory explanation for the face centered cubic 
crystals. When Jadoo of Ni;Fe is calculated 
from Smoluchowski’s result, the sign becomes 
negative and the value decreases by 1/4 from 
the disordered to the ordered state. In view 
of this present lack of theory, we can only 
hope that our results may provide a clue for 
future theories concerning the mechanism of 
magnetostriction. 

Magnetization curves of Ni;Fe at room tem- 
perature has been thoroughly discussed by 
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Kaya and others. According to Chikazumi?”? 
and Nagashima®”, the change in the magneti- 
zation curve with order can be explained by 
assuming the internal stress* o;, which is 
almost zero for the disordered state, to in- 
crease with order, reaching a maximum value 
at the second stage of superlattice formation 
and decreasing again in the third stage. At 
the intermediate state of order, the energy 
of the internal stress becomes larger than the 
anisotropy energy whereby the distribution 
of the spontaneous magnetization at the de- 
magnetized state will be determined by the 
randomly distributed internal stress. The ex- 
pression for the initial susceptibility derived by 
Becker®® for the case of large internal stress is 


Lye (2) 


Eq. (2) can also be thought of as a qualitative 
expression of the maximum susceptibility 
from considerations of the factors influencing 
it. As seen in Table IV, the factor J;7/A ap- 
pearing in Eq. (2) decrease with order. This 
effect plays an auxiliary role in explaining 
the change in the magnetization curve. The 
temperature dependence of the maximum sus- 
ceptibility is completely different at the ordered 
and disordered states. Now if it is assumed 
that Eq. (2) holds for the ordered state, Fig. 
4 can be considered as the inverse curve of 
the dependence of o; as J;?/2 is practically 
temperature independent. In his experiment, 
Chikazumi has obtained o; but unfortunately 
our values cannot be compared directly due 
to the difference in composition of the samples 
used. However, the temperature dependence 
of As he derives from his observed values of 
o;, and J; agrees very well with the curve 
obtained by the authors through direct obser- 
vation. This implies that we are not too 
much in error in interpreting the %,—T curve 
as the inverse of the o,—T curve. 
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ferromagnetic Curie point, saturation mag- 
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* The word “internal stress” should be under- 
stood as an unidirectional magnetic anisotropy 
that fixes the direction of the domain. It would 
perhaps be more appropriate to write it in a form 
3/240,=K. However, we shall continue to use 
the word as matter of convenience of terminology. 
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Measurements on the change of magnetic properties with the forma- 
tion of the superlattice and their temperature dependency at a fixed 
state of order has been carried out on the ferromagnetic alloy Ni3Mn 
which shows characteristic properties different from the same A;B 


type Ni3Fe. 


Measurements were made by the apparatus described in 


Report I. Ni3;Mn is known to undergo an order-disorder transformation 
in the temperature range 600°C to 800°C. Major results obtained are; 
(1) the ferromagnetic Curie point increases from below room tem- 
perature at the disordered state to over 490°C at the ordered state, 
(2) saturation magnetostriction is very small and the temperature 
dependence complicated, (8) large and long magnetic after-effects were 
found at the intermediate states of order. 


§1. Introduction 


As mentioned in our previous report on 
NizFe, Ni;Mn has two characteristic features 
as a ferromagnetic alloy with an order-dis- 
order transformation. Firstly, it has no 
definite transformation point which is charac- 
teristic of the A;B type alloy. The trans- 
formation takes place over a wide range of 
temperature extending from 300°C to 600°C. 
As for the magnetic properties, the alloy is 
paramagnetic at the disordered state (room 
temperature) with ferromagnetism appearing 
with the formation of the superlattice. Pre- 
vious experiments have placed particular 
stress on the investigation of the above men- 
tioned characters. The discussions have been 
mainly pointed towards the questions, (1) in 
what manner can the electrical resistance- 
temperature equilibrium curve (Kaya and 
Nakayama”, Thompson”) be explained from 
the point of view of superlattice formation, 
and (2) how do the magnetic properties, in 
particular, the saturation magnetization and 
the Curie point change with order? In view 
of the fact that X-ray analysis has not been 
able to detect a superlattice line in Ni;Mn 
and from considerations of properties such as 
the absence of hysteresis in the electrical 
resistance-temperature curve, the form of the 
anomalous specific heat, and various magnetic 
properties, Kaya, in his second paper*, sug- 
gested that probably no long range order was 


formed in this alloy and that only short 
range order was’ being formed in the tem- 
perature range 300°C to 600°C. On the other 
hand, Thompson sets 510°C as the transfor- 
mation point by considering his results on 
measurements of saturation magnetization 
made on samples quenched from various tem- 
peratures. In his calculations, Sato” concludes 
that it is perhaps more appropriate to consider 
the existence of long range order at least be- 
low 480°C (1/% vanishes at 480°C). 

As for question (2), Kaya concludes that the 
Curie point for the disordered state is below 
room temperature and increases with the for- 
mation of the superlattice, rising to over 
480°C at the ordered state, whereas Thompson 
estimates the Curie point of the ordered state 
to be 460°C. Both authors, however, did not 
make direct observations on the change of 
the Curie point. 

The factors influencing such phenomenon 
are very complicated, the two cooperative 
phenomena interacting with each other in an 
intricate fashion. We have attempted to 
simplify matters by approaching the problem 
in a manner discussed in the previous report, 
i.e. by measuring the magnetic properties and 
their temperature dependence at a fixed state 
of order, with hope that the results will pre- 
sent a clearer insight in the underlying 
mechanism. 

In contrast with the case of Ni;Fe, very 
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few measurements have been made on the 
magnetic properties of NizMn. To the au- 
thor’s knowledge, no detailed investigations 
on the magnetic properties outside of the 
saturation magnetization have been reported. 
Therefore we shall first report some supple- 
mentary data obtained. During the course 
of experiment, a hitherto unknown effect, 
namely an anomalous magnetic after-effect 
was found to be present at the intermediate 
states of order. Preliminary measurements 
on this anomaly will also be reported. 


$2. Sample and Experimental Procedure 
Samples prepared by Kaya®) in form of a 
rod 220 mm long and 1.5mm _ in diameter 
were used. The composition was 24.7% Mn, 
74.39 Ni, with about 1% richer in Mn as 
compared to the stoichimetric composition of 
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Fig. 1. Magnetization curve for various state 
of order of Ni;Mn at room temperature. 
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Ni;Mn (23.8% Mn). | 
The heat treatment for superlattice forma-} 
tion was performed according to the method] 
prescribed by Kaya. A sample annealed at. 
1000°C for 1 hour, cooled slowly to 700°C,}) 
held at 700°C for another one hour, then} 
cooled from 700°C to 500°C at the rate of) 
20°C per 30 min., from 500°C to 480°C at the|f 
rate of 10°C per 30 min., from 480°C to 300°C | 
at the rate of 20°C per day, and finally cooled | 
in the furnace very slowly down to room | 
temperature was defined as to be in a state | 
of perfect order. Intermediate degrees of | | 
order were formed by leaving the sample at | 
a certain temperature (under 700°C) for 1 J 
hour and then quenching it in air to room J 
temperature. 
The magnetic properties were measured by 
the apparatus described in the first report. 


measured by the method described 
in Report I. The magnetic after- 
effect was measured by the ballistic 
method. A system was constructed | 
so as to enable the search coil to be 
pulled out from the central portion 
of the specimen automatically at a certain | 
time after the application or removal of the 
external field. With this system it was possible 
to measure the magnetization from 0.3 sec. up 
to several days after the application, removal 
or change of the external field. 
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§3. Experimental Results 
§3.1 Properties at Room temperature | 


Fig. 1 show the magnetization curve for — 
various states of order at room temperature. 
The saturation magnetization increases ab- 
ruptly from the 530°C quenched sample, and 
continues to increase up to the 400°C quench- 
ed sample. Samples quenched from under 
400°C maintain approximately the same 
value. The results are plotted in Fig. 2 
(quenched curve). The discrepancy from the 


| the case of NiFe. 
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results obtained by Kaya e¢ al. is perhaps due 
to insufficient saturation because of the rela- 
tively low external field employed in our ex- 
periments (100 Oe)*. The magnetization 
curves become steeper with the increase of 
_ Saturation magnetization. The saturation 
, Magnetization stays approximately constant 
. after the 400°C quenched state is passed and 
the magnetization curve shows a slight de- 
. crease in slope. Although the change involv- 
| ed is small, the later stage closely resembles 
However, for the discus- 
sion of the change in slope of the magneti- 
zation curves to have any significance, the 
effect of the change in saturation magnetiza- 
tion has to be taken into account. When this 
is considered, it is seen that the slope reaches 
a maximum at the 460°C quenched state. 
The irregular behavior of the magnetization 
curve at weak fields is due to the magnetic 
after-effect and will be discussed later. It 
must be noted here that the entire magneti- 
zation curve was measured in a relatively 
short length of time (15 minutes). We shall 
see later that all the irregularities tend to 
disappear if the time for measurement is taken 
longer. Fig. 3 shows the change in initial 
susceptibility with order. The initial suscep- 
tibility was unaffected by the time for mea- 
surement. It increases rapidly with order, 
reaching a maximum at the 400°C quenched 
state. Taking into account the change in 
saturation magnetization measured by Kaya, 
the initial permeability shows a sharper maxi- 
mum at the 460°C quenched state. Fig. 4 
shows the change in coecive force with order. 
As there is a time effect, measurements were 
all made at 100 seconds after the application 
of the field. It is seen that there is a sharp 
maximum for the 500°C quenched state. Fur- 
ther details of the time effect will be discus- 


sed later. 


§3.2 Temperature Dependence of the 
Magnetic Properties 

The specific heat-temperature curve mea- 
sured by Kaya et. a@l.°) and Thompson show 
that transformation of order-disorder takes 
place over a wide range of temperature ex- 
tending from 300°C. Therefore it is impos- 
sible to measure the temperature dependence 
of magnetic properties of an ideally fixed 
state of order up to the Curie temperature. 
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However, the presence of temperature hyster- 
esis? in the electrical resistance-temperature 
curve measured at the rate of 2°C per minute 
and the fact that it takes several hours for 
the electrical resistance to reach an equilibrium 
value” imply that if the temperature were to 
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Fig. 38. Change of initial susceptibility with 
quenching temperature at room temperature. 
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Fig. 4. Change of coercive force with quench- 
ing temperature. 


be raised at a sufficiently rapid rate, the 
degree of order can be maintained to an ap- 
preciable extent up to higher temperatures. 
Fig. 5 shows the temperature dependence of 
magnetization at 98 Oe for various state of 
order measured with a heating rate of over 
50°C per minute. The temperature at which 
ferromagnetism disappears increases with 
order from 360°C for the 510°C quenched 
state to about 480°C for the perfectly ordered 
state. The temperature at which ferromagne- 
tism disappears is plotted against the quench- 


* Thompson does not give absolute values. 
His curve was plotted by making an arbitray fit 
of the scale. 
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curve (Fig. 5) for the various 


ordered state, there exists an | 
anomaly indicated by the dot- | 
Although the effect | 
is not very clear there are | 


ted lines. 


reasons to believe that this 
anomaly may be due to the 
existence of two phases with 
different Curie points. 

Fig. 7 shows the temperature 
dependence of susceptibility at 
an applied field of 8.16 Oe. The 
irregularities in the curves under 
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Fig. 5. Temperature dependence of magnetiza- 
tion at 98 Oe. for various states of order. 
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Fig. 6. Change of temperature at which ferro- 
magnetism disappears with quenching tem- 
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Fig. 7. Temperature dependence of suscep- 
tibility at 8.16 Oe. for variovs states of order. 


ing temperature in Fig. 6. The slope is steep 
down to the 460°C quenched state and be- 
comes nearely horizontal from there on. It is 
noted that in the magnetization-temperature 


200°C for the intermediate states 
of order arise from the previous- 


ly mentioned time effect”. 


§3.3  Magnetostriction 


The magnetostriction-magnetization curve 
at various temperatures for the perfect order- 
ed state is shown in Fig. 8. The values are 
very small, barely exceeding 10-° at the most. 
Thus it is very difficult to establish any 
quantitative relations. It is clear, héwever, 
that the magnetostriction changes sign from 
negative to positive as the temperature in- 
creases. Fig. 9 shows the temperatre depen- 
dence of saturation magnetostriction 4; at 
various states of order. The saturation mag- 
netization was measured as fast as possible 
at temperatures over 400°C where the de- 


struction or formation of the 
superlattice is accelerated. For 
the ‘ordered state 2; ‘Starts 


—1.0-10-® at room temperature, 
becomes zero at about 110°C, 
reaches a maximum of 1.5-10-6 
at 300°C and then decreases to 
zero at the Curie point. The 
general form of the curve is the 
same for all states of order. It 
is seen that the value at maximum 
shifts to higher temperatures as 
the order increases. In order 
. words, there is a contraction at 
room temperature and expansion 
at 300°C which increase as the 
order increases. A; for various states of order 
coincide at about 200°C. The behavior as a 
whole is very complicated but systematic. 


* It is noted that this time effect does not 
appear for high external fields so the values for 
saturation magnetization are unaffected. 
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Fig. 8. Magnetostriction—magnetization curves 
at various temperatures for a perfect ordered 
state. 
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Fig. 9. Temperature dependence of saturation 
magnetostriction for various states of order. 


§3.4 Magnetic After-Effect 

In the course of our experiment, a large 
magnetic after-effect which could be measured 
over a duration as long as a weak was found 
to exist in samples at intermediate states of 
order, namely those quenched from 500°C~ 
480°C. Weshall, as an example, describe the 
500°C quenched case. The magnetization 
curves shown in Fig. 10 were plotted by ap- 
plying a field and measuring the magnetization 
after various time intervals as indicated in the 
figure. In order to express the amount of 
after-effect on the virgin curve, we introduce 
a quantity 7 defined as 

7 = (Loo —L)/h ) 
where { and Joo are the values of magneti- 
zation at 1 sec. and 1000 sec. after the appli- 
cation of the field. The quantity for the de- 
scending branch of the hysteresis curve is 
defined as 
1’ =(Loo—L)/(Us—hh) , 

where J; the saturation magnetization. Fig. 
11 shows 7 and 7’ for different values of the 
applied field. A sharp maximum is seen on 
both the virgin and the descending hysteresis 
curves at points corresponding to the maxi- 
mum reversible susceptibility. Both y and 7’ 
reach a value of 140% at the maximum. The 
major portion of the magnetization versus 
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time curve can be expressed by the relation, 
I=Ih+alogt 
I=1+B log¢ 


virgin curve 
descending branch of the 
hysteresis curve. 


The dependence of a and # on the applied 
field is shown in Fig. 12. The curves resem- 
ble those of y and 7’. 
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Fig. 10. Time effect on magnetization curve 
for a 500°C quenched specimen. 


Fig. 11. Variation of y and y’ with an applied 
field strength. 


Due to the presence of the after-effect, the 
coercive force AH is also a function of time. 
The influence of the after-effect on the coer- 
cive force is shown in Fig. 13. It is seen 
that the value of A, decreases logarithmically 
with time for all states of order. The rela- 
tion between amax//; and H; (after 100 sec.) 
is shown in Fig. 14. The figure shows the 
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Table I. Electric and Magnetic Properties of Niz;Mn at Room Temperature. 
ect. ce _ Specifi bol Sa Magnetic “Initial Saturation 
Btate of aeaees a Curie Point Suscep- Magnetostriction 
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530°C q. 69or 90 3 
510°C q. 3.7 287 363 7 
500°C q. 60.8 335 383 19 
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applied field strength. 
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straight line in agreement with the measure- 
ment for Alnico V® 

Various properties of Niz;Mn at room tem- 
perature are listed in Table I. 


netization with order is, in agreement with 
previous measurements, rapidly increasing at 
the initial stage of order formation. 
crease above the 400°C quenched state is very 
small and of comparable order with the entire 
change in the case of Ni;Fe. 

The temperature at which ferromagnetism 
disappears was seen to increase with the in- 
crease of order. These points, however, can- 
not be immediately regarded as the ferro- 
magnetic Curie point because even with a 


heating rate of over 50°C per minute, the: 


destruction or formation of the superlattice 
cannot be neglected. Thus the true curve for 
the dependence of the Curie point on order 
must be more exaggerated than the curve 
shown in Fig. 6. In short, our results lead 
us to the conclusion that the Curie point ac- 
tually increases with the formation of the 
superlattice in contrast with Thompson’s 


The in- | 


1954) 


argument which sets the Curie point at 460°C 
regardless of the state of order. 

The behaviour of the highly ordered states 
namely the small increase in saturation mag- 
netization and Curie point, decrease of the 
susceptivelity, increase in the magnitudes of 
magnetostriction is quite similar to the 
changes encountered in the second stage (1 hr. 
to 20 hrs. at 490°C) of superlattice formation 
in Ni;Fe (refer previous report). This infers 
that the mechanism of order formation and 
the interaction with the alignment of spin 
moments is similar for the two alloys at the 
respective regions of superlattice formation. 

Thus the apparently intricate influence of 
order on the magnetic properties is to some 
extent made more clear. However not much 
can be said from our results as to how the 
formation of the superlattice takes place. 
Shull has recently shown by neutron dif- 
fraction that long range order does indeed 
exist in the ordered state of Ni,;Mn. 

Although the apparent change in magneto- 
striction with order and temperature is quite 
complicated, the behavior as a whole is 
systematic. It is difficult, however, to inter- 
pret the results along Smoluchowski’s line! 
discussed in the previous report. 

The anomalous magnetic after-effect which 
was seen to be closely related with the state 
of order is a very interesting problem. The 
measurements reported here are of preliminary 
nature. We hope to report further measure- 
ments concerning this effect to throw light 
upon the mechanism in our next report. 


§5. Conclusion and Acknowledgement 
The rise of the Curie point, changes in the 
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magnetization curve and magnetostriction 
with the formation of order and the tempera- 
ture dependence of some of these properties 
at a fixed state of order has been reported. 
An abnormally large and long magnetic after- 
effect was found to exist at intermediate 
states of order. 
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Heating the specimens of aluminium-silver alloy which are in 
thermal equilibrium, from the room temperature to above the two 
phase boundary, the changes of specific heat and electrical resistance 
have been examined: from the characteristic changes of them due to 
the resolution of precipitated phase, the solid solubility curve or 
“solvus” of silver in aluminium has been determined. 

A remarkable change in the direction of the solvus at about 20 
atomic percentage of silver and at 526°C which was for the first time 
observed by Raynor and Wakeman through their micrographic ex- 
amination, has been reconfirmed. 

Besides, the energy of solid solution and accompanied entropy change 
have been determined and shown plotted against silver content from 
1.3 to 50 atomic %. Both curves show a bending which is probably 
attributable to the effect of the electronic band structure of pure 


aluminium metal. 


The energy of valence electrons in the solid solutions has been e¢al- 
culated by means of the state density curve due to Matya8, Axon and 


Hume-Rothery. It was found: 


In order to explain the observed in- 


creasing of the energy of alloys, it seems that aluminium must have 
2.5 electrons per atom but not three. 


$1. 


In the course of studies on the mechanism 
of precipitation phenomena in aluminium rich 
aluminium-silver alloys, it became necessary 
to know the complete solid solubility curve. 
Hitherto an abnormally extensive solubility of 
silver in aluminium has been reported by 
several investigatorsD-). 

Recently Raynor and Wakeman®) have ex- 
amined the solvus from 2.7 up to 27.3 atomic 
% of silver and obtained a result very much 
different from all of the previous workers. 
They have used micrographic technique and 
materials of very high purity. The wide di- 
vergences in the results of earlier workers, 
they say, should be attributable to the impure 
materials. 

Subsequently to them, Rotherham and 
Larke” have redetermined the solvus for the 
alloys of lower silver content from 0.3 to 2.1 
atomic % by electrical resistance and X-ray 
measurements. They have shown that their 
solvus can be linked with that of Raynor and 
Wakeman by a smooth curve. 

Now having examined the temperature de- 
pendence of the specific heat and the electri- 


Introduction 


cal resistance with sufficiently aged specimens, 
we have also obtained the solvus curve which 
is in precise agreement with the Raynor and 
Wakeman’s. And at the same time we have 
obtained the energy and entropy of solid solu- 
tions as a function of silver concentration. 

Raynor and Wakeman have suggested that 
the characteristic kink of the solvus curve is 
possibly attributable to the irregular hump of 
the free energy curve which they have ex- 
pected to be present at about 2.6 electrons 
per atom. 

Now that we have actually obtained the 
energy curves, it should be our task to see 
whether this energy curve should be explained 
by the electronic energy band, and if so, how 


much electrons the aluminium metal must 
have. 


§2. Materials Used, Heat Treatment 


The alloys containing from 1.3 to 50 atomic 
% of silver were prepared from assay silver 
(99.99% pure) and superpure aluminium (99.99 
% pure). The metals were melted in a gra- 
phite crucible, well stirred with graphite rod, 
cast into a chill mould, cold worked and then 
annealed to remove the casting structures. 
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The specimens used for the specific heat 
measurements were cylinders, 2cm in dia- 
meter and 3cm high; those used for the 
electrical resistance measurements were square 
bars, having dimension of 0.2cm thick, 0.3 
cm wide and 10.0 cm long. 

After a long enough annealing had been 
given at a temperature in one phase region, 
the alloys were cooled down to the room tem- 
perature very slowly. The time elapsed for 
the cooling was 80~100 hours, which was 
sufficiently slow to get the two phase state, 
for no trace of supersaturation could be detect- 
ed anymore. 


§3. Experimental Methods 


The specific heat measurements were car- 
ried out from room temperature to above the 
solvus by the adiabatic high temperature 
calorimeter of the Nagasaki-Takagi type®, 
which seems to be suitable for the present 


' work because of its sensitivity to small ener- 


getic changes prior to any sign of the trans- 
formation detectable by means of X-ray or 
micrographic technique. 

The heating rate used most often was about 
2°C per minute, although the same results 
were also obtained by other heating rates; 1°, 
2.5° or 4°C per minute. 

The electrical resistance has been measured 
by a potentiometer method. Four silver con- 
tactors were pressed to the specimen. Two 
of them were for the current leads and the 
other two were pressed at a distance 5cm 
apart for the potential leads. 

The apparatus was set in vacuum to pre- 
vent oxidation. The heating rate was the 
same as used in the specific heat measure- 
ments. 


§4. Experimental Results 

The results obtained are shown in Figs. 1 
and 2. In Fig. 1 three dimensional relation 
among the specific heat, the silver content 
and the temperature is illustrated. 

The ordinary part of the specific heat due 
to the lattice vibrations is here disregarded 
because of its insignificance for the present 
purpose. 

Three typical humps of heat absorption are 
clearly distinguishable in Fig. 1, which are 
shown separately in Fig. 2 above those of the 
electrical resistance. 
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Fig. 2(a) is a normal type curve which is 
characteristic with the alloys containing less 
than 16.4 atomic % of silver. The tempera- 
ture denoted by A, where the heat absorption 
attains its maximum and above which the 


Cp 


Fig. 1. Relation among specific heat, silver 
content and temperature. 


curve falls down almost vertically to the 
normal value, corresponds to the two phase 
boundary. It was observed that the slower 
the heating rate is, the sharper the peak of 
heat absorption curve becomes, but, never- 
theless, the heating rate does not affect ap- 
preciably the position of the temperature A. 

On the other hand, 20.0, 21.3, 22.0 and 23.4 
atomic % alloys show Fig. 2(b) type, in which 
two inflexion points denoted by A and B shall 
be observed. Whereas the temperature of the 
point A depends upon the silver content just 
as so in the case of (a), the temperature of 
the inflexion point B is entirely independent 
of the silver content; it is recognized for all 
alloys at a constant temperature, 526°C. 

With 27.3, 36.8 and 50.0 atomic % alloys, 
Fig.2 (c) type is observed. The characteristic 
heat absorption denoted by C occurs at 566° 
~568°C. It is clearly due to the eutectic 
reaction. And here also the inflexion point 
denoted by B is recognized at the constant 
temperature 526°C for all alloys regardless of 
their concentrations, just as so in the case 
of (b). 

As shown in Figs. 2(a’), (b’) and (c’) the 
change of electrical resistance corresponds 
exactly to the change of the specific heat. 

The silver content dependence of the three 
temperatures A, B and C was shown in Fig. 
las a projected trace on the temperature- 
silver content plane. 
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Fig. 8. (a) Energy of solid solution, (b) Entropy 
of solid solution. 


From the heat absorption curves we have 
calculated the energy of solid solution, and 
plotted them against the silver content in Fig, 
3(a). Above 10 atomic % the curve decreases 
gradually its slope but again a steeply increas- 
ing portion is reached. At a point denoted 
by Q, the extrapolation of the lower content 
portion crosses the straight line, RR’, given 


point and is at 23.8 atomic %. 

Fig. 3(b) represents the entropy changes in 
the formation of solid solutions, derived from > 
the heat absorption curves obtained above. 
It should be compared with the dashed curve, 
which represents the ideal mixing entropy, 

—R{6 log 6+(1—8) log 1—6)}, 
where R is the gas constant and @ is the 
mole fraction of silver. 

In Fig. 4, the dependence of the specific — 
electrical resistance upon the silver content 
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are shown for two states; the one is attained 
| after quenching from 560°C to water and the 
other after slow-cooling in the furnace from 
560°C to room temperature at a rate of 2~5°C 
per hour. The former is denoted by og and 
the later by p.1; the difference between them, 
Pg—oa, is shown by a dashed line. 


§5. Interpretation of the Results and 
Discussions 


As shown in Fig. 1, the projected trace of 
the point A is the solvus curve in the phase 
diagram. Let us show it again in Fig. 5 in 
comparison with that of Hansen*®». Our curve 
overlaps exactly that of Raynor and Wakeman, 
the two can not be separated in the figure. 
/ As was expected from Figs. 2(b) and (c) where 

the inflexion point B at 526°C occurs inde- 
pendently of the silver content, a marked 
change in direction at about 20 atomic % and 
526°C was thus reconfirmed. 
The heat absorption curves cannot be due 
to some transformation in the phase with 
which the solid solution is in contact. Raynor 
and Wakeman have illustrated the log S versus 

1/T curve, where S is atomic % of soluble 
| silver at the absolute temperature JT, and 

indicated that the form of the curve is not 

typical of systems in which the change in 

the direction of the solvus is due to some 

transformation in the phase with which the 
_ primary solid solution is in equilibrium. 

As shown in Fig. 4, we obtained a straight 
line by plotting (gg—p.4) against the silver 
content, though both pg and o. curves show 
the characteristic inclination which seems just 
corresponding to the solvus. Then the de- 
crease in the electrical resistance due to the 
precipitation is proportional to the silver 
content of the alloy. 

From Fig. 2(c) it was recognized that the 
eutectic temperature lies between 566° and 
568°C, which is in good agreement with the 
temperatures 567°, 568°, and 566°~568.5° 
reported respectively by Petrenko”, Crepaz*, 
and Raynor-Wakeman”. 

The point Q in Fig. 3(a) shows that the 
maximum solid solubility is 23.8 atomic % at 
the eutectic temperature, and the energy of 
solid solution for this maximum concentration 
is about 970 cal. per mol. The straight line 
RR’Q given at higher silver content is a 
typical one for the alloys with the eutectic 
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reactions. 

If the solvus were to have a normal form 
as shown by the dashed curve in Fig. 5, then 
the energy of solid solution should also have 
a normal form as represented by the curve 
PP’Q’, whereas dashed curve PQ’’Q’ repre- 
sents the one which must be obtained if the 
solvus is deflected as in the present case. Then 
it is obvious that the abnormal great increase 
of solid solution energy, as P’Q, can not be 
associated with the deflection on the solvus 
itself. 
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Fig. 5. Solvus Curve. 


The conceivable origin is the effect of the 
electronic energy caused by the electronic band 
structure of aluminium metal. For the esti- 
mation of this effect with sufficient certainty 
it is desired to know the detailed distribution 
of the electronic energy states in aluminium. 

We have referred to the N(E) curve which 
has been given by Axon and Hume-Rothery™, 
based on the theoretical work of Matyas'™. 
(Fig. 6) The curve is defined such that 
N(E)dE gives the number of electronic states 
per atom with energies between EF and E+dE. 
From this we have calculated the mean energy 
per electron, 

=> Bb 1) 
B= > NE) Ef > eNG@ 
AN=0 A=0 


and have plotted it against the number of 


734 


A 
electrons, >) N(E) per atom. (Fig. 7) 
H=0 


No abnormality can be predicted in the 
region of 2.6 electrons per atom, where Ray- 
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Fig. 6. Distribution of the Electronic Energy 
State in Aluminium, after Axon and Hume- 
Rothery. 
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nor and Wakeman have expected the occur- | 
rence of some irregularity to affect the free | 
energy composition curve, but the deviations 
from the normal smooth curve have in fact | 
been found at two positions AB and CD; the |} 
former upward deviation is related to 2.2~ | 
1.9, and the latter downward deviation is re- 
lated to 1.4~0.6 electrons per atom. The CD jf 
deviation seems to be insignificant for the |] 
present work because of its too small electron: | 
atom ratio. 

As a matter of record, many properties | 
suggest that the number of bonding electrons | 
in metallic aluminium is less than three. 
Recently Dorn and his coworkers”! have | 
suggested that, in order to get a systematized 
relation of the effect of alloying elements on | 
the plastic properties of aluminium alloys, it | 
is necessary to assume two rather than three | 
bonding electrons per atom. Furthermore | 
they™ examined the effect of additional ele- 
ments, Cu, Zn, Ge, Ag, Cd, and Mg, on the | 
electrical resistance of aluminium and apply- | 
ing the Norbury rule’, suggested that the © 
effective vaelnce of aluminium must approxi- 
mately be 2.5. If we adopt this value, themax- 
imum solid solubility limit and the kink point 
of the solvus correspond respectively to about 
2.16 and 2.20 electrons per atom as shown in 
Fig. 8. As shown in Fig. 7 by an arrow the 
deviation AB attains it maximum at the point 
of maximum solubility. The point A where 
the deviation begins corresponds to the point 
of inflexion on the solvus. The maximum 
deviation SS’ in Fig. 7 seems to cause the 
maximum abnormal increase in the energy of 
solid solution, QQ’ in Fig. 3(a). SS’ is evalua- 
ted as 600~700 cal/moi., and is in satisfactory 
agreement with the experimental result of 
QQ’=500 cal/mol. 

In contrast to the increasing tendency of 
solid solution energy, the entropy change ac- 
companied with them shows rather an incli- 
nation of decreasing sense as shown in Fig, 
3(b), where the observed entropy change runs © 
nearly parallel with the entropy of ideal mix- 
ing at lower silver content, but above 15 atomic 
% the former begins to deviate downward. 
The entropy of valence electrons can be 
written’), 


S=NM(7x7/3)T , (AR ie 


where WN is the state density at the Fermi 
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surface of the electron band, k the Boltz- 
mann constant and T the absolute tempera- 
| ture. Then the higher the state density at the 
Fermi surface of the electron band is, the 
higher the electronic entropy is. In the present 
case, the downward deviation YY’ in Fig. 3(b) 
seems to be caused by decreasing state density 
jat the Fermi surface. In Fig. 6, the points 
X and Y correspond respectively to X and Y 
in Fig. 3(b). Inserting the values obtained 
from Fig. 6 into the Eq. (1), we have comput- 
ed the difference of entropy between X and 
Y and obtained 0.06 cal/mol.deg. which is in 
good agreement with the experimental result 
as shown in Fig. 3(b), for YY’ is about 0.05 
cal/mol.deg. 

Moreover, if we assume 2.5 valance electrons 


| | | ! 
25 24 pies! 22 a 


<— ELECTRON: ATOM RATIO — 


100 


Fig. 8. Comparison of solvus curves of Al-Ag 
and Al-Zn systems. 


per aluminium atom, we can obtain further 
interesting results. This shall be illustrated 
in Fig. 8, where the two solvus curves of Al- 
Ag and Al-Zn'™® systems are plotted in terms 
of the electron:atom ratio. It seems that the 
same factor may be responsible for the 
anomalous form of the solubitity relations in 
both systems. The correlation demonstrated 
in Fig. 7 implies that the portions of the 
maximum solid solubility limit of the two 
solvus curves occur approximately at the same 
electron:atom ratio. And at the same time 
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this correlation may add another powerful 
evidence for the assumption of 2.5 electrons 
per atom of aluminium. 

This will not at all be unreasonable, because 
the electron:atom ratio must play the most 
important role in both systems where the 
atomic size factor are favourable for solid 
solution. To get more informations, it is 
desired to determine the solvus curve for 
ternary cases of suitable compositions inter- 
mediate between Al-Ag and Al-Zn systems. 
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A A-shaped change in the thermomagnetic curve in iron sulfide 
FeS,.19 (y-transformation) was investigated experimentally. It was 
found that the height of peak was increased by decreasing the heating 
speed of the specimen. Temperature hysteresis in the thermomagnetic 
curves were also found at the low temperature side of the peak. Excess 
specific heat corresponding to the thermomagnetic anomaly was 
observed; the amount of anomalous heat absorption during the trans- 
formation was of the order of 100 cal/mol. It was concluded that the 
change of magnetism at the transformation is due to the ferrimagnetic 
distribution of ferrous and ferric ions and the change of vacant site 
distribution at the transformation. 
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§ 1. 


The magnetism of iron sulfides FeS, with 
comparatively high sulfur content 2 (#<1.12) 
has been considered! as a sort of ferrimag- 
netism”). Namely in these substance magnet- 
ism is considered to arise from the difference 
of the net magnetic moments between the 
two interpenetrating sublattices, one of which 
contains the vacancies in the iron sites in the 
ordered arrangement*® whereas the other does 
not. According to Haraldsen®, the magneti- 
zation of FeS: with w=1.12 appears to be of 
the normal Weiss fourm. On the other hand, 
when x~1.11 there appears a A-type anomaly 
superposed on the ordinary Weiss curve. 
When «x decreases to 1.10 the magnetization 
versus temperature curve becomes entirely of 
the A-type. In other words, when the tem- 
perature is raised from room temperature 
the magnetization of FeS,..9 is at first very 
small whereas above a certain temperature 
(~200°C), the magnetization increases very 
rapidly and soon reaches its maximum value 
and them decreases along the normal Weiss 
curve. The temperature at which the magne- 
tization vanishes is slightly lower than Ts, 
the Curie point of antiferromagnetic spin ar- 
rangement. 
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On the other hand the curve” of suscep- 


tibility as a function of temperature of an 


antiferromagnetic FeS, with comparatively 


7 


small excess sulfur content x(1.06<#<1.09) 


has a peak between the temperatures T°) and | 


Ts®. When x reaches 1.10 this peak (which 
is designated by 7) transfers to the A-type 
spontaneous magnetization mentioned above. 
To obtain more information about the A-type 
curve we have tried to measure the suscepti- 
bility of these substances. The purpose of 
this report is to present some experimental 
evidences concerning the above behaviours 
and to discuss the mechanism of this peculiar 
magnetism. 


§ 2. Specimens and the Experimental 
Apparatus 


The details on the preparation of the sample 
used and the apparatus for measuring the 
susceptibility, an automatic type of magnetic 
balance, have been reported in other papers®”. 
The apparatus for the heat capacity measure- 
ment was also the same as that described in 
the previous report®). 


on these apparatus will be omitted. 


For the measurement of magnetic suscep- 


tibility 2 as a function of temperature, the 
spceimen to be measured was packed into an 
evacuated thin capsul made of fused silica. 
The diameter, length and thickness of the 


* This investigation was supported in part by 
the Grant-in-Aid of Fundamental Scientifie Re- 
search of Ministry of Education. 
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capsul were about 5mm, 20 mm and 0.5 mm 
respectively. The weight of the specimen 
used was about 20 mg. 


| §3. Experimental Procedures and Results 


Before each measurement the specimen was 
heated at 1000°C for a sufficiently long time, 
then cooled down to 300°C per hour. The 
heating circuit of the electric furnace was 
then opened and the specimen was left to cool 
down in the furnace to room temperature at 
very slow rate. 

The susceptibility as a function of tempe- 
' rature for FeS, .o9 at the various rates of tem- 
| perature change are shown in Figs. 1, 2 and 
3. The rate of temperature change in the 
course of susceptibility measurements cor- 
responding to Figs. 1, 2 and 3 were 300°/hour, 
100°/hour and 30°/hour, respectively. The 
arrows in these figures show the direction of 
temperature change. Curve 1 in Fig. 1 shows 
the change of susceptibility with increasing 
temperature and curve 2 the change with de- 
creasing temperature. Curve 3 in the same 
figure shows the change of susceptibility when 
the specimen was reheated immediately after 
the second run corresponding to curve 2. 
The curves in Fig. 2 also show similar results 
of susceptibility measunements as shown in 
Fig. 1 but the rate of temperature change 
was about one third of the corresponding 
cases. It can be seen from Figs. 1 and 2 
that cooling and reheating are accompanied 
by a thermal hysteresis. It was also confirm- 
ed that these thermal hysteresis observed re- 
producible. When similar measurements were 
performed with a slower temperature change, 


X Susceptibility x/0% 
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H=1470 Oe 
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Temperature in TC 
Fig. 1. The change of susceptibility of FeS1.10 
with temperature change at rate of 300°C per 
hour under the applied magnetic field of 1470 
Oe. 
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Fig. 2. The change of susceptibility of FeSi.19 


with temperature change at rate of 100°C per 
hour. 
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with temperature change at a rate of 30° per 
hour. 
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Fig. 4. The heat capacity of FeSi10 as a fune- 
tion of temperature. 


the largest value of A-shaped susceptibility 
and no thermal hysteresis were observed. 
(Fig. 3). 

These figures infer that the magnetization 
may be considered as a sum of two parts, 
one of which is a A-shaped ferrimagnetism 
and the other of the ordinary Weiss type. 
The former increases whereas the latter de- 
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creases with decrease of the rate of tempera- 
ture change. It should be noted here that the 
apparent magnetic Curie point 7; remains 
unchanged and equal to 280°C whereas the 
T; of discontinuous rise of this A-shaped 
magnetism (about 200°C) is slightly shifted to 
lower temperatures with the increase of cool- 
ing rate. The specific heat of this specimen 
was measured in the same temperature range 
as that of susceptibility measurements. A 
broad hump of specific heat was found in 
the temperature of y-transformation, Ty, for 
the specimen of FeS;.19 as shown in Fig. 4*. 
The rate of temperature increase was 0.3°C 
per minute. As shown in Fig. 4 there are 
two anomalies in the specific heat at tem- 
peratures of about 220°C and 315°C. The 
anomalous heat absorption at the latter tem- 
perature correspond to the #-transformation 
mentioned in the previous paper®. 


$4. Discussions 


In the previous paper’, we tried to explain 
the A-shaped ferrimagnetism by the occur- 
rence of two types of electronic ordered states. 
We will try to modify this mechanism taking 
into account the ordered arrangement of holes 
which was proposed firstly by Benoit and 
Bertaut®, 

By similar considerations as mentioned in 
the previous paper, we can explain the 
origin of this A-shaped spontaneous magneti 
zation as follows: When the substance FeS, .o9 
is cooled from sufficiently high temperature 
it becomes antiferromagnetic at the tempera- 
ture T's (~320°C), and when the temperature 
reaches T; (~280°C) an ordered arrangement 
of holes (superlattice I) occurs among the iron 
lattice sites as in the case of Fe;Ss at 560°C. 
Consequently an unbalance of the net spin 
moment of the two sublattices occurs. There- 
fore this magnetism must be considered as a 
sort of ferrimagnetism. At lower tempera- 
tures it is assurmed that there another type of 
superlattice (superlattice II) of the holes. In 
the superlattice II, however, the density of 
ions in the two magnetic sublattices is assumed 
to be just equal with each other. Thus, in 
this state, the unbalance of net spins between 
the two magnetic sublattices disappears com- 
pletely and the substance becomes antiferro- 
magnetic. Hence if the superlattice II is more 
stable than the superlattice I, then the ferri- 
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magnetic state which occurred at 280°C should 
transform into the antiferromagnetic state at] 
low temperatures. As mentioned in the pre} 
vious section the anomalous heat obsorption 
was actually found. The anomaly which ap-} 
pears at about 220°C may correspond to the} 
two changes of the holes mentioned above.} 
The peak at 315°C corresponds to the order-} 
dis-order transformation of spin arcangemorsy 
at the Curie temperature Te. 

The thermal hysteresis observed in the# 
susceptibility measurements under fairly rapid) 
temperature change may be explained as fol- } 
lows; If there is a finite relaxation time, 
which is necessary for the change of arrange- J 
ment of holes between superlattices I and II, 
the formation of superlattice I is not com- 
pleted in the case of rapid cooling and super- 
lattice I is partially frozen in. Then the fer- 
rimagnetization due to the superlattice I is not 
destroyed completely as shown by the curve 
1 in Fig. 1. During the reheating course the 
transformation of the remaining superlattice | 
I is promoted and hence the magnetization is 
decreased as shown by the curve 3 in Fig. 1. 
These thermal hysteresis in the susceptibility 
showed decrease with decreasing rate of tem- 
perature change as observed in the present 
measurements. 
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In order to investigate twinning dislocations of metals, a simple 
erystallographical calculation is done, assuming that atomic movements 
are periodic as the twinning plane moves, that there is no diffusion, 
and that atoms come to new twin lattice sites from the most neigh- 
bouring original lattice sites of them. The shear strain S, Burgers 
vector 56, and its associated atomic movements U, and the structure 
of twin boundary are obtained for any crystallographic plane. It is 
shown that U may be easily demonstrated by using a “modified 
lattice” in which 6; diminishes to zero. 

Compared with various twinning planes, the observed twinning planes 
have the following characteristic: their S is the smallest, but their |b;| 
and |U| are not. And when their S is equal to others, the twinning 
planes which have smaller |b;| are liable to twin. There are several 
twinning planes, which are possible to twin, e.g. {481} of @-Sn, and 
{100}, {531}, {221} of Bitype. In {1011} of Mg, S=0.353, and Ky plane 
is such a one as (1320) which is somewhat rotated around the axis 


normal to (1011). 


lattices, using the pole mechanism of crystal 
growth by F. C. Frank. But, it seems im- 
possible to apply it directly to other lattice 
systems, because the formulation of disloca- 
tions has not yet been done. 

However, if we neglect the mechanism of 
the production of twinning dislocations and 
the relation between twinning ones and others, 
e.g. slip dislocations, twinning dislocations 
can be exactly determined from the crystal- 
lographic aspect. In this paper, a simple 
crystallographic calculation is done for some 


$1. Introduction 


The process of mechanical twinning (defor- 
mation twin) has been studied by many 
authors and the results were summarized by 
E. Schmid and W. Boas», C. F. Elam”, F. 
Seitz, and R. Clark and G. B. Craig?. In 
those papers they described many phenomena 
of twinning. On the other hand, on other 
sorts of twins, i.e. annealing twin and natural 
twin, many crystallographists, including I. 
Schracke®) and others, have made the crystal- 


lographical classification of twin planes. Very 
recently, A. H. Cottrell and B. A. Billy® ex- 
plained the mechanism of twinning for cubic 


crystal systems. The shear strain S produced 
by twinning process, Burgers vector Bb; and 
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its associated atomic movements U, and ac- 
cordingly the structure of twin boundaries 
and twinning dislocations are obtained for 
various crystallographic planes. Here we use 
the assumptions which are considered profitable 
from the physical standpoint. 

The shear strain S has been already esti- 
mated by the experimental observation or 
calculated by the consideration of K, plane’. 
But such a calculation has failed when no 
crystallographic plane could be regarded as 
kK, plane. In this paper S can be generally 
calculated only by using twinning plane, i.e. 
K, plane. Next, the structure of twin bound- 
aries, including b; and U, has been suggested 
for some twinning planes!)7>*.9), but they are 
only trials in simple cases. Here it will be 
treated systematically and it is explained that 
there are three types of twinning boundary 
and no other types, according to the assump- 
tions used. 


§2. Calculation 


We consider the case when a twin nucleus 
has already grown and the twin bounds the 
original part with a twinning plane (hi), 
which moves with the passage of a twinning 
dislocation on it. Here we discuss in the ref- 
erence lattice, so that all the positions of 
atoms are represented geometrically by 

R;=m,a+n,b+ pic ; ( il ) 
where a, b, c are vectors which construct a 
unit cell, and (s,”;p;) denote the 7zth lattice 


Fig. 1. The relations among the coordinate- 
systems and the twinning plane. 


point. Also for the twin part, primed re- 
spectively, 

Ri=m/a +n/b' 4+ pice +r > (Os ) 
where r;° is a vector which joins the both 
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/ 
(Vol. 9, 
origins, and it varies with the motion of the, 
twin boundary, on which the lattice point) 
(m’n' p’) lies, for the crystal shears by Bur- | 
gers vector. It should be noticed that the) 
orientations of a’, b’, and c’ are mirror images|: 
of those of a, b. and c, respectively, ACTOSS } 
the (hk) plane, so that (a’b’c’) is the left-) 
handed coordinate-system, when (abc) is the) 
right-handed coordinate-system (as shown in) 
Rigel 
When d denotes the plane distance of (ki) 

of simple space-lattice, IN is the unit vector} 
normal to (hk/), and a, 6, c denote respec-| 
tively the components of a, Bb, c parallel to. 
(hkl) (as shown in Fig. 1), using the following | 
notations: 

m,a+n,b+ pic=T. , 

mht+tnktpl=N:, 
we can reduce (1) and (2) to 

R,=T;+N.dN , 


(Gs) 
and 

R/=T;—N/dN+ri . (29.4 
In @’) and (2’) the first terms on the right- 
hand sides represent the components of R 
and R’ parallel to (hkl), while the second 
terms represent their normal components. 

In order to determine atomic movements of 
twin boundary, such two lattice points are 
extended all over the whole crystal. When 
the distance from an original lattice site 
(mini p:) to a twin one (m,n; p,’) is repre-_ 
sented by a vector: 

Umi ny pi :minmpip=R/—R, 

=r + Ty —T:-W.4 N,)dN , 
(3) denotes the atomic movement from | 
(mini p:) to (m:n, p,). But it is not deter- | 
mined uniquely to which one of the twin | 
lattice sites an atom jumps from some de- | 
finite original lattice site (mp). That is, it 
is not determined uniquely which one of | 
(m'n’p’) must be joined with some (mmnp). 
Hence, unless some physically profitable as- 
sumption is made, we cannot discuss the 
atomic movements of (3). 

Assumption I. There are a few sorts of 
U, which, when the twin boundary moves, 
only appear periodically. It is obvious by the 
periodicity of crystals. 

Assumption IT. The atom which comes 
into some twin crystal lattice site (72,'s,' pi’); 
is at the nearest original crystal lattice site 


(3) 
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Table I. The values of J. (m=0 or integer) 
SPS Ga Ge ; | bi : 
Bi Type and Hg Oe Cece eC | B-—Sn 
(hkl) I (hiel) I (hikl) I ane ee 
ON ey he h+k+l; h+2k=3m, l; odd es 

all odd 1 even 1 l; even 1 h,k; odd and even il 
odd and even 4 odd 3 1; odd xr | h,k; allodd and ,, 
h+2k%3m 1 LOGS . 

| €=4m+2; 
h, fe; all odd 1 
h, kk; odd and even 3 
4 


| l=4m 


‘of it (mmnp), i.e. the distance between (smn p) 
and (m’n’p’) which form U is the nearest 
one, when the twin boundary passes there. 

Assumption III. The whole crystal does 
‘not displace but S, i.e. the average of atomic 
‘movements becomes Burgers vector. It is 
sure of the nature of the reference lattice. 

By Assumption I, we shall consider only a 
narrow band limited by its priodicity. Let 
|the two origins of twin and original crystal 
lattices attach to the both sides of this band. 
'Then these two origins have the same U. 
Now, when (7729299) is joined with the twin 
origin (0/0’0’), and (79'm)’ po’) with the origi- 
nal origin (000), we have, without any limita- 
tion, 


(791929 Do) = (909 Po’) 
Then, 
Uno Pp 900) = 17719 Po) + To —NodN , 
U(000 : 97297) Poy) =1(000)—T,—MdN . 
(4) 
r, however, varies by the shear strain S, which 
is parallel to the (hk/). Therefore, 
r(000)=1o for U(000: 77297) po) , 
119% Po.) =No+MoadS for Ulsnony po:000) , 
(5) 
where f% is an arbitrary constant to be deter- 
mined in each case by Assumption IIT, and 
S is the vector representation of the shear 
strain S. From (4) and (5) we obtain 
S= —(2/Nod)T) (6) 
and Burgers vector 6; of a twinning disloca- 
tion which produces the shear S has the 
following expression, taking the number of 
(Ak1) planes (on which twinning dislocations 
pass) from (000) to (7%Po) as 4, 


b,= —(2/q)To : (7) 


By the use of qg, No may be represented as: 
No=a!, (8) 
where J is a simple number which depends 
on h, k, and Z, and is determined by the 
method analogous to the structure factor of 
X-ray analysis. It is tabulated in Table I. 
Using analytical expression for J), 
iT 2— Ry2—N,2a@? 
= M7 S11 +My7S22+ Po $33 + 2MoMNoSi2 
+29 PoS23 +2 Pomosi3— Noa", C9) 
where s;; are Ejisenstein’s indices of the 
normal lattice. The orientations of § and BD; 
can be represented by using the zone axis, 
[uvw], 


h Spo Si 
u=K ‘AR Soo $53 Mod —Mpo 
1 S23 $33 | 
Su h Sp 2 
v=Ki lS. Rk Sos mee No (10) 
|Si3 ZL S33 
Si Sis h 2 
| |Si2 See ni Nod n : 
| Siz Sx3 


where V is the volume of a unit cell, and & 
is a certain positive number which makes all 
the values of uw, v, and w integral. The 
indices (hkl) of K, plane can be represented 
as follows: 


lig kils= Ro? MoSu+NSi2+ Posis ; 
area Xs h 
|Ro? — MS12-+M0S22+ Poses |. 
No : R 5 
Ro? — MS13-+M0$23+ Poss 
No i S 


If we select the profitable (77f)) for a 
definite (Ak/) plane, S can be exactly deter- 
mined, and moreover, by knowing q, B; also 
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can be determined. 

Then, in order to decide (27%) and 4q, 
and to investigate further the atomic move- 
ments, we deform the crystal virtually and 
remove the effects of Burgers vector. Hence, 
we regard s;; as variable in Eq. (9). The 
condition that S=b,=0 is represented by 


MS +MNSi2+ PoSi3 _ MoSi2+N0S22+ PoS2s 
h _ k 
i MS13 + MyS23-F P0833 =Njd@? . 
l 
This equation cannot determine s,; uniquely, 
but it is sufficient to determine s;;, if only 
the vast change of crystal symmetry can be 
avoided. We take such a crystal lattice as 
satisfying Eq. (11) and call it the ‘ sodzfied 


(11) 


lattice’. For the modified lattice, of course, 
= b= 7, =0% (12) 
A. Type I. At first, when there is only 


one kind of U, which is caused by &, each 
U is equal to (4). Then, using (12), 

Umod(yn’n’ p': mn p)=m—NodN , 
where Umod denotes an atomic movement in 
the modified lattice. Because rp) is an arbit- 
rary constant, we can take 

r=NdN. 

Therefore, 

Umed(m’n’ p’: mn p)=0. CUBS IU) 
This means that in the modfiied lattice there 


Fig. 2. Umod of Type II, in the cross section 
perpendicular to the (hkl) plane. 
the original lattice site; 
x the twin lattice site; 
---- the (hkl) plane. 


are no atomic movements. We must know 
the condition under which each lattice point 
has the same U. 

It can be proved briefly that each lattice 
point lying on the same (Wk) plane must have 
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the same Umod, Consequently, the state of 
atomic movements is determined with each 
(hkl) plane. Also it can be shown that if 
there is (hkZ) plane apart by 4M) from the 
origin, the lattice points on it also have the 
same Umod as (000) and (29%), and other 
planes generally have not. Therefore, if the 
distances among (hk/) planes are all equal, 
all Umed can be equal, and (7% % Po) lies in 
the first or the second (hk/) plane from the 
origin. But the case in which (s7%po) lies 
in the first plane can be reduced to the case 
of (mo) in the second plane. So it re- 
quires the following relation: 


V4 (14) 
Then turning to the usual lattice, 
U=6b;=—T,:; (lbA5 


B. Type If. When the condition of Umed= 
0 is not satisfied, i.e. the distances among 
(hkl) planes are not equal, Um™cd(000: 2297 fp) 
will have a small value: 


Umod(000 3 MoNoPo) =e-+ ndN “ 
And by (4) and (12), 
nm=e+(N+y7)dN . 
It is assumed that the distances among (hk) 
planes have only two values, fd and (1—/f)d, 
(f<3). This condition is satisfied in the 
crystal systems of nearly all metals.* In this 
case, (my ynrps) on the (hk/) plane apart by fd 
from (mo%Po) has, by Assumption IT, the 
following atomic movement: 
Umed( 92 y— 99, Ny—No, Py—DPo3 I ;NzP sz) 
=(y—2f)dN-+e. 


By Assumption III, e=0, and 7=f. Therefore, 
U,mod=+fdNn. (13.2) 


Then, Umcd consists of two kinds, having 
adverse directions each other (as shown in 
Fig= 2). 

As is evident from the above atomic move- 
ments, (hkZ) planes apart by fd from each 
other interchange their atoms. Therefore, 
when a twinning dislocation passes on that - 
twin boundary, both planes apart by fd con- 
tribute simultaneously to it. That is, the 
twin boundary on which a twinning disloca- 
tion passes is not a single plane but double 


* Tor the crystal systems which do not satisfy 
the above condition, e.g. Se, a similar caleulation 
can be made. But such crystals have no tendency 
to twin and there is no experimental evidence, 
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planes. Except for this point, the twinning 
of this type agrees with the type I. Then 
(mM Po) Must exist on the second (hkl) dou- 
ble planes, and q=2. And turning to the 
usual lattice, 


U, =b+fdN 

pi —T) . 

C. Type III. When we return to the usual 

lattice constant from the modified lattice, it 

happens that the Asszption IT does not hold. 
| Hence, 


(15.2) 


ITy|<|U.|, (16) 
where (7;;p;) is on the (hk/) plane which is 
-apart by fd from (29%). In this case, by 
| Assumption IT the atom at (a9 $9) cannot 
come to this usual new twin lattice site, but 
the atom at (72;2;p;) should come to it. Be- 
cause (m;n;p;) and (000) cannot have the 
same Umod, the period of atomic movements 
}must be twice, and (7%9729/)) must be taken 
,apart by twice from (000). Then it lies on 
the fourth (hk/Z) double planes from the origin. 
That is, 
q=4 } (14’) 
With the lattice points on the first (Hk/) dou- 
ble planes from (000), the twin lattice points 
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Fig. 3. Umoed of Type III, in the cross section 
perpendicular to the (kl) plane. 
the original lattice site; 
x the twin lattice site; 
---- the (hkl) plane. 


on the third (hkZ) double planes are joinned, 
and this Umod may be the above T;mod (as 
shown in Fig. 3). 
U,mod=+fdNn, | 
U,; mod — + T;;mod ¥ 
Then U in the usual crystal lattice are 
UL. =b, fan , 
U,=b.4(T; +b), 
b,=—3T). 
The method for determining 7%, m, and fo 


(13.3) 


(15.3) 


Table II. S and 6; in cubic lattices. 


The distance between the most neighbours. 


To: 
(hkl) *: The observed twinning plane. 
Crys. Sys. (hkl) Type (MoNoPo) S \be|/70 [uvw] we 
b. ¢. ¢. (112)* i} (4 4 3) 1/2 1/3 [111] (112) 
(310) I (3 4 2) W7/2 7/15 [135] (514) 
Fe. C- (111)* I (144 AUS Vy3" [211] (111) 
(113) I ($ 0 3) 3/2 3/11 [741] (111) 
Table III. S, b; and U in 6-Sn. Axial ratio=0.541. 
[bo | |U.| |Ua| 
(hkl) Type  (moroPo) (mynzPf) S Ea [uvw] ie x = 
(110) I (4 4 4) 0.765 .522 [001] (112) 
(210) I G04 Wehr .507 [645] = (182) 
(112) I (0 0 1) 0.765 .878 [111] (110) 
(312) I G0 1.538 .608  -+[814] “+ (228) 
C11) ap ol 443 0.909 .605 -+(011] + (182) .637 
(101)* - III (1 0 8) GO) 0.118 .104 [101] (301) 252 228 021 
(301)* III aol 405) 0.118 .062 [103] (101) 150 .284 —.161 
21) te 11 Git GOD 0.869 .414 =+[103] == (124) FAS) EBD ST £028 
(431) 2" STIL (A334 G0 0.268  .097 =+[840] (110) $153. “RSIS F414 
(328) III G4d (404 1.506 .440 -+[234] =-(134) 445 .754  .860 
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Table IV. S, 6; and U in Bi type and Hg. 


31—pxs/2 is used and s of higher orders are neglected. 
\b,|=|U.| in this approximation, for {311}, {210} and {221}. 


Bi Sb ASU the 
hil Type oP MynyPr) Uvw Ke 
(hkl) ype (m2 Po) (mynyPy ¥ ] Mg 0156 0566 0942 —0.142 
amen F a S 0.18) “O16 4 1:0.250) Fore 
(100) «I (1 0 0) [017] (011) Buin 0.13 0.17 0.28 0.88 
Ure 014 ois eco an 
. Ss 0.138 0.16 0.25 0.42 
{10)* I 130 [ool] cooly «|B /ro «0.10 © «0.12 «0.21028 
a Sa Uslro 0.12 0.15 0.26 
e = s 120. 1.19... 1.17 eee 
Gl) WI 20) EEA) ieee fae 0.74 0.79 0.82 0.46 
p a Ss 1169 Oe” Tose ee 
@i) 1  @0%) 47] G1) (Fn 0172 0.71 0.70 0.60 
af - = (Ss 122 1.2 121 1.2% 
CED Hg. a +7] GM) (Fry 074015770. 
s 0.91 0.89 0.81 
a0 b 0.44 0.43 0.42 
(210) Il (00) (pp-ip-3) [120] + 010) Be Oey eet Bites 
Urjro 0.46 “0.46°° 0.46 
s #09 basi Sus 
a ae b 0:50 by, nO.) OL56 
(10) Ill (100) (pp-3p-3) +[120] +0010) Ee 0°56. 059. 0.68 
iy try. "onba Deg. Gator Ee 
s 0.59 0.57 0.47 
- (29.1) Det AO, 
Qa) Il G30) @p-ap-2)) ittg coop [Bele Oe ae 
Tilrg--0 16h. O87 f@.78 
s 0.69 0.69 0.67 
+ a 93). "2 
(21) Il (40) (p-kp-) +1114] (001) En oern ert mee 
Uy/ro 0.78 0.78 0.80 
Ss 0.85 0.89 1.01 
(221) IIL (820) (p p-3 p-d) (i14] (01) pte (repeat ea@ Meee 
Usjro 0.80 0.81 0.86 
s 0.38 0.82 0.30 
= 7 bilro ) 0.22» 0:42. On 
Git, Til. (13-13) tp «np [211] +(311) | Uujro 0.82 0.85 0.94 
Ui/7ro O 0 0 
Uyirs 0.88 0.84 0.865 
Ss 0.88 06.88 0.40 
a ew a a b,/70 0.42 0.42 0.48 
GQiDretlll (dee ip wpe 0-1) =(2T1] +(311) | U./ro 0.75 0.76 0.94 
leet 8 0 0 0 
Uijro 0.75 0.73 0.67 
Ss 0.56. 0.55 0.81 
= biiro (0.21 ~=—0.2Sts«19 
(631) “III (40) “@@ePpeHe Cail) TSaipl 4 Unb, tems! t0.22 6) 0019 
Urlro 0.29 0.29 0.30 
Oi /ro 0.78 OS 0.82 
Ss 0.57 0.56 0.53 
7 s bilro 60.20 --0.20~—Ss«0..19 
(631) Tit “(3 0) (iG poe oon) [5118] 11) | Uifro 0.25 0.25 0.28 
Uisry 0.29 0.29 0.28 
Uilro 0.72 0.72 «0.71 
S 0.61 0;61ec.00.60 
23, SES a t/Yo 0.21 0.21 0.21 
(631) UI (20) (p—4 Pp p—4) [5118] = (111) Uslry 0.27 “OLS 0127 
Urlro 0.28 0.27 0.27 
Uilro 0.70 0.69 0.65 
- 0.71 0.73 0.81 
es Pris: tiro 60.25 =——(0.27 «0.80 
(581) ITI 3 0) (p p-—3% p—4) [5118] (111) U.jro 0.27 0.27 0.80 
Uilr) 0.29 0.29 0.30 
w/t) 0.79 0.81 0.85 
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Table V. S, 6b; and Uinh. e. p. 
(hkl) i we site 200) (mynyDy) [vw] Ky Za 
(112) I Cher 0) [111] (001) > 8/3 
G # 3 [201] (302) <yV/8/3 
(201) II (LO: 9) --[182] (011) 
(203) II 404.0) [332] (018) 
(101) * III (ob 2) 4 E83) =-[151] = (130) 
(102) * III ie oe a oe [211] (102) >YS8 
[211] <3 
(103) III ine) oad} Gog id) [391] = (010) 
(104) III ood (4 2 4 [427] (100) 
| has not been explained up to this 44 ~—_ 
/ time. Itis as follows; besides (8), s|t-4 Seri) 
(14) and (14’), we take by Assump- rat] A eae gid ttt gp. 
tion IT as: ‘- ; ea atch | ot0) ; = 
|Ro|:minimum. (17) a on 
Thus even if we take any (nk) °F Lt | : 
for twin plane we can know uniquely 91 _ § $11031 eh Aa 
by this method how the twin disloca- ae a {LO1Y* 
tion and the twin boundary are to 4 ie ae 
exist. if 1431} 
O2bd Aito2¥ 10s)" | 
§3. Application and Discussion oLtks ieee AB HI+9 c/a oe 4} [6 8 [105x107 
It is the first problem how h, k,7 Ma And Se acs ac, Bish As Hy 
are selected from all integers as a al? a 
twinning plane. In accordance with Fig. 4. The values of S. 
(7), S increases with h, k, I for a (hkl)*: The observed twinning plane. 
definite Ny and (77197%D,)). And by As- 
|'sumption II, in order that the dis- ra il BIO) 
‘tance from (7%) to the twin ~*~ 1312) 
origin is smaller than that from the svi “1211) ® {Ly 
origin to (7%), S<2. Because 95, aera ipiiees a pigiih 
| (1, %, Po) have a lower limit which ] ER {L04} § 1323) 
jis the nearest neighbour of the 4r ae as {101} He 111} 
‘origin and N, is determined by g and leat Lb 1103 iniay" 
I, (hkl) which satisfy S<2 are not 4 a aan f 
‘the higher order but the lower. It — o2} rene 
is sufficient that the calculation is 02)" | Lots" 
done until S exceeds 2 for a definite oft I - af St 
No and (oMPo)- 0 6 Be ts 19 va oe 4 
Next, we decide (779%))) by (8), eee LON es RN SCRCS SD EOE OE 
(14) and (17) for any (RZ) plane, and sid 
so twinning dislocations of Type I fig. 5. The values of [be |/7"0- 


‘and II can be obtained. In Type 

II, however, there are such (hkl) 

planes that the condition (16) is fulfilled. Hence, 
they become to the ones of Type II, and 
(momo) is decided by (8), (14’) and (17). 
Then S can be obtained by (6) and Bb, and U 
also can be obtained by (10) and (15). Sand 


(hkl)*: The observed twinning plane. 

|b:| for possible twinning planes are sum- 
marized in Figs. 4 and 5. And Tables II, III 
and IV show the values of S, |B:|, |U|, and 
etc., for cubic, @-Sn and rhombohedral lattice. 
respectively. Table V and Fig. 6 show partly 
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them for h.c.p. lattice. The discussion of 
these figures and tables will be described in 
the following lines. In those the experiment- 
ally observed twinning planes are indicated 


sk 
4 


with 


10 TT | | Tae 
| | | || HT] | LL 
ost] |} it | WE REIL Tos 

| | || ia || 
0.6} imal Wy tT 10-6 
|| | |-4 i | | aia 
|| | || } +H 
|| | \ gs 
ad eee ai | | |] Be bape ‘ask 
eee | | | bebe] | | 
OOF) |, | | | || 40-2 
|| | 1 14 | || 
ae eared (seem Oe eee EEN 
C/a. 46 1:7 18 129 1-6 17 18 199 +6 1-7 1°8 1¢9 16 1°7 1-8 1:9 Ca 
(0s) (102) (103) 104) 
Fig. 6. |b;|/ro and |U|/ro in h.e.p.; the full 


line represents |b;| and the dotted line |U|. 


In the following, the obtained results will 
be discussed. 

(1) It seems that the differences between 
the already obtained shears and the correspond- 
ing ones now calculated are due to the dif- 
ference of the lattice constants which are used. 

(2) The internal structure of twinning dis- 
locations and twinning boundaries is simple 
for Type I, but is more complicated for Types 
II and III. In the {110} of Bi lattice our re- 
sult agrees with Boas’s one and in the {1012} 
of h.c.p. it does not agree with Gough’s one 
but agrees with Mathewson’s and Barrett’s™, 
when they are somewhat modified, i.e. by uni- 
form displacement of twin to normal direction 
of the (hkl) plane. Also, in the (301) of £- 
Sn it agrees with Hirokawa’s® but not with 
Chalmers’. 

(3) It is important to see which is more 
essential for the twinning process among S, 
Bb, and U. In Fig. 4, the observed twinning 
planes have the smallest shear strain S, in 
order. But, their b,, as shown in Fig. 5, is 
out of this order and U’s of one dislocation 
are far apart from each other and migle with 
those of other, and there is no evident con- 
clusion. It seems therefore that the shear S 
is more essential for the twinning process 
than Bb; and U. The shear S of {101} 
and of {301} of 8-Sn are equal, and that of 
the {110} and of the {100} of Bi type are 
equal, too. Therefore, when the shear S of 
two twinning planes are equal to each other, 
the one having the smaller &; is liable to twin. 
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Those relations can be proved by the con- 
sideration of the energy of twinning disloca- 
tions. The energy of a twinning dislocation 
depends on the shear stress produced around 
it, the core energy and the surface energy of 
twin boundary. The first factor can be re-. 
lated to the modulus of the Burgers vector!» 
and the elastic constants of the substance. 
The other two factors are probably deter- 
mined by the shear strain S rather than by 
Burgers vector. The reason is that the effect 
of atomic movements to the core energy and 
the surface energy depends on not only their 
magnitude but also on the distance among 
the atomic layers in which they lie, i.e. the 
larger the distance, the smaller the force 
which acts upon them. Compared with core 
energy and stress energy, the former is much 
larger than the latter. Then, the shear S is 
predominant and next Burgers vector is ef- 
fective. 

After all the following condition for twin- 
ning process is needed. To twin on any 
crystallographic plane, it is necessary that 
the shear S produced by twinning is smali 
and secondarily Burgers vector is small. Those 
relations correspond to Chalmers’ one!” for 
slip dislocations. 

(4) S of the {1011} in Mg has not been 
determined because of the indistinctness of 
XK, plane, but by this method it is determined 
exactly S=0.353. K, plane of the (1011) twin 
is not a simple crystallographical plane, but 
is one that the (1320) plane is somewhat rota- 
ted around the axis normal to the (1011) plane. 
This is caused by the fact that the direction 
of b, is not a crystallographic direction. More- 
over, some such twinning planes are possible. 

Clark and Claig throw doubt on the exist- 
ence of the {1011} twin®, because the recent 
experiments) show only the {1012} twin. 
The experiment of Barrett and Haller), how- 
ever, is the case where the direction of the 
compression is nearly parallel to the basal 
plane, and in this orientation of the crystal, 
the {1011} twin cannot occur. Thus it is no 
wonder that the {1011} twin has not found. 
Though the more investigations are demanded, 
the existence of the (1011) twin will be reli- 
able by the earlier experiments. 


(5) In 1934 the (751) twin of Bi was shortly 


] 
. 
q 
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reported). The reasons for the occurrence 
of the (751) twin are the following: (a) “The 
change in shape and size of the crystal is 
much bigger than that due to a (110) twin”. 
and (b) from the (111) cleavage experiment, 
“The atoms of the (111) planes therefore re- 
main atoms of the (111) plane in the twin. 
Thus one is able to find the position of the 
twinning plane. —”‘ which means that the 
(111) plane is A, plane. But, in our treatment 
the (751) twin cannot occur, and from Fig. 4 
the twins which rank next to the (110) twins 
are {111}, {111}, {531}, {531}, {221} and so 
on. And the twinning planes of which the 
(111) plane is K, plane are the {531} and 
{311} twins. The {531} twin has smaller S, 
and & than the {311} twin and will be reli- 
able to twin. The angle between the {531} 
plane and the {751} plane is less than 3°, then 
the above {751} twin may be really the {531} 
twinning plane. But, the certain conclusion 
must not be made. 

(6) Accoding the conclusion in (3), the 
{101} twinning of §-Sn also seems to occur. 
Investigating the surface of shocked crystal 
by microscope, we observed fine twins along 
the {101} plane!®. T. Hirokawa!” studied it 
in detail, independently. He restrained a 
single crystal so as to avoid the {301} twin- 
ning and to stimulate the {101} twin, and 
compressed nearly parallel to the a-b plane. 
And he obtained the wide band of {101} twin 
and confirmed it by X-ray measurement. 

(7) From Figs. 4 and 5, the new crystal- 
lographic planes which satisfy the above 
condition are liable to twin. They are the 
{431} twin of 8-Sn and the {100} twin of Bi 
type, etc. The reason why these twins are not 
observed will be that they are covered with 
slip process and the already observed twin- 
ning process, or that this treatment points 
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out only the necessary condition for twinning. 
In either case it remains doubtful whether 
they will really twin. Experiment for those 
twinning planes is necessary and desirable. 

The author expresses his cordial thanks to 
Professor Kenzo Tanaka, Kyoto University, 
for his valuable suggestions and also to Mr. 
Ken-ichiro Ishii, Nagoya Industrial University, 
for many valuable discussions. 
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The Magnetostriction Constants of Silicon Steel (II) 
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By use of long cylindrical single crystal rods of 2.6%, 3.2% and 
4.0% silicon steel with various crystallographic orientations, prepared 
by the Bridgman method, magnetization and magnetostriction were 
measured at room temperature. It was found that Kaya’s law with 
regard to the remanent magnetization holds for these specimens and 
on the basis of the law their magnetostriction constants Ajo and 4j11, 
and also their crystal anisotropy constants K, were determined. 
Together with our previous results, 241 and K, decrease almost 
linearly with silicon content. On the other hand, Ajo9 decreases more 
rapidly at low silicon content, then suddenly increases at about two 
pereent silicon and shows no considerable change up to four percent 


silicon. 


§1. Introduction 


In our previous paper” we have investigated 
the magnetic properties of 0.7% and 1.8% 
silicon steel and found that the magnetostric- 
tion constants dip and ”am and the crystal 
anisotropy constant A, decrease with silicon 
content. Carr and Smoluchowski” found both 
Aygo and Ay. dependent on silicon concentration 
from 2.5% to 8%. Comparing our previous 
results with theirs, the change of Amn with 
silicon content is connected smoothly. How- 
ever, it is not the case with App and the value 
Of Aino at 2.5% silicon by Carr and Smolu- 
chowski is about one and three quarter times 
larger than the one at 1.8% silicon by us. 
This paper deals with the investigation of the 
magnetostriction of silicon steel, containing 
silicon from 2.6% to 4.0%, done by the same 
method as in our previous paper. 


§2. Preparation of Specimens 


By means of a modified form from the 
Bridgman method we were able to obtain 
long cylindrical single crystals of 2.6%, 3.2% 
and 4.0% silicon steel having various crystal- 
lographic orientations. The precise description 
of this method has been published in this 


Journal recently®, so only a brief description 
will be given of the method used by us. 
Materials used to prepare single crystals are 
commercial silicon steel whose chemical 
analyses are tabulated in Table I. These 
strips were decarbonized by annealing in a 
wet hydrogen atomosphere at 750°C for 3hr. 
In the following procedures we used the Tam- 
mann furnace which was set in a vacuum 
chamber to aboid the oxidation of the speci- 
mens. In the first procedure a “seed” with 
any orientation is prepared by the usual 
Bridgman method. The seed thus obtained 
is cut off to a rod of about 2 cm length and 
its crystal axes were determined by the back 
reflection Laue patterns. Then the second 
procedure is to obtain the rod of seed with a 
desired orientation with respect to the crystal 
axes. A cylindrical crucible with sectorial 
solid part is used and is perforated through 
the sectorial part which makes an adequate 
angle with the axis of its upper straight tube. 
Then the crucible is filled with the seed in 
the sectorial part with a proper position and 
with a polycrystalline wire in the upper 
straight tube. After the crucible is hung in 
the furnace in such a manner that the upper 


Table I. 

Si(%) | C(%) | Mn(%) | P(%) | Gr(%y | Cu(%) | S(%) | Ni (%) 
* 2.62 0.058 | 0.080 | 0.020 0.048 | 0.82 0008. |e ame 
ek 3.2 Sesh) We DeOr stay Pema, Trace | = t,he” Al puere 

J | | | | 
* 4.08 0.08 | 0.07 | 0.02 | 0.026 | 0.81 | | 0.007 | 0.081 


*: All elements were analysed before annealing. ahs Analyses were made after annealing. 
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able: fi. 
oe | Sample | Length Demagnet. __ Direction Cosines (&) es «108 comets of 
Number | in mm. Factor m n Ts/ops. t oat. Rem. (Growth in 
=i wah is ee ee eee oe Ln eee ieee mm/min * 

10 206.7 0.00666 | 0.024 0.046) 0.999 | 0.910 Tee | ar 
LBL 188.8 0.00722 0.046 | 0.658 | 0.751 | 0.656 —47.5 0.8 
2.6 13 rid Ge, 0.00550 0.174 0.254 | 0.952 0.7386 65.3 len 
14 198.0 0.00672 0.084 0.207 | 0.978 | 0.795 47.9 0.5 
20 210.0 0.00652 0.019 0.121 | 0.993 0.879 62.1 Avent 
at 162.9 0.00828 0.481 | 0.610 0.630 | 0.584 —73.4 0.6 
1 251.2 | 0.00821 | 0.054] 0.086/ 0.995 | 0.889 406 | %0 
2 227.1 .| 0.00713 0.077 0.298 | 0.951 0.747 64.2 5.5 
4 218.8 | 0.00826 0.015 | 0.058 | 0.998 | 0.912 35.9 hank 
= 13 | TOVAS: 0.01241 0.123 0.4388 0.891 0.694 Ps) 4.7 
‘ 19 2OoTo 0.01060 0.188 | 0.664 | 0.725 | 0.639 —14.7 4.5 
39 | mG Ba 0.01059 | 0.486 | 0.615 | 0.657 | 0.550 —58.6 0.4 
42 213.6 0.00777 0.048 0.669 | 0.742 0.677 —-17.1 ial 
49 220650 0.00461 0.561 0.567 | 0.6038 0.556 —68.7 0.4 
50 234.4 0.00682 0.108 0.184 | 0.985 0.803 (2.2 2.8 
16 268.8 | 0.00489 0.057 | 0.282) 0.958) 0.745 TAo2 | 4.3 
21 258.6 | 0.00494 0.088 | 0.848 | 0.9384) 0.716 50.3 3.5 
eo 196.8 0.00810 0.018 0.391 | 0.920 | 0.690 60.38 Ue ZC 
4.0 | 2% 265.3 | 0.00511 | 0.520] 0.572| 0.625 | 0.548 | —27.2 0.7 
28 267.6 0.00467 0.198 | 0.369] 0.808 | 0.668 | 69.8 | 3.0 
| 30 238.6 0.00672 | 0.492} 0.592 | 0.688] 0.565 | =7271.8 | 0.6 
| 35 267.0 0.00500 | 0.029 | 0.084!] 0.996} 0.881 | 55.8 0.8 
| 36 263.8 0.00547 0.042 | 0.699} 0.711} 0.709 | —14.7 0.7 


* These values are not maximum velocities for crystal growth. 


half of seed would just melt, it is lowered at 
an appropriate velocity. Thus the seed with 
a desired orientation is obtained. Then the 
third procedure is to obtain a long single crys- 
tal rod using a long straight tube and the 
seed, and the procedure is similar to the sec- 
ond one. Inall the three procedures the cru- 
cible should be lowered smoothly through the 
furnace at the appropriate velocity for the 
growth of a single crystal. The appropriate 
velocity depends upon the crystal orientation, 
and is given in Table II for each of our 
specimens. The obtained single crystals are 
long cylindrical rods, 3 mm in diameter, and 
Fig. 1 shows the stereographic projection of 
the orientations of the specimens and the 
characteristic constants of the specimens are 
represented in Table II. 


§3. Experimental Results and Discussion 


Before measuring the magnetic properties, 
the specimens were annealed in a vacuum 


2 
Oy 2{ 


14 
10,3520 8 %ig x23 490 436 
cooi4 | E1013 


Fig. 1. Stereographic projection of the orienta- 


tions of specimens. @: 2.6% silicon steel, 
O: 8.2% silicon steel. x: 4.0% silicon 
steel. 


electric furnace at 1000°C for 2 hr in order to 
remove the internal stress. After being an- 
nealed they were slowly cooled in furnace 
down to 250°C, and then rapidly cooled to 
room temperature by taking them out of the 
furnace. Magnetization curves were measured 
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Fig. 2. Magnetization curves in single erystals 
of 3.2% silicon steel with various crystallo- 
graphic orientations. 
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Fig. 3. Hysteresis loops of single crystals of 
8.2% silicon steel with a sharp corner near 
the remanent magnetization. 
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Fig. 4. J,/T, vs. 1/l+m-+n. 


@: 2.6% silicon steel, ©: 3.2% silicon steel, 
x: 4.0% silicon steel. 
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by the conventional ballistic method, and those 
of 3.2% silicon steel for the three principal 
directions are shown in Fig. 2. The curves 
of 2.6% and 4.0% silicon are similar to that 
of 3.2%, except that abnormal behavior which 
appears near saturation in [111] direction de- 
creases with silicon content. 

By measuring the areas enclosed between 
the ordinate and the magnetization curves, 
one can obtain the crystal anisotropy constants 
Ky, Ay and K, from the following theoretical 
relation: 

Er=K) t+ Ky? +77PP +2 m’?)+ KP mn". 

(1) 
where x is the crystal anisotropy energy, 
and J, m and m are the direction cosines of 
the rod axis with respect to the crystal axes. 
The values of Ky is negligibly small compared 
with A, and the obtained values of Ai are as 
follows: 

3.65 x 10° ergs/cm? 

3.50 x 10° ergs/cm? 

2.95 x 10° ergs/cm? 


for 2.6% silicon, 
for 3.2% silicon, 
for 4.0% silicon. 


On account of the shortage of samples witha 
sufficiently large coefficient of Ky., its value 
could not be determined exactly. 

The descending hysteresis curves of these 
specimens show a sharp corner near the point 
Aies;,=0, as shown, for example, in Fig. 3 in 
case of 3.2% silicon, so the magnetization 
intensity corresponding to this point is defined 
as the remanent magnetization J,. Now we 
shall discuss the applicability of Kaya’s law” 
at the remanence. According to Kaya the 
remanent magnetization J, can be expressed 
as 


[,[Ts=1fd+m-+n) , (2) 
where J; is the saturation magnetization. 
Table II and Fig. 4 show that this law holds 
for these specimens as in the previous paper». 
A closer inspection shows that the experi- 
mental values are slightly lower than the 
theoretical ones. However, these discrepancies ~ 
can be ascribed to the disturbance of the do- 
main distribution due to the unexpected local 
internal stress and due to the surface of the 
specimen. 

The coercive forces of these specimens are 
larger than that of low silicon content. It 
would be mainly attributed to the difference 
of their impurity contents. For 2.6% silicon 
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Fig. 5. Magnetostriction curves along the de- 
scending hysteresis in single crystals of 2.6% 
silicon steel with various crystallographic 
orientations. 


the coercive forces are from 0.078 Oe to 0.237 
Oe depending upon their crystallographic 
orientations, and for 3.2% silicon from 0.078 
Oe to 0.319 Oe and for 4.0% silicon from 
0.057 Oe to 0.265 Oe. 

Magnetostriction was measured at room 
temperature by the usual mechano-optical 
method. Fig. 5, Fig. 6 and Fig. 7 represent 
the change of length along the descending 
hysteresis loop for 2.6%, 3.2% and 4.0% sili- 
con respectively. By taking the remanent 
point and the saturation as two standard points 
at which the distribution of magnetic domains 
is uniquely determined, the difference of 
magnetostriction between at saturation and at 
remanence can be represented by the follow- 
ing relation: 


ol e ( 
a = i 
CG eee | 2 


— 300? +72” +P m?)| dae 


fe: ees 
l+m+n 
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Fig. 6. Magnetostriction curves along the de- 
scending hysteresis in single crystals of 3.2% 
silicon steel with various crystallographic 
orientations. 
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Fig. 7. Magnetostriction curves along the de- 
scending hysteresis in single crystals of 4.0% 
silicon steel with various crystallographic 
orientations. 


30? +P +P )aun , (3) 
where dipo and au. are the magnetostriction 
constants. Using the relation (3) and the ob- 
served values (0//l)sat.Rem.Obs.’ tabulated in 
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Table II, we can determine magnetostriction 
constants as follows: 


Aw x 106 


% Si A100 X 106 

2.6 36.042.3 ~(7.9+0.7) 
3.2 32.041.8 — (5.6+0.4) 
4.0 35.341.8 ~ (2.8+0.5) 


Fig. 8 shows the dependency of magnetostric- 
tion constants Zip) and 2m and crystal aniso- 
tropy constant Ay on the silicon content, to- 
gether with the results of our previous paper. 
As can be seen, 4m, and Ay decrease almost 
linearly with silicon content. However, Aioo 
decreases more rapidly at low silicon content, 
and then suddenly increases at about two per- 
cent silicon and has no considerable change 
up to four percent silicon. Dr. Imai) pointed 
out that the changes of the lattice parameter 
and the Curie point with silicon content show 
slight but sharp discontinuities near the silicon 
concentration corresponding to the abrupt 
change of Aigp. Yensen® showed that the plastic 
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Fig. 8. Dependency of three constants, Aioo, Aya 
and Kj, on silicon content. QO: authors, 
--LJ--: Carr and Smoluchowski, x: Shtur- 
kin®, +: Tatsumoto?). 
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properties have an abrupt change near this sili- 
con content. These anomalies might have some 
relation with each other. For comparison, the 
data by Carr and Smoluchowski and others 
are also given in Fig. 8. Carr and Smolu- 
chowski® measured Aj1o9 and 21 on the samples 
of disk form, lin. in diameter and 0.lin. in 
thickness, by means of resistance strain gauges 
and an electromagnet, supplying the field of 
3,300 Oe, in which the crystal was rotated 
through various angles. Our data of an are 
connected smoothly with the data by Carr 
and Smoluchowski and the values of Ay agree 
with that of Tarasov” and others. However, 
our values of 2 are larger than that of 
Carr and Smoluchowski. 

In conclusion the authors wish to express 
their sincere thanks to Professor S. Kaya of 
the University of Tokyo for his kind interest 
and encouragement throughout the work and 
also to express their thanks to Mr. S. Naka- 
mura and Mr. Y. Deguchi for their helpful 
assistances in preparation of single crystal 
specimens. The expense of this research has 
been partly defrayed by the Scientific Research 
Expenditure of the Ministry of Education. 
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On the Absorption Spectra of Complex Ions. I 
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In order to explain the origin of both absorption bands and lines 
of the octahedral normal complex ions in which the central metal 
ions belong to iron group elements, the crystalline field approximation 
interpreted in somewhat generalized sense is adopted. For this purpose 


the calculation of the energy matrix elements for d” (n=1,2,.. 


., 9) 


electron configuration in cubic field is performed by means of Racah’s 
method. Comparison of the results with experiments will be made 


in the following paper. 


§1. Introduction 


Much work, both theoretical and experi- 
mental, has been done about the ground 
states of the normal complex ions of the type 
[XYe]**, [XYe]?*, where X represents an iron 
group element and Y represents a ligand such 
as H,O, NH;, ethylenediamine, etc.. Es- 
pecially owing to recent investigations by the 
method of the paramagnetic resonance absorp- 
tion, rather detailed knowledge of them has 
been obtained. As to the excited states, how- 
ever, little is known of these normal complex 
ions, and, it seems, there remain many pro- 
blems to be investigated further from the 
theoretical point of view. 

The optical absorption of both crystals and 
solutions (aqueous in many cases) containing 
these complex ions have been studied since 
the days of Werner by many physicists and 
chemists, and it is known that the absorption 
spectra of solutions are quite similar (although 
the width and the intensity of bands are 
slightly different) to those of crystals contain- 
ing the same complex ion as the solutions 
except for an intense edge absorption 
(log €max~4) in the ultra violet region which 
does not appear in the latter, so that they 
are considered to be due mainly to the absorp- 
tion of the complex ion as a whole. The ab- 
sorption spectra of these complex ions are 
characterized by the presence of several (one 
to three) bands in the near infrared, visible 
and ultra violet region (8000cm~! to 40000 
cm-'). Some of them show several sharp 
absorption lines besides these broad bands 
(e.g. Chrome Alum). 


There have been several explanations of 
the origin of these spectra, but many of them 
are only of qualitative nature and it is not 
yet certain which is the correct one. Only 
two of them shall be quoted here, because 
they bear close relation to our calculation. 
Finkelstein and Van Vleck” treated the doublet 
lines of Chrome Alum at 6700 A and obtained 
quantitative agreement between theory and 
experiment using the crystalline field approxi- 
mation, but they left the origin of the broad 
bands unanswered. Recently, Hartmann and 
Schlaefer et al.» treated the problem of broad 
bands also from the same standing point. 
They maintained that these absorption bands 
were due to the transitions between the Stark 
components of the ground multiplet of the 
central metal ion, and showed that the num- 
ber of broad bands (which are observed in 
the region up to 33000cm~*) could be reason- 
ably explained on this assumption at least in 
case the central metal ion has no more than 
five d-electrons. But they made no mention 
of the line spectra at all. Though these ex- 
planations seem to be resonable, it is not clear 
why some of the transitions correspond to the 
broad bands and the others to the sharp lines. 
It seems necessary to examine if such an as- 
signment should give the order of magnitude 
of the observed intensity and the band width 
theoretically, and if the calculation could pre- 
dict the position of the absortion maxima 
satisfactorily. 

In order to study to what degree the crystal- 
line field approximation succeeds in explaining 
the absorption spectra of these complex ions 
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including both the lines and bands, the energy 
matrix elements for the electron configuration 
d” in cubic field are calculated in this paper. 


§ 2. 

These complex ions are known to be of the 
octahedral shape, and the central ion X is 
considered to be exposed to the cubic electric 
field (crystalline field) due to the octahedrally 
coordinated ligands Y.* 

In the case of the rare earth salts, the 
crystalline field is relatively weak because of 
the screening effect of the electrons in the 
outer shells, so that, when one wants to study 
the electronic structure of the rare earth ions 
it is generally allowed to treat each SZ multi- 
plet separately and to consider the splittings 
of these multiplets due to the crystalline field. 
In our case of the iron group complex ions, 
however, the following treatment** will be 
more adequate, because here d-electrons are 
exposed directly to the strong crystalline field. 
In Cubic field the d-level splits into two 
levels, i.e., triply degenerate dé and doubly 
degenerate dy (dé is lower than the original 
d-level by —4Dg, and dy higher by 6Dgq, 
where Dg is the crystalline field parameter 
usually used.) and the electrons are accomo- 
dated in these two levels. For those com- 
plexes where the free X*-2* ion has the elec- 
trons configuration d”, we now take the 
configurations d&"dy"-” (n=0 to N) as the 
starting point. 

If the crystalline field is sufficiently strong, 
we may neglect the interaction between these 
configurations. Then the problem is to find 
the positions of the S/’ multiplets arising from 
each configuration mentioned above, but un- 
fortunately the crystalline field is not so strong 
as to permit us to neglect the configuration 
interaction entirely and we must take it into 
account for some of the levels. 

As is easily seen, in the calculation under 
the scheme which we mentioned to be suited 
for the weak field case, if the interaction be- 
tween the Stark components of different SZ 
multiplets is fully taken into account as in 
Finkelstein and Van Vleck’s one, the results 
are of course the same as those calculated in 
our way, when we construct d&, dy wave 
function there by proper linear combinations 
of the d-wave function. 

It is here necessary to consider the meaning 
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of the “crystalline field.” Recently Kleiner” 
has calculated the strength of the crystalline 
field Dq of Chrome Alum semi-classically 
taking the overlapping of the charge cloud of 
the Cr?* ion and that of H,O into account, 
and found that the calculated value was by 
far smaller (the sign was wrong) than the 
value estimated from the magnetic suscepti- 
bility data, though his model seemed more 
reasonable than the point-dipole or -charge 
model®)»®) which can give the resonable values 
of Dq in many cases. This is unfortunate, 
but this may not be so serious. It seems to 
us that, as far as Dg “is ‘considered aszan 
empirical parameter, the validity of the 
crystalline field approximation is not so limited 
as one might suppose from his results, since 
this approximation can be interpreted in a 
generalized sense as follows. 

That is, we consider [XYe]*?* complex ion 
as a single molecule whose filled orbitals with 
lower energies correspond to the inner shells 
or closed shells of the central ion and ligands 
in the free states which may be deformed in 
the complex ion, and whose next higher orbitals 
are f2 and e (which correspond to dé and 
dy respectively) belonging to the irreducible 
representations F,, and E, of On group. 
This is just the model which corresponds to 
the crystalline field approximation. jf, and e 
orbitals will not have the pure d-character in 
general, and may be approximated by the 
linear combinations of d-orbitals and the ligand 
orbitals. For dy this departure from the 
atomic d-character will be large, but also for 
dé such deformation would exist as Stevens 
has recently pointed out. Thus in this gene- 
ralized crystalline field formalism, Dg is now 
defined through the relation €-—€;,=10Dq 
where €- and €;, denote the orbital energies 
of eand f; orbitals. Futhermore in this mole- 
cular treatment, the integrals appearing in 
the calculation may be different from those 
in the usual crystalline field approximation, 
where they are expressed in terms of the 
Slater integrals for the free ions. 

If we go further in this way there is no 
reason why only two levels f. and e should 


* Throughout this and the following paper 
the Jahn-Teller effect is neglected. 


** Similar calculations along this line has 
already been done by Kotani for the case of dd 
and by Kambe and Usui for d3 2). 
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be taken into account. But when we include 
further configurations the calculation would 
become somewhat tedious and the empirical 
treatment such as adopted in the following 
paper would become impossible. Thus we 
assume with a hope that the generalized crys- 
talline field model will well approximate the 
reality, and carry out the calculation under 
this assumption. 

In the next section, however, we calculate 
the energy matrix elements using the atomic 
d& and dy, and express them in terms of A, 
B, C and Dgq (A, B, C are the linear com- 
binations of Slater integrals introduced by 
Racah). Thus, the effect of deformation ap- 
pears only through the change of B, C from 
those for the free ions. This was done only 
to avoid the complexity caused by many un- 
known parameters which appear when e and 
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f», are considered not to be pure dé and dy, 
although the method of calculation is also 
applicable when the crystalline field approxi- 
mation is taken in a generalized sence. 


$3. The Calculation of Energy Matrices and 
the Results 


When we adopt the scheme stated in §2 
and confine ourselves to the states which come 
from the configurations d&”’d7*"-"(m=0,...,N), 
the orthonormal basic functions to construct 
the energy matrix of symmetry species SI’ 
are Y(d&"(Sils)d7r*-"(S.I.)Sl). The matrix 
elements of the scalar (cubic scalar in this 


N 
case) operator Gy= >) 9:3 between these states 
5 


can be calculated by means of the following 
recurrence formula, which is a generalization 
of the formula (1) of R IV®: 


(Gate Si Bye 4 (Sails SIA GwlGare (Salata = (Sali Sia) 


Saari IN 2)an, Ds 


S’SUSFIPYE 


(1° SWi{| 71.71" (STIS nS T (Sal psol 2ST | 


‘ie ST’ SPAS re US P72 “SP Sl Gren” UST” ro 2 (SL SE) 
MGS TST ASIST |aS Ll (Sd dT SINGH ACT sas 


+V(N—n\(N—n’\\(N—-2) >» 


S’SUSELIL 


(at 2S le NST \iraSol 2) 


ACSW AEST Me ED ESS) EARS MACS By RSD) 
x (UST ro" "S/T ST |G wa) 11'S 128 -USVT'ST) 
Ses (SL Ter Sl eee Th raed OS! 


Se iS My ocuaiae F celal 


Although 71, 7. and 7’’s here are the sym- 
bols for the irreducible representations of the 
octahedral group (71, 72 being & and F, re- 
spectively), this formula is generally valid for 
any other group. 

In order to calculate this matrix element 
for the N electron system, it is necessary to 
know the transformation matrices (S’7”S’I'”’ 
Sr SI |ST ST 2S TYG (STS) and 
the coefficients of the fractional parentage 
(SP{|r?-UST )rSl) (c.f.p.) besides the ma- 
trix elements for the N—1 electron system. 

The transformation matrices were simply 
calculated according to the definition (3) of 
R Ill®, and the Clebsch-Gordan coefficients 
thereby used are given in Table I. 

The c.f.p. for n-electrons are obtained solv- 


(Geb) 


ing the following linear equations which are 
(11) of R III, assuming that we know those 
for n—1 electrons and the transformation ma- 
trices.of theitype (S Pryce Lf Osh Ss 7 
AOL ila) 
Saar (SET SF SCE (Son) 
SF 
el palms (OMM MEO y eo i RAY cmt 
XG? XSTOrSl |S )=0 . (3.2) 
Here S’’7"’’’s denote the “forbidden states ” 
for the configuration 7?. For instance, in the 
case of y=d& they are *A,, 3B, 1F; and °F. 
c.f.p. calculated in this way are given at the 
end of this paper (Table II), together with the 
c.f.p. of the type (7"-" 7ST) r(S' TSE | r"Sl) 
which were calculated according to (32) of 
R III and useful in some cases (see below). 
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Further relation analogous to Eq. (29) of R II 
was also used: 
(7, MST ST 7ST) 


==(—=)S*H1/2-S*tf Orr) +n+1 


POST OFS ese (3.3) 
where 
FGI'T)=1 for (7I’T)=(EEA;), 
(FL FLP,) , 
(FAP LF) ? 
=\() otherwise. 


The formula (3.1) is rather complicated and 
the calculation becomes somewhat tedious 
when one uses this formula as it is. But it 
is often not necessary to cary out both sum- 
mations and the labor is greatly reduced espe- 
cially when one of the two sums becomes 
simple owing to the restriction on the sum- 
mation parameters. 

This fact applies to the calculation of the 
non-diagonal elements. 

Without loss of generality we may assume 
n+3>n=>n’. When n—n’=2, applying (3.1) 
successively we see that this type of matrix 
elements has ‘a single ancestor of the type 
(72ST \g|72Sr), and in this case, it can be 
shown (Appendix) that the ratio of two sums 
is a constant which depends only N, 2, n’, 
and therefore it is sufficient to calculate the 
simpler sum. When m—n’=1, we have two 
ancestors for this type of elements, i.e., 


n—n'=0 (d&ST'|g|d&°ST) 
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(nr |g|r2SP) and (72S |glriv2S) so that 
no simplification can be obtained. But in our 
case fortunately there is no ancestor of the 
type (d&drSI'\g\d7?ST’), because configurations 
dédy and dy? have no common state SI’, and 
we can simplify the formula (3.1) in a similar 
way as was made in the case m—n’=2. In 
the last case, i.e., when n=’, 
three ancestors, namely 
(r2ST|glr2Sl) and (r172ST|g|ri72Sl). 
non-diagonal elements in this case are, how- 
ever, seen to originate only from the last type 
of the three ancestors mentioned above, i.e., 
(7172ST |9|7172ST'), so also in this case the 
same simplification is achieved in the calcu- 
lation of these elements. 

In some of the last cases the matrix elements 
of Gy are calculated more easily from those 
of Gw-, or from an ancestor directly by mak- 
ing use of the c.f.p. of the type 

GA-AST (ST OST I*SP) 
than from those of Gw-1. The recurrence 
formulae of this type are easily obtained ina 
way analogous to (3.1) and some of these are 
already given in (33) of R III. 

The matrix elements of the electrostatic 
interaction for two electron system are easily 
calculated and the results are given below. 
Here (w,v) and (£,7,€) denote the real orbitals 
which belong to the irreducible representations 
Ey, and Fy, respectively of the octahedral group. 


S’'=1A: (&lg|EE) +2K(Cy)=(A+10B-+5C) , 
1E : (EElg|EE) — K(Ey)=(A+ B+20), 
OP G7)? =! Gy) =AS5e Ue 
Fy: Jy) + K€y)=(A+ B+20), 
(d€d7ST \9|d&drST) 
STF: J(fv) + K(€v)=(A+ 4B+20) , 
Fi: Jv) — KEv)=(A+ 4B ies 
A oes) (CU) UAC REO Ee 
°Fa: J(u) — K(€u)=(A— 8B bye 
(@7°ST |9|d7?ST) (3.4) 
SP=1Ay:2(ualg|un)— J(uv)—K(wv)=(A+8B+40) , 
5A,: luv) — K(uv)=(A— 8B i+), 
1A: Juv) + Kiuv)=(A +2C), 


(d&@SI'|g|d&EdrSl) 
SP =*F,:2(7&|g|v€) =(6B), 


n—n’ =1 


IF, 2(yE\glul)=(2V 3 B) , 


n—n' =2 (d2@ST |\g|\d7?ST) 


SP=1Ar:/3/2 {K(Eu)+ K(Ev)}= (VY 6 (2B+C)) , 


there are | 
(PST |glr7ST), | 
The | 


a 


1954) 


EW 3 
where 
J(ab)=(ab\g\ab) , 


To obtain these results the following relations 
were used, which come from the transfor- 
mation properties of the basic orbitals ; 
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K(ab)= 


(EE(SIEE) =(yalglan) =(CE|g|E0) , 
(EElglan) =(uulglO) =(CC|g|ES , 
(uu|g|uu)=(vo|g\vv) , 

(uu|g|vv) =(uu|g|22)—](uv)—K(uv) , 
(HE giv) = —(Elg|Ev) , 
(nElglud)=(vElg|Cx) , 

(EE|g|uu)=(yy\g\ ez) , 

(EElg|vv) =(ynlglvv) , 

(EE|g| zee) —(EE|g|vv)=2/V 3 (EElg|av) , 
(CC |g | zee) = —1/2(yy|9|ux)+3/2yy|g|vv) , 
CElglvv)=3/2(yy|g|uu)—1/2yyl|g|vv) , 


(3.5) 
and from their reality ; 
(Cflglun) =K(E%) , 


(CE|g|uu)= K(Cx) , 
(EE|g| ee) = K(Ew) , 


(uu\g\vv) =K(uv) , 
(CClg|vv)=K(Ev) , 
(EElglvv) =K(Ev) . 
(3.6) 
Using these matrix elements of G,=1/7., 
we can now proceed to calculate the matrix 


Pf 
elements of Gy= >) 1/713. The complete energy 


matrix is obtained adding the orbital (crystal- 

line field) energies to its diagonal elements. 
As was mentioned at the end of §2, we 

now return to the crystalline field approxi- 


a of Complex Ions I 


{K(€u)—K(Ev)} = (—2V°3 B) , 


(ablg|ba) . 


mation in normal sense, and assume the orbit- 
als (w,v) and (€,7,€) are pure dy and dé 
respectively, namely, of the form; 


u=R(r)Vo(8¢), 

v= WV 2 ROLY 2(0%)+Y2-2(09)} , 

E=—1/V 2 Rr){Y¥n(99)+ Y2-1(09)} , 
9=—-VWV 2 RKYn(69)—Y2-1(09)} , 

BV? R(r){ Yo2(09)— Yo-2(0Y)} : 


(3.7) 


The matrix elements (3.4) are accordingly 
expressed in terms of Racah’s parameters A, 
B, C as are shown at the right hand side of 
(3.4) in parenthesis. 

The orbital energy for the configuration 
d&"dy*-" is given by (6N—10n)Dq. 

The results thus obtained are given in Table 
III, where the term NM(N—1)/2-A in the dia- 
gonal elements is omitted. They were checked 
by examining whether they gave the energies 
of the free state when Dq was set equal to 
zero, Or not. 

Conjugation is simple in this case, that is, 
we can obtain the energy matrices for d°-% 
from those for d” merely changing the sign 
of Dg». Conjugate states are given at the 
top of the columns of each matrix in Table 
III. 


Table I. Tables of the clebsch-gordan coefficients. (MiyT22|Pi02%) 
Ay, x Ay A,xH Ay x Fy 
ye A, he E 1 Eis 
Te Y U v i OBE 7 ¢ 
Ty 9e a_i oe Ye ¥2 = =< va —— - —. 7 
ay Goee | =a os =i a il 
4 1 : é B 1 
% 1 
A, x Fy HxE 
; fe via Le Ay Ag H 
x O B x x ey ey U v 
ieee ae d _ 0 0G | 7 S —_— _ 
a —1 pee hye: iy ee 
Gy | —1 v | Lye 1//2 
¢ | al - | ea io 
v | 1/2 l/Y2 
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Table I. (continued) 
EXxF;, 
i F, Fy 
% w B " & q ¢ 
ie 2 ae id 
ce leaiieiale ato) 3/2 
u B 1/2 -/ 3/2 
ne 1 
a ¥ 3/2 1/2 
vB =) Bie 1/2 
a —1 
Ex Fy, 
Tf Fy, FP, 
iit 8 t é 7] ¢ 
LORI ACESS 
iS —/ 3/2 —1/2 
ay v3 /2 Sa 
con 1 
COM Raby v3 [2 
om pay (1 1/2 pees 0) 
¢ 1 
F,xF, 
NS Ife Ay E ia F, 
dane e ia i m : k : a ¢ 
% yin el VA6 lly 2. ; 
a 8 ali pee Ty 2 
x Lf 2 ye 
a We ion 
ep hn PS ace wale yt tras its ae 
an “Uva “1 
a at WA -l/V/2 
igor | I/y 2 —1/,)7 2 
eo SUS SH Shere 
Fx Fy, 
rT Ap, wD, F, F, 
ON ee oe 
fe Ue oe 6 A a a 
pee V/yY2 -1//f2 
¢ V2 Lye 
- Wye Ve 
B 7 = Wy Ss A Ugo Vi G 
¢ Wyo =o. 
g 1 ay = a 
bien l/y2 1/2 
SUE 21 


1954) 


wr 


4 


Vas 


wre 


mR wna Smn 
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=e 
Ie) 


Table I. 


(continued) 


ie Ay EH F, 
if €] v B x 
YY SP Hily Ss. wily 2 
1/2 
=hiy 2 
“1/2 
1/, 2) —-1/¥6 —1// 2 
1/y)/ 
1/7 o 
—-1///2 
W/yY¥3 2/76 
Table II. 


(de”-108’T/)de ST |} de"ST ) 


n=3 
sit 
sr 1A, ay 1F) lf, 
4A, 1 
2 1/2 1/73 1/6 
AE W732 1/2 
Fs Ay Bo Be 1G 
m=5 
Si! 
sr Ay aR lf 
2, | W//15 8/5 -V¥2/¥15 —-1/¥5 


n=A4 


ST=1h 
NSP 2 


S Ve ae a4 


TAs 


Tables of the C.F. P. 
(de® -(S,1'1)deX(SoP2)ST |} de"ST ) 


3F 1A 1p, 
¥ 2/3 
1/Y 2 
~—1/3 
—-l/YV¥6 
1 3y LE ee 
1/37 2 
-1fy/2 
1/3) 2 ¥ 2/8 
VWyY6 


Sif. 


Nie a 


1/73 


Tables of the C.F.P. (y”-(S’l')y ST |} y"ST). 


(dy(S'T')dy 2} dy3 2) 


se! S’T’ 
sr-™~ 


We} 


ST =3f 


So 
1A, 


| 
| 1/3/% 
| 
| 


Siar 


2 SoD 2 
1A, 

1A, 
aR, 
0D) 
if, 


(x? 20S) Sa 2)ST |} "ST ) 


FY, 
g 4 ¢ 
1/Y 2 
W/W 2 
1/2 
1// ) 
V/y¥2 
1/2 
2B 2H] 2B, 
1 
—-1/2 ~-1/Y6 1/2 
3/2 ie 
WPA 1/2 Ie 
14, 1} 3A> 
WY6 -lv¥3 Wye 
3F, 1} 1p, 
1/32 
liv 3 1/3 1/V¥ 6 
1/3 
VY 6 
3, 1f} 1h, 
1/3) 2 
-1/V2 
1/3 
LS ly 6. 
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Table II. (continued) 
m=5 (dy*(SiT1)dy(SeP"2) Ai |} dy4 1A1) 
SPF =2F, 
SL ~ SoD 2 
Sr, ie. : gu Af = Py : sr. 7 a 1iU . G 3Ay 
4A, Tis Bay We BEG, 
ae 4 Y3/2/5 1/V10 1/2V5 an = TVs 
‘| 1/10 —1/V10 3A, 1/V2 
Pe all Die -V8/AV 5s =H V3) —T2VE 
Table III. 
Energy Matrices 
a 
2, (a 2D, 62D, 2F, 2G, 2) 
de?k,)dyt det@F)dy detCUk,)dyy dedyAA,) d&dyCk) 
—12Dq 
dé +5C -3V3B -5V3B 4B+2C 2B 
—2Dq 
d?Ghi)dy —-6B+3C 3B —-3V3B ~3V 3B 
—2Dq ie 
d&@F,)dy +4B+3C —-V3B V3B 
8Dq 
dedyAA;) +6B+5C 10B 
8Dq 
déedyGH) —-2B+3C 
FY (ize Zhe 2G, °F) 
de3(2F\)dyt detGF\)dy3 det Fy)dy? d&dy23Ay) dedy?1F) 
—12Dq 
des —6B+3C —38B 3B 0 -2V3B 
—2Dq 
de(3hy)dy +8C —38B 3B 3V3B 
—2Dq 
d&UFy)dy -6B+8C —3B —-V3B 
8Dq 
dedy?3Ay) -6B+3C 2V3B 
8Dq 
dedy7AH) —-2B+3C 
NO AIOL OAOY, XC Vel 
ds? )dyt de(1A;)dys detQH)dys detdy 
—12Dq 
dé3 —6B+3B -6V 2B -8V2B 0 
—2Dq 
d&tA)dy +8B+6C 10B V3(2B+C) 
—2Dq 
de 1H )dy —B+3C 2V3B 
18Dq 
dy ~8B+4-4C 
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Table III. (continued) 
“Fs (4P, 49) 4A, (4F) de —12Dq—15B de3(4Ay)dy4 
de4(3Fy)dy3  dedy2(3 Ay) 4B, (4) de3F\)dy —2Dq—15B dF, )dy3 
- oD ' 2A, PG) d@ CE )dy3 —2Dq—-11B+8C d&(1F)dy3 
we LY 
de3F)dy —3B 6B 2A, CE) de Gl)dy -—2Dq+9B+38C des H)dy3 
8Dq 
dé dy2(3 As) —12B 
di 
3h) (a3P, 63P, a3F,.b3F, 3G, 3H) 
dOCR)dyt deChy)dy de?ky)dy  — det(3F)dy°(14;) det(@F yd?) de(\Fy)dy8A2) dedy 
—16Dq 
det -15B+5C -V6B —-3V2B V 2(2B+C) —-2V92B 0 0 
—6Dq 
dex(?Fy)dy —11B+4C 5V3B V3B -V3B 3B V6B 
—6Dq 
des(2Fy)dy ~8B+6C —8B —3B 5V3B V2(B+C) 
4Dq 
der(3 Fy )dy2(1A,) —-B+6@ -—10B 0 38V2B 
4Dq 
de(3Fy)dy21F) —9B-+4C -2V3B -3V9B 
4Dq as 
d&(1Fy)dy?(3A2) —-11B4C V6B 
14D¢. 
dé dx —16B+5C 
! 
IF, (aD, 61D, a3G, 61G, 1F, 1D) 
dF s)dyt dB?hi)dys de?kh)dy3 det3F,)dyGA2) de(k,)dyAH) déetQhs)dy2(141) desdy 
—16Dq s. a ich 
det -9B+7C 3V2B -5V6B 0 -2V2B V2(2B+C) 0 
—6Dq La ie: 
d&?2F\)dy —-9B+6C -5V3B 3B —3B —8B —-V6B 
—6Dq Lat a 
de3(2F,)d +38B+8C —-3V3B 5V 3B -bV 8B VaR .C) 
4Dq cals 
dé(3F)dy2(3-A2) —9B+6C —6B 0 -38V6B 
4Dq = 
d&(1F,) dy? 8) —8B+6C -—10B V6B 
4Dq mes 
d@0F,)dy?AA;) +5B+8C V6B 
14Dq 
dé dy +70 
1A; (aS, B18, a1G, b1G, 1) 
dé(LA,;)dy4 de3(2B)dx3 dé4(1A,)dy?(1A1) d&(iBh)dyAk) dé 
—16D Ae _ 
de* T1000" -12V2B V 2(4B+2C) 2V2B 0 
—6Dq 
de(?H)dy +6C —12B —6B 0 
4Dq = 
deé(1A;)dy?(2A1) +14B+11C 20B V 6(2B+C) 
4Dq ets 
deh) dy21h) —8B+6C 2V6B 
24Dq 
dy -16B+8C 
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Table III. (continued) 


d4 
LE (aD, 61D, a3G, b1G, 1) 
dR dy! dex(2B) 13 detQLE)dytA:)  det(LAjjdYOH) — det(LE)d°0. 2) 
—— — — — = ~— —-— = _ i ar = SS > eae + -- = = — —— } 
—16Dq 
det —~9B+7C 6B V 2(2B+C) —2B —4B 
—6Dq | 
des? dy ~6B+6C -8V2B —12B ° | 
4Dq = 
dé*(1H)d72(1A}) +5B+8C 10V 2B =10V OE 
4Dq 
de(1A;)d2E ) +6B+9C 0 
4Dq | 
d2(1E )d21E) —3B+6C | 
} 
3K, (3D, a3F, b3F, 3G, 3H) | 
de3(2F)dy2 de(?2Fy)dy3 de*(8Fy)dy°GA2) = de#3F)d PCH) ded 
—6Dq 
de3(2F))dy —9B+4C -~5V3B V6B V3B =VEB 
—6Dq 
dex(?2F,)dy —~5B+6C -3V2B Oe V 2(3B+C) 
4Dq 
de>(3F)dy(3 Az) ~18B+4C —2V2B —6B 
4Dq 
de(3F,)dy21B) —9B+4C 38V2B 
14Dq 
dedy? —8B+5C 
LCR Gnas OIG, 21) 
d&2Fy)dy3 d&e2Ry)dys deQFy)dYQk) dedy 
—6Dq : 
dex(2Fy)dy —8B+6C BV3B_ 3B V6B 
—6Dq\* 
ds3(2F)dy 38 +-8C -5V3B V 2(B+C) 
4Dq 
d2°(1Fy)d21E) —~83B+6C -V6B 
14Dq 
dedy3 —16B+7C 
37 (3D, 3G, 3H) 3A, (a3F, b3F) 
des(4A,)dy3 det2H)dy3 det(LE)dy?(3.Ay) dex?2E)dy3 de4(1A,)d (3A) 
—6Dq —6Dq 
de(4A,)dy  —13B+4C —4B 0 dex(2B)dy —8B+4C —12B 
—6Dq 
dex(2H)dy —10B+4C -3V2B de%(1A;)dy2(34,)  — sei 
4Dq 
d&(1E)dy2(3A,) —-11B+4C 
VA, GF. UD) 
des? )dys de.) dy(1E) °K (8D) de(4As)dy -—6Dq—-21B de(4Ay)dy3 
bg (ststi‘(it*é‘s*~*« PD) AMY) 4Dq—21B — de9F)?CA,) 
dex(2E)dy —12B+6C 6B 3A, 8G) de?) dy —6Dq-12B+4C d&?E)dy3 


4Dq 
deh) dyAH) —3B+6C 
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1954) 


6a ee ep e)3D 
POT 
geQ= 06+g8- eh P(@71)g3p 
bdo 
dal 9AS-— = g2/9AG O0IL+ 79 — (A1)c*P(\ae2p 
adz/EAS— Fei SAGT TE AZ O0L+d0r- (7 e)e4P(4Hz)e3P 
Ge] GAS— | az) SAe— 0 0 08+ {er— (A1)c*P Wz )e2P 
KA) EG “eral ais TE AOL 0 0 O0I+gF- (W1)s*P(Lz)e2P 
0 O+4P 3/9 AG dé/ 6 AGL d2/ BAS del SAS 06 a as- Ap(4A1)e3P 
doi- 
D 0 ge] 9AS= de/ & Ag- WTé/ BAS ge/ 6 Ag- ge- 6 + {6s - APU e)43D 
TOT — 
(Ie ‘Hz ‘Dz 9 ‘Dz 0 ‘129 ‘Az 0 ‘dz) We 
01+ g0e- yp 3p 
Ld0z 
AIAS- N6+I8—  (Az)edP(Lge)z99 
Lot 
Go fA de 06+a81I- (Aze*P(441)<2P 
LdOr 
he de/ YAS dz/ 9 AG OOT+G9- (Ai) PB Tz) e239) 
Derdy dei 9AEg- qe/ 9 Ag 0 Ogle ae CW rch P (Sz )e3p 

AE AZ— Da carAe d3/ GAG 0 ZS AVT- O8+Ael— = (Ar) D(z )e3p 

0 dé/ 2A — g¢/ 9Ag- 0 0 TE AZ O8+d9l—- — (*e)ghp(Lyz)e2p9 

0 0 8) d2e/ 9 AG- Wel 9 AG d2/ 6 Ag- d@/9 Ag O6+d8I-—  —- Ap(441) ap 

6qd0i- 
0 O+dyV 0 d2/ 9 Ag d2/ IAS d2/ 8 Ag- qZl IA ds O6+AI8- pW e)y3p 
bdoi- 
0 0 0 dz OS+dP A&ASZ— 0 AIA GIA OOL+G0s— 2p 
6q0z- 


(de° ‘de9 ‘Ge? ‘Ie ‘Hz “929 ‘Dz 0 “129 ‘Az ?) Sz 


(penuljuoo) “TIT eqey, 
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Table III. (continued) 


Viol 2, 


2H (a2D, 62D, c2D, a2G, 6G, 2H, 72) 
—10D¢ _ 
dé(1A,)dy -—4B+12C 10B 6B 6V38B 6V2B 228 4B+2C 
—10Dq 
de(1H) dy —138B+9C —3B 38V3B 0 CGEM Bee eye: 
de?2B)dytA;)  —4B+10C 0 0 —3B -6B 
dex(2E) dy%3 Az) —16B+8C 2V6B -38V3B 6V3B 
d82H)dy1H) —12B+8C 0 6V2B 
10Dq 
detH)dy3 -183B+9C  -10B 
10Dq 
dé(1A;)d73 —4B-+12C | 
24, 28, a2G, b°G, 2L) 
—10Dq i 
de(1B)dy —~8B+9C -3V2B 0 6B+C 
ds3(2E)d72(1E) = 12a -4V3B 38V2B 
dé3(4Ay)d72(3.A2) —19B+8C 0 
10Dq 
de1E)dy3 ~3B+9C 
2A, (a2F, 62°F, 72) 4B, (¢P, 4F, 4G) 
—10Dq —10Dq ty 
de(if)dy  —23B+9C 38V2B ~2B+C dée(3F,)dy  —25B+6C —3V2B C 
de?E)dv0k) -12B+8C -8V9B de&?Fy)dy(34.) -16B+7C -8V9B 
10Dq 10Dq 
dF )dys —23B+9C de(3F\)dy3 —25B+6C 
4F, (4F, 4G, 4D) 4F) (4D, 4G) 
—10Dq = de3(2F1)d72(3.Ay) —22B4-5C -2V3B 
de4(3F,)dy —17B+6C V6B 4B+C de(4AydtH) —21B+5C 
des?By)dy8Ay) —22B+5C -—V6B 


10Dq 
d&’3F;)dy3 —-17B+6C 


®A, (8S) dé(4As)dy3Ay) —85B 
4A, (4G) de%(4Ay)dy?34y) —25B+5C 
44, (4F) de(4A)dy241) —13B+7C 


Appendix 


Here we will show by induction that the following relation 
second sum in (3.1) in certain cases: 


holds between the first and 


(the first sum in (3.1) _ AWN:nn’)(the second sum in (3.1) Al 
for N electron system) = for N electron system) , (A.1) 


| 


| 


' 


1954) 


with 


A(N:nn’)={1+A(N—1:n—1,n’—1)}/{14+A-“N-1:0,n’)} . 
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(A.2) 


A(N :mn’) is a constant (including zero) depending only on N, #2 and »’. (When the sum on 
the right hand side of (A.1) is zero, we consider A-! to be zero.) 
For this purpose we assume similar relation for N—1 electron system, namely 


(the first sum in (3.1) 
for N—1 electron system) > 


To verify the relation (A.1), we express 


A(N—1:nn’)(the second sum in (3.1) 


for N—1 electron system) . (A.3) 


(11”-MST’ )r2¥-"(Se2)S TG yal” “USL” 2? (SuP ST) 


and 


in (A.1) by 


Cra" rs" UST YSTIG wal (Ss re 2 (ST ST) 


GST Se a oe Grenn” (Ol 7s on he ose) 
using both the recurrence formula and the assumed relation (A.3), and apply the following 


relation for the transformation matrices ; 


0 TEAC AT Ep 
FR = —— 
(lI), Tal Paslaldl Or) 


SHA IT (Deh OP IL) 
io —— = 
(Gegl TAGE TE) CaP) 


TPs WPT), Ts) 
Wer) ies td Or) 


(A.4) can be proved in the following way: 
- the left hand side 


tA”) Call s,0 of OT) 


=SMPALY), PTT Pa NP TL) 
ibe 25 eeee as — — 
MTL oP Pal iT sl (Cr) 


= CPI), PsP) 


Yi eerie ees = 
MPL VO PT yrs) 


=the right hand side, 


because 


> CRO RED OECLE TPE Port) =oP 1)" 


To complete the proof for the simplification 
of the recurrence formula for non-diagonal 
elements described in §3, it is necessary to 
show that the relation (A.3) holds for 4 elec- 
tron system. This is possible only when a 
single ancestor exists and so the value of 
A(3:nn’) or A71(3:nn’) is equal to zero. 

For the case of —m’ =2, where the ancestor 
of the type (772ST'|g|72’SI) and the constants 
A(3:2,0) and A(3:3,1) are zero, we obtain 
the value of A(4:3,1) as unity and so on, 
using the relation (A.2). A(N:N,N—2) and 
A(N:2,0) are always zero, because we have 
only one sum in the recurrence formula for 
these configurations. The general expression 


Co Lyre), CAL). (A.4) 
Py L(Y) 
for A(N:nn’) in this case is 
A(N:n,n—2)=(n—2)/(N—n).  (A.7) 


As was mentioned in §3, there is only one 
ancestor of the type (ri7ST'|gl7i72S/) for the 
case of m—mn’=1 in our special problem of 
the octahedral group, and the constant A is 
given by 

A(N:n,n—1)=(n—2)/(N—n) . 

For the non-diagonal elements in the case 


of m—mn’=0, we see that A takes the follow- 
ing values: 


A(N:n,n)=(n—1)/(N—n—1). (A.9) 


(A.8) 
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On the Absorption Spectra of Complex Ions II 
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The secular determinants obtained in the previous paper are solved 
for the energy levels which are important in the absorption spectra 
of the normal complex ions, leaving the crystalline field strength as a 
parameter. The values of B and C (Racah’s parameters) there needed 
are determined from the observed spectra of free ions or in some cases 
by extrapolation. 

The f-values of the transitions which connect the energy levels 
ealeulated are estimated and compared with the observed intensities. 
The difference of the spectral width among absorption bands and lines 
is also considered using the energy diagram obtained. Following the 
assignments determined by the above considerations, the caleulated 
positions of lines and bands are rather in good agreement with the 
experimental data in divalent ions [MX¢]?* (M=Cr, Mn, Fe, Co, Ni), 
when we adjust the crystalline field parameter Dg suitably. In 
trivalent ions [MX¢]**+ (M=Ti, V, Cr, Mn, Fe), it is necessary besides 
the adjustment of Dg to use smaller values of B and C than those of 
the free ions to obtain better agreement with experiments. The 
values of Dq thus determined are of reasonable magnitude close to 
those obtained in other ways. The decrease of B and C compared 
with those of the free ions might be connected with the recent Stevens’ 
suggestion. It is interesting that, though the agreement is poor about 
[Co(H20).]** and [Co(NHs3).]’+ whose bindings are usually considered 
covalent, the qualitative explanation of their spectra is found possible 
in the crystalline field approximation. 
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band, the weak band and the sharp line. No 


It has already been mentioned in the pre- 
vious paper (1) that the complex ions under 
consideration show several forms of the ab- 
sorption spectra, namely the relatively intense 


quantitative consideration, however, has been 
made to explain the origin of these differ- 
ences. 


We shall therefore investigate the nature 


1954) 


of the transitions due to the optical absorption 
in these complexes in §3. Then the com- 
parison with the experimental data will be 
given in §4 using the energy level diagram 
obtained in § 2. 


§2. Determination of B, C and the Result- 
ing Energy Level Diagram 

Because most of the spectra of the free 
ions of the iron group elements are not yet 
completely known, in order to make the ex- 
trapolation possible, the values of B and C 
for the doubly or triply ionized states were 
estimated in the following way. 

Since the term values of the elements in 

| the d?-isoelectronic sequence, i.e., Ti III, V 
IV, Cr V, Mn VI and Fe VII are experi- 
mentally known’, we have determined the 
values of B and C so that they will give the 
observed values for ?F, *P and 1G. When 
we plot these values of B and C against the 
atomic number Z™, they approximately fall 
on a straight line: B=145 (Z—s) cm-!. C= 
705 (Z—s) cm~} (compare with B=129.5 (Z—s) 
em~?, C=514.5 (Z—s) cm=! which one obtains 
using the Slater type wave function with 
a3) 

To obtain B and C in the d*-isoelectronic 
sequence, we calculate 4B=B(d’)—B@), 
4C=C(d*)—C(d’) using the observed value of 
the parent ion after Meshkov® (for the term 
value of }S(d?) we adopt the calculated value, 
since the observed values are lacking), so 
that they give term values of *F, *P and "7 
correctly. In Table I, the column (diff. (1)) 
gives the differences between the values calcu- 
lated in this way and the observed ones, and 
the column (diff. (II)) gives differences between 
the observed values and the values calculated 
in the usual way using the values of B and 
C determined so as to give ‘F, *P and *f 
correctly. The values of B(d*), C(d*) thus 
obtained also fall on a straight line parallel 
to the line for d? determined previously. 

For d”-isoelectronic sequences (7=4) where 
we have few observed term values, this 
method cannot be applied, and the values of 
B and C were determined roughly from the 
observed three levels suitably chosen. Then 
they were adjusted so that they fall on straight 
lines which are parallel to the lines of d?- and 
d’-isoelectronic sequences and equally spaced 
with the distance between the d?- and d’- 
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lines. 

In Fig. 1 and 2 the points marked by x 
indicate the values thus determined for d 
and d*. But for d* B-values are not plotted, 


Ti, VeCr Mn. Fen Co Ni 


Fig. 1. B-values for various 7 and ionicities. 


Tilak erin bremiGos 


Fig. 2. C-values for various Z and ionicities. 

since if they were determined from °D, *H, 
3G we have far smaller values than those ex- 
pected (smaller about by 130cm~?). C-values 
for d* determined from °D, *H, °G fall on 
the points expected from the graph. For d° 
B, C-values are the average of the two deter- 
mined from °S, *G, *D and ‘*P, ‘F respective- 
ly. For d® they were determined from 5D, 
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Table I. The deviations of the calculated term values from those of the observed. 
(obs.—cale.) (Values are given in em7!) 

d? 
V IV mar ee V fu Mn VI eae Fe VII pay 
ae 419 | 3 662 3p 964 | 3h" 1346 
1p 10960 —1397 | 1p 13200 —1764 | 1D 153836 — 2065 | 1p 17475 — 2335 
3P 13344 | 8P 15868 | 3P 18344 | 3P 20855 
1G 183889 | 1G 22060 1G 25511 | 1G 28915 
B=862 B=1014 B=1159 B=1301 
C=8815 C=4617 C=6322 C=5981 
d3 
V Ill Diff. |Cr IV Diff. Mn V Diff. Fe VI Diff. 
oD) San Gy City () =n). | () Gp 
4fr 336 | 4 554 he a 813 | 4" 813 
2P 11827 —3484 —5579 | 4P 14324 14P 16781 4P 19235 
4P 11668 |2P 14229 —4341 —6985 2G 18158 — 195 —1670 | °G 20996 — 292 —1961 
2G =12089 — 438 —1040 lage Mass — Woe 1866 }2P 22961 908 —2190|2P 26297 820 —2685 
2D 16817 — 590 —2448/2D 20487 — 788 — 3652 | 2D 24626 — 661 —8172|?D 28524 — 686 —3516 
°HT 16907 CH 2214 \2= 25150 HL 28981 
B=(55 |? 36785 2506 17651 | B=1065 B=1205 
C=3257 |- B=918 C=4919 C=5659 
| C=4138 
Table II. The values of B, C* and y determined in the way described in §2. (em~!) 
B G C/B B G C/B 
Digs 694.6 2910.4 4.180 
Ws 755.4 SOD ene 4.312 V IV 861.6 3814.9 4.428 
Cr 810. 3565. 4.401 Cr 918. ZN Keel 4.502 
Mn 860. 3850. 4.477 Mn 965. 4450. 4.611 
Fe 917. 4040. 4.406 Fe 1015. 4800. 4729 
Co 971. 4497. 4.633 Co 1065. 5120. 4.808 
Ni 1030. 4850. 4.709 Ni 1115. 5450. 4.888 


* These B-values are not greatly different from those values recommended by Catalan 
et al.®) after our calculation has been performed, and the value determined by Meshkoy*) 


for Vv Li 


5H, °G, and for d’ B’s were determined from 
‘F, *P, ?G and C’s are the average of the 
two determined from 4F, ‘P, ?G and #P, 
°G, ?H respectively. For d’ B and C were 
determined from °F, *P. 

The calculated term values using these B, 
C do not show so good agreement with the 
observed ones which were not used in the 
determination of these values (4#~2000- 
3000 cm-! except some particular terms for 
which the error is even larger), so that we 
may expect that error of the same order 
would occur for the element, for example 
Co IV, for which spectral terms are not known 
yet. These errors are much larger than the 
errors that occur when one uses the values 


B, C determined by the least square method. 
But as our calculations are for molecular ions, 
we consider that the accuracy of such degree 
is sufficient for our purpose, judging from 
the nature of the crystalline field approxi- 
mation. Values we adopt here are given in 
Table Il. y=C/B is nearly constant for all 
elements and is about 4~5, while, if we adopt 
the Slater type wave function, 7=3.97 and is 
independent of the effective nuclear charge. 
With these values we solved the secular 
determinants including the interaction between 
configurations, and obtained the lowest eigen- 
values among those belonging to the same 
SI’. The results are shown in the energy 
diagrams in full line (Fig. 3-9). The other 
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interesting levels were also solved neglecting 
the interaction between different configu- 
rations and are given in broken lines in the 
range 4=Dq/B=2. Both the level energy 
(ordinate) which are measured always from 
the ground level and the strength of the 
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Fig. 3. The energy diagram for d?. 
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Fig. 4. The energy diagram for 48. 
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crystalline field (abscissa) are scaled by B as 
unit. The values of + and B used in the 
calculation of the level energy are also given. 
The observed term values and the lowest 
level of d¥~'s configuration in the free state 
of the ion are indicated there. 


Cri: 3d°(3F) 45,46 ~ 413 | Y= 4.502 
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Fig. 8. The energy diagram for 4°. 


§3. Nature of the Transitions 


In this section we shall consider the inten- 
sity of transitions, selection rules and the 
problem of the width of the observed ab- 
sorption, in order to obtain some theoretical 
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foundations for the interpretation of the ob- 
served spectra. 

The relation between the absorption coeffi- 
cient k(v) and the oscillator strength /f is 
given by the relation 


mc 

Ti ene 
where N is the number of the absorption 
centres per cubic centimeter, and » the fre- 
quency measured in sec~!. For solutions, the 
intensity of the absorption is ordinarily given 
in terms of the extinction coefficient € defined 
through the relation J=J,10-*0* where wz is 
the thickness of the solution in cm and ¢& is 
the concentration in mol per litre, so that 
correspondingly to (3.1) we have 

2°33 * 10? 

Te Nisee Jra\eoee 
where Nayog is the Avogadro number. For 
a rough estimation of f, we can replace the 
integral in-@.1)or 6.2) *witht.2.5 %Rmax dy 0G 
2.9X€max4y in which dy represents the half 
width, assuming the absorption curve to be 
gaussian. 

Experimentally it is known that in solutions 
all the bands in question have the values of 
log €21~2, Av~10" sec-? (3000 cm-!) except 
for the case of [Fe(H,O).]**, whose bands 


[addy (3.1) 


(ey4) 


| perature 
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observed at 14300cm7! and 18200cm~-! have 
rather small intensity log €&’—1 and the width 
Av~2x10'*sec"!. Therefore, for the broad 
bands observed in solutions f-value can be 
estimated to be of the order of 2x10~‘ if we 
take log€=1 (according to Sauer’s measure- 
ment® for the bands of chrome alum, f is 
of the order of 10-%), but for the weak bands 
of [Fe(H.O).]?+ it is about 4x10-°. 

On the other hand, the doublet lines of the 
chrome alums have the oscillator strength 
f~3x10-® according to Sauer’s results. The 
line (though it is rather broad, the reason 
why we regard it as a line will be given later 
in § 4.) observed at 24600cm7! at room tem- 
has the values logé*@—l, dy~ 
4x10" sec-!, so that its f-value becomes to 


' be of the order of 107°. 


Ail the observed absorption in question are 
thus considered to be due to forbidden tran- 
sitions. This fact supports the interpretation 
that they are the transitions between the 
levels arising from the d”-configuration, since 
all the levels then have the same parity so 
that the transitions between them are for- 
bidden. 

Among the forbidden transitions between 


' the states with the same parity, the following 
transitions are able to have non-vanishing 


intensity; 1) the electric-dipole transition 


coupled with the vibration, 2) the electric- 


here because of its uncertainly. 


quadrupole transition and 3) the magnetic- 
dipole transition. Electric-dipole radiation due 
to naturally unsymmetric fields can be treated 
in a similar way to 1) and its transition pro- 
bability may be of the same order of magni- 
tude as those of:1), but we do not thuch it 
(See Van 


~ Vieck”®).) 


We now estimate the /f-values of those 
transitions in the same way as Van Vleck has 
done on the spectra of the rare earth salts. 

For the intrasystem transition which con- 
nects the two states with the same multipli- 
city, the transition probability of the type 1) 
is given by 
G2) 


where Vnem is a matrix element of the hemi- 
hedral part of the crystalline field, and »’ is 
the frequency interval separating the state in 
question from the excited states of the oppo- 
site parity, which are not limited to the ex- 


Oye= Oallow( Vnem/hy’ Ng ’ 
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cited states of the central metal ion but 
include those of the complex as a whole. 

To obtain Vnem we expand the crystalline 
field V(w,@) in power series of @ where x 
denotes the electron coordinate and Q is the 
normal coordinates of the vibrational displace- 


ments 


View, Q)= Vol(a)+ S ViMQ a 
+3 DS) Va’ QQ) , (3.4) 
where V,(2) represents the crystalline field at 
the equilibrium position of the nuclei. We 
see that Vo and Qe or Vag-“**) and 
Q7Qa™ have the same transformation pro- 
perties, since the crystalline field has the 
properties 
Vie,Q)=ViRz, RQ), (3:5) 
where R denotes the symmetry operation. 
Now Vnem originates from the vibrational dis- 
placement with odd inversion symmetry Fy 
and Fy,, that is, the main contribution 
to Vnem comes from VWe(Fiu)Qq(Fiu) and 
Vol(Fou)Qa(Fru) of the second term in (3.4). 
The order of magnitude of the second term 
is seen to be (Q/r)V». so that we can estimate 
Vnem using the relation 
Viem—Z(OR/7)V ; (3.6) 
where OR is the zero-point amplitude of the 
vibration and 7 is the average of 7. The 
amplitude dR is estimated from 
27? yy (OR)=sthy , 
where v» is the fundamental frequency of the 
vibration and v is the effective mass for the 
vibrating complex. For the numerical value 
of »), we adopt 10% sec-1 which may be com- 
pared with the infrared absorption at 2.4x 
1012 sec-! and 4x10!* sec™1 of the cobalt com- 
plex recently found by Hill and Rosenberg®. 
For the value of “, we take the mass of the 
Central sion, (e4~ l0is-ton meas) IGOCSmnOt 
seem to differ from the mass of the central 
ion so much. Then we obtain the zero point 
amplitude to be of the order of 107°cm. 
Assuming the value 7~107-'cm, Vo~104 cm7}, 
we have Vhem@10?cm-!. With this and 
y’~10° cm}, we finally obtain 
01107 *- Cannow 5 (Gan) 
The /f-value of the allowed transition can 
be estimated from the relation 


(3.8) 
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where 9 is the electron mass and the fre- 
quency v is assumed to be 6X10'sec™!, so 
that the f-value of the allowed transition 
may be considered to be of the order of unity. 
The f-value of the case 1) thus would be of 
the order of 
PreAwg-= .. (3.9) 
The transition probabilities of the case 2) and 


3) for the intrasystem combinations are esti- 
mated from the relation 


for" 2) y= 327 ve Q?/5he> , 
for 3) Oy = 6424 v3® Me /3he* 5 


(3.10) 
G12) 


Here Q is the “quadrupole amplitude ” which 
can be estimated from the relation Q-7 , 
and M is the matrix element of the magnetic 
moment connecting the states in question and 
considered of the order of the Bohr magneton. 
Then the corresponding f-values are 


TOmee) fue 108, (3.12) 
form 13) Aiea lOe : (3.13) 


So that, for the intrasystem combinations, 
it seems to us that the electric-dipole tran- 
sition coupled with the vibration predominates 
over the other two cases in our problem, 
though the intensity of the magnetic-dipole 
transition has the possibility to become com- 
parable with that of the case 1) as our esti- 
mates may be in error by a factor of 10 or 
100. 

For the intersystem combinations we must 
take the spin-orbit interaction into account. 
We thus consider the contamination of the 
state with different multiplicity due to the 
spin-orbit interaction as follows!” 


V (aol'7)=a¥ (AST ,P'7)+bV (a'S'T" Tr) , 

(3.14) 
where /"7 is the irreducible representation of 
SxI and contamination occurs only among 
the states with the same /’7. Here it may 
generally be assumed that the coefficient a is 
nearly equal to unity, and Od is of the order 
of magnitude 4y/y where 4y is the multiplet 
width and » is the interval between different 
multiplets. Then the /f-values of 1), 2) and 
3) for the intersystem combinations are esti- 
mated from (3.9), (3.12) and (3.13) multiplying 
the factor b? respectively. Assuming the value 
of 6 as 3x10-? which is estimated to be a 
little smaller than that of the rare earth salts, 
f-values thus obtained are 
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for 1) pb ariaed (estes 
for 2) Fre x 10-" , (3.15) 
for 3) SFuv4 x 1079. 


From these considerations we now have 
some theoretical ground to say that, to the: 
relatively strong absorption bands, the intra- 
system transitions may be assigned in which 
electric-dipole transitions coupled with vib- | 
rations probably predominates, whose esti- 
mated f-value 10-4 should be compared with | 
the observed ones 10-*~10-‘, and that, to 
the weak bands of [Fe(H.O).|** or to the lines, 
the intersystem transitions may correspond, 
where estimated f-value ~10~* is not so dif- 
ferent from those observed 10-®~107-8. 

We shail briefly consider the fact that the | 
absorption bands of the triply ionized complex 
show always a larger intensity than those of | 
the doubly ionized one by a factor 10 in &. 
This difference of the absorption intensity 
between the doubly and the triply ionized 
complexes is thought to come from the dif- 
ference in the strength of the crystalline field 
and from that in v’, because the factor danow 
does not differ greatly in both cases. The 
crystalline field is generally stronger in the 
triply ionized complex ions as will be seen 
later. Further v’ in the latter may be smaller 
than that of the former since the excited 
states with the odd parity likely exist at re-— 
latively lower positions in the more tightly 
bound triply ionized complexes owing to their 
departure from the atomic character. This 
supposition will be only justified when it is 
tested by a more thorough treatment of the 
complex as a molecule. 

The selection rules were examined on the 
individual cases 1), 2) and 3) in each com- 
plexes. All assignment adopted in the fol- 
lowing section do not break such selection 
rules. In our problem of the perfect cubic 
field, difference of the absorption due to the 
polarization of the incident light does not, of 
course, occur, but if we introduce the field 
of the lower symmetry that may really exist 
in crystals, or if some of the ligands are re- 
placed with other atoms or molecules, i.e., in 
[M Xn Yo-»]?*?* complexes, this occurs and 
further investigation on the selection rules in 
these cases will give more precise information 
as to the nature of the absorption. 


| 


system, 


| bands. 


/ is the cause of such a phenomenon. 
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The coexistence of broad bands and lines 
in iron group complexes is an interesting 
phenomenon. In the energy diagrams (Fig. 
3—Fig. 9), we can see that the energy inter- 


_ vals between the levels belonging to the same 


configuration d&"dy"-" becomes to be almost 


| independent of the strength of the crystalline 


field in the region where Dg is > 


mas 


2B (this is 


| really what happens in the iron group com- 


plexes), in other words, in this region inter- 
actions between configurations are negligible. 
But those belonging to different configurations 
are strongly dependent of the field strength, 
so that we are led to assign the transitions 
which connect the levels belonging to the 
same configurations to the lines and those 
belonging to different configurations to broad 
Thus, we consider that the strong 
crystalline field in the iron group complexes 
In rare 
earth salts where the crystalline field is much 


| weaker than that of the iron group salts by 


a factor of 10, the broad bands has not been 
observed in the visible region as far as we 
know. (The broad bands observed in the 
ultraviolet region in Ce#*! or Yb?*}% salts 
seem to be somewhat different from those of 
the iron group complex in their origin.) 

The observed half width 3000cm7! of the 
broad bands would be expiained from this 
view-point, since the crystalline field could 
fluctuate with the amplitude of Vnem~1000 
cm! even by the zero-point vibration of the 
coupled with which electric-dipole 
transitions are allowed to have non-vanishing 


_ intensities. 


§ 4. Comparison with Experiments 
We now compare our results with the ex- 


perimental data in accordance with the con- 


siderations in the previous section, and deter- 


mine Dg and, redetermine, if necessary, B 


and C which may be somewhat different from 
those determined previously from data for 
free ions, so as to give good agreement with 
the observation. 

Measurements on these absorption spectra 
have been performed by many experimental- 
ists, but the numbers of observed lines and 
bands available in the individual complex are 
often not so rich that the arbitrariness of the 
values of these parameters will exist in some 


cases. 
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3d: In the case of a single d-electron or 
hole, only a single absorption band is allowed 
to appear in our treatment. According to 
Hartmann an Schlafer™, [Ti(H,O)]*+ has a 
single band with intensity log €~0.6 and its 
absorption maximum is at 20300 cm-!, which 
can be assigned to (d&)?F,-—(d7y)*E transition; 
the value of Dq thus determined is Dq= 
2030 cm7!. 


3d’: Dreisch’ found a single band on Cu?taq.; 
its absorption maximum is at 12200cm7}, 
which can be assigned to (d&d73)?E- 
(d&dy')F, transition. Then Dg is given as 
IAN. 


3d”: Hartmann and Schlafer™ found two 
bands in the [V(H,0),|?+ complex ion at room 
temperature: 


abs. max. logé&é 

V(CIO,)3 in HClO, 17.3. 10° em Oe 
25.0 0.92 

NH, V(SO,)2°12H2Oaq. 17.8 0.54 
25.6 0.81 

CsV(SO,)2°12H2O aq, 17.8 0.65 
25.6 0.81 


We assign these two bands to (d&)F\—> 
(d€dry*F,, (d&)*F,-(dédy)*F, transitions re- 
spectively. Calculated values are 17300cm7! 
for °*F,-*F,, and 25400 cm“! for *F\ °F, when 
we take the value of B as 640cm7! which is 
determined using the fact that the energy 
interval between 3F, and 3F, should be ap- 
oroximately equal to 128. (In our treatment 
ry is always assumed not to be changed from 
those of the free ion.) The corresponding Dq 
is about 1860cm7!. It must be remarked 
here that our assignment of the second band 
is different from that adopted by Hartmann 
et al., namely the second band in their 
treatment corresponds to (d&*)?F,—(d7?)Az 
transition in our case, which is considered to 
be strongly forbidden even if the coupling 
with vibrations were taken into account, for 
it corresponds to a two electron jump. Fur- 
ther, besides this broad band just mentioned, 
our treatment leads to the expectation that 
lines must be found corresponding to the 
transitions (d&?)}°F\-(d&)'F,1F, and (d&)3F,\> 
(d&’)1}A, at 9600cm=7? and 21000cm7! respec- 
tiyely, which will be of course very weak. 


3d®8: A. v. Kiss et al.!©9 measured the ab- 


TTA 


sorption spectra of the [Ni(1,0)6|/?* complex 
ion, and obtained the following results: 


abs. max. log. € 

[Ni(H.0)¢|SO; aq. ISRO Gin ee 
SEZ 0.27 

2513 0.76 

[Ni(H,0)6|Cleaq. 8.5 0.35 
Ce ae 

15.2 0.27 


But Dreisch and Trommer!” reported the 
existence of three bands at 8400, 14100 and 
25000 cm=! respectively for this complex ion 
NiSO,;aq., and Houston, Bose and Mookherji!® 
also observed these three bands. So that we 
will take these values as the absorption max- 
ima of the three bands. 

Our assignment and calculated values are 
as follows: 


transition ANC, WEI, — OOS, innvebic 
(d&é°d7’? SA, (dd7z* °F, 8.210? cm! 8.4 
(di dr*)*F, 13.9 14.1 
—(d&4dz*)*F, 26.3 25.0 

ID ii 


where we have used the same values of B 
and C as those of the free ion. Here again 
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the third band corresponds to a two electron 


jump. However in this case, because of the 


smallness of Dg, the mixing of the two con- 


figurations dé°d7*, d&‘dy* occurs for the *Fy 


level and the intensity of the third band is | 


thus considered to be stolen from that of the 
second band, while in the case of vanadium 
complex there was no counter-part of the 
state dy722A,. For the first two bands of Ni 
tutton salts, the same assignment has been 
done by Griffth and Owen’, using the value 
of the crystalline field parameter determined 
from their experimental data on the para- 
magnetic resonance absorption of Ni tutton 
salts. We have no resonable explanation 
as to the origin of ‘the double maxima at 
13900 and 15200cm-! found by A. v. Kiss 
at the position corresponding to the second 
band (14100 cm~?). 

For the optical absorption of [Ni(NHs3)¢.]?*, 
measurements are performed by Sone), 
Dreisch and Trommer!”, Bose and Mook- 
herji!® and for [Ni(en)s]Clsag. by Sone?®. Our 
results are the foliowing, where the same 
assignments, the same B, C values were 
adopted as for [Ni(H.O),|?+: 


[Ni(NHs)¢|?* calc. val. obs. max. obs. log &€ 
LORS r<10%emm+ 10.6 0.92 Dreisch and Trommer 
17.0 WS 0.75 Sone 
29.3 27.6 0.92 
Dq=1030 cm7! 
[ Ni(en), |? * 10.8 —— — 
Wie5 18.4 0.84 
29.9 28.9 0.93 
Dq=1080 cm7! 


The first band must be found in the near in- 
frared region for [Ni(en);?* too. Further, a 
line due to the transition (d&°d7?)?A,—'1F must 
be found at 17500cm~7! for the [Ni(H.0),]?+ 
complex ion (for the other two complexes, it 
will be masked by the broad bands). Actually 
Gielessen?) reported the existence of the line 
in the region 17300-20500cm~-! in the solid 
[Ni(H,0).|Cl, at —189°C. 


3d?: For [Cr(H2O).|Clsaq., Tsuchida and Ko- 
bayashi)? found two bands at 17500cm7} 
(log €=1.02) and 24500cm~7! (log €=1.20) re- 
spectively, and later found one more absorp- 
tion maximum at 36600cm-! (log &=0.5)2%), 


This maximum is also found in the solution 
of KCr(SO,).-12H,O, but its presence is ob- 
scured by the existence of the intense edge 
absorption. In solid states of chromic salts, 
however, it is clearly observed. 

It is well known that the spectra of the 


chromic salts show sharp lines in many cases; — 


Sauer®, Joos and Schnetzler**) have reported 
the existence of the lines in the crystals 
of [Cr(H,O).]Cl; (14800cm-!, 14900 cm-?), 
[Cr(NHs)¢]Cls-H,O (15200cm-!, 15400 cem-?) 
and [Cr(en)3|Br; (14900 cm-}, 15400 cm!) at 
—180°C, and Spedding*® further found a sharp 
absorption (21000 cm~!) between the two bands. 
The same lines are also observed in the solu- 
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tion containing [Cr(NH;).]** or [Cr(en)3]°* ion. 
To compare our results with the observed 
spectra of [Cr(H,O).|3+, we will take the ob- 
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served values of KCr(SO,),-12H.O crystal. The 
results are as follows:* 


[Cr(H20)6]** crys. 
transition calc. val. obs. max. obs. log a 

(d&)*A, (>(d&dy)'F, 17.2 x10? em=} 18.0 0.5 

(bands) }~(d&dr)tF; 24.6 24.6 0.6  Tauchida at room temp. 
—(d&d7?)'F, 38.2 36.6 OR 
(dF 14.9 14.9 3 

(lines) [nae fe 15.1 Sauer at —190°C 
—(d&)*F, 21.8 21.0 Spedding at liq. hydrg. temp. 


Dq=1720 cm7} 


Here we changed the values of B and C 
from those of the free ion in the following 
way: The values of B and C of the free ion 
are determined previously to give the term 

_values of ‘F, *P and ?H correctly, so that if 
_ we use these B, C the agreement of the calcu- 
lated term value of ?G is not so good. This 
is unfortunate because as we see the lines 
originate from °G of the free ion in our treat- 
ment. So we replace 7 so as to give the 
correct term value ?G of the free ion (result- 
ing 7 being 4.0). But on comparing the re- 
sult thus calculated with the observation we 
found that we further had to adjust the value 
of B, C in order to give the right positions 
'of the lines. The value of B to be used here 
was 765cm~7! (7 being the same as above 4.0) 
‘which is much smaller than those of the free 
ion 918cm7!. We cannot get better agree- 
ment with the observed spectra by adjusting 
only the parameter Dq as Finkelstein and 
‘Van Vieck?® claimed in their paper on a 
similar calculation of the position of the 
doublet line of the chrome alum, since the 
energy interval between the states of the same 
configuration is almost independent of the 
crystalline field. 

The third absorption band corresponds to 
‘the two electron excitation and the same con- 
‘sideration applies to this case as was men- 
‘tioned for the two electron jump in the case 
‘of Ni complex. In this case, however Dg is 
‘rather large so that the degree of contami- 
nation may be small and consequently there 
‘remain doubts about our assignment of the 
‘observed third band to this transition. If this 
assignment were correct, this band would be 
nearly twice as broad, as the first and second 


bands according to the considerations given 
at the end of §3. The third band really seems 
rather broad, but it may be safe not to draw 
any definite conclusisn as to the origin of this 
third band. 

It is doubtful whether the observed two 
lines do correspond to the transitions to ?£ 
and ?F, respectively or not. To make this 
clear, it would be necessary to take the de- 
viation from the perfect cubic symmetry due 
to the Jahn-Teller effect® or to the trigonal 
field?) exerted by the ions outside the complex 
ion in question, and the influence of the spin- 
orbit interaction into consideration. Moreover, 
if we consider the deformation of the dé or- 
bital from the atomic d-character, the excited 
states ?# and 2/, have no necessity to lie so 
close together. (Though the deformation of 
orbits may be taken into account in some 
degree in the adopted B, C values which is 
different from those of the free ion, we can- 
not include in this way the deformation that 
will remove the accidental degeneracy of *E 
and 2F; levels occurred in the strong crystal- 
line field limit.) 

For [Cr(NH;)s]?* complex ion, assuming the 
same assignment and the B, C values redeter- 
mined above to be correct, the comparison is 


as follows: 


* These data were used here with Tsuchida’s 
which was obtained at room temperature, because 
for these lines the temperature shift is small. 
According to Sauer’s experiments the doublet line 
at 14900em-! shifts only about 20A towards the 
longer wave leugth side when the temperature is 
changed from —190° to 18°C, while the bands 
shift as much as 150A. 
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[Cr(NH3)¢]°* calc. val. obs. max. obs. log & 
21.4% 10% ems 21,5 1.62 
(bands) 29.4 28.5 IRD Linhard”®) 
46.6 — — 
14.9 522 
(lines) We: (134 Joos and Schnetzler*” 
ZAlRS 
Dq=2Zi40 ene 


> 


For [Cr(en);]’+, we shall omit the discussion, since its spectra are almost identical (though | 


a slight decrease of the intensity is found) with those of [Cr(NHsz)«]**. 


3d’: 


On the [Co(H,O)]Cl, complex ion, many observations have been made (Houston'®, — 


Dreisch™, Dreisch and Trommer?”, Datta and Deb*®), Gielessen?) and, though there exist 
slight differences among them, the existence of the following the bands is generally accepted. 


The comparison is as follows. 


trans. calc. val. obs. max. obs. log é 
(d&d7?\\F,—(d&4dy*?)'F, CH sul? cra 8.13 0.56 
—(d&4dy*)4F, 20.6 19.6 0.62 Dreisch and Trommer?” 
Dq= 840 cm7? 


If we assume the value of Dg as above, the 
absorption lines to which the transitions 
(d&d7?)Fio(d&dy)@Fi, @F, and *F\-PF;, 
have to be assigned must appear near 18000 
cm-! and ~24000cm~-! respectively. These 
positions of the lines, however, do not seem 
to be compatible with the line observed by 
Gielessen in the crystals at —189°C. 

Transition (d&d7?)'Fi-(d&*dy)E may give 
rise to a broad band with much weaker inten- 
sity, and, if it could actually be found, it 
would be very interesting because the de- 
pendence of its excitation energy on the 
strength of the crystalline field is different 
from those hitherto discussed. ‘That is, this 
band is considered to have a different temper- 
ature shift (Fig. 6), if the magnitude of the 
temperature shift of the absorption maximum 
is predominantly due to the increase of the 
atomic distance caused by the thermal ex- 
pansion. The absorption maximum of this 
band will then shift towards shorter wave 
length side when temperature is increased 
(Dq becomes smaller), while those of hitherto 
discussed will shift towards longer side as is 
often experimentally observed. 


3d‘: For [Mn(H,0),|**+, Hartmann and Sch- 
lafer measured the absorption spectra of 
CsMn(SO,).-12H,O*, and found only one band 
at 21000cm7!. This band will correspond to 
the transition (d&*d;7)E(d&d7y*)F,. If we 


determine Dq to be 2100cm™!?, our calculation 
predicts the existence of the lines near 24000 
cm~! corresponding to the transitions to 32, 
3F, etc. 

Recently the absorption spectra of the aque- | 
ous solution of CrSO,-7H.O was measured by 
Tsuchida et al.*. According to their measure- 
ment, [Cr(H.O).]?*+ shows a single band at | 
13900 cm7! (log €~0.8). In this complex ion, 
we can also adopt the same assignment as | 


above, and Dgq value thus determined is | 
1390 cm7?. 
3d°: The binding property of the [Co(NHs3)6.]* 


complex ion has been considered to be cova- 
lent by the reasons that it has the diamag- 
netic normal state and that the atomic distance 
between the central ion and one of the ligands 
is relatively small. The same argument will 
apply for the [Co(H,O).]*+ complex, because 
a recent measurement on the susceptibility of 
this complex shows that this is also diamag- 
netic*)), 

But an alternative explanation is possible in 
the ionic model that the small atomic distance 
means the strong crystalline field and at such 
strong field the change of the ground state 
could occur, i.e., the ground state could be- 
come singlet (Fig. 8). In our treatment we 


* This was reported at the meeting of the 
Chemical Society of Japan held in April, 1954, 
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shall adopt the latter explanation, and assume the covalent structure, so that the latter can 


that the ionic structure will predominate over be neglected. 


For [Co(H,O).}**, our assignment is as follows: 


traiis. calc. val. obs. max. obs. log € 
(d&°)'A, (dS dry F, 16.0 x 10? cm=2 16.3 WG Topp*®) 
(d& dr) Fy 28.1 29.0 1.70 


Dg=1920 cms ; 
where we use a little smaller value of 7, so that the ground state is singlet when the value 
of Dg is determined to give the position of the first band correctly. The B value was not 
changed from that for the free ion. Assuming the parameter values to be as above, the 
third band corresponding to the transition (d&®°)1A,—(dé4d7?), must appear (which might be 
masked by an intense edge absorption in solution) and, moreover, according to our energy 
_diagram a weak band due to the transition 14,-3F, and 1A,-F, must be found at the long 


wave length side of the first band. 


complex ion is 


where the third band is observed. However, 
as was mentioned earlier, the third band is 
‘considered to have an intensity much smaller 
than the first two bands, because Dg is also 
there rather large. So that the assignment for 
the third band is doubtful, judging from the 
comparative intensity of this band with the 
‘first two bands. 

Calculated values do not show so good 
‘agreement with those of the observed as is 
seen above. When we adjust the value of B 
‘to give the relative positions of the bands 
‘correctly, the calculate absolute positions shift 
far from those of the observed values towards 
the longer wave length side. These facts 
perhaps mean that for this complex ion the 
‘approximation that assumes this complex as 
completely ionic is not so good as to give a 
quantitative agreement. But it suggests the 
possibility that this complex could be treated 
successfully starting from the ionic model and 
then taking the covalent structure into ac- 
From this point of view, it is very 
interesting that the absorption band of rela- 


In a similar way, the comparison of our results with observations for the [Co(NHs;)s]** 


[Co(NH3)¢]?* aq. calc. val. obs. max. obs. log & 
20.4 x 10? cm=} ae 1.78 
33.6 29.5 Uyie’ Linhard?®) 
Da—7260 cima 
and for the [Co(NH3)s]Cl; crystal 
[Co(NH3)e]Cls crys. calc. val. obs. max. obs. log & 
19.2 21.6 1235 
32.0 28.6 1.29 Tsuchida**) 
(d&)'A,>(dé4d7?)F» 39.4 35.4 E25 
Do—2260'cinime 


tively low intensity has recently been found* 
at the longer wave length side of the first 
band which seems to be due to the transition 
14,—°F, or 14,-*F, in our ionic model. 

For [Fe(H,0).}?*+, only one band is observed 
by Dreisch and Kallscheuer*) at 10300 cm71in 
the near infrared region. (Though Dreisch 
reports two maxima for FeClyaq. at 9300 cm? 
(€=1.74) and 10500 cm7! (€=1.86), we suspect 
that these two maxima would correspond to 
the vibrational structure of the band peaked 
at 10300cm~7!.) Our energy diagram gives 
the observed value if we assign the transition 
(dé4d7’)’F.—(d&'dy*)"E to the observed band 
and use the value of Dg as 1030cm7!. 


3d° Absorption spectra of the complex ion 
[Fe(H.O)s]**aq, has been measured by Rabino- 
witch and Stockmayer*®? and A. v. Kiss*?, 
who found the same results, though the com- 
plex [Fe(H,O).]** is rather unstable and their 
results may possibly contain some error in 
details. Absorption spectra in [Fe(H.O)6.]?*aq. 


* Private communication from Dr, Y, Kondo, 
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found by them consist of two weak bands 
and a relatively sharp one. Though the latter 
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ordinarily appear, and we will therefore treat 
it as a line taking the possible error of the 


experiments into consideration. The results 
are as follows: 


is broader than the lines found in other com- 
plexes, it is sharper than the bands which 


[Fe(H,0)6]** aq. trans. calc. val. obs. max. obs. log € 
(d&'d7?)°A, ((d&*dr) *Fi 14.3 14.3 —1.21 
(bands)  |—>(dé4dr) 4F, 18.8 18.2 —1.00 
(lines) —(d&'d7?)*A, ,4E 25.0 24.6 —(0.48 
Do—lso0\cniess. 


where we recalculated the value of y to give the term value of ‘G of the free ion correctly 
in the same way as was done for the chromium complexes, and adjusted the value of B to 
be 820 cm -!—a value a little smaller than that of the free ion. 

According to this assignment, just as was seen in the case of the transition (d&d7’)*F\—> 


(déd7yE in 3d’, the excitation energies of the two absorptions at 14300cm7? and 18200cm~?, | 


show the opposite dependence on the crystalline field strength to the usual absorptions (Fig. 
9), while a relatively sharp absorption found at 2400 cm™~! is insensitive to the crystalline field. 
Experimental study of this difference in temperature dependence wil! be interesting as was 


mentioned at the case of 3d’. 


For [Mn(H,0)./?*+, Kato*®) observed a band at 19600 cm? in MnClyagq. . 
ment on MnCl,-6H,O crystal?) shows that this has also line spectra near 25000 cm7!. 


comparison is as follows: 


Gielessen’s measure- 
The 


[Mn(H,0)./? * trans. calc. val. obs. max. 
(band) 64,-'F, 19.6 x 10% cm 19.6 
(line) =A, 26.2 25.0 

Dg—=N230 cma 


where the value of 7 was adjusted as before, 
but the B-value was assumed to be that of 
the free ion. This assignment leads to the 
existence of the weak band at 14600cm7! 
corresponding to the transition °A,;—‘*/, which 
is not reported yet. 


§5. Conclusion 


Though absorption spectra of many iron group 
complexes could be identified with our calcu- 
lated energy diagram choosing the values of 
the parameters suitably and their observed 
behaviours were explained fairly well from 
the view-point of the crystalline field approxi- 
mation, we do not feel the ground for justify- 
ing our treatment settled perfectly because of 
the shortage of available absorption data in 
the individual complex. In the following, 


Tist 

Dq (cm7?) 2030 1860 1720 
fay (ans) 642 765 
(862) (918) 

Cet 

Dq (cm7?) 1390 
an (Ginn) 810 
(810) 


that the values of the parameters thus de- 
termined empirically are resonable ones and 
the arbitrariness of their values is not so large 
as one might suppose at first. 

The calculated positions of lines and bands 
are rather in fair agreement with the experi- 
mental data in divalent ions, if we adjust 


only the crystalline field parameter Dg suita- 
bly. 


In trivalent ions, it was necessary, be- | 


sides the adjustment of Dg, to use smaller 


values of B and C than those of the free ions 
to obtain better agreement with experiments. 
The values of B and Dg determined in this 
way are summarized below, where the cor- 
responding values of B in free states are 
parenthesized. The values of C are not tabu- 
lated there because y are not altered from 
those of the free ions. 


Mn? + Fe? + Co? Gn 
2100 1350 1920? 
? 820 ? 

(965) (1015) (1065) 
Mn?+* Fe?+ Cozx Ni?+ 
1230 1030 840 820 

860 917 971 1030 
(860) (917) (971) (1030) 
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These values of Dg are of resonable mag- 
nitude, being close to those obtained in other 
_ ways, for instance, those obtained from the 
paramagnetic suceptibilities or the paramag- 
netic resonance absorption data. It is to be 
noticed that the values of Dg in trivalent 
complex ions are always larger than those 
of corresponding divalent complexes, and that 

| in each isovalent complexes the Dg-value has 
a tendency to decrease as the atomic number 
' Z increases. The Dg-value of Co*+ remarked 
by ? will have possibly a large error because 
of the particular binding property of Co?t+ 
' compiex ion as was mentioned in § 4. 

We suppose that the decrease of B and C 

compared with those of free ions will be con- 
nected with Stevens’ recent suggestion®” on 
‘the interpretation of the paramagnetic reso- 
nance absorption, and a further theoretical 
investigation on B and C and Dg would be 
/ necessary. 

Experimentally more detailed observation 
on the behavior of the absorption in the indi- 
vidual complex ions is highly desirable; parti- 
cularly the detection of weak bands and lines 
which are usually obscured by relatively in- 
tense and broad bands; the measurement of 
the temperature shift of the absorption max- 
‘ima or the temperature dependence of their 
‘intensities and all that will give the keys to 
‘these puzzles. Especially for Co®* complexes, 
‘the absorption spectra of [CoF,]*~ will be 
‘interesting, since it has the paramagnetic 
normal state and its spectra may be identified 
with our energy level diagram where the 
value of Dg we must adopt is smaller than 
‘those at which the alteration of the ground 


state occur. 
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Statistical Mechanics of Flexible Linear Polymers 
I. Moments of End-to-End Distance of a Polymer 


By Nobuhiko Sa1T6* 


Department of Applied Physics, Faculty of Science and 
Engineering, Waseda University, Tokyo 


(Received June 22, 1954) 


A statistical mechanical theory of the configuration of long flexible 
linear polymers is developed with pearl-necklace model. The “volume 
effect” is taken into account, the potential between two non-neighbor- 
ing structural units being assumed to be of rigid sphere type. Using 
the method of coupling parameter and the technique of Laplace trans- 
form, we obtained the moments of end-to-end distance of polymers. 
Especially the average square of end-to-end distance is given by 

4 /6/a\3 lja,y et 
mane 14+ gy 25) It5(G) +) YN | 


where N, a and b are respectively number of structural units or beads 


of a polymer, diameter of a bead and bond length. 


$1. Introduction 

The theory of the statistical configuration 
of a polymer chain is of fundamental impor- 
tance in the studies of properties of macro- 
molecules. Earlier theories, which may be 
called random flight theory, are treated from 
the point of view that a linear polymer is 
regarded as constructed from vectors of defi- 
nite length connected successively one after 
another and the “ volume effect ” or the inter- 
action of non-neighboring structural units is 
not taken into account. In the language of 
probability theory, a polymer chain is assumed 
to be built up by a Markoff process. One of 
the most successful theories along this line 
may be that of Kubo. However the theory 
as a Markoff process has been criticized by 
several authors, especially by Flory, who 
pointed out that the volume effect of segment 
can never be neglected in the statistical con- 
figuration and other related properties of poly- 
mers in solution. Recently Teramoto and 
Yamamoto*®) developed two independent theo- 
ries, the one by the method of Ursell develop- 
ment and the other by a more intuitive way 
and showed that the average square of end- 
to-end distance of a linear polymer is pro- 
portional to 3/2th power of the number of 
segments of the polymer, i.e., 


<P >=Nel 1+ mice) 


tava) Y™ |, 


where 6 is the bond length, @ is the diameter 
of a segment, and N is the number of seg- 
ments. 

On the other hand, various theories?) are 
developed to estimate this volume effect, but 
the results obtained are rather at variance. 

In the following, a statistical mechanical 
theory of the interaction of segments is deve- 
loped, which is different from those due to 
Teramoto et al. and which leads to the same 
result obtained by them. 


§2. Integro-Differential Equation for Distri- 
bution Function 

The method adopted here is that of coupling 
parameter invented by Kirkwood®. For the 
sake of simplicity a polymer molecule is as- 
sumed to be represented by a pearl-necklace 
model with bond length b, diameter of a pearl 
or a segment @ and free rotation around each 
segment, were it not for the volume effect. 
The pearls or segments are numbered from 
0 to N, and the position of z-th segment is 
denoted by r;. Let the interaction energy 
between two segments z and 7 be &(7,), 
(ri5=|r.3|=|r.—r;|), then the distribution func- 
tion for rp and ry irrespective of the positions 
of other segments is given by 


or. twié)= |. - exp [BE ©) Tt dryQ, 


Yo vy =const. 
(1) 


* Research member of Kobayasi Institute of 
Physical Research, Kokubunzi, Tokyo. 
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a= 5. ” -lexp (8B) dr, (2) 
t=0 
BE)=E Er), B=1/kT, 

where € is the coupling parameter and V is 
the total volume. The integrals involved here 
are performed under the consideration that 
the segments are connected by bonds with 
definite length b. The case €=1 corresponds 
to a real system, and &=0 to an ideal case 
without “ volume effect ” which can be treated 
/ by Markoff process. By differentiating (1) 
with respect to &, we obtain 


1 00(ro,rwx;&) 1 0Q 
a pe ese fa 
A aE B Q OE” (39 
T= 3, {erry exp [-BEON Hl drslQp 
= a [enrol reo mesresb 
OSt<ksn 
x dridrx/o(r,rvj&) , (4) 
Ta 
Q O& QVocttew 
x \er—re) exp [—BE6)] iT ar, 
__ 8B 
V o<ice<n 


x [er —nyolre ni)drdn ao) 


where 0(%,1i,Tk,rv; €) is the distribution 
function for 1%,r%,1e,ry irrespective of the 
positions of other segments, and in the case 
4=0 or k=WN, it is implied to be the distri- 
bution function for three or two segments. 

We make the following assumptions, 
Ci) 0. riers) 

=p(, 11: b)0(ri, re; £)0(res rw; €) , 

(ii) o(ri,re;&) is the function of only the 
distance and the number of segments be- 
tween z-th and k-th segments, i.e., 
Ors, Te; E)=e(rin,k—Z; E) , 
The sums over z and & can be replaced 
by integrals. 


The assumptions (i) and (ii) are correct in 
case £=0. Then Eqs. (3), (4), and (5) can be 
written as 
Op (rows &)_ 
0& 


(iii) 


= alan" ail \cra)or »0;€) 
X (rin, k—Z;£)0(rew, N—R; E)dridri 
is Bol“ [N—(e—H)ld(e—8) 


0 


Statistical Mechanics of Flexible Linear Polymers I 


781 


x Jetradotrin ki} &)drix : (6) 
Now we introduce the Laplace transforms, 


Us,ke)=| o(r,k,£)exp(—rs)dr), (7) 


(sks E)=| E(r)o(r,k,&) exp (—rs)dr , 
(8) 
Ls,t36)=\" (Sh Ey esp CDG 
Hs,4;8)=|" Gls: D.exp(_kbdh, aos 
and obtain 
aL : 
OE =—PLI7(s,t; HE(s,t;£)+B8F, (11) 


ra\" e-sdN\ dry exp (—ryws)o(row,.N; €) 
x " d(k—i)|N—(k—2)]e(0,k—2; €) 
=|" e-*dNI(s,.N; €) 
x |, de-N @-)]e0, b=: E) 
=|" e(0,2; Eje-™'dn 
x J, mats, E)e-™'dm . (12) 


In this the last line follows by putting kR-z=n, 
N=n-+wm and interchanging the order of inte- 
grations. On the other hand, the assumptions 
(i) and (ii) give 


o(r,n+m;&) =lo(r,ns Sp TF 51, Cah 


and its Laplace transform yields 
Iis,nt+m; &)=I(s,n; &)l(s,m; €) , 
therefore finally we obtain, 


liz |" e(0,msE (s,m; Eje-™*dn 
0 
x i ml(s,m; Eje“™ dm 
0 


— PHSB ON” o0,n; Buls,misjedn 


dt 
(13) 
and 
Sy iio Sopoig ae : : 
9E =—PI7(s,t;6)E\s,t; &) 


na Bor | eon: EM(s,n; B)e-™"dn . 
(14) 
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In order to solve this integro-differential equa- 
tion, we must know the functions E and e, 
and for this purpose, it is necessary to know 
the function o(r,k; &) for r where €(r) is not 
substantially equal to zero. Then we assume 
further; 


(iv) o(r iE) =| orbs k—1; 


x c(r—b,)¢(b,) exp [—EBE(r)|dbx , 

(15) 
where 6b; is the vector from k—1-th segment 
to k-th segment (|Bb;| =b), ?(bx) is the orienta- 
tional probability of the vector b; and is equal 
to 1/4 in our model, that is, ?(b;)exp[—EBE(Y)] 
is the orientational probability of vector Dy 
under the influence of the intermolecular force 
of the segment situated at the origin and c 
is the normalization constant 


Lies [e(b) evel ese nee 


r—6;=const. 


(16) 


The assumption (iv) is in contradiction to the 
assumption (ii), but where r is a little large, 
&€(r)~0, therefore the assumption (ii) holds 
almost everywhere. 

If we assume for the intermolecular force 
the potential of the rigid sphere type, 


E(r)= >0 


Ei a 
Bian a rare tcp 
we have 
= Abry_; 
BG hae. a tos aaa | (18) 
=1 [te-1-b| a, 
and from the assumption (iv) 
E(r)o(r,k; €)=0 |lr|=a, 
_ O&)b cee ees } 
a: Nexitce \ 
x olr—b;,k—-1,&)dby | 
Ir|<a@, 
(19) 
which is derived from the consideration that 
a | eexp[—EseldE ees 
esoo \y B 


therefore 
lim € exp [—&BE]=d(&)/B , 
where 0(&) is a function defined by 
d(&)=0, Ex<0 , 
Seo) >] E=0 ? 


| agag—1 . 
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The right-hand side of Eq. (19) contains d(€), 
and the function p in the integrand can be 
replaced by p at €=0. For &=0, the distribu- 
tion function can be obtained by theories of 
Markoff process (see Appendix I). 
Then Eq. (19) is transformed into 
5 3/2 
(norsk: = 92 (5) 
(Bees 
F D+7 = 3 yr nT ie a7) 
x\ ew ( 2 Bk) y+by—a 
The Laplace transforms of Eq. (20), i.e. func- 
tions e(s,k;&) and E(s,t; &) are given by 


(20) 


Ca eae MO 4(5,8 (21) 


H(s,4:£)= a o(s,k) exp(—ht)dk , (22) 
0 
where ¢(s,k) is defined by 
a(s,8)=| 


|r|<a 


| Zap ced i ap INET 
Az 


exp (—rs)dr 


(23) 
Furthermore we have 


[" e(0,b:E(s, 38) exp (2bdk 
=F)" 4(0, Bs, 8:0) Sep CARD ah on) 


Integrating Eq. (14) from 0 to 1 with respect 
to &, we have 


Bn —LsHs,0\" $(s,B) exp (— kt)dk 
0 
poLabe 
ot 
where Z(1) and Zp mean the values of Z at 
—€=1 and €=0. In what follows, the argu- 
ment € will not be written explicity in the 
functions for &=1, i.e., for real system. 
I(s,k;0) and Z)(s,¢) can be calculated by ran- 
dom flight theory (Appendix I); 
Zo(s, k)=l(s, k;0)=exp (s?b?k/6) , 
Loc € ae aa) (26) 
6 ty 
and ¢(s,k) is expressed in power series of s 
(see Appendix ID, 


Hs, k)= SD an(h)s™ 5 


6(0,2)l(s,k;0) exp (—hé)dk , (25) 


0 


(27) 
Putting 
Onlk) exp (— kt) ak= QL) 
0 


0 (28) 
| qu(h)k” exp (—Rt)dk=Bylt) , 
0 
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we have x aaa i DG TONE 
| <r>aon fir 4 /8(2) 
L—1y=—( = | ¥ y Ja 3 te b 
aR | (Gye yva 
(a ae" (2)"s Js a0) at on 
RT Ae at Mee : which is identical with the results by Tera- 
t=V6t/b . moto and Yamamoto* and those recently 


obtained by Grimley and Bueche® if we neg- 

§3. Mean Square and Higher Moments of lect higher terms of (a/b)? compared with 
End-To-End Distance unity. 

By definition we have The applications of this method to the an- 

gular distribution of the intensity in the light 


1(3,.N)=\o(r,N) exp (—rs)dr scattering and to the distribution function of 


1 end-to-end distance will be given in the next 
— . a 2 ae | s 
=k 3) <7 SS as: paper in near fnture. 
<P> In conclusion we wish to thank Messrs. 
PGieenre ae , (30) Teramoto and Yamamoto for their stimulat- 


Jay ing discussions. 
Hence Mellin inverse transform of Eq. (29) 


as a power series of s gives immediately 
various moments of end-to-end distance. The 
result is the following (Appendix III): 


Appendix I. Some Results in the Random 
Flight Theory 


K jane Bhi The distribution function of end-to-end dis- 
U(s,N)=h(s,N)+ Be F) * DeN 7 tance of a linear polymer in random flight 
5 6 (p+1/2): theory is given by 


b+a a 
| ple ——y)? ay , 3 \32 3 -_) i 
2 7 ,N)=(— xp( ———— }, 1 
>a (y+b)—a “4 elt N)=(ay) exP(—j yp)? CAD 
ere and its Laplace transforms are 
Hope goed mE DS) Gay, bin 16(8,N)=[ po(r,N) exp (—r8)dr 
ane ee Qmyy! eeeel . 
mcd n =exp (s*b?N/6) , (A2) 
: (32) and 
_ The definite integral involved in (31) is shown 
to be Lo(s,t)=\2(s,) exp (—Nd)dN 
a y? {@—(b—y) 22) -1 
ee —y)}dy chine, 25) 
& (y+bP—a- 3 ait eu thel (A3) 
2 os A 4 Rae ( =) 
= ——a—10ab? + ——* log ( 1— 
3 ‘i “ a 3 b Appendix If. Calculations of ¢(s,k), 


3 Am and Ban 
fe) log (4+ =) oe 
a b By definition (23) we have 


~ le =( 5) thigher order of (a/b) | . w(s,k)=\ exp (—rs)dr 
(33) |r|<a 
' Then we finally obtain | = 0o(r—b;,, R—1)db;, 
i by|=) 
cron (nye PED =O he) a 
p!6 * The results of Teramoto and Yamamoto 


- 3 2 contain a term (a?/2b?)N proportional to N. They 
peveQO Ge) EE 


Ay) obtained it by giving special consideration upon 
the neighboring structural unit. Indeed, chains 
D>p! = (34) with small numbers of structural units are not 
(p+1/2)! ee Gaussian even in the ideal ease of neglecting 
volume effect. However in our calculation this 

In particular when p=1, we have is not taken into account. 


x 


3/2f a 
=4 Cat | es 
o+r 2 
Xf exo (— 2 
b-r 


) ies dy 
2ek ) (y+bP2— @ 
3 3/2 b+a 37? 
aad dt eee 
a Ce) | ve exp( say 
yr a es — ers 
——— ao a ars 
< W+b)— i s 
(A4) 
Expanding (A4) in power series of s, we have 
for the coefficient dm(k) of s?” in ¢(s,k) 


2 b+a 


\ 3/2 3y? 
m k 4 es ——- 
Ns oo. \exp( el 
y? v 2 9 Da} 
ea Ee ee M*+2__ — ee 1 F 
rr er arse 
and 


eae aay ENS aL? 


98) S Ss sal Gn exp (— kt)dk 


B m=0 
_o@) $ See (A6) 
B m=0 
ls e(0,k;&)l(s,k;&) exp (—kt)dk 
ot $(0, B)lo(s,) exp (—Ré)dt 
is Gens nae 
me O(€) = Sh ie Bn 
Bee a 


where @m and Bm» are defined by Eqs. (28) 


Ant) = ly Qn(k) exp (—kt)dk 


b+a 
= ate exp (— xy) 


~~ (2m+ 2)10 
loops 
<a dy A8 
Gs-0) aD 
Bn(t)= 7 a(bykne-*dk 
0 
1-3-5- oye aes 2m+1 
a Qn y2m— 1 a) 
«fe Gap ge Pay 
b-a (y+by— 
+lower order of (1/2) , m>1 , 
(AQ) 
Bo=a, x=V6t¢ /b. (A10) 


Appendix III. Mellin Transform of Eq. (29) 
Eq. (29) is rewritten as 
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(Vol-ag, 

| 

6\2 2 | 

La)=Le-() 3, eos, (AN) | 
ira lye 

Cray Oy eee a ml! le Bu ‘ 


M+n=p 


and its inverse transform is given by 


2 oo 
Pa 
2 p=0 


isiID=h(s, Ne @ 


(A13) 
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Since a, and Bm are given by Eqs. (A8, 9, | 
10), we must evaluate the integrals of the] 
following type. 


i= i exp(—7V t +NB) yb 
2Q2rt C gm/2 


Se : | cypexp (Neé)dt . 
C 


(A14) 


The path C of this integral is along a line 
from ¢*—Zoo to ¢*+7Zcc (¢*>0) at the right 
side of the imaginary axis. The integrand 
has a branch point at =0, and we make a 
cut from —oco to zero along the negative real 
axis. Then it is shown that the path C of 
this integral is equivalent to the path C’ start- 
ing from —« below the cut, rounding the 
origin counter-clockwise and reaching again | 
to —oco over the cut. Putting N¢=€, and ex- | 
expanding exp(—rv€@/N) in power series of 
VY €, we obtain after termwise integration,* 


AV Bes expe = py (ae +5 + 
= ie ay {} ES hae 
LP eae Ut Don ie — 
I'(m/2) VN I((m—1)/2) 
: Seo m an ‘ 
oF Ne Pm —m))2) 1 4 
(ATS F= 


However as 8» is higher about the order of 
1/z than am when m>1, from Eq. (A15) we 
have only to deal with the integral arising 
from 8» when WN is sufficiently large. 


alee n+1 plj123-5: >: -Zm—o)00 
Pe 2044 oh Jmy2m—1 be 
M+nN=p 
a ya’ —(b— WD a 
x (90200) = 
| mo ee 


* For the validity of this procedure, see 
Bromwich: An Introduction to the Theory of 
Infinite Series, London, 1981, p. 499. 

** ON. W. McLachlan, Complex Variable and 
Operational Calculus with Technical Applications, 
Cambridge, 1939, p. 78. 


1954) 


+lower order of (a) | 


ey ae 
aie Sy ae Dy 


b+ = 
b+a Plea ga 
x EXP (— x 
ie p (—2y) Cael dy 
+lower order of (1/2) , (A16) 
where 
Dees se) 3:5-+-+- (29—3). (AI7) 
m>1 2” yn! 
M+tn=p 
The integral 
Se eT MNEs 
2nt \o ena 


is evaluated by Eq. (A15) to be 


b2\ 2 +3/2 NPt1/2 
=| 6 ) eee 3/2) 


N47 Goma 
a Soa Bek f94 |  (A18) 


and finally we obtain 


U(s,N)=his,N)+] Sg? {p,( 2)" 


6 
41/2 
“isia** lower order of N | 
b+a ve (a o—y} 
* ex Dice 
iP io (y+bY—a@ 
(A19) 


By the way I want to make mention of the 
method of steepest descent for the integration 
of Eq. (Al14). Putting 


I=5"| exp (¢(é)df) , 
Tt jo 


o@)=—rV ¢t —(m/2)logi+Ne, 


and determining ¢* by the condition ¢’(¢*)=0, 
we obtain the following result after a formal 
application of the method of steepest descent, 


I~ —exp Eee [¥ 


(A20) 


HE 
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Using Stirling approximation 
Pmn+1)=V 22m (m/e) , 
we have 
m/2 Nm/2-1 
~ { 9 /2—1 — ae A2?2 
I'(an/2+1) Fm]2) ’ ( ) 


in agreement with the previous result (A15). 
However in this calculation the neglected 
terms in the formal application of the method 
of steepest descent are of the order of N”/?-1, 
therefore there is some doubt about this esti- 
mation. The first method is preferable in 
analytical point. We wish to thank Prof. 
Koizumi and Mr. Namiki for their discussions 
on these mathematical points. 
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The Relation between Dynamic Elastic Modulus, Internal 
Friction, Creep and Stress Relaxation in Polymethyl 


Methacrylate 


By Eiichi FUKADA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
(Received June 29, 1954) 


The dynamic Young’s modulus and the internal friction of poly- 
methyl methacrylate have been measured over a frequency range of 
100-2000 ¢.p.s. by the lateral vibration. The dynamic rigidity modulus 
and the internal friction have been measured over a frequency range 
of 0.2-1 ¢.p.s. by the torsional vibration. The creep and stress relaxa- 
tion have been also measured in a time range of 1-50 minuites. It 
was found that both ereep and relaxation function are proportional to 
the logarithm of time. By making use of this creep function and 
assuming only the superposition principle, the dynamic elastic modulus 
and the internal friction were calculated as functions of frequency. 
Any assumption about the distribution function of relaxation time 
was not used. The agreement between calculated curves and the 
measured values is considerably good when the parameter C is taken 
to be 0.09, where C represents the ratio of the slope of creep function 
against logarithm of time to the instantaneous strain. While the ex- 
perimentally observed C is 0.065. Stress relaxation function was 
calculated over a broader time range from the above curves and was 
found not to be linear to the logarithm of time in the very early time 
after loading. But it was linear after about 1 minuite and gave a 
reasonable agreement with the measured values. 


of Gross” to this equation, the dynamic elastic 
modulus # and the internal friction tan6é are 
represented by the following equations: 


E=E,(1+CA)/[A+CA¥+(CB)], (2) 
tan d=CA/(1+CA), C3y) 


where #, is the instantaneous elastic modulus 
and C is the ratio of the slope of creep against 
log.¢ to the instantaneous strain, and 


§1. Introduction 


In the previous paper) the relationship be- 
tween the dynamic Young’s modulus and 
internal friction and the static creep were 
investigated over a frequency range of 100- 
2000 c.p.s. Afterwards the dynamic rigidity 
modulus and associated internal friction have 
been measured over a frequency range of 


0.2-1 c.p.s. The creep and stress relaxation 

have been also measured of the same sample A=|\no dt , (4) 
as used in the dynamical studies. The general O+t 

transformation method of these quantities =|" ot oP Gs 
assuming the superposition principle was ap- A+¢t : . 


plied over a broader range of frequency mak- 
ing use of these experimental results. 
The creep of polymethyl methacrylate at 


When the two parameters C and @ are deter- 
mined in the experiment of creep, E and 
tan d can be numerically calculated as func- 


room temperature can be represented fairly 
well by the following equation: 
y(t)=a+b log, (+9) , (1) 

where y denotes the strain as the function of 
time z, a and } the constants depending on 
stress, and @ the unknown parameter which 
can be determined by the experiment. 

Applying the general transformation theory 


tions of angular frequency o. 


§2. Experiment 


The measurement of dynamic Young’s 
modulus and associated internal friction using 
thelateral vibration of plate were already de- 
scribed in the previous paper). The same 
material were cut to a square bar about 10 
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Frequency dependence of the dynamic elastic modulus and the internal friction. 


Circles and crosses are the observed values by the lateral vibration of plate, triangles 


are by the torsional vibration of square bar. 


assuming C=0.09 and 6=1.2x10-4. 


cm long and about 0.2 cm wide. A _ brass 


bar with the suitable moment of inertia was Y 


attached on this specimen and the free tor- 
sional vibration was observed by means of 
the mirror and the scale). The dynamic 
rigidity can be derived from the natural fre- 
quency of the coupled oscillator and the 
internal friction can be directly obtained from 
the attenuation of amplitude. The data at 
0.2-1 c.p.s. are shown by the triangles in Fig. 
1. The maximum shear in the specimen is 
1.5x10-4—1.5x10-* and the maximum shear- 
ing stress is 2—20 kg/cm’. 

The bending creep of polymethyl methacry- 
late was measured by the same specimen as 
used in the lateral vibration. One end of the 
rectangular plate is clamped and on the other 
end the stress is applied by hanging the weight. 
The deflection of the edge is measured by the 
cathetometer at the interval of 1 minute. 
The effective length of specimen is 9.85 cm, 
width 2 cm, thickness 0.14 cm. For the 
measured time range from 1 to 30 minuites, 
the strain increased linearly with the logarithm 
of time. Fig. 2 shows the strain (yj) at 1 
minuite after applying stress and the slope of 
creep (k) against logarithm of time as func- 
tions of applied stress. The abscissa repre- 
sents the maximum tensile stress at the 
clamped edge of specimen. The average 
maximum internal stress may be one forth of 
this value. 

As described in §3, by comparing the cal- 
culation and the dynamical data alone the 
parameter C and @ are determined and we 
get 0=1.2x10-*, Then extraporating the 


x/0 


/0 


Solid lines are the ealeculated curves 


~4 


5 
0 10 20. 30,5 B40 50 60 
kg/cm? 
Fig. 2. ym: strain at 1 minuite after loading, 


k: tangent of bending creep against logit. 


creep function to ¢=0, the instantaneous strain 
Yo is given by the next equation: 

You —F logiy (60+0)/0 . (6) 
Thus C=0.434k/y) can be calculated and the 
result is C=0.065. The extreme left point of 
Young’s modulus in Fig. 1 shows one derived 
from the bending strain 1 minuite after apply- 


ing stress. 
The stress relaxation was measured by the 
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bending of the same sample. Fig. 3 repre- 
sents the apparatus. The free edge of the 
sample is pulled down by a piano wire, 0.13 
mm diameter, and fixed giving a constant 
deflection of the specimen. The electromag- 
netic coils are placed close to the wire as 
shown in Fig. 3. The a.c. voltage is applyed 


‘ehectromagnetic 
col 


Fig. 3. Apparatus for the measurement of 
stress relaxation by bending. 


0) 


I 5 10 


min, 50 


Fig. 4. Bending stress relaxation. Solid line is 
a part of the calculated curve in Fig. 5. 


in one coil to excite the lateral vibration of 
wire, the amplitude of which is picked up by 
the other coil and the resonant frequency of 
piano wire is determined. With the stress 
relaxation in the specimen the tension of wire 
relaxes with time, and the natural frequency 
f is proportional to the square root of tension. 
So the resonant frequency f, which is f; at 
1 minuite after applying stress, decreases 
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gradually with stress relaxation in the sample 
The percentage of relaxed stress is, therefore} 
given by 24f/f:. | 

Fig. 4. shows the percentage of relaxed} 
stress for the stress at 1 minuite after apply} 
stress as a function of time. Over the mea; 
surable time range, 1-50 minuites, the follow-| 
ing equation is valid, 

S)=a +H logiy (W +2) , Ch) 
where S(¢) is the relaxed stress, a’, b’ an 
0’ are the constant respectively. The slope 
of the plotted lines are almost constant for 
the different fixed strain and b’/S, is found 
to be about 0.028, where S; is the stress ati 
1 minuite after applying stress and is deter- 
mined from the deflection of the edge of! 
sample. | 


§3. Comparison between Experiment and 
Calculation 


If we take the creep function like Eq. (1), 
we can calculate & and tan 0 as functions 
of frequency f as described in §1. Over the 
whole frequency range including the lateral 
and torsional vibration, the fit of calculated 
curves to the observed data is best when C= 
0.09 and 6=1.2x10-* are adopted. Obviously 
the value of rigidity modulus is smaller than 
that of Young’s modulus but the frequency 
dependence is similar. C determined from the 
bending creep experiment using #9=1.2x10-4 
is 0.065, which is some 70% of the predicted 
value. 

When we assume the stress relaxation fol- 
lows Eq. (7) in the broader time range and 
calculate E and tandé from this equation in 
the similar way as the case of creep, the fit 
to the experimental values is unsatisfactory, 
especially in the lower frequency range. It 
might be wrong to extrapolate the relaxation 
function in Eq. (7) over the earlier time range. 

According to the Gross’s theory» we can 
derive mathematically the relaxation function 


¢@) from A and B in Eqs. (4), (5). One con- 
venient formula is as follows: 


yee | °Alo)SiP&t dy | (8) 
T Jo (a) 
where, 
q — CAM+CA)+(CBY ce 
(1+CA)?+(CB) 


Using these equations and taking the value of 
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A, B and C which lead to the theoretical 
_ curves in Fig. 1, we calculated numerically 


the stress relaxation function ((¢) as a func- 
_ tion of time ¢. The results is shown in Fig. 
) 4. The proportionality to logy)¢ is valid only 
after about 1 second after loading. The ratio 


dt) to the % at 60 seconds after loading is 
shown as a straight line in Fig. 4, the slope 
| of which is about 0.040. The observed slope 
| is about 0.028 and 70% of the above value. 


———— 


-4 =2 ey 
(0) 
10 10 l | Ae 


Fig. 5. Calculated stress relaxation function. 


' §4. Discussion 


The comparison between the dynamic and 
' static properties of high polymers has been 
already studied by several authors®-1%. There 
the concept of distribution function of relaxa- 
' tion time is often used. But when the creep 
or relaxation function can be represented by 
' a simple analytical form, the application of 
_ general transformation theory of Gross is con- 
venient. As described above in the case of 
polymethyl methacrylate we could get a con- 
siderably good agreement between the calcu- 
lation and experiment. When the creep or 
relaxation function can not be represented by 
_ an analytical form, the calculation would be 
very difficult. But the transformation by this 
method is always possible in principle with- 
out any assumption of the distribution func- 
tion of relaxation time. 
In order to make comparison between the 
dynamic and static experiment, the time scale 
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and the magnitude of strain must be in the 
same range. The maximum internal strain 
was about 6x10-° in the lateral vibration, 
10-*—10~¢ in the torsional vibration, and 10-3— 
10-* in the creep and stress relaxation. The 
frequency range for the vibration was 0.2- 
2000 c.p.s., while the time range for the creep 
and relaxation was 1-50 minuites. 

It is seen that the strain amplitude of late- 
ral vibration is rather smaller than that of 
static experiment. Recently we have devised 
an apparatus to measure the creep at the 
strain in the order of 10-° and in the time 
range 1-100 seconds. In this range the creep 
function was also found to be proportional to 
log¢ and C in the similar value as given in 
this paper. The static experiment in the 
time range smaller than 1 second is now de- 
sirable. 

The author expresses his hearty thanks to 


10% Dr. Kawai for his helpful suggestions in this 


work. The research fund was defrayed from 
the Ministry of Education. 
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Studies on fine and hyperfine structures of paramagnetic resonance 
absorption spectra in single crystals of manganese  fluosilicate 
MnSiF,-6H,O diluted with Mg** ions in several ratios of Mn:Mg=(1:20) 
~(1:150) are reported. This crystal, in undiluted state, has one ion in 
the unit cell. Measurements were made at room temperature and at 
the wavelength of 3.2cm. It is concluded that in these diluted 
erystals, the unit cell contains six inequivalent Mn** ions, the surround- 
ing crystalline fields having different orientations respectively, and that 
each field has the rhombie symmetry (D=—294 oe., |H#|=32 oe.). It 
should be pointed out that this field is measurably different from that 
of the erystal diluted with Zn++ ions, in which the field has the axially 


symmetry. 


$1. Introduction 


The method of paramagnetic resonance ab- 
sorption provides informations on the ground 
state of paramagnetic ions in a salt. The 
ground electronic state of a free Mn** ion is 
(3d) °Ss7.. In a magnetically diluted crystal 
under the influence of the external magnetic 
field, its spin degeneracy is split according to 
the approximate spin Hamiltonian of a Mnt+ 
ion), 

§=98H- S+ D{S?—1S(S+)D}+ E(S.?—S,?) 

+F@)+AS,.L4+BSz2lz+Syly) , (1) 


where g is the spectroscopic splitting factor, 
8 the Bohr magneton, H the external (mag- 
netic) field, S (S=5/2) the total electron spin 
operator, and I (J=5/2) the nuclear spin ope- 
rator. The first term is the Zeeman term. 
The following three terms represent the fine 
structure terms due to the combined action of 
the crystalline field and the spin-spin interac- 
tion between electrons in a Mn*+ ion. The 
D term arises from the axially symmetric 
component, the & term from the rhombic 
component and F(a) from the cubic component 
of the crystalline field. The last two terms—A 
and B terms—are the hyperfine structure terms 
due to the magnetic interaction between elec- 
tronic and nuclear spins of a Mn** ion. In 
the strong external field of the order of 3000 
oe., the Zeeman term is the most dominant 
and the direction of quantization is along the 
field. If M and m denote the components of 
electronic and nuclear spins along this direc- 


tion respectively, the selection rules for main 
transitions between splitted levels induced by 
the radio frequency field perpendicular to the 
external field are given by 4M=-+1 and dm 
=0. Therefore, in a magnetically diluted 
crystal containing one Mn** ion per unit cell, 
the main spectrum may be generally expected 
to consist of thirty lines because of six values 
allowed for Mas well as m. When micro- 
waves of 3 cm-wavelength are used, the main 
spectrum is centered on a field of about 3000 
oe. For a crystal with the dominant axially 
symmetric crystalline field, the energy levels 
are given approximately by the following 
formula, neglecting the F term, F(a) and the 
slight anisotropy B-A in the formula (1) 


My8H + 5 
where @ is the angle between the external 
field and the z axis—the axially symmetric 
axis of the crystalline field. The external 
field corresponding to the transition (M-m)——> 
(M—1, m) is 
H= HA, —(D/2)(2M—1)(3 cos? 9@—1)—A-m, 
(2) 
here H)=hy/g8. (v: microwave frequency, 
h: Planck’s constant). M=5/2, 3/2,---, —3/2. 
m=5/2, 3/2,---, —5/2 and D, A are expressed 
in oe. From this formula, we can see that 


(ae 1p )3c08' D+ A:M-m 


* This work was carried out during the 
author’s visit for study in Kumagai Laboratory, 
Institute of Science and Technology, University 
of Tokyo. 
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the main spectrum of such a crystal has a 
fine structure which consists of five groups 
each possessing six hyperfine lines of equal 
seperation |A]. 

In order to observe these fine and hyperfine 
structures it is usual to dilute Mnt* ions with 
diamagnetic ions for the purpose of making 
the interactions between neighbouring Mn++ 
ions negligible. In the research of manganese 
fluosilicate MnSiF,-6H,O which is trigonal 
symmetric and has one Mn** ion per unit 
cell, Bleaney and Ingram diluted the single 

_ crystal with Zn** ions, observing the spectra 
consisting of thirty lines». The spectrum in 
| the external field parallel to the trigonal axis 
of the crystal is sketched in Fig. 1 (a). They 
| determined the constants in the formnla (1) 
as follows: 
D=—A19X10s* cman! A192 oe), 
i) a —— a So lOmeGhie 745 OC.) 
A=—96.1x10-4cm7=! (103 oe.), 
B=—-933><l0e-cema (LO0iE.); 
at 290°K; and confirmed the z axis to be 
parallel to the trigonal axis. 

In the experiment on the spectra of undiluted 
MnSiFs.-6H.O, the author concluded that this 
value of D for the crystal diluted with Znt* 
ions may differ measurably from that for the 
undiluted, and that the constant D may vary 
with the kind of diamagnetic ions used for 
dilution». It implies that the crystalline field 
by the distorted octahedron which consists 
of six water molecules surrounding a Mtt 
ion may be different in various fluosilicates 
MSiF,-6H,O (M being a divalent ion). So, 
the paramagnetic resonance absorption spectra 
of diluted salts may give also suggestive in- 
formations on the crystal structure and the 
| crystalline field of diamagnetic salts used for 
| dilution. In the present paper the author has 
! analysed the spectra of single crystals of 
| MnSiF,-6H.O diluted with Mg** ions. 


Vg 2. Crystallography and Experimental 
Method 

It is known that the fluosilicates of the 
form MSiF,-6H,O (M being a divalent ion) 
crystallize as rhombohedra (having a trigonal 
symmetric axis) with the angle @ which is 
given as 112°30’, 112°10’, and 112°9’ for M= 
Mn, Zn and Mg respectively. According to 
the x-ray analysis, their atomic arrangements 
for M=Mn and Zn show rhombohedral crystal 
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structures with one molecule per unit. cell. 
The M*+*-6H,O ion and the (SiF,)-- ion are 
situated at the corner and the center of the 
rhombohedral unit cell respectively. 

As for MgSiF,-6H.O, however, the one 
molecule rhombohedral unit is not compatible 
with x-ray diffraction data and the more 
thorough examination of it has been desired®). 

The crystalline field acting on a M*+ ion is 
mainly due to the slightly distorted octahedron 
of six water molecules surrounding it. 

Single crystals of MnSiFs-6H,O diluted 
with Mg** ions in several ratios of Mn:Mg 
=1/20, 1/30, 1/40, 1/80 and 1/150 (mainly 
1/40) were prepared. We shall denote them 
by Meg(1/20Mn)SiF,-6H,0, Meg(1/30Mn)SiF¢: 
6H,0 etc. They had developed faces with 
indices (110) and (100) relative to the three 
axes with @ of about 112°. 

Crystals were mounted rotatably on one of 
the plungers of a rectangular microwave 
resonant cavity which is operated in the Hou 
mode. The cavity was situated between the 
pole faces of an electromagnet which was 
operated by direct current through the main 
coil and modulating current at a frequency of 
50 c/sec. through the auxiliary coil. The 
external magnetic field by the electromagnet 
was normal to the microwave magnetic field 
to insure transverse absorption. The measure- 
ments were carried out at room temperature 
and a wavelength of 3.2cm. The microwave 
power from a reflex klystron was divided at a 
magic T into its two arms. One of them 
was terminated by the cavity and the other 
by a matched load which was adjusted to 
make no power flow out of the fourth arm 
of the magic T when there exists no magne- 
tic absorption. When it occurred, the power 
flowed out of the fourth arm and was mixed 
at a crystal detector with the power from 
another reflex klystron whose frequency was 
stabilized to differ from that of the former 
klystron by 10 Mc/sec. The crystal detector 
was followed by a 10 Mc/sec. amplifier, a 
detector, an audio amplifier and the vertical 
plate of an oscillograph. Its horizontal plate 
was swept at a frequency of 50 c/sec. to ob- 
serve absorption lines on the oscillograph. 
All the spectral lines appearing successively 
with the increase of the external field were 
traced. The external field was calibrated by 
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every cases of dilution with Mgt* ions ex- 
amined. So it follows that these crystals 
contain more than one Mn‘? ion per unit cell. 

We shall keep our eyes on the first line of 
these spectral lines—the line which appears 
first with the increase of the external field—, 
and denote the field corresponding to it by A. 
In Fig. 3, the values of A, for various orien- 


Fig. 2. tations 0 (Fig. 2) of the field in the (110) plane 
(AOD) plane: (110) BOD) plane: (10i) are shown, which varied from 0° to +90° re- 
(COD) » : (01) (ABC) » : QI) lative to the trigonal axis. The behaviors of 
OD srivonal axa superposed line splitting in the neighbourhood 
H : external fields in two cases—Fig. of #@=0° are also illustrated. We can see 
3 and Fig. 5. i that the angular dependence of Aj, varies 
roughly as |3 cos? @—1]; the seperation of the 
first line from the central line (|H,—H)|) 
! es shows a minimum near 0=55° and a main 
[| /\ i ‘\ or subsidiary maximum near #=0° or 90°. 
we t / at These are main features for the axially sym- 
‘ / ‘. metric crystalline field (as seen in §1). The 
. : z crystalline field of inequivalent ions of lower 
be Hag symmetry than cubic can be approximately 
- regarded as being axially symmetric with an 
c ic See che erat Za = axis parallel to the trigonal axis. 
Though the spectrum at @=0° (shown in 
Fig. 1 (b)) is composed of more than thirty 
(pies BY. lines, it can be approximated to consist of | 
five fine structure groups each possessing six 
hyperfine lines. Then, we can determine the 
approximate values of the constants D, a and 
The paramagnetic resonance absorption A in (1) according to the analysis of Bleaney 


spectra of the diluted single crystals in various and Ingram”, and they are tabulated in Table 
orientations of the external field were obsery- 


ed. The spectrum for the external field paral- 


2000 \. 


proton resonance. 


$3. Results and Discussion 


I, where the signs are reasonably assumed. 


lel to the trigonal axis of the crystal Table I. Fine and hyperfine structure 
Mg(1/40Mn)SiF,-6H,O, for instance, is sketch- Cousteau: 

ed in Fig. 1 (b). This spectrum should be Di\ sang! Al Weal 
compared with that in the case of dilution Mg(1/30 Mn)SiF-6H.0 298 +7 99 39 | 
with Zn** ions shown in Fig. 1 (a). Fig. 1  yecjaomn)siFy-6H,O —294 +7 —99 33 | 
(a) shows the characteristics of one Mntt Mg(1/80 Mn)SiF,-6H.0 +204 §“28) 92 9gnn96 


ion per unit cell as explained in §1. On the mean 294 HER) | 299 82 
other hand, Fig. 1 (b) has different features 
and the absorption consists of more than It must be noted that this value of D is about 
thirty lines. Such features were observed in one and a half times of that (D=—192 oe) in 
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the case of dilution with Zn ions”, 

As expected, it results that the value of D 
determined by the method of paramagnetic 
resonance absorption varies with the kind of 
diamagnetic ions used for dilution. Next, the 
spectra for various orientations of the external 
field in the (111) plane perpendicular to the 
trigonal axis were observed. Some spectral 
lines of the crystal Mg(1/40Mn)SiF,-6H,O ap- 
pearing first with the increase of the external 

field for the direction ¢=105° are sketched in 
Fig. 4. ¢ is the angle between the field and 


_a straight line (OA) along which the (110) 
plane cuts the (111) plane (Fig. 2). In this 
spectrum we find the first, second and third 
| lines at the fields of 2303 oe., 2393 oe. and 
2425 oe. respectively. This first line must be 
one of thirty spectral lines belonging to one 
of inequivalent Mn*+ ions. We shall call this 
ion the first ion and denote the fields for its 
| thirty lines by M,,, Myx, Hy; etc. in the sequ- 
ence of magnitude. As we know the hyper- 
fine lines appearing successively in nearly 
| equal seperation |B|~|A|+99 oe., the line 
for H,. may be expected to appear near the 
field of 2400 oe. Hence we can regard the 
' second line at 2393 oe. as one composed of 
two lines—the line for H,, and the first line 
belonging to the second ion of inequivalent 
ions i.e. the line for H.,—, if we pay attention 
to its intensity and width. The third line at 
2425 oe. may belong to the third ion, which 
is denoted by H;,;. The fourth line at 2482 oe. 
may be one composed of two lines—the line 
ifor H,; and the second line of the second ion 
jie. the line for Hz. The fifth line at 2513 oe. 
wmay be the line for Ap. 
In such a way, we can plot the external 
fields for the first spectral lines belonging to 
inequivalent ions, i.e. Hy (¢=1, 2,----), for 
values of ¢. (Fig. 5). We find that these 
ipoints H;, (¢=1, 2, ----) can be situated on 
either of six similar sine curves in the form 
Csin (2¢+6)+2505 oe., the phase dé shifting 
‘each other. When diluted with Zn**, the 
‘spectrum in the (111) plane is independent of 
@ and we have Ay,=H»=Hsz; etc. Such fea- 
tures were observed in every cases of dilution 
with Mg** ions examined. It follows that 
‘these crystals contain six inequivalent Mn** 
ions per unit cell. The variation of Hu with 
¢ should be ascribed to the effect of the 
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crystalline field. Because of the approximate 
equivalence of these sine curves except. their 
phases, the crystalline field surrounding each 
of six ions can be considered to be nearly 
equivalent except orientation. The possible 
cases are as follows: 

Each field is axially symmetric. 

Each axially symmetric axis (z axis) is 

orientated differently in six ions and makes 
a small angle with the trigonal axis. 

In this case, the angle @ between the ex- 
ternal field and the z axis changes slightly 
around 9=90°, with the rotation of the field 
in the (111) plane. From (2) and Fig. 3, we 


2303 2393 425 248; hk 


2600 


can expect that Hi, is minimized at the field 
perpendicular to each z axis. This minimum 
value H, should be given by the following 
formula (3). This formula can be derived 
using 9=7/2, M=+5/2 or —3/2, m=+5/2 or 
—5/2 in (2) and also adding the second order 
perturbation term of the D term. 

Hy=H)—2|D|+D?/My—(6/Z)|Al. (3) 
The spectral line corresponds to the transition 
(M= +5/2<->+3/2) assuming the negative 
sign of D. 

Using the data: A)=3310 oe. (determined 
by the observation of the resonance peak of 
a-diphenyl #-picryl hydrazyl), |D|=294 oe. 
|A|=99 oe. (in Table I), we get H,=2498 oe. 
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from (3), while its observed value in Fig. 5 
is about 2303 oe. This discrepancy is beyond 
the experimental error. This conclusion can- 
not be upset by considering the /(a@) term, 
which contributes to (3) by 2fa, where a= 
+7 oe. and p=—1/4 (assumed)”», and also the 
slight anisotropy B-A. So the above case is 
not correct. 

If it is noticed that the calculated field A, 
=2498 oe. gives roughly the position of the 
common central line of six sine curves in Fig. 
5, we must attribute the angular variation of 


aa//xg axis, y axis bb//xs axis, Y2 axis 
colts 7, ys ” ddjfa 7,46 ” 
Ge//t2 7, Ys ile, 7 ,Y3 % 


OA, OB, OC: see Fig. 2 

H: external field 

The a; and y; axes belong to the 7th Mn ion 
in the unit cell. 


H;,, to the existence of the rhombic component 
superposed on the axially symmetric com- 
ponent. The following case can be regarded 
approximately as the probable one. 

Each field has a small rhombic component 
superposed on the axially symmetric com- 
ponent. The latter axis (z axis) is parallel 
to the trigonal axis commonly in six ions, 
while the directions of the two rhombic 
axes in the (111) plane—z and y axes—are 
different in six ions. 

Taking consideration of the rhombic term 
E(S.?—S,”) (omitted above) in the Hamiltonian 
(1), the formula for Hy is given by the fol- 
lowing equation” 

H,,=H,—2|D—3E cos 2| 

+{(D+E cos 2)? —32E? sin? 2)}/Ho 
—(5/2)| A}. A) 


Here is the angle between the external field | 
and the x axis of the z-th ion, and is equal | 
to ¢ plus constant. The x axis can be pre-| 
fered so as to make the sign of # positive. | 
Ascribing the angular variation of Hj, center-| 
ed on the field of 2505 oe. mainly to 6 cos2¢) 
in (4), Fig. 5 yields the results that the value | 
of E is about 33 oe. and that the x axis (along 
which the field H;, is minimized because of 
D<0 and E>0) makes an angle of 15° with 
the straight line (OA, OB or OC) along which 


one of (110), (101) and (011) planes cuts the, 
(111) planes. The six sets of the x- and y-| 
axes are shown in Fig. 6. These directions 
do not depend on the degrees of dilution (1/20. 
~1/150). The values of & are tabulated in 
the fourth colomn in Table I. We can neglect | 
the effect of this rhombic component on the 
behaviors of the spectral lines near 6=0° in 
Fig. 3. The directions of six z axes are not 
accurately along the trigonal axis, but : 

| 

| 

| 


slightly one auother. The observation of the 
spectra in some planes through the trigonal 
axis shows that the angle between each z axis 
and the trigonal axis is about 7°. It is not 
easy to determine these accurate directions 
because of the complicated spectrum. Thus, 
the directions of x and y axes shown in Fig. . 
5 are also approximate. 

The author wishes to express his sincere 
thanks to Prof. H. Kumagai for his kind 
guidance and also to I. Hayashi and K. Ono 
for their kind advices. This work has been 
supported by the Research Grant from the 
Education. 


References 


1) A. Abragam and M. H. L. Pryce: Proce. 
Roy. Soe. (London) A 205 (1951) 135. 

2) B. Bleaney and D. J. E. Ingram: Proc. 
Roy. Soe. (London) A 205 (1951) 336. 

3) T. Arakawa: to be published. 

4) P. Groth: Chemische Crystallographie 1 
teil, p. 550. 

5) R. W. G. Wyckoff: The structure of 
erystals second edition (1931) p. 311. 

6) H. Kumagai, K. Ono, I. Hayashi and K. 
Kambe: Phys. Rev. 87 (1952) 374. 


JOURNAL OF THE PHYSICAL SoCIETY OF JAPAN Vol. o> Now 5) SEP.—-OCr., 


Zeeman Splitting of Nuclear Quadrupole Resonance 
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With a single crystal of about 85g, which was prepared by the 
method of the pointed-bottom crucible, Zeeman patterns of the pure 
quadrupole spectrum of bromine were studied. The observations were 
carried out in the following orientations of the magnetic fields: (1) 
parallel to the } axis of the crystal, (2) parallel to the ¢ axis and (38) 


1954 


§1. Introduction 


The pure quadrupole spectrum of crystalline 
iodine was first studied by Dehmelt?. The 
itwo resonance frequencies of the iodine nucle- 
us indicated that the asymmetry parameter 
of the field gradient, 7, was 15 percent. This 
large value was explained by Townes and 
Dailey» with the idea of the resonance switch- 
‘ing bonds. A study of a similar crystal of 
bromine seems to be also interesting. The 
asymmetry parameter of bromine, however, 
has not yet been measured by the fact that 
at the nucleus with a spin of three-halves 
{only one resonance line is observed. The 
\frequency of the line is given by 


1 eet oe 
Y= 2h. QQ zz i+ an ’ ci) 


where eQqz: is the coupling constant of the 
nuclear electric quadrupole interaction and h 
is Planck’s constant*. For the determination 
of the two quantities, eQg-. and 7, the meas- 
urement of one resonance frequency is not 
sufficient. Dean» showed in the study on 
dichlorobenzene that these two quantities could 
5e measured through the Zeeman effect. We 
jave carried out observations of Zeeman pat- 
‘erns in a single crystal of bromine and de- 
‘ermined the asymmetry parameter. 


$2. Theory of the Zeeman Effect 


| In the case of a spin of three halves the 


| 


about 48° from the 6 axis in the a plane. The pattern at the 0 axis, 
where the magnetic field was perpendicular to all molecular bonds, 
consisted of four lines. This indicated the existence of asymmetry in 
the field gradient tensor. The asymmetry parameter 7 was determined 
as 20 percent. This large value was discussed from the standpoint of 
resonance switching of auxiliary bonds. 


Hamiltonian for the interaction between a 
nuclear quadrupole moment and molecular 
electric field plus external magnetic field is 
given by the expression”: 


15 = 5 Ces EPP + UL go dy )} 


— chi aera ’ (2) 


where 


0=(Qee—Quy)[Qzz 

Q@=quadrupole moment of nucleus, 

u=magnetic moment of nucleus, 

Qex» Quy, @z=components of the field gradient 

tensor, being ~, y, Zz as the prin- 
cipal axis system, whose 2 axis 
usually so chosen that qzz is the 
largest of the three components, 


H,, H,, H.=components of magnetic field, 


T=angular momentum operator di- 
vided by %. 


The first-order Zeeman effect for any spin 
was solved by Bersohn® when 7 is small 
enough so that the term second order in 7 is 
a sufficient approximation to the energy level. 
In the case of a spin 3/2 the energies calcu- 
Hue by him reduce to the eer oS 


a Diane constant yp is fananiy omitted ete 
=Q@q is expressed in frequency unit. 
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CViolze 9s 


€an.e=y/ 14 4 a +2 72+ 6 (atte 


Lae) ee 
Ei/2,+£= 1 3% ry t+ B44 ry? 


(2/3) 


where 
E 


oes 


~ (1/4) eQqzz 


Cabo Jek nla lh), . (4) 


The states laveled for convenience by m,+ or m,— become +m or —m states respectively | 
when H,, Hy, and 7 vanish adiabatically. Between these four levels transitions take place.* | 
The resonance frequencies for the following transitions between the levels: 


1 3 il 3 
4 <5» — , II) ——<«+—>—+, 
(1) 9 Se 9 (II) 5 9 Te 
are expressed by 
YW Vote and 


respectively, where vp is given by Eq. (1) and 


S)_ eQdzz 
) 


sf 4h | / 9249 (at Be 51?) Mat +B) +7*—Anlat— #498 (at 577 )f 


; 1 3 1 3 
i — + <-> —— 
(III) 5 5 and (IV) 9 al 9 +, 


Yor,Iv=VYorkss , (5) 


(6) 


The effect of the asymmetry parameter is most sensitive when the magnetic field is perpen- 


field is parallel to the z axis, the four resonance frequencies are given by 


Yu York(|na|+2a—yajeQq:./8h , 
Yu, Iv =Yo(|ya|—2a+yajeQqz2/8h . 


For 7 >0, 

sii Vjas ce (Biss 

; St a 
Fore 7) <0) 


2 Ve 
yy = Yoke + In|), 
S10 


The energy values given by Eq. (3) were calculated by the first order perturvation theory. 
To obtain more acculate values we have tried to solve directly. The Hamiltonian (2) is 
written in the representation, that diagonalizes I,, by the following matrix form: 


1-3; ~Y 3 (a—ip) 
ean ee 
H CQQzz - 

iia: il : 

ee (Que) 
1 
0 —_ 
vie 
The secular equation was reduced to 


1 


dicular to the z axis which coincides usually with the molecular axis. When the magnetic 


DN a 

MIILIV= Yor ae (17) 5 Gia 
Vielen. 

YU,Iv = Yo 3 ae (8) 


vs" : 

—(a—2B) et | - 
—l45r YS a=i9) 

V3 (a+6B) ie 


3 9 9 Z P 
{e214 Pa v*} =a —1+7)?+6(€ —1—y)?+7(E +2). (10) 


In the case of B=r=0 this was solved exactly: 


* The transitions between the levels 3, + and between 3, + are also possible. But, when ” is% 
not large, the probability is small because of the small mixing of level of the different |mz|. 
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Sune=/dtata +a) an-+- Ly £5 ; 
C122 > dara Ean +t» | 2 o 
or oe 


(IE 


(11) 


When @ is small, an approximate calculation of the second order in @ shows that all the 


frequencies given by Eq. (8) 


The Eg. (10) can be solved exactly when 


are only added on term 4& 


3, CVG: 
4h 


where 


| Since the resonance frequencies are expressed 


- easily calculable. 


by Eq. (5) with s=0, the lines vy and vyy 
coincide with each other. The exact value of 
the separation S of the lines »z and vy, is 
For the following experi- 
ment, however, an approximate expression is 
sufficient for the use. It is 


Ay ee 
Sea 
: Soe . (14) 


§3. Calculation of Zeeman Patterns on a 
Single Crystal of Bromine 


Bromine forms a orthorhombic crystal of a 


layer-like structure similar to iodine. The 


position of the atoms are shematically shown 


'in Fig. 1, which was calculated with para- 
/meters of the structure at —150°C described 


| 


in the book by Wyckoff. The bonds of all 
molecules are perpendicular to the 6 axis. 
Half of them orientate with +31°25’ from 
the c axis and the other half with —31°25’ 
When a magnetic field is applied, Zeeman 
patterns consist of eight lines generally. How- 


ever, when the direction of the magnetic field 
lay in the @ plane or the 6 plane, they ap- 


! 


peared four lines because of the equalness of 
the angle between the field and the bond for 


all molecules. 


The principal axis system 2, y, z of the 
field gradient tensor could be so chosen that 
the z axis fit on the } axis and the z axis on 
one of the molecular bonds. When the aux- 
iliary bonds were taken into account, the z 
axis would be slightly different from the 
molecular bond. When the direction of the 
magnetic field lay on the a plane, the frequen- 


2S olay) Tan): 
| The energies in this case are 
E 3/ tee 1+ ops 1 A a Zany 2 i 3 aR ; 
ae) LNG Si 318 37(a?— 8?) he era 0 (a — 67) ht 
E1/2,4= — Eas > 


(12) 


(13) 


Fig. 1. 


Crystal structure of bromine. 


A unit 


cell contains four bromine molecules. All 
molecules are perpendicular to the b axis. The 


parameters at 
6.67A, c=8.72A. 


—150°C are a=4.48A, b= 
The angle between the 


molecular bonds and the ¢ axis is 81°25’. 


2—<—$— 


= 
oe 
— 


ay a 


Fia. 2. Zeeman pattern as a function of angle 


when AH lies on the a@ plane. 


The frequency 


is plotted in the unit of 2uH/h, based on zero- 


field frequency vo as zero. 


The angle of the 


magnetic field is measured from the 6 axis. 
The solid curves correspond to the case of 
7=0 and the broken curves to the case of 


qy7=—0.2. 
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cies of the four resonance lines were calculated 
from Eq. (6) by putting 

GE =VAKCOSW) . H, =H sin 0 sin 31°25" , } 

Ei ESOC OSiolla2D ae 

(15) 

where @ was the angle of the magnetic field 
from the 6 axis. The Zeeman pattern calcu- 
lated as a function of @ is reproduced in Fig. 
2. The solid curves show the resonance fre- 


Fig. 38. Zeeman pattern as a function of angle 
when # lies on the c plane. The notations 
are same as Fig. 2. 


Fig. 4. Apparatus for the production of a single 
erystal. A: rotating dram, B: baffle, C: 
erucible, D: Dewer vessel, F: solid carbon- 
dioxide, L: lamp for heating, S;: paper 
cylinder, S,: metal cylinder fixed to the baffle, 
S3: metal cylinder floating on freezing matter. 


quencies when 7 vanishes. In this case the 
intensity of line was estimated by the equa- 
tion”: 
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Iuw=5 
JIII,1TV Dee Fae 


where 
F={r+V 4(a2+ B%)+77}/4(a? + B?) . 
The intensity ratio between the lines vy and 
vy is 1 at the b axis and about 1:4 at the 
c¢ axis. The broken curves show the effect 
of 7. The curves indicate that two resonance 
frequencies, viz and yyy , fit exactly and the 
Zeeman pattern forms a triplet at the angle 
of about 43°. The exact position of triplet 
is given from Eq. (12) as 
tan @=0.916 (1—0.39 7) . (17) 


The Zeeman pattern when the magnetic field 
lay on the c plane was also calculated. It is 
reproduced in Fig. 3. 


$4. Apparatus and Procedure of Experi- 
ments 


Single crystals of bromine, whose melting 
point, —7.2°C, was below the room temper- 
ature, were produced by the method of 
“pointed-bottom crucible.” The glass cruci- 
ble, diameter of 3.0cm, contained about 35 ¢ 
of liquid bromine was slowly fallen in a cold 
place which was cooled by solid carbon di- 
oxide. The apparatus is shown in Fig. 4 
shematically. For the production of a good 
crystal we took care in the following con- 
ditions: (1) The shape of the pointed bottom 
was sharp, (2) the temperature gradient in 
vertical direction was large, and (3) the 
isothermal surfaces were horizontal. 

The lamp shown in Fig. 4 worked asa 
heater which produced a large temperature 


gradient. The speed of falling was about 1.1 
cm/hour. At first, commercial bromine was 
used. But to obtain strong absorption lines 


we had to purify it, taking the fraction which 
has boiling point between 58.5°C and 59.5°C 
by distillation.* The sample was cooled at 
—20°C through the experiment by carbon- 
tetra-chloride and solid carbon-dioxide. 

The magnetic field was produced by a Helm- 
holtz coil of diameter of 16cm with a simple 
equipment of water cooling. In place of the 
rotation of the sample the magnet was orien- 
tated. The magnet yielded 600 gauss at 10 
amp. 


* The procedure of distillation was owing to 
Mr. R. Harada, whom we wish to express our 
thanks. 


to the frequency modulation. 


The spectrometer used was a super re- 
generative type. The block diagram includ- 
ing the circuit of the super regenerative de- 
tector is shown in Fig. 5. The super re- 
generative detector was same as Dehmelt’s 
circuit in principle, but with slight modifi- 
cations in practice. A push pull oscillator 
with a transmission line tuned circuit was 
quenched by a oscillator of about 500 kc, whose 
frequency was chosen so that the sensitivity of 
the detection might be maximum. The signal 
was picked up through the anode resistance 
and then amplified by two stage audio-ampli- 
fier. One end of the transmission line was 
connected to a coil of two turns, which con- 
tained a sample to be seached, and the other 
end was made a short circuit with a movable 
reflecting disk. The frequency was changed 
from 250 Mc to 320 Mc by displacing the disk. 
The transmission line in the cathode circuit 
served as a choking impedance, which was 
not so sensitive for the frequency of oscillation. 
A frequency modulation was made by chang- 
ing a capacity with a vibrating metal foil 
which was attached to the membrane of a 
dynamic speaker. The super regenerative 
detector was put in a shielding box. The re- 
flecting disk and the vibrator, which was kept 
a constant distance from the disk, were con- 
troled from the outside of the box. The 
sweep of the oscilloscope was synchronized 
Therefore the 
horizontal axis of the scope could be marked 


| by the frequency. The measurements of fre- 


quency were made as following: The reso- 
nance absorption of the sample was supper- 
posed by a signal of a oscillator of 310 Mc, 
which was calibrated by a crystal oscillator. 
A frequency of the test oscillator was detected 
accompanying by many side bands with the 
interval of quenching frequency. By changing 
the quenching frequency the coincidence of 
one of the side bands, usually 9th or 10th, 
with the resonance frequency was searched. 
A small separation of lines was determined 
only by the measurement of quenching fre- 
quency. The crystal axis was determined not 
by inspection, but by a study of the Zeeman 
patterns with the help of the relation men- 
tioned in §3. From the patterns the triplet 


points, the a plane and the b plane were 


searched and then the b axis and the ¢ axis 
were determined. 
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Fig. 5. Spectrometer block diagram with the 
circuit of the super regenerative detector. 


§5. The Results of Experiments 


The Zeeman patterns were studied precisely 
at three orientations of magnetic field. All 
measurements were made for Br® of about 
315 Mc. 

(1) Magnetic field parallel to the ¢ axis. 
The observed Zeeman pattern was composed 
of four lines, in which the two outer lines 
were weak and the two inner lines strong, 
having the intensity ratio of about 1:4. The 
separation between the strong lines, s, was 
measured as 143+5kc at 94.5 gauss. The 
separation between the weak lines, S, could 
not be measured accurately. The rough value 
was about 415kc. The frequencies of the 
lines were calculated from the theory by put- 
ting 9=90° in Eq. (15) and using Eq. (6). 

pn =vok A (1.95+0.207) 5 


YULIv= yee oe (0.61—0.207) . 


(18) 


In our case that H=94.5 gauss and (/)Br8!= 

2.27 nuclear magneton”, Eq. (18) yielded the 

separation between the inner lines as 
s=(1—0.33y)132 ke. 


Comparing this equation with the observed 
value we obtained 
y=—0.25+0.10. 

(2) The pattern of triplet was observed when 
the magnetic field was applied to the direction 
of about 44° from the b axis in the a@ plane, 
Eq. (17) indicated that @ took the values of 
40°10’, 42°30’ and 44°40’ when 7 was equal 


200 
to +0.2, zero and —0.2 respectively. The 
observation showed a negative 7. The outer 


two lines of the triplet had equall intensity, 
which was about 1/4 of the intensity of the 


40 
0 qoaste eels 1 Ne n £ wats | eee ae ks 
0 2. 4° 6° 8° 10 
Fig. 6. The frequency difference between vj 


and vyzyzz as a function of angle from the 0 
axis. The upper curve represents the theore- 
tical value with 7=—0.2 when the magnetic 
field lies in the a plane and the lower curve 
when it lies in the ¢ plane. 


Fig. 7. Positions of bromine nuclei. A=31°25/ 
B=42°45’. Solid lines correspond to molecular 
bonds and broken lines to auxiliary bonds. 
The crystal axes are represented by a and ec. 
The z and y axes represent the principal axes 
of the field gradient tensor when auxiliary 
bonds vanish. 


central line. The separation between the 

outer lines, S, was 390+20kc at 94.5 gauss. 

The expected value from Eq. (14) was 
S=(1—0.197)376 ke. 

This yielded 7=—0.20+0.28. 

(3) Magnetic field parallel to the 6 axis. 
When the orientation of the magnetic field 
was brought close to the b axis, the pair of 
lines vy and yyy approached each other. The 
separation between these lines was observed 
at 380 gauss in various orientations of the 
magnet in neighbourhood of the 6 axis. The 
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results were plotted against to the angle be- 
tween the magnetic field and the 0 axis. 
Since the 6 axis had been determined by the 
Zeeman patterns as previously mentioned, it 
remained inaccuracy of +2°. The measure- 
ment of the frequency also had some 
in accuracy due to the line broadning. Then 
the observed points were distributed. The 
plot is reproduced in Fig. 6. The separation 
corresponding exactly to the 6 axis was in- 
spected as 87+10kc. Theoretically the fre- 
quency difference between vy and vy was 
given from Eq. (8), 


\y|(3/2)(uH/h)= \7|437 kc. 


This yielded |y|=0.20. Using this value and 
the sign determined from the measurements 
described (1) and (2)* we determined 


y=—(2042) &. 


The curves in Fig. 6 were drawn with this 
value for the cases where the magnetic field 
lay in the a plane (the lower curve) and in 
c plane (the upper curve). 


$6. Discussion of Results 


The observed asymmetry parameter of bro- 
mine is considerably large. We have tried 
to interpret this by the resonance switching 
of bonds as the case of iodine crystal which 
was studied by Townes and Dailey”. 

We consider the two auxiliary bonds, as 
shown in Fig. 7, with the resonance switching 
of a fractional importance of f/f. 

On the bromine nucleus 1 the field gradient 
tensor comes from the molecular bond with 
the fractional importance (1—2/), and from 
two auxiliary bonds with f. The components 
of the tensor for each bond, on the coordinate 
system referred to itself, are qse=—i4q, 
Qnn=—23q and gee=q where gq is the field 
gradient tensor when auxiliary bond vanishes. 
If we write the resultant tensor with the 
coordinate system refered to the molecular 
bond as shown in Fig. 7, one obtains 


* Jf we examined which of vy or vy agreed 
with vo+437 ke, we would determine the sign of 
7. We have not obtained an accurate value, 
though a rough measurement yielded vo+380 ke 
for yyyt. 


tec 
ee 9 I> 


q+ ; fqi—cos 2A cos 2B) , 


Oh 


2 


Q=q—> fqa(1—cos 2A cos 2B) , 


Gy: = Gey = - fasin2A cos 2B , 


Gay = Qyx 


Qez Qex 0 3 


(ab) 
where the angles, A and B,. are shown in the 
figure. The principal axis system 2’, y’, 2’ 
of the tensor are related to the x, y, z system 
such that z=2’, and y’ and 2’ are rotated 
with an angle 9 from y and z around the z 


axis. Where @ is given by expression: 
en b6= 2quz__ 2 f sin 2A cos2B = 
Quy—-Qzz  1—2 f(1—cos 2A cos 2B) 
(18) 


For the case of bromine crystal the angle 
between the auxiliary bonds, 2B, is 85°30’ 
which is very close to 90°. Therefore the 
angle @ becomes so small that an approxi- 
mation of the second order in tan2@ is pos- 
sible. In this approximation the components 
of tensor referred to the principal axis system, 
az, y’, 2 can be written, 


Qx'x'=Qrr 5 
yz tan 20 ) 


Quy’ = Quy + 


(19) 


Nw} rR do)e 


Qz'z" =Qzz ——— Qyz tan 20 


Then 
a a per 
Qz'z’ Qzz 
ioe 5 fa cos 2A cos 2B)( 1+ . f ) 


(20) 
Putting 7=—0.2 we obtain f=0.11. For this 
value, the angle @ is calculated as 0°33’. 
Finally we estimate the coupling constant 
of eQq. The observed resonance frequency 
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vo, 315 Mc, gives (eQq:zz)p:81 as 630 Mc. From 
the definition of 7, @rz=—(1—7/2)qzz. On the 


other hand Eq. (17) indicates that gex=—(1/2)q 
then 


q=(1—yn)qzz . (GAD) 
Putting 7=—0.2, we obtain, 
(eQq)sr81 =756 Mc, 
This corresponds to 900Mc for Br7. This 


value is about 17 percent larger than the 
quadrupole coupling for a single p-electron, 
which was obtained as 769.6 by King and 
Jaccarino”, The discrepancy corresponding 
to iodine crystal is about 9 percent, if one 
use the quadrupole coupling for p-electron of 
2292 Mc which was obtained recently by Jac- 
carino, King and Stroke. Townes! inter- 
pretes this discrepancy by assuming that some 
d-hybridization of the iodine bond is present. 
Our result may indicate that d-hybridization 
is also important in bromine. 

We wish to thank Professor C. H. Townes 
of Columbia University for discussions on d- 
hybridization. This study was supported by 
the Scientific Research Expenditure of the 
Ministry of Education. 
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Noise of Gas Discharge Plasma 


By Shoji KosimA, Kazuo TAKAYAMA* and Akira SHIMAUCHI 
Tokyo University of Education, Otsuka, Tokyo 
(Received May 4, 1954) 


The noise of a “quiet” plasma has been studied in the frequency 


range between 1 Me and 10 Me. 


thermal noise and the current noise. 
The electron temperature determined 


through the frequency region. 


The observed noise consisted of the 


The thermal noise was constant 


from the noise agreed with the temperature measured by the method 


of double probes. 


The current noise had the frequency dependency 


expressed by the law of 1/f. These results show that the noise of 
plasma is similar to the noise of semiconductor. 


S il 


Gas discharges generate often large noises, 
which depend on the state of discharge. When 
these large noises vanish in a suitable con- 
dition, there remains a small noise. As re- 
ported previously”, this small noise depended 
on the electron temperature of the plasma 
and corresponded to the thermal noise. In 
the analogy with the noise of semiconductor, 
the current noise should exist when a current 
pass through the plasma. We have studied 
these noises in the frequency range between 
1 Me and 10 Mc. 


Introduction 


Bigs 


simultaneously observed by a cathode-ray 
oscillosoope. The block diagram of the ap- 
paratus and the circuit diagram of its input 
circuit are shown in Figs. 1 and 2 respec- 
tively. 

The noise generated between the probe and 
the anode was measured by comparing to the 
shot noise of a temperature limited diode. 
The comparison, however, could not be made 
directly because the diode was different from 
the plasma on the internal resistance. We 


§2. Apparatus and Procedure of Experiments © 


The discharge tube used, of which the di- 
ameter was 4cm and the length 45cm, was 
filled with argon and mercury vapour at about 
2mm Hg. The electrodes were constructed 
in the same way as the fluorescent lamp. 
The discharge was maintained at the anode 
current of 60mA. The noise of plasma was 
taken up by means of a probe which was in- 
serted into the plasma at the position of 24 
cm from the anode. The measuring apparatus 
used was a superheterodyne amplifier, whose 
output was read by a square-law detector and 


Square - 


Law Deft. 


Block diagram of the apparatus. 


took the following method: First the noise 
of plasma alone was read with the square-law 
detector and then the noise of the diode was 
superposed on it in such a way that deflection 
of the meter of the detector became twice. 
Since the apparatus had a linear character 
for the mean square noise, the noise of this 
diode <dZa*>>1» had to be equal to the noise 


sk 
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of plasma <Z*>4». Therefore the noise of 
plasma was expressed by the formula of the 
temperature limited diode: 

<P dn =< ta de = 2010 f ; Cis) 
where e is the charge of electron, J, is the 


anode current of the diode and df is the fre- 
quency band of the amplifier. 


6AC7 


0.001 | 0.00! D 


Bis. 2. 
diode for the shot noise. 
diode is changed with the heating current of 
the cathode. 


Diagram of the input circuit. D: The 
The current of the 


The thermal noise was measured at the 
condition that the switch S, was open as 
shown in Fig. 2. When the switch was closed, 
a current flowed into the plasma through the 
probe. The current was restricted by the 
resister R,. It was 83vA and 220 wA for 

the resistor of 500 kO and 200 kO respectively. 
_ The current noise was measured in these two 
cases. 


§3. The Thermal Noise 


The results of the measurement are repro- 
duced in Fig. 3, where the mean square of 
the noise current <7z?>>uy is expressed by the 
equivalent diode current Jz given by Eq. (1). 
The thermal noise is shown by the horizontal 
line I, which indicates the independency of 
the frequency. The thermal noise is expressed 
by 


(3) 


where k is Boltzmann constant, 7 is electron 
temperature and R is the internal resistance 
between the probe and the anode. The re- 
sistance R was estimated with the help of 
the noise in the following way: First the 
resultant noise of the plasma and the diode, 
which generated the equal noise, was measured. 


Lin? >a eed a 


Noise of Gas Discharge Plasma 
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Then the discharge tube was replaced by a 
resistor which did not generate any noises. 
When the mean square value of the noise in 
this case was just a half of the former case, 
the resistance of the resistor should be equal 
to the internal resistance of the plasma. By 
this method we have estimated the value of 
Ras 2.0kQ at 5Mc. With this value the 
electron temperature was obtained as 9300°K. 
The electron temperature was also measured 
by the double-probe method”. The obtained 
value was 9800°K. The agreement was well. 

In the previous report we pointed out that 
the noise depending on the electron tempera- 
ture existed in the plasma. The accurate 


fae —— SF 


Frequency 


(Mc) 


Fig. 8. The noise vs. the frequency. The 
ordinate is expressed by the equivalent diode 
eurrent in mA. The line [I represents the 
thermal noise. The lines II and III, represent 
the current noises corresponding to the current 
of 220 nA and 83 ,A respectively. 


determination of the electron temperature from 
the noise, however, was not tried because of 
lack of the data of h.f. resistance of R. The 
value of temperature estimated by using the 
d.c. resistance, which was calculated from the 
static character, was somewhat larger than 
the value obtained by the double-probe method. 
The agreement given in the present experi- 
ment indicates that the discrepancy in the 
previous experiment came from the evaluation 
of resistance. 

Mumford studied the noise of the fluorescent 
lamp at 3000Mc.* He obtained 11400°K as 
the electron temperature, provided that the 
noise was due to the thermal noise. Further- 
more Easeley and Mumford carried out the 
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determination of the electron temperature with 
the method of single probe. Their result 
was 11300°K at the tube temperature of 40°C. 
We have reported independently the determi- 
nation of the electron temperature of fluores- 
cent lamps of the same type by means of the 
double probe method®). The obtained temper- 
atures were in the range between 11000°K 
and 12000°K. The agreement between the 
temperatures determined from the noise and 
from the probe method indicates that the 
measured noise was the thermal noise. 


$4. The Current Noise 


The current noise, which was obtained from 
the measured noise by subtracting the thermal 
noise, is shown by the lines II and III in Fig. 
3. Both lines indicate that the mean square 
of the current noise is proportional to f~!:!. 
Therefore we can say that the current noise 
is inversely proportional to the frequency. 

The point A shown in Fig. 3 is calculated 
from the measured point B on the line II by 
multiplying the factor (83/220)?. The fact that 
the point A lies on the line III indicates the 
current noise to be proportional to the square 
of the current. 

Parzen and Goldstein derived a theoretical 
formula for the noise of plasma”, it is ex- 
pressed by 


where WN is the total number of electrons 
which carry the current J and z is the colli- 
sion frequency. The collission frequency in 
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the present experiment is estimated as about | 
10° sec! from the electron temperature and | 
Since this value is much | 
larger than the frequency /f, the current | 


the mean free path. 


noise expressed in the second term of the 
Eq. (3) shows to be independent on the fre- 


quency. This fact contradicts to the observed | 


frequency character, whereas the proportion- 
ality to the square of the current JZ is in 
accord with the observation. 

Van der Ziel pointed out that z had to be 
considered as the reciprocal of the lifetime of 
electrons when the collision frequency was 
much larger than f/f.” This consideration 
takes the theory closer to the experimental 
result. The observed frequency character, 
however, could not be explained completely. 
The situation is the same for the semicon- 
ductor, where the law of 1/f is not derived 
from a simple theory. 
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The pure quadrupole spectra of As, Br79 and Br®! in AsBr3, and of 
I in AsI; have been studied by the method of superregenerative 
detection. The observed resonance frequencies yielded the following 
couplings: 127 Me, 415 Me and 1328 Me for As?, Br79 and I!7 respectively. 
The spectrum of bromine in arsenic tribromide was a triplet. Above 
90°C, the iodine in arsenic tri-iodide also showed a triplet, whereas 
below that temperature it had a single line. The asymmetry parameter 
on iodine was determined from the resonance frequencies. The result 
was 18.4% at the liquid air temperature and 14.5% at the room tem- 
perature. The low couplings and the high asymmetry of iodine in 
arsenic tri-iodide were interpreted by the mechanism of resonance 


switching of the bond. 


$1. Introduction 


The crystal structure of arsenic tri-iodide is 
well known.2 The arrangement of the atoms 
is shown in Fig. 1, where an arsenic atom 
is neighbouring six iodine atoms and each 
iodine atom neighbouring two arsenic atoms. 
Then arsenic tri-iodide forms a layer-like 
macromolecule. We have attempted to study 
the nuclear quadrupole resonances in arsenic 
tri-iodide and arsenic tribromide which seems 
to be similar in crystal structure. 


_§2. Experimental Procedure and Results 


The method of the superregenerative detec- 
tion and oscilloscope was employed for the 
-experiment.2> Three superregenerative oscil- 
| lators were prepared in response to the three 
frequency ranges between 45 Mc and 100 Mc, 
between 150 Mc and 350 Mc, and between 
350 Mc and 700 Mc. The first oscillator was 
made of a single miniature tube 9002 with 
LC tuning circuit. The second was a push- 
pull oscillator of tubes 9002 with transmission 
line tuning circuit. The third was similar to 
the second, but the miniature tube were re- 
placed by light house tubes 2C43. The fre- 
quency of the resonance was measured by 
comparing it with a test oscillator which was 
calibrated with the standard waves. 
The experiments below the room tempera- 
ture were performed with cooling materials 
of the mixture of dry ice and carbon tetra- 


Fig. 1. Arrangement of the atoms in the crystal 
of AsIz. The bond length of As-I is 2.98 A 
and the angle of As-I—As is about 88°. 

(ag=7.187 A, co=21.39 A) 


chloride, the mixture of dry ice and chloro- 
form, and the liquid air. 
(a) Arsenic Tribromide 

The resonance frequencies of the arsenic 
isotope, As”, and the bromine isotopes, Br’? 
and Br®!, were observed. Since these isotopes 
have a spin of 3/2, a single resonance line 
was expected for each of them. The bromine 
isotopes, however, showed a triplet structure 
which was caused by nonequivalent positions 
in the crystal. The measured resonance fre- 
quencies are listed in Table I, where the 
values on Br®! were omitted, because the ratio 
between the frequencies of Br and Br*! was 
agreed with the previous experiment.” 

The resonance frequency of the arsenic iso- 
tope was plotted as a function of temperature, 
which is reproduced in Fig. 2a. The similar 
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curves the triplet lines of the bromine 


isotope are also shown in Fig. 2b. 


on 


Table I. 


a. Resonance Frequencies of As® in AsBr3. 


Temperature (K°) 


Frequency (Mc) 


63.569 +0.003 83 
62.417 +0.008 202 
61.946 +0.001 248 
61 


.515 +0.001 291 


b. Resonance Frequencies of Br7? in AsBr3. 


Frequency (Mc) 


Temperature 


VI VII YIU (°K) 
205.758 207.384 207.940 83 
208.566 204.933 205.655 214 
202.750 203.987 204.772 249 
201.731 202.822 203.626 291 
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Fig. 2. (a) The resonance frequency of As? in 
AsBr; v.s. temperature. 

(b) The resonance frequencies of Br79 in 
AsBrs; v.s. temperature. 


The resonance frequency, v, is expressed 


by?) 
_ 1 edz / Chien 
Be 7 M Te es (els) 
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where eQq:z is the coupling constant and 7 is | 


| 


the asymmetry parameter of the field gradient | 


tensor. Without knowing the 


asymmetry | 


parameter, one can not determine the coupl- | 


ing constant. 
is obtained by doubling the frequency. 
(b) Arsenic Tri-todide 
The iodine isotope I'”’, 
has two resonance frequencies 1 and v2 cor- 
responding to the transitions z= =1/2—— 


+3/2 and m,-£3/2——>25/2. These  fre- 
quencies are expressed by*”? 
3 eQdx 59 ’) 
pa aes 6229 | oy), 
S08 I, ( a : 
<h 3 ee (4 apes 7) (2) 
* ALOE BAL ys 


We have measured both resonance frequen- 
cies of the iodine isotope in the temperature 
range between the liquid air and 110°C, and 
determined the quadrupole coupling constant 
and the asymmetry parameter by the help of 
Eqs. (2). The results are listed in Table II. 
A part of the results was already reported in 
the letter to the editor of the Journal of 
Chemical Physics. 


Table II. The resonance frequencies of [7 
in AsI3. 

v1 (Me) vo(Me) eQqzz(Me) 7 (%) (GIS) 
207.011 395.78 1328.24 18.4 83 
206.76 400.02 1340.10 15.8 218 
206.69 400.70 1341.48 15.4 250 
206.54 401.80 1344.93 14.5 300 
206.20 403.16 1348.53 Bie 21 
208. 45 406. 96 1361.48 Bias 383 
2A 


412.46 


1880.50 


The spectrum at 110°C showed a triplet 
structure. The critical temperature, above 
which the triplet exhibited, was about 90°C. 
This suggests that a phase transition occurs 
at this temperature and that above this tem- 
perature the crystal structure of arsenic tri- 
iodide is similar to that of arsenic tribromide 
which shows a triplet spectrum at any tem- 
perature. 

The temperature dependencies of both fre- 
quencies, »; and »,, and both constants, CQ4:2: 
and y, are shown in Fig. 3. In this figure 
the scale of frequency of v, is taken to be 
just twice of the scale of 4. If there were 
no asymmetry field, both curves of »; and vy, 


whose spin is 5/2, | 


However, its approximate value | 
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would coincide. The separation of these Set Union et eee ee 
curves indicates nonvanishing asymmetry h | , “ple 
parameter. The resonance frequency of the he act sl 
line »; was almost constant in the range from eh 220 
the liquid air temperature to the room tem- Poh tlt ia oy tic to aa 
perature, whereas the other quantities changed. 205 410 
The constancy of this resonance frequency Yy, aE Y; 
comes from the fact that the increase of the 200} ane’ one 400 
coupling constant is cancelled out by the de- ean ana hay 
crease of the asymmetry parameter. 
The resonance absorption of the arsenic ‘ost 390 
isotope in arsenic tri-iodide was unsuccessfully 
searched in the frequency range from 45 Mc eb 4 athe: ie 380 
to 100 Mc. The reason seems to be the in- e bes 2OO HO 408 
homogeneity of the crystal, which was indicat- Teperators Gis) 
' ed by broadness of the absorption line of (a) 
iodine isotope compared to that of bromine 
isotope in arsenic tribromide. ae 
- §3. Discussion of Results 
(a) Arsenic Tri-iodide oa 
The quadrupole coupling constant of iodine © 
in solid arsenic tri-iodide, 1328 Mc, at the ore 
liquid air temperature, is considerably smaller 
than 2153 Mc of solid iodine. This discrepan- O14 
cy is too large to be explained by the ionic 
character, which is estimated as about 6 per- 1310 O12 
cent from the difference of electronegativity. 0 100 200 300 400 
_ Moreover the observed asymmetry parameter Temperature (°K) 
of 18.4 percent is so high that it can not be (b) 


_understood by the double bond character in 
| the iodine bond. For the interpretation of 
| these features, we consider the interaction of 
neighbor molecules through resonance switch- 
ing.) As shown in Fig. 1 an iodine atom 
has two nearest arsenic atoms at the same 
distance of 2.98A, one being molecular partner 
and the other belonging to the neighbor mole- 
‘cules. Since neighbors of other atoms are 
‘Jarger than 4.14A, we take into account only 
/two arsenic atoms as neighbors. This picture 
‘is shown in Fig. 4, where the angle As-I-As 
‘is about 88°. If the covalent bond from a 
given iodine atom resonates between these 
two arsenic atoms with fractional importance 
‘of fifty percent, the principal axes of the 
field gradient tensor are as follows: the 2 
-axis is the internal bisector of the angle As- 
I-As and the z axis is the perpendicular to 
‘the plane of As-I-As as shown in Fig. 4. In 
respect to this principal axis system, the 
‘nonvanishing components of the field gradient 


tensor are 


Fig. 3. (a) The resonance frequency of [27 in 
AsI3 v.s. temperature. 
(b) The coupling constant and the asym- 
metry parameter of [7 in AsI3 vs. 
temperature. 


y 
Qzez=(1/4)1—3 cos Aa , C39) 
Quy=(1/4)(1+3 cos Aa, (4) 
gza= —(1/2)q , (5) 
where @ is the angle of As-I-As and q is the 


field gradient component of the iodine bond 
in a free molecule. Then the asymmetry 
parameter is expressed by 


0 =(due—Qyy)[Qzez=3 COS 9. (6) 
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The observed asymmetry parameter at the 
liquid air temperature gives the angle of 
86°30’ and the value at the room temperature 
yields 87°14’, which agrees well with the 
value determined from the crystal structure. 
The quadrupole coupling constant for the 
iodine bond of a free molecule, eQgq, is ob- 
tained by doubling the observed coupling 
constant eQq::, as given by Eq. 5. The result 
at the liquid air temperature yields eQq of 
2656 Mc. Since by Pauling’s formula of 
electronegativity, the As-I bond has partial 
ionic character of 6 percent, the coupling 
constant of iodine in a pure covalent bond 
would be 2815 Mc. This value is about 23 
percent larger than the generally accepted 
value of 2292 Mc, which was determined by 
the atomic beam method. The latter value, 
however, is calculated simply by doubling the 
coupling constant of the atom without taking 
into consideration the effect of overlapping of 
atomic orbitals. If it is taken into account, 
the value of 2292 Mc must be increased 
about 10 percent. This correction being 
done, there still remains a discrepancy of 
about 12 percent. This may be interpreted 
by assuming a small amount of d-hydridiza- 
tion in the iodine bond. 

Recently Robinson, Dehmelt and Gordy” 
reported that the resonance frequencies of 
iodine in arsenic tri-iodide, which were mea- 
sured by employing the molecular addition 
compounds, AslI;-3Ss, gave the coupling con- 
stant of 1517 Mc and the asymmetry para- 
meter of 0.9 percent at the liquid nitrogen 
temperature. These results are different from 
those obtained with pure arsenic tri-iodide. 
(6) Arsenic Tribromide 

If we can apply the same discussion on 
arsenic tribromide as the previous case the 
coupling constant for the bromine bond of a 
free molecule, is obtained by doubling the ob- 
served coupling constant. It yields (eQq)pr79= 
810 Mc. This is only five percent higher 
than the value of 770 Mc, which was deter- 
mined by the atomic beam method. However, 


in this case the ionic character is estimated 
as 15 percent from the difference of the} 
electronegativity. Then the discrepancy is 
almost same as in the previOus case. | 

The coupling constant of arsenic in the 
symmetric top molecule of AsBrs; would 
vanish, if the angles between bonds Z_Br-As| 
-Br were just 90°. A simple calculation shows 
that the coupling constant depends on this 
bond angle, 6, by the following expression 


(€Q@z2)As=3 cos W(eQqg)as(1+28), Ch Al 


where (e@q)as is the coupling constant of 
pure covalent arsenic bond. The factor, 1+. 
28, represents the effect of ionic character 
where § is the ionic fraction.1” | 

The coupling constant of pure covalent bond | 
of arsenic was estimated to be 600 Mc by 
Schiller and Marketu with the method of 
hyperfine structure of atomic spectra.) Ap- 
plying this value for (eQq)as and putting 0.15 
for 8, we have estimated the angle @ from 
the observed coupling constant. The result 
was 87° or 93°. 
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The Zeeman effect of nuclear quadrupole resonance line in a single 
erystal of sodium bromate is observed in the magnetic field of 3760 


gauss. 


The Zeeman patterns for various crystallographic orientations 


are investigated and they are compared with the theoretical patterns. 
From the observed splitting the nuclear magnetic moment of Br79 is 


ealeulated. 


_$1. Introduction 


A nuclear quadrupole resonance line of a 
single crystal specimen splits into many lines 
when the homogeneous magnetic field is ap- 
plied to the specimen. The effect, called the 
Zeeman effect of quadrupole spectra, has been 


' observed by several workers in several speci- 
'mens, namely para-dichloro benzene”, stannic 


iodide», arsenic oxide*®, iodine*, and sodium 
chlorate®®), 

The magnitude of the splitting depends on 
the strength of the applied field and the angle 
between the direction of the magnetic field 
and crystallographic axes. This problem has 
been considered by Bersohn®, et al. The 
precise comparison between the experimental 
splitting and the calculated one is attempted 
in rather a strong magnetic field with respect 
to the quadrupole line of Br*® in a single 


‘crystal of sodium bromate which has sharp 
-and strong resonance lines and whose crystal- 


lographic structure is simple. The similar 
attempt has been found to be in progress in 
the Ohio State University with the Cl-reso- 


nance line in a single crystal of sodium chlo- 
}rate? by Yu Ting, et al. 


As the resonance 
frequency in our case lies in a sub-microwave 


region while in case of NaClO; the frequency 
lies in a short-wave region (about 30 Mc/sec.), 
our oscillator may be a little different from 


theirs. 


§2. Apparatus and Experimental Procedure 


The spectrograph used is an ordinary super- 


regenerative oscillator with 955 acorn tubes, 


| 


i 


and the frequency of the oscillator is swept 
slowly with a small condenser. The oscillator 
is frequency-modulated with a piece of metal 


The value obtained is 2.1033+0.0052 nuclear magnetons. 


plate which is being vibrated by a dynamic 
speaker. The signals are amplified with a 
lock-in amplifier and recorded with a record- 
ing millictammeter. This method is similar 
to the one which is often used to detect the 
weak nuclear magnetic resonance lines, though 
the magnetic field modulation is usually 
adopted in case of nuclear magnetic resonance 
absorption. The single crystal of sodium bro- 
mate, the size of which is about 20x13x13 
mm, is inserted into the four-turns oscillator 
coil, 20mm in length and 15 mm in diameter. 

Such a crystal holder is used to rotate the 
crystal around the axis which is perpendicular 
to the magnetic field that the direction of this 
rotating axis will become perpendicular ex- 
actly to the magnetic field direction and the 
direction of the crystal with respect to this 
axis can be changed arbitrarily while the 
absorption lines are being viewed on an oscil- 
loscope screen. The very fine adjustment of 
the direction of the crystal is necessary be- 
cause the patterns of Zeeman splitting in this 
specimen are very sensitive to the crystal 
direction. The magnetic field is applied to the 
specimen with an electro-magnet whose pole 
piece is 12cmin diameter. The field strength 
is measured by means of proton magnetic 
resonance, and this strength is usually ad- 
justed to such value that the proton resonance 
whose frequency is equal to 16 Mc/sec. ex- 
actly, is just observed in this field. Then the 
field strength in 3757.8 gauss. The exciting 
current of the electro-magnet is measured 
with a K-2 type potentiometer, and this value 
of current is kept constant during the obser- 
vation of Zeeman splitting. This calibration 
of the magnetic field is done every day before 
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observation of the Zeeman effect. As the 
preliminary experiment, it is very convenient 
to observe the Zeeman splitting in a weak 
magnetic field to see a general feature of the 
resonance line. This weak field is easily ap- 
plied with a Helmholtz coil, and it is con- 
venient to make the field so weak that the 
Zeeman splitting of the central line of the 
super-regenerative spectroscope does not over- 
lap with the splittings of the side-band lines. 
All the Zeeman components are displayed on 
the recorder in 30 minutes or so by sweeping 
the frequency of the oscillator with a clock- 
motor. The separations of the observed lines 
are easily calculated by comparing these sepa- 
rations with those of the side-band lines, but 
the values of separations thus measured are 
less accurate, because these values are not so 
larger than the line breadth of the component 
lines. But the rough adjustment of the crystal 
direction and semi-quantitative comparison of 
the Zeeman splitting with the theoretical one 
are made conveniently by this method, before 
the tedious frequency measurement of each 
component line in the strong magnetic field. 
The crystal structure of sodium bromate is 
cubic and a distorted NaCl type” in which 
there are four molecules in a unit cell. Each 
BrO;- ion in the unit cell has a pyramidal 
configuration with a three-fold axis of sym- 
metry, and these axes lie along the directions 
of the four body-diagonals of the cube. In 
this pyramid of BrO3- ion, the bromine and 
the oxygens are bound covalently, that is to 
say, the bromine, after having given its two 
Ap electrons to the oxygens, forms a trigonal- 
pyramid bonding. On the other hand, the 
three oxygens, having accepted two electrons 
from the bromine and one electron from the 
Na* ion, make single bonds respectively. Of 
course, some double-bond structure may reso- 
nate with this structure. Speaking more pre- 
cisely, the three 4p orbitals at bromine make 
a spherically symmetric charge distribution 
around the bromine nucleus, and so this type 
of configuration can not produce at the nucleus 
electric field gradient which is responsible for 
the pure quadrupole resonance absorption. 
But if these 4p orbitals are hybridized with 
ans orbital, these s-p hybridized orbitals pro- 
duce the asymmetric charge distribution, and 
consequently, the electric field gradient}. 
This type of hybridized orbitals explains the 
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fact that pretty large quadrupole coupling ex- 
ists in this salt and the O-Br-O angle in this 


BrO;- ion is larger than 90°, a value which | 


should be expected in case of pure p orbitals. 
In fact the observed O-Br-O angle, 112°, is 


compatible with the observed magnitude of | 


quadrupole coupling constant. 
such a consideration will be published else- 
where. 

The angle between the direction of the 
magnetic field and the rotation axis of the 
crystal holder and the angles of the crystal 
axis with respect to the axis of rotation are 
adjusted precisely to desired value by the 
following method. 

As will be shown later on, each resonance 
line splits generally into four lines in the 
magnetic field. Though sixteen Zeeman lines 
might be observed generally in this specimen 
when the field is applied, because there are 


But details of | 


four independent directions of BrO;7 ions in | 


a unit cell, only twelve lines are observed in 
this experiment because the crystal is now so 
mounted as the magnetic field always lies in 
the (011) plane of this crystal. If the crystal 
and the crystal holder are mounted in the 
desired manner, only three lines should be 
observed when the field lies along [100] di- 
rection and six lines should be observed at 


[011] direction, as will be shown later. This 
fact is used to mount the crystal. In the 
first place, after the crystal axis is determined 
by means of x-ray, it is cemented to the rod 
of the crystal holder as precisely as possible. 
Here the directions of the surface planes of 
the single crystal can be used to good advan- 
tage. But, in general, a small error in the 
mounting can not be avoided, especially the 
error in the direction of the rotation axis with 
respect to the field direction can not be avoided 
by any means. Then the crystal holder with 
the crystal mounted is so set in the magnetic 
field as the field direction lies nearly along 


[100] direction of the crystal and the center — 


line of the expected triplet Zeeman lines is 
viewed in the oscilloscope screen. Nota single 
line but complex lines will be observed there, 
because the line structures vary very sensi- 
tively with the angle of the crystal. Error 
in the angle of the crystal mounting less than 
one twentieth degree is sufficient to split the 
desired single line into multiplet ones. The 
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angle of the crystal with respect to the holder 
is so adjusted as the multiplet lines in the 
oscilloscope screen become a single line. And 
then more precise adjustment is done by 
means of the lock-in amplifier and recording 
meter method. Now the crystal is rotated 
around the axis of the crystal holder by 180°. 
If the axis of rotation of the holder were 
‘really perpendicular to the magnetic field, a 
single line would be observed again in this 
direction of the crystal (180° direction), 

If the lines observed do not become a single 
line, though the crystal is rotated around the 
rotation axis of the holder in the neighbour- 
hood of this angle, both the direction of the 
crystal with respect to the holder and the 
rotation axis of the holder with respect to the 
magnetic field direction are varied until the 
lines converge into a single line. This pro- 
‘cess is repeated until the single line is observed 
when the magnetic field lies along both 0° 
fand 180° directions. Then the crystal is ro- 
tated by 90°. The accuracy of this ‘angle 90° 
is precisely confirmed by observing the fact 
that the 7 or 6 line in Fig. 3 becomes a single 
one respectively. Now the direction of the 
crystal is so adjusted that the 8 or 9 line con- 
verges into single one. Thus, the axis of 
rotation of the crystal becomes exactly perpen- 
dicular to the field direction and parallel to 
the [011] direction of the crystal. The fre- 
quencies of the Zeeman component lines are 
measured by a heterodyne frequency-meter 
which is calibrated at the time of each meas- 
urement with a 100 kc-marker-signal gene- 
rator. The center of each line is found on 
he recorded line shape in the recording meter. 
If the center frequency is just reached, when 
the frequency is swept very slowly, the fre- 
quency sweeper is stopped sweeping then, and 
the frequency is measured quickly. It is 
mecessary to keep the temperature of the 
specimen constant, while each component of 
a set of the Zeeman lines is measured, for 
he center of gravity of a set of these lines 
depends on the temperature of the specimen, 
that is to say, if this specimen, is cooled from 
the room temperature to the dry-ice temper- 
ture, the resonance frequency without field 
increases by about 1 Mc/sec. The center of 
gravity of these lines is equal in frequency 
to the resonance line without field, and so 
depends on the temperature, but the magni- 
| 


| 


tude of the Zeeman splitting is independent 
of the temperature if the asymmetric para- 
meter € is zero. 


$3. Result Obtained and Discussion 


The interaction-energy levels between a 
nuclear quadrupole and the static crystalline 
field split into the following levels in the 
magnetic field: 


COP xz 
pe 3(4)?—NI+1) 
: AN 21-1) woo 
a > 7 AV +Se sin? 0+cos?6 , 
CQO 2: 
E,= {3(3)2— 141) 
‘eres } 
| FHV I4 0? sin? O+c0s? 8 
Fig ea TAT 11) 
1B 3 41 2I—1) , O11 z } 
me Hoos 0 UE 


(1) 
where the usual notation is used; &; and &, 
are the energy levels which reduce to +1/2 
levels when the applied field is removed, and 
6 is the angle between the direction of the 
magnetic field and that of the maximum 
electric field gradient. The fact that the 
asymmetric parameter €(=@r2—Pyy/Pzz) is 
zero in this specimen is used when the Eggs. 
(1) are derived. As the spin of the observed 
nucleus Br? in this specimen is 3/2, four lines 
should be observed in the magnetic field, cor- 
responding to the transitions +3/271, 2, but 
these lines reduce to a single line, when the 
magnetic field is removed. The values of 
this Zeeman splitting, namely, the separations 
of these four lines from the frequency of the 
line which should be observed when the field 


is not applied, are: 


hyy= ; . (V4 sin? 0+ cos? 0—3 cos 9) , 
j= EHV 4 sin? 0+ Cost 043.605 8) 
hyy=— YH —V din? 0+ cost 0-3 008 9), 
hiy= ; - H(—V 4 sin? 0+ cos? 6+3 cos 9). 


(2) 


These separations are shown in Fig. 1. 
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180° 


Zeeman Separation 


-2 


ove 


The Zeeman separation of pure quadrupole resonance line 


in the ease of spin 3/2. 6: the angle between the direction of the maximum 
electric field gradient and that of the applied magnetic field. 


The relative intensities of these lines are 
also calculated easily, because these are pro- 
portional to the squares of the matrix elements 
of J, concerning to the initial and final states, 
($5 ,2|In|%43/2)2. These values are also shown 
rgy LEER. Ze 


ioe aia 


ntensity 


= 


Relative 


0 20 40 60 80 98 
Fig. 2. The relative intensity of the Zeeman 
components. I and 0 are the intensity for the 


inner and the outer lines respectively in Fig. 
le 


As there are four independent directions of 
2. in this specimen as stated in §2, namely 


[111], [111], [111], and [111], and the direction 


of the rotation axis of the crystal is along 
[011] which is perpendicular to the magnetic 
field, the field direction lies in (011) plane which 
contains both ¢., along [111], a and ¢,, along 
[111], rv. The ¢..’s along [111] and [lll], @ 
and f’ behave equally during the rotation of 
the crystal. If the origin of the rotation 


angle @ is chosen [111], the separations be- 
tween each pair of lines shown (2) are: 


Lees, if heh at =a 
hdve = 9 = Ht1/4—(cos O—Y 2 sin 0)? | 
+VY 3 (cosO—/ 2 sinG)} , 

Ry Re ind 
hAve,p= a 7 HV 4—cos! C) 


1/53 COSI 


1 
os 7 HY/4—(os +75 sin OF 


+VY 3 (cosO+/Y ZsinG@)} , 


hAvy a 


(3) 
where dy, is the separations due to ¢-, along 
a@ and so on. These values and observed 
values are shown in Fig. 3, where the dots 
with numbers 1, 2,.... indicate the observed 
values, and the symbols 4 show the values 
which are obtained by the preliminary experi- 
ment in the Helmholtz coil and are converted 
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Fig. 3. The Zeeman separation of Br79 in the 
single crystal of NaBrO3;. The field strength 
is 3757.8 gauss which is measured by means 
of proton resonance. The axis of rotation of 
the erystal lies along [011] which is per- 
pendicular to the magnetic field direction. 9 
is the angle between the direction of the 
magnetic field and that of [111]. «a, 8, @’, and 
y denote the lines due to ¢,2%, gzz, yzz°'’, and 
gz2z% respectively. 

Z\: the values obtained by the less-accurate 
preliminary experiment. 
: the values obtained in the strong field, 
and these values are used to calculate the 
magnetic moment of Br7’. 
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to the values in the stronger magnetic field 
in which the values of dots are observed. 

From the values shown by the dots, the 
nuclear magnetic moment of Br*® is calculated: 


4=2.10330.0052 


This result is in excellent agreement with the 
value 2.10576+0.00037 obtained by means of 
magnetic resonance. The outer components 
of @ lines and 7 lines can not be observed in 
the neighbourhood of 9=54°44’ x2. This fact 
is expected from the calculated transition pro- 
babilities. (Fig. 2) 

It is a pleasure to express our indebtedness 
to Professor Hideo Tazaki for the stimulating 
interest he has taken in the progress of this 
work. This work has been done by the finan- 
cial aid of the Educational Ministry. 


(nuclear magnetons). 
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Single crystals of K,CuCl,-2H,O and (NH,),CuCl,-2H,O were examined 
at 7 different frequencies of microwaves (from 5.4mm to 6.2¢m wave- 
lengths). If there were no exchange coupling, two absorption peaks 
would be expected corresponding to different g-values of two dissimilar 
Cut+ ions in unit cell. Experimentally, however, only one peak can 
be observed at longer wave-lengths, though the line width remarkably 
increases with decreasing wavelengths. At the wave-length of 5.4mm 
two isolated peaks can be observed. These facts can be interpreted 
in terms of exchange interaction between dissimilar ions. The ex- 
change energy estimated from these data is greater than 0.1em7!. 
On the other hand, the width for the c-axis, where the situations 
of two Cu+* groups are identical, decreases with decreasing wave- 
lengths to aboutthe value 1/4 of that at long enough wave-length. 
According to the treatment by Anderson and Weiss, this result may 


be explained by their “10/3” effect. 


§1. Introduction 


After the first experiment by Zavoisky”, 
many experiments on paramagnetic micro- 
wave resonance absorption have been achieved 
to study the behaviours of paramagnetic ions 
in crystals. These works can be roughly 
divided into following two groups. The first 
is the works with the aim of clarifying the 
nature of interactions between magnetic ions 
and between the ions and the surrounding 
atoms?)’*);4)>5), The second is the works re- 
lated to the nuclear hyperfine structure, mea- 
sured in magnetically diluted crystals):”. 
The present work belongs to the former. 
Single crystals of the potassium cupric chlo- 
ride dihydrate K,CuCl,-2H.O and ammonium 
cupric chloride dihydrate (NH,).CuCl,-2H,O 
are examined with special attention to obtain 
correct line shapes and line widths, in order 
to study the influence of the exchange coupling 
between ions on the shape of resonance ab- 
sorption line. 

When a crystal containing paramagnetic 
ions is placed in a magnetic field Hs, it ab- 
sorbs the microwave energy having the fre- 
quency v with the relation 


hvy= 98H , Gs) 
where h is the Planck constant, 8 the Bohr 


magneton, H the strength of magnetic field 
Hs, and g is the Landé factor usually called 


g-value. This relation means that the ab- 
sorption occurs when the Larmor frequency 
of spinning electron under the static magnetic 
field AH; coincides with the microwave fre- 
quency used. The g-value for Cut* ion is 
slightly different from that of free electron, 
2.00, on account of spin-orbit coupling and 
crystalline electric field acting on the ion. The 
g-value has a tensor charactor whose axes are 
attached to the crystalline field. 

Generally, if unit cell of the crystal contains 
more than one paramagnetic ions and these 
ions have inequivalent g-tensors in space, then, 
more than one absorption lines would be ex- 
pected corresponding to the number of in- 
equivalent ions in the unit cell. But, in actual 
case, only one line can be observed at lower 
frequencies by the existence of the exchange 
coupling between paramagnetic ions, as in the 
cases of CuCl,-2H,O® and CuSO,-5H,O. As 
the result of the unifying effect of the ex- 
change coupling, we can not observe the 
individual lines but only one line at about the 
mean position of them. When sufficiently 
high frequency is available, however, the 
individual lines corresponding to the dissimilar 
Cu** ions can be observed separately. These 
facts have, for the first time, been proved 
experimentally by Bagguley and Griffiths in 
CuSO;-5H,0) 
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Absorption lines have widths spreading over 
both sides of the peak given by Eq. (1). These 
widths are originated or modified by the fol- 
lowings. (1) The dipole-dipole interaction, 
the influence on the magnetic moment of ions 
by the magnetic field produced by the sur- 
rounding magnetic ions. (2) The spin-lattice 
relaxation, namely the coupling between the 
eae ions and thermal lattice vib- 
ration. (3) The fine and the nuclear hyperfine 
‘structure. (4) The exchange coupling between 
‘ions which brings out either “exchange nar- 
rowing” or “exchange broadening.” In the 
present paper the term width means twice the 
deviation in magnetic field measured from 
the central peak, for which the absorption 
has dropped to half its maximum. 

The preliminary data of this work have 
been already reported!™:!),. The measurement 
on the same crystal at longer wave-length 
has been performed at Itoh’s laboratory in 
Osaka University®. 


§2. Experimental Methods and Techniques 


Our measurements have been performed in 
the following order in wave-lengths; 4=3.01 
em, 16.5mm, 7.7mm, 5.4mm, 6.2cm, and 
then 6.5mm and 11mm. The methods adopt- 
ed for the absorption measurements were not 
always quite the same for these wave-lengths. 
But, throughout this work, the main micro- 
wave circuit was always the transmitting 
‘cavity method and special attention was paid 
‘to put a microwave attenuator in front of the 
sample cavity to secure the correct shape of 
absorption line. Brief notes will be given in 
the followings concerning the apparatus for 
different wave-length. 

A=3em: The detailed description of this ap- 
paratus has been given elsewhere”). 

A=16, 11 and 7.7mm: The block diagram 
of the apparatus for these wave-lengths is 
shown in Fig. 1. From second to fourth 
‘harmonics of the fundamental oscillation (A= 
3cm) from the 2K25-type klystron K were 
‘obtained by the aid of harmonics multiplier 
'H using a silicon crystal diode. As to the 
‘multiplier crystal and detecter D for these 
frequencies, it is essentially required that the 
crystal should be constructed with a silicon 
‘wafer and a tungsten “cat-whisker ” within 
each wave guide. The cross-section of multi- 
plier H is shown in Fig. 2. 


' 
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Fig. 1. Block diagram of the apparatus for 
4=16~8 mm. 
K =2K25-type klystron 
AH =harmonics multiplier 
W,=waveguide for 4=3cem 
W2=waveguide for harmonics 
A =attenuator 
C =measuring cavity 
D =detector 
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Fig. 2. Schematic cross-section of harmonics 
multiplier. 
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Fig. ze Schematic diagram of apparatus at 
A=5.4 and 6.5mm employing magnetron 
saaeeries, 


Se= 
Crystal 
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A4=6.5mm and 5.4mm: The block diagram 
for these wave-lengths is shown in Fig. 3. 
The high power pulse magnetron M (peak 
power 50 KW) of wave-length 3cm_ emits 
harmonics besides the fundamental oscil- 
lation!), We can use each harmonics up to 
the sixth. The magnetron is operatated with 
a pulse length about one micro-second and a 
repetition rate of about 1000 per second. The 
detector is a demountable one just as that for 
A4=16~8 mm. 

24=6.2em: The oscillater is an ordinary 2K55- 
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type klystron. The output current of the 
crystal detector is measured by a micro-am- 


meter. As the absorption is weak at such 
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Fig. 5. Definition of 6 and ¢. 


longer wave-length, the cavity for this fre- 
quency is specially constructed as shown in 
Fig. 4; with this cavity, we can perform 
the experiment with samples of the same size 
AS iis slasher. 

In all of these cases, the microwave mag- 
netic field is perpendicular to the static one. 
The sample crystal attached to the mount in 
the end plunger of the measuring cavity is 
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always rotated in the plane of the static and 
micro-wave magnetic fields. | 

The static magnetic field is produced by. 
electromagnets. Their H-J curves, 7.e. the 
relations between the strength of magnetic 
field and the exciting current, were determin; 
ed either by the proton resonance method 
directly or by a fluxmeter calibrated by the 
proton resonance. | 

The determination of g-values was _ per-) 
formed by comparing the magnetic field for 
absorption peak of the sample to that of 
MnSO,-H.O powder (g=2.0, 44 =305 oer.) 
in earlier experiments but, now, a-diphenyl 
8-picryl hydrazyl (y=2.00, 4H=several oer.) 
is used as the measure g=2.0. The chief. 
origin of errors of g-values is the error in 
reading fluxmeter when the A-J curve of the 
electromagnet was measured, the curve being 
not quite linear. So the error in the g-value 
is smaller when the g-value is near to 2.00.: 


$3. Results and Discussions 
1. On the Sample 


The potassium copper chloride dihydrate 
K,CuCl,-2H,O is the double salt of CuCl, and 
KCl, and (NH,).CuCl,-2H,O is that of CuCl, 
and (NH,)Cl. The single crystals of them 
can be obtained from the mixed solution of 
their component substances. Their suitable 
ratio is determined by the mode curve. The 
former is of light green and the latter light 
blue. The crystal symmetry of these two 
salts is tetragonal) and their X-ray data 
were given by Chrobak!®:!9:18 Frequently, 
these crystals grow in twins. Used samples 
were all optically checked and were found to 
be free from twins. Terms “crystal axes” 
in this report are identical with the crystal- 
lographic ones used by Chrobak but not the 
morphological ones by Groth!) which are 
rotated by 45° about the c-axis from our axes. 
The direction of static magnetic field is ex- 
pressed by @ and ¥, where @ is the angle 
between the c-axis and the static field H; and 
Y the azimuthal angle of A; from an a-axis, 
as shown in Fig. 5. In this report the bisecter 
of the angle between the two a-axes is label- 
led as y-direction for convenience. 

The X-ray analysis!®)-'8) shows that each 
unit cell (@=7.45 A, c=7.88A for potassium 
salt and @=7.58 A, c=7.95A for ammonium 
salt) contains two Cut+ ions as shown in 
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Fig. 6. One Cu** ion is at the origin (0, 0, 
0) and the other at the body centre (1/2, IW. 
1/2). Each ion is surrounded by four chlorine 
atoms forming a rhomb in the a@a-plane and 
by two water molecules located on the normal 
of this plane passing the ion. 

Then the Cu** ion may be acted by a 
crystalline electric field of rhombic symmetry 
and its g-tensor must be also rhombic. Each 
unit cell contains two rhombs of chlorines. 
One of these rhombs has its major diagonal 
in the 7-direction namely (110) direction, and 
can be derived from the other by a rotation 
of 90° about the c-axis accompanied by a 
translation, as shown in Figs. 7 and 8. 


2. On the Moments of Absorption Lines 


In order to compare our results to Van 
Vleck’s theory’ of dipolar broadening in the 
moment expression, some trials were made 
at A=3cm and 1.6cm. The m-th moment of 
an absorption line is defined by 


co 


A(H —H))"dH 
ee A) 
| Aan 
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<(H—A,)">ar= \ 


where A is the absorption coefficient at the 
magnetic field H and A is the field of the 


7-88A 


7-45 A 


Fig. 6. Atomic arrangement of K,CuCl;-2H,0 
(Positions of K atoms are omitted for sim- 


plicity). 
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peak. From experimental point of view, it 
is very difficult to obtain these quantities in 
micro-wave measurements for usual para- 
magnetic crystals, because, for this purpose, 
very accurate measurements of weak absorp- 
tion coefficients at the wings are necessary 
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Fig. 7. Atomic arrangement projected on an 
aa-plane. Rhomb shown by dotted line lies 


in the upper plane by 1/2 c-unit. 
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Fig. 8. Atomic arrangement within cy-plane. 
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Fig. 9. One of results obtained attempting to 
determine the second moment. 


rather than measurements of strong ones near 
the peak. Small experimental errors at the 
absorption wings caused by the fluctuation of 
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the apparatus will greatly change the final 
result and, in some cases, will make it diverge. 
For example, one of the results for the second 
moment is shown in Fig. 9, where the static 
field is in the a-axis of this crystal and the 
wave-length is 16.5mm. In the figure, the 
ordinate is the integrand A(H—H))? in the 
numerator of Eq. (2), and the abscissa is 
(H—H)). In these results, we could not find 
any clear tendency that the integrand comes 
to zero and so the integral converges to some 
value within the measured range of H. A 
conclusion which we can deduce from these 
data is that the line shape in this sample 
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Fig. 12. Variation of line width in the yc-plane. 
(A++-k=10em, @---A=38em, x---A=16 mm) 
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Fig. 138. Variation of line width in the ye-plane. 
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agrees well, within the experimental errors, 
with the Lorentzian type or the resonance 
type expressed as 


1 


sj lteat ie tios 2 ae 
in the measurable region, so far as the wave- 
lengths 3cm and 1.6cm are used, because A 
in Eq. (3) is inversely proportional to (H—H,)?, 
at large (7—H)), and A(H—H)) is _ inde- 
pendent of (W—A). 
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o 4, Discussion on Line-Widths in the 7¥-Direction 
aa PRE aOR POE The width is the broadest when the AH is 
| » we batt ae Pe a ° in the y-direction where the difference between 
the two Zeeman energies is the largest. The 
+ : ; _ results of repeated measurements in this di- 
| 0 30° 60° 90° Ff rection are listed in Table I and plotted in 
| Bar Cneevedareainas ia Wier ene, Fig. 15 which increase rapidly with decreasing 
| (@---A=3em, x---A4=16 mm) ERAS AU 
| a Table I. The line widths of KyCuCl,-2H.O at 
| various wave-lengths used. 
| B.. hs aie sale ome ils, Ce Hy, 
By 2) | y-direction | c-axis 
® 10 * 200 | 150 
- 6.23 | 240+ 10 | = 175410 
ms | x SO 250+ 10 | IRS 155 
1 + : aa 1.65 AT0+ 25 80+10 
o° 30° 60° 90° 6=s« 9 1.09 870 +100 65-10 
a , 4 0.77 1500 +100 40-10 
sc Hol & 0.65 ~1900 40+10 
Fig. 14b. Observed g-values in the yc-plane. 0.54 1 ee seas | 40+10 
(4=16 mm) calculated 380) 26 
dipolar width** ; oy 
On the other hand, as a rough measure of aa z : = —_—_—__ 
| dipolar contribution to the width, the “ dipolar mae *et 20 
width” of this crystal were tentatively esti- Pro ae ne tent: 
mated using the relation!®? derived under the 
assumption that the line shape is Gaussian, ARUN eer ; 


though the observed line shape is not actually 

'Gaussian. The calculated results are 250 oer. 
for H, in c-axis, 290 oer. in a-axis and 380 
oer. in z-direction, and they are shown in 
Table I for comparison with experimental 
widths. 


1000 
Hg ll & 


3. Observed Line-Widths oe 

We could obtain only one peak at 2=10 
vem and A=6.2, 3.0, 1.6, 1.1 and 0.8 cm 
with a remarkable frequency dependence of 
line-widths. This may be ascribed to the 
exchange coupling between the dissimilar 
‘jons. The observed line-widths at these fre- 


essa 
ee Hs ' c-axis 


quencies in the aa-plane are shown in Figs. ae Log y 
/10 and 11 and those in the yc-plane in Figs. A=lOom Sone cin es man 

(12 and 13. In Fig. - tke ecues ey wallies Fig. 15. Frequency dependence of line widths 
are also plotted which give g=2.06 in the c- AH in K,CuCl,-2H,O resonance absorption. 
direction and y=2.22 in any directions perpen- SII Aah oe RE SS Ee ssit t 
dicular to the c-axis independent of the azi- * In our earlier note!) the g-values obtained 


: in the aa-plane at 42=16.5mm were reported as 
muthal angle ¥. The g-values are independent about 1% higher than the present results, but 


of the frequency used within the experimental jt was a mistake originated from a rough cal- 
errors.* ibration of the magnetic field. 


| 


820 


When the wave-length is further reduced, 
we obtain separated peaks at 2=5.4mm. Even 
at A=7.7 mm, there exist some indications of 
two peaks, since the top of the absorption 


curve is very flat. The absorption curves at 


A=7.7mm, 6.5mm and 5.4mm are shown in 
Fig. 16. 


YH in K oer 


Fig. 16. Absorption curves of K,CuCly-2H,O in 
y-direction at 4=7.7, 6.5 and 5.4mm. 


If there is no exchange coupling between 
ions, two resonance peaks should be observed 
separately at w, and w, with the fixed mag- 
netic field A, corresponding to the two types 
of ions with different g-values, 7, and gy re- 
spectively, under the following relations, 

ho,=9,6H , } (4) 
ho.=928H, J 
according to Eq. (1). The difference in the 


Zeeman energies of these ions 4W, is ex- 
pressed by 


4W.=(49)BH , (5) 


where 
49g=|%—-92| . (6) 

It is expected that the observed line shape 
will depend on whether the exchange energy 
2] is greater or smaller than the difference 
4W. between the Zeeman energies of two 
dissimilar ions. In the former case, where 
2J]>AW., only one peak is expected because 
of the unifying effect of the exchange coupling. 
In the latter case, where 2J/<4W,, namely 
the energy corresponding to the beat frequency 
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between the Larmor frequencies of dissimilat 
ions is larger than the exchange energy, twa} 
separated peaks should be expected. For suf}| 
ficiently high frequencies, two observed peaks 
should show the individual g-values, 7 and gy: 
Since there is some indication of separated 
peaks at 4=7.7mm, let us assume that AW; 
for this frequency equals to the exchange 
energy. | 
Then, 
DIEZ AW emanate Ge | 

For the evaluation of this (4W,) with Eq. (5),} 
we shall use the difference of g-values obtained) 
from the experimental result in the y-direction) 
at A2=5.4mm, though it may be smaller than) 
the true dg which may be obtained at suf- 
ficiently high frequencies. Therefore, | 


2 (Ag)r=5.4 mim * B- (1), 277mm 
== (AG) pi xlaniavm (hy /9m)a=i21 mm » (8) 
where gm is the mean of g-values. Since 
=2.30) and g.=2.10; were obtained at A= 
5.4mm, we have’ dg=—0:19)  gn=2:20 Sand 
hy=1.3cm-!. Using these values, we can 
estimate the exchange energy as follows | 


ZO ea (9) 


From the results of the static susceptibility 
measurements by Guha?) at the temperature 
range from 290°K to 85°K, the Curie temper- 
ature @ of (NH,),CuCl,-2H,O, whose behavior 
in the paramagnetic resonance absorption is 
almost the same as the potassium salt, is ob- 
tained to be 16°~18°K after an extraporation. 
A rough estimation of the exchange energy, 
2], may be given by the relation?” 


3RO~2]-2S(S+1) , (10) 
which, in the case of Cu** ton (S=1/2)istes 
duces to 


ROA /2)J2%, (11) 


where z means the number of the nearest 
neighbours. In our case z is assumed to be 
8, then we have 


2J=10 cm=! , 


which is much larger than our result. 

There may be some different circumstances 
from the case of the copper sulphate penta- 
hydrate CuSO,-5H.O. Bagguley and Griffiths®) 
were themselves able to estimate, in this 
crystal, the exchange energy from the fre- 
quency at which they could resolve certain 
lines owing to the two dissimilar Cut+ ions 


(12) 
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in unit cell. This estimated value well agrees 
‘with the exchange energy estimated from 
‘Curie temperature within 15%. 

' In the case of resolved peaks obtained at 
4=5.4mm, there are two notable facts. One 
is that the two resolved peaks are not re- 
|markably different in width (~900 oer. for the 
‘lower field peak and ~1140 oer. for the up- 
|per.) The other is that the resolved lines 
|have rather broader line widths than that 
jexpected. This may be ascribed to the ef- 
)fect of exchange broadening between dis- 
} similar ions. 


'5. Déscussions on Line-Widths in the 


c-Direction 
The frequency dependence of line widths 
with Hs; along the c-axis is also given in 
Table I and in Fig. 15. It must be noted 
that the Larmor frequencies of two ions be- 
+ longing to the different groups just coincide 
in this case and that the measured width de- 
i creases slowly with increasing frequency. 
Recently, Anderson and Weiss?*? published 
a new theory on the line shape of the para- 
magnetic resonance absorption which is useful 
to account for the behavior of the observed 
line-widths under the influence of exchange 
coupling. They discussed their conclusion in 
connection with experimental results of many 
powdered crystals and of the single crystal 
of CuSO,-5H.O. By their theory, the above 
/mentioned narrowing may be attributed to 
their “10/3 effect.” When the exchange fre- 
quency - (about J/h) is larger enough than 
the resonance frequency ), both being larger 
than the dipolar frequency w, (about dipolar 
interaction divided by fi), namely w>oy>wp, 
the exchange interaction introduces a new 
effect. It makes the line-width larger by a 
factor of roughly 10/3, under the assumption 
of cubic lattice, than that expected to be ob- 
served with the higher frequency satisfying 
the condition w)o.. Here the broadening 
by the fine and hyperfine splittings is not 
taken into account. 

The width obtained in the c-direction is 
150 oer. at the wave-length of 10cm and 
about 40+10 oer. at 5.4mm, which bring the 
ratio of 3~5. The agreement of this ratio with 
the above-mentioned theoretical value, 10/3, 
is fairly satisfactory, since they assumed the 
cubic lattice and neglected the hyperfine effect 
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etc.* This narrowing phenomenon in_ this 
crystal is more remarkable than that of 
CuSO,-5H,.O 2" where the observed ratio is 
about 3/2. 

Another result of their theory is that the 
expected line shape in case of ww, is of 
the Lorentzian type as far as the neibourhood 
of the central peak is concerned, which is 
also in good agreement with our experimental 
results. > 

Recently an equivalent theory in another 
mathematical expression was developed by 
Kubo and Tomita*?. Tomita?® applied their 
theory to this narrowing phenomenon, taking 
the atomic structure of this crystal into ac- 
count and tried to explain the frequency de- 
pendence of widths in c-direction giving the 
value of 0.09cm~-! as the exchange energy 
2], which is contained in their expression as 
an adjustable parameter. This exchange 
energy agrees well with 0.1 cm7! obtained in 
our experiments in y-direction, but this agree- 
ment is rather accidental, because in his 
computaticn both the tensor character of ¢ 
and the hyperfine structure are neglected. 


6. Other Remarks 


As for the broadening from the hyperfine 
structure effect, we have no reliable know- 
ledge to discuss. As the usual experimental 
procedure to study the nuclear hyperfine 
structure by microwaves, “diluted” crystals 
are used. For example, in case of Cu** ion 
nay (CrI(GOn)nGle HO), €i poids Oe Ane ims ia 
its isomorphous crystal ZnK.(SO,),-6H.O is 
replaced by Cu**. Since the distances be- 
tween Cutt ions in this “diluted” crystal 
are very large and the dipole-depole interaction 
becomes neglegible, observed discrete lines 
bring us the knowledge about the hyperfine 
structure. But, unfortunately, our samples 
can not be “diluted,” because there is no 
isomorphous crystal of them. 

The broadening from spin-lattice relaxation 
should be also responsible to the observed 
width. In this crystal, however, it may not 


* The fine structure vanishes in this case of 
Cut++ ion which has an electron spin of 1/2. 

*k Note added in proof: After this paper was 
prepared, Anderson’s more detailed article was 
published, in which he discussed the line shape 
and its narrowing under exchange coupling. 

P. W. Anderson: Jour. Phys. Soe. Japan 9 
(1954) 316, 
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be considered to affect greatly the frequency 
dependence of widths in y-direction, since the 
minimum width in the c-direction is 40 oer. 
So the measurements in lower temperature, 
if they were performed, would only slightly 
change our results on the frequency depend- 
ence of widths in the y-direction. 
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Apparent absorption edge, transmissivity and true characteristic 
absorption edge of multi-domain single crystal of barium titanate have 
been measured in dependence on temperature covering the three 
transition points, —70°C, 5°C and 120°C. The true characteristic 
absorption edge shifts linearly with the temperature coefficient quite 
close to that in ionic crystals which has so far been well known. Both 
the apparent absorption edge and the transmissivity exhibit quite 
steep hysteresis curves especially near —70°C. It may be due to the 
domain structure which is expected to develope when the lattice 
changes from orthorhombic to rhombohedral near this transition point. 


| One of the authors attempted to grow single 
icrystals of BaTiO; in a kryptol furnace by the 
‘help of Na,CO; as flux. The method has 
‘already been reported in detail». Among the 
icrystals obtained, there are many singie-do- 
}main ones, but they are not always thin enough 
‘to insure optical observations. For the present 
‘purpose, therefore, the restriction to single- 
domain was given up. The samples used were 
picked out from crystals prepared as above. 
Most of them are about 20 in thickness. 
One of the microscopic photographs of the 
samples inserted between crossed Polaroids is 
shown in Fig. 1. 


First, it has been studied how their optical 
absorption edge shifts along with gradual 
variation of temperature. A zirconium lamp” 
was used as a continuous light source. In 


Fig. 2, c is the continuous spectrum due to 
the light source itself and a the absorption 
spectrum of a thin crystal at room-tempe- 
rature. The absorption seems to be complete 
at shorter wave-lengths than about 4,000A. 
This optical absorption edge shifts towards 
longer wave-lengths when the temperature of 


Ue 
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crystal is raised up to 200°C, as shown in 0B. 
The wave-length of the edge was measured 
in dependence on temperature, ranging from 
—120°C to 150°C and the result for a sample 
2544 thick is shown in Fig. 3. 
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There is hardly any anormaly at all near 
the transition point at 120°C. There may be 
nothing more than a slight change in slope of 
the curve near the transition point at 5°C. 
Near —70°C, however, an extremely abrupt 
change was found to appear. The amount of 
jump in wave-length and the width of loop 
in temperature scale seem to be more or less 
variable with the sample used. It might be 
due to change in thickness of crystal. It 
seems to be certain that a sufficiently thin 
crystal exhibits a hysteresis loop independent 
of which sample is used. Fig. 4 shows how 
a sudden shift in absorption edge to occur 
near —70°C. The hysteresis curve for a 
sample 18 thick is rather steep and the 
width of loop is about fifteen degrees in 
Centigrade as shown in Fig. 5. 


4400 
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Next, the transmissivity of thin crystals has 
also been studied in dependence on temperature. 
Under constant illumination, the intensity of 
light with wave-length ranging from 4,000 to 
4,500A transmitted through a crystal was 
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measured by means of a combination of a 
multiplier phototube, a d.c. amplifier and a 
micro-ammeter. The transmissivity for a 
sample 18 thick was also found to exhibit 
a quite steep hysteresis loop near —70°C as 
shown in Fig. 6. 
tal from condensation of water vapour on its 
surface, it was mounted in vacuum as long 
as measurements were undertaken. According 
to these results, among the three transition 
points of the crystal used it looks as though 
the one at —70°C might be rather different 
optically from the other two. 


a 
BA TRANSMISSLVITY 
110 
I 
100 |_ 
ai ape 
eo L 
70 | uy 
n 
00 
c 
aaa 
oc 60 + 
a 
£ 
‘e wn 
© 50 /— 
g 
2 
5 
fol 
2 
o 
a 
430 i 
20 | ee race 
Ty 
0 =e i ae 
-120 -100 -80 -60 -40 °G 
Fig. 6. 


When over-exposures were made in taking 
photographs of absorption spectra, the edge 
did not exhibit any sudden shift mentioned 
above even below —70°C. And now the 
intrinsic absorption edge shifts linearly to- 
wards ultraviolet with decreasing temperature 
as shown in Fig. 7. The temperature coef- 
ficient is about 1 A/degree, being close to the 
value which has so far been well known in 
ionic crystals. A linear shift of absorption 
edge in temperature change like this has re- 
cently been studied theoretically. It is inter- 


preted by the interactions between the lattice — 


vibration and the electron in crystal. ioe 


In order to prevent a crys- 


1954) 


4200 


4000 


3600 


-100 ie} 


Fig. 


may be considered to express the temperature 
_ dependence of the ¢vwe characteristic absorp- 
tion edge of the crystal studied. 

Near —70°C, the lattice changes from 
orthorhombic to rhombohedral and therefore 
much more complicated and fine domain 
structures may be expected to develope than 
near 5°C and 120°C. Plenty of these fine 
domain may absorb especially in the shorter 
wave-lengths. The absorption by this fine 
domain structure may play an important role 
in the hysteresis curves of apparent absorp- 
tion edge and transmissivity as shown in Figs. 
5 and 6. Investigations are in progress which 


Optical Behaviours of Multi-domain Single Crystal of BaTiO; 


TRUE CHARACTERISTIC ABSORPTION EDGE 


100 200 


es 


the authors hope will lead to a more detailed 
discussion on the relation between the absorp- 
tion and the domain structure. 
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The aim of this paper is to determine the zeros of the form 
AM=e02, a) HO(a)+¢.v2, dH, ©(a)/da 
qua function of v, where Hy@(a) denotes a Hankel function of order 
y and g), g, are given functions, a being real positive. By studying 
the analytical behavior of dlog H,@(a)/da the regions where the 
zeros looked for may exist can be determined. If |gi(v2, a)|S|g.(v2, a)|, 
these regions are shown to be a narrow strip, extending from v=a@ 
to —coi, and that obtained by the inversion about the origin, where 
dlog Hy@a)/da changes its value infinite times from zero to infinity. 
The method of estimating these zeros is established by employing the 
asymptotic expansions of H,@(a), and is discussed in detail especially 
for the zeros near a. As an example the following form is treated, 
dH,CXa)/da +(n/ayH,er(a) , 

which occurs actually in the case of the diffraction of waves by a 
sphere. The first several zeros are shown to be given by 


: =af 145 (0) "exp (2xi) +( a i oa) aS ( ti) 


es er bon a 
2800 4500? (4502)? )\a 


where o denotes one of the following values, 
0.6853848, 3.9027676, 7.0549300, 10.2006884, 18.3445027, ---- 


§ 1. Introduction in §5. In §6 we shall apply this method to 


In various problems of mathematical physics, 
we often find it necessary to determine the 
zeros of certain types of transcendental func- 
tions, which are homogeneous with respect to 
Hankel functions and their derivatives, qua 
functions of the order, taken as a complex 
variable. The aim of this work is to discuss 
the existence of the zeros and to show how 
to evaluate them. 

In Part I we shall deal exclusively with the 
case of linear homogeneous forms. We shall 
first show in §2 that the problem can then 
be reduced to that concerning the zeros of the 
linear forms of logarithmic derivative of the 
Hankel function and, having discussed in § 3- 
3.3 the analytical behavior of this derivative, 
we shall determine the regions of the com- 
plex order in which the zeros of these forms 
may exist. By using the asymptotic expan- 
sions of the Hankel function in forms adequate 
to the regions concerned and others, discussed 
in §4-4.6, we shall locate them approximately 


an example, which occurs actually in the case 
of the diffraction of waves by a sphere. 

In Part Il we apply the above-stated method 
to bilinear forms of Hankel functions of dif- 
ferent arguments and their derivatives, to 
show how its application can be extended to 
those higher than linear. An example, which 
occurs in the case of the diffraction of elastic 
waves, will be treated. 


§2. General Considerations 
We take as the linear form to be considered 
A.Q)=9,(?, AHYO(a)+?,(v2, a)Hy© (a), 
(2.1) 
where Hy@(a) and Hy@ (a) are the Hankel 
function of argument a and order »v and its 
derivative with respect to a, 9%,(v?,a) and 
¥,(v", a) being any given functions of v? and a, 
with suitable conditions, if necessary. We 
assume here, for simplicity of treatment, a 
to be real positive, without losing the general- 
ity of our consideration since this is always 
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the case in practice. Also the assumption of 
the dependence of ¢; and ¢, on VeeMOtMON) 
is not an essential but only convenient one, 
which makes the problem much easier and 
has never conflicted with the actual situation. 
Instead of Hy@(a) we may also consider 
H,©(a) mutatis mutandis. 

Since it is clear from the theorem concern- 
‘ing the Wronskian of Bessel’s differential 
-equation, that AH,@(a) and H,@‘(a) never 
vanish for the same a and », the zeros of 
(2.1) are equivalent to those of 

Fi)/[P2., QDHLO(a)J=e(r?, Q)/Po(v?, a) 
| +A, @(a)/Hy@%(a), (2.2) 
if we exclude such a case that some zeros of 
|H,@(a) should accidentally coincident with 
\those of ¢%.(v?, a). Let us therefore, take as 
the form to be considered the following one 
janew, instead of the previous one, 


Fie)=Fy, a2)+¢(v?, a), (2.3) 

where 
Fy, =H, (a) H,@(a)=d log H,(a)/da . 
(2.4) 


As to the excluded case we have to investi- 
gate in each particular problem whether this 
is the case or not. 

we shall observe some simple properties of 
Flv). 

(a) fi(v) is an even function of v. Since 
F(v, a) is an even function of v, owing to the 
relations 

2 a=—e— "“H,O(a); ) 

H_y®(a)=e"'* Ha), § 
fi) also is even with respect to vy. Accord- 
ingly it is sufficient to consider a half of the 
v-plane, say, the right half plane bounded by 
the imaginary axis. Therefore we _ shall 
henceforth confine our discussion to this region. 

(b) f(y) never vanishes for real and purely 
imaginary values of v, provided that ¢(v?, a) 
does not contain z explicitly. 

For, let us suppose /,(v) vanishes on the 
real axis, 1.e. 


AiV=F, ]+9(?, M=0 (2.6) 
for real vy; then its conjugate complex also 
will vanish, i.e. 

Ai) =F, O+ 9, @=0 (2.7) 
for such v, and therefore 

hiY)—-hi)=Fu,a—-Fv,@™=0. (2.8) 
Since for real values of v 


/ 


(2.5) 


Oey (2.9) 
(2.8) becomes 
H,°)(a)H,(a) — H,°"a)H,(a) 


H,(a)Hy©(a) ee a: 
which may be transformed into 
—4¢/{za| Hy (a) |?}=0, (2.11) 
in virtue of the value of the Wronskian 
W{H,(a), Hy©(a)}=—4i/(za); (2.12) 
the Eq. (2.11) will conflict with the fact that 
AH, (a) has no poles in the finite region of a. 
Secondly, since for purely imaginary values 
Oe wD (= wp) 
Ayi(@)=A_ wi (a) =e "Ayu O(a) , 
(2.13) 
we obtain 
Ayu" (@) Hui (@} = Hui @/HuiO@). 
If f,(v) and therefore f,(v) also vanished 
for a purely imaginary value of », i.e. 
Fi) =F, 2)+0(— Hv’, a=0, (2.15) 
Six?) = Hui O(@/AuiP(O+ e(—- 2’, @) 
=). (2.16) 
then we should obtain 
fieX)—fir)=Fo, a)—F(», a) 
=W{H,Y(a), HO @}/{HO@- HO @} 
=0, 


or 
—4i/{nae"*| H,@(a)|?}=0, (2.17) 


which never occurs, as stated above. 


§3. Analytical Behavior of F(», a) qua 
Function of v. 


To investigate the general analytical be- 
havior of F(v, a) we shall transform it into 
another expression, more easily accessible to 
intuition, though not necessarily convenient 
for closer evaluation. 

We first take up the following relation in 
connection with Nicholson’s integral [(1) p. 
441], valid for any complex vy and Rea>0, 
H,(@H,©(a)=Jv(a?+ Yay? 


SiGe A Ka aur coshovede) ta) 
0 


where Jy and Y, are Bessel functions of the 
first and the second kind of order v and Ky 
is Bessel function of imaginary argument of 
order 0. By differentiating both sides of (3.1) 
with respect to a@ we have 
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H,©(a)Hy@(a)+ AO (aH, (a) £>0, a=d>0, K,(2a sinh €) sinh & cosh 2vE 
is continuous and the integral on the right of 


pe fai a aq a4 . . 
= —(16/z i. K,(2a sinh €) sinh € cosh 2vEdé ; GO weonverses aounts 


(3.2) By dividing (3.2) by (3.1) we therefore ob: 


the legitimacy of the differentiation under the tain 
integral sign is secured, as in the domain: 


Hy®(a)/H,©(a)+Hy(aHyOa) 


A ~2 "Kea sinh £) sinh £ cosh 2» EdE / ("Kea sinh £) cosh 2v€ dé . (3.3) 
0 0 


Secondly by dividing (2.12) by (3.1) we have 
H,©'(a)/H,©(a)—H,® (a)/HO(@= —(nif2a)|\" Kea sinh &) cosh 2vé dé. (3.4) 
0 


It follows from (3.3) and (3.4) that 
Fy, da=A,@)'(a/HO@ 
——— [, Kia sinh &) sinh & cosh 2v& de-+(nijda)| [| “Ka sinh €) cosh 2vé dé , (25) 
0 0 
or by partial integration 


jy ero a{\" Ai@a sinh £) cosh 20 sinh de / \% (oa Gn =) cin 2pe cosh ee 


- (ri/4a)} 1 / \ Riera cos one az (3.6) 


We shall then estimate /(», a) for the values of » classified as follows. 
3.1 Real positive values of v 
When » is real positive=2, then we obtain from (3.5) and (3.6) respectively 
FQ, a)= {-\"% (2a sinh £) cosh 22€ sinh € d—(ni/4a)} / |; Kea sinh £) cosh 24£ dé , (3.7) 
and 


F(A, a)= — (A/a) {\" x: (2a sinh &) cosh 24€ sinh & ae [| "K, (2a sinh &) sinh 22& cosh & dé 
0 0 } 


~(nij4ay{ 1 / \% (@a eta Eyeosh 24208 (3.8) 


In the evaluation of the above integrals we shall assume a to be considerably large, with- 
out biasing the general tendency of their dependency on @ and 4 except in the case of a being 
very small, since they are of non-oscillatory character with increasing a, owing to the fact 
that both of A,(2asinh €) and A,(2asinh €) are positive and monotonously decreasing functions 


of a as well as of &, and we shall use, if necessary, asymptotic expansions for large a. 


the further discussion, as occasion demands, we shall also assume it tacitly, if there is no 


fear of misunderstanding. 
(a) When AX, the Eq. (3.8) becomes 


Bae og) |, Kea sinh £) sinh £ df / | & (2asinh ££ cosh E dé } 
: E + 23°{ |" Kia sinh £)£? sinh E dE / |, Riza Sinn yeahs 


— as)" K, (2a sinh £)E* cosh € dé / |) Ki2a sinh £)E cosh Ede t +0128 | 
0 
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~ (rida), 1 | | Kya sinhé)dé ir —2a| |" K,(2a sinh €)E? dé | ‘ K,(2a sinh ude! 
Jo 0 


0 


+O(A4) | : (3.9) 


which may be transformed into 


F(A, a)= —{(1/2a)\(1+ (22/a)) +401 —(22/2?)) 11+ O(a-2) +O} , (3.10) 


in view of the relations 


| K, (2a sinh €) sinh € d&=(1/4a?) [" icozaec + 2a" = (x/8a2){1+O(a-)}, (3.11) 


0 Jo 
| K,(2a sinh €)E cosh € dE=(1/2a) Ko sinh! (¢/2a)dt=(z/8a?){1+O(a-)} , @all2) 
20 
‘a K, (2a sinh &)& cosh & dE = (32/32a*){1+ O(a-*)} , (3.13) 
0 


and others which are derived from the formula 


[Qed = 21 (4/22) : (3.14) 
0 
[Q) p. 388]. 
(b) When 41/2, we have the relations 
Re F(4,a)2—A/a for 2212, (3.15) 
Im F(A, a)=— for AB1/2, (3.16) 


) considering 

Re F(A, a)= —Har(aja\” K, (2a sinh €) sinh (2A—1)E ae]\" Kia sinh &) sinh 24& cosh & d&, 
(3.17) 

Im FU, @)=—1+ : K,(2a sinh &)(cosh 24& —cosh pode || "Kea sinh &) cosh 22& dé . (3.18) 

(Geer Aza; ech shall first evaluate the integrals contained in (3.7) and (3.8), i.e. 


f- K,(2a sinh €) cosh 22£ sinh € dé , 

0 

| Kea sinh £) sinh 24£ cosh E dE , 
0 


i K,(2a sinh £) cosh 24 dé . 
0 


The integrand of the first integral tends to 1/(2a@) with a horizontal tangent as €-O, and for 
i<a it decreases monotonously with increasing €, while for 4>a it once increases to a maxi- 
um and then monotonously decreases to zero; in the latter case the value of the integrand 
near the maximum contributes the most to the integral. 

' The approximate value of the integrand for not small € is 


(1/4)(z/a)'/2(sinh €)/? exp (—2a sinh E+22€), (3.19) 
f we use the asymptotic expression of K, of large argument 
K,(2a sinh &)= (1/2)(z/a)'/2(sinh &)-1/2 exp (—2a sinh €){1+O(a7})} . (3.20) 


We are, therefore, able to evaluate the integral by a method analogous to the method of 
steepest descents, expanding the integrand about the stationary point of the exponential func- 
ion. If we denote by &, the value of & giving the maximum of 


—2asinh €+22€ , 
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£;=cosh* (Cia), (B22) 
which exists only when A>a, then 
—2a sinh &+24E = —2a sinh €&)+24&)—a sinh Ey(E —&o)? +--+ ---- : 
and 
sinh €=sinh &)+cosh &(€ —&o)+ (1/2) sinh Eo(€—Eo)*-+----- - 
Hence the first integral will be evaluated as follows: 


~ K,(2a sinh €) cosh 24 sinh € d&=(1/4)(n/a)¥*(sinh &,)"? exp (—2a sinh &)+2AE,) 
0 
f | exp (—a sinh Eyl’){1+(1/4—(1/8) coth? Eq)t*}dt 


=(z/4a) exp {2a(E, cosh E,—sinh £°}{1+O(a7")} . (a.22) 
Similarly, as to the second and third integrals, we have 


\, K,(2a sinh €) sinh 24& cosh € dE=(z/4a) coth &, exp {2a(&) cosh &)—sinh &))}{1+O(a~")} . 
0 
(3.23) 


ie K,(2a sinh &) cosh 24& dE = (z/4a sinh &) exp {2a(Ep cosh €&)—sinh &))}{1+O(a7?)} . (3.24) 
0 


Accordingly it follows that 


Re F(A, a)= —sinh &){1+ O(a~')}, (3.25) 
or 
Re F(A, a)= —(27/a—1)'*41+0(a-)}, (3.26) 
and 
Im F(A, a)= —sinh &) exp {—2a(&) cosh &)—sinh &))}{1+O(a7!)}. (3.27) 


(d) In view of the non-oscillatory character 


of FU,a@) we may, joining its behaviors in = N 
the above-mentioned cases, imagine as F(A, a) Se (MoT PREF 0) 
such ‘function whose realvand imaginary parts |) Ys ie Ses 
are illustrated schematically ‘in Pigh To clovpe'in Bill ohn eS Fein Hae SW eh eae 
3.2 Purely imaginary v Biga t: 
When » is purely imaginary =y7, (3.5) and (3.6) are written in the forms 
F(t, a)= Fi A, (2a sinh &) sinh & cos 2& de | ie K)(2a sinh €) cos 2u& d& 
0 Jo 
—(ni/4a)-1 | |, Kot2a sinh £) cos 2 dé . (3.28) 
0 
F( ui, a)= ~(nla) K,(2a sinh &) sinh € cos 2& az ||" K,(2a sinh &) sinh & sin 2E d& 
0 0 
Eris | |, Katee Sint Bypedst2 ae ae (3.29) 
0 


Since F(v, a) is even with respect to v, we have only to consider positive values of 4. 
(a) For u<l we have 


Remuna)= -| | * (2a sinh £) sinh £ dé | t K,(2a sinh eae} 
: [2 — 2,0 \" K,(2a sinh £)£ sinh £ dé | \, K, (2a sinh £)sinh € ag 


a |, Kole sinh £)E3 dE / | Ky 2asinh £) dé} +0.H')| 
= —(1/2a)1—7/2+O(e) 11+ 0@-}, (3.30) 
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and 


wate ~(n/4a)4 1 | \, K,(2a sinh £)dé | 12 


x ((" K,(2a sinh £)E? dé | |. K,(2a sinh Ede’) o: O(n} 


= —{1+ (4?/(2a?) + O(z4)}{1+O0(a-*)} . (3.31) 
(b) For “#=O(a)>1, we have 
Fv, a)= —{(1/2)a/(@ + 2?) +4(@ + 2°)? /a}{14+ O(a-»)}, (3.32) 
since 
° . ce 2) -1/2 
| Ky (2a sinh €) cos 2 ag au {1 4(s. ) | cee | 22 log} 2 
0 0 2a 2a | 2a 
aera 
Said ead } Jae, 
} ( 2a ) 
= F K,(2at) cos 2ut dt{1+O(a-’)}, 
0 
= (7/4)(a?+ 2?)- {14+ O(a-*)}, (3.33) 
and 


|) Ki2a sinh &) cos 2u& sinh & dE= |" Kean cos 2ut-t dt{1+O(a-*)} 
0 0 


= (x/8)a(a?+ 22) 81+ O(a-»)} ; (3.34) 
as to the evaluation of the integral on the right of (3.33) see the reference (1) p. 388. By 
differentiating it with respect to a@ we obtain the evaluation of the right of (3.34). 

(c) For the values of 4 much greater than a@ we must first prove the following formulas: 


[, cos 2uE K,(2a sinh &)dE=(r/4p)(1—@?/1?7+O00-4)} (3.35) 
[cos 2u& sinh € K,(2a sinh&)dé = (za/8y°){1+O(u-?)}, (3.36) 


valid for large ~ and any positive a. 
Since it is shown that 


2n\" cos 2& K,(2a sinh €)d&= 2a\ sin 2v& cosh € K,(2a sinh &)dé, (S30) 
0 


0 


by partial integration, it is obvious that 
2n\" cos 2k Fi,(2a sinh EGE = 2/2, 
0 


as 44— co, in virtue of 2aK,(2a sinh &) tending to 1/€ with decreasing &. Further, since we 
obtain 


12| {cos 2nE Ki(2a sinh pdz—ae)|" sin 2u& d&/E F me ay) sin 2ué 


0 
x {—4a? cosh & sinh & K,(2a sinh &)+4a* cosh’ € K,(2a sinh €) 
+-2a cosh & (sinh €)-?Ky(2a sinh €)+2a’ cosh & (sinh £)-1K,(2a sinh £)—-&*}d& , (3.38) 


by repeated partial integrations, it is easily seen that 


el i" cos 2& K,(2a sinh &)d& —n(4s | = —(7a*/4){1+O0(4-*)}, 


as to, by considering the expression in the bracket { } on the right of (3.38) tending to 


bare! as & 0. 
_ Secondly, as we see by partial integrations, 
! 
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8/0 “cos 2né sinh & Ky (2a sinh &)d&E= =| sin 2& {8a cosh & sin € Ko(2a sinhé) 
0 0 


—4a?(2 cosh? €—1)K,(2a sinh &) cosh £+8a? sinh & cosh? € K,(2a sinh &) 

—8a? sinh? € cosh € K,(2a sinh &)}dé, (3.39) 
where the expression in the bracket { } tends to —2a&-! as & > +O, and therefore we ob- | 
tain the relation to be proved | 


82° "cos 2mné sinh € K,(2a sinh &)dE=za{1+O(u-*)} , 
0 


as uO. 
Consequently we have 
F(v, a)= —{(1/2)(a/) +ip/a}i1+0(u-?)} . (3.40) 
(d) Joining the above-stated cases, we have for all values of 
Fy, a= —{(1/2)a(@ + w?)- 14-04 wy? /ay{1+O(a-*)} , (3.41) 


whose real and imaginary parts are illustrated 
in Fig. 2. 


== Re 72 
ie ,a) 
3.3 Any complex v=A+yt (A>O) ——— 
Inwonder. tomestimatestine value: Of Fi(5 7) | amen st steele 
referring to (3.5), we shall evaluate the two 
integrals constituting its important parts, i.e. 1nigee, 
h=|"Ke(2a sinh £) cosh 2vF dé, 
0 
= , K,(2a sinh &) cosh 24E cos 2v& dE + i" K(2a sinh &) sinh 22€ sin 2 dé, (3.42) 
0 0 
j=| "Kila cinhicos ee eh 
0 
=| K,(2a sinh &) sinh € cosh 24€ cos 2v& dE + il" Kia sinh €)sinh& sinh 22E sin2vé dé . 
0 0 
(3.43) 
(a) For 2<1 we have 
Re J,= |” Koaty+22 sinh~1z¢+O(A‘)} cos (2y sinh=! Z)(1+22)-/2d¢ , 
0 
= | K((2at){1—(1/2 —22?)t?+ ---- } cos 2ut dt — |" Keane + --+° )sin 2yut dt 
0 0 
= (1/4)? +?) [1 —{(1/2 —27?)/4} (a? -2)(a2 +)? {1+ O(@-)+0(u4)} , (3.44) 
Im Ji (/4)A@ +) 3 Ut (07/2) 3a? —2?)\(a? + ?)-?}{14+ O(a- 4) + O(u)} : (3.45) 
considering the relation 
\, cos 2yt Ko(2at) dt=(2/4)(a?+ p2)-1/2 , (3.46) 
0 


and those, which are derivable from it by differentiations. 
(b) For 4>a, by using the same method as employed in the deduction of (3.22) and (3.23), 
we obtain 
Re Ji=(1/4)(z/a)!? cos 2& (sin &y)-/? exp (—2a sinh £) +22) 


x | exp (—a sinh &)-2*) cos 2ut-dt{1+O(a-}} , 


= (7/4a)(sinh &€o)~1 exp {2a(Eq cosh &)—sinh &))—y2/(a sinh E))} cos 2u& {1+ O(a-}}, 
(3.47) 


1954) 


and 
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Im J, =(z/4a)(sinh &))-! exp {2a(Ey cosh £)—sinh &))—?/(a sinh &)} sin 2E){1+O(a-}}, 


where 
&)>=cOosh-*(A/a) . 

The behaviors of Re J; and Im J; are made 
accessible to intuition by the schematic re- 
lieves in Fig. 3 and 4. The chain lines denote 
the intersections of the relieves and the hori- 
zontal plane of the height O. 


Re J, 


(3.48) 


respectively, where is any positive integer, 
or by 
A/a=cosh{(m+1/2)x/2 71} 


and 2/a=cosh (gz /2/2) , 


respectively. There are an infinite number of 
zeros, as one may infer from the illustration, 
placed in order, the real part of their values 
being of the order of @ and the 
imaginary part tending to +co?. 
As to the closer location of these 


zeros we shall see later. 

We shall further deal with Jz. 
Jz is also expressed on similar 
discussions as follows: 

Jo=(2[8)a(a? + p?)- 7? 
-{1+O(a-*)} for A4<1, 
(3.49) 


J2=(z/4a) 
x exp {2a(&) cosh €)—sinh &p) 
—/?/(a sinh &9)} 
x (cos 2ME +2 sin 2uEq) 
x{1+O(a-}} for Ada. 
(3.50) 
It is therefore clear, that for 
A>a J, is approximately same 


Migs A: 


The zeros of J; are given by the crossing 

points of the curves on which 
Re jfi=0' and ImJ,;=0, 
respectively. Since these curves certainly 
cross each other in pairs, as is easily seen in 
Fig. 5, drawn extremely schematically in view 
of Figs. 3 and 4, and are expressed approxi- 
mately by 
QuEy=(m4+1/2)n and 2uE,=mz7 , 


as J; multiplied by sinh & and 
that one can discuss the zeros of 
Jz in the same way as those of 


Vie 
Summing up the above-men- 
tioned results, we shall estimate 
Fivi@)> Since 
Flv, a= —{J,+21t/4a}/h 
=—[Re J.+7{Im J,+7/4a}] 
/(Re fi tzIm Ji). 38.5) 
F(», a) becomes infinite at each 
zero of J; and vanishes at each 
zero of Jx+éz/4a, which is given by the 
intersection of 
Re J,=0 and ImJ,+7/4a=0, 
if none of the zeros of the numerator coin- 
cides with those of the denominator. The 
zeros of J.+iz/4a are indicated by the symbolx 
in Fig. 6, drawn referring to the relieves of 
Js, which can be constructed in the same way 


as ji. 
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a 


Tar Im Je =O 
Im J2+ T/ aa) =a (0) 
IME, Oy, 


It is to be noted here that all the points 
indicated by O are not poles of F(v, a) and that 
the points indicated by x not always zeros of 
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Since by (3.1) and (3.42) 

Si= (77/8), OM Hy) , 
the zeros of J;, the points indicated by symbol 
© in Fig. 5, comprise not only the zeros of 
H,©(a) but also those of H, (a), their values 
being complex comjugate of one another be- 
cause of the relation 


H,©(a)= H5°(a) , 


Fy, @). 


for real a. 

Further, anticipating the results of the later 
discussions, that H,©(a@) does not vanish in 
the first quadrant but in the fourth and as to 
H,©(a) the reverse is true, we can conclude 
that the upper series of zeros belong to H,(a@) 
and the lower one to A,@ a). Now, since 
Fy, a) becomes infinite at every zero of H,(a), 
and only there, owing to the fact that H,@ (a) 
and A,™’(a) do not vanish simultaneously, 
it is easily seen that the upper series of 
zeros of jJ,+77/4a, indicated by x, and the 
upper series of those of J;, indicated by O, 
just coincide; in other words, the zeros of 
F(v, a) are the lower series of the points indi- 
cated by x and the poles of F(v,a) are the 
lower series of those indicated by O. Hence 
it becomes clear that F(», a) has an infinite 
number of zeros and poles of the first order 
within a relatively narrow region extending 
from v=a to —«7z; we shall henceforth refer 
to this region as the oscillatory region. 

Combining (3.49), (3.50) and (3.51) we have 


Fy, a= --1+ 72/@)741+0(a7-1)} for 2<1, 
and 


F(v, a)= —sinh &){1+O0(a-1)} 
= —(2?/a?—1)/7{1+O(@-}} for A><a, 
where v=A+y7., hence we may _ express 


Fv, a) for the whole v-plane except the oscil- 
latory regions as 
Fy, a)= —(?/a—1)'"*{1+0(a-)}. 

Here, referring to such a Riemann surface as 
shown in Fig. 7, which has in the right half 
plane a cut from a@ to —oo? within the oscil- 
latory region, we assume as the argument of 
( )/2 such one as vanishes when » tends to 
+o+z€. This estimation may seem at first 
sight to be too bold but its legitimacy will be 
soon shown. Further it is to be added that 
|F(v, a)| 21 except in the oscillatory regions. 

Thus the analytical behavior of F(v, a) has 
been made intuitive, though roughly. To 


1954) 


determine the zeros of /:(v), however, we 
must have a closer estimate of F(v, a) and 
closer location of its zeros and poles; such a 
problem will be dealt with in the following 
section. The reason why we have consumed 
so much space without going straightforward- 
ly to the next section will become clear in 


Higa, Ne 


Part II, where we shall encounter such a 
problem as soluble only by employing the 
results of the discussions here. 


§4. Closer Evaluation of F(, a) 


In order to obtain a closer estimate of F(y, a) 
we shall approximate H,@(a) and H,©(a), 
which constitute the denominator and numer- 
ator of F(v,a), by using the asymptotic ex- 
pansions for large a and »v. The asymptotic 
expansions give a qualitatively correct account 
of the behavior of the functions even for not 
so large a and »v. 

4.1 Asymptotic expansion of H,™ for large 
and a 
We shall only recapitulate the result of the 


1 
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study of Watson and others, so far as neces- 
sary to the following discussions. 
If we assume 
vy=acosh r=a cosh (a+zf) , 


where O<P<x and @ any real number, then 
we can express Hy, a) and H,@(a) as 


il cof ty 
Hy (a) = sal e-*fOMdy ! 
Gy A Vero 


e~ "FCO dw (4.1) 


—o 


1 co — 2h 
AH,@(a) ee 
72 
Lice am 
=—— erTordy , 
Tt —cof+ Hh 


where 
f(w)=w cosh 7 —sinh w. 


It is to be noted that the Riemann surface 
here is different from that in § 3.3 and there- 
fore one must scrutinize the arguments of 
many valued functions when applying the for- 
mulas. The coexistence of two different 
Riemann surfaces in our discussions does not 
mean any confusion but rather these two 
ways of treatment are complementary to one 
another, as one may recognize later. 

To evaluate the above integrals, we choose 
such contours as correspond to the steepest 
descent through the stationary point of the 
integrand w=y, i.e. the curve whose equation 
is Im f(w)=Im f(z). There are two branches 
through w=y7, their slopes there being 


~+(1/4)+(1/2) tan-! (tanh a cot 8), 


where the tan-! denotes acute angle. The 
integrals along these branches (i) and (ii) are 
respectively denoted by 


7d 


som@=L{ eworde, 
2) 


1 
Sy 2)(@)= a eS COdw ; 
TE Jit) 


whose asymptotic expansions are 


= 1/2 oo i —-m 
S,0%(@)~(— 5 vei tanh r) exp {» (tanh pera SS SCs. An( vy tanh r) ; 


2 
1 


2 


=1)3 oo 
$,2(a)~(— yrz tanh r) ; “exp | —y(tanh y—7)+ Pad DF; 


where 


m=0 I'(3) 2 
r (m+) ( 1 i 
——_—* Ain — zt h ? 
os, ra) 9 y tanhy 
(4.2) 


arg {—(1/2)yz¢ tanh 7)=arg (—7 sinh 7) 


and the value of arg(—zsinh7) which lies between —(1/2)z and (1/2)z is to be taken; the 


values of A;, A, ---°- are 


Ag=1, Ay=1/8—(6/24) coth’ y, 


case being to be dealt with in another way. 


Since S,(a) and S,@(a) are solutions of Bessel’s differential equation, they are plainly to 
be represented as linear combinations of Hy,“ (a) and H,@(a), the coefficients being to be 
determined by considering the terminal points of the above contours, which vary correspond- 
Here we shall rewrite Watson’s table of Hy“ (a) 
and Hy,@ (a) for various values of vy in a form suitable for the following discussion, together 


ingly to various values of 7, or to those of »v. 


with Figs. 8 and 9, indicating the correspondin 


Masahumi NAGASE 


A, = 3/128—(77/576) coth? 7 + (385/3456) coth* 7, 


These asymptotic expansions are invalid for such values of » as correspond to small 7, this 


g regions of »v and y respectively. 


Tables te 
Regions H,O(a) | H,@\a) 
1 SyO(a) S,O(a) 
2 SyO(a)—Sy2(a) Sy@Xa) 
3 S,O(a) Sa) -S,O(a) 
4 Sy(a) Sy O(a) — eS O(a) 
5 S O(a) —e-2¥'S,2)(a) Syev(a) 
6a GEG: Lv eM yaig (a) —S,Xa) 5,00. 3 eee vat §,(a) 
sin vr sin vx 
6b 5, Oa)e ee rts Oa) Sin ITIVE wig axa) —erratS a) 
Sl sin vit 
Ta S\0X(q) - RAAT, -creyaig cay Stn ETT avd gs, a) SCG) 
sin vn sin vr 
Th SSNS ial 5 @ par cased Cael S3erqy2 Rt re awagioxay 
sin va SIN vr 


Y -plane 


%—-plane 


Eiieme os 


In the figures the curves AB, AC correspond 

to 
1—f cot B—atanh a=0, 
and in the table M denotes the smallest 
integer for which 
1—a@ tanh a+ {((M+1)z—8} cot R>0, 
when cot @>0, 

and N the smallest integer for which 


1—a@ tanh a—(Nz+§) cot B>0, when cot B<O. 


4.2 Asymptotic expansion of H,(a), 


The values of H,’(a) corresponding to various values of y are obtained, when in the above 
table Sy(a@) and S,@(a) are replaced by Sia) and S,@’(a@). The asymptotic expansions 
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of S,’(a) and S,@’(@) are given by differentiation of the above expressions of Sy, (a) and 


S,@(a) as follows: 


Sy "(@)~{—(1/2)yz7 tanh 7}-1 sinh y-exp {y(tanh 7-7) —(1/4)27}{(1 + (—3/8+ (7/24) coth? 7) 
x (v tanh 7)-!+{—15/128-+ (33/64) coth? 7 —(455/1152) coth! 7)(v tanh 7)-2+----}, 
Sy (a@)~ —(—(1/2)yxi tanh y)-1/? sinh y-exp {—»(tanh 7-7) +(1/4)22}{1 —(—3/8 
+ ((7/24) coth? y)(v tanh y)~!+ (—15/128-+ (33/64) coth? 7 —(455/1152) coth‘y)(v tanh 7)~2-++-+-+}. 


(4.3) 


4.4 Asymptotic expansions of H,@(a) and H,@’(a) for 7<1. 
As mentioned above, the asymptotic expansions in the preceeding sections are invalid for 


such values of » as correspond to small values of 7. 


by the present author [2]. 
Thus we have 


Such cases have already been studied 


F(a) ~3-Ve- O/)*gf {1 + (1/10) 92+ (13/280 —(9/50)E2)y4 + (803/25200 —921/3500)E2)78 
+(—1'3959 E-2-41°3329—0°61168 £?+.0°0054 £4)y8-+ +--+ Jy @(E)+4-{—(3/5)E2n” 


+(1/210—(3/7)E2) 7 + (37/18900 —(197/600)E2-+ 


—0°038541E*)y8+---- JE} 
where 


2/3-(E) I, 


Sans) tanh 7, 


and, by differentiation with respect to a, 


(9/250)E*)y8 + (—2°0929-+0°51938E2 
(4.4) 


7—tamingee 


Ha) ~ —13-¥2e~ 01)*892(cosh 7)~[{(1/15—(3/5)E*) 9? +(1/15 — (36/35 )E*) 9! +--+ JEM /pE) 


+{—1—(9/10)y? + (—253/280-+ (9/50)E*)9 +» - + -}Aa/3(E)]. 


4.4 Location of the poles of F(», a) 

The estimate of F(», a) are simply given by 
the ratio of the above expressions of H,@ (a) 
and of Hy,@(a) respectively, for any »v cor- 
responding to various regions of the v-plane. 
Since it is necessary to study its behavior in 
the oscillatory region, we shall consider close- 
ly the poles of F(y, a), i.e. the zeros of H,@ (a), 
and the zeros of F(v, a), i.e. those of Hy (a). 
We shall first deal with the poles of F(y, a), 
or the zeros of H,@(q@). 

Now S,@(a) and S,@(q@) never vanish them- 
selves, since in the expressions 


S,0x(a)=Le-4 Lo e-4# Ref day 
ae (i) 


= 1 -aImfs(y) —aRes(w) 
5 é au 
(i) 


7 


+8] e-aRes(w) Jy : 
«w i 


SyO(a)= — J oa seioal etReS Ody, 
Tt Cit) 


= Z \ en nerend} : 
Cit) 


derived by using the property of the integra- 
tion contour, the contours, as the figures in 
the treatise of Watson show [(1) pp. 264-266], 
are not such that both dw and dv change 
their sign in the intervals contributing to the 


(4.5) 


integrals ; in the case of y being finite it is 
also deducible from the expansion form (4.2). 
Hence H,@(a@) never vanishes in the regions 
1, 2, 5, where H,©(@) is equal to S,@@). 

Considering the order of magnitude of e’”, 
it is clear that H,@(a) never vanishes in the 
region 6a and 7b, but vanishes only ina part 
of the regions 3,7a and 4,6b, where S,@(q), 
S, (a) are of the same order. 

In view of the expansion forms of S,“2 (qa) 
and S,@(a) the zeros of H,@(@) are given by 
such values of » as corresponding to 7 satis- 
fying 
a(y cosh 7—sinh 7)=2¢(mz—z/4){1+O0(a7!)} , 

(4.6) 
for not small 7, where m denotes any posi- 
tive integer; in Other words, the zeros of 
H,@ qa) lie close to the curve 

Re (7 cosh 7—sinh 7)=0, 
or 

acoth a—f tan B—1=0, 
which starts from the point y=a, forming an 
angle —z/3 with the real axis, passes through 
the medium part of the region 3 and goes off 
to —coz, as shown by the dotted lines in Figs. 
8, 9. 

To obtain the closer estimate of the zeros 
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we have only to take as the first-approximate 
values of y such 7m as satisfy 

Im (7m cosh 7m®—sinh 7m) = (am—1/4)z; 
such values always exist once for any integral 
m, since Im (7 cosh y—sinh y) increases mono- 
tonously on the curve under consideration 
from zero to infinity as y varies from O to 
—oo+(z/2)z. Assuming such an expansion 
with unknown coefficients as 

T= TmO1+aa7*+a,a-7 ++ +++), 

and the corresponding expansion of », we 
substitute them in the expansions of S,“(q@) 
and S,@(a). Them we determine the coeffici- 
ents @,, @,---- by equating all the coefficients 
of the powers of a~! in the expression of 
S,@(a@)—S,O(a) to zero. 

For large mm it is easily seen that 

v2 —(m—1/4)zz/log m. (4.8) 

For such values of v as close to @, with 
which we are most concerned, we must dis- 
cuss in another way. 
4.5 Poles of F(v,a) close to a 

The relation (4.4) suggests to us that the 
zeros of H,@(a@) near a are, in the first ap- 
proximation, given by those corresponding to 
such values of & as satisfy 


v=acosh7r= aj) +5 760)” Hate re +(s 

n= maa +(u-3) fs +(a-a.+ 52) oye 
3 i 15 

E=pe" i + (3-5) poor + (34,430 ne eee cot 4 


HapE)= Haye] 0 (3a.—5-)+ +{o (82.43 -° a+- ae) 


Hays HE)= Hays (00") | = : (30— ; a + 


NAGASE CViole79, 
F_473(E)=0. (4.9) 

Now, according to the study of Macdonald | 
[(1) p. 551] the zeros of H-1/3(€), Ao;3&) 
are situated on the axis with arg&=z. By 
putting 

E=pe™ , 

we have 

FT 173° E)= (W3/2—2/2) {V 3fi/3(0) — Y1/3(0)s5 


(4.10) 


the zeros of the right-hand side are computed 
numerically, by using a table, say, that of 
Watson [(1) p. 714]. First several values are 


2°3834466, 5°5101956, 8°6473577, 
11°7868429, 14°9272068, 


We shall take as the first-approximate 
values of 7 those which correspond to these 
values of 0, that is, 


7¥= (Bp/a)/3eC/0m, (4.11) 
choosing among three possible arguments of 7 
such one as compatible with the previous 


discussion. If we assume the following ex- 
pansion with unknown coefficients 


oie ef eke: 


T= pO a7 OF + e2y7Or+ FECES ) (4.12) 
then we have 
a? +a,+ at ea) pe eae ; 
Se ey cases lee L 
120 
Ne 

Hea} 

(4.13) 


by expanding H-1;;(€) and Hy,;(&) about &= pet. 


Having substituted these expressions 


in the right of (4.4) and arranged all the terms in a form of expansion with respect to 7, 


we equate each coefficient to zero, and obtain 
—1/30 , 
Thus the zeros of rte itn ae are 


30 3 —] 1 30? \? 
ests ea eC3/3)mi 4 at a eC4/3)ni +(% ) p ) 
y=al 2 T 190 2800 630n2:)\ a ) > 


where 


0=2°3834466, 5°5101956, 


8°6473577, 


y= 41/12600+1/630p?,- +--+. ; 


11°7868429, 14°9272068. 


1954) 


4.6. Location of the zeros of Flv, a) 

The zeros of F(v, a), or those of Hy (a) can 
be dealt with in a similar way; they are 
situated in the fourth quadrant and approxi- 
mately given by the equation 

SyO"@—S,"(a)~—sinh 7{SyO(@) +S,2(@} 

=o (4.15) 
reserving sinh y=0, which belong to the re- 
gion of the expansions being invalid, they are 
approximately given by 
a(r cosh 7—sinh 7)={(2m-+1)/2—1/4}x2, 

m being any positive integer. Thus it be- 
' comes plain, that the poles and zeros of F(», a) 
are situated alternately along the curve stated 
above. 

For large m we have 
(4.16) 

For such zeros as close to @ we must con- 
sider (4.5), which shows that they are ap- 
proximately given by the values corresponding 
' to such € as satisfy 

Hj2(E)=0. (4.17) 

The first several roots of this equation are 
represented by pe’, where 

p=0°6853843, 3°9027676, 7°0549300, 

10°2006884, 13°3445027, ------ : 

| by employing the tables of Hankel function 
of order 1/3 and of their derivative [3] and 
others. The first-approximate values of 7 are 
| (30/a)V3e/8)=1 = 7), 

Assuming the expansion 

= 7O{L tay OP +a,7Or4+ +++: oe 
and the therefore 
ed 373 (E) = 1 -1/3(pe**) 

-{1—(a@,—1/6)7 ©” + riers -} 
Hy3(E) = A-13(0e*)7 O"{— p(3ai — 1/2) 
— (3a, —(3/2)a,2—-a +3/20)7 Or" +--+}, 
(4.19) 
we obtain, after substituting in (4.5) and 
equating to zere, 
@= (1/459*) 1/30, 
@_= (1/13500*)—(1/13597)+41/1260,  ------ , 


Thus we have as the zeros of F(v, a) 


if 1 (30) 5 /3)08 Coe oma 
=a) 1 3 ta ew TN 4502 * 120 


30\*8 (4/3)2i fe! i it ) 
(=) ee" +4 9095 4 + 22504 + 2800 


(4.20) 


y~—(m+1/4)xzi/log m. 
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with the above-mentioned values of op. 


§5. Zeros of fi(v) 


On the basis of the preceeding discussions 
we shall now consider how to find out the 
zeros of fi(v), that is, the solutions of the 
equation 

Fv, a)+¢(2, a)=0. (5.1) 
We shall deal with it, separating the half v- 
plane into two regions specified as follows. 

(a) In the oscillatory region an infinite 
number of the zeros and poles, of the first 
order, of F(v, a) are placed alternately near 
the curve whose equation is 

Re (7 cosh y—sinh 4)=0. 

Therefore, f(y, a@) assumes any assigned com- 
plex value once and only once in the vicinity 
of each pair of one of its zeros and the 
neighboring pole, at the intersection of one of 
the equal-modulus contours of F(v, a) between 
them and one of the equal-argument contours 
joining them, and hence one and only one 
solution of the Eq. (5.1) exists for such a pair, 
provided that ¢(v?, a) varies gradually there. 
By the use of (4.3) and Table I, this is ap- 
proximately given by 


exp {2a(r7 cosh 7—sinh 2)+4372} 
__ sinh 7—9(a* cosh* 7, @) 


D ? (5.2) 
sinhy +¢(@? cosh? 7, @) 


If 
|sinh y |>|¢(@? cosh? 7, a) | 
or 
|sinh 7|<|¢(@ cosh? 7, @)|, 
then the zeros are given by the values of v 
corresponding to 
2a(r cosh 7—sinh 7)+72/2~(2m+1)xz , 
or 
2a(y7 cosh 7—sinh 7)+72/2~2mz¢ , 


where m is any positive integer; if sinhy 
and ¢(a?cosh?7,a@) are of the same order of 
magnitude, we have to solve (5.2) numerically, 
whose solutions must lie in the intermediate 
positions. 

For higher m they are of the order of 


—mril/log m. 


For such zeros as close to a, the Eq. (5.1) 
becomes 


840 
—in(cosh 7)7! es é) Uae e Fs 
NS 15 35 
253+ Pies 1 ‘ lt 
ni fpeeeemee oe, SAR eh Tl Me Hyj3@ 
considering the asymptotic expansions of 


Hy™(a) and H,@’(a@) for small 7 (4.4), (4.5), 
so we may take as first-approximate values 
of y such values as correspond to 


Ay ,?(E)=0 , 
if ¢(a*, a)<, and such values as correspond 
to 

AT _y72(E)=0, 
if ¢(a*,a)>7; further calculation is quite 
similar to that concerning the zeros of Hy© 
and Ay, (a). 

(b) In the remaining region of the v-plane 
F(v, ay~—{(v/ay?—-1}"?, 
as shown in §3.3; hence we have only to 
solve 
—{(v/a)P?—1}3"+ ev”, a)=0, (5.4) 

in order to obtain the first-approximate values. 

Especially if |¢(v, a@)|<c 1 for any value of 
vy, no such values of vy exist, since alway 
|F(v,a@)| 21 in this region, as evident from 
the results in §3.3. 

If Y(v?, a) is real whatever value » may 
assume, we can conclude that no zeros of 
(5.1) exist here, since, while {(v/a@)—1}"/?} be- 
comes real only whan » is real, greater than 
a, we have already proved in §2.1 that no 
such zeros exist. 

If we have obtained any solutions of (5.4), 
vy), then, in order to obtain closer estimates 
of the zeros, we have only to substitute the 
expansion of » with unknown coefficients 


y=VO(1taqa-!+aa-2+----- ), 


and those which are derived from it in the 
asymptotic expansions of 1, (a) and H,@)(a) 
and in ¥(y?, a) on the left-hand side of (5.1), 
and to determine the coefficients a, a, 
by equating the coefficients of the powers of 
a to zero. 

Since asymptotic expansions for large @ are 
involved in this procedure of calculating the 
zeros of fi(¥), we cannot get rid of consider- 
able error, if we are to apply it to the case 
of a1, although the asymptotic expansions 
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a Be Secers feu as(E) 44 — ee 


(Vol. 9) 


9 
ty + 


a {— 5 : ne i — 78) aes Leu, 6 |+0(a" cosh? 7, a)=0, (5.3) 


oe as ‘ a (2)/ 
Ox oae dom aielie -s"E) 


still give a qualitatively correct account of 
the behavior of the functions. Then it is 
desirable, if necessary, to compute them 
numerically by interpolation from the values 
of H,@(a), H,’(a) and Y(v, a) corresponding 
to several such values of v as enclosing the 
approximate values determined by this method. 
Fortunately the series defining H,@(a) are 
rapidly convergent for @<1. | 


$6. Example 


As an example we shall deal with the 

solution of 
H,© (a) +(n/a)A,O(a)= (6.1) 

the equation occuring actually in the case of 
the diffraction of waves by a sphere; 7 is 
a real constant. | 

Since ¢(v?, a)=n/a is real, the zeros lie only 
in the oscillatory region of v-plane. In actual 
n/a is almost always less than unity. 

(a) For 7>O(), the values of 7 correspond- 
ing to the zeros satisfy 


exp {2a(7 cosh 7—sinh 7)-+7:72/2} 
= —(sinh y—n/a)/(sinh 7+/a){O(a7!)} , 


=—1+0O(a7!). 
Therefore 
2a(7 cosh 7—sinh 7)=(27-+1/2)zz{1+O(a-}}, 


(6.2) 
where a denotes a positive integer. 
(b) For |y|S=1, we obtain as the zeros 
y~—(m+1/4)xz/log m , 
m being a higher integer. 
(c) For |r|<1, we shall estimate them, 


employing as the first-approximative values 
those corresponding to 


Fy /3?(E)=0 , (4.17) 
whose solutions are given by &=ge*', where 


0=0°6853843, 3°9027676, 7:0549300, 
10°2006884, 13°3445027, 


If we suppose the following with unknown 
coefficients, 


a rOU1 tay Or? ayy Ot + oie tas ake ) ' 


ee .e1e «ere 


» a@=—1/30—(5n—1)/450? , 
| a,=41/12600—(1/p?)(11/1350 —2/30+-22/54) , 


| 


1954) 


where 
7O= (30/a)/3e/8 et : 


then we have the expantion formulas (4.13). 


Substituting these expressions in the Eq. (5.3) 


with ¢(»?, a) replaced by 7/a, we equate the 
coefficients of the powers of 7) to zero and 
obtain 


— 


eile) & eo (sila ee 


(6.5) 
Thus we have as the solutions of (5.1) 


2/4 
y= a) de 1 es e(5/3)ei 
2ZNG 
beg Ba) 3b (4/3) i 
Gaye ee oss “ 


emer ncaa 
2800 45002 '\ 4502 / J\a@ 


(6.6) 
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with the above-mentioned values of 0. 
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The aim of this paper is to show that the methods discussed in Part 
I to estimate the zeros of linear homogeneous forms with respect to 
Hankel function and its derivative is applicable also to the case of 
higher than linear forms. As a typical form we take the bilinear 
form 
S20)=¢1v2, a, m)H,@(a)Hy2(ma) + o2x(v2, a, m)dHy@(a)/da- Hy2(ma) 
+93(v2, a, mH,2(a)dHy2(ma)/d(na) 
+s(v2, a, m)dHy(a)/da-dHy2(ma)/d(ma) 


qua function of vy. As an example we discuss in detail the form such 


that 
_, Av? 4y2(y2—9/4) Ts v2 —9/4 
gi=l- ait at ? 2 ae te a ) ? 
_ Am v2 —9/4 RA 
=| (1- 2a2 ) eS Eau ood) 


with m<1/)/ 2, which appears actually in the case of the diffraction 
of elastic waves by a sphere. This is shown to have as zeros, besides 
the one whose real part is somewhat greater than a and imaginary 


part =—O(ae-%), those such as 
y =a[ 1+(22)"exp (S ni)+3, = a me ve i “ ee Jexp ( Sri) 
=[Bd ttm reat) (2 


ve ae feo a Sioa eV BON? 
leer TOA? Hope a Ope Taye ape me} = es 


and 
1/7 80 \2/3 5.) 4m3 (1—m?2)V2, 30 T 
= = =i) —=——— = =e ; 
y mal Fre exp (47) 30 Gein eek i) 
ily By SHE @ Ol ae ae 
Tag Gua ae Mate ene ate 
_ 16m? (1—m?) je (—m2)!/2 7 830 5/8 ae 
3 (2m?—1)!) 89 (2m2—1» Ce P(g) 
1 1 i 2m?2+1 m 1 al 
tees Sian oe erie cs 
2800 6380p? \2 2m?—-1 1—m?2 m2 8m+4 
ll bee (m2 —1/2)2 oe 1-—m?2 128m2(1 — m2)? ) 7 80 \2 
2m+* (m?—-1P / 962 (2m2—1)t © 992(2m2— 18 Cae) pnan i: 
where ¢ denotes one of the following values: 
2.3834466, 5.5101956, 8.6473577, 11.7868429, 14.9272068, ---- . 


§1. General Considerations qua function of complex ». We shall here 
We discussed in Part I concerning the zeros show how the method described there can 
of be applied to the case of higher than linear 
AY)=F1(v*, a)Hv(a)+%(v", a)\Hv©)’(a) forms. We shall choose here as a typical 
(iD) form the function 
842 


1954) 


IY)=E1(2", a, m)Avy(a)\Hy@(ma) 
+%2(v?, a, m)Hy@) (a)Hy@ (ma) 
+9;(v?, a, m)Hy©(a)Hy®’ (ma) 
+P,(2?, a, m)HvO(a)Hy@’ (ma) , 
2) 
where %;, %2, %3, and ¥, are any given func- 
tions of v?, a, and m, satisfying suitable 
conditions, if necessary, 2 being a positive 
parameter, which we assume less than unity 
without losing the generality, since if m=1 
we can reduce this case to that of linear 
forms by breaking up f.(v) into factors of the 
form of fi(v) and for m>>1 we may take 
ma=a anew parameter. Any presumptions 
and definitions not specified here are to be 
interpreted as those in Part. I. It will be 
easily seen from our procedure that this 
method is also applicable to the higher than 
bilinear forms. 
Since any two of AHy@ (a), Hv©@ (ma), 
AHy© (a) and Hy©’(ma) do not vanish simulta- 
neously qua functions of v, the zeros of f, 
are equivalent to those of 
a= SLY) oes PRR _ Ay)(a) 
9, Hy?(a)\Hyv@(ma) %, | 9, Hy©(a) 
23 : Hy@)’ (ma) ; Hy?Y(a) | Ay°(ma) 
%, Hyv@(ma) ' Hy@(a) Hy® (ma) ’ 
(73) 
except for such an accidental case that 4, ¢y 
and Ay™(a) or %:, 3 and Hy (ma) have 
any common zeros. We may therefore con- 
sider the form 


IY =Fv, a)- Fv, ma)+ 9”, a, m)F(v, ma) 

+¢.(v?, a, m)F(y, a,)+%3(v2, a, m) (1.4) 
anew instead of the previous one, where 
, a) denotes Hy™’(a)/Hv@(a). As to the 
exceptinal cases specific consideration is need- 
ed in each particular case. In such a case 
we have only to consider 


Me eatin 
¢,Hv@’(a)Hve”’ (ma) Fv, a)F(v,ma) 


+ 


Po 1 Pz 1 Q, 
= ——— = + EE = - 
Rie Abne. in) ee Foo 


(1.5) 
Moreover /f2(v) can be transformed into 
AY) ={FL, O11”, a, m0) {Fv, ma) 
+¢,(v?, a, m}+¢(v?, a, m) 
¢(v?, a, MJ=P3(v?, a, M2) 
—,(v?, a, m)%(v", a, m) 
By relatively simple considerations the fol- 


las 
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lowing properties of f,(v) will become obvious. 

(a) fi(¥) is an even function of vy, since 
F(v,a) is even, as shown in §2 of Part I, so 
it is sufficient to deal with a semi-infinite p- 
plane, say, the right half-plane. 

(b) If » is real or purely imaginary, fi(v) 
does not vanish for arbitrary values of @ and 
mt, provided %,, %.,--- do not contain 7 ex- 
plicitly; especialy, if ¢(v?, a, m)<0, fi(v) never 
vanishes for any values of a, m. For, sup- 
pose fo(v)=0 for some values of », i.e. 

{ReF(v, J+ ¢1(v2, a, m)}{ReF(y, ma) 

+¢%,(v?, a, m)}—ImF(y, a)ImF(y, ma) 
+¢(y?, a, m)=0 

ImFiy, @{ReF(y, ma)+¢%.(v", a, m)} 

+ImF ly, ma){ReF\y, a) 

+¢,(v?, a, m)}=0 
By eliminating » from these equations, the 
left sides of which never vanish identically, 
it is evident that there must be a relation 
between @ and m. Further from these equa- 
tions we can deduce 

[{ReF(y, a)+¢i(v, m)}? 

+{ImF(y, a)}’ mF iy, ma)/ImF(y, a) 
=%(y?, a,™m). 
Now, since ImF(y, c)<.0, ImF(v, ma)<c0 for 
the values of vy under consideration, as shown 
in §3-3.2 of Part I, this relation is not valid 
so far as ¢(?, a, m)<0. 


(1.7) 


§2. Zeros of f,(v) 

To find out the zeros of f(v) we shall con- 
sider the whole y-plane as separated into two 
oscillatory regions [(1) §3.3], where the re- 
spective values of F(v, a) and Fi, ma) oscil- 
late infinite times from 0 to infinity, and the 
remaining region. 

(a) In the oscillatory region (i) including 
the curve, which, starting from v=a and 
going off to —ocoz, satisfies 


Re(y7 cosh y—sinh7)=0 [v=acosh7], 


an infinite number of zeros and poles of 
Fi, a)+%,(22, a, m) lie alternately in order 
nearly along this curve, provided that 
9,(v2, a, m) varies gradually, as shown in §5 

of Part I. If we consider in place of f,(v) 

foe) {F, ma)+ Po”, a, m)} 
=F (y, a)+%\(”, a, m) 
+ b(v?, a, m)/{F(v, ma) +2”, a, m)} 
(2.1) 


in view of F(v, ma)+¢%.(v", a, mt) having here 
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no zeros of such a kind, the problem will be 
reduced to that of the linear form, treated in 
Part I, with %(v", a) replaced by 
(v7, a, m)+4(v*, a, m)/{F(v, ma)+¢%2(v?, a,m)}; 
but it is necessary to examine whether or not 
F(v, ma)+ (v7, a, m2) accidentally vanishes 
here. 

(b) In the oscillatory region (ii) including 
the curve which, starting from v=ma and 
passing off to —coz, satisfies 
Re(y* cosh 7*—sinh 7*)=0 
the problem is similarly reducible to that 
of the linear case with 

Fv, ma) + P22”, a, 71) 
+ d(v2, a, m)/{F(v, a)+P,(v?, a, m)}. 
(c) In the remining region we can find 


out the values of the zeros, if exist, approxi- 
mately by solving the equation 
[—{@/a?—1}? +9104, a, m)|[—{v/mayp—1p? 
+9,(v, a, m)|+d(02, a, m)=0. (212) 
In order to avoid any confusion in the argu- 
ment of the many-valued function we shall 
here set up such Riemann surface as illu- 
strated in Fig. 1, with cuts starting respecti- 
vely from v=a and ma, which are in reality 
excluded from the region under consideration; 
arg{(v/a)?—1}} and arg{y/ma)—1}}” are as- 
sumed to become 0 as » tends to +oo+7€&. 


[y= ma cosh r*], 


rs 4y?(y? — 9/4) ) 
a’ 


fie)= 1-2 


+ eae a) Hy (ma) Hy)’ (a) —- 


where 7 denotes the ratio of the pee Ls nae velocity of two elastic waves and is less — 


Chan a7 oe 


Since Hy@(a), Hy@(ma) and %,=—4(m/a*)(v2—9/4) have no common zeros, 
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ale \gna)Hy@ (a) +— a Bee 


yp - 
SG NT ma 
O 


Fig. 1. 


Once such values are found out, we can 
obtain a closer estimate in the same manner 
as that in Part I. Thus, assuming an ex- 
pansion of vy in powers of a7! with unknown 
coefficients and substituting it in (1.6) with 
Ay@(a), Hy(ma) replaced by their asym- 
ptotic expansions, we are to determine these 
unknown coefficients such that (1.6) vanishes. 


§3. Example 


We shall explain the above outlined pro- 
cedure more concretely by applying it to an 
example, which occurs actually in the case of 
the diffraction of elastic waves by a spherical 
canity; the form to be dealt with is 


are JH (ma) Ha) 


) 


a 1) HL (may (a) 


(3. 


the zeros of 


Sx(v) are the same as those of fi(v)/%,-Hv@(ma), the latter being to be taken anew as fy(v). 


Furthermore f,(v) can be written as 


Ae)=|Fe, ma) — (1 ! on He @) oe “i 


3.1. fev) on the real axis. 


vol/4 _ @ \ 
2(v2—9/4) f° 


ma" 
(3.2) 


| 


29/4 


We shall investigate whether or not f,(v) vanishes for real values of yeni, 


(a) For values of 21/2 obviously fi(v) does not vanish, 


negative for such 4, as shown in §1, (b). 


(b) For values of 4<1/2, we shall observe Im fv); this is 


(Vol. 9, | 


since the last term of (3.2) is 


| 
. 
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Im ftv)=| {- {ox 2mea sinh &) cosh 22€ sinh Ed : (1- Gs ) 
a Senne he a is ‘aces am 2ma 9/472 


{" K(2ma sinh &) cosh 2aede} ( — a ) + ~- |, 2a sinh &) cosh 22€ sinh &d& 
0 


4a 
yal 2a? a ipl wehge 7 
- sd ++ 9/422 )\ K\(2a sinh €) cosh 2agdé} (— oa 
Ar Ko(2ma sinh €) cosh osh 22645” (2a sinh &) cosh 22EdE . (3.3) 
0 


The numerator of Im f(v) is, after partial integration, 


7 ee: : . F 1 OR 1a 
————_|} — K,(2ma sin! Zh E - eT 
ie | m\" <,(2ma sinh &) cosh 22€ sinh EdE ae 9/4 i F 


{ K,(2mia sinh &) cosh E sinh ede—|"K,i2a sinh &) cosh 24& sinh EdE 
0 0 


2a\' 9/4—2 


The expression in the bracket [ ] can be written as 


+- (44 a ) ed | %@a sinh &) cosh & sinh 2aEdE | ; 
A~ 4 Jo 


| Ee | K@me sinh €) cosh 22€ cosh EH a 7 tanh 24& —22 tanh elde 
0 caethk 


++ ["x,2a0)4 ee sinh (24 sinh~! ¢)—sinh (22 sinh” hae 
0 9/4—2? m 


ae F “ld K,(2a sinh €) cosh 22& -cosh E{tanh 22E —22 tanh &}dé . (3.4) 
Since the above expression does not vanish for 4<(1/2, considering 
tanh 22& > 22 tanh & for A= (S20) 
30 far as 
a?/(9/4)21/m>1, (3.6) 


t is obvious that Im f.(d) and therefore f,(4) do not vanish for 4<1/2, at least so far as 
p=V2//m- 

3.2. fav) on the imaginary axis. 

/ We shall examine whether f.(v) vanishes for purely imaginary values of v=s7(4“>0) or 
hot. Then we have 

fe fii) =— ae {—m\" K,(2ma sinh €) sinh € cos 2u&dE— a ee) 

LF 


{" K,(2ma sinh €) cos 2uEédE— |; K,(2a sinh €) cos 2H sinh fd Wesorraeerelt 


: |, 2a sinh &) cos 2nedet /| |. Kua sinh &) cos 2ngde\"K(2ma sinh €) cos 2nede| Be0) 
0 0 


By using the formulas (3.33), (3.34) in §3.2 of Part I, useful for any y, it becomes 


: 1 (=m?) +m(a@—9/4) py i a’ —9/4 (nta?+- 2)? 
Im A= op, Ge oma t) OO —am Ct ee 
SG oe (9/4 eV ae+ 122+ [A+ bata + 12 el |a4 0a). 
2a fe 
| (3.8) 


The last term in the bracket [ ], suitably rationalized, 
| (9/44 2+a@y(ma + w)—(9/4+ 2) (C+) 
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will be transformed into 
a2(1-+- mn?) (9/44 2)? +. {a(1+2m?)—9/2}(9/4+ 1?) +a! (ma? —9/4) 
@(1-+-2m?)+9/2m? i i! enone) | 
2(1+ m7?) 


ey 124 2 
=a(14 m')4 (1 = 4 (1+ m2)? 


It is sufficient for this expression to be positive for any values of y that 


( @(1+2m*)+9/2-m Pe 1 (@—9/2)?+9a?(1—m?) 


2(1-++ m2?) 4 (+m)? 


which reduces to 
(a?+-9/4)?—(81/16)(1 4-204) /{o?(1+-m?)} > 0. 
Thus, since m<cl, it is sufficient that 
@+9/4>9/(4n2) 


a@ >(9/4)\1—s1)/m . 
Hence by considering the sign of the terms in (3.8) one may easily see that Im/fi(vz) is 
always negative so far as a> (9/4)(1—m)/m or a?>9/4 for such values of m<1/2 or >1/2 
and that consequently f,(v) never vanishes on the imaginary axis at least under the above- 
mentioned condition. 


or 


3.3 fo(v) in the oscillatory region (2). 
We shall here consider the roots of the equation 


i 2a? y2—1/4 a 2 LN ey 1 ( a )} 
Fi = ——{ |————_ ——*=(1— ~ F(v, ma)———( 1+-———_ }}.. 8.9 
Fe a Sean) ma? ( ET / 4 ) 2ma neni Co 
The value of the left-hand side oscillates in this region infinite times from zero to infinity, 
while the right one varies its value gradually, so the solution lie in order, passing off to 
—ocoz as described in §2. The most interesting zeros are those near a. 

The right-hand side of (8.9) will be transformed for » close to @ into 


1 2 1 ; 1 1 a |. if m 
pitas Leash (12 df 
oA cosh? 7 ) m : 2) COSi2ty=s/ Sim 7 sinh 7, \ cosh® 7 —m? 


(14+0(a"2)} 


Sage oy chee 
cosh? 7 / 2ma 


; 1 , 25 ee! 3 1 1 1 
=—4cosh* 7—1-+-= “(cosh 7 2 cosh? y—m?)-¥/2——— } _]-—. 5 
ii 4 Cosh 7)-*(cosh® y—m?) AR gs ES a xf +004), 


(3.10) 
by means of the asymptotic expansion of 
Flv, ma)=Sv'(ma)/Sv(ma)~ sinh 7*(1-+ (sinh 7*)-3(2ma)-!+- +++); 


in this derivation, considering the position of v relative to ma in Fig. 8 of Part I, we have 
taken the corresponding expressions for Hy (a) and Hv®)(a). [Refer to (1) § 4]. It is also 
to be noticed that Re sinh y* <0. 

Now F(v,a@) has for such values of » the following asymptotic expansion: 


F(v, @)~—ty(cosh | {( is 2 t+ (Ge— sel tt ae fee (6) { 1 


Sos 153 10 
B53 bores ' 1 ae os 
ee a a+ oe Ln -® |/| {1+ i 7+( onli E*) + 172) _1)(8) 
ois arenes -17702 
44-58% falganer E)y sed HepB) |, (3.11) 


where €=(zy/3) tanh? 7, y=tanhy [(2)]. By assuming the expansion of y with unknown 
coefficients 


: 
: 


| 
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4 =O tay 7 +@,7 4 2378+ ayy O44 +--+}, 


7u( 30)" exp( Ox), (3.12) 
a 6 
where o is one of such real positive values as satisfy 
H@) _1;3;(9e™) =0 
[(1) 4.5], we shall determine a, @:, ---- so that (3.9) is satisfied. Thus 
via=1+(1/2)72+ (1/4!) rt +(1/6!)re+----, 
=1+(1/2) 70? +a, 78 + (a, +(1/2)a*1 +1/24)7 4+ (3+ a1a,+(1/6)a,)7O% 
+ (a@,+a@;a;+ (1/2)a*,+(1/6)a,+(1/4)a2 + (1/6!) 78+ a aK) 
N =7{1+a,7© + (a,—1/3) 7 ©? + (@3 ay) 7 3 + (@, -—@, — 7, +2/15) 7 O + aces -} , 
&= pe — py (3a, +(3a,+ 3a, —1/2)r + (3a —(5/2)a, + Gaya, -+a",) 7” 
+ (8a,—(5/2)a,—5a?, +6a,:4;+3a?.+3a?,a,+11/40)7O3+ +--+}, (3.13) 
HO) _1/3(E) =9pH»;3(pe™) 73a, + (3a,—(3/2)a*—1/2)7™ + (3a3—ay + (3/2)a*; —3a,a, 
— (9/2) 97a) 7 ©? + (8a,—a,— (3/4)a*1 —3a1.€3 — (3/2.a*. + (9/2 ay2a, + (3/20) 
—(3/2)a*, —(27/2)a71a,0? — (27/4) 0?a41 + (9/4) 07a") pO +--+}, 
Hy 73(E) = Hy /3(9e™){1—2a7© +(—2a,+3a"1— (9/2) 02a +:1/3) 7? + (—2a,—4a3, 
+6a,a,—99?a,a,—(3/2)9?a*; + (3/2) p?ai)7O +--+}. 
' Substituting these values in (3.9) in view of (3.10), (8.11), we obtain 
a= —(4/3)i(1—m?)'2/o , 
Gz = (8/9) -1—m?)—1/30 , 
: Sats il eae 1 16 , 8 1—m? 
= —(A/3)s(1—m?)/2/ ad : = 2 
as / ) m ) (0 | 30 = 2 1—? 3 Ms 9 0 2 (3.14) 
HZ : 4] 160 , eels ant 1 14 4 1 
= (1 S —- 1—m?’)?— —m’) — = 
= T3552)” )* 79600 810! sige Gaya Gps tak eee 


| Thus we have as the first several zeros of (3.9) 


ee ORN Toe ae ea Bf eYo d--/ Bp N48, 
=i i — 5 /37t = 1—m?)1/2 L< ead 4/ 37% 
d a1+3(%) Gah Guapo Celie, ‘ 


ye sil 1 16 BG hae peel TOON eo pals 1 171 
ee eT hee l—m uA ) asetg { 12 171 
6 2 1—m? 3) } 30 ( ) a e is | 2800 70? 
80 2 1 128 pal / OOWe 
ie 7 ee ee se B (T= yt)t kt - ae 
gp? | m”) Qo? 1—m® + On? (1—m*) ie a ) aD | ; (3.15) 


_ where p denotes one of the following values: 


2.3834466, 5.5101956, 8.6473577, 11.7868429, 14.9272068, ----- 


3.4. fr(v) in the oscillatory region (it). 
We shall here consider the roots of 
2a 


Fv, ma)= 5 erat Aut Gee =) [\Fe.a+, (cee 
(3.16) 


The situation here is quite the same as in the preceeding section, so we shall confine 


ourselves to the determination of zeros near ma. 


For values of v close to ma we have 
Flv, a)=S°” (@/S,(a)=—sinh r+) 4. 0(a~*), 
2a sinh? y 


sinh y2z(1—2m?))/? 


[(1) § 4], and therefore 
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1 a? y2—1/4 ( a ) fi 1 ( 2a" )i ! 
1 ie Fu, ja 
ial curans ma? 2(y2—9/4) / {Feat da\ p82 9/4 | 


LUMO. ( = See ) | 
(1—27n? cosh? 7*)!/? 2m? cosh? 7* 


1 1 / I Ne 1 1+? - 
mr rs Ue ae Or) (3.17) | 
2ma m' (m "4 ) ( = (m?—1)? ) mn” yen ) 


Now we have for »v close to ma 


: Le +2 6 7) <9) es 2 | 
Flv, ma)~ —in*(cosh ml t( LS be | (SE ee eae 


155 


{1 9 ye (—258 4 2 ped ten Perera |/f fib da 
m4) 1 10 ” =i 980 + 50° eerie ites 2/3) |/ | T5907 


ae 2 eye HHO aplB)+4— : Bo tal on = : ee Sh peru), | 
(3.18) 
where &*=(¢y/3) tanh? 7*, y*=tanh7y*. Then by putting 
ek = PEOLT bag 7*O + ayy * O24 gyyr*O3 4 qyy*O4 + Tes -} ? 
where 7*= (3p/ma)'/e@/, 9 being one of the roots of 
H@) 4 ;3(9e"")=0 , 


and by substituting it and the similar expressions for v, &** »* in the equation (3.16) trans- 
formed by (3.17), (3.18) have 


| 
ee aes ae | 
boa mo (2m?—1)?’ 

a a. a ge | 
al aaa ihe 

it 2m?+1 1 Mm? e a) “| 
Fi Se ee ee — 3 2 2 , ; 
a a ip 22-1 2 ent 2 ye (3.19) 


Pe sealks LW wags eee se al ely 1 
*= 19600 | 630p2 zee DD eo ih oa {(” 5a) hee 


— mn? + yf Jes — i + yore 


Consequently we obtain 


v =md 1+ : (Se cornet Gleam ie i \etelne rales i eC4/3)rb i 2m*+1 


2 \ma 30 (2m?—1)? \na 120\ma 6 22m?—1 
ee eg gO Se | 4m? Cee see ee eee 
2 1—m? 3. (2m?—1)') 30 (2m?—1) \ma | 2800 63002 


—(5-2. meth me oY Ps pln = 12 Gn es 
py, 2m?—1 1—m? m® 8m* 2m* (m?—1) ) 90? (2m?—1)! 
128m" (1—m?)? ) fe 2 
+ ee ee eee ete oteriette 
902 (2m2—1)8J a) me i 
where ¢ is one of the values 


2.383466, 5.5101956, 8.6473577, 11.7868429, 14.9272068, 


3.20) 


3.5. fo(v) in the region of v with large negative imaginary part. 
As y» tends to —coz, two above-stated regions approach to each other, the condition, to | 


which the previous discussion is subject, fails to be satisfied, \so it is necessary to consider 


1954) Zeros of Certain Transcendental Functions ITI 849 


in another way. 
Since there are valid the relations 
Re (7 cosh y—sinh 7)~0, 
Re (y* cosh 7*—sinh 7*) ~0 , 
in view of the asymptotic expansions of 
H@,(a)=S,(a)—S®,(a) , 
H@,(ma)=S@,(ma)—-S@ (ma) 


and of their derivatives, we take 


9 72 : ES i 9 
F(v, a)+ ae )= —sinh r-cosh |»(7—tanh yr) Fit 3 ~~ coth? 7—tanh? r)/ 


y2—9/4 


(a sinh nt x cosech tanh r+ 5 a ; = 2, coth? r) [a sinh 7) {1+0a~*)} 5 G25 


and 


Fi, ma)— oat + aga \= —sinh +* cosh jr*—tanh ee Z 


tee al coth? 7*— = tanh? i) [ona sinh rot cosech [a*—tanh r*)+ a z 


1) oe YE! 
= os 2 coth2 r*) [ona sinh rh x {1+0(a-2)} . (3.22) 


By substituting these expressions in (3.2) we shall see that the zeros looked for are given 
approximately by the solutions of 


: Ti a 5 aes 
sinh 7-sinh 7* cosh {o(r—tanh oy ts, = 7 coth? 7 —tanh? ay 


oe F Be ey tee tl se 
(a sinh 7)} «cosh {o(r*—tanh ry Fi+{ aaeor coth + ar tanh? + \/ 


(ma sinh rt -cosech |»(r—tanh Dine aa : >, coth? r) [ia sinh n} cosech {or 


c. 5 5 : & r Tet 1 : 2 
—tanh ra oor i-( : eo coth? r*) [ona sinh 7 )} <cosh 7-cosh Zia Denes =| : 
(3223) 


| When a—oo, B—7/2—E& we have 
vy=acosh y=acosh a cos 8+za sinh asin B>—Zc , 
sinh y=sinh acos 8+7 cosh asin B>+720 , 
tanh 7 —>—1 
and similar relations for 7*. Hence the roots of (2.23) for large y, 7* are given approxi- 
mately by those of 
cot {||(cosh~! (||/a@)—1)+7/4} =—tan {|4|(cosh=! (| |/(aa@))—1)-+7/4} , (3.24) 
a |4|-{cosh-? (|#|/a)—cosh~ |4|/(ma))}=(n—1/2)z , 
when n is a large positive integer. Such values of |#| are given approximately by 
|4|~(n—1/2)z log (1/m) , 
Consequently we take as the values of the large zeros 
p> —(n—1/2)z log (1/m)-z 
3.6. f,(v) in the remaining region. 
We shall investigate on the scheme of § 2 (c). 
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3.6.1. First APPROXIMATION. | 
Remembering (2.2), we have in this case 


fa) =| —V oar 14 00-4 : ies ) }[-v2eimay—1)-1+ 0-9} 


2a 29/4. 
Boda at \\ See eee } | 
2ma (Gee )| ma? | 2(v2?—9/4) ) ’ 
=[{v/a)—1}' {v/a py"? 1a (av)? ]- Am) +0} , (3.26) 
the zeros of f(y) in this region are approximately given by the solutions of | 
E(C=1) PC —nr) Paz 0, (3.27) | 


if we put (v/a)=¢€. To find out the solutions of this equation we first consider, instead of 
(3.27), the rationalized one, obtained by multiplying (3.27) by 


CCC) TG er 


OSC C—O 
or 
(L—m?*)¢? —(3/2—m*)0? + (1/2)¢ -1/16=0 . (3.28) 
We are already informed by the well-known discussion on Rayleigh waves that this equa- | 


tion has a real root €) greater than unity and two conjugate complex roots (1, oe [3) p. 9]. 
Since 


Co t61 +61 =(3/2—m)/(1—m?) , | 
Re G=1/{4—m*)}+1/2—Ca/2 


and therefore 
Reti< 1/40—m)}< 1/2; 
in view of 
ne <i. 
We shall then investigate whether or not €, 61, €1 satisfy the original Ege Grim. 
Since for €) both arg €)(€)—1)1/2(€y—m?)'/? and arg (€,—1/2)? are zero, Cy satisfies undoubt- 
edly this equation. 
In order for €, and @, to be solutions of (3.27) the following relation must be satisfied: 
arg €:+arg (G1—1)'/? + arg (i—m?)/2 =2 arg (1-1/2) , 
which can be interpreted, if one considers the 
discussion on the arguments of (€;—1)!/? and 
(€:—m?)'/2) in §2 (c), as 
O,+1/2-0,+1/2-03;=20, , 
where 4;, #, --- are the angles illustrated in 
Fig. 2, or, in view of 
0, = 03+ (a +a_.+a3) , 
2=O,+(@,+as3) , 
O3=0,+4s , 
the relation 
A =3a,+2a3 
must be satisfied. Now, since Re&<1/2, a; 
is less than a,.+a3, as shown in the illustra- igor 2: 


tion, So that €, and € do not satisfy (3.27). By closer observation it becomes clear that €1 
and € are the solution of 


SEW) +(E=1/2)8=0, 
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or the solutions of (3.27) placed on such a €-plane as corresponding to the lower sheet of the 
Riemann surface in Fig. 1, where either (€—1)? or (€—m?)”2 changes its sign. This Rie- 
mann surface, however, is not really characteristic of Fy, =H (aH, (a), which is a 
one-valued function of », but was introduced on approximating Fi», @); in fact, the cuts are 
never passed over, since, as one approaches them F(v, a) will take quite a different expres- 


sion. Hence only the uppermost sheet is relevant to our problem. Thus we can conclude 
that »»>=a'/? is the unique solution. 


The xalue of ») is dependent on m and, for example, is 1.0723557----@ for m=1/2. 
3.6.2. IMAGINARY PART OF yp. 


The above-determined value of »» seems to contradict with the result in 3.1, where we 


showed that no real zeros exist. It comes from the imperfection of the approximation of 
Fi», a). 
In the expression of F(», a) discussed in §3 of Part I 


ieee | [Kia sinh £) sinh £ cosh 2védE +-ni/(4a)| yh | K,(2a sinh ©) cosh Quede - 
9 0 


and in that of F(», ma), if we neglect the second term of the numerator, then F(y, a), 
_ F(», ma) and therefore f.(v) do not contain z explicitly, so, with every value of » satisfying 


fi(r)=0, 
its complex conjugate also satisfies 

fvy=0. 
Thus it is obvious that the value of » considered here remains real, to however high approxi- 
mations we may proceed, so far as the above-mentioned term is neglected. 

We shall here estimate the imaginary part of », leaving the higher approximation of the 

real part in the next section. By using the approximation formulas discussed in 3.3 of Part 
I, we have 


Alo)=|—(2E—1) = a), Ko sinh £) cosh avede! | -(aey 2s ie 


ma 4ma 
a ’ -1 Vo2 Qa 2 1 Vo" 1/2 Yo? 1/2 
\\. K,(2ma sinh &) cosh 2vedé iaalas ia ~ aa) (ee —1 
; —2a(~° cosh7? Yo. ( 41") | [ptéex |—2ma{ * 
1+7z exp . a? | Res 
colt Vo? 1/2 a vo? i_ a )'=0 ' (3.29) 
a ae ( ma 1) HT ma ( ZY" 


_ The substitution 
i yyO +e uO 


transforms (3.29) into 


2 0)2 1/2 (0) (0) f 1 
eal “i —m) Es 5 ( ne a aa 
a a a eee 0 —m? 


a a 


0 0)2 1/2 P ROD) Bray (0) 
Die eS oi vers —2a( mre COSA 
ae exp a a a @ { a ma 


2 (0) »4(0) 
alge wr a 2 vO _ 1 vO) a? 
Qa 2 


where, under the assumption |“|<vo0, the higher powers of w/a have been neglected. 
_ Thus we have, in view of (3x27); 


i 
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i Ss ; ps (0) (0) 
tds a jexp | ~2af Yo” cosh-! 2 ttt f) = )f exp | —2af 3 cosh=! sop 
Vo a a a 
=| yy yom VAC ( yo aif a4 Y ne ~ 
a | a | 5 i 
hese e 3 
ae On oe (3.30) 


Consequently we see that the imaginary part of “® is negative and of the order of 
O(ae-"), or that this zero lies in the fourth quadrant of the v-plane, very close to the real 
axis. 

3.6.3. CLOSER LOCATION OF THE ZEROS. 

Taking as the first approximate value of »v the value »“, we shall find out its closer 
estimate. 

We express the corresponding value of 7 as 


P= TO+ DGS + pod? + ei6 (3.31) 
where 7(-=cosh7! y9°/a, fi, Ps, «+ being unknown coefficients. Then we have 
y=acosh 7+, sihh oe pi? cosh 7+ p. sinh TOs tees (3:32) 
and 
peasy ne) aps (Mal a7 
where 


p* =(sinh 7 /sinh 7*©)4y , 
sinh 7*(p,* =(9/2)(1— m2?) cosh 7©(cosh? 7©—m?*)-1£;?-+ m sinh Ops, - 


By employing the asymptotic expansions of Hankel function and its derivative corresponding 
to the position of vy» in the v-plane [(1) $4], we obtain 


F(y, a)~sinh 7{1-+(1/2)(sinh 7)~%a71+(1/8)-(1—5 coth? 7)(sinh 7)~*a~2+----}, 


~sinh ao one: coth 7©©-+1/2-(sinh 7) Hats | SBP: cosh 7©(sinh 7()-1 


—f, cosh 7©(sinh 744 (15 coth? 7©)(sinh 7)-tha-t4 ee | : 333) 
and for F(v, ma) the same expression with @ and 7‘ replaced by ma and 7*. Substituting 
these expressions in 

Trev) =0 ? 
and evuating the coefficients of powers of a=! to zero, we obtain 


ci 2(2—m*) cosh* 7©—(21/2) cosh® 7+ {7+(17/2)m?} cosh* 7°—(1+7m?) cosh? (Cm 
cosh 7° (cosh? 7°—1)(2 cosh? 7—1){2(9?—1) cosh! 7)— 9? cosh? y—2m? } 
pel elms g mm 
. | cosh? 7}©—m? 2(cosh? 7)—m?)? cosh? 7) = (2 cosh? 7—1)? 


8 { 1 2 o—1/m? 
: +; cosh 7 = ae ew 
2 cosh? yO] Pr i | sinh! 7 ~~ cosh! FAY cosh? y (0) (2 cosh? 7)—1)2 
_ 18+2m3]1=2m?) Poe m? 
2 cosh? 7®—1 (cosh? 7— 7m)? (cosh? 7 —m?)?(2 cosh? 7—1)? 


Lala (ea 1 
2.1—m?) sinh? 7 2(1—m?) m2 1—2m? ) cosh? 7 —yn? 
2m rly i 5. 1 


~ (2cosh? 7—1)*(cosh? y—m?) J" 2 (cosh?7@—1? | 8 (cosh? 7 —3)3 
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mn 1 5 


ay t ; mi? 
2 (cosh? 7O— mae? 


1 
— ee an 
( cosh? 7(—] cosh? 76) 
Rai cosh 76 
2 cosh? 7—] | sinh 7 


Putting these values of fy, p, INLO. (3.02), 
we obtain the closer estimate of the position 


of the zero. 
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This paper gives detailed discussions on a problem dealt with briefly 
by the writer in a recent short note with the same title.) 
It will be shown with the aid of analysis in the hodograph plane 


that besides the well-known two shock configurations, two more shock 
configurations are possible to occur due to an infinite wedge placed 
in a supersonic uniform flow. These two shocks are both curved 
waves; one is an attached shock which turns from weak shock at the 
vertex of the wedge to strong one at infinity as we move out along 
the shock, while the other is a detached shock which is normal shock 


at the nose of the body and becomes strong one at infinity. 

Numerical caleulations are carried out for the case when M),=1.50 
and 6)=11°45’ where M, and 6) are respectively the Mach number at 
infinity upstream and the semi-vertical angle of the wedge. 


§1. Introduction and Summary 


This paper gives detailed discussions on a 
problem dealt with briefly in the writer’s 
recent short note in Reader’s Forum of the 
Journal of the Aeronautical Sciences under 
the title: “On the Curved Shock Wave due 
to an Infinite Wedge.”? 

It is well known that when an infinite 
wedge is placed in a supersonic uniform flow, 
two shock configurations are possible provided 
that the vertical angle of the wedge, 20%, is 


smaller than a certain critical value. They 
are both attached shock waves and are called 
“strong-shock” and“ weak-shock” respectively. 

In the present paper it will be shown with 
the aid of analysis in the hodograph plane 
that two more shock configurations are 
possible to occur. They are both curved 
shock waves; one is an attached shock which 
turns from weak-shock at the vertex of the 
wedge to strong one at infinity as we move 
out along the shock, while the other is a de- 
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tached shock at the nose of the body and be- 
comes strong one at infinity. Bearing these 
properties in mind we shall call them briefly 
“weak-strong-shock” and “normal-strong- 
shock” respectively. 

In the hodograph plane (i.e. velocity plane), 
not only the magnitude and direction of the 
velocity, which: is attained when the flow 
passes through a shock, are given by a shock 
polar, but also the initial curvature of a 
stream line immediately behind a shock is 
shown by shock-spines”) (see Fig. 1). 


LENS Als 


Shock polar and spines. 


As shown in Fig. 1, let a straight line be 
drawn through the origin O making the angle 
4, with ON, and let A and B be the points 
of intersection of this straight line with the 
shock polar. Then, these two points cor- 
respond respectively to the weak-shock and 
the strong-shock. 

In case where the point A lies in the super- 
sonic region, it is likely that one possible 
shock configuration will die out, because the 
line AB cuts the sonic line in the directicn of 
the characteristics and generally some sin- 
gularity may appear in the physical plane. 
Therefore, confining ourselves to the case 
when the point A lies in the subsonic region, 
we shall seek for solutions in the region AMB 
and OBN, which correspond to “weak-strong- 
shock” and “normal-strong-shock” respectively. 

For the sake of simplicity we take the La- 
place equation, 4%=0, as the fundamental 
equation for the stream function ¥ in each 
region by the extension of Karmdan-Tsien’s 
method®»*), and the solution of this Laplace 
equation having the singularity of doublet 
type at B will be sought, which necessarily 
makes a finite region in the hodograph plane 
to correspond to a semi-infinite region behind 
the shock in the physical plane. 

Numerical computations are carried out for 
the case when M,=1.50 and @)=11°45’, where 
M, is the Mach number at infinity upstream 
and @ is, as before, the semi-vertical angle of 
the wedge. Since an infinite wedge has evi- 
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dently no characteristic length, we cannot 
settle uniquely the shock wave in the physical 
plane, but rather we obtain an infinite sys- 
tem of similar flow patterns. Fig. 7 shows 
configurations of newly found two possible | 
shocks, together with those of two straight — 
shocks hitherto well-known. 


§2. Fundamental Equations and Boundary 
Conditions 


We assume that the vorticity in the flow 
field behind the shock wave may safely be 
neglected. Then, if we neglect the heat con- 
ductivity and the viscosity of the fluid, the 
velocity potential @ and the stream function 
Y for a two-dimensional irrotational flow of 
a compressible fluid are governed by the 
equations: 


Leone P0 \, 
a da od ie 
Ghy 
where qg and @ are the magnitude and direc- 
tion of the fluid velocity at any point in the 
flow and p and , denote the density of the 
fluid at any point and at the stagnation point 
respectively. 
If, as suggested by Karman and Tsien®®, 
we use the reduced velocity defined as: 
Ss. 2q one 
vv SGieen ea fe ee 
Eqs. (1) can be reduced to 
AV=0, 
with 
PT! SOE Oe 
dq?" dq’ q? do” ’ 
where ¢y) is the sonic speed at the stagnation 
point. Here, the gas is assumed to have the 
relations of the following forms between the 
sonic speed, the fluid velocity and the density, 
namely: 


2 = == 
c’—q’=const=C,? , 


(4) 
(5) 
If we write q,’ for the value of g’ correspond- 


ing toa certain value q, of q, it follows from 
Eqs. (2) and (4) that 


0?c?=const= po2Cp? . 


(q/ax) V1+A(d/ax+1 
with 


A= Qx? [Co = G32 [(Cs?—Gs?) ) (7) 
where the suffix s refers to the value ata 
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suitably chosen standard point. 

Since in the flow of the hypothetical gas 
used originally by Karman and Tsien a super- 
sonic velocity cannot occur on account of Eq. 
(4), we make the following three assumptions 
in order to extend the method to the case 
now under consideration. 

(i) @x stands for the critical velocity, i.e. 
the velocity when the local Mach number 
is equal to unity. 

ii) If q/gx is transformed, by Eq. (6), into 
the corresponding reduced velocity, q’/qx’, 
the shock polar and spines for the hypothe- 
tical gas are the same as those for the gas 
obeying the adiabatic law. 

(iii) The adiabatic law is also used in esti- 
mating the constant 4 in the conversion 
factor A of Eg. (6). 

Thus, if, as usual, we denote the adiabatic 

‘exponent by 7, we have 


ea eee 
(¥+1)1—My;”) ’ 


Mys=Qs/dx, (7) 


qo0/Os) 
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Although these assumptions are rather bold, 
they may be justifiable by the reason that 
they will have no essential influence upon the 
general nature of the field of flow. 

Now, we shall introduce non-dimensional 
velocity components (&€, 7) in place of the 
rectangular components of velocity (a, v) by 
the relations: 


E=u/dx=(q/ax) cos 0= My, cos 6, 


7=0/¢,.= M,, sin 0. (8) 


Then the equation for the shock polar takes 
the form: 


Z 
a( PS. Sek ype ee 
7( r l *L 6) 


= (Miya —&)*(\MyaE—1) , (9) 


where the suffix 1 refers to the state up- 
stream of the shock wave. 

Further, the direction of spine, i.e. the 
initial curvature of a stream line, 8, as mea- 
sured from the radius vector passing through 
the point under consideration, is expressed by 


tan B= ag/ds = 


Here, s denotes the curve length along a 
stream line and M is the Mach number which 
is related with M, as defined in (8) in the 
form: 
ee 
*(r-1)M? +2 ° 
Moreover, the angle of a shock wave, a, 
made with the direction of the undisturbed 
flow is found from the geometrical properties 
of the shock polar to be 
tan a=(M,1—&)/7. (12) 
Next, by Eq. (6) we transform the hodo- 
graph plane into the reduced hodograph plane 
and we denote quantities in the latter plane 
by means of primes. Then, in place of Eqs. 
(9) and (10) we have 


72 7 LS 
T(t +2 Mat Mat )=(Ma— 2) 


(11) 


a r+ 
Gi. 
x (Mas 1) (13) 
, (Ag) (06/08) __ p93 
tan B= 8(Aq)/Os V1+ AM,2 tan Bs 
(14) 


where use has been made of Eq. (6) in ob- 


—cot2(a—A)+(7+1)/4-(sin26/sin 2a)— M’sin?(a—9) 
cos 2(a—6@)—(7 +1)/4-(sin 26/sin 2a)+1 


cot (a—0) . (10) 


taining the latter equation. 

Also, the slope of the shock polar, 6’, in 
the reduced hodograph plane can be easily 
evaluated as: 


tan 0’=d7'/dE’=N/D , (15) 


with abbrevations: 
N=7[E(1-V14+ 2M) ) 
x {2(Mya? + DE’ —3My A} 
+ (My A—£&"){ (Mya? +2)A—3 My E’} 
9 (1171 7) 
x (14+2My2/(7 +1))E’—Maa 3] , 
D=2(MyA—€’)( ME’ — A) 
—9%(1—7f1 + A)\(MydA—E) 
x {2(Mya? + DE’ -3 My A} 
+91 7/1 + A A2M ya? (7 + D} - 
(15a) 


Our problem is now formulated as follows: 

It is required to find the solution of the 
Laplace equation 4/=0 in the region A’B’M’ 
(denoted simply as the region I) or in the 
region B’N’O’ (denoted as the region II), which 
has a singularity of doublet type at B’ and 
satisfies the following boundary conditions: 


8D6 


on B’ A’ (for the region I), 
on O’B’ and O’N’ (for the region II); 

The initial direction of every stream line 
should be coincident with the direction of 
spine at each point on the shock polar. 
By placing the singularity at B’, the finite 
region in the hodograph plane corresponds to 
the semi-infinite region behind the shock wave 
in the physical plane in the reverse order, 
which is consistent with the condition that 
the Jacobian of transformation should be nega- 
tive in the subsonic region. In the actual 
calculation, the second boundary condition (ii) 
is made to be satisfied at a few points suita- 
bly chosen in the boundary. 

To proceed further in the analysis, the two 
cases will be discussed separately. 


(i) v=0) 


(i1) 


§3. Weak-strong-shock 


In the first place we shall find the solution 
for the region A’B/M’. 

We shall replace the second boundary con- 
ditions in the previous section by that at M’ 
corresponding to the point of maximum de- 
flection, For the notations used in the follow- 
ing lines, reference should be made to Fig. 2. 


8 and 6 are connected with various quantities 
in §2 by the relations: 

B=8+0'-6,; d=0'-6,, (16) 
and can be calculated by taking Eqs. (10)-(15) 
into account. 


Thus, the boundary conditions are given in 
the forms: 


(i) Y¥=0 along B’A’, \ 
2 3x6 : Y a 
(ii) _im (Sea) =tan (Ba+7) | 
¢=047, 0>0 v=const 
Bie JANG. 
Gi). im (ee ) Ale 
0=03,7r>0 dX w=const 
at B’, 
; dY a 
ay Ge v=const ae Baer at a 
(17) 
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We now take the stream function ¥ satis- | 
fying the Laplace equation of the form: | 


ae 


2 eg sin 20+ 0™ sin m(az—F) , (18) | 
C yr” 


| 
where C and D are constants to be deter- | 
mined appropriately. Then it can be easily | 
confirmed that this function has a singularity 
at the point B’ (v=0) and also satisfies the | 
first condition (i) in (17). The indices 2 and | 
gy can be determined in such a way that the 
second and third conditions (ii) and (iii) in 
(17) are satisfied by the above ¥. We then 


have 

n=Bx/dn—1, m=1—Ba lov. (19) | 

The constant D is to be determined by the 

fourth condition (iv) in (17). For this purpose 
it is convenient to expand the right-hand side 
of (18) in the vicinity of M’. Referring to 
the polar coordinates UR, @) with the origin 
at M’ and the initial line parallel to the line 
B/A’, the equation for the stream line passing 
throuth M’ is easily obtained, after some 
reductions, in the form: 
DnRru-~@* sin {O—(n+1)3 yw} 

—mRow™ sin (MP .w—7)+O—F w} 


eGo Mea a (20) 


Then the condition (iv) can be put in an 
alternative form as: 


(iv’) @->By as R-0. 
line through M’) 
Thus, the constant D can be determined as: 


(for the stream 


pamrun* sin [mw —2)+ Bw Pu] 
nour—™ sin | Bar-—(2+1)8-x-] 
(21) 

The constant C remains undetermined, 
since there is no characteristic length in the 
case of infinite wedge. This evidently results 
in indeterminacy of flow patterns, all of which 
are similar to each other in the physical plane. 

We next proceed to the determination of the — 
shape of the shock wave in the physical plane. 
In accordance with the continuity of every 
stream line passing across a shock, we have 
the relation valid on a shock wave in the 
form: 


— oP _ 0 Os ¥ 
1g Os 0 Qi’ 


where the suffix s has the same meaning as 
in Eq. (7). 


y (22) 


= 
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In Kaérman-Tsien’s approximation used here, 
the ratio of the density at the stagnation 
point to that at any arbitrary point is given 
by 


09 feo tg? + y/ 1 + 2? +4M,° (23) 
Cees 0 2 1 ya 


In deriving the equation, use has been made 
OeEqs. (2), (4), (5) and (7). It. should be 
noted that in accordance with the assump- 
tions made in deriving (7’), this relation can 
be used only in the subsonic region. 

Then, substituting )/os; as obtained from 
(23), Eq. (22) can ultimately be written in the 
form: 


Zz 


Soe 
(147/14 4)?—-2A My? Mas\ 01] ax’ 


(24) 


where 0;/0; should take the value as deter- 
mined from the exact shock relations. 

y is evidently proportional to ¥, while the 
slope of the shock wave can be calculated by 
Eq. (12). Therefore we can draw graphically 
the shape of the shock in the physical plane 
by taking a suitable value for the constant C. 


$4. Normal-strong-shock 


We next proceed to seek for the solution 
for the region O’B’N’. Here the boundary 
condition (ii) in §2 is made to be satisfied at 
the two points B’ and N’. Taking the two 
polar coordinates (7, #) and (p, %) with the 
origins at O’ and B’ respectively as shown in 
Fig. 3 and measuring the angles B and 6 from 
the positive direction of the €-axis, we have 
the relations between these quantities and 
those defined in §2 as: 

B=h'40, b=0", } 
r=M,’, o=0'=0. J 

Then, the boundary conditions are expres- 

sed in the forms: 


(25) 


(i) Y=0 along N’O’ and O'B,, © 
lim bee =tan Ba 
g=Op/+7,020 dE /y < const 
ates 
ii) ie ee eat 
dé /v=const ! 
(26) 


in which the condition (iii) is redundant, be- 
cause it is satisfied automatically when the 
condition (i) is satisfied. 
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In accordance with the condition (i), we 
take a harmonic function of the form: 


G 
sig Ge as 
(€"?+br)m ? 
which can be easily obtained by means of 


the conformal transformation. Here, b de- 
notes the magnitude of O’B’, i.e. Myx’ and 


v= (27) 


€ is the complex coordinates in the (&, 7)- 
plane defined as: 


C=re"=E+17, (28) 
and C is an arbitrary constant. Also, the 
indices » and m can be determined by the 
conditions (i) and (ii) as follows: 

Woe Bur —On : 

li t+02/—O 

In the flow pattern in the physical plane 
corresponding to the stream function given by 
(27), there occurs a detached shock wave 
which should be determined uniquely by the 
position of the nose of the shock. Taking 
rectangular axes (x, y) with the origin at the 
nose N of the detached shock wave as shown 
in Fig. 4, the relation between the physical 


(29) 


m= 


Physical plane. 


Fig. 4. 


and the hodograph plane in Karman-Tsien’s 
method is given by 


df Vdf 
WA 4cC,? 


dz=dx+idy= (30) 
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with 
fV)=041V, f(V)=0-7¥, ) 
VO Vaqe. J 
Since y=¥=0=0 on the segment between 
the nose N of the shock and the nose O ot 
the body, it follows from Eqs. (30), (31), (7) 
and (2) that 


(31) 


_ 40 {4/14 DAM} 

a e/a 

The velocity potential 9, which is conjugate 

to Y as given in (27), takes the following 
form on ON: 


(32) 


Soe ane 
aa aeneeaT : 

Integrating Eq. (32) with the value for @ as 
given in (33), the distance, Z say, from the 
vertex of the wedge to the nose of the shock 
is obtained as: 


ley eerreevaerer) 


Man! 4, {(1+V 14 Arar} 
xX ype 4 Sa See dr= A 
"e (7? + Di) ee 1 


(33) 


Ax mn 


(34) 
On the other hand, the y-coordinate on the 
shock is given by (24), while for the normal 
shock we have the well-known formula: 
Os (7+1)M? 
fr 2+(7—)M? 
Thus, when we take the nose of the shock 
as a standard point, Eq. (24) becomes 


= My”. 


y (t)=«(6) (35) 
with 
Oey 1) AM 
CVT a Ma 8) 


In the calculation of K, use has been made 
of Eqs (11). 
Combining (35) with (34) we have 


y 


E =( 
Since, as easily seen from Eqs. (34) and (36), 
the ratio K/J is constant, we can find the 
shock wave in the physical plane except for 
an indeterminate length Z in the same way 
as in the case of an attached shock. 


(37) 
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§5. Numerical Computation 
Numerical computation has been made for 


the case when 
M= 150; Oration 

where M, and @& are respectively the Mach 
number of the undisturbed flow at infinity 
upstream and the semi-vertical angle of the 
infinite wedge. The value of the adiabatic 
exponent 7 has been taken to be equal to 1.4 
for air. 

In Table I are shown the Mach number re- 
ferred to the critical speed, M,, the inclina- 
tion of stream line, @, and the slope of the 
shock, a, for the points A, M, B and N in 
Fig. 1, which correspond respectively to the 
weak shock, the point of maximum deflection, 
the strong shock and the normal shock. 


Table I. 

Points , My 4. a 
A 0.9951 11°45’ 62°34! 
M 0.9331 a BAe 66°35! 
B 0.8771 11°45’ 70°31! 

ONO! $020) 


0.7828 


(a) Weak-strong-shock 

In this case the point of maximum deflec- 
tion is taken as a standard point so as to 
simplify the fundamental equation in a manner 
as mentioned in § 2. 

From Eqs. (6) and (7), the conversion factor 


from the hodograph plane to the reduced — 


hodograph plane is given by 
“ee (‘lax’) J.12806 
(lax) 41/1 +6.44571 M2 * 

In Fig. 5 the reduced hodograph plane is 
drawn passing through the five points A’, M’, 
B’, C’ and D’, the last two of which com 
respond to @=12°. It should be noted that in 
this figure the ordinates are enlarged as twice 
as the abcissae for the sake of convenience. 
Numerical values of various quantities at each 
of these five points are given in Table II 


Table II. 

Points axe ay, O B 
A’ 4.752x10-2 0 ~27e4gr —7>4qr 
C’ 3.686 +»  4.809x10-3 —15°55" —2°nBt 
M49 2u8h lew) Gnkeo, or 2° 8/ 28°56) 
aa lace 16°20’ 55°58! 
B’ 0 0 27°34 —-70°4qq! 


ed 
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with the notation shown in Fig. 2. 
Following the analysis in §3, we can calcu- 
late the stream function as 
290 x1 0-4 


C sin (1.5682) 


ry .566 


+e sin (0,71962%--¢)- 
By plotting ”/C against Y for various constant 
values of X and making the interpolation 
}graphically, we can obtain a number of stream 
jlines in the reduced hodograph plane, some 
of which are shown in Fig. 5. 


B Ase 
Fig. 5. Reduced hodograph plane. 
Table III. 
wv /C x 103 a Y /C x 108 o 

0 62°34’ 73.4 67°10! 
8.2 63° 9! LOg eS 67°51! 
15.8 63°50’ 173.9 68°30! 
Za0 64°30! 338.5 69°10/ 
31.0 65° 9/ 1025 69°51’ 

/ 41.3 65°49/ co AU pert Ee 
54.4 66°30/ 


Although the coincidence of the direction 
of a stream line with that of shock spine is 
mot so good in the vicinity of C’, yet it may 
be improved by making the boundary condi- 
tion (ii) to be satisfied at more points. 

In order to find the shape of shock wave in 
‘the physical plane, it is sufficient to know the 
value of ¥ on the shock as well as the angle 
of inclination of the shock, a, which are given 
in Table III. 

As mentioned already, the constant C re- 
mains indeterminate so that the flow pattern 
is not determined uniquely. All the flow 
patterns are however similar to that given in 
Fig. 7, where the well-known two configura- 
tions of shock wave, namely a weak shock 
and a strong shock, are also shown for com- 
parison. 

(b) Normal-strong-shock 

In this case the point N’ is taken as a 
standard point. The factor of transformation 
into the reduced hodograph plane is 
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gnu 67382 
1+7/1+1.8M,2 ° 
In Fig. 6 the reduced hodograph plane is 
shown by letting a shock polar pass through 
the three points P’, Q’ and R’ corresponding 
to =3°, 6° and 9° respectively, as well as 
the two points B’ and N’. For convenience’s 
sake, the ordinates of this figure are also 


Fig. 6. Reduced hodograph plane. 


Table IV. 
Points é 7) é cm 
N’/ 0.8155 0 SOS V0! 180° 0’ 
1p 0.8186 0.0429 81°49’ 161°47’ 
Q! 0.8287 0.0871 "2 a2! 142° 9/ 
R’ 0.8502 0.1347 58°34’ 17°57! 
B! 0.9027 0.1877 37°48! ue Gy 
enlarged as twice as the abcissae. With the 


notation used in Fig. 3, the corresponding 
values for each point are shown in Table IV. 

The velocity potential @ and the stream 
function ¥ can be calculated from the formulae 
in §4 as follows: 
ee Cc 
(15-819 4. 0).28812)0 11328 ‘ 
Taking the imaginary part of both sides, the 
stream function becomes 

Y /C=(R?2+ L)- 9:98 sin (0.113280) 


with 


O—iv = f(V)= 


R=q™*"* cos (15.3198)-+0.28812 , 
f=G sin (15-3198): 
tan9=1/R. 

Proceeding in the same manner as in the 
preceding case (a), we can find typical 
stream lines as shown in Fig. 6. The 
direction of stream lines differs from that of 
spines to slightly larger extent than in the 
preceding case (a), but this discrepancy may 
be reduced by adding the appropriate regular 
solutions to that used here so as to Satisfy 


860 


the boundary condition at more points on the 
shock polar. 
The values of J and K as defined in §4 
are 
JS218l5 < 1073, 
K=V9134. 


In evaluating the value of J, use has been 
made of Simpson’s rule by dividing the inte- 
gration range into 10 suitable sub-ranges. 


Table V. 
L /C x 108 a WY /C x 103 a 

0 90° 0! 34.0 80°32! 
6.4 88°22! Amb Tk 78° 0! 
13.7 86°29 58.9 74°12! 
20.7 84°36" 90.6 1° 1 
27.4 82°40" 0° 70°31! 

/ 

/ (3) 


(4) 


— - —— J. 


Fig. 7. Various shock configurations. 
(1) Weak-shock (2) Strong-shock 
(3) Weak-strong-shock (4) Normal-strong-shock 
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With these numerical values Eq. (37) be-. 
comes 

y/L=6.8801 x 101(%/C) 

and in Table V are given the values of ¥/C' 

and the corresponding values of the inclination, 


a, of the shock at the same point. (They are) 
however not necessarily related with each! 
stream line in Fig. 6.) | 

The shape of the shock wave is not deter- 
mined uniquely on account of the indeter- 
minate length Z. One example is shown in- 
Fig. 7. All the flow patterns expressed by | 
the same function are similar to each other. 
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On the Attached Curved Shock in Front of an Open-Nosed 


Axially Symmetrical Body 


By Hakuro OGuCHI 
Institute of Science and Technology, University of Tokyo, Japan 


(Received June 22, 1954) 


The flow near the nose over an open-nosed axially symmetrical body 
placed in a uniform flow of sufficiently high Mach number is con- 
sidered. The equation valid near the nose is derived by employing a 
method of perturbation. From the solution of this equation, the flow 
near the nose can be determined and further a formula relating the 
initial curvature Ky of the shock to the curvature Ks of the body 
surface in a meridian plane is derived in the form 


Ky = (<=) [1-- = tan («—w) sin w | 
Ks Ks /p 1—(U?/ao?—-1) tan?(a—w) Kg 4 


where (Ky/Ks)p is the corresponding ratio for the cylindrical body 
having the same profile as that of the body of revolution, « the angle 
of inclination of the shock to the uniform flow, » the initial slope of 
the body, Kw the curvature of the nose in the plane perpendicular to 
the axis of symmetry and U/ay the Mach number of the flow im- 
mediately behind the shock at the nose. In this formula the curvature 
Kjy is positive for the shock which is concave upwards and the 
curvature Ks of the surface also is positive under this condition. 
Finally the conical shock and the attached shock of a sharp-nosed 
body are discussed on the kasis of this formula. In the axially sym- 
metrical case it is pointed out that the curvature of the shock exhibits 
a singular behaviour at the Crocco point as in the two dimensional 


case. 


$1. Introduction 


When an open-nosed body of revolution is 
placed in a uniform flow of sufficiently high 
Mach number, a curved attached shock wave 
emerges from the nose (Fig. 1). In the pre- 
sent paper we investigate the flow immediate- 
ly behind the shock near the nose and discuss 
the relation between the initial curvature of 
the shock and of the body. 

The curved shock in two dimensions was 
first treated by L. Crocco and later by vari- 
ous authors»»); in particular, Lin and Rubi- 
nov indicated that their analysis would be 
applicable to the case of axial symmetry. 
However, the Cartesian coordinates used in 
their analysis are not suitable to the present 
problem because the nose does not lie on the 
axis. Therefore, in the present paper, a dif- 
ferent approach should be adopted. 

The equations of fluid motion are described 
in polar coordinates (7, @) whose origin is 
- chosen to coincide with the point of intersec- 
tion of the axis and the tangent at the nose 
(Fig. 1). Since the flow may be assumed to 
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be non singular at the nose, the method of 
perturbation starting from the state pertaining 
to the nose is employed to derive a linearized 
equation valid near the nose. By solving this 


equation, we can determine the flow near the 
nose and further derive a formula relating 
the initial curvature of the shock to the 
curvature of the body surface. If the termi- 
nology ‘stream line’ is used in place of the 
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body surface, the formula may be reinter- 
preted as the relation between the curvature 
of the axially symmetrical shock and of the 
stream line at any point on the shock except 
on the axis of symmetry. From this formula 
it can be showin that, when a shock is straight 
in a meridian plane, the flow immediately be- 
hind the shock is conical and that the attached 
shock of finite curvature may emerge for a 
sharp-nosed body of revolution only when the 
flow is conical at the nose. 


§2. Fundamental Equation 


Let the velocity components in the 7- and 
@-directions, pressure and density be w, v, Pp, 
o, respectively. 

The equations governing the axially sym- 
metric flow are 


UES OU S nes 1 
% or © 7 LOOT 0 Or ee. 
Ov  v Ov wu 1 Op ® 
AS eee ALPE ee EN AT ) 
as a Oy a 0 v00- a 
The equation of continuity is 
am de cos 0) 
Or r00 ewe UE 


Let the velocity components in the 7- and 
@-directions, pressure and density at the nose 
be U, 0, #0, Oo, respectively and let the co- 
ordinates of the nose be (R, w). Referring to 
Fig. 1, » is considered to be the deflection angle 
of the stream line through the shock. Here 
let us introduce the new polar coordinates (/, 
6) whose origin and axis coincide with the 
nose and the line @=w, respectively, then they 
are related to the coordinates (7, @) as follows: 

r cos (0—w)—R=I cos 0, } ao 
ysin(@—w)=/ sino . 
In the immediate neighbourhood cf the nose, 
it suffices to retain the lowest power of J/R. 


Hence, 
(5) 
or 

v—R=2+0O0(2?/R?), 


r—R=1 cosd+O(2/R?) , 
9—w=(lsin 6)/R+O(?/R?) , 
6—w=y/R+O0(2/R?), 2) 
where (a, y) are the Cartesian coordinates with 
the nose as the origin, and the x-axis is coin- 
cident with the line 6=w and the y-axis per- 
pendicular to it in a meridian plane (Fig. 1). 


Since the perturbations #—U, v, p—py, 0—o 
tend to zero as the nose is approached and 
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these quantities may be assumed to be regular 
at the nose, these quantities will be expressed | 
in the form 


u—U= S (1/R)"un(6) , 
n=1 


v= 3 (I/R)"U_(d) , 
a Ce 
P-L = pa (1/R)"pn(0) ’ 


o—po= el (1/RY"on(0) , 


where 2n(d), Vn(O), PaO), On(d) depend only. 
on Oo. | 

Let the z- and y-components of the velocity | 
be uw, v, respectively, then | 


U=u cos (8@—w)—v sin (@—w) , (8) 
v=u sin (@—w)+v cos (6—o) . 
In view of Eqs. (6) and (7), Eqs. 1 become 
u=u+O(l?/R?), (9) 
v= Uy/R+v0+O(7/R?). 

By the transformations (6) and . Eqs. a 

~(3) are rewritten in the 2y-system as 
U(0u/0x)= —(1/00)(Op/0xz)+-OU/R), — (10) 
U(0v/0z)= —(1/o0)(Op/Oy)+OU/R), (11) 
09(0u/Ox+ 0v/0y)+ U(Op/0x)= —poU/R+O(/R), 
(12) 
respectively. 

The entropy s must be constant along each 
stream line downstream of the shock. In the 
neighbourhood of the nose the stream line 
may be assumed to be nearly coincident with 


the z-axis. Hence, 
le alae op +( Oo ) os (coal ey 
Ox Op J Ox Os J] Ox” \ OD /, Ox 
ag pis 2 
==} Agee (13) 


where @ is the sound speed at the nose. 


In view of Eq. (11), it is convenient to 
introduce a scalar ¢ as follows: 


v=0¢/0y, —(p—Po)/poU=0¢/Ox, (14) 
Ignoring the higher order terms in Eqs. (10) 
~(13) and combining these equations with Eq. 
(14), we have 

(1—U*/ay?)(0 6/02?) +-0?6/0y? + U/R=0 . 

(15) 


$3. Boundary Conditions 


Let the curvature of the body surface at 


the nose be As, then the surface is represent- 
ed by the equation 
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y= Kga?/2+higher order terms. 
Since the surface is a stream line, the condi- 
tion at the surface becomes approximately 


vlU=K gx at oe) 
or, in terms of 4, 
0¢/Oy=UKsx at y=0. (16) 


Next let us consider the condition on the 
shock. Let the variation of the angle of in- 
clination of the shock from that of the shock 
at the nose be €& (Fig. 1); then it follows from 
the Rankine-Hugoniot shock conditions that, 
to the first order with respect to the pertur- 
bations, the following linear relations hold on 
the shock 


v= Vido—D)/o0U , = W(ho—P)/0U (17) 
where V and W are given as the functions 
of quantities at the nose as follows: 


V=— aCaaat tan dé W (TS a k) ; 
(y—1) r—1 
3r—1 ae 
k?+(M?*—2)k M? 
de ne ae | EL oor a is 
(18) 


W=- (U sin 20y)7}, 


Paras 
2 
where M is the Mach number of the uniform 
flow ahead of the shock, dw is the angle be- 
tween the z-axis and the shock at the nose, 
y is the ratio of specific heats and F is the 
ratio of the pressure immediately behind the 
shock at the nose to that of the uniform flow. 
Since the shock lies nearly on the tangent to 
the shock at the nose, Eqs. (14) and (17) are 


combined to yield the condition on the shock 
ee on the line y=tandw-2. 


(19) 


§4. Specialization for the Subsonic Case 


The cases when the entire field behind the 
shock is subsonic or supersonic will be de- 
signated as ‘subsonic’ or ‘ supersonic case’, 
respectively. 

In this section the subsonic case is consider- 
ed. By the transformation 

a=E&, y=7/m, (20) 
where 

m= (1—U?/a,*)”, (21) 
Eq. (15) becomes 


0?6/0E?+ 074/07? +U/m’R=0. 
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The solution of this equation is written in the 
form 

p= —(U/Am? RYE? +7) , (22) 
where ¥ represents a harmonic function. 

It is more convenient to introduce the new 

variables (/’, 0’) defined by 

= COSN y= sin 0’. 
In view of Eqs. (20) and (23), 
(19) becomes 


(23) 
the condition 


.. a= V’ on the line 8’=dy’, (24) 
where 
ya 2200s Ow’ +V sin dw’ 
V cos dw’ —msin dy’ ’ 
Ow’ =tan-1( tan dy). (25) 
The condition (16) also becomes 
0¢/l'00’ = UK sl’/m on the line 6’=0. (26) 


According to Eq. (22), the function ¢ com- 
patible with the above conditions may be 
written in the form 
@=(A cos 20'+B sin 20’)l?—(U/47 RV”, 
or, in view of Eqs. (20) and (23), 
@=[A cos {2 tan-! (gmy/x)} 
+B sin {2 tan-1(smy/x)}|(2? + m?y?) 
—(U/4m? R)(2? + m?y?). (27) 
From the conditions (24) and (26), the constants 
A and B are determined as follows: 
A= 
(V’cos 20w’ —sin 207’ )UE s|(2m)-+ Uf(Am*R) 
cos 20w’ + V’ sin 20 yw’ 
=(U/2m)Ks . 


(28) 
Thus, by use of Eqs. (14), (27) and (28), the 
flow over an open-nosed body of revolution 
can be determined for the subsonic case. As 
an example, the pressure distributions are 
given by 
on the surface 
—p)/oj9U=(2A—Ul/2mr?R)x , 
on the shock 
—p)/ 0) U=2(A cos dw’ +B sin dy’) sec dw’ + 
—(U/2m?R)-« , (30) 
where A and B are given by Egs. (28). 

It should be noted that the preceding analy- 
sis is not applicable to the case when the 
field is not purely subsonic, for in this case 
the condition on the other boundary, i.e. the 
sonic line must be taken into account. 


(29) 
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§5. Specialization for the Supersonic Case 


In this section the supersonic case is con- 
sidered. For abbreviation, we put 
U7 Jae —-1=L. (31) 
Then the genera! solution of Eq. (15) may be 
written in the form, 
b= f(a—ny) + yet ry) + UALR (2? — ny"), 
(32) 
where f and g are arbitrary functions of the 
indicated arguments and represent the incident 
and reflected waves, respectively. Since ¢ is 
assumed to be regular at the nose, f and g 
can be expanded in power series of the argu- 
ment. Hence, it follows that ¢ compatible 
with the conditions (16) and (19) should be 
written in the form 
o=Cia—py)?+DatruyyP+(U/4WeR)\(2—wy*). 
(33) 
From the conditions (16) and (19), fhe constants 
C and D are determined as follows: 
C={1/4u(V—/ tan dv)}[( ++ tan dy) 
-(“4—V)UKs—(U/2uR)\( V+ /2 tan dw), 


D=(1/44(V—/ tan dv)}[d— tan dy) 
(V+p)UKs—(U/2uR)(V+/4 tan dy). 
(34) 

Thus, by use of Eqs. (14), (33) and (34), the 

flow over an open-nosed body of revolution 

can be determined for the supersonic case. 

As an example, the pressure distributions are 

given as follows: 

on the surface 


(Po—D)/ 00 V=(2C+2D+U/2/7R)x , 
on the shock 


(Po— D)/ 00 =2C1—vx tan dw)x 
+2DA+v tan dw)a+(U/2i2R)x , 


where C and D are given by Eqs. (34). 


(35) 


§6. The Relation between the Initial Curva- 
ture of the Shock and of the Body 
Let the line length along the shock be o, then 
the curvature Kw of the shock is written as 
Kw=dE/do ; (36) 
where Ky is positive when the shock is con- 
cave upwards. In the neighbourhood of the 
nose, Eq. (36) becomes approximately 
Kw=(dé/dz) COs Ow. 
From the second equation of Eqs. (17), this 
equation becomes 
Kyw=W cos a (d/dx){( po— Pw) 0yU} , 
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where py is the pressure immediately behind | 
the shock. Substituting (f.—pw)/poU from) 
Eqs. (30), (35) into the above equation, we} 
obtain 

for the subsonic case 


9 Sec Ow -Kg 
Ky= OW cof 0 wl =a ee 
V cos dy’ +m sin Ow 


sin Ow" 


SS i: fe Siial 
(V cos dw’ +m sin Ow’ )R 
for the supersonic case 
a > | Lo tan ow | 
Kyw=UW cos ae tan ae Ss | 
tan Ow 
a ee 38 
( V= 2 tan era : ( ) 


respectively. 

Since tan déw’=m tan dw, it is easily verified | 
that Eq. (37) is identical with Eq. (38). Hence | 
Eq. (38) can be applied either for the subsonic 
or supersonic case and, although the sonic case 
when U/a,)=1 has been excluded in the pre-. 
ceding analysis, the relation between the ini- 
tial curvature of the body and of the shock 
can be given by the limiting form of Eq. (38) 
as #0. Here it is worth noting that at the 
nose Eq. (38) yields the exact formula because 
Eq. (38) holds independently of zx. 

Let the diameter of the nose be d and the 
curvature of the body in the plane perpendi- 
cular to the axis of symmetry at the nose be 
Ky, then 


Ky=2/d, R=d/2sinw=1/Kysino. (39) 
Thus Eq. (38) becomes 
= UW cos Ow 2 2 
Ens V—p? tan dw St 
—tandywsinw-Ky]. (40) 


As Ky-0, Eq. (40) reduces to the relation 


f Uae tan Ov, 
ky= UW cos Beer ee 4 (41) 

It can be readily shown that this relation is 
exactly the same as that in the two-dimension- 
al case given by many authors. This is also 
obvious from the fact that in the limiting case 
Ky-—0 the nose is located infinitely far from 
the axis. Let (Kw/Ks)» represent the ratio 
corresponding to a cylindrical body which has 
the same cross-sectional form as the open- 
nosed body of revolution under consideration, 
then (Kw/Ks)» is given by Eq. (41), and Eq. 
(40) is rewritten in the form - 
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ea 
Ks = Ks p 
(42) 


The value of (AGr/Ks)p can be evaluated by 
substituting V, W from Egs. (18) into Eq. (41). 
The values of (Aw/Ks), versus the initial in- 
clination a@ of the shock to the uniform flow 
are tabulated in detail in Reference 5) for the 
various Mach number of the uniform flow. 
Thus, when an open-nosed body of revolution 
is placed in a uniform supersonic flow, the 
ratio of the initial curvature of the shock to 
that of the body surface can be easily eva- 
luated from Eq. (42). As an example, the 
values of [(AGr/Ks)p—Kw/Ks|Ks/Ky are shown 
as a function of a for M=1.35, 2.12, 3.24 in 
Figs. 2, 3, 4, respectively. 

If we consider the body surface in the pre- 
ceding analysis as a stream line, Eq. (42) can 
be reinterpreted to be the formula relating 
the curvature of the shock to the curvature 


_ tandwsina Ky 
1— /# tan? dw Ks | 


10 
[Kue\ _ Kv | K : 

le, |G M=/35 

| { 
05 | | = 
00 | ee) 

| | 
-05 T 
we 30 50 ——70 90 
A 


Fig. 2. 


of the stream line at any point on the shock 
except on the axis of symmetry. It follows 
from Eq. (41) that the ratio (Kw/Ks)» increases 
to infinity at the Crocco point since V—y’ 
-tan dw vanishes there, and that the attached 
shock of finite curvature emerges for a plane 
body with straight sides. On the other hand, 
in the case of axial symmetry, the shock also 
exhibits a singular behaviour at the Crocco 
point. In this case, however, the attached 
shock of infinite curvature emerges even for 
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an open-nosed body of revolution with straight 
sides. Indeed, the difference in the ratio of 
curvatures in the two cases rises to infinity 
at the Crocco point, as shown in Figs. 2~4. 


Let us consider the conical shock which is 


10 7 
M=2./2 
05 
“ah 
-05 
-10 
/0 30 BQ 2 0) 90 


“10 30 


SOiaaaa a0 90 
A 


an interesting case of axially symmetrical 
shock. Since the conical shock is straight in 
a meridian plane, i.e. Kw=0, we have from 
Eq. (42) 
Ky=({tan dy-sin o/(1—/ tan? Oy)} Ky. 
(43) 


This equation yields the curvature of the 
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stream line immediately behind the conical 
shock in a meridian plane. Here it is worth 
noting that at the Crocco point there exists 
no conical shock even for the case that the 
relation (43) is satisfied, for (Kw/Kys)p» becomes 
infinity there and therefore the value of Aw 
given by Eq. (42) remains finite. Since “4, dw 
are constant along a straight shock, Eq. (43) 
means that the ratio Ks/Kw also is constant 
along the shock. Hence the flow field 
immediately behind the shock straight in a 
meridian plane must be locally conical. 
Finally we consider the case of a sharp- 
nosed body of revolution as the limiting case 
d->0 in the preceding analysis. If the flow 
approaches a conical one as the nose is ap- 
proached, as assumed in Shen and Lins’ 
analysis”, both Ay and Ky increase to in- 
finity while Ky»/Kgs tends to the finite value 
given by Eq. (43) and (Kw/Ks)» also tends to 
the finite value except at the Crocco point. 
Hence, from Eq. (42), the curvature of the 
shock may remain finite at the nose and ex- 
hibits a singular behaviour at the Crocco 
point, as in the two-dimensional case. On the 
other hand, in the case when the flow does 
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not approach a conical one as the nose is ap-| 


proached, the curvature of the shock at the 
nose becomes infinite even if the body is of. 
regular shape, for in Eq. (42) the terms in 


to a finite value. 

In conclusion, the author wishes to thank) 
Dr. R. Kawamura for his help and encourage- 
ment during the course of this investigation. 
He also wishes to thank Prof. I. Imai for his) 
advice and kind inspection of the manuscript. 
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The Relaxation of Stress in Undrawn Amilan 


By Hiroshi FugitaA and Akira KISHIMOTO 


Department of Fisheries, Faculty of Agriculture, 
Kyoto University, Maizuru 
(Received May 6, 1954) 


Stress relaxation data for undrawn Amilan monofilaments (Thin 
fineness is about 800 deniers and viscosity-average molecular weight 
is 10,600,) are obtained as functions of draw ratio and heat-treatment 
temperature. The relaxation curves obtained are all fitted satisfactorily 
by an empirical equation derived in our previous study for a com- 
mercial drawn Amilan yarn. Increasing cold-drawing is shown to 
decrease over-all rates of stress relaxation in such a manner that a 
rather rapid fall of these rates appears in the neighborhood of draw 
ratio 3.0. Both the elastic modulus and the elongation at break also 
exhibit a characteristic change in this region of draw ratio. 

Comparison with the data for the drawn sample of the previous 
study indicates an interesting similarity in stress relaxation behavior 
of the drawn sample at enough high temperature and of the unstretched 
sample at room temperature. 

It is shown that the length of cooling period after heattreatment 
has a pronounced effect upon the initial stress (or modulus) as well as 
the subsequent stress relaxation curve. This is found to be attributable 
to the absorption of vapor occurring during the course of cooling. 
Measurements of stress relaxation are made for samples which were 
allowed to reach sorption equilibrium after heat-treating at various 
temperatures, and the results are discussed as providing the true heat- 


treatment effect on the behavior in question. 


$1. Introduction 


The dependences of the stress relaxation 
behavior of drawn Amilan (polycapramide) 
multifilaments (yarn) on temperature, elonga- 
tion, and heat-treatment have been reported 
in a previous communication”. In the present 
paper, the results of stress relaxation measure- 
ments carried out for undrawn Amilan mono- 
filaments with particular interest in changes 
in stress relaxation behavior brought about 
by “cold-drawing” and heat-treatment are 
presented. The structural changes occurring 
in undrawn synthetic fibers due to various 
mechanical conditionings such as drawing or 
heat-treatment have been extensively investi- 
gated by means of x-ray diffraction methods 
(see, for example, an excellent review article 
by Susich®). However, information is still 
few in the literature about the fashion in 
which the viscoelastic behavior of undrawn 
synthetic fibers is controlled by such mechani- 
cal conditionings. The main purpose of the 
present study is to inspect a part of such 
fashion from stress relaxation measurements 
of undrawn Amilan monofilaments. 


§2. Material and Method 

Samples of undrawn Amilan monofilaments 
of different deniers and different degrees of 
polymerization were kindly furnished to us 
by Professor H. Kawai of the Department of 
Textile-Chemistry, Faculy of Engineering, 
Kyoto University. Most of the present ex- 
periments, however, were carried out for the 
sample whose denier was about 800 and whose 
viscosity-average molecular weight was 10,600. 
Although some additional experiments were 
conducted with samples of other molecular 
weights to get information about the molecu- 
lar weight effect, we shall here give only the 
data obtained with the main sample for the 
lack of space. 

The relaxometer used was identical with 
that employed in our previous studies», de- 
tails of which are described in reference (3). 
All the present relaxation measurements were 
conducted, keeping the temperature, relative 
humidity, and elongation constant (these are, 
respectively, 30°C., 65%, and 10%), and vary- 
ing the draw ratio and the heat-treatment 
temperature over a range of interest within 
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the limits of our experimental arrangement. 


Cold-drawing of the given 
was made manually under 
the rate of extension used 


unstretched fiber 
room conditions, 
being about 10% 


strain per sec. Before beginning a particular 


relaxation run, the stretche 


d specimen was 


allowed to stand for at least 24 hours so that 
it might reach mechanical equilibrium. 
Heat-treatment of the given sample was 


made according to the sim 


x 
i=) 


—+ f x10 *(dynesfm?) 
2 
a 


ilar procedure as 


Draw ratio = 


40 


0 

16 = 1 10 10 
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Fig. 1. Stress relaxation for 
at various draw ratios. 10% 
and 65% R. H. 


undrawn Amilan 
elongation, 30°C., 


>—> Draw ratio 


Fig. 2. Factors a, band cin E 
of draw ratio. 


q- (1) as functions 


used before for drawn Amilan multifilaments. 
However, since it was found that the length 
of the cooling period had a pronounced effect 
upon the subsequent stress relaxation be- 
havior, as will be shown below, some detailed 
considerations on this effect were undertaken. 


§3. Results and Discussion 
1. Effect of drawing. 


Fig. 1 shows a 


family of experimental stress relaxation curves} 
for untreated undrawn Amilan as a function 
of the draw ratio. The general trend of thes 
curves is almost identical with that for the! 
drawn Amilan dealt with in the previous: 
study. It is noted from the figure that the: 
slope of the curves in the part of large ty 
(time in min.) changes rather definitely in the: 
range of draw ratio from 3.0 to 3.3. This] 
range of draw ratio was found to be in ac-) 
cordance with the part of the load-elongation 
curve of the sample where the so-called neck- | 
ing was terminated. In reference (1) it was) 
shown that the relaxation process of drawn | 
Amilan multifilaments can be well represent- | 
ed over wide ranges of temperature and | 
elongation by an empirical equation of the 
form: 


f=foll—a—b log z+c log (1+a/t)], (1) 


where fo is the stress value at f=0.1 min., 
and a, b, c, and a constants. Specifically, 6b 
represents the slope of the stress vs. the loga- 
rithm of time curve at sufficiently large ¢, 
while c gives the rate of relaxation at the | 
initial stage of the same curve. It was found 
that this empirical equation can also be fitted 
satisfactorily to all of the present relaxation 
data plotted in Fig. 1 as well as in the other 
similar figures shown below. In fact, the 
smooth curves drawn in Fig. 1 are the com- 
puted curves from Eq. (1) with suitable choice 
of the parameters involved. The values of 
a, b, and c determined in this way are plotted 
against the draw ratio in Fig. 2. Each of 
these parameters decreases following a sig- 
moidal curve as the draw ratio is increased 
and appears to tend to a constant value at 
draw ratios higher than 4. Of particular 
interest is the finding that these sigmoidal 
curves have commonly a point of inflection 
at a draw ratio near 3.0, where, as noted 
above, the necking of the specimen is also 
terminated. The monotonic decreases in } 
and c indicate that the overall rate of stress 
relaxation decreases with increasing the degree 
of stretching. This might be expected because 
stretching of an undrawn fiber results in a 
gradual rearrangement of the long chain mole- 
cules in the direction of the fiber from their 
unoriented, random arrangement to a well- 
oriented, fiber-like one. Kinoshita, Mukoyama, 
and Oka reported that birefringence and 


~ 1954) 


dynamic elastic modulus of an undrawn 
Amilan monofilament measured as a function 
of draw ratio show a characteristic break 
in the neighborhood of draw ratio 3.0. A 
similar trend of the static elastic modulus 
can also be obtained from our data plotted 
in Fig. 1. An apparent static elastic modu- 
lus, E, may be computed from the stress 
value which can be obtained by extrapolating 
the stress relaxation curve back to 4=0.1 min. 
In Fig. 3, the values of E obtained in this way 
from Fig. 1 are plotted against the draw ratio 
by open circles. In the same figure, the 
elongations at break obtained at various praw 
ratios are also plotted by solid circles. It is 
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Fig. 8. Apparent elastic modulus (calculated 
from stress at 10% strain) and elongation at 
break for undrawn Amilan as functions of 
draw ratio. 


observed that not only & but also the elonga- 
tion at break shows a rather sharp change in the 
vicinity of the draw ratio in question. From 
these findings it is supposed that the concent- 
ration of hydrogen bondings between the 
chain molecules of Amilan, which are lined 
up side by side, parallelized, and brought 
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close together with increasing the degree of 
stretching, may increase rather abruptly when 
passing through the draw ratio 3.0. This 
may, however, not necessarily imply a sudden 
crystallization of the structure which may 
occur when the filament is stretched more 
than three times the original length. As 
shown by Susich® for undrawn Dacron poly- 
ester samples, the specimens extened below 
and above the draw ratio where this material 
also exhibited in its load-elongation curve a 
similar characteristic break as found above for 
undrawn Amilan have essentially identical x- 
ray diagrams. Although it may be somewhat 
critical to apply this finding on Dacron direct- 
ly to our case of Amilan, this evidence from 
x-ray diffraction studies on Dacron deserves 
attention in considering the characteristic 
mechanical behavior of Amilan in the neigh- 
borhood of draw ratio 3.0. 

The molecular weight of the undrawn 
Amilan used in the present work is approxi- 
mately the same as that of the drawn Amilan 
used in the previous study. It is, therefore, 
permissible to examine the extent to which 
the stress relaxation behavior as well as the 
elastic modulus of the undrawn sample ap- 
proach those of the drawn sample as the 
degree of drawing is increased toward that to 
which the previous commercial drawn sample 
had been subjected.’ However, the strict com- 
parison was impossible because the drawn 
sample used before would have been subject- 
ed to a certain heat-treatment (unknown to 
us) before coming in our hands, while the 
undrawn sample of the present study was 
apparently free from any previous heat-treat- 
ment. In Table I, the values of the para- 
meters a, b, c, and a, which characterize the 
stress relaxation behavior of undrawn Amilan 
and of drawn Amilan as well, and the values 


Table I. 
Temp. of | , ot Ex 10-10 
Silat Experiment (°C.) ‘ Mpa el re (min.) |(dynes/em?.) 
eee ae 30 0.28 6.5 0.17 0.8 0.22 
monofilament | 
(2) Undrawn monofilament 0.17 5.5 WiGyE0 ae ee 
extended 300%. 30 2) | 
(3) Drawn multifilament 30 0.21 3.8 Ona ee Neer 
(commercial) 
(4) Drawn multifilament 120 0.16 | 7.3 0.11 0.5 ne 
reheat-treated at | 


110°C. 
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of the apparent elastic mudulus, #, computed 
in the way explained above are listed for (1) 
undrawn Amilan monofilament, (2) undrawn 
monofilament extended 300%, (3) drawn multi- 
filament, and (4) drawn multifilament re-heat- 
treated at 110°C. The data for the latter 
two cases are taken from reference (1). It 
should be noted here that the data for (4) are 
those at 120°C., while the remaining three 
are those equally at the same temperature, 
30°C. The reason for the inclusion of these 
high temperature data will be undestood below. 

It is seen from the table, though not so 
decidedly, that the stress relaxation behavior 
of the undrawn sample tends to approach that 
of the drawn sample as the degree of stretch- 
ing is increased. This appears to be the case 
with the elastic modulus, although it is some- 
what peculiar that the elastic modulus of the 


-e 
—> f x10 (AyneSom,?) 


to? I 10 10* 10° 10 
—» t (min) 


Fig. 4. Stress relaxation for heat-treated un- 
drawn Amilan exposed for one hour to various 
temperatures. 


sample extended 300% exceeded that of the 
commercial yarn. Comparing the first and 
fourth columns, it is realized that both the 
stress relaxation behavior and the elastic 
modulus of the heat-treated drawn sample at 
high temperature have a resemblance to those 
of the non-heat-treated unstretched sample. 
In other words, there is a tendency for the 
mechanical behavior of the drawn sample 
that it is reduced back to the behavior of the 
original undrawn sample when measured at 
high temperatures. To confirm this better, 
use of the data for non-heat-treated but fully 
stretched samples at much higher tempera- 
tures than used here is preferable, but, since 
such data were not considered necessary at 
the time when the previous study was made, 


we must, in this place, be satisfied with a 
tentative comparison as illustrated above The} 
tendency as found here may be interpreted in) 
terms of the disordering or melting of crystal-) 
lites involved in the heat-treated, drawn | 
sample which may occur when the material 
is exposed to high temperatures. The x-ray | 
diagram of a fully stretched sample of Amiulan | 
is known to have a resemblance to that of 
the unstretched sample when measured at | 
sufficiently high temperatures. This fact in| 
part supports our finding on a similarity in | 
mechanical behavior of the drawn sample at | 
high temperature and of the undrawn sample. | 
2. Effect of heat-treatment. The effect of | 
heat-treatment on the stress relaxation be-— 
havior of the undrawn sample was first | 
studied according to the following procedure. — 
The given unstretched sample was heated in 
an air oven to the desired temperature at a 
rate of 1.5°C./min., and then cooled for one 
hour in a still air regulated at 30°C. and 65% 
R.H. The specimen was then quickly intro- 
duced into the relaxometer and a_ particular 
relaxation run was started. The temperatures, — 
used for the heat-treatment were 60°, 80° | 
110°, and 130°C. Fig. 4 shows the results of 
stress relaxation measurements for these 
heat-treated samples. Here, the curve for the 
original, untreated sample is also plotted for 
comparison. A marked influence of the heat- 
treatment is here evident not only on the 
initial stress value, fy, but also on the shape 
of the subsequent relaxation curve. With in- 
creasing the temperature of heat-treatment, 
fo is increased considerably, resulting in a 
high elasticity, and, at the same time, the 
shape of the relaxation curve is markedly 
modified from that for the untreated sample. 
It should be noted, however, that, while the 
relaxation rate in the initial stage is appreci- 
ably influenced and enhanced by the heat- 
treatment, this rapid process is followed after 
some interval of time by an ordinary slow 
process which is observed for the untreated 
sample. Such an extraordinary relaxation 
process as found here for heat-treated un- 
drawn Amilan might be an_ interesting 
subject worthy of further investigation if 
it were truly produced by the. structural 
changes brought about by the present heat- 
treatment. However, after some interpretative 
experiments, it was realized that this unusal 
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relaxation behavior and the unusal increase of 
the initial stress were only an apparent one 
produced as a result that the sample dried by 
heat-treatment absorbed vapor from the sur- 
rounding air during the course of a stress 
relaxation measurement. Fig. 5 shows the 
results obtained on a series of samples which 
had been Initially heated to the same tem- 
perature (110°C.) and then cooled for different 
hours under the same conditions of tempera- 
ture and humidity. The results show that as 
the cooling period is prolonged the sample 
get softer and its stress relaxation behavior 
becomes as normal as may be compared with 
that of the untreated sample. A separate ex- 
periment on the sorption of vapor by a heat- 
treated undrawn sample indicated that the 
vapor gain followed a change similar to that 
in the initial stress and that the cooling period 
of 71 hours was enough so that the sample 
might reach the sorption equilibrium under 
the given condition. Based on these evidences 
it may be regarded that the curve with the 
index “71 hours” in Fig. 5 represents the 
true form of stress relaxation for the sample 
which was heat-treated at 110°C. according to 
the procedure described above. In passing, it 
may be remarked that the modulus of un- 
drawn Amilan is first increased by heat-treat- 
ment and then decreases as the time of stand- 
ing is extended has already been reported by 
Nagai and Sagane®. They also interpreted 
this behavior in terms of the vapor absorption 
during the course of standing, the same 
opinion as ours given above. 

In view of the above-mentioned findings, it 
proved that to examine the effect of heat- 
treatment only such samples must be used for 
the measurements that which have been made 
to attain the sorption equilibrium before begin- 
ning a particular stress relaxation run. Fig. 
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ments carried out with such a precaution in 
mind for samples heated initially to three 
different temperatures. It is seen from the 
figure that the initial stress increases regular- 
ly (but not so markedly as in Fig. 4) with in- 
creasing the temperature of heat-treatment, 
while the shape of the stress relaxation curve 
is hardly affected by the heat-treatment, thus 
retaining a similarity to that of the untreated 
sample. The application of Eq. (1) to these 
curves results in the values listed in Table II. 
In this table, the corresponding values of the 
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Fig. 5. Stress relaxation for undrawn Amilan 

heated at 110°C. and then exposed to air for 
various times. 
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Fig. 6. Stress relaxation for heat-treated un- 
drawn Amilan as a function of heating tem- 


6 shows the results of the relaxation measure- perature. 
Table lls 
Temp. treated (°C.) | a bx 102 c | « (min.) | Bx 10-10 (dynes/em?.) 

Untreated 0.23 6.5 0.17 08 | 0.22 

60 0.238 5.3 0.16 Isr 0.24 

80 0.23 5.0 0.15 ea 0.24 

110 0.22 8 0.15 bee | 0.25 

130 0.22 il 0.14 | Vee | 0.28 

Draw mom lament lal ihe 3.8 GO stilt ess 1.85 
(commercial) 
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drawn multifilament at 30°C. are reproduced 
from (1). A tendency is here observed that 
the values of a, 6, and c decrease systematical- 
ly and approach the corresponding ones for 
the drawn sample as the temperature of heat- 
treatment is elevated. Contrary to this, both 
the values of a and £ (particularly, &) are too 
low compared with those for the drawn sam- 
ple, even when the undrawn sample is heat- 
treated at 130°C. This latter result suggests 
that, at least, as regards the elastic modulus, 
the same degree of mechanical conditioning 
as obtainable in cold drawing can not be ex- 
pected by such a relatively low temperature 
heat-treatment as attempted in this work. If, 
as pointed out by Nagai and Sagane*, enough 
high concentrations of hydrogen bondings be- 
tween the chain molecules of Amilan for 
making the cold-drawing of the material im- 
possible cannot be produced till the tempera- 
ture of heat-treatment is not raised to 160°C. 
or higher, data for undrawn samples _ heat- 
treated at such degrees of high temperatures 
are certainly determined. This problem, how- 
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ever, will be considered in our future publi-) 
cation. 

The authors wish to express their thanks 
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from the Ministry of Education. 
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Contribution of Overlap Integral to 
Nuclear Quadrupole Coupling 
By Kineo TSUKADA 


Department of Physics, Tokyo University 
of Education 


(Received June 8, 1954) 
When one calculates the nuclear quadrupole 


coupling constant in a molecule from the data on 
an atom, overlap integral must be taken into 


However, the results of pure quadrupole experi- 
ments are often compared with those of atomic 
beam experiments without this consideration. 
This note describes the estimation of contribution 
of overlap integral for the molecules of Cl:, Bry 
and Ip. 

In table I, the coupling constants for the pure 
covalent bond, which were derived from the 
observed data by using the model of resonance 
switching of bonds” and by using the model of 
macromolecule®), are compared with the double of 
the values obtained by the atomie beam method. 


account as pointed out by Towes and Dailey). As shown in the table, there are some dis- 
Table I. 
Molecule \(€Qq)ovs| (Mc) \(¢Qq)mote |(Me) \(eQ)mote (Me) 2|(eQq)atom |(Mc) 
Cl,36 109.05) — 109.78 
Bry79 760. 46),7) 9007) 811 769. 68) 
J,127 2,153 2,480?) 2,2803) 2,29210) 
(eQq)ons: Observed coupling constant. 
(eQq)r*s,,: coupling of a molecule by the resonance switching model 


(€Qq@) mole: 


coupling of a molecule by the macromolecule model. 
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Table II. erepancies between these constants. 
Rieiceula oe = oe = = ane Neglecting hybridization and ionic character, 
— the coupling constant of a halogen molecule is 
ae — _ 0.120 —10x10-* approximately expressed by 
Te79 0.170 0.054 0.096 —8x10-4 =o) 2 
J,127 0.082  —0.005 OL0ol TA adaciore (CQ) motel =2|(eQq)atom|(1+S?-28qs5/q), (1) 
oa where 
Ares: A caleulated by using the resonance . Bye 
switching model. S=Sitvedt , Ge=SdiXB cos —Lirstade , 
Amac: A calculated by using the macromolecule ¢=$%1*(3 cos’@—1)/73%,dzt, 41 is atomic wave func- 
model. tion of a halogen atom and y, is that of an atom 
Table III. 
xX—X X— X t 
Mesecula ‘ ; neares Van der Waals 
a gas (A) solid (A) intermolecular (A) radii x2 (A) 
ee 1.989 2.02 2.52 3.60 
Br 2.284 oD aT 3.30 3.90 
I, 2.667 PAMAY 


3.54 4.30 


bonded to the halogen. To see the effect of the 
overlap integral S, we shall use the quantity 
defined by 
A= {\(€Qq) mole] —2|(eQq)atom|}/ {2|(€Qq)atom|} : 

This quantity was calculated from the data given 
in table I. On the other hand, A is approximately 
equal to S? by Eq. (1), because of smallness of 
Sqs/q- In table II, these A and S? are compared. 
The overlap integral was calculated by using 
Slater AO’s and the Mulliken’s table). For solid 
I,, the result by using the resonance switching 
model agrees well with S?. For solid Br, how- 
ever, the calculated S? lies between Ares and Amac. 
For solid Cl,, the asymmetry parameter has not 
yet been measured, but, as shown in table I]!)1%), 
auxiliary bonds with rather large fractional im- 
portance seem to exist. Though |(eQq)ons| of Cl. 
agrees with 2|(eQq)atom| aS shown in table I, this 
agreement may be accidental, because the con- 
tribution of overlap integral to |(eQq)ovs| cancels 
the decrease of |(eQq)ovs| due to existence of 
auxiliary bonds. 

Temperature dependence of overlap integral 
will influence temperature coefficient of the 
coupling constant. This effect due to overlap 
integral for halogens is roughly estimated to be 
about —2%x10-5 per degree and observed values 
are about —1x10-4 per degree. 

Values of g;/q in table II, caleulated by using 
hydrogenie wave function for 4, and by using 
Slater AO for v2, are very small, as is neglected 
at above discussions. 

In conclusion, I should like to thank Prof. S. 
Kojima for his deep interest and many helpful 
discussions. 
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Powder Density Measurement by Gas 
Burette 


By Atsuo NISHIOKA and Kyozo SEKIKAWA 


Electrical Communication Laboratory 


(Read at the annual meeting of the Society, 
October 19th, 1953) 


(Received July 10, 1954) 


To measure the density of fine particles of 
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about few microns in diameter, we used a gas 
burette in place of picnometer and measured 
directly the volume of the specimen, resulting in 
fairly accurate values in comparison with that 
of usual method. 


S Se 


As shown in Fig. 1 we at first open all the 
cocks and set the level of mercury in the gas 
burette at lower position. Then all the cocks are 
closed except S, and the dead space enclosed by 
Sz, S3 and Sy is evacuated. After evacuation, Sy, 
is closed, S, opened. By the change of the 
pressure in the right branch of the burette, the 
level of mercury globe is raised slowly so that 
both levels of the burette become equail again. 
So the volume difference is clearly equall to that 
of the dead space. 

By the similar operation in the ease of S3 
opened, we obtain the sum of the dead space and 
the cell volume. So the cell volume is easily 
obtained by the difference. Thus after the third 
operation of similar manner for the case of cell 
containing a specimen, the volume of the specimen 
is easily obtained. 

In our experiment we used the gas burette, 
about 13 ¢.c. in volume, 8mm in diameter, 0.05 
c.c. in one scale. The volume of the cell is about 
8c.c. and that of the dead space is 0.64¢.¢.. To 
find the equivalence of level, we read the scale 
at the two positions near it by the travelling 
microscope and calculate by interpolation method. 


Table I. 
Diameter in) Volume 
sani ae Cer Reference 
(Weight specimen y vahao 
Average) (¢.¢.) : 
5 1.542+0.011 7.26+0.05 7.38~7.4 
5 1.622+0.025 7.80+0.12 TS 
8 1.644+0.014 7.73+0.07 Te SHAT 
10 1.477+0.033 7.90-+0.18 7.86 


20 1.422+0.030 7.90+0.17 viee5) 


The accuracy of this method is mainly deter- |} 
mined by the volume of specimens, and the larger 
the volume, the better. In the case of empty | 
cell it is about 0.01 ¢.c. and when the cell con- 
tains a specimen it is about 0.03 ¢.c.. The overall | 
accuracy of density is about 1~2% in the case | 
of specimens about 1~2c.c., but becomes lower 
in the case of smaller volume. Our results are | 
shown in the following table 1 in the case of 
carbonyl iron powders. | 

The accuracy is shown in the reliable limit of | 
the mean value in the reliability of 95%. 

Also we obtained very good consistent results | 
in the case of pure metal blocks such as alumi- | 
nium, copper, and zine, but in the case of a | 
strong adsorptive fine powder such as carbon 
black, the final equilibrium is not easily attained, _ 
so that the reliable results cannot be obtained. | 
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An Evaluation of Plasma-ion Temperature 


By Osamu SHIMADA 


Faculty of Education, Yamagata University 
(Received July 12, 1954) 


For the study on the structure of plasma in 
low pressure gas-discharge-tubes, it is necessary 
to determine the physical quantities: density, 
velocity and temperature of electrons, of ions and 
of neutral molecules. Recently, the double-probe 
method has been introduced) to evaluate the 
electron temperature of high frequeney dis- 
charges. Therefore if we can evaluate the ion 
temperature we know other quantities in plasma 
because densities or velocities are joind to the 
ion temperature by well-known equations. I have 
tried to measure the ion temperature by the 
following three methods, where 7¢, 7» are the 
radil of probe and sheath respectively, the other 
notations are the same as in Loeb’s book.» 

First method.* The potential of floating probe 
inserted in plasma is expressed by 

kT to (TIM, 

Vos In Ge rae (1) 
The saturation current per unit length of a 

cylindrica! probe is 
> 4) 
aN @) 
- cB 

Here 8 represents Langmuir’s series,®) which is a 
function of rz/r¢. If we assume the value of 
ry, a measurement 7, yields V,, by the aid of 
Kq. (2). Therefore, measuring T_ and putting 


3) 


* This method was “suggested by S. Kojima, 
K. Takayama and A. Shimauchi (unpublished). 
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Vo; tp of Wall ees Electron Ton 16h Mean Dielectric 
; : of 1on tempe- tempe- 5 ; 
| ee | pascal eheath Fabure tae density velocity constant 
gee) ator a on | ae | fie J he IN[es. Bix € 
| 500 V | V mm oi ; eK | Se eenteee 
— ' = 1/em? em/see 
I | ne ee | — 0.75 21,800 1,670 2.5 x 1010 10.9 x 104 —6.5 
550 VC i: iene orem, =. 
II 80mA | -8.8 0.48 | 19,600 1,390 5.0 x 1010 TAx10 | = 1251 
| 600 V - ee i | 
III | 100 mA —9.5 0.45 | 21,700 2,050 5.2 x10 9.0 x 104 —12.8 
| 650 V 
IV |} 110 mA 9.8 0.42 22,000 6.4 x 1010 PBS MG! —16.2 
INSULATE 
Fig. 2. Detected current vs. shift of shorting 
plate. 
the previous paper.” 
Third method. Owing to the fact that evalua- 
Fig. 1. Diagram and characteristics of the tion of the thickness of sheathes is not very 


doubleprobe for saturation current. 


these values into Eq. (1) we can evaluate T,. 
Second method. Joining the well-known rela- 
tions, 


€=1-0,7/0, 


é=1+shift/S,© 


wo? =4ArNe?/M_, (3) 
I,,=eN +464F/4, ea V8kKT ,/xM,. + 
we get 
2M ,.62S?A4 ee 
D+ = 2nC*(Onr pl (shifty 
Tr 
~  ppX(shift)? * So 


Here ‘shift’ means the value of the difference 
between resonance point of Lecher system feed- 
ing another high frequency wave for measure- 
ment into h.f. plasma and that of non-plasma. 
Again, if we assume the value of ry, by measur- 
ing I, and shift, we can evaluate T, from Eq. 
(4). The details of this method was reported in 


simple, the writer tried the following method. 
Namely, considering Eqs. (1), (2) and (4) as 
simultaneous equations for T,, Vy, 7», we know 
8 from (2); and from the Langmuir’s table we 
can determine 7,, and so T',; consequently N,, 
ce, can be evaluated. 

The h.f. plasma used in this experiment was 
made by feeding power from a push-pull oscillator 
of T-810 (A=172 em) through a Lecher system into 
a cylindrical discharge-tube, filled with argon of 
pressure 3mmHg, whose geometry is 5em in 
diameter and 0.7cem in thicknes, two tungsten 
probes of 1mm in diameter passing through the 
tube. The shift curve was measured by an 
apparatus similar to that used by Kojima et al. 
to measure the microwave dispersion;®) the used 
h.f. wave length was 96cm. Double-probe method 
was applied for measuring T_. Figs. 1, 2 and a 
following table show a result. 

The reliability of these values is not very high, 
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because Eqs. (1)~(3) have their own applicable 
conditions. Especially ¢=1—w,?/m? does not hold 
in the plasma oscillation or near the dispersion 
point of «. Besides, the error of 7, amounts to 
about 40%, since the errors of 1, S, r,, and the 
shift are 14%, 12%, 8% and 6% respectively. 

The writer wishes to express his sincere thanks 
to Dr. S. Kojima for his discussion and to Dr. 
kK. Honda for his encouragement. The writer is 
also indebted to the Ministry of Education for 
the research grant. 
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Isotope Shift in the Spectra of Tin 
and Lead 


By Kiyoshi MURAKAWA 


Institute of Scinece and Technology, 
Komaba-machi, Meguro-ku, Tokyo 


(Received July 22, 1954) 


$1. Isotope Shift in the Spectrum of Sn II. 


Since the proton number of tin is 50, a magic 
number, it would be reasonable to assume that 
the nuclear intrinsic deformations of the even 
isotopes of Sn are relatively small compared with 
the even isotopes of neighboring elements.  In- 
vestigation of the isotope shift in the Sn spectrum 
would therefore be interesting and would offer 
some basis for testing the theory proposed by 
Wilets, Hill and Ford) concerning the isotope 
shift. 

The Sn‘spectrum was excited by a liquid-air 
cooled hollow cathode discharge tube, the dis- 
charge current being less than twenty milli- 
amperes. The hyperfine structure (hfs) was 
examined with a Fabry-Perot etalon. Of the 
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Fig. 2. Hfs of Sn II 45799. 


strong lines only Sn II £5799 and 245589 were 
found to exhibit measurable isotope shift. It was 
not possible to get Sn II 43994 (sp?4P3/.—6 2P1 2) 
and 43705 (sp?4Pi,,—6?Pi/2) and 43587 (sp24P; p. — 
6?P32) with strong intensity. 

Some of the interference patterns of 45799 is 
reproduced in Fig. 1, and the essential finding 
concerning the hfs of 45799 is presented in Fig. 2. 
Sn II 45799 was classified by McCormick and 
Sawyer» as 52D5j,—42F 7. However a simple 
calculation based on the nuclear magnetic 
moments*) of Sn 17 and Sn19 and the hfs splittings 
of the final level in these odd isotopes shows that 
at least 70% of 5s5p??D5, is contained in the 
wave function of the final level, which is there- 
fore named 5s5p??Dsy in the present work. 
Tolansky) also found that the central strong 
components of 45799 and 45589 are diffuse and he 
attributed this fact to an isotope displacement 
effect. 

From Fig. 2, we find 

Av(N62 — N66)/2Av(N66— N68)=1.37 
for Sn, where N represents the neutron number. 
For Cd, we find) av(N62—N66)/2Av(N66— N68) = 
1.48. These two are qualitatively equal, as is 
expected from the regularity in isotope shifts in 
other heavy elements. On the other hand we 
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find 2Av(N68—N70)/Av(N70—N74)=2.88 for Sn, 
and 0.88 for Te®. Inequality of these two are 
remarkable and show that neutron number alone 
does not determine the main feature of the 
isotope shift. 


§2. Isotope Shift in the Spectrum of Pb I. 


In the work on the Sn spectrum some Pb lines 
appeared as impurity lines, and the hfs of Pb I 
42613.7 was obtained without self-reversal. Al- 
though the measurement is not so accurate, the 
hfs is given in Fig. 8. It shows that Pb27 has 
a splitting of about—0.150em-! in 6p6d2D, and 
requires a revision of the interpretation of 44062 
published previously by the author”). The com- 
ponent 6 in Fig. 8 in ref. 7 appears only when 
zine is used as the hollow cathode that contains 
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Fig. 3. Hfs of Pb I 42613.7 and Pb I 44062. 


lead as an impurity, and should be discarded from 
the hfs scheme. The non-existence of this com- 
ponent was kindly pointed out to the author by 
Drs. Blaise and Chantrel who used a photo-electric 
devices) and a Fabry-Perot etalon coated with 
dielectric multilayers. Their excellent intensity 
measurement shows that the intensity ratio of 
a to c of 44062 (Fig. 8) is just 9:5. The isotope 
shift anomaly for 44062 reported in ref. 7 now 
disappears, but from the numerical values given 
in Fig. 3 (4062) it would seem that the c.g. of 
Pb7 in 6d2D, is slightly attracted (instead of 
showing repulsion) towards 6d%#,. Investigation 
to test whether this attraction is genuine within 
the error of measurement is still in progress. 
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Note added in proof. After the manuscript 
was sent for publication, we received the article 
of W. R. Hindmarsh, H. Kuhn and S. A. Rams- 
den, Proc. Phys. Soe. London 117 (1954) 478. The 
shift of the even isotopes of Sn in the line Sn 
II 26454 was studied by them with the aid of 
separated isotopes. 
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On the External Cathode Proportional 
Counter 


By Isao KUMABE and Masateru SONODA 
Department of Physics, Faculty of Sctence, 
University of Kyoto 
(Received July 29, 1954) 


An external cathode proportional counter is 
very simple in its construction and has a very 
long life-time as compared with an ordinary pro- 
portional counter. It was described by a few 
workers, but its characteristics are not yet 
decidedly known. We therefore studied some 
properties of such a counter and found it quite 
satisfactory for use. 

The counter used is shown in Fig. 1. The 
envelope is of an ordinary soda-glass and 1mm 
in thickness. A thin layer of aquadag is coated 
on its outer surface and used as a cathode. The 
varnish is painted on the glass surface between 
the cathode and the central wire in order to avoid 
the large electric leakage, and the aquadag ring 
coated in the varnish layer was used as a guard 
electrode. Observations were made for the 
pressures of 40 and 57 emHg of the tank methane 
by introducing a collimated beam of Po a-particles. 
The Po source on the iron piece was sealed in a 
small tube connected coaxially to the counter, 
which could be put forward or backward by a 
magnet from the outside of the counter. 

The characteristic curves are shown in Fig. 2. 
Except for the region of low counter voltage, 
the gas multiplication factor is represented by a 
straight line in the semi-logarithmic scale and its 
slope is such that the gas multiplication factor 
increases by 1.7 times when the counter voltage 
is increased by one hundred volts. This slope 
seems to be the same as that of the ordinary 
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Ei oseeelic 
Counter A: outer diameter 20mm, central wire 
diameter 0.1mm. 


Counter B: outer diameter 283mm, central wire 
diameter 0.1mm. 
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Fig. 2. Gas multiplication factor plotted against 
counter voltage for pressures of 40 and 57cm 
Hg respectively. Solid- and dotted-line curves 
represent the experimental curves for counter 
A and counter B respectively. 


proportional counter. Moreover, no change of 
the pulse height was found, after the operation 
at large counting rate (5000 counts per minutes) 
for about one hour. When the counter voltage 
was increased to higher values, the counter be- 
came sensitive to f-rays and y-rays. 

Thus, our counter seems to have the similar 
characteristics to those of the ordinary propor- 
tional counter and be quite useful in nuclear 
studies. 
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The Electrode Surface-Gas Interface as the | 
Seat of the Joshi Effect under Silent 
Electric Discharge 


By S. R. MoHANTY 


Physico-Chemical Laboratories, Banaras 
Hindu University, India 


(Received August 10, 1954) 


Harries and von Engel,” and Khastgir?) found , 
that the Joshi effect -- Az, the instantaneous and 
reversible photovariation (diminution -—A? and 
enhancement +Az) in the discharge current 7. 
through gases (and vapours) due to an exciting | 
potential V, is associated with the electrode 
surface-gas interface. Agashe,*) on the other | 
hand, emphasises the role of the positive column | 
in the production of the effect. In view of this | 
nonconcurrence of existing results, it was desir- 
able to study in some detail +A in different parts 
of the discharge. 


| 
1 
| 
| 


Fig. 1. Production of the Joshi effect in oxygen 
under ‘Sleeve’ excitation. 


[H.T., the high tension electrode; L.T., the 
low tension electrode; V.J., Cambridge vacuum 
thermocouple (‘Vacuo-junction’); G, galvano- 
meter] 


The discharge was produced at different V(4~11 
kV rms, 50 cycles/second) in pure oxygen (28-81 
mm Hg, 29-30°C) contained in cylindrical glass 
tubes (7.0-8.2mm internal diameter) with ex- 
ternal ‘sleeve’ electrodes. Each ‘sleeve’ was 
formed of a single turn of bright copper wire 
(diameter 0.48mm). The current 7 was observed 
on a Cambridge vacuum thermocouple (‘Vacuo- 
junction’, V.J.)—galvanometer (G) system (Fig. 1) 
in dark (?p), and when different parts of the dis- 
charge were irradiated (iz) with a 2.5mm wide 
intense light (3700-7800A) beam. This last was 
obtained from a 500 watt, 200 volt, incandescent 
tungsten filament lamp, and an appropriate slit 
and lens assembly. A representative set of results 
is contained in Table I, and shown graphically in 
Fig. 2. The ¢ values are in square roots of the 
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Table I. The Joshi Effect in Different Regions 


of the ‘Sleeve’ Discharge. 
p®,: 28mm Hg (30°C). Internal diameter 
of tube: 7.0mm. 


Distance 


| 6.4kV@ms); | 10.66 kV(rms); 
from H.T. - Ss p= 1864 
(mm) | iz +At +%Ai| i, -—Ai ~—%Ai 
~20 Paco) mans h78 geaceisy ts 
10 | 2.65 1.65 165|12.491.15 8.4 
O(H.T.)| 7.21 6.21 621 | 12.21 1.48 10.5 
+10 | 4.69 3.69 369 | 183.23 0.41 3.0 
20 a. COMO waootaEree i ek 
25 Eft ee Se Ce eee 
30 2000 100, “100118. Gee a 
40 2.45 1.45 145| 18.28 0.41 3.0 
50(L.T.) | 3.74 2.74 274] 12.96 0.68 5 
60 2.00 1.00 100] 138.270.3837 2.7 
70 if = _ 
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corresponding galvanometer deflections. The net 
effect +Ai is given by tp~i,, and the relative 
effect +%At by (+At/tp) x 107. 

It will be evident from Table I (cf. Fig. 2) that 
+aAi is maximum at the two electrodes, and 
diminishes rapidly on either side; the effect is 
either absent or inappreciably small in the middle 
regions of the discharge. Furthermore, there is 
dissimilarity between the high tension (H.T.) and 
the earth connected low tension (L.T.) electrodes 
as regards +Ai; the magnitude of this last is 
generally larger at the H.T. than at the L.T. 
The effect +Ai observed on either side of the 
electrodes is attributable to unavoidable diffused 
light reaching the electrodes from the irradiated 
parts of the discharge tube. There is indeed 
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sufficient experimental evidence now for the sur- 
face origin of the effect.0)67) 
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Sur la Résistance a la Rupture du Verre 
a la Basse Pression* 


Par Nobuzo TERAO 


Institut de Physique, Faculté des Sciences, 
Université de Tokyo 
(reeu le 27 aout 1954) 


Nous avons étudié jusqu’ici la résistance a la 
rupture du verre au point de vue statistique en 
introduisant la probabilité de rupture ». D’apres 
les résultats obtenus, les influences de la tension, 
de la vitesse de la charge”), de la température*) 
et de l’humidité permettent d’exprimer ,» par la 
formule 


p=aexp (-“28F ) (els) 
1.2 10" kgyom? 
‘mq 
lI 
KO) 
@) 25 50 75 cmHg 
— pression 


Fig. 1: Résistance moyenne a la rupture. 


ou Ey représente |’énergie d’excitation de rupture, 
f la tension, Bf l’énergie apportée par la force 
extérieure, k la constante de Boltzmann et T la 
température absolue. 
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On sait déja que la résistance a la rupture du 
verre augmente dans le vide’). Pour établir a 
quelle variation de Hy et de f correspond cette 
augmentation, nous avons mesuré la résistance 
a la rupture du verre a la basse pression. 


pression 


(1) * 76 emHg 
7(3) (2)Rxa SO . 
74) (3) &@ 20 ” 
/ 4)o Ol - 


1500 kg/cm 


Fig. 2. Relation entre log » et la tension f. 
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On dispose un échantillon de verre au Sodium- 
Calcium d’une largeur de 10,0mm et d’une 
epaisseur de 1,75 mm, horizontalement. sur deux 
appuis cunéiformes placés a un intervalle de 
100 mm dans une cloche a vide ot la pression est 
maintenue a une certaine valeur et on impose au 
point central de l’échantillon une charge qui 
augmente proportionnellement au temps grace a 
un appareil de rupture a electro-aimant de méme 
type que celui qu’employaient autrefois MM. F. 
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W. Preston et T. C. Baker®). La vitesse de la’ 
charge était de 28,0 g/see, la température d’environ i 
8°C. Nous avons ainsi mesuré la distribution de ||| 
la résistance & la rupture dans les cas ou la || 
pression atmosphérique était respéctivement de |, 
76 (Vhumidité relative était de 70%), 50, 25 et || 
0,1 em He. 

La résistance moyenne fm augmente dans l’air 
a basse pression comme on le voit sur la Fig. 1. } 
La Fig. 2 montre la relation entre log,» et la | 
tension f exprimée par l’effort maximum de 
tension au point central de l’échantillon. La Fig. |} 
3 montre la variation de 8 et l’énergie d’excita- 
tion de rupture HZ) dans le cas ot I|’on suppose | 
que a=10" see-!. 

Nous nous sommes ensuite assuré que la rela- 
tion suivante obtenue précédemment™) entre la 
grandeur moyenne 7 du foyer d’éclatement de la 
cassure du verre et la tension f, est bien 
vérifiée : — 


T—-Ip=C exp(-<f ) (2) 


ou J) exprime Ja grandeur la plus petite du foyer 
d’éclatement, C et « des constantes. 

Je remercie trés vivement M. le Professeur M. 
Hirata d’avoir bien voulu m/’encourager a 
poursuivre la présente étude et m/’aider de ses 
conseils. Ce travail a pu étre réalisé grace a une 
allocation du Ministeére de |’Instruction Publique 
que je remercie également. 
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Errata 


On the Subsonic Flow of a Compressible Fluid past an Axisymmetric Slender Body 


By Ken-ichi KUSUKAWA 
J. Phys. Soe. Japan 9 (1954) 605-610 


Page line 
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605 17 Sn case : : 21-2) 
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With the multiplate cloud-chamber, cosmic-ray cascade showers up 
to 800 Mev were examined with respect to the shower curves and 


fluctuation. 
the Wilson’s Monte Carlo curve. 


shower particles seems to be of the Poisson type. 


The form of the shower curve is in good agreement with 
And the fluctuation in the number of 


From the Shapiro’s 


experiment and the authors’, Wilson’s results seem to be most reliable 
in both the absolute value and the form of the shower curve at least 


up to 800 Mev. 


$1. Introduction 

When the cloud-chamber photographs of the 
cosmic-ray mixed showers are analysed, it 
will become very important to find the energy 
of the associated cascade showers. For this 
purpose, comparing the observed shower de- 
velopment with the theoretical shower curves, 
the energy of the cascade showers may be 
estimated. In this case, it must be considered 
whether the theoretical shower curves are 
true or not, and how much the electron num- 
bers fluctuate in the cascade showers. 

Hitherto, the shower theories have been 
developed by many authors!)’® but their re- 
sults are considerably different from each 
other in both the shower curves and _ fluctua- 
tion, corresponding to the approximations and 
the methods of calculation used. And there 
have been a few experimental studies?” on 
the features of the cascade development, but 
they have been limited up to a few hundred 
Mev. 

Therefore, it is important to examine the 
reliability of the shower theories in higher 
energy region. For this purpose an experi- 
ment by cosmic-ray showers was carried out 
with a multiplate cloud-chamber. 


§2. Apparatus 


The arrangement of the apparatus used in 
this work is shown schematically in Fig. 1. 
The apparatus was placed at sea level. The 
chamber is of rear-illumination and lateral- 
expansion type. Its size is 60x60 40cm and 
its ceiling is made of lcm Fe. 

Shower producer 5} (83cm Fe) was located 
above the chamber. The chamber contained 


seven lead plates of 1cm thickness (2 radia- 
tion lengths). 
To avoid the ambiguity due to the bias for 
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Schematic View of the Apparatus. 
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selection of cascade showers in counter-con- 
trolled cloud chamber experiment, it is de- 
sirable to observe the cascades associated 
with the hard showers. Therefore, the cham- 
ber was operated by hard shower coincidence 
A(>2)+ B(C=2)+C(E1), and was photographed 
stereoscopically with two cameras. 


§3. Analysis 


About 500 photographs were taken during 
this experiment. But on the examination of 
the transition curve of the cascade showers, 
one should be careful of the selection of data. 
With the triggering master mentioned above, 
one expects to observe in the cloud chamber 
photographs; (1) penetrating showers and 
mixed showers produced in 5) or chamber 
ceiling or Pb plates (2) cascade showers origi- 
nated from the electronic components of high 
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energies (3) knock-on showers by /-mesons. 

To minimize the bias in favour of the showers 

of slow development or of fast extinction, and 

to pick up the photon initiated showers, the 
following criteria were required, 

(1) Cascade showers must be associated with 
penetrating showers, and be confirmed not 
to contribute to the coincidence. (Or shower 
must be random cascade shower and of 
photon origin.) 

(2) The axis of the shower and whole of the 
shower particles must fall on Pb plate, in 
other words, shower must not escape half 
way out of the chamber. 

(3) Shower must be absorbed entirely in the 
chamber ; that is, there must be no shower 
particle in one or more successive gas spaces 
at the tail of the shower. Therefore none 
of the shower particles is not to be observ- 
ed at least in the lowest space. 

In the transition curve obtained by these 
data, slightly higher absorption should be ex- 
pected than in truth, because there can be 
the case of missing-link development under 
the cloud chamber. But this probability is 
considered to be very small. 


frequency 
10 
5 
fo) 
(e) 10 20 30 40 50 60. deg. 


Fig. 2. The Distribution of the Projected Zenith 
Angles of the Shower Axes. 


In this manner, 35 showers were selected. 
Among these, about 90% are cascades as- 
sociated with hard showers and 10% are of 
random nature. Each of them was examined 
with respect to the following points:— 


(1) the origin at which the shower initiating 
particles were produced. 

(2) the number of electrons observed in each 
space between lead plates. 

(3) projected zenith angle of the shower axis. 
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Thus the shower initiating particles of the 
cascade showers were mostly created in the 
Fe producer (31). For those showers 2 r.1. 
were added to the lead absorber thickness 
traversed. (Fe producer 1.5 r.l. and Fe cham- 
ber ceiling 0.5 r.l.). 


It is necessary to classify the showers with | 


respect to their energies. The sum of the 
electron number WV in each space was taken 
for each shower, and the total number of 
electrons >; N was considered to be fairly 
proportional to the primary energy &. All 
showers observed were classified with respect 
to 2% N as shown in Table I. 


Table IJ. Classification of Observed Showers 
Average Energy 
No. of Estimated, 
Class ~N Showers Using Wilson’s 
Observed Monte Carlo 
Results 
1 7~12 250 (Mev) 
2 12~17 mil 350 
3 17~22 9 450 
4 20~30 10 500 
5 30~40 fi 800 (see § 4) 


The distribution of the projected zenith 
angle of the shower axis is shown in Fig. 2. 
Average angle obtained from this distribution 
was 15°, and the correction to the absorber 
thickness (about 10%) was neglected. 


§4. Shower Curves and Comparison with 
Theories 


To compare the theoretical shower curves 
with the experimental, average number of 


electrons N was taken at 2, A 16; Oe Ona 
and 14 r.l., for each class mentioned above. 
The results are shown in Fig. 3 (a)-(e). The 
errors attached to the experimental values 
are the ordinary standard errors. 

These results were compared with the 
theoretical curves corresponding to the photon 
initiated showers*. The curves of Snyder 
and Wilson are shown in Fig. 3 as the typical 
ones. Snyder’s# curve calculated under ap- 


proximation B is normalized so that \, N(t) 
0 


dt is equal to E)/B. 


* 


So, for convenience, 


The position of experimental shower maxi- 
mum is close to that of the photon initiated 
shower in Snyder’s theory as well as Wilson’s. 
And it seems to be reasonable from the present 
criteria for selection of the cascades. 
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Fig. 3. Experimental results in comparison with the theoretical curves. 
(The full curves show the Wilson’s Monte Carlo curves, and the 
dashed ones are Snyder’s curves. The energies are shown in the 


figures.) 


curves which satisfied the relation Z)/8=2S:N Fig. 3 is Wilson’s®) Monte Carlo curve which 
includes the effect of multiple scattering in 


(experimental) as an approximation of | Nit) af 
? lead. It was chosen so that \ Neat= D>, IN. 
0 


x dt were taken for comparison. f is the 
ionization loss per radiation length and was m- is the number of observed electrons of all 


assumed to be 7.5 Mev. Another curve in energies. 
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Now, comparing the forms of the shower 
curves with the experimental results, Wilson’s 
curves seem to be in good agreement with 
the experimental points within the limit of 
errors. The error-bars shown in Fig. 3 are 
the standard errors, assuming that the dis- 
tribution of electron numbers at any thick- 
ness is of Poisson type. (see section 5) There- 
fore, it might be necessary to consider that 
the errors may be slightly larger. But in any 
way the agreement with Wilson’s curves seems 
to be very satisfactory. 

On the other hand, Snyder’s curves deviate 
considerably from the experimental points. 
In Fig. 3 it is clearly seen that (1) the shower 
maximum appears at slight smaller absorber 
depths, (2) electron number at shower maxi- 
mum is much greater, and (3) electrons are 
absorbed much more rapidly, in comparison 
with the experimental results. Therefore, the 
use of complete screening cross sections for 
radiation and pair production may not be good 
in the case of lead, and it is necesssry to take 
into consideration the effect of change of cross 
sections with energy. 


frequency —-— * Frequency distribution 
6 expected from Poisson 
type fluctuation 
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Fig. 4. Distribution‘of Experimental Values of 
<(N-NY> av/N. 


The effect of multiple scattering must be 
taken into account when the energy of the 
incident particle is concerned. The value 
22 EN =| n_Bdt corresponds to the ioniza- 

0 
tion loss of the counted electrons when they 
are assumed to go straight-forward along the 
shower axis. Therefore, by considering the 
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effect of multiple scattering, the total ioniza- 
loss becomes naturally greater than) 


tion 
[; mea hence By >\" neat The effect of | 
0 0 | 


multiple scattering was not examined in this | 
experiment. But the electrons off the shower | 
axis by more than 30° were observed rather | 
frequently. For these electrons of low energy, | 
the correction for the multiple scattering 
effect cannot be neglected. In fact, according 


to Wilson, [" et amounts to only 60~70% 
0 


of total ionization loss, or /p. 


§5. Fluctuation 


To find the fluctuation in the number of. 
shower electrons from the average number - 


WN in each energy class and at each thickness, 
the mean square deviations divided by WN, 
o? exp./N=<(N—N)?> Ap. exp./N, were cal- 
culated. And it is desirable to find dependen- 
cy of o?/N value at each thickness on the 
primary energy. But because of the poor 
statistics in this study, it could not be re- 


cognized. So, all the values o?exp./N cal- 
culated at each absorber thickness in each 
energy class are shown together in the histo- 


gram form (Fig. 4). From Fig. 4, the o2/N 
values extend from 0.2 to 2.6 but their dis- 
tribution is very near to the theoretical curves 
expected from Poisson type fluctuation. 
However, one should be careful in discus- 
sing the type of fluctuation (Poisson, Furry, 
Polya, etc.) In the first place, sufficient num- 
ber of data must be taken for such statistical 
problems. In the second place, primary ener- 
gies are not unique in the present case. 
Though the fluctuation in the value S| N as 
energy indicator is not yet known even in the 
case of unique energy, the range of S\N 
taken as the energy class in this study might 
be too narrow. Therefore the extended width 


in | N was taken and o?/N was obtained for 
it, and the deviations due to different primary 
energies were subtracted. But this value of 


o?/N did not change essentially. 

Accordingly, it may be true that the fluctua- 
tion of the number of electrons is rather 
close to the Poisson type in the present energy 
region and absorber thicknesses. But the 
Polya type fluctuation in the case of small 6 
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can not be excluded,** for the poor statistics 
in this study. It must be noted that the dis- 
tribution obtained by the Monte Carlo method® 
is different from the Poisson distribution in 
small number of electrons but the values of 


o?/N are 1.2~1.5 at small thicknesses and 
low energies. 


$6. Conclusion 


It was shown by this experiment that the 
Wilson’s Monte Carlo curves are correct at 
least in the ‘form’ up to high energies, say 
800 Mev, although the energies of the incident 
particles could not be found experimentally. 

Shapiro® used a multi-plate cloud chamber 
and examined the showers with 200 Mev. 
electrons incident, and it was reported® that 
his results were in very good agreement with 
the Monte Carlo ones inciuding multiple scat- 
tering. 

Therefore, from the Shapiro’s experiment 
and the present one, it may be concluded 
that at least up to 800 Mev. Wilson’s results 
are most reliable. 

In the end, the authors wish to express 
their heartfelt thanks to Prof. Y. Watase for 
his very helpful discussions and advice. 


A Study of Shower Curves 


887 


Thanks are due to Prof. W. E. Hazen of 
University of Michigan and Prof. R. R. Wilson 
of Cornell University for their kind letters, 
in which they have given precious criticisms 
and instructions. Finally the authors wish to 
express their gratitude to Mr. Tomizo Shiota 
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A general expression for the frequency-dependent susceptibility of 
a magnetic system is derived by a quantum-statistical method based 
on the linear theory of irreversible process. This fundamental equa- 
tion provides a physical ground for the so-called Fourier transform 
method for computing the resonance line contour. The auto-correlation 
function, or the relaxation function of the magnetic moment, that is 
the Fourier transform of the absorption intensity distribution, can be 
expanded in terms of the perturbation energy, which is assumed to 
be responsible for changes of the resonance spectrum from the 
unperturbed distribution. A general method is shown how to choose 
from the expansion terms those which contribute to a particular line 
of interest. This is a generalization of the method of using projection 
operators. The customary moment method is examined from this 
point of view. Introducing a further assumption, we propose a 
method for computing the contour of resonance lines from the obtained 
expansion. This may be regarded as the quantum-mechanical formula- 
tion of the idea employed by Anderson and Weiss for the exchange 
narrowing problem of paramagnetic resonance. The problem of 
motional effect on the broadening is treated from this general point 
of view. Particular applications of the theory to the motional effect 
of the dipolar broadening in nuclear magnetic resonance and to the 
exchange effect in paramagnetic cases are also discussed in detail. 
Some basic equations such as used by Bloembergen, Purcell and Pound 


for nuclear magnetic case are reexamined and corrected. 


§1. Introduction 


In recent years, a great progress has been 
achieved in the field of the magnetic resonance 
method. For the nuclear magnetism, the new 
field of the nuclear induction method and the 
nuclear magnetic resonance absorption was 
opened by Bloch, Purcell, and their collabo- 
rators»), An extensive study was made by 
Bloembergen, Purcell and Pound on the nuclear 
magnetic resonance absorption in condensed 
phases*). Since then, a great number of papers 
have appeared concerning with the magnetic 
resonance spectroscopy of nuclear magnetism, 
paramagnetism, ferromagnetism, and also of 
antiferromagnetism. 

One of the most important and interesting 
things coming out of these investigations is 
the fact that the observed resonance spectra 
reveal the mechanism of interactions existing 
between the resonating magnetic moments 
and their surrounding. Thus, for instance, 


the shift and split of some paramagnetic reso- 
nance lines may enable us to analyse the 
crystalline fields and the hyperfine interactions 
acting on the magnetic ions. The broadening 
of the spectral lines and the relaxation effects 
may provide us important indications to the 
mechanism of interactions and the dynamical 
behaviour of the interacting degrees of free- 
dom such as the atomic motion in the nuclear 
magnetic case and the spin motion due to the 
exchange coupling in the paramagnetic cases. 

From the theoretical point of view, the 
problem is relatively simple if the fields on 
each of the magnetic moments are independ- 
ent. The spectra of certain paramagnetic 
materials are determined by the crystalline 
field due to the surrounding ions and by the 
hyperfine interaction with the nucleus of the 


* A part of this study was presented to the 
International Conference on Theoretical Physics 
held at Kyoto, September 1953. 
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paramagnetic ion. Theoretical analysis be- 
comes more complicated when the magnetic 
moments are coupled together directly or in- 
directly and the fields on these moments are 
correlated. Typical examples of this kind of 
interaction are the dipolar and the exchange 
interactions. 

The effect of dipolar interactions was first 
treated by Waller? and later by Broer®) and 
Van Vleck®. For the nuclear magnetic reso- 
nance absorption, Bloembergen, Purcell and 
Pound®) made beautiful analysis of their ex- 
periments on the basis of these theories. In 
particular, they showed most clearly the effect 
of the nuclear motion on the dipolar broaden- 
ing, which was treated as a sort of random 
modulation of dipolar field owing to the Brow- 
nian motion of the atomic nuclei. An effect 
essentially similar to this motional narrowing 
was predicted by Van Vleck and Gorter” for 
the paramagnetic resonance absorption in the 
presence of exchange coupling between the 
paramagnetic spins, which was proved later 
by experiments. More recently, Anderson 
and Weiss® presented a theory which treats 
the motion of spins induced by the exchange 
interaction as a stochastic process and makes 
it possible to describe the line shapes in a 
fairly reasonable way. This stochastic theory 
has been developed further by Anderson”. 
This method goes a step further than the 
moment method, which was employed by Van 
Vleck for the same problem, and gives under 
certain conditions, more detailed description 
of the narrowing process. As a matter of 
fact, the stochastic method may also be re- 
garded as a direct extension of the theory of 
Bloembergen, Purcell and Pound for the mo- 
tional narrowing of the nuclear magnetic cases. 
It is, however, to be admitted that the quan- 
tum-mechanical grounds of these theories have 
not been made very clear, in contrast to the 
moment method for which a rigorous formu- 
lation is accessible from quantum-mechanical 
principles. 

The purpose of the present paper is, there- 
fore, to give a more satisfactory formulation 
of the general theory of the magnetic reso- 
nance phenomenon. We begin in Part A with 
a quantum-mechanical theory of frequency- 
dependent susceptibilities of magnetic sys- 
tems, which is beyond the scope of the 
statistical-thermodynamic theory of equilibri- 
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um states and so necessarily is related to the 
statistical mechanics of non-equilibrium states 
or the theory of irreversible processes in 
quantum-mechanical systems. We shall not, 
however, go so far into the complication of 
general treatments of irreversible processes, 
but shall confine ourselves to the simple case 
of the linear theory, which assumes that the 
external disturbance is always small and the 
response of the system to it is linear. It will 
be shown there that the frequency-dependent 
susceptibilities are essentially the Fourier trans- 
forms of auto-moments of the magnetization 
vectors, which may be called the relaxation 
function of the magnetization. This is the 
physical basis of the Fourier-transform method 
applied for this particular case of magnetic 
resonance phenomenon. 

Part B deals with quantum-mechanical calcu- 
lation of the relaxation function. Our funda- 
mental assumption is that the motion of the 
magnetic system is described by an unper- 
turbed Hamiltonian $4) and a small pertur- 
bation 2’. The separation of 3) and $4’ must 
be chosen in such a way that the unperturbed 
Hamiltonian %» will give a reasonable approxi- 
mation to the observed structure of the 
resonance curve which is modified by the 
perturbation 94’. Thus we make use of a 
perturbation calculation and expand the relax- 
ation function into a power series of SY’. 
This is most conveniently done by taking the 
interaction representation in which the motion 
of the magnetization is now looked from a 
reference system moving with the unperturbed 
motion of the system. With this technique 
we can find a natural way to separate the 
expansion terms into groups each of which is 
correlated to a particular line of the unper- 
turbed resonance spectra. This is a generali- 
zation of the method of projection operators 
used by Pryce and Stevens! to pick up those 
matrix elements which are needed to calculate 
the moments of a particular line of interest. 
The most essential assumption of our method 
is discussed in §4. Namely, we assume that 
each part of the relaxation function associated 
with each of the unperturbed resonance lines 
can be approximated by an exponential func- 
tion, the exponent of which can be calculated 
with the use of the expanded series of the 
relaxation function. This is, in fact, mathema- 
tically equivalent, or at least similar to those 
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assumptions adopted by Anderson and Weiss 
for their stochastic treatment, and enables us 
to predict the line shapes of resonance lines 
in a certain approximation. Our assumption 
relies upon the validity of perturbation calcu- 
lation and on the belief of the success of the 
quantum-mechanical theory of irreversible pro- 
cess. Relations of the present method and 
the moment method will be discussed in §5, 
where some remarks will also be made on 
the so-called adiabatic approximation. 

Our method will be applied in §6 to a 
general treatment of the motional effects, that 
is the motional narrowing of the width and 
an additional broadening effect due to the 
non-secular perturbation, in the second order 
approximation. This is based on the model 
that the unperturbed motion of the system 
consists of two kinds of modes, one of which 
gives rise to an organized motion of the 
magnetization vector and the other affects the 
resonance spectrum indirectly through its in- 
fluence on the perturbation $%’, modifying 
thus the pattern of the distortion of the spect- 
rum due to 4’. The non-secular broadening 
effect is naturally related to the so-called spin- 
lattice relaxation effect though not quite the 
same. Rigorous relations of these two will be 
examined there in detail. 

Last two sections, §7 and §8 will be de- 
voted to the applications of our theory to the 
motional effect in the nuclear magnetic reso- 
nance absorption and the exchange effect in 
the paramagnetic resonance. Some results of 
former investigations will be corrected. 


Part A. Fundamental Equation of the 
Magnetic Dispersion and Absorption. 


$1. Relaxation Function and Susceptibility 


First, we shall discuss the general theory 
of magnetic dispersion and absorption pheno- 
mena and derive fundamental equations to cor- 
relate the susceptibility and the relaxation 
function to the dynamical properties of the 
system we are concerned with. This will be 
done on the basis of quantum statistics and 
in the limitation of the linear theory, which 
means that the response of our system to the 
external disturbance is treated only in the 
first order of perturbation theory. Thus, our 
treatment corresponds to the so-called linear 
theory of irreversible processes. As we shall 
see later, the relaxation function is essentially 
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the Fourier transform of the frequency- 
dependent susceptibility, so that we may ob- 
tain here some deeper insights into the logical 
relation of the general theory of irreversible 
processes and the Fourier-transform theory of 
spectral lines. 

Let us consider a sample of a certain mag- 
netic material in an oscillating magnetic field, 


A,(t)=A, cos ot , (Gigi) 


with the wave-length very large compared to 
the dimension of the sample. Then the in- 
duced magnetic moment of the sample will 
be expressed as 


Mina(t) =Re(¥ —2x’’) Hi, exp (¢wt)V 


=(X' coswt+%’ sinot)MV, (1.2) 


where V is the volume of the sample and 


CSN =i", Viss 


is the complex susceptibility.* 

Since we confine ourselves to the linear theory 
as incorporated in the assumed linearity of 
Ming and HM in Eq. (1.2), our problem is now 
to calculate the magnetic response of the 
system in the first order of the external field 
H,. This kind of problem can generally be 
solved by a first order perturbation method. 
We can apply here two approaches, the one 
of which might be called the relaxation func- 
tion method, and the other the more direct 
application of the ordinary perturbation me- 
thod. Leaving the discussion of the second 
to the Appendix, we shall adopt here the first 
method. 

The relaxation function is the function which 
describes the time change of the response 
after the external disturbance is cut down to 
zero. Thus, we now suppose a constant mag- 
netic field H; is applied from t=—co to f=%, 
when it is suddenly removed. We may then 
assume a canonical distribution, 


,__exp{—h(#—-M.M)} 
Tr exp {—B(#@—HiM)} ’ 


for t=—oco to t=. Here 3 is the Hamil- 
tonian which describes the dynamical nature 


(1.4) 


* It must be noted that y’ and y’’ defined by 
Eq. (1.2) are not necessarily material constants, 
but may depend on the shape of the sample if 
the effect of the demagnetization field is taken 
into account. But, keeping this in mind, we use 
in the following these conventional suscepti- 
bilities. 
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of the magnetic system in the absence of the 
disturbing field Hi, and M is the magnetic 
moment operator. For £>2), the density ma- 


trix will follow the equation of motion, 
tho=Ho—p# , (1.5) 


so that at the time 7 the time dependent 
density matrix is given by 


o(t)=exp (—a(t—t))9/A)0’ exp (¢(¢@—-h)#/A) . 
(1.6) 


Therefore, the expectation value of the mag- 
netic moment operator M will be 


M(t)=Tr o()M 
= Tr {exp (—7(t—t))#/h)o’ exp (a(t—t)) ¢/4)M} 


lie pa), (ligt) 
where 
M(t)= exp (t(t—h)#/4)M exp (—7(t—h) #¢/%) , 
Cis) 


is the Heisenberg representation of the mag- 
netic moment following the equation of motion 


ihMit)=Mi@)e—3eM@), = (1.9) 
with the initial condition 
Mit)=M. (1.10) 


Now, using the expansion, 
exp (—#(A+B)) 
B ; 
=exp (—BA)}1— dG exp (AA)B exp (—2A) 
0 


B r 
+| diy | 1 di, exp (4,A)B exp (—(A1—42)A) 
0 0 
x Bexp(—hA) tf, 
which is easily obtained from the identity 


exp (8A) exp (—B(A+B) 
=1-\’ di exp (AA)B exp (—A(A+B) , 


0 


we find the first order approximation of 0’, 
Ea. (4); to ‘be 


o’ ={exp (— B3¢)/Tr exp(—B#)} 
z {i+ le da exp (A9) H,(M—Mh) 
0 
ere 1+ OU?) 


Thus, retaining only the first order of Ay, 
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the last expression of Eq. (1.7) is written as 
= = B 
M(t)=M) +| di 
0 
x Tr oo exp (AY) A, (M—M,) 
X exp (— AZ?) M(t—t)) + OU”), (1.11) 
with 
Oo= exp (—B2#)/Tr exp(—B#), (1.12) 
and 


M,=TrpM, (1-43) 


which is the magnetic moment of the system 
with the unperturbed Hamiltonian 3. Hence, 
in the linear theory, the relaxation function 


b as a tensor defined by 
M(t)—M, =H, 9(t—to) 5 
is expressed by 
$(t—lo) 
=|" <exp (2ze\(M—Mh) exp (— 138) Mt—t) 


(1.14) 


=|" (MM(t—t)+éh3)dA—BM,My) , (1.15) 
0 


and the transposed tensor of ¢, defined by 


Mit)—M,=¢(t—t)M , (1.14a) 
is given by 
ryt —ty) 
s iy di MyMe(t—ty-+if2)y —BMoxMoe , 
(1.15a) 


ss \ diXexp (A#?)M.(t—to) exp (— AZ) My 


—BMo2Moy 
=|’ dK MAt—to —1hi)M,)>— BMyxMoy . 


0 
(1.15b) 
In these expressions and in the following, the 
averages are defined by 


(A=Tr A. 


The expression (1.15b) is obtained from (1.15a) 
by changing the integration variable A to 
B-2. 

Eqs. (1.14)-(1.15a) are straightforward gene- 
ralizations of Takahashi’s theory’? for clas- 
sical systems to quantum-mechanical systems. 
In the classical limit, #0, Eqs. (1.15) and 
(1.15a) become 


(1.16) 
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(t—t))= B{C(MMt—th)) MM} 


p(t —tr) =B{{M)t—t)M)—M.M)} . 

CIFIC) 
we shall see in the next section that Eq. 
(1.15c) holds also in quantum-mechanical cases 
under a certain condition. 

The quantum-mechanical expression for 
M(t) for an arbitrary function Ay(Z¢) is obtained 
easily from our relaxation function. Assum- 
ing that 


F(—)=0,  p(=o)=py, C17) 


that is to say, assuming that our system has 
been in equilibrium at ¢=—co with the un- 
perturbed Hamiltonian 3 and that the perturb- 
ing field Hi(¢) has been switched on adia- 
batically at #=—c and applied up to ¢=?, 
we see that the expectation of M at the time 
Z is 


Mit)—M,= | 1 ne —e)bme at 
(1.18) 
= wort) —\ oe By aes ) dt ; 
onc dt 
(1.18a) 


because dd(t—?t’)/dt’ represents the response 
of the system for ¢>2’ when a 0-type distur- 
bance is applied at ¢. Inserting Eq. (1.15b), 


we have 
adg(t—t’) _ dp(t—t’) 
dt’ dt 


-\’ dh Lexp (A) \- Pyfaehy 
: dt 
% exp (—A%#)M) 


Peck 
a | dd Cexp (AF)M, #] exp (—AH2)M) , 
0 
(1.19) 


for this response to a pulse. Writing the ex- 
pression explicitly in the representation dia- 
gonalizing 3%, we observe that Eq. (1.19) is 
equivalent to 


d poll ut, 
— Gy batt) = (Met), My] , 
(1.19a) 


which is a direct consequence of the appli- 
cation of the usual perturbation method as 
will be discussed in the Appendix. Usui and 
Kambe have made use of equations which are 
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essentially equivalent to (1.19a) in their treat-]) 
ment of temperature effect of paramagnetic} 
resonance”). 

The expressions for the susceptibility is) 
obtained from (1.18) and (1.18a) in the follow- | 
ing forms: | 


Me Voy os | g(t) sin wtde , 


V do (1.20) 
Oe 
Nis p(t) cos wtdt , 
an 
or in brief 


; o(t) exp (—zwt)dT , 


0 


tat it =y— 22 
am 


G2) 
where % is the static susceptibility 
0) 
it 


ur a exp (AM exp (—A%)M)dd 


—BM,M, } ametilec on 


and @(t) is given by Eq. (1.15a) or (1.15b). 
If one likes, one may also express X* as 

£ "al ave) exp stores 

with d¢/dc given by Eq. (1.19) or (1.19a). 
Eq. (1.21) or (1.23) is the most general for- 
mula to correlate the relaxation function to 
the complex susceptibility. Naturally one can 
easily derive the inverse relations of these 
equations. Evidently %(m) and %’’(w) are 
mutually connected by the Kramers-Kronig 
relations. For practical calculations, Eq. 
(1.23) is more convenient than Eq. (1.21). 


WKS (1-23) 


§ 2. General Properties of the Relaxation 
Tensor and the Susceptibility 


Now, we shall show some general properties 
of the relaxation function defined by Eq. 
(1.15a) or (1.15b). First, ¢(¢) must be real as 
required by its physical meaning, and as _in- 
deed has been assumed in our derivation 
of Eq. (1.20). This is seen from Eqs. (1.15a) 
and (1.15b) since these two expressions are 
really conjugates; 


Pev(t)=bey(t) . ( 2.1 ) 


Secondly, an important property of the re- 
laxation function is 


1954) 


lim g()=0 , C22) 


which is also naturally required from physical 
reasons, because it means the eventual ap- 
proach of the system to the thermal equilibri- 
um. This limiting property of ¢ is, however, 
rather difficult to prove rigorously. In fact, 
a logical justification is the most essential 
point of any rigorous theory of irreversible 
processes, which is beyond of the scope of 
this article. 

The third important property of ¢ is its 
symmetry as a tensor. By Eq. (1.15a) and 
(1.15b), we have primarily defined ¢(¢) for 
t>0. Generalizing the definition to <0 by 
the same equation, we first observe that 


—D=(2) or drx(—A=yalt). (2.3) 


Now let us suppose that a constant magnetic 
field H. is continually applied to our system, 
so that the unperturbed Hamiltonian S% does 
actually involve this magnetic field H.. We 
find immediately that the unperturbed motion 
of the system and also the density matrix 
itself are invariant to the simultaneous change 
of signs of H., M, and ¢. This is actually 
the microscopic or dynamical reversibility of 
our system!). Thus we see that 


b(t, H-)=9(—t, —H:) . (2.4 ) 


Combining with (1.26), we obtain the reci- 
procal relation of Onsager’, 


dt, H.)=G¢(t, He), or dey(t,He)= y(t, —He); 
(2.5) 


and accordingly, 


Lo, He)=L*(w, —He) - CRD) 


Evidently, both the real and the imaginary 
parts of the susceptibility tensor can be asym- 
metric if we have a constant field H.. This 
will never be of importance for us if we are 
concerned only with the absorption of energy 
for a linearly polarized radiation. We then 
have to deal with only the symmetric part of 
the x’ tensor. But for other cases the anti- 
symmetric parts can also be observed. 

We have mentioned in the previous section 
that the relaxation functions are simplified to 
Eq. (1.15c) for the classical cases. It is very 
important to notice that this simplification 
does not necessarily require that the dyna- 
mical motion is classical, but requires only 
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that the energy differences E,—E, of the 
various levels of the system connected by 
matrix elements of M should be much smaller 
than kT, i.e., 

|Em—E,, | i Omni <hide : ( Hell ) 


This is easily seen if one writes down the 
explicit form of Eq. (1.15b) in the represen- 
tation diagonalizing 3¥ in the following way: 


dry(t)+ BMorMox 
= \' any > exp (—BEn) exp (A(En—Em)) 
x (| Mz(¢)| 22) | My |2)/>) exp (—BEn) 


= ou exp (B(E, —E-»))— i 
= 21D) EXD ( BEn) E,_E, 


x (n| M(t) | 2)(9 | My | nm) exp (—BE,) 
x (m|M,|n)/> exp (—BE») . 


Or, one may use the expansion 


M.(t+7#2)=M,(t)+744ML(t) 
+3(¢hAPML(t)-+ ++, 


to insert into Eqs. (1.15a) and (1.15b). 
then get 


We 


dry(t) + BMyxMon 
= BX M,(t)M,>+ 3448 M,(t)My> +--+ 


= B(M,M,(t)>—31hB<M, MLE) + +++ - 
C209) 
In both expressions, the first term of the ex- 
pansion provides a good approximation if the 
condition (2.7) is satisfied. But it is more 
convenient and more reasonable to use 


Prvt)=B[K{Ma(t)My})—MyxMyy] , (2.9) 


as the approximation in the first order of 
BhoOnm. In this equation, {M,(¢)M,} on the 
right hand side is the symmetrized product 
of M™,(t) and M,, which, of course, is the 
quantum-mechanical counterpart of the clas- 
sical product. The expression (2.9) satisfies 
the conditions (2.1), (2.3) and (2.5). Thus, if 
we have only low frequency levels such as 
are assumed in the usual derivation of the 
Langevin-Debye formula of paramagnetism™?, 
or if we make some approximation to cut off 
the contributions from high frequency levels, 
Eq. (2.9) may well be used for quantum- 
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mechanical calculations. This is always so 
for the important applications of the theory 
to radio- and micro-wave experiments. 

The function 


(M.(¢+7)Mi(t)>)=<M.(t)M,(0)> , (2.10) 


represents the correlation of M,({+r) and 
M(t). We may call this the 2-y component 
of the correlation tensor of magnetic moment 
at the time interval ¢. Thus, in the low fre- 
quency cases, the relaxation function, Eq. 
(2.9) is simply proportional to the correlation 
tensor of the magnetic moment, and by Eq. 
(1.21) the frequency-dependent susceptibility 
is essentially the Fourier-transform of the 
correlation tensor. 


$3. Symmetric and Antisymmetric Tensors. 
Energy Absorption 
The symmetric and antisymmetric parts of 
the relaxation tensor are defined by 


dzy(t) = 3(ay(t) aE dyzx(t)) = (hay(t) = dby(t)) ’ ) 


ey (t) =3( Pey(t)— byx(t)) = 3(hoy(t)— beyl(t)) > 
Gah) 


which are explicitly given by 
pry (t) 
B 
-| 1 M(t— ita) My+ M(—t—thA)M, dl 
0 
—BMoeMoy 
B 
-| iM, (t—ih.a) M+ M,(—t—ih2)M,) dd 
0 
—BMyeMy ) ( SZ) )) 
and 
ryt) 
B 
-| 3¢M,(t—1%a) M,—M,(—t—742)M,ydi 
0 


=\"« M,(t—ths)Mz+ M,(—t—thi)Mz>dh . 
0 


(BB) 
By Eq. (2.3), ¢z,%¢) is real and even in 7, 
while ¢zy*(¢) is odd in ¢. If we have only 
low-frequency levels, these expressions are 
simplified to 


Pry (t) =% B¢{ M(t) My} ap {M,( cai t)M,}> 


o BMoxMoy 
= 1B{M.M,(t)} +{M.M,(—2)}> 
—BMyxMoy, (3.4) 
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and 
Pay” (2) aT $6¢{M(t)My}— {M,( —t)My}> 


=38(—{M,M,(t)}+{M,M,(—D)}> . 
(3.59) 


| 
The symmetric and antisymmetric parts of | 
the susceptibility tensor are calculated by 


, 


5 A ne \ *(t) exp (—zat)dt , 
V do 


Logk=—"S [9 exp (—tot)dt . 
V do 


(3.6 ) 


In particular we have 


pA Fe Tate p(t)exp(—zot)di, (3.7) 


because #* is even in ¢. This is again simpli- 
fied to 


ign ae K [<{M.(—-2)M,} + (M,(—2)M,}) 


—2Mo2Moy] exp (—zot)dt , (3.8) 


for low-frequency cases where the absorption 
is appreciable only for those frequencies satis- 
fying 


ho <kT=1/B . (3.9) 


For linearly polarized radiation, Eq. (1.1), 
the rate of energy absorption by the magnetic 
system is given by 


Q= (nv Mik’ H)V=(7yM%;"M,)V. (3.10) 


This is obtained with the use of Eq. (1.2) 
from a phenomenological point of view. 
Naturally the same result is to be derived 
by a quantum-mechanical treatment calculat- 
ing the transition probability by the ordinary 
perturbation method. This equivalence is also 
shown in the Appendix. 

Similarly to (3.7), we have for the antisym- 
metric part 


XO) 
Dre => 


Pei 


le #%(t) exp (—éwt)d?. (3.11) 
This is also related to the energy absorption. 
For circularly polarized radiation, e.g., 
A,(t)=(, cos wt, H, sin wt ,0) , (8.12) 
the rate of energy absorption is given by 
Q= nv ey gat Xe Ky) V .. (3.13) 


Now let us consider a little further the ab- 


1954) 


sorption of radiation linearly polarized in the 
z-direction by a system with low-frequency 
levels. Then, from Eqs. (1.20), (2.19) and 
(3.10) we see that the absorption coefficient, 


A(o) =X’ ox() (3.14) 
is given by 
A(o) 
_ 0B ‘ [<{M.(2)M.}>—M)2" exp (sot dé 
2xV 
ag ie _G@) exp (—twe)de . (3.15) 


Thus A() is essentially the Fourier trans- 
form of the “ auto-moment” of M.(t), 


G(t)=({M()M2})— M2? 


=<({M,(t+1)Mz(t)}}—Mo2? , (3.16) 
and conversely the auto-moment, G(Z), is the 
Fourier tranform of A(w)/?: 

co=%| “5 ave) exp (zwt)do , (Gi) 


where A(w) is understood as an even function 
of o. 

In fact, M.(¢) can be considered to represent 
a stochastic process, the second moment of 
which is G(¢). Following the usual termi- 
nology used in the theory of stochastic pro- 
cess, the spectral density of this process will 


be defined by ?®© 


Ko)=lim 5 sl a {Mt 


x exp (—Zuf) at | oi 


Interpreting the product of the two integrals 
on the right hand side as a symmetrized pro- 
duct, we see easily that 


\— Moz} 


(3.18) 


May= \,co cos wt dt 
0 


=1{" G(¢) exp (—zot)dt , (3H19) 


because G(¢) is even in ¢. The inversion of 


Eq. (3.19) gives 


Gi=2 


7 


is I(w) cos wt dw 

0 

ie | RIG) AEOCITS FONG) 
7 J—co 


The auto-correlation of M,(¢) is G(d)/G(0). 
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Therefore, the distribution of A(w)/o? is the 
spectral density of the stochastic variation of 
M.(t), or the Fourier transform of the auto- 
correlation function. 


Part B. General Treatment of Resonance 
Absorption 


§4. Expansion Formulae for the Auto- 
moment G(7Z) 


In this section, we shall develop a method 
for calculating the relaxation function (2.9), 
which, as we have seen in the preceding sec- 
tions, will allow us to obtain the susceptibili- 
ties and in particular the spectral intensity of 
absorbed energy. We shall, however, discuss 
only the auto-moment of M,(¢), that is 

GO)=C{M.A(t +7)M,(r)}> 
=3[¢(M.()Mz>+conjugate complex] , 
CAL yer 
because we want to apply the theory, in later 
sections, particularly to the resonance absorp- 
tion of linearly polarized radiation, and also 
because the generalization of the following 
method to the calculation of general com- 
ponents of the relaxation tensor is obvious. 

The assumptions of our development are 
the following: 

a) The system under consideration is des- 
cribed in terms of the Hamiltonian 


H=Lot He’ 


where the unperturbed Hamiltonian $f) is 
supposed to be such that it will give rise to 
sharp resonance lines well separated from one 
another. The perturbation 7’ will change 
this skeleton structure of resonance spectrum 
causing shifts and broadening of the main 
lines and the appearance of satellite lines, 
but it is not too strong so that the actual 
resonance lines are still well separated. This 
means that a reasonable approximation may 
be obtained with the use of perturbation calcu- 
lation. 

b) The intensity distribution of each of the 
perturbed resonance lines is better described 
by the semd-invariants of the distribution 
function rather than the soments. Or rather 
we may say that the logarithm of the Fourier 
transform of the intensity distribution func- 


(4.2) 


* The equilibrium value of Mz, i.e. Moz, is 
assumed to be zero and is omitted in Hq. (4.1). 
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tion of each line, which as we shall show 
later will be separated out from the Fourier- 
transform of the whole spectrum, is a well- 
behaved function of the perturbation parameter 
and accordingly may be calculated by the 
perturbation method. 

c) The frequency range of our interest is 


low, that is, 
ho<kT c 


d) The perturbation 3’ has only negligible 
effects on the quantum-mechanical distribution 
function at the temperature of interest. 

Let us suppose that the perturbation 3’ is 
proportional to an interaction constant 6€, 
which represents, for instance, the dipolar 
coupling constant of two magnetic spins if 
S’’ is the dipolar interaction. In the limit of 
Sl), AW@), Ge Mo, JO, (BD) ce (GMS), ws 
composed of a set of d-functions according to 
the assumption a), and therefore G(¢), Eq. 
(4.1), is a sum of simple exponential func- 
tions: 


(4.3 ) 


lim G(?)=>5 Ga exp (t@at). (4.4) 
20 a 

In the presence of the perturbation 4’, we 
may assume generally that the coefficients of 
the exponential functions on the right hand 
side of Eq. (4.4) become functions of #: 


Gé,e)=>4 Galé, t) exp (Zaat) ’ ( 4.5 ) 


which have the limits 


lim G.(€,¢)=Ga (independent of 7). 
20 


As we shall see later, the perturbation 
calculation gives a natural way to expand 
G(t) in the form of (4.5). Then each term 
G.A(€,t) can be considered as the Fourier trans- 
form of the absorption peak originally centered 
at O=Oq. 

The resonance lines with finite strength 
(Ga2z<0) for €=0, that is the absorptions ap- 
pearing for the unperturbed system, will be 
called the main lines, or the resonance lines 
or zero-th order. The perturbation will give 
rise to shifts and the broadening of these 
lines, and also cause the appearance of other 
lines, called the satellites or the resonance 


lines of higher order, for which 


lim Ga(€,z)=0 . 
Poo 


The decomposition of the whole expression 
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for G(é,f) into such a sum as (4.5) is not 
unique. But there will be a most natural 
way to choose the frequencies wa and to sepa- 
rate the Hamiltonian into %) and 3’. For 
instance, if the spectrum has a resolved hyper- 
fine structure, 3%) should contain the nuclear 
interaction, and, if not, this should be put 
into ff’. 

By a proper choice of #» and #’, we may 
expect Ga(é,z) to be regular in & at least for 
small values of €. The assumption b) means 
further that the functions #a(€,¢) defined by 
the equation 


Gal(E,t)=Ga(E,0) exp Pal(€,t), (4.6) 


are regular in € and can be calculated in 
power series of € from the expansions of 
G.(€,t) obtained by a perturbation method. 
Then the intensity distribution of absorption 
lines will be calculated from 


A(o)= 27S Gal,0) 


ate exp {a(E,t)—twt}dt, (4.7) 


as one sees by Eq. (3.15). If we stop the 
perturbation calculation at some stage, the 
obtained approximation of qa(é€,z) will give, 
by Eq. (4.7), a certain approximation to the 
intensity distribution or the line shape. Gene- 
rally speaking, we cannot decide off hand how 
close this approximation is to reality, without 
referring to the detailed nature of the system 
in question. From a mathematical point of 
view, we may give a criterion of the approxi- 
mation by calculating the semi-invariants of 
the distribution, that is the coefficients of the 
powers of ¢ in the expansion of qa(E€,z) in ¢. 
Namely, the approximation is good enough if 
the corrections to the semi-invariants from 
higher order perturbation are negligible com- 
pared to those obtained in that approximation. 
It is, however, quite remarkable that the 
second approximation in this line, that is 
the approximation to & in q@a(é,z), reveals 
most of the interesting features of the motion- 
al narrowing in the nuclear magnetic and 
paramagnetic resonance absorptions, in con- 
densed phases, which will be discussed in 
later parts of this article. 

The most convenient way to obtain the 
expansion of G(¢) is to solve the equation of 
motion, Eq. (1.9), 


1954) 


iM.(t)= [M.(2) , J] = [Mz(t), Jeo +52" 
(4.8) 
by an expansion in 3%’, which is found to be 
Mz (¢) = M2°(t) + Me’ (t)+ +++ +$M,O(£) +--+, 
(4.9 ) 
with the general term of the form 


2 t ty on-1 
mn=(68)-*| ar, | at.---| dt, 


0 0 0 
X [M@); 0) 5+ SE’ (tn) 
(4.10) 
where 


M(t) =exp (7t30/4)Mz exp (—7t o/h) , 


(4) 
ge (t)=exp (tt o/h4) He’ exp (—it#o/h) , 
(4.12) 


and we have used the notation 
[ASB ,C,---, K]=[---(A,B]C]++-]K] , 
(4.13) 


for convenience. The expansion (4.9) is easily 
obtained in the following way. Taking the 
so-called interaction representation, we trans- 
form M,(¢) by 


M,(¢t)=exp (it o/#)M*(t) exp (—tt#o/h) . 
(4.14) 


Then Eq. (4.8) becomes 
thM.*(t)=[M,*(2),#’(—2)] . 


Integrating both sides of this equation with 
the initial condition M,.*(0)=™M,, we get 


(4.15) 


MMt)=Me-+(1/i®)\ [M*W’),9¢(—t)]dt , 
0 
which is solved by iteration to give 

M,*(t) 


& ¥ tn be 
Met >: Comal at, | ce an 
0 


n=l 0 0 
x [M330 (—hi) par Le’ (—tn)] . 


Inserting this into (4.14), Eq. (4.9) is proved. 

The transformation from M, to M™,*(¢), 
Eq. (4.14), is the change of our representation 
to that which moves together with the motion 
described by 3%). Thus, without the perturba- 
tion 9’ the magnetic moment M, would be 
at rest in this interaction representation, 
which corresponds to an organized motion of 
the system giving rise to sharp resonance 
lines. The effect of the perturbation is to 
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give a sort of randomness to the motion of + 
the moment, which itself as the 
broadening of the resonance. Inserting Eqs. 
(4.9) and (4.10) into Eq. (4.1), we get 


G()=G,(H+G,04+Gie)+---, (4.16) 


reveals 


where 


: t oy tn-1 
Gud =G) | au,\ Gin a Qin 
0 0 


0 

x €{[M2°¢); (ti), - ++, Hn) | Me} « 

(4.17) 
The general way of evaluating this expres- 
sion would be as follows. First we observe 
that the unperturbed motion of M,;, that is 
M,°(t), can be expanded in a Fourier series 

of the form, 


M,°(t)= >, Mz(wa) CXPp (tat), (4.18) 


Similarly, the interaction representation of 
#’, #’(f), will also be developed into a Fouri- 
er series 


Se (t)= >. L’ (wa) exp (Fat) , (4.19) 
if the spectrum of 3#’(¢) is discrete. More 


generally, it is represented by a Fourier in- 
tegral 


e’(t) =|" 


— oo 


e(w)exp(twt)dw , (4.19a) 


with the Fourier coefficient 


H(o=5\" S$’ (t) exp (—tot)dt , (4.20) 


which reduces to 
WY’ (w)= > '(@a)0(W—Wa), (4.20a) 


for the discrete cases. Since @M,(¢) is hermi- 
tian, M,(@.) and M,(—w.a) are mutually her- 
mite-conjugates, and the same is true for 
ye'(w) and #’(--w). From Eqs. (4.18) and 
(4.19), we find at once that 


exp (t5/4)M2(wa) exp (—1t #0/4) 
=eXxp (Z@at)M.(wa) , 


(4.21a) 
exp (1496 /A) 0’ (@) exp (—atflo/h) 
=exp (Zot) #(@) , 
and 
[%0,Mz(@a)] =40aM.(wa) , (4,21b) 
[Ho, '(w)] =hogk’(o) . 


Using these Fourier components, G,(¢), Eq. 
(4.17), can be expressed as 


898 
Git) = gq exp (Z@at ) \ da, iene. | don 
a — oo —oo 
X Inlt 3 or Niger G On) Fr(Wa;} On , On), 
(4.22) 


where 


Fn(@e3@,,°** , On) 
=h-"{{[M,(wu); (a1), +++, (on) | Me}) , 
(4.23) 


and 


Inkt 1, +++ ,@n) 
hoo 
es ‘| e”' | p(p—ta,)(p—10, —70.) 
FEL eS 


el PE 3 w)|dp, (4.24) 


f=) 


which is a Bromwitch integral commonly used 
in operational calculus. 

Eq. (4.24) is proved as follows. The in- 
tegral over the time variables in (4.17) is 
transformed as 


t ty bm-1 e n 
\ at\ dt, Seed | dtn exp (2 DSartr) 
0 0 0 1 


t oy Om-1 
-| an\ dt, oo, i dtn exp [2(Z, —ty)@, 


0 0 0 


+2(¢,—t3)(@1 + @2)+ > 
nm—-1 n 
+4(tn-1—tn) > Ortttn > ti] Inlt; ao, oe , On) ; 
1 1 


because the second expressions is the con- 
volution of the functions, 1, exp (¢éa,7Z), 


exp 2z(@,;+a@,)f,---, and expz >) ;t. The in- 
ny 


tegral representation of gn, Eq. (4.24) is con- 
venient for calculation. Explicit forms of 
these functions can be obtained from the re- 
sidues at the poles of the integrand. Some- 
times it proves more convenient to write g» 
as a certain convolution or to simplify it by 
approximating the integrand of (4.24). Ex- 
amples of such calculations will be shown in 
later sections. 

Now let us examine further the structure 
of Fn, Eq. (4.23), and find simplifications with 
use of the assumptions c) and d). Using the 
relation 


M,= > M.(oa) , (4.25) 


which is seen from (4.18), we may write F, 
as 
>, On) = >dieF n* (Wa, Wg} 1, °° 


Fila CON enone 2 Wn) , 


(4.26) 
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where 

Fi'(@e, Mp; 1 ie i i ,On) 
=4-"{{ [MA oa); $e’ (on), ++, FC(Wn)| Mz(o~)}> - 

(4.26a) 

At high temperatures, we may ignore the | 
perturbation 3’ in the expression for the 
density matrix, Eq. (1.12), as has been men- 
tioned in the assumption d), and replace it | 
by the density matrix for the unperturbed 
Hamiltonian, that is 


pomexp (—BF.)/Tr exp (—B#Ho) - 


Then the function F,*, Eq. (4.26a), has an 
important property, that is, 


(4.27) 


Fin*(@a,@8;O1, aot ,On)=0 ’ 


WOutOgpt@,+Ost:: -- +t@n2<0 1 (4.28) 


This means that the perturbation diagram 
connecting unperturbed levels by the matrix 
elements of M, and 3’ must be closed in 
order to result in a non-vanishing contribution 
to G(¢). Mathematically, this is proved as 
follows. Nothing that the trace operation is 
invariant under any canonical transformation, 
we transform every operator, including the 
density matrix, (4.27), in the expression of 
(4.26a) by 


A-exp (it’ f0o/4)A exp (—tt’ #o/h) . 
Then the expression on the right hand side 
of (4.26a) is multiplied by 
exp Oat op+> Op tae 
because of Eq. (4.2la). Since F,* itself is 


independent of ¢’, we must have the condition 


@atost > Or=Oy, (4.28a) 


in order that the function F,,* does not vanish. 
The approximation (4.27) aiso shows that 
([M2(@a); fe"(@1), +++ , FE“ @n) | Mz(we)> 
=exp (Zw_e/kT) 
x (M2( og) [Mz(a); (1), +++, e/(@n)]> , 


(4.29) 
owing to the relation 
exp (840) Mn(wy) exp (— BS) 
=€xXp (8hw,)M,(wy) : (4,30) 


Thus we can put 


1954) 


+ ke Wy: 
Fi *(Ow, OB; . : Sin) 


ete [M.(wa); 2’(a), =< =) 30" (wn) | Mz), 
(4.31) 


if fogp<kT. We remark further that 


LTD. ODes@1,°- = On) 
eg ae hk [M.(@a); $’(a), ss JE (wx) | 
x [M(wp); $2’(on), SEES ‘(Orsi , 
(4.32) 


if We41, Ox+2,°-+: and w, are all low frequen- 
cies. If some of these frequencies are high, 
which can happen even if the temperature is 
high enough to allow the approximation (4.31), 
the relation (4.32) is no longer true. 

These high frequency components, however, 
will produce only small effects on the low 
frequency parts of the auto-moment of ™,, 
because Eq. (4.24) shows that their contribution 
is in the order of the ratio of the low fre- 
quency to the high frequency. Therefore, if 
the high frequency components of 3’(Z) are 
definitely separated from its low frequency 
parts, we can, at least to first approximation, 
neglect those high frequency components in 
the calculation of G(f) by Eq. (4.22). Or, if 
the amplitudes of the high frequency com- 
ponents of 3’(Z) is small enough, we may 
use Eq. (4.32) for the calculation of the low 
frequency parts of G(f). In other cases, one 
has to be careful about the approximations, 
(4.31) and (4.32). 


§5. The Moment Method. The Secular and 
Non-Secular Perturbation 


The moment method, introduced by Broer®?, 
Van Vleck® and Pryce and Stevens!”, is the 
most common and basic method used so far 
for the discussions of the line shapes of mag- 
netic resonance absorption. The moment ex- 
pansion is essentially an expansion of the 
auto-moment, G(¢), in powers of 7, because 
the expansion coefficients give, by Eq. (3.15), 
the moments of the distribution of the ab- 
sorption intensity. Using the expansion, 


M,(t)=M,(0)+¢M,(0)+---- 


fr qd” 
M, 
ver ( dt” 


/ pee 
M, ) =(@f)- "(Mes 38, 


,dtl ; 
7 : 
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we have 


GH= DT isla Sa 0G 
Z a rely di” M, ) e > ‘ (5.2) 


Therefore 


Lia = <{( a" My) M, : 
aise 0 


Pig 
is the m-th moment of the intensity distri- 
bution. 

As is well known, the moment method is 
more complicated than is implied by simple 
formulae like (5.3). As a matter of fact, we 
are not interested in such moments as (5.3), 
which are the moments of the whole spectrum. 
On the contrary, our interest is usually limited 
to a certain line, or a certain group of lines 
which are observed experimentally. Thus, 
we want to calculate the moments of the 
intensity distribution associated with this 
particular absorption. This, of course, as- 
sumes that the absorption lines of our interest 
are well separated from other parts of the 
spectrum (assumption a, §4). The contri- 
butions from the latter have to be carefully 
eliminated in the calculation of the moments. 
This has been particularly emphasized by Van 
Vleck») for the case of dipolar broadening, 
and formulated more generally by Pryce and 
Stevens! 

Our expansion method, developed in the 
preceding section, is primarily an expansion 
in the perturbation, and not an expansion in 
t. Nevertheless, it is essentially a moment 
expansions around the resonance lines, pro- 
vided that the spectrum of the perturbation, 
(4.20), is discrete Eq. (4.20a). This fact is to 
be seen from Eqs. (4.22) and (4.24), because 
the function gn(t;@,,---,@n) is then of the 
form 


(5.3) 


In= psp Crymt™ exp (¢axt) > ( 5), a ) 


kom 


and the integration over the frequencies in 
Eq. (4.22) is replaced by the sum over the 
discrete spectrum of 3¢’(¢). Therefore, G(&,?) 
in Eq. (4.5) will be a power series in 7, the 
highest powers of ¢ being 2 or smaller if the 
expansion (4.16) is terminated at m-th order 
of 3’. Thus, we obtain the moment ex- 
pansion of each of the resonance lines by 
picking up the particular terms with the de- 
sired exponent from the function G(¢). The 
exponential functions in (5.4) are used as the 
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indicators to collect the right terms. 

The component $?(0), in Eq. (4.20a), is called 
the secular or the semi-diagonal part of the 
perturbation, and commutes with the un- 
perturbed Hamiltonian 3%). Other components 
Le’ (@a)(@a2<0) are the non-secular parts of the 
perturbation. Explicit forms of these terms 
will be found either directly from the expres- 
sion of the perturbation, or will be expressed 
with the use of certain projecting operators. 

In this article, we shall only discuss some 
general aspects of the moment method, with- 
out going into any particular or detailed ap- 
plications. First, we note that there are 
general relations between the orders of the 
moments, of the resonance lines, and of the 
perturbation. 

An obvious example is that the term in the 
order €” in the #-th moment of zero-th order 
resonance line comes only from the secular 
part of the perturbation. This is because 
t”/n! appears in gn, Eq. (4.24), if and only if 
SO = 0339S, =30) 

Similarly, the ¢”-! term will appear in gn, 
if and only if it has the form 


mnt) = 5 G exp (pt)p-"(p—toy) 1d 
TL J—ico 


t 
=| G 7 (f—t’)?-1 exp (Zwyt’ dt’ 
0 il) iY 


a exp (Z@yt) _ n-1 fr-1l-m 


Za al—m) Gay’ 


CS) 


exp (p2)p"'( p—twy) "dp 


—ico 


-| 1 (4-1 exp (io,(¢—-1’))dt’ 


o(m—1)! 
=(—toy)~"—exp (Za t) 
m—1 ji SAD 
x S Se ‘ ( AS ) 


Considering Eqs. (4.22), (4.26), and the con- 
dition (4.28a), one sees at once that the type 
of term in Eq. (5.5) occurs for the following 
combinations of the secular and non-secular 
perturbations; 


1. @e+og=0: 

(Ont => Wy, Wx aes & Sha: On 0 5 

@, =0,02= —@3=y, 04 a === 
Oy == oes Sn =V) > On-1= — On>= Wy c 


(5.5a) 
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2. MatoOpt+oy=0: 


On-1=— —On=Wy ; 


(5.5b) 


and similarly the type of (5.6) for 


Oatwptoy=0 ) WO, = Wy><0 ? (5.6a) 


O= Cres ck Cary = (= (0) A 


Eq. (5.5) shows that the non-secular perturb- 
ation {’(w,)(wys<0) contributes, in these com- 
binations with the secular perturbation, to 
the (n—yv)-th moment of the main lines in 
the order of &”, in proportion to |w,|~”. At 
the same time, according to Eq. (5.6), it gives 
the same effect to the satellite at wa+«y, if there 
exists a frequency we of M, satisfying the 
condition wa4+wg+tw,=0. For example, the | 
non-secular perturbation comes into the first 
order calculation (#=1) only in the form of 
(5.6a). The example of the second order 
calculation will be given in the following. 


One may proceed in this way to see how 
the non-secular perturbation will give effects 
to the moments in higher order combinations _ 
with the secular part. Consideration of this 
kind is useful in general to find out particular 
types of perturbation contributing to the mo- 
ment one wants to calculate in a certain ap- 
proximation. But we shall not go further 
into details. 

Perhaps it would be instructive to examine 
a little further the first and the second ap- 
proximations. The first order perturbation 
term of G(t), (4.5), is easily found to be 


GiO)= 3S exp (ovat) BF OM aiih 


1 
——]| FY*(wa, 0p} —Oa—@ 
B Watw~g Pa Dag Da ey 


1PM —o8, ~oasoeto9)|h 9 (a7) 


where 
FY*(@a, —@a3;0) 
=h-«{[M.(oa) , #’(0)] Mz(— @a)} 
=h- KH’ (0) [Mz(—«),Mi(wa)]> , 
(Sixes) 
and 
F(a, 08; —Wa—wp)+Fy*(—we, —a; Ow +8) 

=N-S(—@a— oe) [M2(op), M(oa)] 


+ [M.(— oa), M(—wg)] ’(@a+ og) , 
(5.8a) 
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are real numbers as they ought to be. Ob- Similarly the second order perturbation term, 
viously, the first order perturbation never Gij=S5: 

gives rise to satellite lines. Its effect is shifts . @ p etoproyros=0 

due to the secular part and a modification of 2~exP(t@at )Jo(t; Wy, O38) F'o*(Wa, OB} Wy, M8) , 
intensities of main lines by the non-secular (5.2) 


part. is shown to give 


G.t)=—> exp Goad AFM we, —0450,0)+ & (cate Pte, 06:07, 0%) 
a wy0 Wy” Wy 


1 " 
ts SS J —F (a, 08; —Wa—s,0)+Fs*(Ww, 0p;0, —Wa— Wp) 


WBE (Wa+ wa)? | 
—F,(—og, —0a;0, 1 +og)+F2*(—wp, —Oa} out 0,0) 
2 ets al ren, ot eS 
wp — ee oO (Oat op) | 
+P *(— 0g, 0a;O0+a0p+0,, —oy)| 


—it 


pose [Fe¥(oa, 08; 0,—@a—wp)+Fy*(—owg, —We;} Oa tog, o} | 
wBw_y Yat OB j 


eS ee exp (Woa+ 0% 8)| x F*(@a, — Wa; Wy, — Wy) 
a wy=e0 My" 
1 | 
: FY*(@u,@8;@y,—Wa—@p—Wy)\ , dG 
SERS O/(Wa+@gt Wy) we 4 pies J ) 


} 


We observe that the coefficients of zt and # random, or highly symmetric with regard to 
in the expressions multiplying the exponential the direction of the applied constant magnetic 
functions are all real, because of the relation field. If we omit these unsymmetrical terms 
——— ‘ from the expression of (5.10), the second order 
Fy*(@a, 0B; Wy, 03) =F "wp, — Oa; — 08, — Oy) , terms of G(é) is simplified to 
which holds in the approximatiom of (4.31). 
Eq. (5.10) shows that the second order perturb- GO =EK|Malos)|){1— ae 
Y 


ation gives the second moment from the secu- 


lar part of the perturbation and the corrections a eg at \ tow" exp Cae 
to the first moment (shift) and the zero-th Wy Wy 

moment (integrated intensity) for the main POS OS AVEC IE. 

lines from the non-secular parts, which con- a wys=0 

tributes nothing to the second moments. The Cary? { 

non-secular perturbation also gives rise to ae EXP (Z(Wat Wy)t) , (5.11) 


satellites lines at Wa+oy,, the intensities of sees 

which are inversely proportional to the second 

power of the frequency difference of the satel- — 4a0”=/"s*(@a, —@a, ;0,0)/({Mx(@a)Me(— o#)}> 

lite and the main line, if we neglect the last ~#-><| [Mel Wa), f(0)] |2>/<| Malwa)? |> , 

term of (5.10). (5.12) 
The expression, (5.10), is pretty complicated and 

because of the cross terms with unsymme- 


pone : Cay” 
trical combinations of frequencies (@«+@g<0). 
Under most circumstances, however, these  =/2*(@«, —@«; @y, —y)/ ({Mi(@a) Mi —wa)}> 


terms will vanish because of the symmetries ~47?<|[Mz(oa),%¢’(@y)] |?>/<|Me(wa)|* , 

of the perturbation and of the structure of (5il2) 
the system. This is actually so, for instance, are both positive. If the intensity is calcu- 
in nuclear magnetic and paramagnetic cases lated with the use of Eq. (4.7) inserting 
when the distribution of spins is completely ¢u(&,f) obtained from (5.11), it will be 


A(@) 


5 gs Meow ID (yy aa 1 
. 3 i VkT wye0 Oy) V 27 Fa0 


p 2\2 
x exp tia u | er Da ae ) 
| 2Goar wy3e0 Oy 
2/ 2 - 
0) {| Mz(oa)| ayn 0(@—Wa—Oy) . 
isand VkT Wy" 
(5.13) 


Namely the spectrum is the Gaussian lines 
shifted by Si) day?/wy from the original centers 


Oa and broadened to the breadth oa and satel- 
lite lines with the relative intensities ¢wy/w,y’ 
at @i+w,. The appearance of a satellite line 
is thus connected with a shifts of the main 
line as though it repels the latter. This is 
easily understood remembering that the total 
intensity and the first moment are invariant, 
if the satellite contributions are included. It 
is well known that in simple cases of nuclear 
magnetic and paramagnetic resonance the 
satellite at the double frequency is caused by 
the dipolar interactions with an intensity in- 
versely proportional to the square of the 
Larmor frequency. The above statements are 
just generalizations of this fact. 

The perturbation calculation will break down 
if there exist one or more satellites close to 
a main line, because, then, the correction due 
to the perturbation will become very large. 
Reasonable measures of the criterion for the 
break would be 


OyS Cay ; or WOyS6a. (5.14) 


Then, the perturbation $4’(@,) should be con- 
sidered as nearly secular rather than non- 
secular. It would be more realistic to treat 
the main line ma and the satellites near by 
as a whole. Mathematically this means that 
the function 9.(¢,wy,—wy) in Eq. (5.9) is evalu- 
ated by taking wy, very small. Thus we 
simply attribute the second moment dao?+¢ay? 
to this mixture. 

As we have seen, the most important terms 
in the moments of a main line are from the 
secular perturbation, provided that none of 
the frequencies belonging to the non-secular 
perturbations is too small. The intensity 
distribution of main lines, then, could be re- 
produced by these dominant terms of the 
moments as a certain approximation, which 
we may call the secular or the adiabatic ap- 
proximation. It is easy to show that the 
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auto-moment G(¢) in this approximation 1s 
simply given by 


G(t)~G"t) 
=<exp (2t¢'(0)/4)M9(2) exp (—7t #2’ (0)/4) Mz > 
=> Clexp (t(0)/4)M.(0.) 
a 


x exp (—7t9¢’(0)/%-M2(— a.) exp (Z@at) . 
(5.15) 
Unfortunately, however, exact calculations of 
this are not always easy, although the calcu- 
lation of low order moments would be prac- 
tical. It will be important, by the condition 
(5.14), to check the secular assumption by 
comparing the relative magnitudes of the 
square roots of the second moments and the 
frequencies of the non-secular perturbation. 
The next step of approximation would be 
to take account of non-secular perturbations 
appearing in the combinations of (5.5a,b) and 
(5.6a). All of these contributions can be sum- 
med up to give a correction to (5.15). The 
explicit formula is fairly complicated and will 
be omitted here. 


§6. Motional Narrowing 
6a) 


It is well known that the dipolar broadening 
in nuclear magnetic and paramagnetic reso- 
nance lines is affected by the presence of 
other modes of motion of the system. The 
thermal motion of the nuclei in the nuclear 
magnetic case, and the stirring of paramag- 
netic spins due to their exchange coupling 
will result in the averaging out of the dipolar 
interaction, and consequently in a decrease of 
the width. This narrowing process will be 
generally accompanied by another effect, which 
causes an increase of the width. This is 
called the spin-lattice relaxation, or the 10/3 
effect. In the following, we shall treat this 
kind of resonance phenomenon from a some- 
what general point of view, without referring 
to any specified type of system. It is helpful 
to understand the universal nature of the 
motional effect in resonance absorption. Par- 
ticular applications will be discussed in later 
sections. 

As a general model of a system, which 
shows the motional effect, we assume the 
unperturbed Hamiltonian can be divided into 
two parts: 


General Formulation of the Problem 


AHo=Atit#: , (6.1) 


| 
jj 
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which satisfy the conditions 
[se 1») ie i ==()) ) 


[42,Mz]=0. 


(6.1a) 
(6.1b) 
In other words, the unperturbed motion of 
the system essentially consists of two kinds 
of modes. The first mode, represented by 
#1, is assumed to be not commutable with 
the moment operator M., so that it causes a 
motion of the moment, giving rise to the 
resonance lines in zero-th order. The second 
mode of motion, represented by %%,, has in 
itself no effect on the motion of Mz and also 
is separated from the first mode. The reso- 
nance lines are distorted by the perturbation 
#é’, resulting in shifts, broadening the ap- 
pearance of satellites and so forth. Naturally, 
this distortion will be influenced by $%,, which 
is the motional effect of the resonance to be 
discussed here. 

According to our assumptions, (6.1), the 
Fourier decomposition of the unperturbed mo- 
tion of M; and 3¢’(¢), Eqs. (4.18) and (4.19), 
can be written as follows. The unperturbed 
motion of the moment M,; is expanded as 


M.(¢)=exp (ttf o/4)Mz exp (—1t o/h) 
=exp (t:/4)Mz exp (—7t/1/h) 


— DS M(x) ) exp (Wat ) 5 COrZ,) 


where the Fourier component M,(wa) satisfy 
the relations; 


(341, Mz(wa)| =h0OaM2(oa) , 


exp (#¢3¢1/4)Mi(oa) exp (—7t#/1/h) 
=eXp @at)Mz (wa) , 


[42,Mz(wa)|] =0 
Goss.) 
Similarly 
de (= exp (tea) tHe" exp (—tt Holt) 
=exp (tt? ./4)(exp (atg w/A)ye 


x exp (—itf:/#)) exp (—7t 2/4) 
=>) exp (¢@at) fa (t) , (6.4) 
where we have put 
exp (2t9¢,/A)X’ exp (—it/%) 
=>.’ exp(twat),  (6.4a) 
and 
exp (3? 2/h) Ya’ exp (—ttf./h) = Ha (t) 
(6.4b ) 


We see that 
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(6.5) 


is the decomposition of $¢’ referred to the 
mode 3/1, and 3¢’(2), Eq. (6.4b), represents the 
development of S¢.’ in time caused by the 
mode Sf, . 

Now we shall calculate the expansion terms 
of G(Z) up to the second, with the assumptions 
mentioned at the beginning of §4. The gene- 
ral term of the expansion is 


Grd)=> ~ Exp Got)) an\’ 
a 0 


0 


fe 
‘ats---| Nabe 
0 


X(@H)~-” Si exp d(@yt + +--+ @vtn)) 
Yaswiey 
X ({[Ma(@a); By (h), +++ fey’ En)] Ma(os)}> . 
(6.6 ) 


By the relations (6.3), we see that each term 
vanishes after averaging unless the condition 


Owtopt@yt::+:-+toa,=0, (6.7) 


is satisfied. This is seen by a reasoning 
similar to that we used for the condition 
(4.28a). With this condition, the integrand 
of (6.6) is invariant to a simultaneous addition 
of arbitrary constant 7). This invariance is 
used in the following calculations. 

Thus we find at once the zero-th order 
term to be 


G)(t)= > exp @wat)<{M.(0)aMa(—Wa)}> 


=>) exp (@@at)<|Ma(wa) | . (6.8 ) 


The first order term is 
t 
Gi(f)= >>> exp Gon) | dt; 
a B 0 


X exp (—2(@a+os)t) (¢h)7! 
x ({ [Me (oa), 4’ —-«-0(0)] -Mz(op)}> , 
(6.9 ) 
which is idential with (5.7) after integration. 
The motional effect does not come into the 
first order perturbation. 
The second order term is now 


G.)= x y & 


Og +optoy-+os=0 

t t LANDS 
3g | an| * dt, exp (7(@yt + wast) (Gh)? 

0 0 


-M(we)}> , 
(6.10) 
which contains various combinations of a, 
Wp, @y, and ws, exactly in the same way as 
Eq. (5.10). For simplicity we neglect here 
terms other than the combinations of the type 


e€Xp (Wat) 


x ({ [Mo (oa); Hy —-b), #0) 
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(@u,—a,®y,—@y), because the other terms 
are negligible for most cases. Then the second 
order term (6.10) has the form 


G,(2) 
= >) >) exp Gonat\' dt "at 
ay 0 0 


X EXP (Z(t —t) (24)? 
x <{[Me(oa); ey (h-hh), Le -y/(0)] -Ma(— a) }> 


= OD Goat)| (t—r) exp (twyt)dt(th)~? 
aay’ 0 


x {[M2(oa); #y'(c), #-y(0)] -Ma(—oa)}) . 
(6.11) 


Now we define the relaxation functions fay(t) 
by 
Say f ay(T) 
_ CIM (oa); #y'(c), #-y’(0)] Me(— oa) 
1 {M2(a)Mi(—a)}> j 
(6.12) 

where day? are the same quantities as are 
introduced by Eqs. (5.12) and (5.12a). Then 
Eq. (6.11) is written as 


G.()=— a EXD (2@at)< | Mz(@a)|?> 


x | (E—t) Cxp (@yt)dtday* faye) . 
0 


(6.13) 
This is the equation we want to use for the 
discussion of the motional effect. 
Neglecting the effect of the high frequency 
components of $%,’(¢), we may write (6.12) as 


S ay(T) 
— AIM" (a), #y'(o)] [2-9 O), M(— oa) 
(| [Mae(ow), fey’(0)] |*> ; 
(6.14) 
which shows the symmetrical properties of 


Fay(T); 


FS ay(t)= f a, -y(t)= fay(—t) net On kD) 
Hence we can divide fay(t) into its real and 
imaginary parts; 
SF an(t)=Re fay(t)+¢ Im fay(r) , 
Re S a(t) = 3(f a(t) + fay(—r)) , 
Im SF a(t) = 1/24(f ay(t)— fay(—r)) , 
where the real part is even in r, and the 
imaginary part is odd in r. 


The contribution from the secular pertur- 
bation (@,=0) to G,(¢) and that from the non- 


(6.16) 
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secular perturbation (w,+<0) may be called the iI) 


secular effect and the non-secular effect re- \\ 


spectively. They are often called also the | 
adiabatic and non-adiabatic effects. In the | 
static case (34.=0, fay(t)=constant) the secular 
effect is the broadening of the main line wa . 
giving the second moment da” while the non- |} 


secular effect is the shift and intensity de- || 


crease of the main lines and the appearance | 
of satellites (see Eq. (5.13)). 


6b) The Secular Effect 


Since the first order perturbation, (6.9), is | 
responsible only for a shift of the main lines, | 
we may omit it from our consideration, and 
we concentrate our attention on the second 
order perturbation effect. Then, according to 
our method described in § 4, the secular effect 
is now expressed by the generating function, 


dao(t)=eXp Pao(t) 
ig {— ou [ef oo ide | . 
(6.17) 


which gives 


1 oo 
Tao(o)= 3 | 


= exp (dao(t)—zwt)dt , (6.17a) 
c —o 
for the line contour of the main line affected 
by the adiabatic motional effect. 

The expansion of #ao(¢) in powers of ¢ pro- 
vides us the semi-invariants of the distribution, 
which are defined as the coefficients of the 
expansion. It should be noticed that the semi- 
invariants are proportional to odao*, that is to 
say, they are of the second order with respect 
to the perturbation 34’. Thus, if the pertur- 
bation is actually small, the generating func- 
tion a(t), (6.17), can be regarded as a good 
approximation. The even order semi-invari- 
ants are determined by Re fao(r), and the odd 
order semi-invariants by Im fao(r). The ex- 
istence of the semi-invariants or the moments 
higher than the second is not necessarily 
assured. Namely, if fao(t) is not analytical 
around t=0, they cannot be defined. 

If fao(t) is analytic and is developed as 


Sao(t) =1+ ~ 


Gonca Tintl 


(2n)! 


Cons OT 
(2n+1)! ’ 
(6.18) 


eS 


n=0 


we find the semi-invariants 


« = 2 
Kon+3 =a Con+1 . 


(6.19) 


Sa es = cae 2 
K2=Oa0 , Ken+2x=Oan Con , 
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In particular, the second moment is the same bution must decrease faster than the Loren- 
as that in the static case, thus uninfluenced tzian curve, because the existence of the second 
by the motional effect. This fact is not de- moment is always assured by the fact that 
pendent on the analytic property of fao(t). fao(0) is equal to 1. If the functional form 
The fourth moment and the coefficient of ex- of fag(¢) allows the existence of higher mo- 
cess are given by ments, the true distribution decreases still 
faster on the wings. This fact has been re- 


M4z=36a9* — ap?Co 5 (6.20) 3 ‘ 
a cognized and emphasized by Anderson and 
Weiss for the particular case of exchange 
coef. of excess=7,/m2—3=—C./ca0? . narrowing®). 
(6.20a) The width of the Lorentzian distribution, 


The latter is positive, if cx<0, which would (6.23), increases indefinitely as the relaxation 
be expected in most cases, since fa(t) will time tao’ increases. The approximation be- 
decrease in time. This means, of course, that Comes certainly meaningless if ¢ay?tao’>Gao . 
the shape is narrowed. The best example of On the other hand, the observed curve will 
this case is the exchange narrowing in para- be practically Lorentzian if ¢ao?tao’<¢a, the 
magnetic resonance. deviations being only in the far wings. There- 
The line shape in the neighborhood of the fore, we can say that the general condition 
center is mainly determined by the asympto- for an effective narrowing is 
tic behaviour of dao(¢) as f°, which is re- maa, (6.24) 


presented by : : 
and that the width of the narrowed peak is 


Pao(t)~ —Fao(Tao’ |t| +2tao’t) , (6.21) approximately equal to (6.23a), which holds 
with tao’ and Ta” defined by exactly for the strong narrowing data <1, 
as far as the secular effect is concerned. This 
rao'=| "Re fao(t)dt , has been pointed out by Bloembergen, Purcell 
o (6.22) and Pound* for the case of diffusion narrow- 
ray={"Im S ap(t)dt , ing of nuclear magnetic resonance, and by 
0 Van Vleck and Gorter™ for the exchange nar- 

or rowing of paramagnetic resonance. 
oT a as as : The condition for the validity of the Loren- 
Tao TIT ao =|" fao(t)de , (6.22a) tzian approximation can be proved to be neces- 
: at « sary in a more rigorous way. For simplicity, 
provided that the infinite integrals are con- Wemay, nevlects the chitosan ene 
vergent. Therefore, the line contour around the distribution has only one peak. Then for 

the center is approximated by a Lorentzian every k>0, we must have 


function : 
; ee Lap(@)do= 2 tan! >1— : 
Laio() SS beth oe Keo ao g 


- CaTay Oe 
XK Oat ap? +(O—Wat Gata’)? ’ ; ; ‘ 
my i (6.23) in order that the Lorentzian function, in the 
region (@a—koa,%a+koao), is consistent with 
the existence of the second moment dao’. 
This inequality is due to Gauss and is a more 


2 la 
Fay Tao 


that is, by a resonance curve of damped oscil- 
lator type with the half width 


1/Ty =401)2= Cao’Tao ; (6.23a) exact form of the famous Bienayme-Tcheby- 
and the shift cheff inequality for an unimodal distribution’. 
Thus 
Oa9 = —Oay'Tao” ; (6.23b) , 
Need Ua 4 =a 
to the lower side of the unperturbed frequency OanT ao =H] tan ate 3) : 


oa. This kind of shift is to be distinguished 
from that caused by the non-adiabatic effect is required for (6.23) to be valid in the interval 
to be discussed later. 2koa around the center distribution. 

The Lorentzian approximation (6.23) is poor If the functional form of fao(t) is known, 
at the wings, where the true intensity distri- the line shape is calculated from (6.17). In 
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the reverse way, it might also be possible in 
principle to determine the relaxation function 
fao(t) from the observed line shape if the 
measurements were accurate enough. How- 
ever, the experimental accuracy is not suf- 
ficient for such an analysis. 

For a particular assumption as to the relax- 


ation function, 
Fao(t)=exp (—|t|/t0) , (6.25) 


which was adopted by Bloembergen, Purcell 


Y 

8 

| 
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Fig. 1. Examples of narrowed resonance lines, 
caleulated from Eq. (6.26). 
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Fig. 2. Change of the secular half width with 
the relaxation rate of the correlation of local 
fields. Curve a is calculated from Hq. (6.26). 
Curve ec is the solution of BPP equation, 
(6.27). The modified BPP equation, (6. 2%a), 
gives the curve b. 
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and Pound» as the correlation function re- 
presenting the stochastic motion of nuclei, 
we have 


hao t) = — Fan’To°{EXP (— lt | /to)—1+- |é| /to} 
(6.25a) 
Then the line shape around the center is 
shown to be 


Ko)= <eP Gave ™ (outa) 


TOwuo n=0 


—_ <a *. (6.26) 
which converges rather rapidly for oeto<l. 
This first term is the Lorentzian distribution 
for extreme narrowing. For dajty—, the dis- 
tribution goes into a Gaussian distribution 
with the dispersion ¢a), which was the start- 
ing point of our second approximation for the 
rigid limit. Some examples of the distribution 
(6.26) are shown in Fig. 1. Fig. 2. shows the 
behaviour of the half width 4a/. as a func- 
tIOMP Ol ancn 

Naturally, the general trend of the change 
of the half width is in good agreement with 
what one predicts from the famous equation 
due to Bloembergen, Purcell and Pound®) 


LN (2 ete 
Gz =(77) 7 ve T,’ ; 


where 1/T,’’ stand for the breadth oa for the 
rigid case (fao(t)=const.) and 1/T,’ for the 
breadth with the narrowing. Eq. (6.27) is 
derived in an intuitive way assuming that the 
Fourier spectrum of the relaxation function 
(6.25) in the range of the frequencies lower 
than the width to be observed is to be regarded 
as secular, the other parts being cut off as 
inactive in producing a fluctuating local field. 
To be rigorous, however, Eq. (6.27) is not 
correct for quantitative purposes, although 
quite satisfactory for order of magnitude work. 
The numerical calculation proves that the half 
width for the model (6.25) is well represented 
by the solution of a modified form of (6.27); 


PN AOS eee 
(rs) = a Cao tan7! 


(6.27) 


(zt —i*«ds 

(4 log Ty J ° 
(6.27a) 

(See Fig. 2). 


6c) The Non-Secular Effect and the Spin- 
Lattice Relaxation 


Next, we turn to the discussion of the non- 
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adiabatic effect, which is given by the terms 
with @,<0 in Eq. (6.13). Similarly to Eq. 
(6.21), the contribution of the non-adiabatic 
motional effect to the main line is determined 
by the asymptotic behaviour of the integrals 
involved in the right hand side of Pao Gals): 
Thus, the generating function to describe the 
contribution to the main line we from the 
non-secular perturbation w, is given by 


Pay(Z)=eXP Pay(Z) , (6.28) 
with 
; sae 
Pay(t)= — vay't\ €XDP (t@,T) fay(t)dt , 
0 
= —Gay"(Tay’ |t| +2tay’’t) , (6.28a)* 


where 
Tay +iT ay” =| e€Xp (Za@yT)f ay(t)dt : (6.28b) 
0 


Considering the relation (6.16), we may write 
this as 


Coy = i| EXP (4wyt) fay(t)dt=7f ay(— wy) , 


(6.28¢) 
Tay” =) EXP (ZT) fay(t) Sign tdt 
tit - PY" ao \" ae 
y EXP Werke unig ones, 
Te \ Lolo) (6.28) 
-o O+My 


In this transformation we used the formula 
A exp (zwt) oe Sion ae 
UL: AWesion (0) 


P forebe the integration means to take the 
Cauchy’s principal value of the following in- 
tegral, and f«,(w) is the Fourier transform 
of fay(¢). Thus, the non-secular motional ef- 
fect is to fold on the distribution Ja(w) Eq. 
(6.17a), the Lorentzian distribution 


Away 


ee Oo 
with the half width 
A@ay=Gey Tay» (6.29a) 
and the shift 
Ody=— Cay Tay’, (6.29b) 


pare 4 : ‘ 
A General Theory of Magnetic Resonance Absorption 


907 


for every non-secular perturbation wy. In 
the case of strong narrowing, the secular ef- 
fect also gives approximately a Lorentzian 
curve, so that the convoluted distribution is 
a Lorentzian function with the half width 


40a=1/T r= Diy FayTay , (6.30) 
and the shift 
(6.30a) 


On = —> Cay cay . 


The notation Zs. is employed here in analogy 
to T, used by Bloch» to designate transverse 
relaxation time. Thus, T 2. will be called the 
transverse relaxation time belonging to the 
resonance mode wa. The non-secular part of 
Tse will be denoted by Tye’, namely 
LT = SS Oar Gay oe 
wye0 
The suffix 1 is meant to show that Ti.’ is 
related to the longitudinal relaxation time 
T,, which will be discussed later. 
If the relaxation function fay(t) 1s assumed 
to be a simple exponential decay of the type 


S a(t) =exp(—|t|/Tey) , (6.32) 
as in Eq. (6.25), one gets from Eq. (6.28b) 


(6.31) 


Shee Tay 
LVRS Ce Megs Oa? 
L+ 07'tay (6.32a) 
2 
ae Tay Wy 
ey = sce hiee 
ik orins OPT ay” 


This particular assumption has been com- 
monly used since the pioneer work of Blo- 
embergen, Purcell and Pound. Usually, tay 
is assumed to be identical to ty), so that the 
single relaxation time, 


To =Tay—Te ; 


is used for the analysis of experimental data. 

In experiments in which wy, is kept constant 
and the relaxation time (or the correlation 
time) is changed by, for instance, temperature 
variation, the non-secular broadening becomes 
considerable only when 1/t, is nearly equal 
to wy. It is negligible compared to the secu- 
lar broadening unless wytaySl. If te is kept 
constant, the broadening decreases when oy 
increases. Such behaviour of the non-secular 


* Note the difference between Eq. (6.17) and 
(6.28a). For the non-adiabatic effect, we should 
use the asymptotic forms like (6.28a) in order to 
pick up the contributions to the main lines. ‘This 
can be seen more directly from Kq. (6.87a). 
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broadening is generally expected if fay(t) 
shows monotonous relaxation. 

Thus, the non-secular effect is to be ob- 
served when the secular effect is already in 
the region of strong narrowing. This is easily 
seen if tay and tay are of the same order of 
magnitude. Then we expect 

Ta9™ Tay l/wy<1/ a9 5 
provided that the satellite a+, is far apart 
from the main line wa. Therefore, the width 
of the resonande wa will be of the order of 
Ouo?Tao’(~OayTay’), and the non-secular shift 
(6.29a) of the order of —day?;wy. Although 
this shift is very small in the usual experi- 


where we assumed that the modes 1 and 2 
are themselves in internal thermal equilibrium 
with the temperatures, 7,=1/k6, and T,=1/kf, 
respectively. Except for this assumption, the 
invariant form (6.33) is simply the result of 
the usual perturbation theory. The rate is 
seen to be zero, as it should be, when the 
temperatures 7; and 7, are equal. Assuming 
now that the temperature difference is small, 
we put 


fi=8.+ 4B ) 


and calculate the first order term in 48, which 
turns out to be 


oA - e \" ( (341, 2D) se’ ev at 
A 3 Mp. Cte Fete7 ons 
= a sk! Ri OHa\dae . 


Using Eq. (6.4) and the assumption of low 
frequency, the above expression is shown to 
be 


dE, 4p (* 
OB | exp (t,t)dt 
x by, C[A1, 2,0] [3 -y’(0), fi )> ’ 
wy><0 


(6.34) 


where the summation over 7 excludes w,=0, 
because it does not cause any energy transfer. 

If the temperature is high enough, the ave- 
rage energy of the mode 1 is 


k. Kuso and K.”’Tomira Qval 2); 


mental conditions, it is, in fact, of the same |) 
order of magnitude as the width itself. Hence, |}) 
it could be observed by experiments, and also | 
it should be considered in careful analysis of \ 
experimental data. \\ 

The non-secular effect is usually connected |} 
with the relaxation process of the system by }}j 
which it attains equilibrium when the incident ||} 
radiation is cut off. In our general formu- }} 
lation, this relaxation is concerned with the 
energy transfer between the modes 1 and 2. | 
Regarding 3%’ as the perturbation responsible | 
for this energy exchange, the rate of energy 
transfer from the mode 1 to the mode 2 is 
given by the basic formula, 


yg Tt {exp (—AiHi— Bolts) exp (4 Hit H»)/4) (der, #’] exp (—t Hat Haase} 
oe ieexa (—fisi— B22) : 


(6.33) 
Ey=—BC#Y» . 
Thus we obtain 
1 il a : 
K [Sere ee (O)F4i)> , (6.35) 
tl 


for the relaxation time JZ; to establish the 
equilibrium of the energy partition between 
the modes 1 and 2. 

On the other hand, the non-secular width 
(6.31) is, in its explicit form 


= = oe a he exp (Zayt)dt 
ef [Mi(wa), y(t) (4-0), Mr(— oa) | 
<|Mz(oa)|*> 
(6.36) 
as seen from Eqs. (6.12) and (6.28c). Both 
expressions (6.35) and (6.36) are quite similar, 
and presumably of the same order of magni- 
tude, but they are not exactly equal. An 
example of this will be discussed in the next 
section. This difference between JT; and Ty.’ is 
also to be considered in a quantitative analy- 
sis of experiments. Physically, only a part 
of 1/Tia’ is to be attributed to the finite life 
time of the initial and final states of the 
transition #@,, perturbed by %%’. Actually, 
there is a complication due to an interference 
effect of the interplay of M,(wa), M,(—ay), 
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dy and #_,’, so that generally 1/Ty«’ cannot 
be interpreted in a simple way. This is one 
reason for the difference of Ty and Tye’. 

An obvious, still important point to be 
noticed here is that non-secular broadening 
occurs if and only if there exists the spectral 
component of 3%,’(¢) at the frequency w which 
satisfies the energy conservation law 


hot+hw,=0 : 


and does not commute with M;(we). In other 
words, the non-secular broadening never oc- 
curs if the mode 3%, cannot emit or absorb 
the energy quantum #w, by the perturbation 
#,°. Naturally, then, both 1/7, and 1/Ti.’ 
will vanish simultaneously. This is seen at 
once from Eq. (6.28c). 

Or, we can also go back to the expression 


Gyay(t) =— 4 M,(@a) |?exp (twat) 
t 
x | (¢—T) EXP (2@yT) Cay? fay(t)dt , 
J0 
(6.37) 
in Eq. (6.13), which describes the non-secular 
effect connected with the satellite wa+to,. 
Introducing the Fourier spectrum of /fa,(r), 
we may write Eq. (6.37) as 
Gray(t) 
= € | M,(«) Ey Gaye exp (t@at) 
x i. dy EXP Hotoy)—1—-io tote 


(w+oy)? Oe 


(6.37a) 


—o 


Thus, we may take 


Gay’ (t) = < | M,(oa) | a Cay” 
© le exp (NGG Gas OE A, 


as (w+@y)” 


wo)da, 


as the generating function to describe the 
intensity distribution of the satellite centered 
at Watwy. The same result is, of course, 
obtained by customary perturbation calcu- 
lation. The satellite intensity distributes, 
therefore, as 


2 F ay(@ ) ! 
(o+@y) ~ 


It should be noticed that in this case the 
second order calculation can give this infor- 
mation about the satellites, whereas it can 
give only the integrated intensity for the rigid 
lattices. Eq. (6.38) also means that the inten- 
sity distribution of satellite lines becomes 


(6.38) 


Kot+ouatoy)cday 
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infinite at the position of the main line we, 


if fay(—wy) is not zero. This divergence is, 
of course, only spurious, because there the 
other terms in (6.27a) come into play to cancel 
the infinity. The net effect is described by 
(6.28a) as far as the satellite wa+tay is not 
too close to Wa. 

Finally, some remarks should be made about 
minor corrections due to the terms we have 
disregarded in the above treatment. In the 
first place, we have neglected constant terms 
which are to be added to qao(t) and day(Z) 
Eqs. (6.21) and (6.28a). They come in from 
the term 

‘ mie x, late | 

Jim |e? [exp Coe Taras , (6.39) 
in Eq. (6.13). Similarly to (6.28b), this limit 
is shown to be expressed as 


for t—00 


for 


ee + 7 
Day —tPay 
Oavy’ +20 ay’ 


to — co 


with 


Day ga P| Fay) do ; 


—co O+ Wy 
Cay =TOay fay (—y) , 


The effect of this constant term is to replace 
the Lorentzian function (6.29) by 


ss EXP (Pay’) 
Ha 


Away COS Pay’’ —(©—Wat Bay) SIN Pay” 
(AWay)? +(@—a+0ay)” 


which, however, differs very little from the 
Lorentzian function in the region which is 
physically important. 

Another point is concerned with those terms 
with w2+twegs<0 in the complete expression of 
G.(t), Eq. (6.10). As we have noticed in con- 
nection with Eq. (5.10), they can be neglected 
if the system is highly symmetric, but we 
can also see that these terms are not im- 
portant for the discussion of line shape, be- 
cause their effect is similar to that we have 
just mentioned. 


? 


Part C. Simple Applications to Nuclear 
Magnetic and Paramagnetic Resonance. 
§7. Dipolar Broadening of Nuclear Magnetic 

Resonance 


To illustrate our method, we shall consider 
in this part the applications of the general 
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theory to simple examples of dipolar broaden- 
ing of nuclear magnetic resonance absorption 
and the exchange narrowing problem in para- 
magnetic resonance. The nuclear magnetic 
resonance has been treated by Bloembergen, 
Purcell and Pound®) both from experimental 
and theoretical sides. The reason why this 
problem is again taken up here is to recon- 
sider this from a rigorous basis of quantum 
mechanics and to correct some of their results. 
We assume the unperturbed Hamiltonian to 
be the sum of the Zeeman energy 3, of 
nuclear spins in a constant magnetic field H, 
and the energy of nuclear motion, 347, namely 
fo=H2+8%.=—ho, DT.+#1 , (7.1) 
where 


HOL— Ue tie Zola 


is the Zeeman splitting, y being the nuclear 
gyromagnetic ratio. The perturbation respon- 
sible for the broadening is now assumed to 
be the dipolar interaction of the nuclear mag- 
netic moments, 


(OY py Cog 
de ae os HE 5k 
J>k 


9 = iKN> f 
= ly” > jx (Th 31, el a i) 5 
i>k Tie 
(e2) 
which is conveniently decomposed as 


2 
de’ = Ss Haw ? 


a=—2 


Ha! = py ait’ = 2 Dix *{ fa} , (7.3) 
je Je 


where the abreviations are 
Wapee fal Pe 
{jk =LythetLily* , 
{jk}o =Tjelie—tU sth. +1y-hk*) , 
ey = lp let lids ; 
{jk} -2=1y Te , (7.4) 
and 
D jn*? = —(3/4) oo? Wj °(@jeAELY je)? , 
D j** = —(3/2) oF 52 ju @jeELY ix) 
Do j= — Leo V ju °(32n2 —7 x?) 


(7.5) 


In these expressions 7, etc., denote relative 
coordinates of the nuclei. 

The magnetic moment M:, which represents 
the interaction of the system with the radia- 
tion field, is written as 


R. Kuso and K. Tomita 


(Vol: 9; 


M:z=M,+M_, (7.6) 


where 


M,.=4/9 pS, Ty ME = 3 KG Ds tae (7.6a) 
J j 


The unperturbed motion of each component 
of Mz is simply 

M..(t)=exp (t¢-/A)M.. exp (—7t?-/h) 
eh) 


=exp (Fzwt)Mz. . 


Similarly, we have 


Sea’ (t)=exp (2t-/hA)Ha’ exp (—itZ./h) 
(7.8) 


=exp (—Zaw,t) a’ 
Further we define 


Ox*(t)=exp (tt f1/M) On exp (—4Hz/N) , 
(7.9) 
to describe the time change of dipolar coef- 
ficients induced by the nuclear motion. 

Since the nuclear magnetic moments are 
very small, we may safely assume the density 
matrix to be approximated by 

o=exp (—B#z)/Tr exp(—B#2) , 
which is used for the average of any quantity 
we may be concerned with. Thus the average 
procedure for the spin variables is simply the 
trace operation divided by the trace of the 
unity in the spin space. 

Then Eq. (6.8) becomes 


=(N/6) 440° LT+1) 


x exp (¢w.t)+exp (—zozt), (7.10) 


and Eq. (6.9) reduces to 


The general expression for the second order 
perturbation, Eq. (6.10) is now 


t 
Gi4)=— DS eS BS exp (—iaw.0)\' an\ * dts 
0 


a+B+y+5=0 0 
x exp {—7(741+622)02} 
xh *€{[M, fay’ (th) He’ (t2)Me]}>. (7.11) 


The perturbation $%.’ are spherical harmonics 
of second order with regard to the angular 
dependence of position vectors of nuclei, so 
that the cross terms involving 3,’(r)3%5'(0) 
with 7+6s-0 are zero for t=0 on average 
over the distribution of atomic nuclei, if the 
distribution is highly symmetric. For rX0, 
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these averages are not zero, but they are 
neglected in the following on the ground dis- 
cussed in the previous sections. Thus, we 
have only two combinations, a=—1, B= 
and a=1, 8=—1, corresponding to the time 
factors exp{+z-t} in front of the integral 
on the right hand side of Eq. (7.11). We 
need only to write down the term with a= 
—f8=-—1, the other part being obviously the 
conjugate complex. Thus the subscript a 
may be omitted, leaving only the subscript 7 
to specify the type of the perturbation %%_y 
and gy. 

For our calculation, the following formulae 
are useful ; 

[Us- +t), {(gk}-y]=ey{ jk}—y-1 , 

[U3*+Je*), {gk}yl= —cy{ik}yer , 

jk} jk} > =KyPT+1)* , 

@ak2) 

where the numerical coefficients are shown in 
Table I. 


Table I. Coefficients for Eq. (7.12) 


—2 —] 0 1 2 
e 2 iy 3p 2 0 
Ky 4/9 4/9 1/6 4/9 4/9 
Cy? Ky 41 


16/9 


8/3 1 16/9 0 


Corresponding to Eq. (6.12), we define the 
static moments o,*? and the correlation func- 
tions f,(c) for y=0, +1, +2, by the following 
equations ; 

#?(M_M..>o_7 f -(c) 
=C[M_, #-y(o) 470), Ms I}> 
=>) > (M_{ jk} yim} 4M. > 

jk lm 

xX {Dj"(7)Oim (0) } 
=ty" P+ I Pey Ky 11 LL On"(7)O xO), 
J 
(7.13) 


where we used Eqs. (7.12). Thus we get 


fia 7 =(3/4)ey’KysTT+1) & <1 O5x"(0) [> , 
(7.13a) 
and 
>» ({D j1.%(7)O 56-10) 


fy POS iN TTS) 
2 ({D 510) O jn, 1(0)} > 


f -y(T) 


For brevity, we introduce the notations: 
ho~=lLI+ 1)p9*b- 6 ’ (7.14) 
and 
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FF 5° es B37-5,-4( 1—3 cos? A 5x.) ' 
Fi}, op pees Br 5.73 cos Osx sin O 5K exp (42% jn) 
je? = B57 j4-3 sin? 04, EXP (EP jx) , 
(7.15) 


where 6 is a natural unit for the length. 
Hence, o, is a natural unit for the frequency 
associated with the dipolar interaction, and 
jc” are dimensionless quantities representing 
the nuclear arrangement around a nucleus. 
With these notations, we can write the mo- 
ments as 


aig = (iA A-Cine x ((F'jx°)?> ’ 
h? 07" (OZ oe x GP erat ies , 
WO =o ous x <a | a5 


Wo? =(3/4)W09" 2 h\Fae | » 7-16) 


which are associated with the perturbations 
wb _.’, fey). If the nuclear arrangement 
around each nucleus is isotropic on the average, 
or regularly symmetric, these moments are 
expressed by the following simple formulae ; 


Cp 0)2 = (6/0) oye O12 0 Calo 


ales) 


where B is a dimensionless lattice sum, 


B= py (b/rix)*. (7.17a) 


Of course, o;? is the dipolar breadth of the 
main line for the rigid lattice, which has been 
given by Van Vleck®. The total sum of the 
moments 


Ow = 09 +67? +0-7+6°=20,'B , (7.18) 


is the total second moment including the 
satellite contributions, which was calculated 
by Waller. The ratio of the moment 0)’, 
associated with the main line, to the total 
moment ow” is the famous 3/10, which holds 
only for isotropic or regularly symmetric 
cases. 

The correlation functions /,(c) which cor- 
respond to the moments o,”? are expressed by 


Ft) = 2 Pie (OP OS |F'.’|?> , 
M9) 


The motional effect due to the time decay of 
these correlation functions were already dis- 
cussed in the previous section. For optX<1, 
the secular breadth of the main line is _nar- 
rowed approximately as 


(4w4)y~d07T0 ; 


WW, 


which holds exactly for the half width of the 
Lorentizian curve in strongly narrowed limit. 
More detailed shape of the narrowed line is 
to be determined by the function f(r). If 
the simple exponential decay is assumed for 
f(t), the function (6.26) can be used. Or 
one may use the modified form of BPP equa- 
tion, (6.27a), for an approximate evaluation 
of the width. For these analysis, one needs, 
of course, to be careful about the assumption 
of the Gaussian shape for the limit of rigid 
case. As is well known, this is approximately 
true in condensed phases, where the number 
of interacting neighbors is large enough to 
allow the approximate validity of the central 
limit theorem (see Van Vleck®). 

Another point to be noticed with regard to 
the secular effect in the present problem is 
that the correlation function f(t) is real, 
namely 


Fol) = fo(—t)= folt) , (7.20) 


which means that the secular shift, Eq. (6.23b), 
is now zero. 

The non-secular broadening, Eq. (6.30) is 
explicitly given by 


(401 /2)nonsec.=1/T’ 
=n [o_2f-1(—o2)+ or filo) +62 f2(20:)] 
=7 [(5/3)o1? fi(@z) + 622 fo(2a2)] 
= (5/3)0y?t1/ +0,2c,/ , G7 24) 


because o;” is 20_:?/3 by Eq. (7.16) and f_3(t) 
is the complex conjugate of fi(rt). By Eqs. 
(6.28c) and (7.16), the above equation can also 
be written as 


/T,’ 


es Za SF alo AO) exp lessde 
ees 


+o)" D CP in 2(0)F jn2(0)}> exp (22027)dt | , 
-~ k 
(7.21a) 
or as 
Ty = “|p Kooy)+-5 Fx) | ae 


where 


MOE {3 3 (En MOF 5:(0)}> exp (—2rivtddt, 


(7.22) 
are the local field spectra which were intro- 
duced by Bloembergen, Purcell and Pound* 


R. Kuso and K. ToMITA 
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(their Eq. (26)). 
On the other hand, the spin-lattice relaxa- 
tion time, Eq. (6.35) is calculated as 


»<k-Y/ OO) 
9 <H?> 


1/T.= (1/242) \" Phe 


v0 
x exp (7 wat dt 


bar KUED \” En) On) 


Aye 
x exp (ty w.t)dt 
PK MI+VA- i COU 


-ao k 


y=1y 


x exp (—zrazt)dt 


Soy? iva) +J.(200)] : (C3) 


Therefore, if we divide 1/7; into two parts, 


i> t/a =) 
eeaba ce 2v9? 


corresponding to the single spin- and double 
spin-inversion processes, each part is expres- 
sed as 


and 
1 3 
Ea = (29) =4047t.’, 7.24 
(arses D) J2(2v9)= 40977, ( a) 
so that we have 
1/Ty = (2/3)0y?ty/ +405" . (7.25) 


With these notations, Eq. (7.21) is written as 


HENNE) 

2 T, Vo 4 des. 2v9 : 
In the ideal case of isotropic nuclear arrange- 
ments, these equations reduce to 


1/Ty’ =o, B{tr' +(2/5)r2’} 3 
1/Ty = 4,2BL(2/5)ev’ +(8/5)ex’}, (7.27) 


by Eq. (7.17). Thus, the two kinds of spin 
inversion processes have different weights for 
the spin-lattice relaxation and the non-secular 
broadening effect, so that 1/T; and 1/T,’ are 
not identical in contradiction to what has been 
assumed by Bloembergen, Purcell and Pound, 
who used the equation 


Var (3/2) 6p? [ Jiro) +3 J2(2v9)]. 
The double spin inversion is obviously more 


efficient for the energy transfer than for the 
broadening. The broadening effect is partly 


te ae (7.26) 
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determined by the life time of energy levels, 
for which the single spin inversion is more 
important. Actually the broadening is a more 
complicated effect than to be interpreted 
simply in terms of the life time. 

As we have seen in the previous section, 
the non-secular broadening becomes important 
only when the time constants (which we shall 
briefly call +t.) of the correlation functions 
fi(t) and f.(t) become comparable to or 
smaller than 1/2. In the limit of very rapid 
decrease of the correlations, the secular width 
is, of course, strongly narrowed, and the non- 
secular broadening is also small (1/6 9>1/0-> 
te). In this limit, the total width, Eq. (6.30), 


ie d0°To =- Let 


= ai\" Fo(t)dt+ : OY Re [no exp (—Zw.t)dt 
0 0 


+o,? Re ss exp (—2zu.t)dt , (7.28) 
0 
tends to 
Peat” folbat+ : a\” flbat 
< ot\" falt)dt, (7.28a) 


0 


which is independent of wz. The integrals 
define the relaxation times of correlations. If 
these are assumed to be Te, the same for the 
three, and if the nuclear arrangement is 
isotropic, then we have 


1/120 ,?Bre=(10/3)00?te . 


This is the so-called the 10/3 effect. Namely, 
for extreme narrowing, the width is just 10/3 
of that would be expected only from the 
secular effect, the excess of the 7/3 part com- 
ing from the mon-secular effect. The ratio, 
10/3, is the same as that for the total second 
moment oy? to the secular second moment 
0,2. This ratio depends, first, on the sym- 
metry of atomic arrangement, and second, on 
the assumption that the correlation functions 
behave in the same way.* If these assump- 
tions are not satisfied, the value 10/3 has to 
be changed, depending on the symmetry, the 
direction of magnetic fields, and the magni- 
tudes of the relaxation times of all kinds. 

In the intermediate cases, where the secular 
breadth is already narrowed, but the non- 
secular width shows a frequency-dependence 
(1/0>te~1/wz), the relative contribution of 


429) 
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the non-secular width has to be calculated 
from detailed expression of the correlation 
functions, /i(t) and f(r). 

For the non-secular shift, the relative 
weights of single spin- and double spin-inver- 
sion process are again different. From Eqs. 
(6.28d) and (6.30a), we find 


—O=6 Pt” +62” +622r,/ 
=(1/3) 6721 + 6209" 
1 oO. P ieee + ps2 P| (daw 


3 @—207 


O— Wz 

== han be i exp (—za.1) 
0 

x py CF 5%. (OF jx(0)} dt 


= [exp (—2dwet) S {Px *()F n2(0)}> ; 
(7.30) 


because t_1=—T Thus, the single spin 
inversion process is less effective for the shift 
than for the width. Naturally, the shift 
vanishes for extremely narrowed case. It in- 
creases in magnitude just when the non- 
secular broadening reaches at the maximum, 
and approaches to the value for the static 
case as the relaxation time increases to in- 
finity. Generally, the relation of the shift and 
the broadening of the non-secular effect is es- 
sentially similar to that between the disper- 
sion and the absorption. 

To illustrate the general features of the 
motional effect discussed above, let us now 
take the simple example with isotropic ar- 
rangement of atoms and with a single relaxa- 
tion time t., and draw the curves of the 
secular and the non-secular widths, the total 
width, the spin-lattice relaxation time and the 


// 


* The following is particularly to be noticed 
here. The conditions which give the 10/3 effect 
brings out the remarkable result, 7,=7,, at the 
limit of extreme narrowing (1/o9>1/w,>>7t,). This 
is seen from (7.28a), (7.24), (7.24a), (7.25) and (7.17) 
(see also (7.81) and (7.32)). Thus, for this limiting 
ease, 7; and JT, appearing in Bloch’s equation 
need not be distinguished. Like the 10/3 effect, 
this equality of 7, and 7, depends on the two 
assumptions mentioned in the text. If the first 
assumption about the atomic arrangement is dis- 
earded, the limiting ratio of JT, and J; becomes. 


T>/T = >, 2(1— cos? Ge3)/ > (1+ cos? 4,3) , 
Jj 


where 0;; is the angle between the radius vector 
r4j connecting neighboring atoms and the direction 
of the constant field. Generally anisotropy is to 
be expected for both 7; and T,. 
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shift as functions of te or wz. The secular 


width (4@)sec is determined by Eq. (6.26) or 
by the approximate Eq. (6.28). 

Theoretical expressions for this model are 
summarized below: 


{ 2 3 Ce 4 
Fig. 3. Change of the width, the shift and the 
spinlattice relaxation time with the correlation 
time, ct, of the local fields. The secular width 
1/T,’ is here strongly narrowed. The non- 
secular width 1/7)’ is added to 1/T’, to give 
the half width 1/T, of the absorption line nar- 
rowed by the motional effect and broadened 
by the non-secular perturbation. TJ; is the 
spin-lattice relaxation time. The dotted line 
is the asymptote of 1/7, and 1/7, for t,.—0 
(or w,>0). 6 is the nonsecular shift. 
(wp2=(8/5)oy?B is the secular second moment). 


. width 


— 


Vos Sox Te 
Cc 

Fig. 4. A schematic disgram showing the width 
as a function of », and tz. Curve a is the 
asymptote for w,—-0, including the whole con- 
tribution from the satellites. Curve d is an- 
other asymptote for w,>0, thus including 
only the secular width. Intermediate curves 
b and ¢ show the widths for intermediate 
Zeeman frequencies, for which both the secular 
and non-secular perturbations contribute to 
the width. For a fixed rt, the width decreases 
with increase of w,. 
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day 1p=(4a@)sec + (4@)nonsec=1/Ts 
Sire Maes 
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(isaile) 
Note that these formulae are based on the 
assumption that the main line is far apart 
from the satellites. In other words, the condi- 
tion 


oo= (iB On<Xwz, 


| 


is necessary in order that Eq. (7.31) is valid. 
The secular width is well approximated by 


1/T5=3/5)e9 Bes (7.32) 


in the region where the non-secular effect 
becomes important. In Fig. 3, 1/T%, 1/T1’, 
1/T,, 1/T,’ and 6 are plotted against t-, for 
the region of strong narrowing. Fig. 4 shows 
schematically the general nature of shape 
dependence on wz and t,. In the limit of Tt; 
—0 and w,-0, the resonance line emerges 
into the natural resonance, which is a half 
Gaussian curve in our approximation with the 
second moment o.?. (This may not be of 
physical interest for the nuclear magnetic 
cases, but we mention this here because the 
physics is quite the same for paramagnetic 
cases, for which the natural resonance can 
be observed.) This natural resonance will 
also be narrowed to a half-Lorentzian re- 
sonance when the correlation time t, decreases 
to zero. The effective narrowing sets in for 
te determined by 


Te~1/6w=(3/10)!/2/a9 , 


and the width for smaller rt, will be approxi- 
mately 


Gio on — (10/3) ¢0?re . 


Thus, the asymptotic curve for w,—> 0 is such 
as shown in Fig. 4. At t.~0, every curve 
for <0 starts along this asymmetric curve, 
and emerges into another asymptote Ly Dat 
which is the limit for w,.>0o. If o) and a, 
are comparable, the situation is much more 
complicated. In such cases, the resonance 
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lines at 0, wz, 2m, ---+ are too close to be 
separated, and the actual resonance is con- 
tinuous from w=0 to infinity. 

The non-secular shift 0 will be observable 
only in the cases where w:~1/c,. Then it be- 
comes of the same order of magnitude as the 
width. 

Finally, we note that the structures of cor- 
relation functions /,(r) are essentially similar 
to that of the relaxation function of the 
magnetic moment itself (see Eqs. (7.13b) and 
(2.9).) Thus, in principle, we may employ 
here the same technique of calculation as we 
developed in § 4. We can perhaps discriminate 
two cases. The first is that the energy levels 
of the nuclear motion make a quasi-continuum 
with a fairly large density. The second case 
is that the nuclear motion has groups of 
energy levels, the energy difference of dif- 
ferent groups being large compared to #0). 
In the second case, the high frequency ele- 
ments of 0,7%(¢), Eq. (7.9), can be omitted, 
and the nuclear motion may be regarded as 
consisting of completely separate modes with 
proper Boltzmann weights. The correlation 
functions are to be calculated for each of the 
groups. This actually occurs in systems 
which involves some kind of molecular rota- 
tion. In the first case, we may calculate the 
expansion of f,(¢) in powers of ¢ to obtain an 
approximation of log f,(¢). Generally, how- 
ever, the nuclear motion in this case can be 
regarded as highly classical, so that some 
classical approximation would be reasonably 


applied. 


§8. Exchange Narrowing in Paramagnetic 
Resonance 


Exchange narrowing in paramagnetic re- 
sonance absorption is another typical example 
of the motional effect, as has been pointed 
out by Gorter, Van Vleck” and others. This 
phenomena will be treated here completely in 
parallel to the motional effect of the nuclear 
magnetic resonance discussed in the preceding 
section. Now the stirring motion of the re- 
sonating spins is due to the exchange interac- 
tion of the spins, or more generally due to 
any kind of isotropic interaction of the spins 
which is stronger than the dipolar coupling. 
Thus, the unperturbed Hamiltonian of the 
spin system is assumed to be 


Ho=Het Lex : (8.1) 
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Our assumption is that the exchange energy 
commutes with the Zeeman energy and the 
total magnetic moment in w-directoin, namely 


[ex, Mz| =() 4 (8.2) 


[Hex, fz] =0, 
The perturbation is the dipolar interaction: 
CS pee dey de 
Y Y jb 
ee = D jx Y{ jR}y , (8.3) 
@ 


where the notations are the same as Eqs- 
(7.2)—(7.5). 

Furthermore, we assume the temperature 
to be so high that no long range ordering is 
appreciable either by the applied magnetic 
field or by the exchange coupling. This 
means that the density matrix (4.27) may be 
replaced simply by unity. On the other hand, 
if the temperature is low compared to the ex- 
change coupling energy, a complication enters 
because of the long order effect, which actual- 
ly happens when we deal with the ferromag- 
netic or antiferromagnetic resonance. These 
are, however, beyond the scope of the present 
work. 

Therefore, most of the basic formulae of 
the preceding section can be directly applied 
to the present problem with minor modifica- 


tions. In particular, Eq. (7.13) now reads as 


<M_M..» 0,7 f(t) 
=<[M_, exp (tr ez/4) 2 -y exp (—it#Hex/h)| 
x [fy , M.)> 
=<exp (tt .a/4)[M_ ,f2-y] exp (—it ca/ht) 


x [Hy ,Mal|>, (8.4) 
and Eq. (7.13a) as 
W 67 =(3/4)ey? Ky 4158S +1) x |Djx%|?,  (8.4a) 


where S is the magnitude of the spin, and 
oy? is the second moment associated with the 
dipolar interaction 7 running from —1 to 2. 
The secular component oy? is the second 
moment of the main line. 

According to the general theory developed 
in $6, our problem is now to calculate the 
correlation functions f,(¢) for each part of 
the perturbation. A rigorous calculation is 
prohibitively difficult and we are forced to 
take an approximate way, which is given in 
the following. 

The right hand side of Eq. (8.4) can be 
expanded in powers of Tt as 
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OLe# 


<exp(tto2/#4)|M_,f_y’ ]exp(— 
=<([M_#-7'](#y'M]> 
+(tt/h)<[Hex|M_-# -y pence cgls 
+43(it/h)< (Hee l(Hee[M_#-y']] | (Hy M]> 
(8.5) 


The first order term of this expansion is 
easily proved to be zero. The successive 
terms are, in principle, to be calculated in 
elementary manner. But, of course, calcula- 
tions of higher terms are very tedious. Thus, 
avoiding such complications, we assume that 


hy M)> 


f(t) =exp {20077} , oo 
where @,y is defined by 
sot = SU Reel M209’ }] [[5ty/, Ms] Heald 
h?<([M_# -y] [fy M.]> 
(8.7) 


The assumption (8.6) is analogous to our 
basic approximation method ‘4.6). It is also 
equivalent to the Gaussian assumption of 
random frequency modulation adopted by 
Anderson and Weiss®) in their theory of ex- 
change narrowing. It should be admitted 
that the assumption is by no means rigorous, 
but it is highly probable that it affords a good 
approximation to reality. Here we use this 
only because it is simple and makes the cal- 
culation accessible. 

Therefore, our description of the exchange 
narrowing of the secular broadening is quite 
the same as that of Anderson and Weiss. 
That is, 


#o(8)=exp| — 30" (¢=T) Exp (—@4p7t?/2) dr | : 
0 


(8.8) 
(see Eq. (6.17a)) is the generating function of 
the intensity distribution of the main line 
broadened by the secular part of dipolar 
interaction and narrowed by the exchange 
effect. Expanding ¢)(¢) in powers of 7, 
obtain 


bot) =1—349°f? +(1/24) 9? wep?t* +- (1/8) oo't* + - - 


Thus we see at once that 


we 


—3(4 0)? = 49700? , (8.9) 


is just the excess of the fourth moment over 
its normal value 309*. Anderson Weiss have 
made use of Van Vleck’s calculation® of the 
fourth moment to determine we? (which they 
wrote as (7/4)m,”). 
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In our approximation, the line shape of the 
main line is represented by 


co t 
inw)=| exp | = al (t{—T) exp (—O-9?t?/2)dt 
— oo 0 


~iot lat ; (8.10) 
This reduces, in the case of strong narrowing, 
to a Lorentzian distribution with the half 


width, 
(8.11) 


(40)ce:= do? , 


where 


n= ("exp (—entet2ide=y/ 5 fora 
0 
(8.11a) 


The secular shift is zero in this approximation. 

In stead of carrying out a numerical inte- 
gration of (8.10), we shall content ourselved 
with an approximate estimation of the half 
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Fig. 5. The secular half width caleulated by 
Eq. (8.12) showing the exchange narrowing. 


width by a modified BPP equation similar to 
Eq. (6.27a), which is replaced by 


NE (210g2) 410g2/ Ty’ 1 
ee = O oO 2 a = 
( = ay en a V 2n Weo 
X exp (—w?/2@ey?)dw 


1 
=(2l0¢2\6,.0( — 
ee Gee ioedae Te 
where the first integrand is the spectrum of 
the correlation function exp (—ae?r?/2) and 
the function @(z) is the error integral, 


(8.12) 


Fig. 5 shows the half width calculated from 


1954) 


(8.12) against V 7/2 4o/Me. Naturally, the 
change of the secular width with the exchange 
parameter is very similar to that for Eq. 
(6.27a). 

The non-secular width and shift are given 
by (see Eqs. (6.28) and (6.29)) 


(do@)y=o/t, , dy=—o/rty’’ , (8.13) 
where 
i Re| exp (—27 027) — 3 ey? dr 
0 
Teel a ee tesla 
a= ee fuses exp (—37702"/Wey?) ,  (8.13a) 
2s. 
and 
ty =Im | eXp (—2y wet —4@-y?t?)dr 
0 
1 9 9/ 9 
= exp (—7?0,7/2a,,’) 
Wey 
YX2/ oy “ : 
x exp (7/2)du . (8.13b) 
0 


For the numerical computation of the expres- 
sion, (8.13b), we refer a table given by Tera- 
zawa'®). The behaviour of ty’ and ty’ are 
again qualitatively similar to the case of single 
exponential correlation (6.32a). 

As we have discussed in §6, the non-secu- 
lar broadening becomes important when the 
Zeeman frequency is comparable to the fre- 
quency of the exchange interaction. In this 
region, a frequency dependence of the width 
is generally to be expected. If a strong ex- 
change effect is assumed, the half width, 


1 /2=40_ectAWnonsec » 


may be expressed by 


40> /3(2 + Paine exp (— 22/20”) 


Weo Me 


4 
aL = exp(—2u-oa*) |, (8.14) 
Thus, the width becomes smaller for shorter 
waves (i.e. for stronger fields) because of the 
disappearance of the non-secular broadening. 
The ratio of the widths at low freuency and 


at high frequency limits is 


A@iow, treq. eal Meo Gur +01" Meo cn 

Fr a ae Sarg 5 2° 

A@nigh freq. Wel Oo” We2 Oo 
(8.15) 


This reduces to 10/3 for ideal cases where 
the atomic arrangement is isotropic or re- 
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gularly symmetric and the characteristic fre- 
QUENCIES, Wey, M1 and wy. are all identical. 
Otherwise, this ratio should depend on the 
crystal structure as well as on the orientation 
of the constant and oscillating magnetic fields. 

Eq. (8.14) is a refined expression of the 10/3 
effect which was discussed by Anderson and 
Weiss®) in connection with the breadth of re- 
sonance absorption in some paramagnetic 
salts like Fe,(SO,)3, Fe(NH,)(SO,)2, MnSQ,, 
and MnCl... They showed that the nonadiaba- 
tic broadening, which they called the 10/3 
effect, can account for the excess of the 
widths in these salts over the narrowed widths 
as one expects from Eq. (8.11). More recent- 
ly, Ono et al! have observed a frequency 
dependence of the width of paramagnetic re- 
sonance in K,CuCl,-2H,O. As a matter of 
fact, there are two inequivalent copper ions 
in an unit cell of this crystal and these ions 
have anisotropic h-factors. Thus the situation 
is rather complicated. But, when the field is 
applied along the (001) direction, the g-factors 
of the two ions are both equal to 2.23, which 
allows us to apply the present theory. Pre- 
liminary calculations?» showed a reasonable 
agreement between the theoretical analysis 
and their experimental data. 

In actual paramagnetic substances, there 
may exist, besides the dipolar interaction, 
other causes for the broadening, for example, 
the hyperfine structure effect. Eq. (8.14) has, 
of course, to be modified to include such 
effects. It should be also remembered that 
the non-secular broadening effect is always 
accompanied by a shift of the peak, 


Oi Dui Tyee 


(see Eqs. (6.30a) and (8.13b)). 

Further theoretical developments on this 
topic of paramagnetic resonance absorption is 
out of space here, so that they will be given 
in another article. 


§9. Summary 


In our formulation of the general theory of 
magnetic resonance, our particular intention 
was to construct the theory on a clear basis 
of quantum mechanics. We saw in Part A 
that the Fourier transform method is logically 
connected with a general treatment of ir- 
reversible processes. The most general ex- 
pression of the relaxation function, Eq. (1.19) 


918 


was shown to be reasonably replaced by a 
simpler expression (2.9) for most of practical 
cases where the low-frequency approximation 
is correct. In Part B, we showed a formal 
expansion method to calculate the relaxation 
on the basis of perturbation theory. The 
magnetic moment and the perturbation are 
decomposed into Fourier components accord- 
ing to their characteristic frequencies in re- 
ference to the unperturbed motion of the 
system. This general consideration gives a 
natural way to separate the whole spectrum 
into the main lines and the satellites, and it 
also shows how we can select a particular 
part of the relaxation function to obtain the 
generating function in the form of Eq. (4.6) 
to describe the intensity distribution of a line 
of our interest. The logical relation of the 
method to the customary moment was discus- 
sed in §5. In §6 we treated the motional 
effect from a most general point of view. 
This gives a satisfactory formulation of the 
theoriee of the narrowing of the secular 
width, the additional broadening due to the 
non-secular perturbation, and the shifts which 
accompany to the secular and non-secular 
perturbation. Also it was pointed out that the 
non-secular broadening and the so-called spin- 
lattice relaxation are different things though 
very closely related to each other. Examples 
of the motional effect, that is the motional 
effect in the nuclear magnetic resonance ab- 
sorption and the exchange effect in the para- 
magnetic resonance, were discussed further in 
§7 and §8. Explicit expressions were derived 
in §7 for the simple case of dipolar broaden- 
ing in nuclear magnetic case assuming the 
correlation functions of the nuclear motion as 
exponentially decaying type. Our treatment 
of the exchange effect in paramagnetic reso- 
nance, which was developed in § 8, includes 
approximate equations for calculating the 
narrowing of the secular width and the ad- 
ditional broadening due to the so-called 10/3 
effect. 
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Appendix 


Here we shall briefly sketch a perturbation 
calculation to derive Eqs. (1.19a) and (3.15). 
We start from the equation of motion for the | 
density matrix, 


ihp(t)=Lo—o# , (hed) 
where 
C= %—H(t)M , (A.2) 


H,(£) being the applied magnetic field and M 
the magnetic moment of the system. Trans- 
forming Eq. (A.1) into the interaction repre- 
sentation, 


o(t)=exp (—at¢/h)o’(t) exp ¢Ht/") , (A.3) 
we get 
tho’ (t)=[0'(), M@)| Mid) , (A.4) 
where M(t) is defined by 
M(t)=exp (t¢/4)Mexp (—7t3/h) . (A.5) 


Thus we integrate Eq. (A.4) to the first order 
of A(z) to obtain 


t 


[o’(—oo), M@’)] 


—0o 


o@=0'(—») +44)"| 


x Hy (t’ dt’ +0”) , 
or, going back to o(¢), Eq. (A.3), 


a= ora) 


[o0, M(t’ —t)] Mi(d)dt’ 


+00h?),  (A-6) 


where (9 means 

Oo=exp (—7t/h)p’(— 00) exp (tt f/f) . 
We assume that the field Mi(¢) has been 
adiabatically inserted at t=>—oo, so that the 
density matrix og is a function of S$ which 
represents a_ statistical equilibrium in the 
absence of Mj. Accordingly gp and p’(—oo) 
are both commutable with s%. Now the ex- 
pectation value of the magnetization at the 
time ¢ is 

<M (t)>= Tro(t)M 

———s t 

= M+ (in| Tr{ [oo M(t! —2)| E(t! )M dt’ 


Eh"), (A.7) 
which can be written in the form of Eq. (1.18) 
with the relaxation tensor ¢ defined by 


(d/dt’)bayt—t’)= (4/4) Troy [Ma(t—-t’), My]. 
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This proves Eq. (1.19a), which may also be 
written as Eq. (1.19), if the density matrix 
09 1S assumed to be canonical. 
If the magnetic field Hy(¢) is assumed to be 
harmonic, i.e., 
A(t)=M cos aft. 
Eq. (A.7) is transformed as follows. 


g t 
os. =| Troy [Mt—t’)My] Hi y(t)dt’ 


h y 
= ZEEE EN aiMleimeis 
y 5} k 0 


x exp (2(£;—E,)t/#)—(7 | M,| k)(R| Mz|7) 
x exp ((4,—E3)t/4#] My cos w(t—t)dr 


=2 535 eB] (G1 Me| 41 Me j) 
i) k 


y 


1 
OCH; — EE, o)+2 tot 
x {(ar SE. to) +i Seni 


+ (x0; —E.+ as Z =e rl 
—(j|My| k)(R| Mz| J) 


i ; 
(EA, —E; + hg 
x { (70 k —hw- 1S a =a )e 


E —E; n —twe | 

+ (xa ee da i Ea t. 
(A.8) 

where we have made use of the relation 


(i ez*d¢— 70(x)+2P(1/2) : 
0 


Comparing the above expression with 
(Mt) —M = & {(%21' Hy cos wt 
y 


SEG IE Ey, sin wot}V ’ 
we get explicit formulae for the susceptibility 
components. In particular, one finds easily 
rae? 
ae 
Ey,—E;—ho VR —E;+ho : 
(A.9) 
and 
ae 
x 0(E,—E;—fho), ~—(A.10) 
Eq. (A.9) is the well known dispersion formula 
(see, for instance, reference 21). Eq. (A.10) 


and Eq. (3.10) give the rate of energy absorp- 


tion 
Q= MV hy SS {0(E))— ol Ex)} 
2h aa 


x |(j|Mz|k) |?0Ex—E;— ho) , 
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which is a direct consequence of ordinary 
calculation of transition probability. One can 
also see quite easily that 


2h 


Similar consideration apply to other cases than 
the linearly polarized radiation, for instance, 
tombe Gall): 


Oat 2 Peto Milt), Me] elrde . 
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Results of measurement on the energy loss of 22 kev electrons after 
passing through various substances—metals, metal oxides, NaCl, Ca(OH), 


and collodion—are given. 
analyzer of Modllenstedt type. 


The apparatus used was an electron velocity 
The design and construction of the 


analyzer is briefly described and some discussions are given on the 


results obtained. 


§1. Introduction 


It was early recognized that the measure- 
ment of the velocity distribution of electrons 
after passing through materials was interest- 
ing and important from various standpoints 
and a number of such experiments have al- 
ready been carried out.)* 

G. Ruthemann” has experimented with 5~8 
kev electrons and obtained the energy spectra 
of electrons passed through foils of collodion, 
Al, Be, etc. He used a semi-circular mag- 
netic deflector of Dempster type. In the case 
of Al and Be he reported that the energy 
spectra of electrons after passing through the 
foils had a remarkably characteristic feature, 
vig. the existence of several peaks of energy 
losses with equal intervals. G. Méllenstedt)->» 
has also performed a similar experiment on 
various substances. He analysed the electron 
velocities by deflecting the electrons with an 
electrostatic cylindrical lens which had a large 
chromatic aberration constant. The resolving 
power of his instrument was so high that the 
detectable energy loss was 1 ev for 35 kev 
electrons. 

Since the velocity retardation of electrons 
in materials may be caused by the transition 
of electronic states, these experimental results 
would give some informations on the electro- 
nic structure of the materials. Y.Cauchois) 
compared the energy loss of electrons reported 
by Ruthemann with her own experimental 
results on the K-absorption edge of X-rays 
in Al. D. Pines®) explained the same ex- 
perimental results on Al and Be from his 
theoretical standpoint, and considered that the 
energy loss would be caused by the excitation 


of a plasma oscillation of electron gas in 
metal. 


These experimental results on electron retar- 
dation have attracted much attentions of elec- 
tron microscopists, since the retarded electrons 
in speciinens have considerable effects upon 
the image of electron microscope. Further- 
more, the detailed knowledge of energy spectra 
may be useful for the understanding of elec- 
tron diffraction phenomena such as Kikuchi- 
patterns.© 

The author has constructed an electron 
velocity analyzer of M6llenstedt type and 
performed some experiments on the energy 
ioss of electrons in passage through metals, 
metal oxides and alkali-halide etc. This velo- 
city analyzer has no original feature in regard 
to the operating principles, but is designed 
so that the analyzer unit can be easily at- 
tached to an ordinary electron mictroscope or 
to an electron diffraction camera. 


§2. Instrument 


Fig. 1 shows the instrument used in this 
experiment. Only an electrostatic lens of a 
unipotential type is inserted between the 
objective and the projection lenses of an ordi- 
nary electron microscope. The electron source 
is a usual gun with a self-biased Wehnelt 
cylinder. The electron beam is converged on 
a specimen by a condenser lens, and after 
passing through the specimen the beam is 
appropriately diverged by an objective lens, 
(the latter is a comparatively strong lens). 
Each of these lenses can be moved horizontally 
and can be inclined with adjusting screws. 

The width and the horizontal position of 
the fine slit above the cylindrical lens are 


* On the way of preparing this manuscript 


Marton’s letter was published in Phys. Rev. 94 
(1954) 203. 
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adjustable from the outside of the vacuum 
column; it is usually several microns wide. 
On the plane of the fine slit the electron pencil 
is about 2mm in its diameter. 

The beam, after being scattered in the 
specimen elastically and inelastically, enters 
into a cylindrical unipotential lens situated 
below the fine slit. The longer axis of the 
cylindrical lens aperture and of the fine slit 
are parallel to each other. Because the 
cylindrical lens has only a transverse refract- 
ing power, the image of the fine slit formed 
on the screen becomes a straight line. This 
straightness of the image is of great advan- 
tage in obtaining the energy spectra of scat- 
tered electrons. It enables us to get an 
ordinary energy spectrum. Since the cylin- 
drical lens has a chromatic aberration similar 
to an ordinary lens, a difference of the energy 
of electrons gives rise to a shift of the image 


of fine slit; the image shift is perpendicular 
to the length of the image as mentioned 
above. 


The amount of the image shift 4z, caused 
by a difference of the energy of electrons is 
proportional to the chromatic aberration con- 
stant in magnification of the analyzer lens, 
Crm, to the distance of the beam from the 
lens axis, 7, and lastly to the ratio of the 
energy lost by the impact to its initial energy, 
Ad¢/d. It is therefore, 


Amy=M-Crm-7-46/¢ ; (1) 


where M is the magnification of the lens. 

Fig. 2 shows the path of the beam in the 
analyzer lens under the operating condition 
in the present experiment. Since the electro- 
static field in the lens is remarkably strong, 
the lens has a large chromatic aberration 
constant.* M is nearly equal to 1 in this case, 
and 7 is assumed to be only 1/2mm. Because 
of the large distance between the fine slit 
and the analyzer lens, the exact value of 7 
is not measurable. Under the usual operating 
condition of the instrument MCrmr=3.4 x 10° 
mm as is shown below. Thus 4z, takes a 
sufficiently large value to be detectable on a 
photographic plate, although 4¢/¢ is usually 
small; for example 4¢ is 5~20 ev and ¢ is 
22kv in the present instrument, i.e. 4¢/¢ is 
25x10-*~10-%, then the corresponding image 
shift Jz, is 0.85~3.4mm on the plate. 

The projection lens of relatively large di- 
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* The author has ascertained experimentally 
that the stronger the lens is, the larger the 
chromatic aberration coefficient becomes, 
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Fig. 4. The movement of the image of fine slit 
caused by a sinusoidally alternating variation 
of acceleration voltage. V=10 V, ¢=22 KV. 


ameter is used to make it possible to obtain 
an enlarged electron micrograph of the speci- 
men, when it is necessary. This procedure 
was used very advantageously to know the 
state of specimen. It is, of course, more 
desirable for the instrument to have an inter- 
mediate lens which enables us to take an 
electron diffraction pattern of the specimen 
situated at the ordinary specimen position in 
the electron microscope. The addition of such 
an intermediate lens to the instrument is now 
being planned. 

Final image of the fine slit or the energy 
spectrum of the scattered electrons is photo- 
graphed on a plate, the camera box being an 
ordinary one of an electron microscope. 

Fig. 3 shows the circuit of the high voltage. 
In order to obtain an energy scale a small 
transformer T is connected to the earth side 
of the filter condensers. Because of the high 
impedance of the main transformer the out- 
put of T will be superposed on the high vol- 
tage. When a sinusoidal wave of effective 
voltage V is superposed on the accelerating 
voltage ¢ through this circuit, the maximum 
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Circuit diagram of the high voltage. 


voltage variation ratio is 2/2 V/¢. This 
voltage variation causes a sinusoidal motion 
of the image of the fine slit; its amplitude 
corresponds to the definite voltage variation 
and is available as an energy scale. 

Fig. 4 is a photograph of a fluctuating 
image of fine slit when a sinusoidally alternat- 
ing voltage (50 cycles) of the effective value 
of 10 volts is superposed on the accelerating 
voltage of 22kv. The width of this image 
corresponds to the variation ratio of accelerat- 
ing voltage, viz. 28.3/22000. From the mea- 
surement of this width it was concluded that 
MCrmr in Eq. (1) is equal to 3.410? mm. 
On the other hand the least width of the 
final image of the fine slit was about 0.3mm 
on the photographic plate. Therefore, the 
resolving power of this velocity analyzer is 
nearly equal to 1/10000, and the detectable 
energy loss of 22 kev electrons is 2 ev. 

The resolving power of the electron velo- 
city analyzer of this type” depends mainly 
upon the width of the fine slit and also upon 
the opening defects such as the spherical aber- 
ration in an ordinary lens. It also depends 
on the collimation of the electron beam to be 
analysed. It may be possible to obtain the 
resolving power of 1/50000 by making use of 
another cylindrical lens which makes the ef- 
fective width of the electron beam narrower 
and finer without any loss of the beam inten- 
sity. 


§ 3. Experimental Results 


After ascertaining a sufficient resolving 
power of the instrument and a linearlity be- 
tween the image shift and the variation of 
the accelerating voltage, the energy losses 
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Fig. 5. The energy distribution of electrons 
after passing through an Al foil, the scale is 
20 eV. 


Fig. 7. 


of electrons after passing through various 
metal and oxide foils have been measured. 
The accelerating voltage was 22kv through- 
out this study. 

(a) Al & Al.O; 

An Al foil was prepared by evaporating 
the metal of 99.99% purity on a collodion 
substratum in high vacuum and then dissolv- 
ing the collodion base in appropriate solvents. 
The thickness of the foil was about 200A 
and it has a sufficient transparency for 22 kev 
electrons. Fig. 5 shows the energy distri- 
bution of electrons after passing through this 
Al foil; one can see several peaks, viz. at 
6.5, 14.8, 23 and 29.5 ev. The main peak 
corresponds to the electrons transmitted with- 
out loss of energy. The first peak at 6.5 ev 
is a comparatively feeble one, and the peak 
at 14.8 ev is the most intense and sharp. 
There is a broad and intense peak at 23 ev. 
The peak at 29.5 ev which is the last one to 
be detectable on this plate is very weak, but 
its sharpness is nearly equal to the one at 
14.8 ev. The second and the forth peaks 
were reported by Ruthemann”, and the three 


peaks discovered in Méllenstedt’s experiment” 
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Fig. 6. Al,O3. The scale is 20 eV. 


The energy distribution and electron diffraction of an Sn foil. 


may correspond to the first, the second and 
the third peak in Fig. 5. Peaks of larger 
energy loss could not be observed because of 
the existence of the continuous background 
and the weakness of the intensity of such 
peaks. Lang® reported an increase of the 
number of detectable peaks with the increase 
of the thickness of Al foil. The author was 
also able to ascertain this fact qualitatively. 

The Al,O; film was prepared by electrolytic 
etching of Al metal in a dilute solution of 
borax and ammonia. Fig. 6 shows the result 
of the velocity analysis of the electrons after 
passing through this Al,O,; film. Except a 
very feeble peak near the main one, only a 
broad peak at 22.5 ev is clearly observable, 
though a weak but broad peak seems to exist 
at ca. 46 ey. 

(b) Sn & SnO, 

An evaporated Sn foil which was prepared 
by a usual method from the chemical pure 
Sn metal was mounted in the instrument. 
Fig. 7 shows the result of the velocity analysis 
and also the electron diffraction pattern of 
this foil. There are seen three peaks of energy 
losses at 6.3, 13 and 19.5 ev; the last one is 
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Fig. 9. Be. The scale is 20 eV. 
very broad. 

An SnO, foil was prepared by heating the 
Sn foil in an open air at 400°C, for two 
hours. The electron diffraction patterns proved 
that the Sn foil converted completely into 
SnO,. The diffraction pattern and the energy 
distribution of electrons after passing through 
this SnO, foil are shown in Fig. 8. 

The feature of this energy distribution is 
not so different from that of Sn foil in spite 
of the remarkable differences in their diffrac- 
tion patterns; only the peak at 36 and 63 ev 
have newly appeared in this case. 

(c) Be & BeO 

A Be foil of about 300A thick was used as 
a specimen. The energy distribution of elec- 
trons passing through this foil is shown in 
Fig. 9. There are seen two peaks at 19 and 
38 ev. In the remoter part of the energy 
distribution there seem to exist very feeble 
peaks corresponding to ca. 57 and 76 ev. It 
was reported by Ruthemann” that the energy 
distribution of electrons in this case had a 
similar feature to that of Al. 

After the Be foil was heated in an O, flow 
at 500°C, for two hours, the foil converted 
completely into BeO as was ascertained by 
electron diffraction. Fig. 10 shows the energy 


The energy distribution and electron diffraction from an SnO, foil. 


The scale is 20 eV. 


BeO. 


Fig. 10. 


loss of electrons passing through this speci- 
men. In this case it 1s remarkable that there 
are several sharp peaks which are not seen 
in the case of Be metal. The peaks are situ- 
eiunel Gite Sut, WES, Asi ainel 57 Gy. 

(d) Mg0O* 

It was difficult to obtain a thin Mg foil by 
reason of the rapid oxidation of this metal 
foil especially under the relatively heavy elec- 
tron bombardment. Thus only the measure- 
ment on an MgO foil was carried out. The 
MgO foil was prepared by leaving an Mg 
foil supported on a sheet mesh in an O, filled 
desiccator for 2~3 days at room temperature. 
The thickness of the Mg foil was about 200 A. 
Electron diffraction patterns proved that the 
foil converted into MgO. 

The formation of the hydroxide was _pre- 
vented by use of a desiccator and prompt 
mounting in the vacuum column of the instru- 
ment at pressures of 10-4mm Hg or less. 

Fig. 11 is the energy distribution of elec- 
trons after passing through this specimen, 
and Fig. 12 shows the microphotometer record 
along the arrow in Fig. 11. One can see 
there a small peak at 5.5 ev, a sharp one at 


* Partly reported in Phys. Rev. 95 (1954) 1684. 
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Fig. 11. Mego. 


11.4 ev, and somewhat broad one at 25 ev. 
(e) Other Metals 

The energy losses of electrons passing 
through various foils such as Ni, Cu, etc. 
are tabulated in Table I. Most of these 
values of energy losses coincide 
with the experimental results 
obtained by Ruthemann* or 
Molleestedt). However, in the 


Fig. 12. 


S5 EV 


fo NAY 
fe oe 


by Thin Foils 925 


SSey 


The microphotometric record along the 


the arrow in Fig. 11. 


case of Au the energy distribu- 


Table I. The experimental results on the energy losses of ele- 
ctrons after passing through various materials. 


Energy Losses (ev) 


tion has a different feature 
from that of Méllenstedt. A\l- 
though Mdéllenstedt reported 
peaks at 15, 30, 45 and 60 ev, 
peaks observed in the present A 
experiment were at 6.5, 17.5, Z 
25, 34 and ca. 50ev. No dif- Au 
ference in the energy loss could 
be observed between the ele- 


ctrons scattered by an ordinar 
4 “ | Bed ‘eo ey 5-7, 16-5, 28, ST, 


evaporated Au foil and those 


by extremely thin  gold-leaf Calot), 25 j251S 902.87) 
prepared by etching in 5% 


KCN. Cr 
(f) Hydroxides & Alkali Halides 

In the cases of Ca(OH), and 
NaCl the results are as shown Ge 
in Fig. 13 and Fig. 14. There 
are seen in both figures several M90 


1A 


Méllenstedt 
Present Author | (Ruthemann,Lon: 


6.5 ,/4.8,23 295, |(14.72, 29.59, 4434) 
FES. 


22.5, 46, (22.31, 45-52) 


22, (22.56 , 45.31) 


15, 30, 45, 60, 
6.5 175) 25 34,44 


19,38, $6, (18.97, 39.1, $7.3),) 


26, 54, 


has INS 5 19.1) 


NaCl 


~ Collodion 

: Residual gas 
Fig. 13. Ca(OH). in Vacuum 
The scale is 20 eV. 


Sn 0, “a & 2 $5,125, 195,35, 63 
7, 13,18, 21.2, 


45,55, 114, 25, 


14.5, 20, 24, 24,3 


2, 


65,12, 22.5, 45, 


65,18, 24.5, 46, 


6.3, 13, 19.5, 


Bh, PSR. 
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Fig. 14. NaCl. The scale is 20 eV. 
Fig. 15. Residual gas in the vacuum of 


10-2mmHg. 
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Fig. 16. The microphotometric record along the 
arrow in Fig. 11. 


sharp peaks; particularly in the case of NaCl 
very fine iines are observed between the peaks 
at 14.5 and 32ev. Since the substratum of col- 
lodion has a large contribution to the energy 
spectrum of scattered electrons in the case 
of Ca(OH),, the values of energy losses can 
not be measured with sufficient accuracy. 
(g) Residual Gases in the Vacuum of 10-3 
mm Hg 

When the pressure in the vacuum column 
is less than 10-*mmHg the blank test with 
no specimen has given nothing but the main 
peak on the plates, However, at a poorer 
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vacuum of about 107?mmHg the similar test 
has given a few peaks as shown in IDs 116). 
The microphotometric record of the plate 
takes a sudden jump at 13.5 ev. This jump 
may correspond to the ionization energy of 
N or O; the ionization energy of the former 
is 14.5 ev and that of the latter is 13.5 ev. 
Perhaps these two peaks of energy losses 
were not separated on the plate. There seems 
to exist also two feeble peaks at 6 and 9 ev. 


§4. Discussions 


In table 1 there are tabulated all of the 
results which were hitherto obtained. The 
relative intensities are estimated only by 
visual inspection and are not so accurate. 

(a) Metals 

Most of the metals have several peaks 
which correspond to the energy losses of 
integral multiples of a basic quantum of lo~ 
25 ev. Méllenstedt has interpreted these 
peaks as the results of multiple coijlisions of 
electrons, without refering to the origin of 
the basic quanta. In order to go further in 
this interpretation of the multiple peaks, it 
seems necessary to make clear the relation 
between the intensity distribution of retarded 
electrons and the specimen thickness. How- 
ever as the intensity measurement is very diffi- 
cult at the present stage, the discussions 
on the Mdllenstedt’s interpretation will be 
left as a future problem. 

On the other hand Pines® has considered 
that these peaks would be the result of the 
excitation of a plasma oscillation of electron 
gas in metal, particularly in the cases of Al 
and Be. His calculated values of the basic 
quantum of the energy losses were 15.9 ev 
tor Al and 18.8 ev for Be under the assump- 
tion that all the valence electrons are free. 
These values agree well with Ruthemann’s 
results as well as the present experimental 
data, i.e. 14.8 ev for Al and 19 ey for Be. 
It is hard in the present experiment to decide 
which of these interpretations, by Mdllenstedt’s 
and Pines’, is more suitable to explain the 
experimental data in the case of metals. At 
any rate, there are observed many peaks 
which could not be attributed to the plasma 
oscillations, if we take the sharpness and the 
non-multiplicity of such peaks into consider- 
ation; for example the peaks at 6.5 and 23 ev 
of Al, and also those of Sn, etc, 


1954) 


The basic quanta of the energy loss and 
the other peaks which can not be explained 
by plasma oscillation may be considered to 
correspond to the transitions of the electronic 
state. Thus the comparison with the data on 
the fine structure of A- or Z-absorption edge 
of X-rays which are considered to correspond 
to the excited electronic states of solids may 
be valuable for the interpretation of the peaks 
in the present experiment. Cauchois*? com- 
pared the peaks of energy losses in Ruthe- 
mann’s experiment with her own experimental 
results on the K-absorption edge of Al. She 
compared the peaks of the energy losses with 
the maxima of the microphotometric record 
of absorption spectrum. The peaks of the 
energy losses, however, should be compared 
with the valleys of absorption spectrum, be- 
cause in the case of metals there is an empty 
level just above the Fermi level. Table II 


Table Il. The comparison of the peaks of Al in 
the present experiment with the valleys of K- 
and L-absorption edges of X-rays. (see reference 
(4), (9)) 


Peaks in 


Valleys of Valleys of 

K-abs. edge L-abs. edge present 
(eV) (eV) experi. 
6.1 (3.8) 625 
14.0 (10) 14.8 

23.0 Taps) 
BONS 

37 39 
55 54 


shows the comparison of the peaks of Al in 
the present experiment with the valleys of 
K- and L-absorption edges obtained by Cau- 
chois and Johnston” respectively. The peaks 
- of energy losses 6.5 and 14.8 ev may cor- 
respond to the fine structures of A-absorption 
edge, and the peak at 23 ev to a valley of 
L-absorption edge. An energy loss of 29.5 ev 
may be considered as the result of dual col- 
lisions, losing the energy of 14.8 ev in each 
inelastic collision process. 

In the case of Be, Sn etc. the similar con- 
sideration would be applicable, although the 
author has no suitable data to be compared 
with the present experimental results. 

(b) Metal oxides and Alkali halides 

In the case of metal oxides multiple peaks 
are also observed, for example, for Al,Os, 
BeO, SnO, etc. In this case the plasma oscil- 
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lation can not be excited, thus all of the basic 
quanta and the other peaks may be caused 
by the transitions of the electronic states, and 
the multiple peaks are considered to be at- 
tributable to multiple collisions. 

MgO has a sharp peak at 11.4 ev in the 
energy spectrum. This sharp peak is reason- 
ablly interpreted as a threshold of the first 
forbidden band above the full band; the width 
of the forbidden band is assumed to be 10~ 
15 ev by soft X-rays measurements™. On 
the other hand Townsend’s experiment!” on 
L-absorption edge of MgO shows that a nearly 
forbidden range of energies is present at 12 
ev above the lowest empty level. If the 
sharp peak at 11.4 ev in the present experi- 
ment is considered to correspond to the lowest 
empty level, the broad peak at 25 ev of this 
specimen is also reasonablly interpreted as a 
threshold of such a nearly forbidden band; 
in this case the width of the latter is esti- 
mated as 13.6 ev. The small peaks near the 
main peak of MgO suggest the existence of 
localized levels in the forbidden band. It is 
evident that the energy transitions of a few 
electron volts measured by photoconductivity 
correspond to the localized levels above the 
valence band. Measurements of the spectral 
distribution of photoconductivity in MgO show 
that the electronic transitions are possible at 
1.2, 2.1, 3.7 and 4.8 ev, and the additive 
coloration experiments of Weber!” have iden- 
tified the absorption bands at 4.3 and 5.6 ev 
with excess oxygen. Thus the present small 
peaks near the main peak are considered to 
be corresponding to the localized leveles. 

By analogy with the case of MgO, the 
sharp peak of BeO at 16.5 ev could be inter- 
preted as a threshold of the first forbidden 
band, and the feeble peak at 5.7 ev as a 
localized level in the forbidden band. In this 
case the author has no suitable data to com- 
pare with the broad peak at 28 ev. The broad 
one at 57 ev can be considered as the result 
of dual collision. 

The experiment on energy loss of electrons 
in NaCl gives also several fine peaks which 
are considered to correspond to the transition 
of the electronic states. 

Although no discussions on the intensities 
of peaks are given in this paper, it is obvious 
that the measurement of the intensities of 
scattered electrons will be an important pro- 
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The properties of V-center were investigated in the alkali iodide 
crystals (KI and Nal) containing excess iodine. In KI, the absorption 
spectrum was similar to that obtained by Mollwo, but for details, there 
were some difference. It was pointed out that the V-band in KI can be 
understood as superposition of three bell-shaped bands JI, II, and III. 
Of these, both band I and II can be safely assigned to V»2-band. As for 
band III, however, explanation is not possible at present though it 
seems to have fairly close relation to the other two bands. 

Some proposals were made in regard to the mechanism of the coloring 
with the pointed electrode and the explanation of the doublet structure 
of V.-band in KI. 


§1. Introduction generally a similar absorption spectrum re- 


Most of the recent investigations on the V- 
center in alkali halide crystals have been car- 
ried out on the crystal colored by X-ray  ir- 
radiation.» In this case, since the generation 
of V-centers is inevitably accompanied by 
that of F-centers causing thermal instabilities 
of both centers, the interpretation of experi- 
mental facts becomes considerably difficult. 
Therefore, it seems necessary to pay some 
attention to experiments on the V-centers 
produced by the presence of the stoichiometric 
excess of the halogen component in the 
crystal.» Moreover, although F-centers show 


gardless of variety of the ways of coloration, 
i.e. the X-ray coloring and pointed cathode 
coloring, this relation is not yet ascertained 
in the case of V-centers at present (cf. re- 
ference (1) especially the paper by Casler, 
Pringsheim, and Yuster). The present study 
is concerned with some properties of V-bands 
in the additively colored* alkali iodide crystals 

ESO he V-bands in the additively colored 
crystal” means the V-bands produced by heating 
the crystal in the atmosphere of the halogen gas. 
This should not be confused with the F-band in 
the additively colored crystal nor with the V- 


center produced by the pointed anode coloring (see 
§ 2 (ii) in this paper). 
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(KI and Nal) especially their behavior on the 
process of heat and light bleaching. 


§2. On the Production of V-center 
(i) Additive coloring 


The technique of additive coloring does not 
differ appreciably from that employed to pro- 
duce F-center.»)»» A piece of alkali iodide 
crystal, ~10x10x20 mm in size, and some 
solid iodine distilled in vacuum were sealed 
in a quartz tube, the former being put in the 
upper part of the tube and the latter in the 
lower. The two parts of the tube were heat- 
ed by two separate furnaces, temperatures of 
which could be regulated independently. The 
pressure of iodine around the crystal speci- 
men was known as the saturating vapor pres- 
sure at the temperature of the lower furnace. 

In Fig. 1, the curve A shows the absorp- 
tion spectrum of V-center in KI colored by 
this method, the temperature of the crystal 
being held at 530°C and the pressure of I, at 
1.3 atm. press. Curve C shows absorption 
of the original blank KI crystal. Measure- 
ments were done at room temperature witha 
Beckman DU spectrophotometer using air as 
blank. Mollwo’s data” is also shown by curve 
B for comparison. 

Curve A differs from B in the following 
respects: (1) B has the second maximum to 
the short wave-length side of its principal 
maximum, but A has not. A has only a curve 
of knee shape in the same region. (2) The 
wave-length of the principal maximum is 
longer, though a little, in A than in B. (3) 
B seems to have some other component to 
the long wave-length side of its principal 
maximum but A does not. 

We believe curve A to be more reliable 
from the following reasons: (1) In our case 
the absorption measurement was possible at 
any wave-length but it was not possible for 
Mollwo presumably because the continuous 
light source was not used in his absorption 
measurements.”) (2) The absorption spectrum 
of original uncolored crystal obtained in our 
laboratory has no remarkable hump* (having 
absorption coefficient>>0.1 cm~') at least with- 
in the range from the long wave-length side 
of the fundamental band to 1000 my. (see 
curve C in Fig. 1) (3) A crystal of KI which 
does not satisfy the condition described in (2) 
was colored by the method of the pointed 
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anode (to be described in next section), and 
it was found that just the same absorption 
spectrum as Mollow’s is obtained. (cf. Fig. 
2) (4) It was reported by Mollow that some 
heat treatments were indispensable to obtain 
his typical V-bands in KI, but curve A was 
obtained without any special heat treatment. 
(ii) Coloring with the pointed anode 

It was shown previously®** that the produc- 
tion of V-centers is also possible, at least in 
alkali iodide, when the crystal is colored by 
the pointed anode at elevated temperature. 
This process seems to be just the inverse of 
the well-known method of producing F-centers 
with the pointed cathode. The absorption 
spectrum of KI colored by this process was 
found to be exactly the same*** as that ob- 
tained by heating the crystal in the atmos- 
phere of the halogen gas provided that the 
crystal has such blank absorption as shown 
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Fig. 1. Absorption curve of KI colored in iodine 
vapor. (measured at room temperature) 
A: colored at 530°C in iodine vapor of 1.35 
atm. press. 
B: after Mollwo. 
C: original blank KI crystal. 


* It is considerably difficult to obtain those 
crystals which satisfy this condition. 

** The possibility of V-coloration by this method 
was pointed out by Moll wo, cf. Mollwo: Nachr. 
Gott. math-phys. Kl. (1943) 89. But this paper was 
not available for us. 

*k* In our previous report, (cf. the Fig. 2 in 
reference 4), there were some differences between 
the absorption spectra in the short wave length 
region. But later experiments showed that these 
differences can be attributed to some disturbance, 
perhaps, caused by the lack of sufficient annealing 
for the original crystal used in the case of color- 
ing with the pointed anode. A complete absorp- 
tion spectrum of KI colored with pointed anode is 
shown by curve A in Fig. 9 in the present paper. 


by curve C in Fig. 1. However, as was de- 
scribed in (i), when the KI crystals having a 
small hump at 4 287 my in its absorption 
spectrum is colored by this method, a similar 


spectrum as Mollwo’s is obtained. This is 
shown in Fig. 2 with Mollwo’s curve. 
5 4 3 2 ev 
J soon an a a a Cea ae a ed aoe ae 
750 300 400 500 600 800 mp 


Fig. 2. When the KI crystals having a small 
hump at 4287 mp in its blank absorption (curve 
C) is colored with a pointed anode, the absorp- 
tion curve A is obtained. Curve A is very 
similar to Mollwo’s curve (curve B). 


Fig. 3. Proposed energy diagram at the moment 
of contact between metal and alkali halide 
crystal. Energy scale is fitted to that of 
platinum and KI. Double layer is formed with 
charge produced by the displacement of ele- 
ctrons from crystal to metal. 


Although, at present, the quantitative ex- 
planation of these coloring process is not 
available, we may suppose that V-centers 
were originated by the positive holes intro- 
duced into the crystal from the pointed anode, 
just as F-centers by electrons from the point- 
ed cathode. So far investigated, the V-centers 
can be produced only when platinum is used 
as the pointed anode contrary to F-centers 
which can be produced as well by using other 
metals such as Fe, Ni and Cu as the pointed 
cathode. 

These facts may be explained as foilows. 
In order to produce V-centers, holes must be 
introduced from the anode into the crystal, 
in a meaning that electrons are carried from 
the top of the filled band of the crystal up to 
the Fermi level of the anode metal. Fig. 3 
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shows the relation of these energy levels at} 
the point of contact. Then if @ is the work 
function of the metal, % the crystal affinity || 
and J the energy gap between the bottom of || 
conduction band and the top of the filled band | 
of the crystal, the smaller is the value (%+J) || 
—@, the easier will be the process. Now it || 
is known that among ordinary metals, this }| 
condition is best satisfied with platinum of | 
which ®@=5.32 ev. Using the energy of the | 
second fundamental absorption maximum (6.58 | 
ev) as the value of J in KI, and assuming 
%=0.5 ev, we obtain (x¥+/)—®=(0.5+6.58) — 
5.32=1.76 ev for the energy required to raise _ 
a electron up to the Fermi level of platinum. | 
However the actual value will be smaller than 
this since J for KI should be smaller than 
6.58 ev because of the fact that the direct 
optical transition is forbidden between the 
top of filled band and the bottom of conduc- 
tion band.* 

In the case of F-coloring, since the electron 
has to be carried from the Fermi-level of 
metal to the bottom of conduction band of 
crystal, @—X must be as small as possible in 
order to facilitate F-coloration.®» However, 
the mechanism of electrolytic coloration has 
been studied by some workers,® and it is re- 
ported that the growth of F-cloud can be 
understood as being generated from the alkali 
metal which has been deposited at the sur- 
tace of cathode by the flow of electrolytic 
currents. Thus it seems natural to suppose 
that these alkali metals, having a small value 
of ® and hence of ®@—Z, play a role of a new 
cathode to supply electrons into the crystal 
during the process of F-coloration. Therefore 
the initial choice of cathode metal is unes- 
sential. 


(iii) The resolution of V-bands 
After reducing to the same thickness of 
specimen, curve A in Fig. 1 was corrected 


for the general absorption by subtracting 


* The effect of surface state was assumed not 
so important in these phenomena, because the 
behavior of V-coloration did not seem independent 
of the choice of anode metal. Density of the 
surface levels, if any, may be supposed so low in 
KI that the major part of the processes is not 
effected by these levels. In fact it was found 
that a tungsten anode, which has a considerably 
large value of @, produced also the V-coloration 
in KI though the degree of coloration was lower 
than a platinum anode under the same conditions. 
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curve C. The curve abtained in this way can 
be resolved into three bell-shaped bands I, II, 
and III as shown in Fig. 4. The band maxi- 
mum and the half-breadth at room tempera- 
ture are shown for each band in the figure. 
These are the mean values of seven cases 
under various coloring conditions. The re- 
solution was performed under the assumption 
of no overlapping in the long wave-length 
side of the principal maximum and a sym- 
metrical shape of each band. Band I was 
separated out at first, then, the rest was re- 
solved into two constituent bands II and III. 


(iv) On the V-band in Nal 


Although only qualitatively, V-center was 
found to be producible also in the crystal of 
Nal by both coloring methods mentioned 
above. Fig. 5 shows the V-band in Nal color- 
ed by heating the crystal at 550°C in the 
presence of iodine gas at 1.5 atm. press. How- 
ever, in this case, it was noticed that the 
coloration was fairly dense only immediately 
after the removal of crystal from the electric 
furnace and most part of the coloration was 
lost while the temperature of crystal was 
lowered to room temperature. This fact 
seems to suggest that V-center in Nal is 
stable only at room temperature or below, so 
that curve A in Fig. 5 is supposed to show 
the absorption due to those V-centers in Nal 
still remaing after the bleaching mentioned 
above. A similar phenomenon was experien- 
ced also in the case of coloration with the 
pointed anode. Further, the absorption meas- 
urement in Nal crystal were greatly disturbed- 
by its very hygroscopic nature. This causes 
a considerable increase of error in the ab- 
sorption measurement towards the short wave- 
length region of the spectrum (see curve A 
and B in Fig. 5), so that the correction and 
the resolution of the absorption curves could 
not be made in this case. However, at any 
rate, two bands which seem undoubtedly to 
correspond to band I and II in the case of KI 
are recognizable in this case, too. Hence it 
would be natural to assign curve A in Fig. 
5 to the absorption spectrum of V-center in 


Nal. 


§3. Properties of V-bands in KI 
(i) On the relative intensity of V-bands 


Mollwo found that the concentration of ex- 
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cess halogen in colored KI and KBr crystals 
varies with the first power of the pressure of 
the surrounding diatomic halogen gas. How- 
ever, the concentration of halogen was deter- 
mined by measuring the total charges in ex- 
cess of the purely electrolytic charges which 
flow when the color centers are removed from 


5 4 3 2 eV. 


Band] 365 3.40 0.72| 
L_I260-4.771~0.50 


300 400 ~§= 500-600 += 800 (000 
Fig. 4. Resolution into three bands I, II and 
III. 
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Fig. 5. Absorption curve ot Nal crystal contain- 
ing excess iodine. 
A: coloring at 530°C in iodine vapor of 3.5 
atm. pressure. 
B: original blank Nal crystal. 
The scale of the optical density is arbitrary, 
and can not be common for two curves. 


the crytsal with the use of an electrostatic 
field at high temperature. Accordingly one 
could not obtain information concerning the 
behavior of V-band during the variation of 
the halogen pressure. We have studied the 
variation of V-bands in KI colored at 530°C 
with various pressure of iodine gas. The 
results are shown in Fig. 6. 

In Fig. 7, the height of each band, which 
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is obtained by the analysis described in § 2 
(iii), is plotted in cm~! vs the pressure of io- 
dine gas. One can see that the linear relation 
is established between the band height and 
the pressure of iodine for each of band I and 
II, but is not for band III. This suggests 


eV. 
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MIL. 250 300 400-500 600 800 1000 
Fig. 6. Changes in the absorption coefficients in 
KI, additively colored at 530°C, with the 
pressure of iodine vapor. The height of band 
I and II are proportional to the pressure of I, 


vapor. 


04 08 12 
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16 atm. 


Fig. 7. The relation between the intensity of V- 
band in KI (in cm~!) and the pressure of iodine 
vapor around the crystal (in atm. press). 

(a) Intensity of band I vs iodine pressure. 
Coloring temperatures are 530°C and 480°C. 
Intensity of each band vs iodine pressure. 
Coloring temperature is 530°C. The linear 
relation is satisfied for band I and II, but 
not for band III. 


(b) 


that bands I and JI may be attributed to 
centers having diatomic nature. Moreover it 
is seen from Fig. 7 (b) that the relative inten- 
sity of bands I and II does not depend on the 
pressure, namely the ratio close to 2:1 is al- 
ways obtained. This ratio is not altered even 
when the temperature is varied at which the 
crystal is colored. The highest and the lowest 
value of this ratio which have ever been ob- 
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tained were 0.55 and 0.48 respectively. 
(ii) 

When the crystal of KI containing V-centers 
was heated above 300°C, bands I and II were 
reduced gradually, but IMI was somewhat en- 
hanced. 

In Fig. 8 is shown the behaviours of these 
bands during the thermal bleaching at 310°C. 
The absorption were measured at room tem- 
perature on each step of 20, 110, and 430 


Thermal bleaching 


Fig. 8. Thermal bleaching of V bands in KI for 
various time intervals at 310°C. The ratio of 
heights is maintained constantly in band I and 
II. 


minutes after the initiation of heating as il- 
lustrated. It is seen that band III ceases its 
growth as soon as the perfect vanishing of 
bands I and II is attained. 

Further continuation of heating can alter 
the shape of absorption spectrum no more, 
the fact suggesting strongly that band III is 
related essentially to bands I and II, and ac- 
cordingly to be assigned to one of the V-type 
bands. 

Attention should be given here again to 
the relative intensities of bands I and II. 
The ratio near 0.5 was found to be maintain- 
ed also during the course of thermal bleach- 
ing. We can suppose therefore that these 
two bands issue from a single kind of center. 

In this connection, it should be noted that 
the perfect disappearance of bands I and II 
produces no other changes of spectrum than 
a small increase in band III at least within 
the range of our measurements (from 22 335 
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to 1000 myz). Thus it may be concluded that 
the aggregates of higher order, i.e. larger 
cluster of excess halogen, are not formed 
during the annealing process at 310°C. This 
fact may be contrasted with the formation of 
colloidal particles in the case of additively F- 
colored crystal.” 


Light bleaching 


V-bands in KI were bleached by irradiating 
with ultra-violet light. In this experiments, 
the crystal containing V-centers was irradiat- 
ed at room temperature with a light from 
filtered Hg-arc (44 365 and 312 my). These 
two lines nearly coincide with maximum ab- 
sorptions of bands I and II respectively. It 
is seen from Fig. 9 that a saturation is reach- 
ed by the irradiation for a sufficiently long 
time. This saturation state is indicated by 
a persisting curve D. A typical restoration 
phenomenon was observed concerning this 
saturation state; that is, if the crystal in the 
saturation state is heated for 20 minutes at 
210°C, the original shapes of the V-bands are 
reestablished to a great extent as shown by 
curve E in Fig. 9. Since the broad band D 
grows during the course of light bleaching 
of bands I and II, the above-mentioned con- 
stant intensity ratio between latters is not 
recognizable except at the earlier stages of 
bleaching. 
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$4. Discussion 


Recently, many detailed experiments were 
carried out on the V-center? produced by ir- 
radiating the crystals such as NaCl, KCl, and 
KBr with X-rays. On the other hand the V- 
center produced by the additive coloring was 
investigated by Mollwo”) about twenty years 
ago on KI and KBr. However the correspon- 
dence of the V-band produced by X-raying 
and the one produced by additive coloring 
does not seem to be clear with the exception 
of V,- and V;-band of KBr. In KBr these 
bands obtained by X-ray irradiation can cor- 
respond, though not completely, to the V- 
bands found by Moliwo in the same crystal 
colored additively. 

As to the models of V-center,®)» © it has 
been suggested that V.-center consists of two 
positive-ion vacancies and two holes, and V;- 
center of two positive-ion vacancies and a 
single hole. These suppositions are based 
mainly on the fact that the V-center produced 
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in the additively colored crystal seems to have 
a diatomic structure®) and that the V,-center 
has a great stability under conditions in which 
free electrons are produced in the lattice. 
Our results concerning band I and II in KI 
suggest that both bands can be attributed to 
V.-center. 
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Fig. 9. Bleaching of V-bands in KI by the irradia- 
tion of ultraviolet light. 

A: initial state. This curve shows the absorp- 
tion of the crystal colored with the platinum 
pointed anode at 520°C. 

B: after the irrad., of 12.5 hrs. 

C: after the further irrad. of 7.5 hrs. 

D: after the further irrad. of 7.5hrs. 

E: after heating the crystal in state D at 210°C 

for 20 minutes. 
original blank crystal. 


On the other hand, it was proposed by Mol- 
lwo that the separation of two peaks obtained 
in his spectrum of V-band in KI (see curve B 
in Fig. 1) can be attributed to the doublet 
separation in the normal state of free iodine 
atom. The same idea was proposed again by 
Alexander and Schneider! to understand the 
doublet structure of their V-bands obtained 
in KBr colored with X-rays. But their pro- 
posals seems to be derived from somewhat 
inadequate ground since it was pointed out 
by Casler, Pringsheim, and Yuster'” that the 
relative intensities of these two peaks varies 
with changing the conditions of coloring. 
Moreover, at present, these two peaks have 
been assigned to V,- and V;-band in KBr. 
Taking these affairs into consideration, we 
would like to apply once more the above- 
mentioned idea to explain the separation be- 
tween bands I and II in KI. Band IJ and II 
show the separation of 0.75 ev as shown in 
Fig. 4, and the ratio of the height of band II 
to that of band Tis always nearly 0.5. These 
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facts can be explained if one assumes that 
the atomic nature of iodine appears strongly 
at least in the excited state of V.-center. If 
most part of the doublet structure in the ex- 
cited state of V.-center could be attributed to 
the separation of the doublet in the ground 
state of iodine atom, i.e. to 7P3/;.—?Py/2, the 
intensity of band I will be twice as large as 
that of band II because the intensity of ab- 
sorption may be proportional to (2J+1)-value 
of two upper levels. Fig. 10 shows our pro- 
posed interpretation of bands I and II as aris- 
ing from the excitation of a positive hole in 
the V.,-center. 


Conduction Band 


oF 


F 
Vi 


(7P 34) 
2P 4) 
Filled Band 


Fig. 10. Energy level scheme of F- and V.-center 
in KI. Larger energy is required to produce 
the halogen atom in ?Pi/. state than in 2P 3) 
state. 


This explanation seems merely speculative 
unless similar facts can be confirmed also in 
other crystal such as KBr and KCl. However 
it should be noted here that the magnitude 
of separation of the two bands is nearly equal 
to that of half-breadth of each band in the 
case of KI. This fact means that the resolu- 
tion of V.-band will be very difficult in the 
case of KBr even when the absorption mea- 
surements were made at low temperature, 
since it may be estimated that the separation 
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will be less than 0.35*, whereas according to 
Dorendorf!® the half-breadth of V.-band at 
—180°C in KBr irradiated with X-rays is 0.6 
ev. Hence it seems possible to occur that the 
V.-band is observed as a single band without 
any structure in KBr even at low tempera- 
tures. A fairly complicated behaviors, as re- 
ported by Casler, Pringsheim, and Yuster,’” 
of V.- and V;-band in KBr colored with X- 
rays might be partly caused by these circum- 
stances. 
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The stochastic theory of magnetic resonance absorption developed 
recently by P. W. Anderson is examined here further in some details. 
The fundamental idea of the theory is that the resonating units suffer 
transitions among their possible states each of which is characterized 
by a proper frequency of the magnetic moment. The transition is 
assumed to be described by a Markoffian process. The fundamental 
equation for the auto-moment or the auto-correlation of the magnetic 
moment is rederived and transformed. Some general properties of the 
absorption spectrum are discussed on the basis of this equation. In 
particular, the narrowed spectrum for the case of rapid transition is 
proved to be Lorentzian with a half width determined by the equilibrium 
distribution of the units and the transition matrix of the Markoffian 
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jumps. 


If the relaxation time of the transition is assumed to be com- 


pletely degenerate, the resonance spectrum is given by 


ist 
rage dw! 


where P(w) 
1/w, being the relaxation time. 


R (<= 
T We +1(w —w’) 


Wallerigre era 


is the intensity distribution in the limit of slow relaxation, 
Although this idealization is not quite 


physical, the result is useful for qualitative understanding of the changes 


in line shapes due to the motional effect. 


case is also discussed. 


Introduction 


or 


Recently P. W. Anderson” presented an 
interesting theory of the motional effect in 
magnetic resonance absorption. His model is 
that the resonance frequency is modulated 
randomly as a stochastic process. More speci- 
fically it is assumed that the resonating units 
make transitions between various states each 
of which has a characteristic resonance fre- 
quency. The transition process is assumed 
to be described as a Markoffian process. If 
the transition process is sufficiently slow, the 
observed spectrum of the resonance must be 
the set of those proper frequencies weighted 
by the relative probability of finding an unit 
in each of the frequencies. On the other 
hand, if the transition is extremely rapid, 
then the system will give rise to a sharp line 
the frequency of which is a certain average 
of the proper frequencies. Thus, the observ- 
ed resonance spectrum will change between 
these two extremes as the transition rate 
varies. On this model, Anderson has deve- 
loped a mathematical theory which affords at 
least qualitative understanding of such physi- 
cal phenomena as the motional narrowing in 
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The limit of Gaussian-Markoff 


nuclear magnetic resonance or the exchange 
effect in paramagnetic resonance absorption. 
The purpose of this note is to examine a 
little further some mathematical aspects of 
this model and to discuss certain problems 
which were left unsolved or untouched in 
Anderson’s treatment. 


§2. Fundamental Equations 


Let us suppose that the possible states of 
the resonating unit are finite and numbered 
as &,, £,----,. Our fundamental assumption 
is that the process in which the unit realizes 
in the course of time the various states is 
Markoffian, so that it is determined by the 
transition probabilities P;,(¢). It is assumed 
further that this stochastic process is station- 
ary, which means that the transition pro- 
babilities depend only on the time interval ¢. 
Furthermore, the following conditions are as- 


sumed”). 


1) P(t) =1—c;t+ od) , (2.1) 
2) Pit) =Cj Pit +o) , (2.2) 

where 
(2.3) 


p=. and 2 Pxe=1 : 


5 
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If the number of the states is infinite, we 
must assume that (2.2) holds uniformly with 
respect to j for every fixed k*), 

Under these assumptions, the Chapman- 
Kolmogorov equation 

IAG) sie Sy Pin(t—h)Pnk(h) 


m 


02 b= 


can be transformed into the differential equa- 
tions 
Pult)= =CypP p(t) + >; ery) Grain ’ (2.4) 
m 


which is the so-called forward equation. This 


is a set of x equations for a fixed z. We may 
conveniently write this as 
9;t)=—%;D , 
where ¥; is the row vector 
Gee Pas Pigg 2" ae (2.5a) 
and D the matrix 
De = CuO te =—C Dine (2.5b) 


Eq. (2.5) determines the matrix of transition 
probability (P;:(¢)) with the initial condition 


P30) =O jx. (2.6) 
The adjoint equation of (2.5) is 
dQ=—D¢® , (2.7) 


which corresponds to the backward equation, 
~ being a column vector. Eq. (2.7) has an 
obvious solution 


1 
i 
es aad De, =0, (2.8) 
1 
as one seems from the condition (2.3). Cor- 


respondingly Eq. (2.5) must have a stationary 
solution 9 which satisfies 


%,D=0. (2.8a) 


The eigenvector %) must be unique and inde- 
pendent of 7 provided that our Markoffian 
process is ergodic, which we assume through- 
out the following treatment. The components 
of the eigenvector %) are the stationary dis- 
tribution or the equilibrium distribution to 
which the ensemble of our system must ap- 
proach starting from any arbitrary distribu- 
tion. The normalization of this equilibrium 
distribution is expressed by 


Popo=l1, (2.9) 
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which ts 
ay Jejpies\| ’ 
k 
where P,° are the components of ¥ , 


Oo= (Py, Pe®,-+-+° AOD. (2.8b) 


Now let the proper frequency of the re- |} 
sonating unit be denoted by a; in the state ‘| 
E;. Thus the moment M(Z) of the resonating i) 
unit is assumed to be given by 

M()=M(0) exp fonae, (2.10) 
where w(Z) is a stochastic variable assuming 
various valueS 1, Ws,°*--+-: , @,, as the unit 
jumps to and fro according to the basic pro- 
cess described by Eq. (2.4). Here we have 
neglected other possible complications coming 
from the variations in amplitudes and phases. 
It is also possible to construct a theory taking 
account of these, but we ¢chall here employ 
the assumption (2.10) for the sake of simpli- 
city. The problem we have now to solve is 
the calculation of the auto-moment of M(d), 
which is the Fourier transform of the inten- 
sity distribution of the resonance absorption. 

We shall here adopt a formulation which is 
a little different from that used by Anderson 
to derive the fundamental equation. Let us 
introduce a function Q;(¢) which is defined 
as the average of 


A eae Jowrar, (2.10a) 


on the condition that the unit is in the state 
FE; at the time ¢=0 and is found in the state 
Ey at the time ¢. This definition yields, cor- 
responding to the Chapman-Kolmogorov equa- 
tion of P;,(¢), 


QO ic(t +h) = > Q im) Qmx(h) f @e ib) 


We now see from the assumptions (2.1) and 
(1.2) that 


Q5;(h) =(1—c5h) e**°5+0(h) , 
Qic(h)=cipyht+oth) : 


Therefore, going to the limit of h-0 in Eq. 
(2.11), we obtain the equation 


Oxel(t) == (40%;,—Cr) Q jx(L) ai »y Qjm(DHemPmx , 


(2.12) 
which may be written as 
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Q¢)=7QQ—QD , (2.13) 


if we denote the matrix (Qj) by Q and the 
diagonal matrix 05, by ©. Eq. (2.12) has 
to be solved with the initial condition, 


Q3x(0) = Or : 


The auto-moment of M(s), Eq. (2.10), or 
that of “@), Eq. (2.10a) is now given from 
the fundamental solution of Eq. (2.13). Name- 
ly we first take the average of Q;:(¢) with 
respect to the initial states distributed with 
the equilibrium probability (2.8b) and then 
sum up over all of the possible final states. 
Thus the auto-momemt of y(#), or the cor- 
relation function of M(Z) is 


IE) =P QE) do - (2.14) 
Or, defining the vector function 

u(t) =PoQC) , (2315) 
we may write (2.14) as 

gt)=u)d - (2.14a) 


For the function #(f) we can set up the equa- 
tion 

u(t)=tuHA—u Dd , (2.16) 
which is imposed by the initial condition, 


u(0)=%o . (217%) 


Eq. (2.16) is the fundamental equation of our 
treatment. 
The formal solution of (2.16) is 


u(t)=% exp {—(D—7Q)F; , (2.18) 
which gives 
g(t)=%o exp {—(D—iQ)t} 4 : (2.19) 


This is, of course, identical with the basic 
formula derived by Anderson”. 

Since simultaneous addition of , to all of 
the frequencies 1, @2,:---, @r, gives to u(t) 
only an extra factor expzmt we can choose 
the frequencies in such a way that 


> Po;=0 (2.20) 
j 


or 


YP AG)=0 . (2.20a) 


This means that we are dealing with the 
spectrum the center of which is now arbi- 
trarily chosen to zero. This particular choice 
is useful to simplify the calculation, so that 


Note on the Stochastic Theory of Resonance Absorption 


937 


we shall assume (2.20) in the following treat- 
ment. 


§3. Some Direct Consequences of the 
Fundamental Equation 
The auto-correlation, g(¢), and the normali- 


zed intensity distribution, /(w), are mutually 
connected by the Fourer transforms, 


a=\" Hoetde (3.1) 
and 
Ko)= 5)" gite-*tdt (3.2) 
Daye Vee 
Thus we must have 
W—1)=9) . (3.3) 


Now the moments of the distribution J(#) are 
generally given by the derivatives of g(¢) at 
t=0 provided that those derivatives uniquely 
exist. It is easy to see that the assumption 
of Markoffian process forbids the existence of 
the moments higher than the second. Ex- 
panding Eq. (2.29) one gets 


g(+0) = ¥p(Q+EDY"y 


=P,.Q(O +sD)"—-O, (3.4) 


where we made the use of Eqs. (2.8) and 
(2.8a). Thus the second moment is 


Mz= PO po= > P;'o;, (3.5) 
a) 


whereas Eq. (3.3) and (3.4) show that the 
third derivative of g(f) at ¢=0 cannot be uni- 
quely defined, the right and left limits being 
generally different except when 


QP ADI Ly = SS P?/Oj;Dx.OK= OF 


Thus, the third moment of J(w) will not be 
convergent and the distribution falls off at in- 
finity to allow only the existence the second 
moment, (3.5), which is independent of D, 
namely of the relaxation process. It is, how- 
ever, to be remembered that the non-existence 
of higher moments just mentioned is utterly 
a mathematical consequence of our Markoffian 
assumption, which will certainly break down 
for very small time interval if our system is 
really a physical one. The dynamical co- 
herence is always dominant for small time 
interval either in classical or quantum-mecha- 
nical systems so that the correlation function 


g(t) must behave quite regularly in the neigh- 
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borhood of ¢=0. Therefore, the Markoffian 
theory as a physical theory is doomed to fail 
to describe correctly the wings of the re- 
sonance curves. But it is correct near the 
center and can give valuable conclusions if it 
covers the most of the frequency range which 
is practically important. The criterion ot the 
validity or the usefulness of the Markoffian 
theory is actually pretty complicated depend- 
ing on the dynamical nature of physical sys- 
tem of interest. Thus more detailed discus- 
sion of this point is beyond the scope of the 
present article. 

The extreme limits of very slow and very 
rapid relaxation are, of course, to be seen at 
once from Eq. (2.19). If D is negligible, we 


have 
Kt)= > (EROS (3.6) 
Thus, the spectrum is simply 
Ko P/0(@—a5) , (Se) 


as it ought to be. On the other hand, when 
D is so large that © can be neglected, Eqs. 
(2.19) and (2.8) or (2.8a) shows that g(?¢)=1, 
which gives 


I(w)=d(o) . (3.8) 


The approximation from the side of weak 
relaxation can be made with the aid of per- 
turbation method, which has been discussed 
by Anderson. 

The approximation from the other side, that 
is from the limit of strong relaxation, needs 
somewhat more careful investigation. For 
this purpose and also for a general treatment 
of the problem, we may conveniently rewrite 
Eq. (2.16) as we shall see in the following 
section. 


§4. Method of Solution of the Fnndamental 
Equation 


Noticing that the operator D has the parti- 
cular eigenvalue zero, we now want to elimi- 
this particular eigen-space Ry) and set up the 
equation for the rest of the whole vector 
space. Let us put the solution z(t) of Eq. 
(2.16) in the form 


U(t)=Co(t)Po+v(Z) , (4.1) 


where v(t) is orthogonal to the zero-eigenvec- 
tor of D, namely, 
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VL) Po= di V(E)=0 . 
zo 
Inserting (4.2) into Eq. (2.16) we get 


C(t) Po FOO) = 202) P02 +10 QHQX—V@D , 
(4.3) 


which can be separated into two equations: 
eo(t)=tv HQ , (4.4a) 
Wt) =tepQpQA+7(vQ—vQR,)—vD, (4.4b) 

where Ry is the projection operator defined by 
Ro= oP - (4.5) 


This is easily seen by making scalar product 
of the vector Eq. (4.3) with the eigen vector 
% from the right. It gives Eq. (4.4a) by 
virtue of Eqs. (2.8), (2.9), and (2.20a). Eq. 
(4.4b) is obtained by subtracting (4.4a) from 
(4.3). 

The most convenient way of treating Eq. 
(4.4) is the method of Laplace transformation. 
The Laplace transforms of ¢(¢) and w(¢) are 
defined as 


) 


CnDe= “ar 


0 


ais\=| (4.6a) 


Vis= ie v(te-**dt. (4.6b) 


0 
Then Eqs. (4.4a) and (4.4b) are transformed 
into 
SCo(s)—1=2Vis)\Qdy , (4.7a) 
SV(s)=1C)(s)%)Q.+2V(s\O1—R,)—- Vis)D > 
(4.7b) 
because, by the initial condition (2.17), we 
have 


c(0)=1, and v(0)=0. 


Eliminating Cy) from Ex. (4.7a) we arrive at 
Vis}{s? +sD—isQ(1—Ry) + OR.O}=79,0 . 
(4.8) 
Since V(s) and 7%Q belong to the space 1— 
Ry, we may write (4.8) in the form, 
V(s)(1—Rp){s?+sD—7sQ(1—Ro) +QOR,O} 
SROKOD (4.8a) 
using the relations, 
Ry D= Ryp=ROQAR)=0 5 


The operators appearing on the left hand side 
of Eq. (4.8a) are essentially matrices in the 
spase 1—Ry with r—1 dimensions. Eq. (4.8) 
can also be written as 


1954) 


Vis\(s—7Q) [s(1— Ry) +(s—70)-1sD+-7R,Q] 
=19,0. , (4.8b) 

or as 
V(s)(1—Ro)(s—2O)[s(1 —Ry)+(s—2Q)-1sD 
+2RoQ)]=72%,0 , (4.8c) 

since 
Ro(s—7zQ)[s(1— Ry) +(s—70)-!sD+7R,Q]=0. 

From Eq. (4.8c) we see easily that, in the 


limit of vanishing D, the solution of (4.8) be- 
comes 


V(s)=%o(s—72Q.) 111—R,) , (4.9) 


as it must be. 

If Eq. (4.8) is solved after Vis), Eq. (4.7a) 
gives C,(s) which is nothing but the Laplace 
transform of g(Z), i.e., 


Cis)=|"abernat : (4.10) 
0 


because Eqs. (4.1) and (2.14a) give 
Jt)=O(2) ’ 


by virtue of (4.2). But the required intensity 


distribution is 


I(o)= | y(tye-**"dt 
DIE \se63 


= l Re {. 
7 —oo 


be iCaele ds . 
We. 


gbe-*?' dt 


(4.11) 


Therefore our problem is generally reduced 
to the solution of Eq. (4.8) or (4.8a) in the 
space 1—R,. With the obtained solution V/s) 
the intensity distribution is given explicitly by 
I(w)=(1/z) Re (1+ 7Viga)Ogdo)/(@w) . (4.12) 
Perhaps it should be noticed here that the 
function C)(s) has no pole at s=0. This can 


be seen from Eq. (4.8), because for s=0 it 
becomes 


V(sS\Q YF oQ=71% 90, 3 
which gives Vi0)O¢)=2. Thus 
[1+2V(s)Qdo]s-0=0 . 


$5. Narrowing for Rapid Relaxation 

Eq. (4.8) can easily solved tor the limit of 
strong narrowing, that is for the case where 
the relaxation effect is overwhelming. Let us 
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denote the orders of magnitudes of D and O 
by ty! and wa. Then the orders of magni- 
tudes of the four terms in the bracket on 


the left hand side of Eq. (4.8) are 
w7, w/ty, OWa, and Wa? (s=tw) 
respectively. Therefore, if we are interested 


in the frequencies satisfying the condition 


OSG, (al) 
and if we assume that 
Cac <a lee (5.2) 


the first and the third terms can be neglected, 
so that Eq. (4.8) becomes approximately 

V(s)[sD+ OR ,O|=7¢)0 ) (5.3) 
or 

V(s)D=s QQ G—VOd») . (5.4) 
Here D is understood as (1—R))DU—f)), 
which is an operator in the space 1—R, and 
has no zero-eigenvalue. Thus the inverse D7! 
of D can be defined in the space 1—Ry. Eq. 
(5.4) now gives 


Vis\Q¢p=s I 1QQAD=IONY)(F— VOY») . 
Hence we get 
is. QD- Ody 
1+s732@QD-1Og¢> ’ 
Inserting this into Eq. (4.12) we find 

1 1 

I(o)= Re — ——__—— 
ee ™ 10+ %OQD 0%, ’ 
where both %Q and Oy are vectors in the 
space 1—R, so that the quantity QD 404) 
has a definite meaning. If the eigenvalues 
of D in the space 1—R) are all degenerate 


(see the next section), that is, if the relaxa- 
tion time of the system is single, we have 


D-*=(1—Ry)t-1—R) , 


VO == 


@.5) 


and 
Fo2LD“ Gy = & Pre PTp= wtp . (5.6) 
More generally we may write 
%OD70dy= |; 9, Qe-”'Odydt 
= Ww Teft , (9.7) 


and express the intensity distribution as 


Oe : (5.8) 


1 
Tg eee = Pcie 
@) tT w?+(wTett)” 


940 Ryogo 
Thus the narrowed spectrum is generally a 
Lorentzian curve centered at the average fre- 
quency of the proper frequendies each of 
which is weighted by the equilibrium pro- 
bability. The width of this Lorentzian curve 
is given by Eq. (5.7). 


§6. Simple Relaxation 


An interesting example which allows exact 
treatment is provided by the system with a 
single relaxation time. This is defined by a 
particular assumption for the elements of 
stochastic matrix involved in Eq. (2.2) such 
that 


C= GALE) « (6.1a) 
and 
Pu=PPA—P/)-*, pi=0. (6.1b) 
with the condition 
x Ye (6.2) 
Thus the explicit form of D is 
Djr= 00 jx—OeP? . (6.3) 


With this matrix D one finds at once that 
any deviation from the equilibrium distribu- 
tion (2.8b) relaxes as exp(—oa,t). This ex- 
ample was discussed by Anderson”, but he 
did not give the complete solution of the pro- 
blem. Although the model is not quite physi- 
cal, it can still give qualitative understanding 
of the changes of line shapes as the rate of 
relaxation varies. Hence an exact solution of 
this model is not without physical interest. 

For the sake of generality we shall consider 
here continuous cases rather than the discrete 
cases. Corresponding to Eq. (6.3) we may 
write the kernel of D as 


Do, o)=0,0(@.— ow’ )—a,. Po’) ; 


(6.3a) 


for continuous cases. In this expression P°(w) 


is normalized as 


[Pvoido=1 : (6.2a) 
More rigorously we may write 
eD=|eo devo, wo’) 
=e {e(0")—P>(w lo(ordo} , (6.4a) 
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Db=|D (w, oda’ f(a’) 


=p { 0) —[ Pro aorgro} , (6.4b) 


The equilibrium solution for D is provided by | 
Pw), that is 


[Peo Deo, wo \da=() 
and 


[Dio, o’)xconst. dw’=0, 


Any function f(w) which is orthogonal to the | 
stationary solution, that is | 


[Fioidn=0 , 


satisfies 
fD=.a¢f , (6.5) 


which means that any deviation from the 
equilibrium distribution decays with the re- | 
laxation time 1/a, . 

Now the fundamental Eq. (2.16) is 


(uw, th=twulo, t)—o.ulo, t) 
+PHo)\ alo", t)da’. (6.6) 


Eqs. (4.4a) and (4.4b) are explicity written as 


sCi(s)-1=i| Vio, s)do , (6.7a) 
and 
(s+a@e—tw) Via, S$) 
=tP(w)Cy(s)—{sCy(s)—1}. Pw). (6.7b) 
The latter equation gives 
Via, s) 
={(tm—s)P'(w)Cy(w)P(w)}/(s+o.—tw) 
== Pla Cet ee 
Sta.—tio  stoe—iw ~ 
(6.8) 
Hence we get from Eq. (6.7b) 
ieee de 
= Stwe— tM 
DS (ala palioul ia) de eee 
) sto.—ito 


We define the characteristic function of P°(w) 
by 


1954) 
ore=| P(we'tdo , 6.10) 
from which we find 
is \ QZ) exp {—(we+s)t}dt 
=) PP @)do 
| = > (6.11) 


4 


anda 


ee Qt) exp {—(w.+s)t} dt 


twP®(w) da 
S+tw.—tw 


=Q" (Z) exp {—( otee] 
0 


torts)” Q(t) exp {—(w.+s)t}dt 


=—1+(o,.+s)R(s) . (6.12) 
Thus Eq. (6.9) can be written as 
R(s) 
(CH 
Peet Lee eS) ae) 


This assures that the function v(w, £) or 
Vio, s) is zero when integrated over w, be- 
cause we get Eq. (6.13) from Eq. (6.8) if we 
integrate both sides of (6.8) over w. There- 
fore Eq. (6.13) is the exact solution of our 
problem, from which we can find the spec- 


(6.14) 


trum /(w) using Eq. (4.11): 
| Po" )\dw’ 
Tpke 1 Oetto—w’) 
Zo 


— Pa’ )\do’ — 

1 We A Z 

WOe+t(W—o’) 

It is interesting to note here that the rela- 

xation has no effect if the original distribu- 

tion P°(w) is Lorentzian. Namely, a Lorent- 
zian function 


Pw) =(1/2)b/(w? +B?) , 


will give 
QZ) =exp (—b] Z|) , 
and 
R(s)=1/(stoct+b) , 
which leads to 
Cis =(S-20)—- 


Thus the spectrum remains unchanged. 
General expansion formulae of Eq. (6.14) 
for small w. and large w. can be derived as 


ae Mao) =!) 
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follows. For large w,., we expand Q®(¢)exp(—st) 
in power series of ¢ to obtain 


RG) Ss \ = Ee OO) » | exp (—wet)dt 


n o 2! 


SF ~ (One se ale =o) 


on) os). (6.15) 
Inserting this into (6.13) an explicit expression 
of J(w) can be obtained. Thus we have 


" Qr(2) lie 


Reps ge ee eae ie ae 
We Oe We? 
so that 
Toe il Re Rito) 
1 1—o,.R(io) 


<i it ‘ PE sonia 


z (w+?) +o2W2++-++’ 


which is simplified to 


1 w7/W>¢ 


z w?+(w?/a-)? ’ 


T(o)~ (6.16) 


in accord to Eq. (5.8) for practically important 
frequencies 
O~W?|O¢ F 
Next we shall derive an approximation for 


small w, assuming the distribution Pq) to 


be continuous. Noticing that 


(REA i Q*(t) ext {—ilw—tw,)t}dt , 
(Eq. 6.11), we introduce 
[either ett = n1%"(o) ito) (6.17) 
which means that 
1s (@)= Re 7), Qe tdt=P%o), 


and 
Dian / 
%o/(o)= HW \a oe eas 
7 Oe): 
are the absorption and dispersion for the 
limiting case where w,-=0. Therefore we may 


write 
Riw)= 
where we have assumed that the functions 


%/’ and %’ can be analytically continued to 
complex values of the argument. These two 


r{Xy (wo —1e) —1%9/(w —10e)} fi (6. 18) 
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functions are mutually connected by the 
Kramers-Kronig relations, so that the know- 
ledge of Pw), for instance, allows us to 
construct its complementary part %‘(w). By 
the assumption of the regularity, we can then 
expand R(gw) in. powers of w,. Thus the 
intensity J(w) can be calculated in power series 
of w. provided tha %’’(w) and %’(w) are con- 
tinuous and differentiable. To the first order 
of we, we get 


T@)\— PE @) 
+04 See +m{PXo) 1 (o} [+ soe. 


@ 
(6.19) 


One finds easily that this first order term 
vanishes if P°(w) is Lorentzian. It would be 
interesting to examine the condition that the 
relaxation will result in the narrowing, or 
more roughly, in the enhancement of the peak. 
For this, let us assume the particular case 
where Pm) has a single maximum at o=0 
(which is the center of the gravity of the 
distribution P°(w)) and further that %)‘(0)=0. 
Then 


o| oe +n PO} | 
dw Aor 
=2{| \"o wat f-\"rorwael , (6.20) 
7 0 x 


is the first order change of the intensity at 
the peak. Evidently, this is equal to zero for 
the Lorentzian case, @°(f)=exp(—d|z|). If 
the decrease of @°(¢) is slower than the sim- 
ple exponential decay for small values of ¢ 
and faster for large ¢, then we may expect 


{\"@ del >\"rereat 


and the narrowing will take place as the re- 
sult of the relaxation. If @(¢) behaves in 
the opposite way, then we may _ except 
broadening rather than narrowing at least in 
the first order of w,. Thus, in a sense, the 
Lorentzian form is a stable distribution against 
the effect of random modulation of the reso- 
nating frequencies, which seems certainly of 
some physical interest. 


§7. Remark on the Gaussian-Markoffian 
Limit 
As we mentioned in § 2, the resonance fre- 
quency w of a resonating unit is considered 


Ryogo KUBO 


(Vol. 9, |}, 


as a stochastic variable. If the random vari- || 
able w(t), w(¢,),--:: w(¢tn) for any set of || 
arbitrarily chosen 2 time points (# being 
arbitrary) are distributed with a Gaussian | 
(normal) distribution function (naturally we | 
assume here every w(¢) realizes continuous | 
values), 


f(o(hh), (te), EET 5 w(tn)) 


(COG {= 5 Dy ~ aso(ds\o(tet : 
7 


(| ees i f(olty), «+++ oltn))do(t)- ++ -do(tn) 


i 


then the stochastic process of w(Z) is called a 
Gaussian process»). If the stochastic process 
w(t), which is stationary, is Gaussian, it is 
easy to see that 


KE s—=exp {-\) (t—r)Xwit' +e)01e dae} F 
0 
(a) 
as has been pointed out by Anderson and 
Weiss”). 

Now we shall remark here that under a 
certain conditions Markoffian process we have 
assumed in the above treatment approaches 
to a Gaussian-Markoffian process. Let us 
suppose that the resonance frequency of the 
resonating unit in each of its states is con- 


structed from a number of small contributions. 
1.6%, 


N 

of) =, Aawn(t) . (7.2) 
For instance, the resonance frequency of an 
unit can be conceived as determined by a 
local fied which is the resultant of small dis- 
turbances exerted by a number of surrounding 
atoms. The state of an unit is now charac- 
terized by the states of the surrounding atoms 
which are specified by set of numbers (jf, jo, 

-- jy). For simplicity we further assume 
that each of these atoms will realize its vari- 
ous states independently of the others. The 
stochastic process of the component 4w,(¢) is 
thus assumed to be Markoffian which is due 
to random jumps of the m-th atom. Cor- 
responding to our treatment in §2, we de- 
scribe this by the matrices D, and 4QO,. The 
zero-eigenvectors of D, will be denoted by 
Yon and yn. Then we see at once that the 
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correlation function g(¢) for a resonating unit 
is given by 


N 
j= Il Init) 3 


n=1 


(i3) 
where 


In(t)=Pon exp {— Dn—t4QOn) \t} Pon ; (7.4) 


is the correlation function for the component 
4ewn(t). Now we expect there exists a gene- 
ralization of the central limit theorem of pro- 
bability theory which states that a some 
conditions the stochastic process of w(#), (7.2), 
becomes Gaussian. A rigorous ne ee 
of this assertion is out of space, but we may 
say that if 


lim > <( Awn—<4wn>) 


N->o n=1 


oS linen = Pon(4On)? Pon 


N>x n= 


= Op” ? 


(25) 


exists and if the distribution of every dun 
satisfies a certain condition such as the Linde- 
berg condition to prevent too wide a spread 
of its distribution function, the correlation 
function, (7.3) approaches to the form (7.1), 
for which we now have 


Kot’ +r)a(t’)> »=lim s Pon4Qne- Pat AOnPon 


neo n= 


=lim %OQe- 270d, , (7.6) 
Noo 
where ©, D, % and & now refer to the 


whole configuration space for all of the com- 
ponents. 

With the use of the expansion formula for 
an exponential operator function, 


0 


1 
ertraen+| et-Sa¢hest*ds 


Les 
+| \ eO-)4heG-8)4 bes“ dsds’ + +-+-, 
00 
we get 


t 
Grit) ri bon| e- Prt +| e- Pnt—tyg4QOne- Pn'idt 
0 


tt 
+| |  o- Dnlt= bg AO ne~ Pnl1-'2)¢ AO nem Prt 
0 


0 
x dtidts +0(40") | Lon 
=14-7t% rd4Ondon— \. (t{— T)Pon4One- Dyt 
x AOnPondt +0(4") 
=exp {—[!a—=)(don(e) don Ode +0140") 
0 
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where 
<Awn> = PondOQndon=0 ’ 
can be assumed without loss of generality. 
Inserting the above expression into (7.3) and 


omitting the sum of the residual terms, we 
get 


t 
aé)=exp| (t =Xole apa | ; 
0 


Ce) 


where <w(t)w(0)> is identical with (7.6). The 
correlation function (7.7) or (7.1) is equivalent 
to the Fourier transform of the absorption 
spectrum derived by Kubo and Tomita» with 
the use of second order perturbation theory. 
In particular, the strongly narrowed width of 
the spectrum is determined by 


i <w(t)a(0)>dt= f QOQe-P7 OY dt , 
0 0 


in agreement with Eq. (5.7). It should be 
noticed that this limit of strong narrowing is 
independent of the Gaussian assumption. 

If the relaxation times or the eigenvalues 
of D (except the zero eigenvalue) are all de- 
generate (see §6), we may write Eq. (7.7) as 


g(t)=exp [= of exp (—a,T) @—s)de| 
0 


=exp[—w,%(exp (—ac)—1+a¢t)] . 

(7.8) 
This should be compared with Eq. (7.25a) of 
Kubo and Tomita’s paper. As was discussed 
by these authors (7.8) is a typical function to 
describe the narrowing process of a Gaussian 
spectrum with the second moment ,? in the 
presence of a Markoffian motion characterized 
by the relaxation time 1/w,. This is the basis 
of the theory of motional narrowing of adia- 
batic broadening in nuclear magnetic resonance 
spectrum first discussed by Bloembergen, Pur- 
cell and Pound®. 

A particularly simple example of Eq. (7.8) 
is the case where every 4wn takes only two 
values w, and —o, and the stochastic matrix 
of each component is 


Bugs 


Then g,(¢) is easily calculated to be 


why See We ae f9 Me a 
nit) = Fale +o exp} fe oO) Nes 
bak I ia Cana || 
~(F- #')exm| (Sre)epy, 


We 
3We 
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(w/2#=02/4—a,”) . 
Taking the limit of Nw,2—w,? as N increases 
indefinitely, it is easy prove directly Eq. (7.8). 


Acknowledgement 


The author wishes to thank Dr. P. W. 
Anderson for much valuable discussions. 
This study was partially financed by the 
Scientific Research Fund of the Ministry of 
Education. 


References 


i) ib way eeandersonc—)) bh s: 
(1954) 316. 


Soc. Japan 9 


J. YAMASHITA and T. KUROSAWA 


(Vol. 9, 


An Introduction to Probability 
Vol. 1. 1950 (John 


2 Win teller: 
Theory and its Applications. 
Wiley and Sons) p. 386 ff. 


3) M. C. Wang and C. E. Uhlenbeck: Rey. 
Mod. Phys. 17 (1945) 323. 
4) P. W. Anderson and P. R. Weiss: Rev. Mod. 


Phys. 25 (1953), 269. See also L. A. Zadeh: Proc. 
I. R. E. 39 (1951) 425, and Z. Kiyasu: Inst. Ele- 
ctrical communication Eng. Japan, 34 (1951) 605. 
5) R. Kubo and K. Tomita: J. Phys. Soc. 
Japan 9 (1954) 888. 
6) N. Bloembergen, E. M. Purcell and R. V. 
Pound: Phys. Rev. 73 (1948) 679. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 9, No. 6, Nov.—DEc., 1954 


Formation Energy of Lattice Defect in Simple Oxide Crystals 


By Jiro YAMASHITA and Tatumi KUROSAWA 
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(Received July 17, 1954) 


Determining the inter-ionic potentials in MgO, CaO and SrO crystals 
phenomenologically, we have found that the affinity of the O-- ion has 
different value in each crystal. Using these potentials we have computed 
the formation energy of the Schottky defect in these crystals and found 


that the results are reasonable. 


Finally we tried to explain the devia- 


tion from Cauchy-relations in MgO by Lowdin’s many-body forces. 


§ 1. Introduction 


Fifteen years have passed since Mott and 
Gurney wrote their famous book “ The Elec- 
tronic Processes in Ionic Crystals”. Since 
then many good works have been published 
in this research field. However there is no 
accurate theoretical work which makes clear 
the electronic structure of oxide crystals, 
while there are vast experimental observations 
regarding the various kinds of physical pro- 
perties of oxide crystals. Thus it is highly 
desirable to compute the electronic structure 
of simple oxide crystals on the basis of the 
quantum theory of solids. Nevertheless it 
seems to be useful at present to develop the 
phenomenological theory of oxide crystals, in 
order to find the unified model for them as 
far as possible. Of course, we can not ex- 
pect to deduce any decisive conclusions from 
such a phenomenological theory, but we can 


hope that it helps us to grasp the direction 
for further researches. 

In the following we shall treat simple oxide 
crystals, MgO, CaO and SrO, under the as- 
sumption of the totally ionic state which con- 
sists of (metal ions)** and O-- ions. The ap- 
propriateness of this assumption has not been 
well established theoretically, but it seems to 
us that many of the experimental facts are 
explained at least qualitatively by this as- 
sumption. So we think that the stable exist- 
ence of the doubly-charged negative oxygen 
ions within such crystals may be considered 
to be a useful presupposition in order to clarify 
the many physical properties of the crystals, 
in spite of the well known fact that the 
doubly-charged negative oxygen ions have not 
been observed in gaseous phase. If a doubly- 
charged negative ion is stable in oxide crystals 
by the effect of the surrounding ions, the 
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wave-function of the O-- ion should not be 
equal in all oxide crystals, but has a proper 
character in each crystal so as to minimize 
the total energy of that crystal in the proper 
crystalline field, though the electronic state 
of that ion approximately corresponds to the 
(1s)?(2s)?(2p)* configuration of free ions. Thus 
we expect that it leads to different values of 
the electronic affinity of the O-- ion in dif- 
ferent crystals. We shall later confirm this 
fact from our analysis. 

In the following we shall determine the 
interaction potentials between ions phenome- 
nologically (§2), discuss the polarizability 
of an oxygen ion in crystals (§3) and proper- 
ties of the elastic constants in MgO (§ 4) and 
finally compute the formation energy of the 
Schottky defect in MgO, CaO and SrO crystals 
($5). 


§2. Determination of Interaction Potentials 


In the following we shall determine inter- 
action potentials between various ions in MgO, 
CaO and SrO crystals. We assume that the 
interaction potential between a positive ion 
and an oxygen ion separated by a distance 7 
is given by 


U,= —4e?/r+be-°" , cl) 
and between a pair of oxygen ions by 
Vo =4e?/r+c exp (—o7/V 2 ). (2 


The so-called Van der Waals energy is includ- 
ed approximately in the short range part of 
the above potentials. In order to determine 
four constants 5, p, c and o phenomenologi- 


cally, we must have four relations which 
contain these constants. These relations are 
as follows: 

(a) lattice energy E 


The short range forces fall off so quickly that 
only ions which are nearest neighbours and 
next nearest neighbours need be taken into 
account. Then the lattice energy is given by 


—@Zaxyfatzety=—E, E>0. (I) 


where (a) is the distance between the nearest 
neighbouring ions in equilibrium state, @y is 
the Madelung constant, Z is the valency of 
the ions (Z=2), 


x=b6be-°% (3) 


and. y=6ce."= 


(b) lattice constant 2a. 
The condition that the lattice has a equili- 
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brium state with the lattice constant 2a is 
expressed as 


ex+oy=C'L2ay/a’?=0. (II) 
(c) compressibility £. 
The compressibility is expressed as 
0°20 —2E° 7a ya? = 18a/B ’ (II) 


(d) the fourth relation 

The above three relations are common in the 
Born theory of ionic crystals and were applied 
to oxide crystais by Mayer.*) We, however, 
need one more relation for our analysis. Now, 
we introduce a new relation between force 
constants and dielectric properties. As well 
known, when the ions are displaced in an 
electrostatic field, the change of the energy 
of the crystal per ion pair is given by® 


e?Cd? = 4be- °*( 0? —20/a)d*=320(0—2/a) , 
(4) 
where 2d is the relative displacement. Re- 
cently Szigeti? has derived a relation between 
C and dielectric properties: 


Te 


e’C=2 (5) 


2 mo, , 
Ko 

where « is the dielectric constant in static 
field, «9 is the dielectric constant in optical 
frequency, w; is the Reststrahlenfrequenz and 
m is the reduced mass of the ions. Moreover, 
if we assume that the short range force is 
central and effective only between the near- 
est neighbours, we have the following relation, 


ee Waser (6) 
From Eqs. (5) and (6) we obtain a relation: 
1/B={(*+2)/6(«9+2)}-nw?/a). (O®) 


Szigeti has found that the above relation holds 
very well for many alkali-halide crystals but 
does not hold for MgO, which means that 
the above assumptions are not valid for MgO. 
Although we do not know at present which 
of these assumptions is the true origin of the 
failure, we assume here that the discrepancy 
is caused by the existence of the short range 
interaction between a pair of oxygen ions. In 
this case Eq. (6) is no longer valid, since C 
depends only on forces between the nearest 
neighbours, while compressibility depends on 
forces between a pair of oxygen ions besides 
forces between the nearest neighbours. On 
the other hand, one of the authors has derived 
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a similar relation under the assumption that 
the energy change by the electric field is ex- 
pressed by a quadratic form of two kinds of 
dipole moment, dipoles due to the displace- 
ment of ions and dipoles due to the deforma- 
tion of ions respectively: 


ar 2. plete Ar ZL? Kot2 
EC, — 77 2 M042 +-- eae ei 
K\2 
x(1 ask ) (IV) 
é 


where the effective charge e* is defined by 
Szigeti® as 
+9 VINO a K—Kp 


= (8) 


OO (eo 


In general, the difference of these two equa- 
tions is small as shown in Table I (in atomic 
units), because the second term of (IV) is ra- 
ther small compared with the first term. In 
the following we shall use the relation (IV) 
as the fourth relation of our analysis. Thus, 
we use six observed quantities L, a, B, kK, Ko, 
and a, in our analysis instead of three in the 
previous one. Among the six quantities the 
value of the lattice energy is not accurate, 
since one has no direct means to measure the 
affinity of doubly-charged negative oxygen 
ions. Thus, it is better at first to consider 
the lattice energy as a adjustable parameter 
and then to try to limit its value in the cer- 
tain reasonable region. 


Table I 
Cs ie 
MgO 0.578 0.588 
CaO 0.311 0.325 
SrO 0.137 0.195 
Table II 
|» kcal |: Keal | | me 
ie mol | u mol | a B nas 1) 


MgO, 238 | 521 ik: 10 0.59 x 10- “12 /10.89 > 108 


CaO] 1254. | 4124/| 2.40) | G88 x 108 
SO: 238). ff Sad" 1.685 Sek | 4.01 x 1013 
NS Salle Gilley iu hn Kee) Ce ee 
| | *K ae 3 

K | Ky | e*/e | A Te | a(+) (cm3) 

MgO | 9.8 | 2.95 | 0.88| #~759 |0.10x10-% 
| 

CaO | 11.8 | 3.28 0.76 | H—666 |0.47x10-2 
SrO | 13/3 | 


6731.10.58 —622 |0.86 x 10- 


Before beginning our analysis, we find it} 
convenient to tabulate the data which are jj 
necessary for us. In Table II, &) means the} 
cohesive energy of crystals relative to the| 
monoatomic gases of the constituents, while | 
E means the cohesive energy of crystals re- 
lative to constituent ions.» The relation of | 
the two is: 

E=f,+I+A , (9) . | 


where J is the ionization energy of the metal | 
ions and A is the affinity of the oxygen ion. 

(1) Now we begin with MgO. A set of 
equations to be solved are: 


x+y=1.7476—E , 
ox+oy=0.4369 , 
0?x+ o7y =0.6346 , 
ox(p—3)=0.8820 . 


The values of four constants which are deter- 
mined for various values of E are listed in 
Table III (in atomic units). From Table III 
we see that the force acting between a pair 
of oxygen ions is attractive and its magnitude 
becomes smaller when the cohesive energy | 
becomes larger. But in the case of (f) the 
value of o is unreasonably large and in cases 
(a) and (b) the ratio |y|/a becomes too large 
to be compatible with our usual crystal 
model. Thus our analysis shows that the 
value of the affinity of the oxygen ion in 
MgO crystals lies within the range of A= 
—180-+20 Kcal/mol. 


Table Hil. MgO 


ee ee 
a 1.4300 0. 5864 | —0.2688 | 1.520 2s 
b 1.4620 | 0.4203 | —0.1347 | 1.720 1.501 
c 1.4820 | 0.3260 | —0.0604 | 1.919 2.209 
d 1.5020 | 0.2795 | —0.0339 | 2.044 2.698 
e 1.5220 | 0.2408 | —0.0152 | 2.180 4.093 
f 1.5420 | 0.2107 | —0.0051 | 2.311 6.946 
b <¢ |) Wie | ae 
| | mol 
42.71 25.70 0.458 —133 
68.13 109.3 0.320 —153 
ile 2672 0.185 —165 
165.5 2.39 x 104 0.121 —178 
2451.7 2.86 «107 0.063 —190 
30301 9.83 x 108 0.024 — 203 
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(2) Next we proceed to CaO. Unfortunately 
the compressibility of the single crystal has 
not been observed and the lack of it prevents 
us from determining the four potential-con- 
stants empirically as before. Then, we are 
compelled to use the following less satisfactory 
method. At first we give a set of values for 
two constants, and then determine the remain- 
ing two using the relations (II) and (IV). 
Then we obtain the lattice energy E from Eq. 
(I) as listed in Table IV. The values of 2 
and p in rows (b) and (c) are determined by 
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the assumption that the interaction constants 
between a pair of oxygen ions are given by 
(d) and (c) of Table III respectively. The 
values of x and y in rows (a), (d) and (e) are 
determined by giving the denoted values of 
o and o. Since the mutual distance between 
a pair of oxygen ions in CaO is larger than 
that of MgO, we may expect that values of 
y is also smaller than that of MgO. Then we 
estimate the affinity of the oxygen ion in CaO 
as A=—1654-25 Kcal/mol. 


0 x 0/V2 y ly |/e Ei ea 

pet i bY: | i J u mol 

a 2.00 OLLSo7 3.000 0.0095 | 0.006 eS 703 —192 

b 1.81 0.1970 2.698 | —0.0044 0.022 1.3488 —175 

c 1.74 Oe2Loo 2.209 —0.0113 | 0.052 LSD || —168 

d 1.60 0.2629 eon — 0.0323 | Osi23 1.3054 —151 

e 1.50 0.3070 1.500 — 0.0569 0.185 1.2913 —141 

Table’ VegesrO: 

0 © o y | lyl/e H pee 

mol 

Agee Wales 0.2091 =f 0 EO ) 2498 1 ag 

b sesi0) 0.2530 2.0 —0.0175 0.069 1.1978 —127 

c Te20 0.3086 BAY — 0.0382 Dede |) dha Woy) | —105 

1.60 0.1536 20 +0.0240 0:156 | 1.12557 | — 163 
(3) For SrO the same method as CaO is our analysis has many ambiguous points, but 
employed. If we put y=0, we obtain the re- we think that the very existence of the dif- 


sults listed in the row (a) of Table V, and 
values of other rows are determined by giving 
the values of o and o. In the case of SrO 
we may expect that the short range interac- 
tion between a pair of oxygen ions is very 
small, since the mutual distance of oxygen 
ions (3.65A) is much larger than twice of the 
Goldschmidt’s ionic radius of the oxygen ion 
(1.32A). On the other hand, if we compute 
the Van der Waals energy between neighbour- 
ing oxygen ions by the conventional formula, 
we find the value 0.00574 (3.6 Kcal/mol). 
Thus, we think that the possibility of (c) and 
(d) of Table V is excluded and the affinity of 
the oxygen ion in SrO lies near-(130~140) 
Kceal/mol. From these results we see that 
the affinity of oxygen ions in MgO is different 
from that in SrO. Is it caused by the error 
of our analysis or has it real meaning ? Really 


ference of the affinity-values has real meaning, 
if our fundamental assumptions mentioned 
previously be approximately allowable. 


§3. The Optical Dielectric Constant 


Recently Shockley® has published the inter- 
esting result of his analysis about the electro- 
nic polarizability of ions in many ionic 
crystals. It was shown that the additivity of 
the polarizability of each ion is well establish- 
ed for aikali-halide crystals, but not for oxide 
crystals. The polarizability of the oxygen ion 
seems to increase with the molar volume per 
oxygen ion. Moreover, he has shown that if 
one plots the polarizability of the oxygen ion 
as a function of the volume per oxygen ion 
for several compounds (BeO, MgO, CaO, SrO 
and BaO), the values of the polarizability fall 
near one line. We think that these phenomena 
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may be well interpreted by the assumption 
that the state of the oxygen ion is variable 
according to the crystalline field in each 
crystal. As mentioned previously, the electro- 
nic state of the oxygen ion is different in 
each crystal and the absolute values of the 
affinity become smaller, when the charge dis- 
tribution of the oxygen ion is more spread. 
Since the polarizability is roughly proportional 


to (72), there may be a close relation between 
the polarizability and the affinity in various 
crystals. As we have computed the affinity 
only for three crystals, so we can not deduce 
any decisive conclusions, but the above three 
examples seem to support our speculation 
(Table VI). Several years ago we computed 
the (2p)§ wave function of the O-- ion in 
MgO crystal®) by a variational method. The 
trial function was assumed to be: 


¢=Ar{exp (—apr)+Bexp(—for)}, (10) 


where @, @) and B are variational parameters. 
We found that the energy of (2p)* configura- 
tion of at O-- ion was higher than the energy 
of (2p)° of an O- ion. Thus, we found that 
the O-- ion was unstable in the free state 
but became stable in MgO crystal owing to 
the Madelung energy, exchange energy and 
S-energy. We determined three parameters 
so as to minimize the total energy of MgO 
crystal. The results are: 


G29, f=1.1, B=015, G27 =7.2., 
the affinity of the 2nd electron=—11.8 ev. 


The usual value of the affinity of the oxygen 
ion is the sum of the affinity of the second 


Table VI. 
i | Keal 
a) ‘mol 
O-- in MgO | 1.77x10-% |  ~~180 
Oz nneCaQ) |) © 2.353 10- | ~~ — 165 
O=-in SO | 2.7 x10-* |  ~~140 


electron of an O-~ ion and the affinity of a 
neutral oxygen, which was measured by 
Lozier® as 2.2 ev. Then the computed value 
of the affinity of the oxygen ion becomes 224 
Kcal/mol. Next, if we choose parameters as 
@=2.9, Bo=1.1 and B=0.20, we find the af- 


finity =160 Kcal/mol and (7”)?=8.6. Thus, we 
see that the theoretical result gives roughly 
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the same order of magnitude for the relation 
between the affinity and the magnitude of 


(7)?. Unfortunately the accuracy of our com- 
putation was not high, so we can not deduce 
any quantitative conclusions from it. We 
think, however, that our computation seems 


to support our speculation. 


§4. The Elastic Constants 


In the preceding chapters it was assumed 
that the ions interacted with spherically sym- 
metric forces. If this assumption were correct, 
the elastic constants cy, and cy, in MgO should 
satisfy the Cauchy-Poisson relation: C1.=Cus. 
Measurements, however, show that this re- 
lation is not valid even for alkali-halide 
crystals and become much worse for MgO 
as shown in Table VII. It follows that the 
deviation from the Cauchy relation occurs, 
because there should be some _ non-central 
forces in these ionic crystals. Previously one 
might have thought that there was some 
degree of homopolar binding even in alkali- 
halide crystals and it brought forth the non- 
central interaction. However, Lowdin™ has 
shown that the S-energy in ionic crystals de- 
pends on the distances between the nuclei of 
three and more ions and corresponds to many- 
body forces. Considering them he really 
computed the elastic constants of some alkali- 
halide crystals quantum-mechanically with 
success. 

According to Lowdin there are two non- 


central energies E(B) and E(D). These are 
with some approximations: 

pe) ie 
ECB) = 20" dias, Ha Guy) Sees (11) 


9 Iu g 79% 


and 


Gh) (=) eg 5 De 
E(D)=-e 3 Falays) | Es a 
g 799 g Ta9y 


Jv Gp 
(12) 
where 
Cone pair) 
y= > ~ Svinte 
Spy =|eut(yos(de— a, 5 (13) 


and dy, is the distance between the lattice 
; J (4) 

point gy, and gy. The notations 31, 3} mean 

that the summation is carried over + ions 

and — ions respectively and the notation 


Cone pair) 


>; > means that the summation is taken 
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over one pair of ions. 

Here we note that E(D) is zero in a usual 
equilibrium state or even in a homogeneously 
strained crystal, because the two lattice sums 
in the second factor of expression (12) have 
the same absolute value, but different signs. 

Now, as for MgO crystals we do not know 
whether the large deviation from the Cauchy- 
relation is caused by the same origin. We, 
however, shall apply the Lowdin theory to 
the elastic constants ci. and c,, of MgO. Then, 
we devide the short range potential energy 
in two parts; 


E=F,(central)+£,(non-central), 


where £,(central) is assumed to be given by 
the sum of ordinary exponential functions: 


(+) (-) : 
E,=>, + A exp (—pauy) 
BY 


while £,(non-central) is given by 


E,=—(12e?Zay/a\Fy , (15) 


according to Lowdin. Here we must notice 
that Eq. (15) contains the non-central inter- 
action of the nearest neighbouring ions only. 
Then, the difference of the elastic constants 
Ci, and cy, is expressed as follows (Lowdin’s 
first approximation): 


C44 —Cig = — (18? Z/a*){0.1295a(dF/da)} . 
(16) 


The values of adF,/da for some alkali-halides 
computed by Lowdin are listed in Table VII. 
Now, if we insert the observed value of ci.— 
Cu and a of MgO into Eq. (16), we obtain 
the value —0.1288 for adF,/da. We see that 
this value is the same order of magnitude as 
compared with that of the alkali-halide 
crystals, although the value of ¢i,.—C41 of MgO 
is much larger than that of alkali-halides. At 
a glance this would seem to be a rather sur- 
prising success, but we must not overlook 
the fact that we considered the non-central 
potential only between the nearest neighbour- 
ing ions. On the other hand, we have found 
that the effect of the oxygen-oxygen interac- 
tion is by no means negligible for the com- 
pressibility of MgO. Thus, there may be no 
reason to expect that the effect of the oxygen- 
oxygen interaction is negligibly small for Ci 
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—Ciu. If we want to consider these effects 
also, we unfortunately have too many arbi- 
trary constants to be manageable in such a 
phenomenological treatment. At any rate we 
believe from our results that the deviation 
from the Cauchy-relation does not mean grave 
difficulties about the cohesive mechanism of 
MgO crystals. 

Now, we must inquire whether our funda- 
mental equations are correct or not, when we 
consider many-body-forces. If we newly as- 
sume the equivalent interaction potential be- 
tween a Mgt?* ion and an O-~ ion as follows: 


U(r)= begs yess BEE 
if Ty 
= 4e® a VAgaer 20°La x Te-°" 
ry i 
a phe (4 2E°Za 4 aes 
Ae? 
hee (17) 
if 
Table VII. 
C12 C44 C44 — C12 ad Fh/da 
LiF \4.04x104} 5.54x104%/ 1.50 x10 
NaCl}1.10x104%) 1.34101} 0.24 x104) —0.0801 
KCl 0.6 x10" | 0.069x10!} 0.009 x10) —0.1835 
MgO8.57 x10" | 15.67x10"/ 7.10 x1011) —0.1288 


there is no need of modifying Eqs. (J, (II) 
and (III). On the other hand, we must treat 
Eq. (IV) more carefully. When an external 
electric field is applied, E(B) becomes 


E(By=IZNCT e- 24 e8* eee) 
& | -*-3 Pa | 
a 


where d is the relative displacement of a 
positive and a negative ion and P is the 
polarization of the medium. Thus the extra 
term 


—12Ne"I'e-°"(e4 +e" °*)(47/3)Pad , 


appears owing to the polarization., Fortunate- 
ly, however, this extra term is cancelled out 
by the contribution from E(D), because E(D) 
is no longer zero under the homogeneous elec- 
trostatic force —4zP/3, but will be 


12Ne2Pe-°"(e°4 +e-°*)(47/3)Pa . 


Thus we see that the introduction of the non- 


(18) 


(19) 


(20) 


central potential does not bring any change 
to the basic equations of our analysis, if it be 
allowed to consider only the totally ionic state 
of MgO and to explain the deviation from 
the Cauchy-relation by the Lowdin theory. 
Although the appropriateness of the assump- 
tions is by no means obvious, we see that 
our analysis is self-consistent. 


§5. The Formation Energy of the Schottky 
Defect in MgO, CaO and SrO 


(a) Method 

In this chapter we shall compute the forma- 
tion energy of the Schottky defect in MgO, 
CaO and SrO by the method of Mott and 
Littleton.® We take as unknown the displace- 
ments x and the electronic dipoles vw of the six 
nearest neighbours and compute the dipoles 
of all the other ions from the continuous 
model. Let us denote the polarization due to 
displacement of ions and due to electronic 
dipoles of a positive ion and a negative ion 
by pa=Zed, p(+) and p(—) respectively. 
Further we introduce three non-dimentional 
quantities M,, M_ and M for convenience. 
These are defined by: 


d=Ma'/r, p(+)+ba=2a%eM, |?” 
D(—)+ba=20eM_/?’ , 

where 7 is the distance from the centre of 

the hole. These values are determined by the 


continuous model, in which the polarization 
per unit volume is given by 


and 


P=(eZ/4nr?)(1—1/k) . (21) 
These are: 
m, —2/4DA=Ve)l Pat P+] ) 
[2pat+P(+)+P(—-)] ’ | 
wu = 2/4211) ba + O(—)] 
[2pa+P(+)+p(—-)] ’ 
_ _(2/42)1—-1/k) pa 
[242+ p(+)+p(—)] © ? 
(22) 


As for MgO we know the ratio of dipoles 
from our previous work ; 
2pa: P(—): b( +) =48.24: 42.09: 2.37 , 
and for CaO and SrO we use the following 
relations for that purpose 
(B(+)+P(—))/2pa= ko/(e— 0) 
D(+)/P(—) =a(+)/a(—). 


and 
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Using these relations and a-values from Table 
II and Table VI the values of M’s are deter- 
mined as listed in Table VIII. 

As for x and 4, Mott and Littleton deter- 
mined them by the following set of equations: 


{ F.+F,=0 ’ 


23 
| a=. ee 


where F, is the electrostatic force and F’, is the 
repulsive force at the position of the nearest 
neighbouring ions. When an ion is removed 
from the lattice point, ions being adjacent to 
the hole are pushed outwards by F,. On the 
other hand, the field of the short range 
forces has not the cubic symmetry there, and 
then the repulsive force works so as to push 
back the ions towards the hole. The two 
kinds of forces are in equilibrium at a certain 
configuration of ions. In the second equation 
a is the polarizability of the ions being adja- 
cent to the hole. In the case of alkali-halides 
Mott used the usual values of the ionic 
polarizability for it and the results justified 
such an approximation. For oxygen ions, 
however, such an approximation will be very 
poor, because the electronic state of the oxy- 
gen ion adjacent to the hole must be different 
from the oxygen ion at the usual lattice 
points. We think that this is a characteristic 
feature of the O-~- ion, since the electronic 
state of it is determined by the surrounding 
conditions. Owing to the lack of an ion at 
the centre of the hole the overlap-energy will 
be reduced, when the ion-cloud is polarized 
towards the hole, while the electrostatic 
energy increases then. Thus, at the lattice 
point adjacent to the hole there may be a 
overlap-repulsive force which works to hinder 
the polarization of the ion-core against the 
action of the electrostatic field. Then we 
suppose that the polarizability of the oxygen 
ion may be somewhat reduced at the lattice 
point adjacent to the hole. In fact the situa- 
tion must not be so simple there and a detail- 
ed quantum theoretical investigation is re- 
quired in order to clarify the electronic struc- 
ture of ions there. We, however, are content 
at present to treat it phenomenologically by 
introducing one more parameter € to charac- 
terize the polarizability of the oxygen ion there, 
which is denoted by a*¥=&a. 


(b) Results 
In the following we shall write down the 
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Table VIII. 
| mM, | M- | M 
MgO | 0.04084 | 0.1020 | 0.03718 
CaO 0.05930 | :0.08626 | 0.0526 
SrO | 0.05872 | | 


0.07603 


0.0506 


results of computations. Since many notations 
are used, it is convenient to summarize them 
in the beginning. 
W: the formation energy of the Schottky 
defect 
W.: work necessary to remove a positive 
ion from the normal lattice point to in- 
finity 
W_: work necessary to remove a negative 
ion from the normal lattice point to in- 
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wr)=bexp(—pr): the short range repul- 
sive potential between a pair of ions of 
unlike sign 

/t=Zam and B=EQ. 
Then the work necessary to remove an ion 
consists of the following terms: 

(1) that due to 
namely 


the electrostatic forces, 


Z*aye?la—(Z/2)ev . 


(2) that due to the overlap forces ; consider 
the work done to bring back the ion into the 


hole; if we keep the ions displaced the work 
done is 


6wlatez) . 


We then move the ions back to their original 


finity positions, the force opposing this motion is 
E: lattice energy per ion pair initially w’(a+2), so the total work is, per 
: neighbour, 
W=W.1W_-E, 
: . daw (a+2) . 
V(+): potential energy due to the polariza- 
tion of the medium surrounding the Thus the contribution of the overlap forces 
positive vacant lattice point to the work to remove an ion is 
V(—): potential energy due to the polariza- —6[w(a+x)—dow (a-te)J=x(2) . 
tion of medium surrounding the negative 
vacant lattice point Thus we find: 
Vo(+): V(x) computed by the continuous - Baye? Z pee 
model (zero order app.) or Seer evit 
Vi(+): V(-) computed by the above men- Ghuasa\eareone 
tioned method (first approximation of 
Mott and Littleton) The results of the computation are listed in 
Table IX. MgoO. 
—) 10n vacancy. 
E | m Vi 5 W- | E 
+ = | . | 
c 0.060 | 0.0112 0.6085 0.2530 0.8861 1.4820 
d 0.063 0.0110 0.6174 0.2111 0.9191 | 1.5020 
(+) ion vacancy. 
E é m Vi | it | W.. | WwW 
0.5 0.0455 0.112 0.7817 0.2701 | 0.6958 0.100 
c 0.4 0.0486 0.0907 0.7303 0.2664 0.7509 Omlias 
0.3 0.0517 0.0692 0.6785 0.2626 0.8065 0.210 
1 0.039 0.168 0.9231 | 0.2457 0.5778 —0.004 
0.6 0.064 0.100 0.8324 | 0.2122 0.7030 0.120 
i 0.5 0.067 0.0813 0.7889 0.2102 0.7485 0.165 
0.4 0.062 0.062 0.7461 0.2070 0.7945 OFZit 


Vif +)=0.6494, 


Vo(—)=0, 5313, 
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Table X. .CaQ, 
(—) ion vacancy. 
2 : 
| é | m | Vi —X | Ww. | 1 
| _| = ae 
b let Oro74 0.0336 0.6101 | 0.1400 | 0.7913 1.3488 
c |e eenicee } 0.034 0.6072 | 0.1568 | 0.7774 1.3372 
(+) ion vacancy. 
| € | é | m Vi | —X | W.. | Ww 
1.0 0.0567 0,148 |) eOe8t72 | 0.1525 | 0.5711 | 0.0136 
b 0.5 | 0.0670 0.0796 | 0.6765 | 0.1448 | 0.7201 | 0.163 
0.4 0.0691 0.0647 0.6479 | 0.1434 | 0.7501 | 0.192 
0.3 0.0715 0.0492 | 0.6155 | 0.1416 | 0.7843 | 0.227 
eee | 0.0654 | 0.0812 | 0.6773 0.1618 0.7024 0.142 
c | 0.4 0.0676 | 0.0660 | 0.6460 | 0.1601 | 0.7353 0.175 
0.3 | 0.0700 | 0.0503 | 0.6146 0.1591 0.7677 0.208 
i | | 
Vo(-+)=0.5535, Vo(—)=0.5076 
Table Xi Sr: 
(—) ion vacancy. 
: ec Se wi E 
a 0.096 | 0.0436 — 0.6033 be cei, 1442-07 ithe 026858. Lilfwadwanda 
0.093 |. 0.0448 | 0.6001 "1220: Tea ni ierO e52tN iat oze 
(+) ion vacancy. 
| € | g ™m Vi -X W. | w 
* wien aia 7 , [7 Bi 
he sib 0.0877 | 0.129 0.7497 | 0.1491 | 0.5345 | —0.004 
. | 025 0.0972 | 0.0686 | 0.6416 | 0.1434 0.6483 0.110 
0.4 | 0.0993 0.0556 0.6189 | 0.1420 | 0.6724 0.134 
0.3 | 0.101 | 0.0422 0.5947 | 0.1412 0.6974 0.159 
0.5 0.0891 0.0678 | 0.6252 Or1844" | (026237 ©) | | ¥0.078 a 
b 0.4 0.0911 0.0553 | 0.6031 0.1831 0.6471 ~| 0.101 
0.3 | 0.0933 0.0420 


0.5798 | 0.1815 | 0.6820 


0.136 


Vil +)=0.4704, Vo(—)=0.4429 


Tables IX, X and XI, in which the notation facts that the ionic current is scarcely ob- 
(b) and (c) corresponds to the same notation served in MgO and the number of defect- 
in Tables HI, IV and V. Unfortunately the points is very small may support the above 
formation energy of the Schottky defect of estimation. 

those crystals have not been observed, so we As seen from Tables the lattice formation 
must estimate them indirectly. Since the would be impossible at room temperature 
melting point of those oxide crystals is much under the assumption of €=1. At first sight 
higher than that of NaCl, we suppose that this result is ridiculous, but we have already 
the formation energy of oxide crystals is also mentioned the reason. Now, if we consider 
much larger than that of NaCl (about 2 ev.). & as a variable parameter, we are able to ob- 
Thus, we estimate them as follows: MgO, tain the resonable result at suitable values of 
4~6 ev.; CaO, 3~5 ev., SrO, 3~5 ev. The 6&. The plausible values of € may be 0.3~ 
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0.5 for MgO, 0.4~0.5 for CaO and 0.3~0.4 
for SrO, although these values are somewhat 
different according to the choice of the inter- 
action potentials. If the plausible values of 
€ were widely different for different crystals, 
the idea of the effective polarizability would 
have been entirely meaningless, but our analy- 
sis shows that is not the case. 

Finally we wish to express our sincere 
thanks to Prof. T. Muto for helpful discus- 
sions and to Prof. N. F. Mott for his sugges- 
tion of the problem. 
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Using the Fourier transform method developed by Kubo and Tomita, 
the effects of the exchange interaction have been studied for the 
absorption spectrum of the paramagnetic crystal containing two kinds 
of unequivalent ions with different anisotropic g-factors. The analysis 
has been made for the two extreme cases: (i) The exchange interaction 
is weak and the spectrum consists of two peaks, (ii) The exchange 
interaction is so strong that the two lines fuse into a single peak. 
Comparing with the experimental data, the values of the exchange 


parameters are estimated for CuSQO,-5H,O and K,.CuCl,-2H,0, 


and 


reasonable results have been obtained. 


§1. Introduction 


It is well known that the exchange coupling 
between the paramagnetic ions gives the nar- 
rowing effect on the width of the absorption 
line in the case of equivalent ions. However, 
the effects of the exchange interaction are not 
so simple in general. In the absorption spec- 
trum by a substance whose unit cell contains 
two paramagnetic ions with different aniso- 


tropy of the Landé g-factors, the exchange 
interaction seems to play some interesting roles. 
This phenomenon was first investigated by 
Bagguley and Griffiths for copper sulphate 
pentahydrate”, and thereafter similar obser- 
vations have been made by several authors”. 
When the interaction between the ions does 
not exist, the absorption spectrum consists of 
two lines corresponding to the two different 
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g-factors. The exchange interaction gives two 
effects on this spectrum, i.e. the broadening 
of each line and the closing of these two 
peaks. In the case of sufficiently strong inter- 
action, the latter effect makes the two lines 
fuse into a single peak. 

Pryce made preliminary discussions for this 
phenomenon in 1948, and one of the present 
authors (S.K.) has tried to investigate the 
dependence of the line width on the orientation 
of the static magnetic field by means of the 
moment method”. 

Validity of the moment method is, however, 

quite restricted, because in this method we 
must pick up the so-called semi-diagonal parts 
out of the Hamiltonian, so the influences of 
the non-adiabatic terms (off-diagonal elements) 
cannot be included. Hence we cannot handle 
the shift of the spectral lines due to the inter- 
actions by this method. It is also impossible 
to treat the frequency dependence of the line 
width.* 
Anderson has recently discussed the spec- 
trum with two peaks on the basis of random 
modulation®». His theory is very interesting 
physically, but, since it does not account for 
the effects of the non-adiabatic terms ex- 
plicitly, it is not appropriate to discuss the 
frequency dependence of the line width. 

Recently, Kubo and Tomita have also de- 
veloped a theory of line shape®, which in- 
cludes the influences of the non-adiabatic 
terms quite automatically. Using this method, 
Tomita has studied the frequency dependence 
of the line width for K,CuCl,-2H,O. Since 
he ignores the anisotropy of the g-factors, his 
treatment is limited to the case that the static 
magnetic field is applied in such directions 
that the positions of the two lines coincide. 

It seems, therefore, to be interesting to 
study these spectra more fundamentally by 
the use of the Kubo’s method. We shall dis- 
cuss here the effects of the exchange inter- 
action on the structure of the spectrum taking 
account of the anisotropy of the g-factors as 
far as possible. For the sake of simplicity, 
the dipolar interaction between the ions will 
be neglected, because it does not play any 
essential role in our problem. 


§ 2. General Theory 


In this section, we shall briefly summarize 
the general theory of the magnetic resonance 
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“absorption spectra given by Kubo and Tomita”. | 
They show that the intensity distribution of 
the spectral line is given by the Fourier trans- 
form of a function G(¢) which is closely con- | 
nected with the auto-correlation function of | 
the dipole moment M. Assuming that the © 
absorption energy #w associated with the ob- 
served spectrum is much smaller than the | 
thermal energy, i.e. #a<kT, they defined the | 
function g(t) by | 
Tr (M exp (it¢/4)M exp (—tt/h)) 

—_ Tr (1) 
=(MM;> . 


g(t) 


Cn) 


If we pick up the terms of g(¢) containing the 
factor exp (zat) with positive a, we can get 
the function G(Z). 

In order to calculate the function g(Z), they 
develop M; in a series of the parameter, 6&, 
of the perturbation as follows: 


M.=exp (2t3¢/4)M exp (—7t3¢/h) 


= M,4-6M,O46M,@+---, (2) 


where 


t t bn- 
Mor=(—"| ian ‘idly: i | *idtn 
0 0 


0 
X[[-- [MO , 2’ GI’ e)]- + In) , 
(3) 
dH’ (t)=exp (tHo/t)H’ exp (—1tHeo/t) . 

Ho and €%’ denote the unperturbed and 
perturbing Hamiltonian respectively. Con- 
sidering this expansion as the expanded form 
of an exponential function, they reconstruct 
G(Z) in a closed form. 

We can divide the total Hamiltonian $% into 
do and €3¢’ in the most appropriate way for 
the problem in question. In §3, we shall 
treat the exchange interaction as the pertur- 
bation. This treatment is suitable for the 
case that the static field is so strong that the 
two peaks are observed separately. The case 
of strong exchange interaction will be dis- 
cussed in § 4, 


with 


§3. The Case of Strong Field 


Let us distinguish the quantities correspond- 
ing to the two kinds of unequivalent ions with 
prime and double prime. Then, since the g’ 


* Tt might be possible to treat the shift by the 
moment method if we appropriately take account 
of the non-secular parts. 
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and g’’ should be considered as tensors, the 
directions of g’H and g’’H do not generally 
coincide with that of the applied field H. We 
may, therefore, take the axes of quantization, 
2 and 2’, to be parallel to the directions of 
gH and gH respectively, and define the 
«- and 2’’-directions so as to coincide with 
each other and to be perpendicular to the 
2/—z2’’ plane. 

Using the above choice of the coordinate 
axes, the Zeeman energy of the system is 
given by 


(4) 
where S’=>S; and S”’=>)’’S; are the re- 


H2=B6l9 | S'2+hlg’A|S’ 2 , 


sultant spin moment of each group respec- 
tively. 

The exchange interaction may be considered 
to be present only between the nearest neigh- 
bor ions, which are assumed to belong to the 
different groups, i.e. to the primed and the 
doubly primed ones. Then the exchange 
energy of the total system can be expressed 
as 

> D Ajxn(SjSx) 
i>k 
=] pp yee 1—cos 8)(S’54.S/’x4+S5/5-S’’x_) 
+4(1+cos 0)(S’ 54S %- +S’ 5-S” K+) 
+432 sin O09 54.87 ke — SS je ee 
= 5S eee +S je -) +008 0S’ 520 kz}, 
(5) 
where @ indicates the angle between the 2’ 
and 2” directions, and the summation should 
be taken over all pairs of the nearest neigh- 
boring 7 (belonging to the primed group) and 
k (belonging to the doubly primed group). 

Let the direction of the oscillating magnetic 
field which causes the transition be denoted 
by &. Then the operating dipole moment M 
is given by the component of the total mo- 
ment vector B(g’S’+g9'’S”), i.e. 


Ma BS cx at $I cy yt HI gS 2? 
LQ ce Sa hy cy Sy FG gar a01) 
=V/S tS 4S, 


EAS EOS AY SG (6) 


Now, taking the Zeeman energy (4) as the 
unperturbed term ¢% and the exchange energy 
as the perturbation, we shall calculate the 
function g(t) by the use of Eq. (2). In our 
case, M,™ is given by 
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M,©=exp (¢w’t)’’S’, +exp (—7Z0' th)’ S’— 
+y'S’2-+exp ¢o’t)AS” ,. 


exp (2a De Sy S77 ; C7 ) 


where w’ and o” are equal to |8g’H/#| and 
|Bg’’ H/i| respectively. Thus we obtain for 
the zero-th term 


(MM, 
=4S(S+1)N{(exp (¢w’t)+exp(—tw’t))20 w+? 
+(exp (¢0’’t)+exp (—iw’’t))24 Wh +} , 

(8) 


where 2N represents the total number of the 
paramagnetic ions. This is the correlation 
function of the dipole moment of the un- 
perturbed system and corresponds to the two 
sharp absorption lines at the frequencies of 
w and wo”. It can be easily shown that the 
first order term gives no contribution to the 
function g(t), that is 


(MM;©> =0 . G22) 


The exact calculation of the second order 
term is fairly complicated. So we may neglect 
the small terms of order o0(6?). Then, after 
some manipulations, we obtain the expression 
of <MM,®», which, together with (8) and (9), 
gives 

G(A=3V Ww S(S+IN exp (of) 
2 
x | i Gote= FZ s(S+ 1) cos? 0-1 
A327 ue S(S+DN exp (a2) 
fiz 


x |1+(0” it = 


6h S(S+1) cos? 0-1 ‘ 


(10) 


PZSS+1)_ (5 ( A’ a) 
= Z 7 
1247(w/ —w0” AG os jure 


x (1-+cos 8) cos @—(1+ cos a 


PARES x ee 
1240’ —0”’) {2( VV’ a pi! 


x (1+ cos #) cos @—(1+ cos ay} : 


00’ 


(11) 


Each of the terms of (10) corresponds to the 
absorption line by the ions of each group. 
Ow’ and dw” represent the shift of the reso- 
nance lines by the exchange interaction, and 
the third terms in the braces of Eq. (10), be- 
ing half the second moment of the correspond- 
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ing lines, express the broadening of the lines. 
If the line shape is gaussian, the half width 
is related to the second moment by 


401)2=2.35Y (dw ay 0 (12) 


In our case, however, the line shape 1s not 
secured to be gaussian. In order to guess the 
line shape, we may estimate the fourth mo- 
ment of each line by the use of the Van 
Vileck’s formula 


, _ Tr (Ye[YeM’|P 
h*<o ay’ ~ Tr (My 
and 
| Tr (e1eM” JP 
: t 4 a = we 
h <o > av Tr (M’’)? ) 


where W and M” indicate the parts of M 
corresponding to primed and doubly primed 
system. Ignoring the tensor character of the 
g-tensors, these give us the approximate ex- 
pression of the mean fourth deviation of each 
line as 


ho) sw {4 *) ay (4/3) hZ2S7S+1)? . 
(13) 

So the ratio of the fourth moment and the 

square of the second moment is approximately 


doty*aye do aver 


Cot ers Cha ne 

This ratio should be equal to 1/3 in the case 
of the gaussian shape. The above value shows 
that our lines have somewhat long tails com- 
pared with the gaussian. We may therefore 
adopt as the approximate relation between 
the half width and the second moment the 
following expression: 


Aerj2~(2.35/2)V (4m ay + 


After all, we know that our spectrum con- 
sists of the two peaks with their maxima at 


pe ZS S41) PGS ae 
@ 1247(w’ —w"’) 12( KN ats pi ) 


(14) 


x (1+cos 0) cos 9—(1+-cos 6)? ye wilba,) 
and 
vy JPZSS+1) YH 
® +1280! 0”) 12( Re r a) 
x (1+-cos 8) cos 0—(1+-cos 6)? | alo) 


having the half widths of 
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(Aor/2)’ =(darj2)” 
~1.2/4{ J?ZS(S+1)/3}'? cos 6 . 
(16) 


The intensities of the two peaks are pro- 
portional to 4’z’ and 4’’n’’ respectively, and 
are not equal in general. This difference | 
comes from the inequality of the effective | 
moments of the two unequivalent sublattices 
with respect to the oscillating magnetic field. | 

Bagguley and Griffiths measured the absorp- | 
tion curves for copper sulphate pentahydrate, 
and further observations have been performed | 
by Arnold & Kip?» and by K. Ono” for the 
same substance. The unit cell of this crystal 
contains two unequivalent cupric ions sur- 
rounded by the octahedral arrangements con- 
sisting of four water molecules and two oxy- 
gen atoms. The crystalline field acting on 
the cupric ion has an approximately tetragonal 
symmetry and this results in the same sym- 
metry of the g-tensors. The angle between 
the two tetragonal axes corresponding to the 
two unequivalent ions are reported to be ca. 
82°, and the principal values of the g-tensors 
are g=2.47 and g1 =2.06. Bagguley and 
Griffiths show the absorption curve of this 
substance for the static field along one of the 
tetragonal axes at the wavelength of 0.85 cm. 
The spectrum consists of two peaks at 10600 
oer and 11850 oer with the half widths of 
about 900 oer. The expected resonance fields 
without exchange are 10200 oer and 12190 
oer for this wave length and for this orien- 
tation of the static field. Therefore, the ob- 
served shifts of the two peaks due to the 
excharge interaction are 


(OA )ops400 oer, and (6 


respectively. 

Using the Eqs. (15) and (16) and considering 
J?Z as an adjustable parameter, the theoretical 
values of the shifts and the widths translated 
in the unit of oersted are calculated so as to 
get the good agreement with the above values. 
A good agreement is obtained by assuming 
PZ=003lem=2: 


(0A )rheor400 oer , 


“\Ops=340) Or, 


(0H) Theor300 oer , 


and 


| (AHi/2Y Theor970 oer , (AHi/2)Pheor870 oer. 


Similar analyses are made for the data ob- 
The results concerning 
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the shifts are shown in Fig. 1. The best 
agreement is obtained by assuming J?Z=0.045 
cm~*, which shows good coincidence with the 
above value. The observed half widths are 
about 700 oer and the calculated ones are 
about 1200 oer. This discrepancy is not so 
serious on account of our rough approxi- 
mation. 

Another typical example of this type of 
substances is potassium cupric chloride dihyd- 
rate (K,CuCl,-2H,O). Its absorption spectra 
have been observed by Itoh et al and Kuma- 
gai and his collaborators for various frequen- 
cies»’®). The crystal structure is shown in 
Fig. 2. Each cupric ion has the g-factor of 
rhombic symmetry with the principal axes 
parailel to the X, Y and Z directions shown 
in the figure. The principal values are® 


where 


nN=Vl xx=VH vv “ 92=9 vr = xx 
and 


I3=G 22=9 22. 
The two peaks are observed separately for 
the wave lengths shorter than ca. 6mm. To 
determine the values of J and of ™ and g 
separately, we have utilized the spectrum ob- 
tained for the static field in the X-axis, and 
for the wavelength of 0.54cm. A good agree- 
ment can be obtained by assuming J=0.06 
em? and #(9:—9.)=0.17: 
(AH) Theor = 1040 oer , 
(observed: 900 oer, 1100 oer) 


the positions of the maxima: 
17.3k oer, 18.9k oer 
(observed: 17.3k oor, 18.8k oer). 


Since we have used somewhat arbitrary as- 
sumption for the determination of the half 
width from the mean square deviation and 
the mean fourth deviation, these values of 
parameters cannot be expected to be decisive. 


$4. The Case of Strong Exchange Inter- 
action 


As has been reported by several authors, 
the absorption spectrum of the paramagnetic 
substances with two kinds of unequivalent 
ions has sometimes only a single peak instead 
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Fig. 1. The position of the two peaks expressed 
by the effective g-values (gerr=&wo/8H). The 
static field lies in the plane determined by the 
two tetragonal axes (Zz and L,) and the oscillat- 
ing field with the wave length of 0.54cm is 
also in this plane and perpendicular to the static 
one. The solid curve represents the theoretical 
values obtained by assuming J?7=0.045cm~?, 
the broken lines show the expected position of 
the two peaks in the case of J=0O, and the ex- 
perimental values are those obtained by K. 
Ono. 


Fig. 2. Crystal structure of K,CuCl,-2H,0. 
Q=Cu A=2.95A 
@=Cl B=2.26A 
V=O0 CaN 


of two lines corresponding to the g’ and g’’. 
This phenomenon occurs when the exchange 
interaction between the ions is sufficiently 
strong compared with the difference between 
the absorption energies 4m’ and #w’’. In this 
case the treatment developed in the preceding 
section is not available. In this section, there- 
fore, we shall take the part of the Hamiltonian 
which gives rise to the single peak in the 
spectrum as the unperturbed part, and the 
terms which originate in the anisotropies of 
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the g’ and g’” as the perturbations. The ex- 
change interaction should be included in the 
former rather than in the perturbation. This 
treatment was first suggested by Pryce». 

We take the z-axis in the direction of 
3(g’+g’’)-H and x-axis to lie in the plane 
containing the directions of g’H and gH. 
Then 


(9 My=(9" HMy=0, and (gf M)r=—(g’ HH): . 


So the Zeeman energy and the exchange 
energy of our system can be written as 
f-=38\(9 +9): B\S.+ Bg! M)e(Se’—Sz”") 
+3B{(9 9") H}AS/—S"), (AZ) 
and 


Hie= J Dior (Sion (18) 
i-j 


We construct the unperturbed Hamiltonian 
with the first term of the Zeeman energy and 
of the exchange energy, i.e. 
Ho=3B\(g’ +9"): AIS.+J DY SSS) , 
i—j 
(19) 
and the perturbing Hamiltonian with the re- 
mainders; 
te’ =3B{(9' —9”)-H}AS/—-S.) 
+ Blo’ H)2(S2’—S2’’) . (20) 
We may partly neglect the anisotropy ef- 
fects for the magnetic moment associated 
with the oscillating field applied in the &- 
direction, which is, as usual, assumed to be 
perpendicular to the static field, thus 
M=3B( 98x! —19 ey’ )S3/ +3B( Yen’ +g ey’ )S_” 
+ 3B ex’ —19 e9/")S 3.” 
+3BGe2’ +17 ey’) S_”” , (21) 
so 


M. = Be" —29 ey’) exp (Zant) S.’ 
+2Bx0" +29 ey’) Exp (—Zaot)S_’ 
+3B2" —19¢y’") Exp (Zarot)S.”” 
+3B Gen" +49 ¢y'") exp (—Zaot)S_” , 
(22) 
where w») denotes the angular frequency of 
the center of the peak: 
wo=(1/2%)8\(g’ +9”): H] . (23) 


Since 32’ does not commute with the exchange 
term, we have to make the following ex- 
pansion 
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ce’ (t)=exp (4t 2 o/A)K’ exp (—7to/h) 


= + eose)+ teleost: « 
h 2h? 
(24) 
Using these approximations we get 
(MM, 
=4S(S+1)Ng?(exp (Zant) + exp (—Zaot)) , 
(25) 
where 
P=RMGex? + 9ey +9 ey? — Jen”) 
Ages? gies (26) 


The first order term <MM,™> vanishes in 
our approximations. The second order term 
gives 


(MM) = —4NS(S+1) 
t 
| dtl B{(9' H).—(g/ )s}9°(t—r) 
0 


x (exp (Zot) + exp (—Zwot)) +3829 H)29%(t—t) 
x {exp (Zao(¢—T)) + exp (—Zw9(¢—T))}] 


x exp (—(2/3#7)S(S+1)J?Zr?)] . (27) 


As a result of the expansion (24), each term 
of the correlation function is expressed as an 
ascending power series of zJf. Considering 
this as the expansion of a exponential function, 
we obtain the last factor 


exp (—(2367)S(S-+1)/72Zr); 


in (27).* As is pointed out by Anderson 
and Kubo®, the exchange coupling is con- 
sidered to act as a modulation to the Larmor 
precessions. It would he, therefore, not so 
unreasonable to assume the gaussian form the 
dependence of the correlation function of the 
angular frequency on the exchange effects. 

In order to get the function G(Z) in a closed 
form, we have further to make the following 
approximations under the condition of strong 
exchange: 


Rel dz(t—t) 
x exp (—3S(S+1)]2Zr?) exp (—zaor) 
~tRe i exp (—3S(S4DJ?2Ze?) 
X EXP (—Zaot)dt 


‘olsen | 


* See the Eqs. (8.4) and (8.5) of the reference 6. 
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Then the final form of G(?) is 


t Sho a te 7 SS 
ajV ez B Ke Deg Hey 
yay, s — 3h? wy? 

+ 2(9' H)27ex 0 

a emennea a 

(28) 


The Fourier transform of this expression is a 
Lorentzian curve with its center at ow) and 
with the half width of 


Page fox Ie 
ier | a 9S(S+DZ 


+2(9 H)." exp ( 


| (oH. (9/3? 


__ 3h*wo” 
=a 
(29) 


The first term in the square brackets repre- . 


sents the width due to the difference of the 
effective moments in the direction of quanti- 
zation, and the second term comes from the 
difference of the directions of the effective 
fields. The latter represents the contribution 
from the non-adiabatic effects and corresponds 
to the so-called 10/3 effect in the case of di- 
polar broadening. 

Using (29), the directional dependence of 
the line width has been analyzed for the data 
obtained by Bagguley and Griffiths at the 
wavelength of 3.04cm. The contridution from 
the non-adiabatic term seems to be negligibly 
small in this case, and, if we attribute the 
remaining width to the contribution from the 
dipolar interaction, the directional variation 
can be explained by the first term of the Eq. 
(29) for the value of J?Z=0.013cm~?. The 
proportionality of the line width (except for 
the dipolar contribution) to the square of 
{(g/ H).—(g’H):} is the result of the exchange 
narrowing. 


§5. Discussion 


A merit of the Kubo’s method is that it 
can give the terms corresponding to all the 
absorption lines simultaneously. Therefore we 
can treat the spectrum with several lines 
quite artlessly by this method. Thus we have 
been able to derive the expression (10) and 
get the formulas (11) giving the magnitudes 
of the shifts. The shift phenomenon can be 
considered as the pulling of the two peaks 
towards each other, and the magnitude of the 
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shift of one line depends on the magnetic 
moment of the other sublattice with respect 
to the oscillating field. This situation is ex- 
pressed it the Eq. (11). According to the 
approximation adopted §3, i.e. the pertur- 
bation treatment for the exchange interaction, 
our results are valid only for the case of small 
exchange energy compared with |%(w’—a’’)|. 
If the exchange interaction is not so small, 
(11) may give somewhat larger magnitudes 
for the values of the shifts than the actual 
ones. So our estimation of J in the case of 
K,CuCl,-2H,0 may be an underestimation, 
because the exchange interaction is fairly large 
for this substance. However, our expressions 
of the shifts can be thought to give a good 
approximation in the case of weak exchange 
and of sufficiently large separation of the two 
peaks. 

In the calculation of a single peak spectrum, 
we have neglected the anisotropy effect for 
the magnetic moment associated with the 
oscillating field. The effect, however, contri- 
butes to the second moment by the amount 
of 

25(S+1}{(ase!—gee"”)? (ee —9e 9) paz 

3(Jex * +9 60 *+Gey * +9 ey") , 


(30) 


As a result of the neglection of this term, 
our estimation of J in §4 may be also an 
underestimation. Since the expression (30) 
depends on the direction of the oscillating 
field £&, we cannot estimate this without know- 
ing the direction &. 

In order to avoid unessential complication, 
we have ignord the dipolar interaction. In 
the case of a two peak spectrum, the most 
part of the broadening of each peak can be 
considered to come from the exchange inter- 
action. In the case of the narrowed single 
peak, however, the half width is proportional 
to the second moment, and, in the approxi- 
mation of neglecting the anisotropy effect for 
M, the dipolar interaction contributes to the 
second moment additively to the effect of 
(20). Therefore, the calculation of the dipolar 
effect is necessary to compare the calculated 
width with the experimental data in more 
detail. 

Finally, we shall discuss the effects of the 
exchange interaction between similar ions. 
For the case of a two peak spectrum, this 
interaction affects as the narrowing of each 
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lines in the sence of the ordinary “ exchange 
narrowing.” In the case of a single peak 
spectrum, however, the exchange interaction 
between the similar ions ‘S%.,5'" does not 
contribute up to the fourth monent,* hence 
its effect is not so important for this case. 

In conclusion, the authors express their 
sincere thanks to Prof. R. Kubo and Prof. 
K. Yosida for their valuable suggestions and 
discussions, to Prof. T. Usui for his continuous 
encouragement, and to Mr. A. Ikushima for 
his help in numerical computations. Thanks 
are also due to Drs. K. Ono and H. Abe, who 
very kindly supplied the experimental data 
obtained in their laboratory. 
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where fds is the exchange Hamiltonian be- 
tween dissimilar ions which has been denoted as 
Hence [M, 3¢]=[M, #’], which has 


(a'yS'y+a!'yS''y) and commutes 
z 


Hex in $4. 
flare iopeian 


Has, 
with gsim: [esim[M, Y¢’]=0. The contribution of 
#'™ to the fourth moment is proportional to 
[esim[M, 3é']]?, so it vanishes. 
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A new method to determine the intermetallic diffusion coefficient is 
proposed. A thin layer of one metal was electrodeposited on a surface 
of another metal, and the surface concentration was examined by the 
X-ray back-reflection method during the process of diffusion. From the 
surface concentration vs. time curves the diffusion coefficient was given 
as a function of concentration. This method was applied to the 
measurement of intermetallic diffusion coefficient for nickel copper 
system at the temperature 800, 900, and 1000°C respectively. A dis- 
crepancy was found between the diffusion coefficients obtained from the 
nickel-deposited copper plates and from copper-deposited nickel plates. 
This is considered to originate from porosities formed near the diffusion 
interface due to the vacancy flow and from some properties of ele- 


9 


5 


4 


ctrodeposited layer. 


§1. Introduction 


The intermetallic diffusion in alloys, in 
which concentration gradients of the com- 
ponents exist, have been investigated by 
various authors. If we denote the diffusion 
coefficient by D and if the concentration 
gradient occurs along the 2 direction only, 
then the concentration change is given by 


Ole 6) Oc 
aaa? oe) oe) 


The coefficient D depends, in general, upon 
concentration. A solution of Eq. (1) has al- 
ready been given by Boltzmann” on the as- 
sumption that the concentration is a function 
of A=2/1/z¢ only. The validity of Boltz- 
mann’s assumption was proved experimentally 
by Matano,” who applied this method to the 
analysis of the diffusion data for the nickel- 
copper system obtained by Grube and Jedele®” 
and successfully found a pronounced variation 
of D with concentration. In the usual study 
for determining the intermetallic diffusion 
coefficient, the concentration at various parts 
is determined by chemical analysis, after the 
specimen has been kept for a definite duration 
at a suitable fixed temperature. However, 
no essential change takes place in the mathe- 
matical treatment in deriving D, if we work 
under reverse condition, that is, at definite 
and variable ¢. The object of the present 
investigation is to examine the applicability 


of this new method in the determination of D. 
The experimental treatment is comparatively 
simple by this method and the specimen re- 
mains undestroyed, as described later. 


§ 2. Theoretical Consideration 


On the basis of the solution obtained for 
Eq. (1), the diffusion coefficient D is expres- 
sed by 


(2) 


where [| ede=0. This solution is obtained 
0 


under the following conditions: 


c=0 for ¢=(Oland=70; 
Oc/Oz=0 for 2=s500. 


If the different metallic plates are brought in 
contact and the mutual diffusion is caused by 
heating during a certain period #, and if the 
concentration distribution of the both metal- 
lic elements is obtained, then D can be cal- 
culated from (2). This is the method which 
Matano adopted for the determination of D 
between nickel and copper. For the same 
purpose we tried to obtain, by the X-ray 
method, C as a function of ¢ at a given 2, 
i.e., at a surface in the present case, and to 
calculate D by the following procedure. For 
this case the boundary conditions are shown 
in Figs,1,.thatuis, 
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where fi means the thickness of the deposited 
layer. This circumstance fits a metal surface 
covered with another metal layer which is, 
for example, electrodeposited. The Eq. (1) 
can be transformed into (3) by introducing 
the variable 4=2/;/ ¢ 


i Oa! dc 
SS eel 3) 
2 dk be = oe 
Fixing the value of x to be hand integrating 
both sides of this equation with respect to & 


from A4=co to 4=p=h/1/ 6, we obtain 


1 (e@ dc dc \ 
= ,dCrn= Pro = 
2 \ Andcy (p a ya: (p 


aa pees 
(4) 


On the other hand, 


pCO ES  0e> 3/2]. 
=. Vt ar Qf! /a Coy 
As dc/di and 0c/0z vanish at A=co and at x 


=h respectively, Eq. (4) can be transformed 
into 


0) C(O) 
-5\ CC. = =) ht-/?dC), 
yj 0 2 0 


=—D(Cy)-22/?-h-(0c/Ot) an « (6) 


Hence for D the following type of expression 
is obtained: 
D(C,)=—— - = ~- |= . 7 

(Cn) = Tah (Oc/O2)x.) 2/2 hy 
If the change of surface concentration of the 
element in the deposited layer due to anneal- 
ing is obtained as a function of the annealing 
period ¢, then D(C,) is calculated according 
1 
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§3. Experimental Method 


For the present experiment we chose nickel 
and copper as a diffusion pair. The nickel- 
copper system forms the solid solution with 
all proportion of both components: hence no 
metallographical difficulties exist in the an- 
alysis of the data obtained in this case. A 
thin nickel (or copper) layer was electrode- 
posited at room temperature on the surface 
of a copper (or nickel) specimen which was 
about 7mmx7mmxXx1mm in size. The fol- 
lowing electrolytic solutions were used: for 
nickel plating, 200gr of NiSO,-7H,O, 20 gr 
NH.CI and 15 gr of HzsBO, in J/ of water; 
for copper plating 50gr of CuCN, 60gr of 
NaCN, 24gr of Na.CO; and 0.3 gr of Na,S,O3 
-5H.O in Z7 of water. The used electrolytic 
current density was 1 A/dm? for nickel plat- 
ing and 0.3-0.5 A/dm? for copper plating. 
The thickness of the layer was calculated 
the weight difference before and after plating. 
The smoothness of metal surface to be electro- 
plated was required in order that the exact 
application of the boundary condition might 
be possible. The substrata were, therefore, 
electropolished after being mechanically polish- 
ed with emery (4—0) and the highly smoothed 
surfaces were obtained. The following solu- 
tions were used for electropolishing; for 
nickel, 700cc of H3PO3, 200cc of H.SO, and 
50-100 gr of Cr.O3 in 100cc of water; for 
copper, 400-500 cc/l of H;POx, . 

Each specimen thus electroplated was heat- 
ed, in a highly evacuated silica tube, at a 
fixed temperature for a definite period. To 
make the diffusion period exact, the tempera- 
ture rise and drop in a specimen were car- 
ried out as quickly as possible. In heating in 
vacuum at high temperature the surface eva- 
poration is quite probable, and this was _pre- 
vented by the following procedure; two 
specimens electroplated in almost equal thick- 
ness were brought into contact with the 
electroplated surfaces inside. In one series of 
experiments, several annealings at the same 
temperature were given successively on the 
specimen. Each time after one period of dif- 
fusion was finished, the surface concentration 
was measured by X-ray in the following way 
and the total duration of diffusion at a fixed 
temperature was calculated by summing up 
each period. The X-ray procedure was the 
usual one, i.e., the lattice constant in a central 
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part (circle about 3mm in diameter) of each 
specimen plate was measured by the back- 
reflection method, a camera of Gayler-Preston 
type being used. As Vegard’s law holds al- 
most exactly in the nickel-copper system, the 
atomic concentration is easily known from 
the lattice constant of the alloy. Wecan use 
the atomic concentration in place of C in Eq. 
(7) which means the number of atoms in unit 
volume, since the difference between the lat- 
tice constants of both metals in question is 
quite little. 


$4. Experimental Results 


Diffusion tests were carried out at 800, 900 
and 1000°C. A very long period of heating 
was required with only one deposit of opti- 
mum thickness even at these temperatures in 
order that the surface concentration might be 
changed considerably, and it was necessary to 
measure the concentration vs. time curve as 
exactly as possible. Hence, D as a function 
of concentration covering the wide range was 
obtained by connecting the curves correspond- 
ing to several specimens with different thick- 
nesses of deposition. If two specimens 1 and 
2 with the deposits of different thickness h, 
and ft, were chosen for the test, then for the 
former case 


hy? 1 acy 
DC = = (8 
: 4z3/2 Hara py g ) 
and for the latter 
. hs? 1 G aGs y \ 
(C,)=—=——_ —_—_ —— | (9 
DCs) 4#3/2 ot pl oe 


If the surface concentration is measured from 
® to C* Grom *=0. to t=7;). for specimen *1” 
and above C* (t=t?,) for “2”, we shall obtain 
the following equation by equating (8) and (9) 
a= Cr 


Pee GG) We)/ Ge) 


Tae : 
\ ia A (10) 


Hence, for ow 


1 
Te 2 (OC/AE) 


GI) Gr). oe) 


fac, ("dC 
x), caw an |: oe 


D(C)= 
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Thus, the integration at h=h, can be convert- 
ed into that at h=h,. Fig. 2 and Fig. 3 show 
the C vs. ¢ curves obtained from nickel on 
copper at 1000°C and from copper on nickel 
at 900°C respectively. In the latter case the 
value of D was obtained for 0<(C<0.15 from 
the curve at ,=36.7 yw, for 0.15<C<0.50 from 
the curve at h,=9.7 4, converting 


0.15 . 0.15 
dC, /t!/? into dC,/P? , 
0 


0 
and for 0.50<C<0.80 from the curve h=4.3y, 
by going through the similar procedure. Our 
purpose was to determine the value of D over 
the whole range of concentration, and even 
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Fig. 2. C-—t curves at 1000°C, obtained from 
surfaces of copper layers deposited on nickel 
plates. 
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Fig. 3. C—t curves at 900°C, obtained from 
surfaces of nickel layers deposited on copper 
plates. 


the procedure mentioned above was insufficient 
for this purpose, because the C vs. ¢ curve 
became so flat with the duration of time, 
especially in a thin deposition, that an exact 
value of 0C/O¢ was very difficult to obtain as 
the surface concentration approached that of 
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‘Table 


, 2 thickness of 
heating temperature 
deposited layer 


7) 


ak 3376 
1000°C 10.6 
29.9 

900°C 9.2 
4,2 

° 25ao 
800°C 30 

Table II. 
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(deposited layer: Ni) 


assigned range | heating duration 
| corresponding to the 


of concentration highest concentration 


(Cou) hr.) 

“0 —0.2 R25 
0.2 —0.8 AS 

, ig? —0.13 25.04 
0.13—0.3 Bald 

0.3 —0.8 16.75 

: 0 =O 15.95 
0.1 —0.7 6.85 


: thickness of 
heating temperature 


deposited layer 


heating duration 
corresponding to the 
highest concentration 


assigned range 
of concentration 


() (Cyi) (hr.) 

51.2 @. =0.8 12.02 

1000°C 13.7 O20 2055 9.89 
8.2 Gix5. = 0.66 12.84 

36.7 Gt ias 16.06 

900°C 9.7 015—0.5 12.73 
4.3 0.5 0.7 14.35 

29.6 62 20/18 20.10 

: 9.0 0.13—0.35 7.76 
800°C 5.9 0.35—0.5 8.40 
2.3 0.5 220075 18.96 


the substratum. D on the nickel side was, 
therefore, determined, by using nickel-deposit- 
ed copper specimens, and D on the copper 
side vice versa, under the supposition that 
both measurements would be fairly connected 
with each other. The data concerning the 
used specimens are shown in Tables I and II. 
The D values thus obtained are plotted for 
the whole range of concentration in Figs. 4, 
5, and 6, corresponding to 800, 900 and 1000°C 
respectively. For each curve, due to the 
nickel-deposited copper specimen, D abruptly S 
descends with increase in copper concentration 
initially, then slowly at about Cou=0.1 and 2 
becomes almost flat for Cou>0.3. 
corresponding to 1000°C, however, shows a * 
tendency of ascent of D at about Co,=0.65. 
For each curve, due to the copper-deposited 
nickel specimen, D descends monotonously 
with increase in nickel concentration abruptly 
initially and slowly thereafter. In these 
figures the following three points should be 
noted: 

(1) In each case no datum was obtained in 
the neighbourhood of terminal concentration 
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Fig. 4. D-—C curves at 800°C. 
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Fig. 5. D-—C curves at 900°C. A\ represents our 


result and x the result by Da Silva & Mehl 
(at 947°C. total time of diffusion: 362 hrs. in 
vacuum, specimen: B 38). 


(0.8<Ccuxcl and 0.7<cCyi<1). We tried to 
obtain D value in these regions, using thin 
deposited layers 2-34 thick, but failed to 
determine exactly the values of O0C/Ot, as the 
measurements became erroneous in the con- 
cerned regions for the reason already describ- 
ed. Thus, we could not determine D values 
in the whole range of concentration, by using 
one kind of deposition. 

(2) As seen obviously from each figure, 
the values of D from nickel and copper side 
do not coincide with each other, which is 
especially pronounced in Figs. 5 and 6. We 
shall have some discussions upon this topic in 
SE 

(3) In Figs. 5 and 6 are also shown res- 
pectively the results obtained by da Silva and 
Mehl at 947°C and those whice Matano ob- 
tained from the experimental data at 1000 and 
1025°C by Grube and Jedele. Comparing the 
data from chemical analysis with those ob- 
tained by us, we notice the discrepancy be- 
tween them for Ccu<0.1. Measurements 
under definite ¢ and variable « gave the result 
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Fig. 6. D-—C curves at 1000°C. [-] represents 


our result and x (33hr. at 1000°C) and «+ (3 
days at 1025°C) represent Matano’s result cal- 
culated from the data by Glube and Jedele. 


that D was constant in this region, but the 
lack of the data for very small content of 
copper should be noted. On the other hand, 
measurements under variable ¢ and definite x 
showed it to decrease remarkably from the 
high initial value to the one which almost 
coincided with the constant value obtained by 
the other method, as Ccu increased. The 
order of magnitude of the diffusion coefficient, 
however, generally coincide with each other 
in both cases. 


§5. Discussions 


The unfitness of D from nickel and copper 
side seems to be not an essential nature of 
matter, because we deal with the chemical 
diffusion coefficient in the present experiment. 
In experiments hitherto performed, the in- 
fluence of change in the boundary condition 
during heating was averaged and masked in 
appearance, and D was determined after 
spacial examination of the terminal state. In 
the present experiment, on the other hand, it 
directly influenced each value of D as the 
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measurements were carried out at variable 
time. We supposed initially the interface of 
two metals to be a plane, which might, how- 
ever, be deformed with the lapse of time 
during diffusion. 

Kirkendall effect has recently become an 
important key in the intermetallic diffusion 
mechanism since Smigelskas and Kirkendall” 
found it in the copper-brass system. It was 
confirmed also in many other systems, e.g., 
in copper-aluminium, copper-tin, copper-gold, 
silver-gold®) and copper-nickel. Now, Kir- 
kendall effect is explained by the vacancy 
theory as follows: a net flow of vacancy takes 
place toward the copper side in the copper- 
nickei system, and therefore, the accumulation 
of vacancy results in the formation of voids 
which are lined up on the copper-rich side 
near the original interface and accordingly, 
the original interface shifts to this side as the 
contraction occurs here,”)®)% 

In usual experiments, voids which are ob- 
servable under microscope seem to be formed 
after about 100-200 hours. Also in the pre- 
sent experiment, although the heating dura- 
tion was here far short as compared with 
usual one, a fairly large number of smail 
voids is considered to exist on the copper-rich 
side. The diffusion interface is deformed, 
therefore, from an initial flat form to amore 
complicated one, and so diffusion may be dif- 
ficult to take place at the final stage. This 
circumstance may cause D value to decrease 
seemingly with the change in concentration 
in the deposited layer, i.e., with the duration 
of diffusion. The above explanation is, how- 
ever, not sufficient with the present problem, 
because the higher D values were always 
obtained, for a definite composition, from the 
surface copper-deposited initially, the com- 
parison being made at the diffusing duration 
of almost the same grade. It is probable that 
the structure of the electro-deposited thin 
layer plays an important role, but we cannot 
give a consistent explanation to this problem 
at the present stage. 

Next, we should note the abrupt decrease 
of D in the highest concentration of nickel 
which has never been observed. The relia- 
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bility of D values depends upon the accuracy 


Cc 
in measuring 0C/0¢ and | dC/t!/* in our case 
0 


it 
and dz/dC and \ adC in the usual case. In 


e 
every case it is considerably difficult to deter- 
mine exactly the inclination in the flat part 
on the C vs. ¢ or Cvs. « curve, and consider- 
ing it, we carried out measurements as care- 
fully as possible. Though we cannot say that 
the constancy of D in the highest concentration 
of nickel in measurements which have so far 
been made is erroneous, there seems, at least, 
to be some doubt about it. 

After all, we did not succeed, at the pre- 
sent stage, in realizing the anticipation that 
D is fairly determined in all concentration, 
due to the occurrence of the unexpected cir- 
cumstances. These may, however, give many 
suggestions to measurements of the inter- 
metallic chemical diffusion coefficient, as voids 
or porosities formed by the vacancy flow pro- 
bably always exist in the intermetallic diffu- 
sion. 

In conclusion, we wish to express our sincere 
thanks to Mr. N. Kunitomi for his kind and 
useful discussion. The present investigation 
has been supported partly by the funds from 
the ministry of Education in Aid of Scientific 
Researches. 
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The magneto-thermoelectric power (change of thermoelectric power 
due to magnetization of ferromagnetic substances) and its temperature 
dependency of nickel single crystals are measured. The (Eim)io00 and 
(Fm)u1, Which specify the characteristic property along the directions 


[100] and [111] respectively, 
approximations. 


are calculated under some reasonable 
The true magneto-thermoelectric power depends on 


the orientations of the crystal and is always positive, except that in the 
neighbourhood of the Curie point which is negative and is due to 
additive magnetizations proportional to the external magnetic fields, 
and represents a maximum value near the room temperature and 
tends to zero at 0°K and also at the Curie point respectively. 


$1. Introduction 


Since the discovery by W. Thomson in 1856 
that a thermocouple could be made of a mag- 
netized ferromagnetic substance and another 
unmagnetized same one, many investigations» 
concerning the properties of this thermocouple 
have been performed with complicate and 
sometimes conflicting results, because the ef- 
fect had been studied under the conditions 
with wide temperature difference, i.e., 100°C 
or more and also the samples used were poly- 
crystals. One of the authors defined anew, as 
described in previous papers”, the “ magneto- 
thermoelectric force per degree” or the 
“magneto-thermoelectric power.” at given 
temperature ¢ as a mean value of the e.m/f. 
of the couple between ¢—4?/2 and ¢+ 42/2, and 
studied the magnetothermoelectric power of 
iron single crystals and its temperature de- 
pendency. 

This time we study the magneto-thermo- 
electric power of nickel single crystals by 
using the same methods described in the pre- 
vious papers. 

The magneto-thermoelectric power of a 
single magnetic domain that is magnetized to 
the saturation corresponding to the given 
temperature, is given from the symmetry 
of the cubic crystal such as iron and nickel 
as follows:— 

(En)apy= —/3+a1 1 i? Biri t+ 2ay Pe eBiasrs 
i, j=1, 2, 3. 4) 
where (Em)apy is the magneto-thermoelectric 
power induced along a direction with the 
direction cosines #;, 8, and 8; with respect 


to the principal axes of the cubic crystal, 
when the directions of the magnetization and 
of the temperature gradient are a,, a,, a3; and 
11, 72, 73 Yespectively. a@, and a, in Eq. (1) are 
so-called anisotropic constants of the sample 
at given temperature. In our case Bi:=7:, 
and then we get 


(Em)ap=—Q/3+a > a Be + ody 2 X,A5B iB; . 
tej 
(2) 


If (En) in the above equation is substituted 
by (47/1) we get the well-known magneto- 
strictive formula derived from the crystal 
symmetry. (2m)oo and (Zin) which are the 
magneto-thermoelectric powers along the 
directions [100] and [111] are given by 

(En)100=2a1/3 ;  (Em)11=2a,/3 , 
respectively. 

In order to determine the constants a, and 
a, by using real crystal rods, we must select 
two standard distributions of magnetic do- 
mains in the crystal, because they do not 
distribute equally in the directions of the 
easiest magnetization even when the rod asa 
whole is in the state of demagnetization as 
pointed out by S. Kaya and H. Takaki and 
also one of the authors in the case of iron. 
They found that at the breaking point cor- 
responding to the residual magnetization of 
the descending hysteresis curve the domain 
magnetizations were distributed along the 
directions of the easiest magnetization near 
the external magnetic field, proportional to 
the cosines of the angles between the direc- 
tions of the easiest magnetization and that of 


(3) 
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the external magnetic field to reduce as much 
as possible the normal component, J., of 
magnetization perpendicular to the bar axis 
and to minimize the magneto static energy 
2xJ.?. It is, therefore, reasonable to adopt 
the breaking point of the descending hysteresis 
curve as one of the standard states. Another 
state, of course, is saturation where the crystal 
consists of one domain as a whole. From 
these considerations, one of the authors deter- 
mined the constants aq and a, of iron by 
measuring the magnitude of the magneto- 
thermoelectric power between the saturation 
and residual magnetization. In the case of 
iron crystal rods the residual magnetization 
Jr.calc. is given by the Kaya’s formula 


Jr. calc, = Jo/(8i-+ 82+ Bs) , 


where J. is the saturation value of magneti- 
zation. 

In the case of nickel we can not use the 
Kaya’s formula. If Vi, V2, V;and V; are the 
volumes of magnetic domains distributed 
among the directions [111], [111], [111] and 
[111] of a nickel crystal, viz., the directions 
of the easiest magnetizatin at room tempera- 
ture, then the total volume V of the crystal 
is given by V=Vi+V.+V3+V; and the com- 
ponents M,, M, and Mz along the [100], [010] 
and [001] of the total magnetic moment M of 
the crystal are given, respectively, by 


AM beg Nope df Xl VYi+ Vo+ V3+ Vi) 3 


(4) 


=JoV/\/ 3 , (5) 

My= JyV= Je Vi— V2— Vs + V/V 3 
(6) 

M.= JzV= Joo Vi + V2—V3—V,)/7/ 3 - 
Ch) 


If the direction of the residual magnetiza- 
tion coincides with the direction (;, 8, and f3, 
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viz., the bar axis, then the next relation must 
be held; 


. as ae V 3B 
=a Soo Vit Vo =Vs— Vs) (8) 
Vise 
and from these equations we get 
Vi-— Vi— V3 + Vi=B2 V/A , 
VitV.—V3—Vi=B83V/fr . (9) 


The residual magnetization Jr.calc. iS given 
by 
Tr. calc. = (Me By + My B2+M.83)/V = Joo/7/ 3 Bra 
(10) 


and also the saturation value (Ein)sat. and the 
remanent value (En)rem. of the magneto 
thermoelectric power of the descending hys- 
teresis curve are given by 


(Em) sat.= @1( 1! + B2*+ B34—1/3) 


+ 2a2(B17B2? + Bs?Bs?+ 83781?) , (11) 
(Em)rem.= 2@2[ 8, Bs + 8283+ 8381) Vi/ V 
+(—B1B2—B2B3+BsB1) Vo/V 
+(—B,B2+B2B;— B38) V3/V 
+ (B1B2—B283— 8381) Vi/ VI/3 
= 2a.[ B.? + Bs?+ B283(p—q4+r—s)]/3 , 
(12) 


where p, g, 7 and s are fractions of the 
volumes V,, V2, V; and Vz, with respect to 
the total volume V, respectively. 


§2. Samples, Experimental Method and 
Results 


(1). Samples The samples are cylindrical 
rods made by the Bridgeman’s method in the 
vacuum Tammann’s furnace (No. 1 and No. 2) 
or in the vacuum molybdenum furnace (No. 
3, No. 4 and No. 5) and annealed at 950°C 


ablew 
: length | diameter | direction cosines | | 
sample | bar axis | | | | Cees, | aia eas H, 
| (cm) | (cm) | & poe ln erate a! | oa 
| | 
INO, Ue | GIT 17.80 | 0.283 | 0.633 | 0.576 | 0.518 456 | 460 0.50 
No. 2 [110] | 19.70 | 0.289 | 0.795 | 0.602 | 0.073 363 | 375 0.25 
No. 3 [100] 20.03 | 0.277 0.996 | 0.091 | 0.000 289 |, 287 0.96 
No. 4 [511] | 20.90 | 0.275 059587) 7052237502178 301 | 300 0.98 
No. 5 | [210] | L910) 5 05275) 5) SOs883 ain Ox G7 ORO52 3Aii | 330, 0.76 
fi | i | 
er |e en nt 
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for 2 hours in the ordinary nichrome furnace. 
The purity of the samples is 99.2% or more 
and impurities detected by spectoscopic analysis 
are Si, Mn and Mg and trace Co. The con- 
stants of the samples are shown in the Table 1. 

Jr.catc., Jrbs. and H, in the table are cal- 
culated values by Eq. (10) and observed values 
of residual magnetization and coercive forces 
at room temperature respectively. 

(2). Experimental method. In order to 
make measurement of the magneto-thermo- 
electric power, a nickel (sample)-copper thermo- 
couple was constructed by connecting each 
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Fig. 1. Magneto-thermoelectric power and mag- 
netostriction of No. 1, trigonal crystal [111]. 


end of the specimen rod with copper wires. 
The hot junction (one side of the speci- 
men) of the couple was always kept 5°C~ 
10°C higher than the cold junction (the 
other side of the specimen) by a small non- 
inductive nichrome furnace when the middle 
point of the specimen was kept at 72°C by 
another non-inductive nichrome furnace or by 
liquid air, dry ice or other suitable freezing 
mixtures. The ordinary thermoelectric force 
set up from the couple was nearly balanced 
as usual by connecting the copper wires, lead 
from the specimen, with a potentiometer. 
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The magneto-thermoelectric force 4E set up 
in consequence of magnetization by a mag- 
netizing coil surrounding the specimen was 
determined by noting a deflection of a sensi- 
tive galvanometer through the potentiometer 
circuits. The magneto-thermoelectric power 
at given temperature ¢°C was obtained from 
the 4 and the temperature difference 4¢ by 
En=4E/At. 


Ent “Vv /%, 


Fig. 2. Magneto-thermoelectric power and mag- 
netostriction of No. 2, diagonal crystal [110]. 


(3). Results at room temperature. The 
magneto-thermoelectric powers and magneto- 
strictions of No. 1, No. 2 and No. 3, bar axes 
ofw hich nearly coincide with trigonal-axis 
[111], diagonai-axis [110] and tetragonal-axis 
[100] respectively, are shown in Fig. 1, Fig. 2 
and Fig. 3 and the magneto-thermoelectric 
powers of No. 4 and No. 5 in Fig. 4 and Fig. 
5. In the case of the polycrystal they are 
shown in Fig. 6. 

The magneto-thermoelectric powers occur- 
ring in the region of the steep parts of mag- 
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netization curves, that is to say, in the dis- 
continuous parts of magnetization are very 
small and most of them occur in the region 
of high magnetic fields, namely in the ro- 
tational part of magnetizations, similiar to 
the magnetostrictions; especially in the case 
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Fig. 3. Magneto-thermoelectric power and mag- 
netostriction of No. 3, tetragonal crystal [100]. 


of No. 3, [100], the change can not be ob- 
served practically between the demagnetization 
state and the residual magnetization J=287, 
but occurs between the states of the residual 
magnetization and of the saturation. The 
saturation value of the magneto-thermo- 
electric power of each sample is changed 
definitely by demagnetization methods such 
as A.C.-or thermal-method as shown in the 
figures. The greatest effect of this change 
can be seen in the case of No. 1, next in No. 
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Fig. 4. Magneto-thermoelectric power of No. 4, 
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Fig. 5. Magneto-thermoelectric power of No. 5, 
[210]. 


2, and barely in No. 3. The difference or 
non-coincidence of the magneto-thermoelectric 
power of each sample between the descending 
and ascending hysteresis curves can be seen 
more distinctly than that in the case of 
the corresponding magnetostriction. General 
styles of the curves of the magneto-thermo- 
electric powers and of the magneto-strictions 
of each sample are similar except No. 3; the 
origin of this exception may be due to the 
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Fig. 6. Magneto-thermoelectric power and mag- 
netostriction of the polycrystal. 
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Fig. 7. Magneto-thermoelectric power of the 
trigonal crystal, No. 1 [111], at various tem- 
peratures. 


sensitive temperature dependency of the 
magnetization curve, because in the former 
the temperature of the sample is not uniform 
contrary to the case of the latter. 

(4). Temperature dependency. The tem- 
perature dependencies of magneto-thermo- 
electric powers of No. 1, [111], No. 2 [110], 
and No. 3, [100] on their descending hysteresis 
curves are shown in Fig. 7, Fig. 8 and Fig. 9 
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Fig. 8. Magneto-thermoelectric power of the 
diagonal crystal, No. 2 [110], at various tem- 
peratures. 


400 


0. 
Z 100 


iad 


Fig. 9. Magneto-thermoelectric power of the 
tetragonal crystal, No. 3 [100], at various tem- 
peratures. 


respectively. The saturation values (as de- 
scribed already, they are not so important) 
at various temperatures are plotted in Fig. 
10, each curve showing a maximum value in 
the neighbourhood of the room temperature, 
for instance, at —30°C in the case of No. 3, 
[100], and tending to zero on both sides. The 
magneto-thermoelectric power in the neigh- 
bourhood of the Curie point is easily saturated 
by a weak magnetic field and then decreases 
linearly with increasing field. It is reasonable 
to separate it into two parts by the extrapo- 
lation method; one of which is due to the 
rotation of magnetizations of magnetic do- 
mains and the other is due to the growth of 
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Fig. 10. Saturated values of magneto-thermo- 
electric power of the crystals (differences be- 
tween the two states; Jo and J=0 on the 
descending hysteresis curves). The dotted line 
in the neighbourhood of the Curie point, a part 
of which is due to the magneto-caloric effect, 
is attributed to the additive magnetization 
proportional to the external magnetic field and 
is shown in the case of 700 Oerstead. 


spontaneous magnetization by external mag- 
netic field; the former is positive sign shown 
in the figure as full lines and the latter is 
negative shown as dotted lines in the case of 
700 oerstead. It is known from our previous 
experiments that the magneto-thermoelectric 
power in the neighbourhood of the Curie point 
contains some small parts, which is not cor- 
rected in the figure, due to the magneto-caloric 
effect. 


§3. Discussion 
An absolute thermoelectric power of nickel 


N. MIYATA and Z. FUNATOGAWA 


(Vol. 9, || 


by the appearance of spontaneous mag- 
netizations, as explained by N. F. Mott from) 
the standpoint of the modern theory of metals, | 
and is independent of the crystal orientation. | 
The negative magneto-thermoelectric power 
in the neighbourhood of the Curie point cor-) 
responds to the decrease of the absolute} 
thermoelectric power. The positive magneto- | 
thermoelectric power depends on the directions. 
of the magnetization in domains. It is not, at 
present, certain whether the positive magneto- | 
thermoelectric powers are directly related to) 
ferromagnetism, for instance 3d- and As- | 
electron interactions or only indirectly related 
—through the magnetostrictive lattice distor-. 
tion. Our previous experiments in the case 
of iron-nickel alloys show that the magneto- 
thermoelectric power is not intimately related 
to magnetostrictive lattice distortion. 

Because the distributions of magnetic do- 
mains in each sample in the demagnetized 
state are affected by demagnetization methods, 
the saturation values of the magneto-thermo- 
electric power are not so important but the 
distributions of magnetic domains at the 
residual magnetization on the descending 
hysteresis curve are significant, if the frac- 
tions p, qg, y and s are uniquely decided and 
hence the differences between the saturation 
and the remanence are always constant in 
spite of the different demagnetization methods 
as shown in Table II at room temperature. 

The expression of these differences of the 
magneto-thermoelectric powers is obtained 
from Eq. (11) and Eq. (12) as follows:- 


(Em)srt. —(Em)rem.=41( Bit + Bot + B34 —3) 
+ 2a.[(817B2” + B2?B3?+ B3° Bi?) 
—4{(B:?+ Bs”) + BBs p—ger—s)}] , 
(13) 
and we get next equations of each sample 


is always negative and shows an abrupt de- No. 1 0.01a,+(0.26—0.20¢)a,=0.16, (14) 
crease of its magnitude at the Curie point No. 2 0.20a,+(0.22—0.302)a,=0.38, (15) 
Table II. 

| Ein )s . (Eim)rem Core | Aly Zc ii Al Al oi 

l | ( a of ° ra ae “i 
foe aif pV[PC BV/[PC BL | ( l Jae iy l ine a) Dat ne 10° 

No. 1 0.31 0.15 0.16 —23.3 —11.8 —11.5 
No. 2 0.44 0.06 0.38 — 32.0 — 3.6 —28.4 
No. 3 0.57 0.00 Os57 —58.0 = (O25 —957.5 
No. 4 0.55 0.02 O53 —49.0 - 0.5 —48.5 
No. 5 0.65 0.14 0.51 — 38.8 - 4.9 — 33.9 
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No. 3 0.65a,+(0.01—0.00¢)a,=0.57, (16) 
No. 4 0.51a,+(0.10—0.032)a,=0.53, (17) 
No. 5 0.32a,+(0.20—0.01é)a,=0.51, (18) 


where t=p—q-tr—s, and —r must be chosen 


when the angle between the [111] and magne- 
tic field is greater than that between the 


[111] and the field. If we assume that pe 
and g=r from the crystal symmetry, that is 
t=0, in No. 2, 3 and 5, then the constants a, 
and a, at room temperature can be deter- 
mined as follows:— 
ai: 86N LV ioe 
Gs— 03 9N ECR 
If we put the values of a, and a, in Eq. 
(14), No. 1 [111], then we get ¢=0.5 and there- 
fore p—0.75, g=0.05, 7—0.1 and s=0.1, each 
of which coincides nearly with that calculated 
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Fig. 11. Temperature dependency of the aniso- 
tropic constants a and dp». 


from the magnetostrictive data. Fig. 11 shows 
the temperature variation of the @, and a, 
below 100°C, because the anisotropic constants 
of magnetic energy change their signs and 
hence the directions of the easiest magnetiza- 
tion change from <111> to another at about 
100°C, so that the calculation to obtain the a, 
and a, must be selected from other methods. 
As expected from the previous papers, the aq 
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and a, show maximum values at —30°C and 
20°C respectively and both of them tend to 
zero at O°K. 


§ 4. Summary 


The magneto-thermoelectric power and its 
temperature dependency of nickel single cry- 
stals are measured and then the constants a 
and a,, which specify the characteristic pro- 
perties, are calculated. 

(1). The magneto-thermoelectric power de- 
pends on the orientation of the crystal and is 
always positive except that in the neighbour- 
hood of the Curie point. 


(2). (Em)100 = 24;/3=0.57 LV/[PC ’ 
(Em)111 = 2a2/3 = 0.69 uv (PC 
at room temperature. 
(3). The magneto-thermoelectric powers 


((Em)100 and (Ein)i. OF @, and az) represent 
maximum values in the neighbourhood of the 
room temperatures (—30°C and 20°C, respec- 
tively) and tend to zero toward 0°K and the 
Curie point. 

(4). The negative parts of the magneto- 
thermoelectric powers in the neighbourhood 
of the Curie point in strong magnetic fields 
are due to the additive magnetization propor- 
tional to the magnetic fields. 

In conclusion, the authors wish to express 
their thanks to Prof. H. Takaki and his col- 
labolators of the University of Kyoto and 
Mr. Y. Gondé in our laboratory for the prepa- 
ration of the samples. 
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Microwave spectrum of methylamine molecule has been studied in 
the frequency range between 7 and 30 kMc/sec. More than two hundred 
lines and their Stark effects have been measured. These lines are 
divided into three kinds: (1) 4J=0, 4K=+1, (2) dJ=+1, 4K= +1, and 
(3) dJ=0, 4K=0. Lines of 4J=0 and 4K=-+1 form seven well-defined 
series, Pi, Pz, G1, G2, T1, rx, and sy. Among them, lines of p series show 
first-order Stark effects and the others show second-order Stark effects. 
With theoretical considerations we have assigned these series. From 
this assignment, the height of the potential barrier for the hindered 
internal rotation has been determined to be about 680cm7—!. 
doubling and its effect on the over-all and hindered rotations are studied. 
Lines belonging to the classes (2) and (3) are also analyzed. But the 
determination of molecular constants from the observed data is deferred 


Inversion 


to a forthcoming paper. 


$1. Introduction 


The methylamine molecule is an asymmetric 
rotor, the amino group of which is rotatable 
around the axis of the methyl group ina 
manner like the methylaicohol molecule. Be- 
sides, this molecule may invert itself about 
nitrogen in a manner like the well-known 
inversion of ammonia. 


H 
H 
et ae 


H H 


Fig. 1. Structure of methylamine. 


As to the hindered rotation, Dennison and 
others)*)3) developed a theory in order to 
analyze the spectrum of methylalcohol. And 
it will also be applied to the spectrum of 
methylamine. We assume a sinusoidal form 
of hindering potential, 


V=43H(1—cos 32) , 


where x is the angle of mutual rotation of 
the two groups and AH is the height of the 
potential barrier. 

Aston and others determined the barrier 
height of methylamine to be 1000cm~7! from 
the calorimetric data on the one hand, and 
to be 530cm~7! from the infrared data®) on 
the other hand. Lassettre and Dean estimated 
the barrier height to be 740cm7! by a semi- 
empirical theory®. From the rough value of 
barrier height, we expected several series of 
lines in the microwave range corresponding 
to the hindered rotation. 

As to the inversion, experimental evidence 
had been found only in ammonia molecule, 
until we found the inversion doubling in the 
spectrum of methylamine, the magnitude be- 
ing of the order of 10kMc/sec*. The theory 
of inversion doubling which has been developed 
for ammonia by Dennison and Uhlenbeck” 
has to be considerably modified on account 
of coupling between inversion and hindered 
rotation. This modification has been perform- 
ed mostly by one of us (T. I.), and will be 
discussed in 5. 

Some lines of the spectrum have first been 
found by Hershberger and Turkevitch® in the 
region between 22 and 26kMc/sec. Shimoda 
and Nishikawa have remeasured the frequen- 


* For this value, the authors owe greatly to 
the guess by Prof. D. M. Dennison. 
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cies of these lines more accurately with refer- 
ence to the standard frequency broadcast JJY 
and also found many other lines in the range 
between 15 and 27kMc/sec.) Since then, the 
observed range has been extended down to 
7 kMc/sec and up to 30 kMc/sec, and the Stark 
effects of the lines were investigated over the 
whole frequency range. 

The spectrum is, however, very complicated 
by the coupling of inversion and hindered 
rotation as well as over-all rotation of the 
molecule. A careful study of the Stark pat- 
tern of each line is of much help with theo- 
retical considerations to assign the correspond- 
ing transition and to determine the height of 
potential barrier and rotational constants. 

Lide is also studying the spectrum of 
methylamine and his results are is good agree- 
ments with ours. He has assigned three 
rotational lines of the transition 4J=+1, and 
determined three moments of inertia of the 
molecule™. However these values of ro- 
tational constants must be revised taking ac- 
count of inversion and hindered rotation. 


$2. Theoretical 
1. Hindered Rotation 


The theory of hindered rotation of a slightly 
asymmetric rotor molecule developed by Den- 
nison and others)-”)-*) is also applicable to 
methylamine. According to the earlier 
theory, in which both rotatable groups of 
the molecule are assumed to be symmetric 
rotors, the energy levels including both over- 
all and hindered rotations are described by 
the quantum numbers J, K, t, and m. Jand 
K are the quantum numbers corresponding 
to the total angular momentum and its com- 
ponent along the figure axis of the molecule. 
nm is the quantum number of torsional oscil- 
lation, and t is related to the tunneling of 
the hydrogen atoms in the amino group from 
one of the potential minimum to another. 
Since the hindering potential has three-fold 
symmetry, t may take three values 1, 2, or 3. 

The rotational energy can be written as 
the sum of two terms, 


where Eg is the usual rotational energy of a 
symmetric rotor and is a function of J and 
K; E« represents the contribution of hindered 
rotation which depends on the quantum num- 
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bers K, t, and ”, but not on J. Ex becomes 
(m+3)hy; in the limiting case of very high 
potential barrier where », is the torsional 
frequency. As the height of the potential 
barrier decreases, each level splits into three 
sublevels designated by r=1, 2, and 3 with 
increasing separations. 

Burkhard and Dennison” refined this theory 
by taking account of the asymmetry of the 
molecule. Their method is adopted in this 
paper for the analysis of the microwave 
spectrum of methylamine. Then we treat the 
problem of hindered rotation using a model 
which consists of a rigid amino and a rigid 
methyl group, where the CNH angle is as- 
sumed to be constant during the hindered 
rotation. According to this refined theory, 
K, t, and » are no longer good quantum 
numbers, but they are still used approximately, 
since the effect of asymmetry is very small 
in methylamine. 

The rotational energy can also be written 
in the form of Eq. (1) neglecting a relatively 
small correction term, €&, arising from the 
asymmetry effect. In this case overall ro- 
tational energy gz is given by 


owas Maire 
fee 
e eat a 


sehies fi) PI 


oe 
yale 
87? C 


(2) 


where A, B, C are moments of inertia of the 
molecule about €, 7, and € axes and D is 
the product of inertia with respect to the 7, 
€ axes. The &, 7, € axes are chosen in the 
following way: € axis is parallel to the sym- 
metry axis of the methyl group, and 7 axis 
is perpendicular to the € axis and comprised 
in the bisecting plane of the HNH angle, the 
origin of the coordinate system being taken 
at the center of gravity of the molecule. G 
is defined by C,=C—C,, where C, is the 
moment of inertia of the methyl group about 
its own symmetry axis. 

Hindered rotational energy Fa is the eigen- 
value of the secular problem 


peVervan rs vac si : ] 
2 (ee Vix) |Plw 
ioral cient we tee 
=EaP (x) ) (3) 
where V(a2)=H/2(1—cos 3x), and P(z) is the 


eigenfunction of hindered rotation. The Eq. 
(3) can be solved by expanding P(z) in a 
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Fourier series in the form 


IEXG == SS, Ane ! ( 4 ) 


On account of the three-fold symmetry of 
Viz), m takes every third integral value in 


Bq. @)s that is; 20=-)-%)\—6— 3,1 Oj93n06> 

fOr C= Lt 971] el ne 
for t=2; and m=----, —5, —2, 1, 4,<--- 
fOmrg—or 


The small term &, which represents the 
effect of asymmetry of the molecule, can be 
calculated by a perturbation method. The 
calcuiation is complicated and in any case 
this term is not large for lower values of J, 
so that the simplified expression, Eq. (1) with 
Eq. (2) and Eq. (3) is satisfactorily used to 
find the general nature of the energy levels. 
For large values of J, however, the term €& 
becomes very large (10~100kMc/sec). Parti- 
cularly the effect of A-type doubling becomes 
so predominant that it must be taken into 
consideration. 


2. Selection Rules and Classification of Lines 


The selection rules for the asymmetric 
hindered rotor have been investigated in de- 
tail by Ivash and Dennison®. However, the 
approximation of a symmetric rotor assumed 
by Koehler and Dennison is sufficient for 
practical purposes, since the effect of asym- 
metry is very small for methylamine. Then, 
the allowed transitions are those for which 
4J=0, +1, 4K=0, +1, 4(K+7)=0 (mod. 3), 
and 4dn=0, +1, +2,----. The change of r 
is always associated with the change of K 
by the above relation. The frequencies cor- 
responding to the transitions 42=+1, +2,--- 
fall into the infrared region, and only the 
transitions 42=0 into the microwave region. 
m may be 0, 1, or even 2 for the microwave 
transitions, since these levels are considerably 
populated at room temperature. 

All the transitions in the microwave region 
are divided into four classes (1) 4J=0, 4K= 
cnet SCAR oN fer emer 9c Wet oa ean Gs) es WP 
(transition between the levels separated by 
the asymmetric K-type doubling), and (4) 
4J=2+1, 4K=0. The transitions 4K=0 will 
be very weak, as the component of the dipole 
moment of the molecule along the figure axis, 
/4,, 18 very small, being about a quarter of 
the perpendicular component, w,. Accord- 
ingly, most of the observed lines are probably 
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due to the transitions 4K=-++1. But some of 
the weaker lines may correspond to the trans- 
itions 4J=0, 4K=0, and other weaker lines 
may correspond to the transitions in which K 
changes by more than one. No lines of the 
class (4) fall in the observed range.* 

The lines of 4J=+1, 4K==+1 are irregularly 
spaced in the microwave region, and most of 
them are due to the transitions in which J 
and K changes in opposite directions. The 
transitions in which J and K change in the 
same direction fall in tne higher frequency 
range. 

The frequencies of the transitions 4/=0, 
4K=-+1 are independent of J, as far as the 
approximate expressions (1) for the rotational 
energy is used. However, when the effect 
of asymmetry is taken into account, this type 
of transition gives rise to a series of lines 
corresponding to J=K, K-+1, K+2,----. 
Several series may appear superposed in the 
microwave region. Furthermore, each series 
may be doubled by the inversion doubling, 
which will be discussed in later sections. 


3. Frequencies of the Series Lines 


Since the analysis of series lines is the 
most important, a theoretical calculation of 
the frequencies is given in the following. The 
frequency of the transitions 4J=0, 4K==+1 
is the difference of two large terms arising 
from £, and Eg in Eq. (1). &g, which is 
concerned with the over-all rotation, is a 
function of moments and products of inertia 
of the molecule. Since the molecular dimen- 
sions are fairly well known from electron 
diffraction and infrared data, we can estimate 
it at least very roughly. On the other hand, 
fa, which is concerned with the hindered 
rotation, depends considerably on the height 
of potential barrier. Since the height of 
potential is not yet known decisively, it is 
necessary to plot the frequencies of the trans- 
itions as functions of AH. 

In carrying out the calculation, we must 
assume molecular dimensions. We assume 
that the structure of the CH; group is the 
same as in methane, that is, dcy=1.093 A, 
ZHCH =109°28’. Likewise, the structure of 


* Edwards, Gilliam, and Gordy have assigned 
the J=0->1, K=0-0 line in 50kMc/sec region, 
but their assignment has not yet been confirmed 
(private communication). 
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NH, group is assumed to be the same as in 
ammonia, that is, dyy=1.014A, “HNH= 
106°47’. The C-N distance is known from 
the electron diffraction data to be 1.47 A. 
The C-N direction may not coincide with the 
symmetry axis of the methyl group,* and 
we take the angle of the discrepancy equal 
to 3° as a plausible value. We also assume 
that the CNH angle is 110°, somewhat larger 
than the HNH angle in ammonia. 

In order to look over the general trend of 
the frequency versus potential curves, it will 
be convenient to use an approximate formula 
for Ez. As has been mentioned by Dennison 
and others, Za is a_ periodic function of 
7 =27/3((C,/C)K+r—1), and to a good ap- 
proximation it can be expressed by 


Ea=An—Bn COS7 ,; (5) 


where a, and $8, are numerical constants 
depending on the height of the hindering 
potential and the quantum number m7. By 
can be determined by solving the secular 
equation, (3), for two arbitrary values of 7, 
and then we can readily calculate /. for any 
value of y from Eq. (5). In this way, we 
can pick out such transitions that may appear 
in the microwave region for the probable 
value of A. 

The next step is to calculate the frequen- 
cies of the picked out transitions more pre- 
cisely. By rigorously determining Lz from 
Eq. (3), we obtain the frequencies of the 
transitions versus potential curves as _ illu- 
strated in Fig. 2. The order of Stark effect, 
which will be discussed in the next section, 
is also shown in parentheses. 

Each transition gives a series of lines cor- 
responding to the values of J equal to or 
greater than the larger K involved. The 
curves of Fig. 2 show the origins of the series, 
or the frequencies of the lines of the smallest 
J. For larger J values, however, the frequen- 
cies deviate considerably from these values. 
Besides, the effect of A-type doubling has to 
be considered for the transitions with smaller 
K, as described in the following section. 


4. K-type Doubling 

Although methylamine is an asymmetric 
rotor molecule, not all of the rotational levels 
undergoes the A-type splitting. According 
to the theory of Bunkhard and Dennison, only 
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FREQUENCY IN kMc/sec 


400 600 800 1000 


POTENTIAL HEIGHT IN cm™ 
Fig. 2. Frequencies of K, t, nx>K-—1, t+1,7 
transitions for n=0 and m=1. The order of 
Stark effect is indicated in parentheses. 


one third of the levels are split into doublets, 
and the degeneracies of the other levels are 
not removed by the asymmetry. The coupl- 
ing between over-all and hindered rotations 
brings about certain essential double degene- 
racies. This is the reason why some lines of 
the methylamine exhibit first-order Stark ef- 
fects while other lines do second-order Stark 
effects, in contrast to the spectra of other 
rigid asymmetric rotor molecules. 

The general structure of energy levels has 
been illustrated by Ivash and Dennison in 
Fig. 1 of their paper. The levels with 
K-+1t—1 divisible by 3 are split into doublets 
by the effect of asymmetry, while the levels 
with K+r—1 not divisible by 3 remain de- 
generate. Therefore, the lines arising from 
transitions between levels whose K-+7r—1 are 
divisible by 3 give rise to second-order Stark 
effects, and the other lines give rise to first- 
order Stark effects. 

In some cases when apparent degeneracies 
may take place, the lines will also exhibit 
first-order Stark effects. Such a close de- 
generacy will be caused when the A-type 
doubling is sufficiently small. Since A-type 
doubling for the slightly asymmetric hindered 
rotor is roughly the same as for the rigid 
rotor, the magnitude of the A-type doubling 
may be estimated by the Wang’s formula’? 


See (J+! 
Co eee (J-K)MK-D)M(K-1)! 


os (6) 
x 16% +1(1—406)*-1 ? 


* Dennison and others have pointed out a similar 
discrepancy as to methyl alcohol. 
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where e@=3/8nr7 A, b=h7/8r? By c= 7/en7C, 
and 6=(a—b)/(c—a). In the case of methyl- 
amine molecule, the A-type doubling of each 
rotational level with A =5 is expected to have 
the separation less than 0.5 Mc/sec because of 
the small asymmetry parameter, 00.01. 
Transitions between levels with A=5, there- 
fore, show first-order Stark effects, even when 
K-+t—1 is divisible by 3. 

On the other hand, the magnitude of A-type 
doubling may be quite large for smaller values 
of K. For example, when we take K=1, 
Eq. (5) reduces to 4E=(a—b)J(J+1)/2. Since 
the value of a—b is nearly 900 Mc/sec, we 
have 4#+50,000 Mc/sec for J=10. Of course, 
the above estimation must be corrected, tak- 
ing into account the effect of hindered 
rotation as described in the paper by Ivash 
and Dennison. However, the order of magni- 
tude of the A-type doubling will be unchanged. 

We conclude therefore that the frequencies 
for such transitions which show second-order 
Stark effects with K=1 and A+rt—l=3m 
will deviate greatly from the original values 
described in 3 with increasing values of /. 
Accordingly, we can expect that frequencies 
of lines of the series of 2=0, whose original 
frequency lies around 80,000 Mc/sec in Fig. 
2, may descend down to less than 30,000 
Mc/sec for larger J values. 

Besides, the transitions between the levels 
of A-type doublet may be observed in the 
microwave range when K=1, t=3 (and J=4). 
They will aiso form a series corresponding 
to different J values. Discussions on the ob- 
served spectrum will be given in § 4. 


5. Inversion Doubling 

Up to this day, ammonia and deuterated 
ammonia are the only molecules for which 
the phenomenon of inversion doubling has 
been observed. Since methylamine can be 
obtained by replacing one hydrogen of the 
ammonia with the methyl group, it may ex- 
hibit an observable inversion. In methylamine 
the inversion motion will take place in such a 
way that the heavy group NCH; remains almost 
at rest while the two hydrogen atoms of the 
NH, group turn over from one side to the other. 
Then, if the hydrogen atoms in NH, are 
initially at the bottom of the hindering poten- 
tial, they will be at the top of the potential 
hill at the end of the inversion. Thereafter, 
they must rotate by an angle of 60° to arrive 
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at the minimum position. Thus each inversion 
motion must be followed by a mutual 1otation 
of NH, and CH; groups by 60°. This implies 
a complicated coupling between inversion and 
hindered rotation. For this reason, the magni- 
tude of inversion doubling may be strongly 
dependent on the rotational quantum numbers. 

As a first approximation, the order of 
magnitude of the inversion doubling may be 
theoretically or semi-emplically estimated us- 
ing the formula of Dennison and Uhlebeck”, 
which has been applied successfully for am- 
monia and deuterated ammonia’. Weassume 
that the potential for inversion is the same 
as in ammonia, and take the reduced mass 
proportional to the inverse square of the fre- 
quency of the NH, wagging vibration »;. The 
inversion splitting 4) of the ground vibrational 
state is given by 


Ao 28 exp [—a?—Am—a)a?—1)"] , 
Yi qi/2 
CRM 
where 2=(47?y/h)"q, Wi=a?hy/2, g= 
height of the ammonia pyramid =0.38A, 


V,=height of the inversion potential =1793.36 
cm~!. The caiculated result is shown in Table 
I with the values for ammonia and deuterated 


TableI. Inversion splittings for ammonia, deuter- 
ated ammonia, and methylamine calculated from 
Dennison and Uhlenbeck’s formula. 


NH; NH:D NHD, ND; CH3NH, 


vicm7!) | 950.16 884 
p(amu) | 2.47 2.87 


813 747.3 780 
3.385 4.20 3.66 


ammonia for comparison. From this result 
we may conclude that the inversion doubling 
for methylamine is observable in the micro- 
wave spectrum. However, since 4) is a very 
sensitive function of molecular parameters, 
we must consider various correction factors 
to obtain a more reliable result. 

In the first place, the CNH angle of methyl- 
amine is expected to be somewhat larger than 
the HNH angle of ammonia, as mentioned in 
the previous section. This corresponds to a 
smaller distance between two minima of the 
inversion potential, and it will result in a 
three or four times larger inversion splitting 
than that estimated above. 

The second correction is introduced by the 
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coupling between inversion and hindered ro- 
tation mentioned before. The potential of the 
internal motions of the molecule can not be 
written as a simple sum of the potential of 
inversion and that of hindered rotation, but 
it will be a rather complicated function. 
Climbing the potnetial of hindered rotation 
will mean at the same time climbing the 
potential of the inversion. For this reason, 
the effective potential of the inversion will be 
relatively lowered for the excited torsional 
state m=1 than for the ground state 2=0. 
Therefore the magnitude of inversion splitting 
for the state »=1 may be somewhat larger 
than that for the state 7=0. 

Thirdly, it must be noted that the inversion 
motion for the state 7=0 does not always take 
place in the way described at the beginning 
of this section (inversion followed by a 66° 
internal rotation), but in some cases one of 
the hydrogen atom remains at rest during 
the inversion process, while the other hydro- 
gen atom moves from one potential well to 
the other. This is the probable case when 
the hydrogen atoms in the amino group are 
tightly bound to the potential well. If we 
take account of this new path on the two 
dimensional potential surface, the frequency 
of inversion for #2=0 will be increased, and 
the inversion splitting will become larger. 

In view of all the above considerations, we 
conclude that the inversion doubling for 
methylamine may be as large as 10,000 Mc/ 
sec or more. For a more quantitative discus- 
sion, we must consider the dependence of the 
inversion doubling on the rotational quantum 
numbers. 

Being unable to solve the complicated two 
dimensional wave equation for the internal 
motions of the molecule, we must resort here 
to a simple semi-classical consideration. Since 
the potential minimum and maximum of the 
hindered rotation are exchanged by inversion, 
the wave functions of the hindered rotation 
at the beginning and at the end of the inver- 
sion will be given by P(x) and P(#—z) re- 
spectively.* The tunneling probability is pro- 
portional to the overlap integral 


[PteP@—nde : 


and this probability is expected to be pro- 
portional to the magnitude of inversion split- 
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ting. Then we obtain the following formula 
for the inversion splitting: 

4=4| P*e)Pe—n)der f (8) 
where 4) means the hypothetical inversion 
splitting when the coupling between inversion 
and hindered rotation is absent. 

From the periodic property of P(x), we can 
show that the integral in the Eq. (8) is a 
periodic function of 

7 a 
peos 1i@es 
Steer: 
In the practical Pd rer it was found 
that a simple sinusoidal function gives a good 
approximation. We may write 


au gt). 


(9) 
where s, is a constant depending on ». For 
the estimated value of the hindering potential 
680 cm-!, we obtain sy=0.21 and s;=—0.75. 
The value of 49 may be determined by fitting 
the calculated result to the observed data. 

The above expression is not expected to 
give the inversion splitting of the rotational 
states accurately. Nevertheless, it indicates 
clearly the strong dependence of 4 on the 
quantum numbers K, t, and ». This point 
must be considered in the detailed understand- 
ing of the observed spectrum. 

Finally, some remarks on the nuclear statis- 
tical weight of the sublevels of the inversion 
doubling should be noted. As is easily under- 
stood, one of the two levels of the inversion 
doublet is symmetric and the other is antisym- 
metric with respect to the exchange between 
the coordinates of two protons in the amino 
group. According to Pauli’s principle these 
levels correspond to the singlet and triplet 
nuclear spin state of the two protons. The ratio 
of nuclear statistical weight of these levels is 
1:3. Then the intensity of the two com- 
ponents of the rotational lines must be about 
1:3. The magnitude of the inversion splitting 
of the rotational line is the difference of the 
inversion splittings of the upper and lower 
rotational levels. 
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§3. Experimental Results 
6. Experimental Procedure 
The block diagram of the Stark modulation 


“* We take the angle n= 180° instead of m/3=60°, 
since these two values are equivalent for P(x) 
because of its three-fold symmetry. 
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Fig. 3. Block diagram of Stark modulation spectrograph. 


microwave spectrograph used is shown in Fig. 
3. The frequency range between 7 and 30 
kMc/sec has been covered by crystal doublers 
and triplers driven by klystrons, 2K25, 2K26, 
and 2K22. An ordinary X-band Stark wave- 
guide cell of three meters in length was 
employed. The attenuation was measured to 
be about 1.2db/m (0.4 db/ft) at 24kMc/sec. 
Sine wave Stark modulation of 122 kc/sec is 
applied to the central electrode with d.c. bias 
voltage which is variable from zero up to 1500 
volts. After transmission through the cell, 
the microwave power is rectified by a crystal 
detector, 1N26, the output of which is fed to 
a tuned amplifier and a lock-in mixer followed 
by a video amplifier. 

In order to resolve the precise structures 
of the Stark patterns we have also used square 
wave modulation method. To avoid difficulties 
in generating square wave of variable ampli- 
tude, a constant amplitude (ca 1,000 V/cm) 
square wave modulation and variable d.c. bias 
were used. 

Frequencies of the absorption lines were 
measured by means of a sort of multiplier 
controlled by standard frequency broadcast, 
JJY, and an interpolating receiver, halicrafter 
model SX-28. The width of the marker signal 
represented on the oscilloscope screen has been 
narrower than 5 kc/sec. 


The sample of methylamine was prepared 


by adding sodium hydroxide into methylamine 
hydrochloride. Although possible impurities 
such as ammonia, di-methyl amine, tri-methyl 
amine and others were removed by repeated 
recrystallizations from commercial methyl- 
amine hydrochloride and by fractionation of 
methylamine in a vacuum system, a small 
quantity of ammonia still remained in the 
sample. This became a little troublesome, but 
it was more or less useful for rough esti- 
mations of intensities and frequencies. 


7. Observed Spectrum 


More thah two hundred lines and their 
Stark effects have been observed. The mea- 


FREQUENCY SHIFT ( Mc/eec) 


fe) 100 200 300 a0 
STALK FIELD STRENGTH ( V/em ) 
Fig. 4. Field dependence of the frequencies of 


two groups of Stark components of a line (vg= 


17302.03 Mc/sec) showing typical (1>2) Stark 
effect. 
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Table II. Observed Lines of the Methylamine Spectrum. 


; Frequenc 
in Mcisec. Intensity Stark-effect s Meeee 
qd. 6894.81 MS 1>2 13897.60 

6939.82 WW GE 2 S, 13932.46 
7000.71 WW (Cau ire r, 14033.54 

pi 7115.14 W 10) q» 14044.39 
7213.43 WwW 2(+) 14098.16 

To 7253.64 MW 2(-+) pi 14115.35 
7718.11 Www 1¢id? 14215.99 

G2 7727.74 MS 1>2 Pe 14339.06 
Casi pease) W UC 14437.75 
7896.89 WW 2(+) Ss; 14494.64 

S$; 7911.49 MS 2(+) ry, 14771.22 
p: 8131.59 MW 1(0) qi 14910.71 
r; 8201.65 MS 2(+) 15047.43 
8233.22 WwW 2(—-)? 15094. 56 

tT, 8268.99 MW 2(+) 15109.45 
8411.94 M KG) Pp, 15141.72 

q2 8684.29 S 132 Ss; 15146.16 
8813.22 MW 2(+) HOZDZNO2 

Te 8884.29 M 2(+) S, 15357.69 
8950.90 W 2(+)2 p, 15397. 72 

q1 9057.85 S 152 q» 15842.14 
Ss; 9079.39 MS 2(+) 15907.61 
s; 9127.61 S 2(+ Pz 15999.68 
S; 9128.14 S 2(+) s, 16088.98 
Di 9223.83 MW 1(0) 51 16089. 84 
9285.77 WW d(C artted eg ry 16240.64 
9452.63 WW 2(-) r; 16410.63 
9453.06 W 2(-) s; 16661.73 
9459.96 ww 2(-+) p; 16670.02 

Tz 9584.09 MW 2(+) 16681. 80 
9706.10 MW AND) s; 16742.98 

dq. 9779.33 Ss 12 p» 16911.46 
tT, 9938.95 MS 2(+) 16947.65 
10108.45 MW 2(-+) s 17042.46 
10109.61 MW 2(+) 5, 17108.99 
10178. 86 MW 2(-) s, 17200.97 

s; 10240.48 MS 2(+) 17228 .32 
10262.41 WW ICS) Ye WRT 

Tz 10379.79 MW 2(+) 17238. 04 
p; 10381.21 MW 100) 17263. 86 
r, 11878.90 MS 2(+) q, 17302.03 
11961.29 WwW Gore ize 17345.10 
12061 .92 W 2(+) 17345.70 
12162.44 MW Gt) 17360. 58 
12238. 84 W 1¢i) 17361.10 
12258. 96 W EL) 17475. 66 

p, 12271.51 ww 1(0) 17476. 28 
Ty 12306. 86 M (+) 17585. 33 
dq, 12444.04 S 132 17660. 45 
s, 12482.96 S 2(+) q, 17849. 46 
s, 12484.56 S 2(+) p, 17874.52 
* 12592.65 ww 104)? r, 17887.20 
q, 12744.25 S 12 p; 17913.74 
p, 12841.24 M 1(0) 18023.18 
p, 12903.16 ww 1(0) 18562. 40 
13050. 32 Ww (i) 18680.50 
1324299 ww 2(-+) p» 18884.52 
13336. 58 WW 2(+) r, 19013.55 
13390. 07 WW INGE) p, 19110.66 

4 13415.33 MW 2¢(+) ry 19724.62 
+t 13416.57 MW 2(-) 19776.40 
r, 13464.76 M ZGp) 19776. 66 
$1 13528.26 MS 2(+) 19776. 84 
p, 13592.68 ww 1(0) q, 19919.56 
13799.79 W er) pz 19933. 82 
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Table II. (Continued) 

Mica | | Frequenc F , 
UY _ Intensity | Stark-effect Pa Meee: | Intensity Stark-effect 
qs 20076.00 S 1>2 23861 .40 MS LC 1g) 
ie 20243. 54 MS 1(0) pr 23873.61 MS 1(0) 

nk r, 24019.01 M 2(+) 
20325. 82 Ww 14) ; 
20547.17 MS 1(i) 24078. 75 M 1(i) 
20831 .28 MS 1(i) py 24320.57 MW 1(0) 
20911.74 ww LG i 24382 .16 ww 2(-+) 
20947 .05 WW AG) py 24520.75 M 1(0) 
-- 20971.70 W 2(+) Tr, 24889.42 MS 2(+) 
3 = r; 24889.80 M 2(+) 
+ 20973.15 W 2(-) 1 : 
p, 21013.62 W LiCoy) 24993 .76 WW ? 
21019.17 MW If i> p1 25063.65 MS 1(0) 
# 21027.06 WW 2(-F) qe 25206.62 MS 1>2 
# 21035.13 ww Di =) py 25401.99 Ww 1(0) 
" 21051.62 MW 1(i) p, 25507.61 M 1(0) 
21244.56 WW Li 12)) qd, 25810.49 M 152 
2029712 MS (COD) q, 25810.96 MW 1>2 
Pt 1477.62 ww 2(-+) p 25861.23 M ion 
21614.33 WwW i i) p, 26134.72 M 1(0) 
21712.65 MW LCi) p1 26339.57 M 1(0) 
ry 21765. 23 M a4) p» 26448.15 WwW 1(0) 
21842.31 MS 2(+) pi 26487 .00 M 5 oye) 
"* 51930.00 MW te ei T» 26493. 54 M 2(+) 
21931.48 MW Gat) r. 26493.82 MW 2(+) 
py 22112.46 WwW 1(0) pr 26588.65 MW 1(0) 
py 22258.35 MS 1(o) p, 26654. 86 M 1(0) 
Oy ZEAE MS 1>2 Pp; 26695.43 M 1(0) 
q2 22528.21 MS 1>2 pi 26717.89 MW 1(0) 
22581 .49 M ICH) Pp; 26728.77 WwW 1(0) 
22588.42 | W 1( 02) p1 26733°54 ww 1(0?) 
2212262 | S Ca) Va ov Re NS: W Dies) 
Gh ZU MS 1>2 py, 27445.47 MW 1(o) 
q, 22759.63 M 132 27504 .75 WwW 100? ) 
22765.62 WW 1? 27758 .40 W iC aep) 
22980.95 M BCS q. 28107.75 MS “fees 
22981 .60 M 2(+4) r, 28142.85 MS 2(+) 
py 23119.06 MS 1(0) 28183 .46 Ww 2(+) 
Pe 23219.21 MW 1(0) 28186 .02 WwW 2(+>)? 
* 23300.79 W 2(+) Pp» 38380.93 M IKCop) 
* 23311.31 WwW 2(-) 28515.45 M Gn) 
23315550 MW eC as) 28533 . 92 WW 1? 
23340. 67 MS 2(+) 514422 qi 29055. 20 M 1>2 
23341.31 M 2(+) 54> 4o2 29138.85 W 1(i) 
23409. 16 M 1¢i) 29147. 37 W iis 
23424.70 WW IG) x4 2 29191.47 MW 2(+) 
23429 .42 M Ge) Pe 29244.20 W Cop) 
23432.84 ww 2? 
23449 39 M DC wine ie 
23449 .65 W 2( —) 593 615 
23450.17 M 2(—) 593615 
23683.17 M i ay) 


sured frequencies and intensities are listed in 
Table II. The estimated maximum errors of 
measurements must lie within -£0.10 Mc/sec 
for weaker lines (W) and within 0.04 Mc/sec 
or better for stronger lines (MS, S). 

The absolute intensities of lines have not 
been measured, because we have no calibrated 
attenuator. And the observed relative inten- 
sities are given by S, MS, M, MW, W, and 
WwW in order of strength. The peak absorp- 


tion coefficient has been estimated for S lines, 
a>1~2x10-®cm-!; for M lines, 1~2x10-8 
cm-t>a>1~2x10-7cm-!; and for W lines, 
a<l1~2x10-*cm-!. The minimum detectable 
absorption lines have intensities less than 
3x10-*cm7! throughout the whole frequency 
range. 

The observed lines are classified into five 
kinds according to their Stark effects, though 
the Stark components of most lines are not 
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ON AA Nici 

(a 
Bion Ds 
1(i) Stark effect, 


perfectly resolved. The lines which show 
first-order Stark effects are denoted by 1(1) 
or 1(o), according as the inner or outer Stark 
components are stronger. The lines which 
show second-order Stark effects are denoted 
by 2(+) or 2(—), according as the components 
shift to higher or lower frequency side with 
increasing Stark field. The remaining lines 
denoted by (1-2) show some peculiar Stark 
effects. The Stark components split into two 
main groups: at weaker Stark field (250 
V/cm) one group shifts to the higher frequen- 
cy side and the other to the lower frequency 
side showing a first-order Stark effect, while 


CRO pictures of first-order Stark patterns. 
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QQ) P13 Vem: 


(3) E=104 V/cm. 
(b) 
(a) 15907.61 Mc/sec line showing 


(b) 17913.74 Mc/sec line showing 1(o) Stark effect. 


at stronger Stark field both shift to higher 
frequency Side roughly proportional to the 
square of the Stark field, showing a second- 
order Stark effect. A typical example of the 
Stark splitting of two main components of 
such a line (1-2) is illustrated in Fig. 4 as a 
function of the applied field. 


Wf 
€ 


8. Stark Patterns 

Fig. 5 shows typical CRO pictures of first- 
order Stark patterns of lines. (a) 1s an ex- 
ample of the line denoted by 1(i) and (b) is 
that denoted by l(o). Fig. 6 and Fig. 7 show 
the field dependence of the Stark patterns of 
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(ly B=124 V jem. 


(2) E=207 V/cm, 


(3) E=414 V/cm. 


2(+) and (1-2) lines respectively. The fre- 
quency marker pip on each picture indicates 
position of the line when the Stark field is 
not applied. Because we have used small sine 
wave modulation with a phase sensitive de- 
tector, the first derivative of the line shape 
is observed on the CRO screen for the line 
which shows second-order Stark effect. As 
to the line which show first-order Stark effect, 
the Stark pattern is symmetrical about the 
original frequency and it resembles the second 
derivative of the line shape at small Stark 
field. 

There are several sets of paired lines, de- 
noted by *, +, t+, and #in Table II, which form 
mirror images respectively. The Stark com- 
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(4) E=018 V/cm, 


(5) E=621 V/cm. 


(6) 4 oVieme 
Fig. 6. CRO picture of a 2(+) line (vg=17200.97 Mc/sec). 


ponents of the lower frequency lines move 
towards higher frequency side with increasing 
Stark field (2(+)), and the higher frequency 
lines towards lower frequency side (2(—)). 
The strongest image pair found around 23 
kMc/sec is shown in Fig. 8. We can see 
another line of 1(i) at the right hand side of 
the same picture. With increasing Stark 
voltage, the Stark effects of paird lines be- 
come approximately first-order. This is be- 
cause the forbidden lines appear with increas- 
ing Stark field and their Stark components 
merge with those of allowed lines. Similar 
Stark effects have also been found in the 
spectrum of methylalcohol by Hughes, Good, 
and Coles'*}, and they were ascribed to the 
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WA |e WA Graal (GQ) 12200 Wien, 


Seals 


(3) E=124 V/cm. (MD) SSW eine 
(Frequency scale is changed) 


(4) E=145 V/cm. (8) E=435 V/cm. 
Fig. 7. CRO picture of a (1->2) line (vp=17302.03 Mc/sec). 


K-type doublings of 4J=+1, 4K=-+1 lines. the intensities of the Stark components are 
As to the Stark effect of the asymmetric proportional to M® for the transitions 4/=0 
rotor, Golden and Wilson have shown that and to J*?—M? for the transitions 4J=+1, 
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effect the component lines are symmetrically 
arranged about the frequency of the original 
line according to the formula, 4y=BME. 
Intensities of inner components are stronger 
when 4J=+1, and outer components are 
stronger when 4J/=0. The lines denoted by 
14) in Table II is, therefore, ascribed to the 
transition 4J=+1, while the lines denoted by 
1(0) to the transition 4J=0. 

In the case of a second-order Stark effect, 
the displacement of each component is given 


| . E=100 V/cm. by 4vy=(C+DM?)E?, so that the stronger 
Fig. 8. CRO picture of image pair lines (vo= losel d tl th 
93300.79 and 23311.31 Mc/sec). components are more ciosely space Nan the 


weaker components, when 4/==1, while they 
where J* is the larger value of J of the levels are more separately spaced, when 4/=0. 
concerned. In the case of a first-order Stark However, Stark components were not com- 


J 


ESTIMATED 


3 T a ae 
5 10 15 20 25 30 35 
FREQUENCY ( KMc/sec ) 


Fig. 9. Frequencies of series of lines arranged according to their estimated 
rotational quantum number, JJ. 


Table III. Coefficients of the powers of J(J+1) 
in the expression (10) for the frequencies of the 
the lines of p; and py» series (in Mc/sec). 


pletely resolved except for a few lines, so 
that it has not been determined whether 
; 4J=+1 or 4J=0 for most lines denoted by 
a - 2). 


: : The peculiar Stark effect (12) may be ex- 
v0 26734.98 33638. 93 oe 


plained by an intermediate coupling between 
a — 0.5769 — 0.9637 the nuclear quadrupole effect and Stark effect 
b — 0.071173 — 0.051535 Somewhat similar effects have been found ia 
c 0.4982 x 10-4 — 0.1896 x 10-4 the inversion spectrum of ammonia by Coles, 


d —(0.1243 x 10-6 


_ Good, and others. Thus Stark effect of 
The above values were determined from the @ line of (1->2) should be second-order, if 
first five alternate lines, there were no quadrupole coupling. However, 


1954) 


Microwave Spectrum of Methylamine 


Table IV. Lines of p series. 


a) py series 


| : 
Frequency Ist 2nd | afte | ean 
in Mc/sec.| Difference Difference Diter- dee 
26733.54 hed 
26728.77 pal ae ee en 
Bom COMME a5 ae |) 1158.) 1 ee tee 06 
26695. 43 Tost eS Lae emi 
26654. 86 pair ice ce Oh OO, al ey 
26588..65 fot ce eee 2k ee be 
ar) US Tee Che 
26134.72 geo GB ied Week by 
seat 2308. 2} 280 a8.) 0 11-49") oe 
353.62 ae We 10: 91 

25507.61 Fe cole Oe we cil wel 
25063.65 ais cp We ree yh ee 
2 GS | evra bee a eee ae 
23873.61 artes We 1 NL id a, ead 
23119.06 Feooeh fp Oete i 2" ao 
Be oA an fe 00EE Whe Pf. 
p0243.54 | 1053.58 | ~ 7-30 | 13.05 9-88 
TOTIO.0e jo Mae, |) eae higas| ox 1): 26 | V5, 9g 

7913.74 | 1198-92) _“46.89 | —17-24| 6.98 
oe | Aoae 79 Stee? yas 
iesoy eae 1272-30 =40.07 | ~ 18-51 | _o°i8 
ieisets ete 8.26 | 18-33 |¢l 2/17) 
1284124 | 1274.11) (94° 49)|(—16-16)\ 7793 
(11591.55)| 61249-69)|  (39°35)|(— 14.93)/¢_ 4" 304 

gg1.21 | (1210.34)) (699g) /¢—13-61)|-_ 4743) 
aoe 1157.36) 2-98))¢ 219 19)/(- 1 

mere | 65. 1d er | 1 53) 

Bisiioodd 9 yee geiNO75.79 : 

7115.14 

b) pz series 
Frequency | Ist 2nd | yaad Peete 
in Mc/sec. Difference Difference ence ene 
| | 

33636.8 | 53 
33631 . 50 ioe Nees 0-8 ~~ 
33619. 92 | 20.82 | —9.24 5.72 eS 
33599. 10 Eee mid Bole Bele! Obes 
Se aE Wieck, Wer 20s78-| aya 1nd 
ee | 27.95 | 1 en | 0.68 
Baas (ara A728] (185.859) wiede oan =0150 
3302.04 | 165/56 | 745-25, gag _ 9-56 
33136-48 | 3)9'65| ~54-09 ggg 9.08 
SoG isis ey li £162,091 tr Br20 dy 0s 
Se On re 71.68 We 10.97 
Emer er tle ee ee PU 79.40 00 0- Inia 65 
She S5ale larger 84s? ae ae dill 
157 pes a ea lea a 
ee ee oa) ee aiéa | ear 
BOWE OT lal evevsg rsh ar 86:20 hn ha eo urbe 
29224.20)  ge3'97| ~ 81-60) Tg'gy | 4-81 
28380.93 | 935°46| 72-19 “9733, 0-92 
27445.47 | gor’ | ~ 81-86 “)3"99 2-69 
Pee ike) LONG Guta, Sone I8 Bei A O72) 
2540199 Topi 4g | 735-26 | “35°39 _ 1-74 
SSN) LOL. 261) Tee, Wha lear enna Z 
Pe ene 1106.75") Waar 813.303, ore? 
22112.75 |. 1098.84 Oe eee istamia oa 
1013.62 t979.g)} 19-04 | “ay 4g _ 9-33 
19983.82 | 194930) 30-50 | “"g'g) | 2-8 
Ieee soig.oo. ce: =764 | 71.16 
1691146) giy'7g| 51-28 | "9°54 -1-80 
BEOUP ORIN T6796 eee” fe 148.) 
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3rd 4th 
Frequency, Ist 2nd Dif igo 
: 3 : lr): iffer- | Differ- 
in Mc/sec., Difference peecience BREE hee 
— hae 
STAG, Naat) —0.50 
14339.96.) 203 | See Imai ty leo 
13592 .68 | 689.52 | 56.86 | Sr 6r 0.43 
12903. 16 631.65 | Dion : 
12271 ok "ae | 
Table V. Lines of q series. 
a) qi series 
Frequency Ist 2nd eh aa 
in Mc/sec.) Difference Difference once dive 
29055.20 | | 
25810:65 10 Seeiioe |e 103926 ergeee 
22759. 36 ‘ Pala) “pe'| —=1.45 
2839.80 | —10.78 
19919.56 | 2225210 —6.84 
17302, 08 |e. Son Po ilb, «226,21. ul ieee ies 
cee gson gout eee: papieey 
14910.71 | | 224.86 | (—4.60) 
2166.46 | (5.95) : 
| 
T2744. 25 | (1947.55), (218.91)| (0.21) (—4.26) 
(10796.70), 3135| (208. 70)| a) 
9057.85 | (1788.85)| | 
i | — aI —. 
b) qe series 
Frequency Ist 2nd a. Roe 
in Mc/sec.| Difference |Difference Bace ane 
31221.00 
28107. TSleioont oe (ye a ae 
25206. 62 2678.55 222758 3.90 —6.56 
22528.07 . 226.48 i —4.85 
2452.07 | 0.95 
20076. 00 9296 54 22 oOo 6.31 —5.36 
17849. 46 2007.32 ZIQEZ2, 9.65 — 3.34 
15842.14 1797.75 209.57 12.17 —2.52 
14044 .39 1600.35 197.40 (13.64) (—1.47) 
12444.04 (183.76) 99) |(— 1-65) 
(1416.59) (5529) 0.10 
(11027.45) (168.47) 5.39 ( . 10) 
(1248.12) (15.39) 0.80 
9779.33 (153.08)| }547593| (0.80) 
1095.04 (14.59)}, > 28 
8684.29 956.55 138.49 14.87 (—0.28) 
TC ME 339. 93 123.62 : 
6894.81 : 
Table VI. Lines of r series. 
a) 1, series 
a malx cee 3rd | (4th 
Frequency Ist 2nd Differ. | Differ- 
in Mc/sec.| Difference Difference) ence ence 
31583. 64 3440.79 
25142-09.4 10 3253:80 lewpehsqaihiaile alal ae 
24889 .55 3047.24 206. 12.42 : 
21842°31 218.48 7.36 —5.06 
A528 104) W795 el ae ee 37 
19013.55 : 0.01 : 
16410.63 +09 3.38 : 
237 OS Ne 220\ 45 BS | ul 88 
14033. 54 : 7.76 : 
2101 Oe lis 2214869 ef eedaDe 
11878.90 . 12.04 : 
1939.95 65 : 
9938.95 1737.30 202. 
8201.65 : 
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b) rz series 
. | 
Frequency Ist pes a) aed | ro 
in Mc/sec.| Difference Difference: REA ato 
32112.71 | 
DOIG ATIN i Sea oe Pes Odin a 
26493.63 8 223.99 18 | _9 90 
24019.01| 2474-821 990.84 2.38 | _5 "99 
21765.23 | 223-78) 91317 7.67 | 9°31 
19724.62 | 2940-61) 593"19| _9-98 | 9°35 
17887.20 | 1887.42 | jo9'g6| 12-33 | 7139 
16240.64 | 1646.56) 477744] 18.72 | _o 46 
1471.22 | 1469-42 | j6p"9g | 14-18 | _ 0.09 
13464.76 | 1306-46) j4g'56| 14-40) 08) 
12306.86 | 1197-90 | (y34"94)| (14-32)) (9°33) 
(11283.20)| (1023.66)|  ¢y99'95)| (13-999) (7745) 
10379.79 | (993-41), (107:71)| §12-54) (0.735 
BEE OG centoetO iv oe ey mL Iya ea 
gs4.29| 999-80] —gr'6q| 11-40] (403) 
| 615.30 (10.39)| $2: 
8268.99 (74.11) (3.31) 
(7727.80) 2! -49) a) ce7203) eee -) 
7253.64 (474.16) 


* This line is accidentally in coinsidence with 


the strong line of qy» series. 
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Table VII. Lines of s; series. 
yi. ‘ | Ath 
Frequency, Ist | 2nd Ress | Dias 
in Mc/sec. Difference Difference ence | ence 
| | 
9127.88 | | 
(173047) | 
(10858.05) ¢ 1996.51) $~ 103-68) (74.95) ' 
12484.56 0’ \(-178.61)| (5559), 619-36) 
13032.46;| — 1407-20." 234.20 Mt ‘32 ge ean) 
15146.16 | "G45" 99 | —270-88.| j7'94| 18-74 
16088.98 | — Ge74"o9 | — 288-82) -9'a3| 18-77 
16742.98,| 3a" p, |. 287-99.)0 qa 96) todo 
17108.99 | — “979g | —274.03 | 93°54 | 9.58 
17200.97 | ~ y59'5,'| —250-49.| i585, | 4-73 
17044, 462) 11 aon Pa’ jn 222-2010 ay, (ee 
16661. 73 ori 0 |, 7191-46: S39 cork Tone 
16089. 84 Po Ai | 100-26.) 5 5g 1g eee 
15357.69 B85 OF cc 180 SOL oy poate 
14494.64 OB Ba ler LOS SSN bd oa aya eee 
13528.26 | 1945739 | _— 78-92 | 97 g6)|(— 2-59) 
12482. 96M) aags (—57.06)|)~ 19” 39) (-2-56) 
(1380.60) cept (—37.76)|0~ 16° 799|(- 2-31) 
10240.48 | 110-22)" (=20.97) |b ye aan ete) 
9079.39 | 1161-09 | "6" gy’|(—14. 16) 
791140 a pet oO 


Table VII. Assignment of series. 
| Assignment the ict ee | Nuclear ingoon out Rae 
Series | (t. Pee See Statistical 
K,t,n>K’',t’,n’ Observed | Calculated Weioht Observed Calculated 
| | (Mc/sec) (Mc/sec) = (Mc/sec) (Mc/sec) 
Pi OFS ieee 26,733.54 (26, 700) 3 
pee S02 024 33, 636.8 (33,600) 1 eRe 
Ge i, Ost0=s 152: 0 79,000 | ee Jae 
de 0,1,0>1,3,0 89, 000 1 4 : 
ry | 13,1252, aetO2, 000 3 
ry ito 4 122,000 1 SA! cy) 
$1 1,3,130,1,1 ~0 0 3 
Sy 1,3 text 35, 000 1 | UN tt 
1 at intermediate external field where the Stark 
energy and the quadrupole energy are the 
, same order of magnitudes, Stark pattern of 
= the line is appreciably distorted and shows a 
8 peculiar effects. At zero external field, these 
26 lines show doublet structures by the nuclear 
is quadrupole effect as can be seen in Table I, 
i. though some of them could not be resolved. 
5 §4. Analysis and Assignment 
2 Observed lines are divided into three classes 
L of transitions as follows. 
s, CC RgueTe arene oe 9. Lines of 4J=0, 4K=+1 
STARK FIELD STRENGTH ( V/om ) Lines showing first-order Stark effects, 1(0) 


Fig. 10. Stark patterns of the third line of P—r 
series (vo=26717.89 Mc/sec). 


correspond to the transitions, 4J=0, 4K= SE Il, 
and 4(K+r)=0. Their frequencies form two 
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well-defined series* which are denoted by p; 
and p, in Table II. The frequencies of the 
lines in each series can be expressed by a 
power series expansion in J(J+1) as follows. 


y= vo tal J+1) +b] J+1P tel J+ e+e 

(10) 
This is in good agreement with the theoretical 
consideration on the transitions 4J=0, 4K=+1. 
The values of the coefficients are given in 
Table III. 

We have found five other series in the ob- 
served range. Three of them have second 
order Stark effects 2(+) and the others have 
(1-2). The formers are denoted by rn, fo, 
and si, while the latters are denoted by qi and 
q. in Table II. These series also correspond 
undoubtedly to the transitions 4J=0, 4kK=+1, 
as well as p series. Frequencies of the lines 
belonging to each series are regularly spaced 
as can be seen by taking the successive dif- 
ferences. They are shown in Tables IV, V, 
VI, and Vil:** 

Frequencies of lines belonging to seven 
series are plotted in Fig. 9 against estimated 
J values. The starting points of q, r, and 
s series are out of the observed range, while 
those of p series fall in the range. 

From these Tables and Fig. 9, it may be 
infered that each of the pairs pi—D2, di—qp, 
and ri—r, is the pair of transitions associated 
with inversion doubling, because the succes- 
sive differences or expansion coefficients in 
the form, Eq. (10), have close resemblance 
between the partners of each pair. The 
partner of s, series, however, could not be 
found in the observed range. 

Now we must assign quantum numbers J, 
K, t, and » to each pair of series. 

First, we have examined the precise pattern 
of Stark effect on the third line of pi series, 
which is shown in Fig. 10. Measurements 
were done only on the lower frequency side, 
because the Stark components on the higher 
frequency side were obscured by the distur- 
bance of another line components. J values 
of this line is determined as 3 from Fig. 
10, so that the first line of the series must 
have J=1 and the K-transition must be 071 
for this series. 

From Fig. 2 of 3, we know that within 
the acceptable value of the potential height 
H the first-order series of the ground vib- 
rational state m=0 can not be found in the 
observed range. Therefore, p series is as- 
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signed to be K, rt, m = 0, 3, 121, 2, 1 definitely. 
If we take the transitions K, t, 2 = 0, 3, 1-1, 
2, 1, the height of the potential barrier will 
be about 680cm~-!, while if the transitions 
are in the reverse direction, K, t, n = 0, 3, 
11, 2, 1, it will be about 500cm-}. If the 
former is true the lower frequency partner 
of the inversion pair must be three times 
stronger than the higher frequency one, and 
vice versa for the latter case according to the 
discussion of 5. Intensity measurements 
show that pi series is roughly three times 
stronger than p, series. Then it is concluded 
that the transitions for p series must be K, 
t, nm = 0, 3, 1-1, 2, 1 and that the height of 
the potential barrier is about 680cm7}. 

Secondly, the second-order series q, r, and 
s are to be discussed. Among them the q 
series show a very peculiar Stark effect (1-2) 
and seem to be more or less stronger than the 
others and about twice as strong as p series. 
The starting points of q series seem to fall 
in the higher frequency region than we have 
studied. Thus, we may assign them to »=0 
with second-order Stark effect, corresponding 
to the transitions K=0-1, t=1-3. Although 
the starting points of these series may be in 
80 kMc/sec region, the frequencies of the lines 
may be remarkably lowered with increasing 
J values by the large A-type doubling effects. 
This is confirmed by the rather large value 
of spacings of the lines of these series, Rough 
estimations of A-type splittings indicate that 
the J values of observed lines are from about 
15 to 30. But this is not verified by experi- 
ment because the Stark patterns were not 
completely resolved for these lines. 

If these assignments are correct, r and s 
series have to be allotted to the first excited 
state m=1. Because the arrangements of r 
series are somewhat similar to those of q 
series, their starting positions must also lie 
in the higher frequency region. This pair of 
series, therefore, are determined to correspond 
torthe transitions MA 7 or S13) 12,27 
ri series is stronger than r, series confirming 


* 1, series was first found by D. R. Lide. 

** Recently, Lide followed these series up to 
34 kMc/sec range, where the starting point of pz», 
series was found, and his results are also quoted 
in these Tables. Some lines of series, g, 7 and s 
could not be observed by want of microwave 
source in the frequency range between 10,300 and 
11,800 Mc/sec. Their frequencies, however, can be 
estimated from those of adjacent lines and are 
listed with parentheses in these Tables. 
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the intensity consideration on the inversion 
pair belonging to these transitions. 

Lastly, the starting point of si series seems 
to lie in the lower frequency region. As the 
barely resolved Stark pattern of the lowest 
J line indicates seven or eight components, J 
values of the observed members are probably 
from 7 or 8 to 25 or 26. By a extrapolation 
of frequencies up to the line of J=1 the start- 
ieg point of the series is estimated to be 
nearly zero. Transitions for this series, there- 
fore, are obviously assigned to K. +t, ” = 1, 3, 
1-0, 1, 1. As to the weaker partner of in- 
version, which could not be found in the ob- 
served range, semi-empirical estimation show 
that the magnitude of the doubling of s series 
is considerably large (~35kMc/sec) so that 
the partner may be out of the observed range. 

Our assignments of the series are listed in 
Table VIII. The calculated values for the 
starting points and magnitudes of inversion 
doubling assuming the values in parentheses 
for p series are also listed in the Table VIII. 
Estimated experimental values are also given 
for comparison. The theoretical expectation 
that the magnitudes of inversion doubling 
should depend considerably on the quantum 
numbers, A, t, and m, is confirmed so far as 
the order of magnitude is concerned. The 
experimental estimations of J have some un- 
certainties and the theory is very crude, and 
the agreement seems to be satisfactory. 

There remains a little possibility that one 
of the r series is a partner of s; series. In 
order to confirm our assignments it is neces- 
sary to study the spectrum in the millimeter 
wave region. 

10. Lines of 4J=+1, 4K==1 

Lines which belong to the transitions 4J=+1, 
4K=+1 may be divided into two cases. 

(1) When the value of A+7—1 is not divi- 
sible by three, there is an intrinsic degeneracy 
of the two rotational levels with the same /. 
Then the line shows a first-order Stark effect 
1(i). Several stronger and lower J lines, the 
Stark pattern of which have been partially 
resolved, are expected to belong to this case. 

(2) When the value of K+7—1 is divisible 
by three, the K-type degeneracy is removed 
and the line is split into image pair of lines. 
The Stark effects of the doublet show the 
second-order Stark effects 2(-++) and 2(—) for 
the partner in the lower and higher frequency 
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respectively. Lide assigned three transitions 
of this kind, 51,4 42,o(7T = 3-22, n=0), 
51,5 40,3(T=3-22,n=0-0), and 52,3 61,6(T = 
2—3,n=0-90), two of which were found in 
our frequency range and confirmed. He de- 
termined the rotational constants of methyl- 
amine from these lines, assuming that the 
molecule is a rigid rotor, though the other 
rotational lines are inconsistent with his re- 
sults. We could not find any lines predicted 
from his constants in the observed range, 
while about ten lines of other image pairs 
have been observed. This inconsistency may 
be explained if we consider the effect of in- 
version doubling and hindered rotation. But 
the quantitative discussion is obliged to be 
deferred till the inversion partner of the as- 
signed lines will be observed. We suppose 
that they lie in the slightly higher frequency 
region than the observed range. 

The separation of an image pair depends 
predominantly on the lower K value of the 
levels concerned. Because the asymmetry 
parameter is very small for the molecule, the 
separation decreases rapidly with increasing 
kK. Rough estimation from Wrang’s formula 
shows that the separation is less than about 
0.5 Mc/sec when AK=5. On account of such 
close degeneracy, the lines of case (2) with 
higher AK values show also the first-order 
Stark effects 1(i), which are hardly distinguish- 
ed from those of case (1). 


11. Lines of 4J=0, 4K=0 

We have found some lines which probably 
correspond to the transitions between the 
levels of A-type doublets. These lines are 
listed in the first column of Table IX. We 


Table IX. Lines corresponding to the K-type 
transitions. 


Observed Frequency estimated | 
frequency from Wang’s formula | J 
in Mc/sec. in Mc/sec. 

8813.22 | 9000 4 
13242 .99 13500 5 
18680. 50 18900 6 
24993 .76 25200 7 

| 


have tentatively assigned them to K=1 and 
J=4~7. Their intensities are so weak and 
the spacings are so large that the above as- 
signment is ambiguous. Observed frequencies 
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are compared with the values estimated from 
the Wang’s formula (6) which are shown in 
the second column of Table IX. 

The effects of inversion doubling on these 
lines are expected to be too small to be observed. 


$5. Conclusion 


Seven series of lines belonging to the tran- 
sitions 4J=0, 4K=-+1 have been analyzed 
and assigned, and from this assignment the 
height of potential barrier hindering internal 
rotation was determined to be about 680 cm-!. 
This value is about twice as large as that in 
methylalcohol, consistent with the simple view 
that the hindering potential may be given by 
a sum of the contributions from two NH 
bonds, each being nearly equal to that of the 
OH bond in methylalcohol. 

Inversion doublings were observed for the 
series of lines, and their magnitudes were 
found to depend on the rotational quantum 
numbers in agreement with the theoretical 
considerations. 

Expansion coefficients in Eq. (10) for the 
frequencies of the lines of pi and pz series 
which are given in Table III are in good 
agreement with the values calculated theore- 
tically using trial values for molecular con- 
stants. It is possible to determine the mo- 
lecular constants of methylamine from these 
coefficients. The calculations are now being 
carried out. 

Stark effect coefficients for the p: series is 
also in fair agreement with theoretical values 
calculated from estimated electric dipole mo- 
ment. 

Nuclear quadrupole effect was observed for 
some of the lines. The splittings of the lines 
corresponding to the transitions which involve 
the levels with A=+1 and K+7t—1=3m were 
found to be larger than those of other lines. 
This can be explained by the effect of off- 
diagonal AKA=—1-—1 matrix elements of the 
quadrupole hamiltonian which are non-vanish- 
ing since 0°?V/0E?X0?V/0y?. The peculiar 
Stark effect of q series may also be explained 
by the quadrbpole energy of the levels con- 
cerned. 

Quadrupole coupling constants have been 
determined from the hyperfine structure of 
two lines 51,:42,2. and 5,,3;-61,;. The results 
are eQ0?V/0C2=2.2 Mc/sec and eQ(@?V/y’?— 
0?V/0E?)= —5.6 Mc/sec. These values are con- 
sistent with the splittings of other lines and 
also with the theoretical values calculated by 
assuming that the electronic structure around 
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the nitrogen atom is similar to that in am- 
monia. 

Most lines except the lines with Stark 
effect 1(i) have been assigned or examined. 
Only a strong doublet with quadrupole sepa- 
tion of 0.7 Mc/sec near 22,980 Mc/sec, showing 
second-order Stark effect could not been as- 
signed. This doublet seems to belong to 
4J=+1, 4K==1 involving K=1, though the 
proper assignment has not yet been done. 
Other some ten weaker lines with the second- 
order Stark effects have also remained unas- 
signed. They may correspond to the excited 
vibrational stae m=2 or higher rotational states 
or some others. 

In order to avoid the ambiguity of the 
analysis and assignment it is desirable to 
trace the q and r series up to their starting 
points and to find the partner lines of inver- 
sion doubling and hindered rotation tripling 
of the lines of 4J=+1. Therefore, we are 
now planning to study the spectrum in milli- 
meter wave region. 
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Optical Properties of Cadmium Sulfide in Glass 
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The optical properties of glasses containing CdS were measured for 
a few specimens of difterent heat treatment. The absorption edge 
shifts towards longer wavelengths as the reheating progresses. However, 
its shape and temperature dependence are similar to those of the single 
crystal. The maximum wave lengths of luminescent and excitation 
spectra also shift according with the absorption edge and the linear 
relation exists between those wavenumbers. From these results, it may 
be infered that the optical properties of these glasses are due to CdS 
crystals, and their changes show that the energy gap between the 
filled and the conduction band in the crystals decreases with reheating, 
which is probably caused by the change in the lattice constants of the 


crystal. 


§1. Introduction 


Gadmium sulfide, which has been studied as 
a luminescent material has recently attracted 
much attention as an useful radiation detector 
because of its large photoresponse, and many 
results have been reported. As to the optical 
properties, though there is a slight difference 
according to the specimens, it is granted that 
cadmium sulfide, whether it is a single crystal 
or an evaporated film shows a strong and 
structureless absorption 1n shorter wavelengths 
than ca. 510 mz, which is assumed to cor- 
respond to the electronic transition from the 
filled to the conduction band. While, when 
cadmium sulfide powder is precipitated from 
the sulphate solution, the colour of the powder 
varies from light yellow to orange according 
to the conditions in precipitation. The similar 
phenomenon occurs for many substances; 
especially in antimony-trisulfide, the colour 
changes from orange to black. These great 
differences in colour can not be explained only 
as an apparent phenomenon caused by the 
variation in the size or the form of the pow- 
der, that is, the change in the ratio of the 
transmitted to the reflected light, and it may 
be inferred that they are due to the change 
in the electronic structure. While, the yellow 
glass, that is the soda-lime silicate glass con- 
taining CdS, shows no absorption in the visible 
range when quenched from the melt, it shows 
visible colour when reheated above 500°C~ 
600°C and cooled slowly. According to the 
time or temperature of reheating, the colour 
of the glass varies from light to deep yellow, 


and moreover glasses show visible lumines- 
cence when irradiatee by the near-ultraviolet 
light. The luminescence of the powder or 
the single crystal of CdS ordinarily lies in the 
infrared region. These phenomena were de- 
scribed or discussed by Jaeckel® and Weyl» 
but the detailed study has not been reported. 
Although it is uncertain whether the colour 
change in CdS glass and in the precipitated 
powder occurs from the same origin, 1t seems 
to us that the detailed measurement of these 
phenomena is useful for the understanding of 
the effect of the size or the state of the 
crystal on the optical properties or the energy 
structure of insulators or semiconductors. 

In this paper, the results of measurements 
on optical properties of four kinds of CdS 
glasses, which were taken from the same 
melt but were reheated to various degrees are 
described. The specimen No. 1 was quenched 
from the melting point and the reheating pro- 
gressed in the order of No. 2, 3, and 4.* 


§2. Optical Absorptions 


The optical absorption were measured for 
these 4 specimens. The results were shown 
in Fig. 1. The absorption of No. 1 is almost 
the same as the glass without CdS and shows 
no absorption in the visible range. The ab- 
sorption edge moves towards longer wave 
length without changing its shape as the re- 
heating progresses, and lies at ca. 430, 460, 
and 485 my for Nos. 2, 3, and 4, respectively. 


* The specimens used in the experiment were 
kindly furnished by Hoya Crystal Co. Tokyo. 
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By decreasing the temperatures, the absorp- 
tion edge moves towards shorter wavelengths. 
The shift of the absorption edge is about 
—2.7x10-* ev/°K between the room and the 
liquid air temperature, which is slightly smal- 
ler than that obtained for the single crystal. 
The temperature dependence of the absorption 
edge of this type indicates the broadening of 
the energy level by lattice vibrations or the 
existence of the electron-lattice interaction. 
The variation of extinction coefficient is larger 
at shorter wavelengths than at the longer 
wavelengths. 


§ 3. Luminescence 


These glasses show bright luminescence 
when irradiated by violet or near ultra-violet 
lights. The spectral distribution of fluores- 
cence and the excitation spectrum were shown 
in Fig. 3. The fluorescence, excited by the 
light of mainly 365 my, that is, the light 
from the high pressure mercury lamp com-: 
bined with the filter containing NiO, was dis- 
persed by a double monochromator and the 
spectral distribution was measured with the 
photomultiplier tube 1P22, whose spectral 
response was calibrated with the light from 
the tungsten filament of known brightness 
temperature. In Fig. 3, the relative height 
of the luminescent maximum for these speci- 
mens were obtained under the excitation light 
of the same intensity. The excitation spect- 
rum was obtained by exciting the specimens 
with monochromatized light from the tungsten 
lamp through the monochrometor and the 
fluorescent light was measured by the photo- 
multiplier tube combined with the suitable 
filters which cut off the scattered exciting 
light. The specimen No. 1 shows no fluores- 
cence, and even the brightest fluorescence of 
No. 2 is far weaker than those of ordinary 
fluorescent materials. The spectral distribu- 
tions show the broad band of a bell shape with 
the maxima at ca. 660, 720, and 770 my for 
Nos. 2, 3, and 4, respectively. The intensity 
of the luminescent lighe decreases with in- 
creased reheating. The excitation spectrum 
has a maximum near the absorption edge, 
which shifts towards longer wavelengths as 
the reheating progresses. The efficiency of 
luminescence decreases on the shorter wave- 
lengths side. This feature resembles to that 
for the edge emission of CdS crystals at low 
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Fig. 1. Optical absorption of CdS glasses. 
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Fig. 2. Temperature dependence of extinction 
coefficients. 
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temperature.» |The luminescent intensity 
was measured as a function of excitation 
intensity, which was changed by a known 
amount with a calibrated diaphragm, and was 
found strictly linear to the excitation intensity 
within the intensity range of 100:1 for the 
light of 365 my. By decreasing the tempera- 
tures, the luminescent intensity increases but 
the spectral distribution remains unchanged. 
There may be a slight shift of the maximum 
wavelength towards shorter wavelengths, 
which can not be detected because of the 
wide slit width used in the experiment. In 
order to detect the fine structure or the weak 
band in luminescence, the spectrogram was 
taken with the spectrograph of high disper- 
sion, but there was neither a fine structure 
nor a new band, which has been reported as 
“edge emission”,®°» even at the liquid air 
temperature. 

To obtain the insight into the mechanism 
of luminescence, the luminescent intensity was 
measured as a function of temperature be- 
tween —190°C and 200°C. The results were 
shown in Fig. 4. At —190°C, the intensity 
increases as much as three or four times of 
that at the room temperature and approaches 
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Fig. 4. Temperature dependence of luminescent 


intensity. Lines were obtained by Eq. 1 with 
constants in Table 1 and points show experi- 
mental values. 
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to the saturated value. By increasing the 
temperature, the intensity decreasing mono- 
tonically, attains, at ca. 150°C, to one-tenth 
of that at the room temperature. The relation 
between the luminescent intensity and the 
temperature can be expressed by the following 
equation. 
jh we fel Daal : 
1+, exp (—A\/kT)+ b, exp (—F,/kT) ° 
(1) 

The constants in the equation are listed in 
Table 1. The intensity does not perfectly 
saturate even at —190°C and the quenching 
range is relatively long, which may be the 
characteristics of the luminescence in amoro- 
phous substances. Equation 1 shows that there 
are two processes of radiationless transition, 
and the frequency factor of the term with 
small activation energy is far less than that 
in the ordinary case. 


$4. Summary and Discussions 


The main results were shown in Table 1. 
From these it can be said that the cadmium 
sulfide plays a main role in the optical pro- 
perties of reheated CdS glass. Ina quenched 
state cadmium sulfide is dissolved as separate 
ions and shows no visible absorption.» By 
reheating, cadmium and sulphur aggregate to 
form tiny crystals and show yellow colour. 
In these glasses neither the precipitated 
particles nor the Tyndal light could be _per- 
ceived by an optical microscope. Therefore, 
the particles of precipitated CdS is far smaller 
than the wave length. While, the shape of 
the absorption curve and the temperature de- 
pendence of the absorption edge, which is 
assumed to be caused by the electron-lattice 
interaction, resembling to those of films or 
single crystals and not to those of the isolated 
molecules, it may be infered that even in 
specimen No. 2, there is CdS which can be 


Table I. 
| Absorption | Luminescent | Peak of Temperature dependence 
Specimen | Edge | Peak Excitation |——— is ari ee 
| | Ey, | By | b b 
Ge) Gm Gr) em" | Ge) ence | (ev.) | ev.) | i 2 
1 no visible hats wf | 
absorption ae a an | z | ey fF 
2 | 2.85 23100] 1.86 15200] 2.86 23200 | 0.28 | 0.06 | 7.02 x104| 15.6 
3 | 2.66 21800) 1.71 13900 | 2.75 22200 | 0.29 | 0.06 | 7.71 x104| 20.7 
4 | 2.53 20600] 1.60 13000 | 2.61 21200 | 0.36 | 0.06 | 2.28108| 28.4 
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regarded as a crystalline state rather than 
isolated molecules, and as reheating progresses, 
the crystals grow larger. Accordingly, the 
shift of the absorption edge with reheating 
corresponds to the variation of the energy 
gap between the filled and the conduction 
band, and as the particles grow larger, the 
width of the gap becomes narrower to ap- 
proach to that of the ordinary CdS crystals. 
The maximum of the luminescent spectrum 
also shifts towards longer wavelengths in the 
order of Nos. 2, 3, and 4, and there exists a 
linear relation between the wave-numbers of 
luminescent maxima and those of the absorp- 
tion edges. This indicates that the energy 
gap between the ground and the excited level 
of luminescent centers varies proportionally 
to that of the forbidden zone. While, there 
are little differences in the constants in Eq. 
(1) for these three specimens, it may be 
infered that there are little differences in the 
relative positions of the adiabatic potential 
curves corresponding to the ground and the 
excited levels of the luminescent center. 
These features are very similar to the case 
of the mixed crystal of ZnS-CdS, in which the 
absorption edge and the maximum wave- 
lengths of luminescent spectra shift according 


to the molar percent of the two components. 


From the fact that the optical absorption 
edge, which is to be structure insensitive, 
varies regularly with reheating, it can be 
concluded that there must be a change as a 
whole, not the local, in the properties of CdS 
crystals in the glass. Therefore the change 
in the optical properties caused by reheating 
may be explained by the hypothesis that the 
lattice constants of CdS crystals which pre- 
cipitate in the early stage of reheating is 
smaller than those of the ordinary crystal, 
and with further reheating the crystals grow- 
ing larger, the lattice constants approach to 
the ordinary value. In order to confirm this 
hypothesis, the specimens were investigated 
by X-ray diffraction. With the monochro- 
matized X-ray, a few taint and broad lines 
were obtained between halos corresponding to 
the glass structure. However, the lines are 
too faint to detect the minute change in the 
lattice constants which are supposed to be a 
few percent of the ordinary value. Another 
method of X-ray investigation is now under 


progress. If this hypothesis fails to explain 
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the observed phenomena, the effect of the 
crystal size on the energy structure or the 
effect of other ions as crystal constituents will 
have to be taken into consideration. 

The excitation spectrum shows that the 
fundamental absorption is effective for lumi- 
nescence, especially the light near the absorp- 
tion edge being of high efficiency. It is ordi- 
narily assumed that owing to the bimolecular 
recombination process the efficiency of lumi- 
nescence decreases at the shorter wavelengths 
side of the absorption edge. In this case, 
however, the strictly linear relation exists be- 
tween the excitation and the luminescent 
intensity even when excited by the light of 
365 mz. Therefore, the ordinary bimolecular 
recombination argument is inadequate, and a 
more fundamental explanation should be sought 
for the high efficiency near the absorption 
edge. The low quantum yield on the shorter 
wavelengths side should be explained either 
by some mechanisms that allow the high pro- 
bability of energy dissipation into heat in the 
case of high energy photons or by the hy- 
pothesis that the very weak absorption by 
luminescent centers corresponding to the ex- 
citation spectrum overlaps to the fundamental 
absorption edge. This anomaly in the absorp- 
tion edge also appears in the spectral response 
of photoconductivity, and the nature of elec- 
tronic transition corresponding to the ab- 
sorption edge of insulators or semiconductors 
should be reexamined experimentally and 
theoretically. 

As to the mechanism of luminescence, no 
definite explanation can be given at present. 
However, the decrease of luminescent inten- 
sity for ultraviolet excitation with progressed 
reheating may be partly ascribed to the shift 
of the excitation spectra. The glass used in 
the experiment has many components, and in 
order to simplify the condition it is desirable 
to form CdS crystals of various states in a 
more simple medium and, if possible, without 
heat treatment. 
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On the Optical Absorption of Thin BaO Film 
in the Ultraviolet Region 


By Kazunori TAKAZAWA and Tosiro TOMOTIKA 
Physical Institute, Faculty of Science, University of Kyoto 
(Received June 10, 1954) 


By measuring the optical transmittance of evaporated BaO film in 
vacuum, it has been found that the threshold for absorption occurs at 
3200 A and the second rapid rise in absorption begins at 2500 A approxi- 
mately. Two absorption bands have been observed in the region ranging 
from 2500 A to 3200 A: one has a maximum at 2800 A and the other 
has a maximum at about 3000 A. The latter absorption hand is new and 
has not been observed so far by the method of optical transmittance, 
though its presence has been suggested by the photoconduction of BaO 
single crystal. 

The influence of oxygen vapour upon the absorption bands has also 
been investigated, and it has been observed that when thin BaO film 
was exposed to oxygen, the absorption bands in the region 2500 A— 
3200 A vanished out suddenly and the film became transparent in the 
region of wavelengths longer than 2500 A. 


$1. Introduction 


Barium oxide (BaO) has long been an im- 
portant material used in practice as iow tem- 
perature source of electrons in a vacuum tube, 
and several experimenters have so far in- 
vestigated its thermionic emission as well as 
its activity. But, the mechanism of electron 
emission is not yet well understood. One 
method to approach an understanding of the 
said mechanism is to study the energy bands 
in pure BaO and impurity levels contained in 
them. Recently, the resuits of measurements 
of the optical absorption in BaO have been 
reported by some investigators. Thus, Tyler? 
has found that the edge of optical absorption 
of evaporated BaO films lies at 3.8 e.v. and 


a second increase in the absorption constant 
occurs at 4.8 e.v. approximately. By measur- 
ing the photoelectric emission from very thin 
metallic films deposited on the surface of BaO 
layers, Taft and others®>») have confirmed 
that the edge of optical absorption in BaO is 
located at 3.8 e.v. Also, the optical absorption 
and photoconductivity were measured by Tyler 
and Sproull in the case of BaO single crys- 
tals, and the threshold photon energy for 
both processes has been found to be 3.8 e.v. 
Tyler assumes that the first absorption band 
whose threshold is at 3.8 ev. may be due 
to the production of excitons in BaO lattice. 
In our laboratory, the optical properties of 
a group of divalent alkaline earth oxides have 
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been investigated so far, and in connexion 
with the production of BaO single crystals, 
the optical absorption in thin BaO films was 
measured under various conditions in order 
to see the condition of evaporation of BaO. 
In this paper will be reported the results of 
observation on the index of refraction of thin 
BaO films as well as on the influence of oxygen 
vapour upon the absorption bands in the re- 
gion ranging from 3.8 e.v. to 4.2 e.v. Such 
thin BaO films used in the measurements were 
evaporated trom a filament coated with BaO. 
The filament itself was coated initially with 
BaCO; using nitrocellulose-amylacetate solution 
as a ‘binder’ and then BaCO; was converted 
to BaO. However, great care should be taken 
in using the nitrocellulose-amylacetate binder. 


§2. Experiment 


Fig. 1 shows schematically the evaporation 
vacuum chamber used in the present ex- 
periment at earlier stages. The space in the 
glass chamber was separated by a shutter S 
into two parts, and the filament F made of 
coil of tungsten wire of 0.2mm diameter was 
set in one part and was coated with BaCO, 
(Merk Ultra Pure) which was pasted in the 
nitrocellulose-amylacetate binder or in water. 
Initially the quartz plate @ was laid in the 
other part of the chamber as shown in Fig. 
1 (a). After exhausting, BaCO; was converted 
to BaO by heating the filament slowly to 
1000°C approximately, the heating having been 
continued until gas evolution has substantially 
ceased. After this procedure the quartz plate 
was moved and placed just below the coated 
filament. The temperature of the coated fila- 
ment was measured by an optical pyrometer 
and was found to be in the range 700°C-1200°C 
in most of the present experiment. During 
the course of evaporation, the thickness of 
thin BaO film evaporated onto the quartz plate 
was estimated by observing interference pat- 
terns. It was noted that such interference 
patterns had very deep colour, indicating that 
the index of refraction of thin BaO film is 
fairly large. In order to examine the struc- 
ture of absorption spectrum, evaporation of 
BaO onto the quartz plate had to be continued 
until the interference patterns could not be 
observed any more. After finishing evapo- 
ration, thin BaO film evaporated onto the 
quartz plate was held in a dry box desicated 
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by porous BaO or CaCl, or P.O;. In. this 
case, therefore, thin BaO film was exposed to 
the vapour of dry oxygen. 

The measurements of absorption of light 
by thin BaO film as prepared by the above- 
mentioned method were made by a D.U. 
monochrometer. As shown by curve A in 
Fig. 2, the absorption was not appreciable 
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(a) 
Fig. 1. 
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Fig. 2. The absorption spectrum of thin BaO 


film in oxygen vapour. 


for the light in the range from 4000A to 
2500 A, but the absorption became appreciable 
quite abruptly at about 2500 A and the trans- 
mission cut-off was very sharp. The maxi- 
mum of this absorption band could not be 
detected by D.U. monochrometer, since wave- 
lengths smaller than 2000 A cannot be measured 
by such an instrument. It seems however 
that the maximum is located at a wavelength 
just below 2000 A. In case when the nitro- 
cellulose-amylacetate binder was used to paste 
BaCO;, two more small bands were often 
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Fig. 3. Curve of optical transmittance versus 
wavelength for thin BaO film, in dry oxygen 
containing some impurities. 
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observed in the region ranging trom 2500 A 
to 3500 A as shown by curve B in Fig. 2; 
namely, one in the region 2500 A—3000 A and 
the other in the region 3000 A—3500 A. To 
clarify the matter, BaCO; was pasted in very 
concentrated nitrocellulose-amylacetate soju- 
tion and the tungsten filament was coated with 
it. In raising the temperature of the filament, 
the outgasing followed as the result of de- 
composition of BaCO; and a black substance 
was produced on the surface of the filament. 
Occasionally such a black substance evaporated 
out for long heating and the colour of the 
coated filament became white, indicating that 
the filament was coated with the mixture of 
BaCO; and BaO. In some cases, however, 
aggregates of some black substances did not 
remove from the filament. The colour of 
thin film evaporated onto the quartz plate be- 
came then brown, and in this case we obtained 
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Fig. 4. Transmittance spectrum of thin BaO film showing interference patterns. 


the absorption spectrum as shown in Fig. 3. 
From this figure it will readily be seen 
that as we proceed from the visible region to 
the ultraviolet one, the curve rises rather 
slowly till a wavelength of 2700 A where it 
attains a first maximum and a second rise of 
the curve begins at about 2500 A. Colouring 
in the visible region is probably due to the 
absorption band having the maximum at 2700 A, 
which is believed to be due to some impurities 
contained in thin BaO film used. Since the 
curve B in Fig. 2 has the similar appearance 
to the curve in Fig. 3, it may be concluded 
that the same impurities were contained in 
BaO films in both cases. 


Judged from the ! tion. 


fact observed in vacuum tube technique that 
filaments coated with BaCO; become some- 
times black on heating, possibly due to the 
existence of carbon, we may consider that a 
thin BaO film showing an absorption curve 
similar to the curve B in Fig. 2 contains 
carbon as impurities.* 
During the course of evaporation of thin 
BaO film onto the quartz plate, the inter- 
ference pattern was observed, which was due 
to the interference of the light reflected from 
the surface of the thin BaO film with the 


* Private communication by Dr. S. Narita of 
the Technical Department, Kobe Kogyo Corpora- 
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light reflected from the upper surface of the 
quartz plate. The evaporation was stopped 
when the interference pattern became uniform 
in colour and the thin BaO film was then ex- 
posed to dry oxygen. No detectable change 
in the interference pattern was observed either 
when the thin film was placed in vacuum or 
when it was exposed to dry oxygen. The 
typical curve of optical transmittance of thin 
BaO film showing interference patterns is 
given in Fig. 4. 

If we obtain such a transmittance curve 
for the system consisting of air, thin film, 
quartz plate and air in this order, we can 
calculate the thickness, d, as well as the index 
of refraction, 2, of the thin film. In case 
when the light is not absorbed either in the 
thin film or in the quartz plate, it can be 
shown, by starting from Brattin-Brigg’s equa- 
tion, that the maximum and minimum 
values of the transmittance for the case of 
normal incidence are given respectively by 
the formulae: 


Ny—1 


Fern =l]— 
‘a Gre 


2 A 
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) for n mas 


Rnin=1-(Ta ) for nd=(2m-+1) é : 
nN +N 4 
where 2% is the refractive index of the quartz 
and m-+1 denotes the order of interference. 

Thus, if we find the values of Rmax and 
Rm:n from the transmittance curve as shown 
in Fig. 4, we can determine the retractive 
index of thin BaO film evaporated onto the 
quartz plate. It was found that the refractive 
index thus determined of thin BaO film ex- 
posed to dry oxygen was about 1.9 in the 
visible region. 

As mentioned already, the evaporated thin 
BaO film was always exposed to dry oxygen 
in the experiment so far made. It has been 
reported, however, that the oxide coated 
cathode is very sensitive to the presence of 
oxygen vapour. In order to measure the 
transmittance in thin BaO film in vacuum, 
therefore, some vacuum tubes were used. 
Fig. 5 shows schematically one of the vacuum 
tubes used in our experiment. It was made 
almost entirely of fused quartz and the fila- 
ment was set at its upper space so that the 
transmittance measurement was capable of 
being made through the lower part of the 
quartz envelope. To this evaporation tube 
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was connected another small tube as shown 
in Fig. 5, which was used as the oxygen 
source to fill up the evaporation tube with 
oxygen when necessary. When the evapora- 
tion was over, the system was sealed off. 
The spectral distributions obtained in vacuum 
differ appreciably from those obtained in case 
when thin BaO film was exposed to dry 
oxygen. The optical transmittance of thin 
BaO film in vacuum is shown by curve (1) 
in Fig. 6, from which it will be seen that the 
threshold of absorption is located at about 
3200 A and the absorption constant rises rapidly 
in the region from 3200 A to 3000 A and then 
it rises rather slowly up to a maximum at 
about 2800 A. Also it is seen that the second 
rise in the absorption constant starts from 
about 2500A. Tyler’s measurements of the 
transmittance also indicate that the strong 
absorption starts at about 3200A and the 
transmittance curve obtained by him is of 
the form similar to curve (1) in fig. 6. But 


Fig. 5. A vacuum tube for absorption measure- 
ment in vacuum. The left small tube was 
used as oxygen source when necessary. 
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Fig. 6. Curve of optical transmittance versus 


wavelength for thin BaO film evaporated onto 
the quartz tube as shown in Fig. 5. 


we have observed a new band with the ab- 
sorption maximum at about 3000 A, which has 
not yet been observed so far by optical 
measurement. This new band is coincident 
with the first maximum of photoconductivity 
in BaO single crystal. Further, it is found 
in curve (1) in Fig. 6 that there is another 
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absorption band at a wavelength larger than 
3200 A, and this band is considered to be due 
to some impurities contained in thin BaQ 
film. 

After the measurement in vacuum was 
carried out, the evaporation tube was filled 
up with oxygen and the measurement of 
transmittance was again made. The result 
is shown by curve (2) in Fig. 6. It will 
readily be seen that this curve (2) is of similar 
form to curve B in Fig. 2, and this seems to 
suggest that thin BaO film evaporated onto 
the inner surface of the evaporation tube con- 
tained some impurities, the greater part of 
which was carbon. 

If in the procedure of evaporation, the 
temperature of filament was raised up to 
about 1250°C, the inner surface of the tube 
near the filament became dark in colour, 
indicating that a certain substance has depo- 
sited there. Judged from the fact that when 
exposed to oxygen, the darkening vanished 
out and the deposited substance became white 
in colour, it may be said that the substance 
was not carbon. The absorption curve in 
this case is shown by curve (3) in Fig. 6. It 
is seen that the effect of darkening is revealed 
in the region ranging from 3200A to 4000A 
where the absorption curve is shifted uniformly 
upwards. Although it is not yet certain what 
sort of substance was evaporated from the 
filament coated with BaO, it is of great inter- 
est to note that the absorption band ranging 
from 3200A to 2500 A and its darkening are 
both sensitive, to the same extent, to the 
presence of oxygen. 


§3. Summary and Conclusion 


By measuring the optical transmittance of 
evaporated BaO film in vacuum, it has been 
found that the threshold for absorption occurs 
at 3200 A and the second rapid rise in absorp- 
tion begins at 2500A approximately. Two 
absorption bands have been observed in the 
region ranging from 2500A to 3200A: one 
has a maximum at 2800 A and the other has 
a maximum at about 3000A. The former 
absorption band has already been observed 
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by Tyler, but the latter absorption band is 
new and has not been observed so far by the 
method of optical transmittance, though its 
presence has been suggested by the photo- 
conduction of BaO single crystal. When thin 
BaO film was exposed to oxygen, the absorp- 
tion bands in the region 2500 A—3200 A vanish- 
ed out suddenly and the film became trans- 
parent in the region of wavelengths longer than 
2500 A. Tyler has assumed that the onset of 
absorption at 3200 A is due to the production 
of excitons, with the accompanying photo- 
conductivity of excitons or exciton ionization 
of impurity centres. According to our ex- 
periment, however, the absorption bands in 
the region from 2500A to 3200 A were seri- 
ously affected by the presence of oxygen 
vapour, and this fact seems to suggest that 
these absorption bands are not inherent in 
the BaO lattice itself, but are due to imper- 
fection of the lattice, and that the absorption 
band beginning at 2500A is rather inherent 
in the BaO lattice. Tyler found that when 
water came in contact with thin BaO film, 
the film became transparent throughout the 
visible and ultraviolet regions up to 2000A. 
Although the absorption band beginning at 
2500 A does not seem to be due to the film 
of hydrate of BaO, yet more careful exami- 
nation on the effect of water is necessary, 
since the water vapour comes out from the 
surface of the quartz envelope on heating. 


The writers wish to express their sincere 
thanks to Professor Y. Uchida for his kind 
guidance and helpful suggestion. The writer’s 
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encouragement. 
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Feed-back Resonance Amplifier for the Infrared 
Spectrometry Part III 
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In succesion to Part I and II some important properties of the feed- 
back resonance amplifier, espescially its response time and noise, are 
discussed in detail so that the working condition of amplifier may be 
deduced. Furthermore, it is shown how the working condition is related 
to scanning rate and resolving power in automatic absorption measure- 


ments. 


$1. Introduction 


In Parts I and IE» the feed-back resonance 
amplifier, in which a feed-back device was 
applied on an amplifying galvanometer sys- 
tem, was introduced and its characteristic 
properties were computed by theoretical 
analysis with good agreement to experimental 
results. But there remained some important 
properties of amplifier undiscussed, response 
time and noises. In this paper we shall treat 
them in detail. 

In §2 it will be proved that the response 
time of amplifier is determined by the time 
constant of primary galvanometer, which can 
be easily estimated by solving numerically 
the equation of motion of the galvanometer 
for a shock signal. In §3 noises and working 
condition are treated. The noises of amplifier 
result from the following various causes; 
Brownian motion of galvanometer mirror, 
Johnson current in thermocouple circuit, 
temperature variation in zero point of thermo- 
couple, induction of electromagnetic wave in 
air, and mechanical vibrations. The latter 
three can be eliminated in our instrument as 
shown in the previous papers and so Brownian 
and Johnson noises are discussed in this sec- 
tion. As the results of our theoretical com- 
putations the noise level of amplifier is deter- 
mined by Johnson noise rather than Brownian 
one. This fact makes it possible to use the 
amplifier under an extremely high sensitivity 
(up to the order of 1x10-'° volt). The work- 
ing condition of amplifier is prescribed by 
sensitivity, response time, and noise level, but 
in our system only by the former two because 
of its very small noises. Accordingly the 
best working condition must be determined 
so as to make a response time as short as 


possible under a high sensitivity. Our ampli- 
fier has this condition at a period near 5 sec. 
In the last section it will be theoretically 
discussed how to determine scanning speed 
and resolving power in automatic spectroscopic 
measurements and the results will be com- 
paired with the experimental data. 


§2. Response Time of Amplifier 


The response time of amplifier can be 
derived from the transient behaviour of 
secondary galvanometer deflections for a shock 
change of incident radiation, but in this be- 
haviour will take part the following three 
time constants: those of thermocouple, prim- 
ary galvanometer, and secondary one. 

Provided that a shock signal in radiation 
has unit amplitude for 7<0 and is zero for 
¢~>0, the change in emf. of thermocouple will 
obey to e~* for £>0, where 1/a@ is its time 
constant. Accordingly the signal current to 
the primary galvanometer may be set equal 
to we~%. Since feed-back resonance was 
realized in experiments for a negligible small 
value of resistance R,, the equation of motion 
of the primary galvanometer can be written 
in the following form*; 


i i Bin% pi nD; 
+ +. oa ——— = Byi(t), 
LoithPigit+ Digi 1+ A(d/dt) R+-R, 12(Z) 
(1) 


under the abbreviation A=RRiC/(R+R:). In 
Part I the particular solution of this equation 
was derived for a sinusoidal signal current and 
in Part II it was experimentally proved that 
under suitable values of amplifier circuit con- 


* Present adress, Institute of Physics, Depart- 
ment of Science and Engineering, Ritsumeikan 
University. 

* See Appendix of Part I. 
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stants the solution corresponded to the steady 
state of motion called “feed-back resonance”. 
Now we must solve Eq. (1) for the shock 


signal z(¢)=2z,e—**; that is, 
” Bynx pi Ch es 
LT, -P D a ——-—_ — 3 a 
161-44 bit ads Tenia 129€ 


C2 
For this purpose we use Laplace transforma- 


tion under the initial conditions di=d1=0 at 
t=0. These initial conditions can be easily 
brought about in practice by means of shut- 
ting off radiation at the moment when the 
rotating sector covers the entrance slit, because 
the deflection of primary galvanometer 41 
has phase delay z/2 to signal under the reso- 
nance condition.* Thus we obtain the follow- 
ing solution ; 


~,=Fe-*t+Ge-8 + He-(+io)t 4 Fe--ioye 
(2-1)** 
where all coefficients are constants determined 


by amplifier conditions and H is conjugate to 
H. —§8 and —r=x+7zw are roots of the third 
order equation** derived from Eq. (2) and 
under resonance conditions all $8, 7, and w 
becomes positive real, which gives, of course, 
a convergence to ¢:. For the above deflection 
of primary galvanometer ¢; the output current 
Z, 18 obtained from the expression (6) of Part 
I. For this current the deflection of the 
secondary galvanometer can be easily obtained 
as** 


¢6,=le-* + Jte~** + Ke-* + Le-8: 


+ We- sin (wt+ p), (2-2) 


where all coefficients are also constants deter- 
mined by amplifier conditions. € is the time 
constant of the secondary galvanometer and 
becomes iatural frequency under critical 
damping. Our galvanometer has &€ of 0.8 
sec-?, Thus the expression of the transient 
behaviour of secondary galvanometer (accord- 
ingly of amplifier) has been obtained for the 
shock signal, but it is not necessary to take 
into account all terms of the above expression. 


é2=>3 bu2 = = 
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In our case, as described above, l/a and 1/é 
are about 1 sec., whereas 1/8 can be estimat- 
ed as of order 1/10 sec. and 1/r as from 10 
sec. to 30 sec. from numerical calculations. 
Hence the expression (2-2) can be simplified 
in good approximation as following ; 


$2 = We-Y sin (wt+ p). (3) 


It follows that the response time of amplifier 
is given by the time constant 1/y of primary 
galvanometer. We found that under various 
resonance conditions the experimental 7-values 
fairly well coincided with the calculated ones 
within experimental errors. 


§3. Noise and Working Condition of 
Amplifier 

The working condition of amplifier can be 
prescribed by sensitivity, response time, and 
noise level and so the best condition must be 
determined so as to give compromise among 
them. In this section we shall first discuss 
the noises of amplifier and then seek for the 
best working condition. 

The Brownian noise results from random 
motion of primary galvanometer mirror caused 
by collision of air molecules and consequently 
has an effect on the deflection of secondary 
galvanometer directly through the photo- 
voltage 


=Xbr=X 2 bre ; (4) 


where $1; is a Fourier component of the 
Brownian deflection of primary galvanometer. 
It should be noted, here, that for both ¢; and 
the following M(z) the interval 2T in Fourier 
expansion must be taken as much greater than 
2x/wz. As easily seen from the expression 
(11) in Part I, the m.s. of Brownian current 
in output becomes 


(5) 


If M(t) is the fluctuation torque caused by 
Brownian motion, the m.s. of the Brownian 
deflection of primary galvanometer can be 
expressed by” 


2— 
— V2 
T At 


‘= —o?h+D, _ Bint(R+Ry) 
i ae Ara,2 


| toe|m — SPARE R 
( 14+ A’, 


because of the expression (8) in Part I. M2 
is the m.s. of the mean fluctuation torque in 


* See the expression (9) in Part I. 
** See Appendix in this paper. 
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a physically infinitesimal time element 4¢, 
within which many collisions occur. It holds 
only for w.=2zk/T<1/4¢ that the each square 
amplitude of Fourier components of M(t?) is 
replaced by (2/T)M?4¢, but it does not for 
ox>1/4t. However, the same expression of 
dix” may be allowed even for the latter case, 
since then its denominator becomes sufficiently 
large. For a resonance frequency wy; the 
expressions (8-1) and (8-2) of Part I hold and 
Z is considered to be small and comparable 
with resisting torque (/1) due to mechanical 
resistance. Hence, the above expression of 
gi” can be rewritten in good approximation as 
M? 24¢ ange, ee 

I? T & (@2—-o7?? +027 ’ 


oe = One — 
2 


under the abbreviation /’=//h and then this 
formula becomes Schottky integral®) for in- 
tegration in place of summation. By using 
this formula the expression (5) becomes 


ip = ME ae i SL ; 
ypc I? xz Jo 14+ A?o? (0? —o7?)? +071? © 


The first factor in integrand can be replaced 
on an average by its value c(w;y) at the re- 
sonance frequency wy, since it is a monoton- 
ously increasing function of wx contrary to 
the second factor having a sharp resonance 
character, and accordingly the integration 
may be carried out only for the latter. Thus, 
using Schottky integral, we obtain 


o 
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ta =6(@ \ MP t : 
DBO (ip) ee = 
Reale lophee 


where, as described above, J’ (=I/h) is nearly 
equal to fi/h. M? and fi can be estimated 
according to Uhlenbeck and Goudsmidt for- 
mula” in rarefied gas; that is, 


Me 4t = and 


4mep 

0 
where #2 is mass of gas molecule, c its mean 
velocity, pressure of surrounding gas, 0 
mass of mirror per cm’, k Boltzman constant, 
and T absolute temperature. By substituting 
these formulae into the expression of 7),”, the 
m.s. of Brownian output current can be ex- 
pressed by 


0 (6 )* 


The Johnson noise arises from the thermal 
motion of electrons in the thermocouple- 
primary galvanometer circuit and is defined 
by Nyquist formula‘) as 


— AkT 
BG isil & per cycle, 


where 7 is the total resistance of circuit. 
From the expression (11) in Part I the output 
current caused by Johnson noise is given as 
following ; 


Z See ) Se =A 1 Sie ee aoe = = ae Acie de 
. ee eB ee BintAKR+R))? 14 A202’ 
RY ar 0 —w? T+ D, pe ebissie ie 1) =F wo 124 a L Sse, 25 ie 
1+A?’o? 1+A’o 
Table I. The variation of amplifier properties under a fixed /-value (2x10~1) for various 
resonance frequencies. 
ie ite ie eae fe : ae A me in 10-9 | in 10-® | time in 
sec sec7} ko 10°rad/amp 10°rad/amp 10°rad/amp volt volt in sec. | ut 
fan) ose.) 33 1.6 |. 9% | 0.58 1.8 4.5) | "33 40 
6 | 1.05 | 18 | 9.7 | 110 | 0.56 Dep ee |) Bs 25 
ile ent 25 wile ts Soe deren? Zirverly oy 120-~ SF $20.48 Sule Heine Ge0ialien 230) | ts 
4 (eer N eGo: ike esGao 90 | 0.38 3.3 8.3 20 15 
3 | 2.09 | BES 4.9 | 65 0.25 Sod 972 16 13 
In the same approximation as for Brownian * The validity of the approximation in $4 Part 


noise, we obtain 


I has been proved here. 
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eT BY 
R? rozr?T" Ty? ’ 
for Johnson output current. 

Thus the ratio of Johnson 
Brownian one becomes 

eee 

eS Ih Ie 1 
Under the usual working conditions of ampli- 
fier this ratio is about 10 as shown in Tabie I 
and I]. Brownian noise of galvanometer is, 
in general, greater than Johnson one and for 
an ideal, but seldom realized, case both are 
in the same order of magnitude, whereas in 
our amplifier the relation is inverse and the 
noise level may be always determined by 
Johnson noise. Consequently it is expected 
that in our amplifying system the sensitivity 
of detector is available in full. 

Being combined with the results in Parts I 
and II, the above discussions of response time 
and noise will enable us to estimate the work- 
ing condition of amplifier. For this purpose 
circuit constants, sensitivity, resonanse time, 
and noises were calculated for a fixed Z-value 
(2x10-1°)* in the range of resonance period 
from 7.1 sec. to 3 sec. (from 0.88 sec! to 
2.09 sec“! in frequency) and listed in Table I; 
response time (rt) is, of course, the time 
constant 1/7 of primary galvanometer calcula- 
ted by the method in §2 and Brownian and 
Johnson noise voltages (H, and £;) are the 
net voltages impressed onto the secondary 
galvanometer by the currents (6) and (7) re- 
spectively. As shown in Table I, when re- 
sonance (or signal) period is varied from 7.1 
sec. to 3 sec., zero drift ((Si)areye) and response 


2 


Zour =C (ws) ( le) 


current’ to 
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time decrease, but noise voltages (Ez and E;)~ | 
increase. On the other hand the sensitivity 
of amplifier ((S.,,)w;) shows a maximum value 
at the resonance perion 5 sec. Such a be- 
haviour of sensitivity is also easily presumed 
from its expression** 


O( bop Jor x Aus “4 i {@ore 5 Bu) 
. 8% ~ RV1+ A2os? oo? +o? wz 

In our problem now concerned, however, 
zero drift and noise do not matter. Because 
zero drift changes little under variation of 
resonance period and besides because the 
above two noise voltages are of no importance 
in practice due to their magnitudes extremely 
small compared with the sensitivity 1x10-7 
volt/mm of our secondary galvanometer. 
Hence from the tendency of response time 
and sensitivity we can predict to some extent 
the existence of the best working condition of 
amplifier at the resonance period of 5 sec. 
This is, furthermore, confirmed by taking 
into consideration Table II and the following 
data: (Syy)or7=8010° rad/amp, t=13 sec. 
for J=3'< 1022 at W=—5 secand (Syo7— 0k. 
10°.rad/amp,c=33sec.4 for. = 1 0e gate 
=3 sec. For the exact determination of the 
best condition it is necessary to carry out 
troublesome numerical calculations, but un- 
necessary in practice. 

The last column of Table I, Crows, indicates 
lower limit of the condenser C, below which 
the feed-back resonance cannot be realized. 
It may be desirable for the condenser to have 
a considerably large capacity above the lower 
limit so that a high sensitivity of amplifier 
can be brought about. 


Table Il. The properties of amplifier at the resonance period of 3.8sec. 
l R | (Sinor | Sr res | (S2,y)or | (Si,yarist | Ez | Es Resp 
in ine | in | in | in in | in | in | time in 
10-10 | ko | 10° rad/amp | 1 rad/amp) 10-9 volt 10°rad/amp' 10-9 volt 10-9 volt sec. 
LPG th Atl) 4) othe Lei amnsaliiatte®: gullamen. 34 weal emrase 13 a) ge 
| 
Z ey, | ar 86 | adh 0.35 | 35 9.2 | 20 
3 | po) 4.1 | 54 Paath 0.36 | Bib) GB 15 
4 pS 3a 42 Bald) | 0.37 | 3/5 6.4 10 
5 4.5 225 bigs 4.2 0030. SF Spe BL 8 


$4. Spectroscopic Works with Amplifier 
(scanning rate and resolving power) 
The whole system of our automatic record- 
ing spectrophotometer is schematically depict- 
ed in Fig. 1, the construction of which was 


described in Part IJ. In this section we shall 
discuss the relation between scanning rate 


The unit of J is the same as P; and now 
defined in practical unit. 


* See Part I and II. 
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and resolving power. 

Since an absorption curve can be expanded 
into Fourier series, we shall now think only 
one of its components with any wavelength 
period 2D. Assuming that it has unit ampli- 
tude, we may express this component absorp- 
tion by F(A)=sin (z4/D) at any wavelength 2. 
In measurements with the same finite slit 
width S of both entrance and exit slits it is 
weakened as following ;® 


Sieleas DY 2 
Ga=( Se Sd nine, sin (74/D) 


(xx/2)(4/D) 
=g-sin (z2/D), 
where 4 is spectral slit width and defined by 
A=S-(VP),; 
and 
dn 4 sin (¢/2) 
eae dh f V1=n? eae (9/2) ’ 


for focal length of collimator mirror f, apex 
angle of prism ¢, and its refractive index 7. 
g is deformation factor by slit width. In 
scanning speed v, since v=di/dt, 
G(A)=g9-sin (xvt/D+6)=9-sin (of+0) . 

and accordingly the amplitude of signal cur- 
rent from thermocouple will be modulated 
with the frequency o (=zv/D) of absorption 
curve. 

When a signal current with unit amplitude 
is so modulated, that is, when it is given by 
z(t)=sin of-sin wt, the output current, which 
will suffer also the amplitude modulation cor- 


J {-hlort0} + D,+ 


On the other hand, for the measurements 
over an infinite time at each wavelength the 
absorption curve is exactly traced and its 


Bint R+R:) 
1 + A*(wy-ko)” 
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Figs 1 
recording spectrometer. 


The whole diagram of the automatic 


A: Amplifier circuit. 

D: Driving motor and connection gear system. 

G,: Primary galvanometer on Julius hunger. 

G.: Secondary galvanometer. 

M;: Plane mirror. 

M, and My: Spherical mirrors (F’=10 for My 
rb 0X6 Nv Ane 0) aD 

M;: Littrow mirror. 

P: Photovolataic cell. 

Q: Coupling reel, by which slits are coupled 

with wavelength drum. 

Recording drum. 

Rotating sector. 

and S,: Entrance and exit slits, which are 

driven simultaneously by gears. 

W: Wavelength drum. 

T: Thermocouple. 


Re 
Se 
Si 


responding to the absorption curve, can be 
easily obtained by solving Eq. (1) for this 
signal and substituting the solution into the 
expression of 7z,.* Then the amplitude of 
amplified absorption curve is approximately 
expressed by** 


B, 
2 ByntA|(R+R,) : 
vptoy4P, — : 
+(wy Eo) | 1 14+ AX wy)? 
amplitude in output is, of course, written 
by*** 


* See Part I. 


** The exact expression of output current 7 is 
ee ok ——_ Ap 
OS 9 V clwy = o)S'-Cos( yt —ot—tan Chyree| 


Bs V cw; + 0)S+Cos (wt + ot —tan— Bus-+0) | ’ 


When oS>wy, the relations, c(wy+o)+c(wy), SyS-, 


and tan71@ys4¢= 5 +d hold and then 


pF ole p)L4sin (ot £4) sin (st — 1/2) 
UL 


(see also Part 1). 
In this case it should be noted that the 
observation is to be carried out in an infinitely 
long time at each wavelength point A, 


Skok 
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T=(2/R)V/ c(wy)(Bi/oz!) . 


Hence, the rate of deformation in absorption 
curve, caused through the amplifier in scan- 
ning, can be expressed in the same approxi- 
mation as that of the last section as following; 


oD 


(8) 


Thus it has been proved out that the total 
deformation rate in absorption curve with 
period 2D is defined by g.F. 

Next we shall examine the noise-to-signal 
ratio in our amplifying system. Since Brown- 
ian noise is several times as small as Johnson 
one, we may take only the latter for the 
noise level; that is, from (7), 


— 1 
n=V ty7? = Wi VF 
i x : Be kT 
and Wi = pil (os) T2 roy? . 


On the other hand the output signal current 
is given by 


and ee VW Clos) + 3K 


2 os 0) 
R TorsT 


Ge — sy s Beye 


where 7z)* is the signal current from thermo- 
couple per unit slit width * and z,* the cor- 
responding output current. Then the noise- 
to-signal ratio is 


ia 


(9) 
where 2,/(¢)*B?4*) is the input 7/s ratio. 
It follows that m/s ratio is proportional to 
square root of /’.** 

The just obtained two formulae, (8) and 
(9), prescribe the observed data as well as 
the working conditions in automatic spectro- 
photometric measurements. For example; 
under a fixed condition of amplifier, accord- 
ingly fixed F’- and wy-values, a value of 
spectral slit width 4 will be determined from 
the condition (9) for a required noise-to-signal 
ratio. For this 4-value the condition (8), or 
g.F, will give the relation between resolving 
power and scanning rate; that is, from the 
condition (8) we can determine a scanning 
speed satisfying the requirment for resolving 
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power, that the two absorptions at interval 
of 2D in wavelength are to be observed at 
the rate of g.F percent. 


~ 
<—-— 
=21, v—07 0016; 
| ' i Loree 


E—23, 0 On 005; 
F=30%. 


t=30, v=0.0007, 


< { YM 
t=50, v=0.0003, 

VME RUG ES, 
t=75, v=0-.00045, 

1 NG 6 


Fig. 2. The shapes of polystirene absorption 
bands at 3.269, and 3.303, for various scanning 
speeds. 


In our experiments, taking aside the condi- 
tion (9) for a moment, we have examined the 
variation in shape of absorption for various 
scanning speeds to compare it with the varia- 
tion in calculated F-value. The absorption 
bands of polystirene at 3.269 ~ and 3.303 
were taken as the standard absorptions and 
measured by using quartz prism for the slit 


* do* is essentially related to the sensitivity of 


thermocouple. 

*“* T’ is approximately the halfwidth of resonance 
curve in amplifier under sharp tuning. The Eq. 
(9) is the same as the x/s ratio of the electronic 
amplifier, assuming J7’-! equal to the time con- 
stants. (See Zwinden®) 
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width 0.05 cm under the amplifier condition 
£=3x10-!, wy=1.65 sec-! (3.8 sec in period), 
and response time t=1/y=15 sec. (see Table 
I). The variation of these absorptions were 
photographed for various scanning speeds as 
shown in Fig. 2. The values in the left 
Table III. The values of rate of deformation for 


various scanning speeds in standard absorptions 
of polystirene 3.303, and 3.269. 


t v | o | F og: FB 
in in in | aan in 
sec p/sec. SCCr sae % 
21 0.0016 0.30 25 allan we 
23 0.0015 On Tenstieeb. wins 27 
30 0.0011 0.20 40 | 36 
50 0.0007 0.13 50 45 


75 0.00045 0.08 te 


w7=1.65sec, (3.8sec in period), 1=3 10-0 
[r=0.19 2D=30cm-1=0.034y, S=0.05cm 
o=TuyfD=dA=5cm=!, v=2D/t 


column of this figure correspond to those of 
Table III, where ¢ is scanning time in the 
interval 2D=0.034 “=30cm7!, wv _ scanning 
speed, and F the rate of deformation by scan- 
ning. In this case g is the deformation rate 
by slit width and equal to 90%. From the 
contour shown in Fig. 2 the recorded absorp- 
tion curve may be analyzed into two curves 
far different in frequency; the one is the 
ground curve having small frequency (curve 
II in Fig. 3 (a)) and the other the sinusoidal 
curve having the frequency o=zv/D cor- 
responding to the wavelength period 2D (curve 
III in Fig. 3 (a)). Hence, the amplitude of 
the standard absorption may be approxi- 
mately taken as half the length AB in Fig. 
3 (a). By measuring this amplitude for each 
scanning speed in Fig. 2 we can examine the 
validity in the calculation method of F-value. 
It was found that experimental and theoreti- 
cal results were in good coincidence within 
the experimental error.* 

There is another way to determine scanning 
rate and resolving power by analyzing an ab- 
sorption curve into step functions. In this 
case the resolving power dA is defined by 


da>(AaJAb)r , (10) 


where 42 is scanning wavelength range and 
At is scanning time in this range. We shall 
set forth below that this method also indicates 
the deformation rate in absorption. The 
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standard absorptions in our experiments can 
be replaced by the step function as shown in 
Fig. 3 (b). For the sake of simplicity of 
estimation we take the case (¢=30 sec. in 2D) 
corresponding to the case 3 in Fig. 2. Then, 


EZ : 
nee te Sey 


Fig. 3. The schematic representations of poly- 
stirene bands in sinusoidal and step functions. 


since the wavelength interval D is covered in 
the time (15 sec.) equal to the response 
time t, the absorption amplitude decreases to 
l/e per one step interval and so the deforma- 
tion rate becomes about 40% as shown in Fig. 
3 (c), where the abcissa is taken in ¢. This 
value of deformation fairly well coincides with 
the corresponding /-value. Although the de- 
formation rate is obtainable by the step func- 
tion method, the definition (10) for resolving 
power is not convenient in practice, because 
it does not directly supply the quantitative 
information in amplitude deformation. 


* The experimental error was considered as of 
the order of Johnson noise 1 x 10-8 volt in secondary 
galvanometer. 
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§5. Conclusion 


Examining the response time and the noises, 
we could explain the various characteristics of 
the amplifier. It has the disadvantage of a 
long time constant, and consequently some- 
what long scanning time is required in con- 
tinuous measuremeuts, but, as is known from 
the analysis, this can be shortened by using 
a lower sensitive first galvanometer (with 
larger torsion constant and shorter period) 
and a higher sensitive photocell (with large 
%); that is, we can easily see that the last 
constant term Bin%/(R+R:)+D; has large 
contribution to the time constant 1/y and the 
characteristic features of the amplifier are as 
following ; it has simple construction, steadi- 
ness for long time, which results from keep- 
ing the first galvanometer without zero drift 
by the feed-back method, and higher sensi- 
tivity, by which it is allowed for the ampli- 
fier to approach easily to the natural limit 
of the noises. Since Brownian noise becomes 
comparatively small with the Johnson noise 
of the detector, we can utilize effectively the 
response of detector and consequently obtain 
a higher resolving power in infrared spectro- 
photometry. Moreover, from the quantitative 
estimation of deformation rate we can inform 
of the true absorption intensity. Thus our 
method of amplification adapted for low re- 
sistance detector such as thermocouple will 
find other various applications in other fields 
than in infrared spectroscopy. 

The authors wish to express their sincere 
thanks to Prof. Uchida for his continual inter- 
est and direction in this research. 


Appendix 
From the Eq. (2) 


Ah: +(h + AP\)¢r +(Pi+DiA)¢, 


Bynx ar 
+ (Be +D,) d= Bigl—aAyer**. 
@ 


By Laplace transformation on both sides under 
the initial conditions ¢1(0) = ¢1(0) =0, we obtain 
L(¢1)= 
[Ahp+(h+APi)]6,0)+Biin(1—aA)/(a+p) 
AL p+Bb) p+) p+) : 
Ch 


where L(on)=\"dre- Mat and —f, —« and 
0 
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—€& are the roots of the third order equation; 
St (pP)=Ahp?+(h+APi)p?+ (Pit DiA)p 


Bint | 
+(—— + D,)=0. I 
GS :) ? i) 


Thus by inverse Laplace transformation, 


1 foo (Mp+N)p+a@)+ Brig 1—aA) 
-io Ah(p+a)(p+8)( p+) pt+€) 
x er'dp , (II) 


under the abbreviation M= Ah¢x(0) and N= 


(,+AP;)¢:(0). For the values of the ampli- 
fier constants, under which the feed-back re- 
sonance is realized as a final steady state, we 
have one negative real root (—f) and two 
complex conjugates ones (—ry-kzw with y>0). 
Thus we obtain Eq. (2-1) in this paper from 
(III) ; in order to give the coefficients of Eq. 
(2-1), we have only to substitute —a, —f, 
and —7y-tzw for p of the integrand. We can 
find the numerical values of 8, 7 and w from 
the relation between the roots and the coef- 
ficients of f()=0. For each condition of 
feed-back resonance (listed in Tables of this 
paper) 8 is much larger than 7 and does not 
affect the responce time of amplifier. The 
values of w always become nearly equal to 
the resonance frequency. 

Now, substituting (2-1) into 7, expression 
of Appendix of part II through E=%¢:, we 
obtain Eq. (2-2). Since the secondary galvano- 
meter (with the moment of damping P,, the 
moment of inertia /,, the torsion constant D,, 
and the moment of displacement B,) is under 
the critical damping condition, its behaviour 
under the signal z’e-”* is shown by following 
differential equation 


Tx¢2+Pabs+Dabs= Boi e-” ) 
where P,;=2(/,D,)/?.. Solving this equation by 
the previous meteod, we obtain 
$2=(at+btje-*+ce-™ , 
where €=P/2J and a, b, and c are constant 


coefficients. Accordingly, in our case the ex- 
pression (2-2) can be obtained. 


go, = 


Ont 
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On a Refinement of the Transonic Approximation Theory 
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In this paper it is proposed that the basie equation for the two- 
dimensional transonie flow of a compressible fluid should be 


Se ee 
72° 08286 2 (A) 
rather than the commonly used one 
ae: 3 I — IU 
an? ~ 2 d62 =v; Piss Wino € : (B) 
or its equivalent. Here t=—Spq-!dqg, »=(1—M?)/2, K=(noo/py, and 


Y =K-\4y is the stream function, (q¢, 6) are the magnitude and direc- 
tion of the velocity, gx the critical velocity, M the local Mach number, 
o the density, op the stagnation density, and y the ratio of specific 
heats. 

A set of fundamental solutions of (A), which have singularity at the 


point (c=7, 6=0), is obtained in a natural and elementary way in the 
form 

Ym=et™ sin™a{C1Q™_1/6(COS a) +C2Q™_5/¢(cos a)} , 
where 7,;—-7=c cosa, Q,” being the associated Legendre function. In 


particular, flow through a Laval nozzle and past a lenticular-shaped 
body can be constructed by employing the solutions with m=-+1/2. 
Finally, discussion is given on the advantage of (A) over (B) as the 


fundamental equation for the transonic flow. 


$1. Introduction 


The object of the present paper is two-fold ; 
first, to give an elementary and natural ap- 
proach to the transonic-approximation theory, 
and second, to widen the scope of the usual 
transonic approximation so as to cover the 
transonic flow around moderately thick pro- 
files where the fluid velocity is not necessarily 
confined to the neighbourhood of the sonic 
velocity. 

It is well known that the two-dimensional 
irrotational flow of a compressible fluid can 
be exactly dealt with by the hodograph method. 
Thus, assuming the adiabatic law, uniform 
flow of gases past obstacles has been studied 
by a number of investigators, among whom 
we may mention especially Bergman [1], 
Tsien and Kuo [9, 14], Lighthill [10], and 
Cherry [2]. But the mathematical difficulty 
involved is so great, that the numerical dis- 
cussions on the flow patterns based on the 
exact hodograph method have hitherto been 
very scanty [3, 9, 14]. For practical purposes, 
therefore, we are compelled to have recourse 
to some approximate method. 

In a recent paper [6] the present author has 


expressed the hodograph equations in terms 
of variables suggested by the WKB method 
as 
02b/Or? +6200? =R(c)o , (1.1) 

and developed an approximate method for 
treating subsonic flows, based on the consider- 
ation that ki can be safely neglected in com- 
parison with 06°)/0c?+6?¢/067. It should be 
noted that the method can be applied to gas 
flows obeying any arbitrary pressure-density 
relation. As examples of application of the 
method, the author has treated, in conjunc- 
tion with Hasimoto, the subsonic flow of air 
(obeying the adiabatic law) past a circular 
cylinder and an elliptic cylinder of thickness 
ratio 1/10 as well as the discontinuous flow 
past a flat plate accompanied with a dead air 
region [7]. 

Though very accurate for purely subsonic 
flow, the method is expected to be less satis- 
factory for transonic flow having both sub- 
sonic and supersonic local speeds. In this 
paper, a method of treating transonic flow 
will be developed by the approximation of 
replacing A(r) in (1.1) by —(5/36)r~?. 

Now, it may be said that recent progress 
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in transonic-flow theory has been achieved 
mainly on the basis of von Karman’s tran- 
sonic similarity [8]. For example, Guderley 
and Yoshihara’s research may be mentioned 
[4]. Tomotika and Tamada [13] have also 
introduced a hypothetical gas which represents 
the real gas sufficiently accurately near the 
sonic velocity, and obtained valuable infor- 
mations concerning the characteristic features 
of transonic flow. The hypothetical gas is 
characterized by the property that it satisfies 
exactly the approximate equation proposed 
by von Karman. Thus, the Tricomi equation 
plays a fundamental role in Tomotika and 
Tamada’s paper just as in the usual transonic- 
approximation theory. 

It will be seen that the analysis presented 
in this paper bears a close resemblance to the 
usual transonic approximation based on the 
Tricomi equation. However, in contrast to 
the fact that the usual transonic approximation 
is only applicable to such flows that the velo- 
city is very near to the local sound velocity 
throughout the field of flow, our method is 
believed to be free from such restrictions. 
Indeed, it may be applied with success to 
transonic flow past moderately thick profiles 
where large velocity variation occurs. In this 
respect it is parallel to the exact treatment 
of the original hodograph equation. Its draw- 
back of being approximate seems to be well 
compensated by the simplicity of procedure, 
both analytical and numerical. Moreover, the 
exact treatment is usually only concerned 
with the adiabatic gas flow, and cannot give 
information about the behaviour of gas flow 
when deviations occur from the adiabatic law. 
Though approximate in nature, our method 
can be equally well applied to any gas with 
any arbitrary pressure-density relation; in 
particular, it is exact for the hypothetical gas 
proposed by Tomotika and Tamada. 

In this paper, first, an approximation k(rt)= 
—(5/36)r-? is introduced in the modified hodo- 
graph equation (1.1). To obtain the flow past 
obstacles we must find the so-called funda- 
mental solutions, which have singularity of 
the nature of a pole or branch point. In view 
of the mathematical complication of the exist- 
ing transonic-flow theory, it will be desirable 
to proceed in as elementary a way as possible. 
With this in mind, starting from a typical 
solution for an incompressible fluid and using 
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analogy considerations, we shall obtain a 
particular solution for a compressible fluid in 
a very natural and elementary way. Then, 
suggested by the form of the particular solu- 
tion thus obtained, new variables are intro- 
duced, in terms of which a class of funda- 
mental solutions will be obtained in closed | 
forms using the Legendre functions. It will | 
be seen that the Legendre functions fortu- 
nately reduce to elementary functions in the 
important case of flow past obstacles, where 
the singularity of the nature of a branch 
point of degree of a half odd integer is re- 
quired. 

These solutions are then investigated in 
some detail concerning their transonic as well 
as singularity properties. It will then be 
shown that the flow through a Laval nozzle 
or around a lenticular-shaped body can be 
obtained by taking one or two such funda- 
mental solutions respectively. 

Finally, the general nature of our approxi- 
mate method will be discussed in comparison 
with other existing methods, such as the von 
Karman-Tsien method and the _ transonic- 
approximation method based on von Karman’s 
similarity law. 

Detailed numerical discussions on the flow 
through a type of Laval nozzle as well as the 
flow around lenticular-shaped bodies, with 
special attention to the appearance of limiting- 
lines and branch-lines have been made with 
the cooperation of H. Hasimoto. These will 
form the subject of a forthcoming paper. 


§2. Fundamental Equations 


According to the previous investigation [6], 
the fundamental equation for the irrotational 
motion of a compressible fluid can be ex- 
pressed in the form 


b/d? +0p/00=kb , (2.1) 


where ~# is the reduced stream function such 
that 


Va Ky , (2.2) 
a 2\ 1/2 

aie Ga a lS) ee 
1 Cc a] 


K=(1—@’/c?)(o0/0)” , (2.4) 
k=K 4 PK 4 [de , (CAEM) 
Here q and @ are the magnitude and direction 


of the velocity, ¥ the stream function, o the 
density, 0) the stagnation density, and c¢ the 


1954) 


local velocity of sound. 

For purely subsonic flow kw can be safely 
neglected in comparison with 02¢/0c?+0?d/002 
in (2.1). But this will not be the case for 
transonic flow. Indeed, if, for example, we 
consider the case of adiabatic flow, we have 


pa @ , 820 430%)q?—(1-@)q! 


4 Serle) 
tas 
tas 
(2.6) 


and, hence, in the transonic region: g=1, k 
is very great and it can even become infinite 
for g=1. Thus it will be natural to suppose 
that the approximation based on the neglect 
of kf would be unsatisfactory for the tran- 
sonic flow. 

Now, for the adiabatic flow, we have 


2\ 1/2 LENE 
a=(1— £) = q =) ’ ( 2.7) 
Ce 1-—@¢ 


t=tanh7! w—a-'!tanh-!ay (2.8) 
Gl aee| 143 (1+a?)#?+ O(H*) , 
20) 


5 
a 
4 


x| 1-5 +a%)#+0(u»} , (2.10) 


(= qe yar? 


in the neighbourhood of g=1. Hence we have 


eae Ly -2/3 
R= 36 Oe ye. 


It may be interesting to note 
that, as may be shown without 
difficulty, the relation (2.11) holds 
not only for the real isentropic 
gas but also for any gas provided 


(2.11) BS 
200 


150 
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that (2.12) provides a very good approxima- 
tion to the reality for any value of q, either 
sub- or supersonic, except near the maximum 
velocity: 
Qn=((7+D/(7—-1)H?. 

More detailed discussions concerning the ac 
curacy of the assumption (2.12), especially in 
comparison with some other existing methods 
of approximation, will be given in later sec- 
tions. 


§3. Particular Solutions 
We have now to deal with the equation 
Op Pp Sink 
Oc? ' 002 ~—-:36 ot Coa 
A set of particular solutions to (3.1) can be 
obtained as usual in the form 
p= W,(r)er"? , (Bez) 
where W,(t) is the solution of the ordinary 
second-order differential equation 


PWn yy} [ies = 
dz? +( aT 26 =) uo 


so that 
n= t/4Z (nse) , 


(3.3) 


where Z,/3; is the Bessel function of order 1/3. 

We can obtain a general solution of (3.1), 
by taking a linear combination of (3.2) with 
different 7. 


Thus 


only that A(qg), regarded as a 50 
function of g, has a simple zero 
Apeg—i, tie pressure being of 0 
course assumed to be a function 
of the density only. 

In this paper, we shall approxi- 
mate to the exact gas characteristic 
by the expression 

k= —(5/36)r-? . (212) 
For air, we have calculated k as 
a function of g, by employing Sade 
(2.6) and taking r=1.4. We have 
also calculated —(5/36)r~? by the 
use of (2.8). They are graphically 
shown in Fig. 1. It will be seen 


-/00 


inuiezs ale 
a real gas with y=1.4. 


k(q)-curves, exact and approximate, for 
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b= >) CaW,(r)er” , \7 (2) W,(r)e""%dn . 


(3.4) 
We shall next seek for the solution of (3.1) 
giving the compressible flow past an obstacle. 
For this purpose, we shall start from the 
corresponding solution for the incompressible 
flow. 


§4. Incompressible Flow past a Circular 


Cylinder 
As is well known, the uniform flow of an 
incompressible fluid with velocity U past a 
circular cylinder of radius unity is given by 
the complex velocity potential 


F(2=Ue+2 4), Zt. (41) 
Hence, putting 
wap OF Lew, (a2) 
we have 
W— Va (475) 
Hence (4.1) becomes 
f=U{l—w) 1? + —w)i"}. (4.4) 


We shall attempt to express (4.4) in a form 
similar to (3.4). First, noting that w=1 is a 
branch point, we have 


(l—w)-? 
= 5 (-h(-w)", lwl<l, (45) 
=p) (SO Ga) a ae eT) ee 
( 4.6 ) 
with 
ee oe oe |. eae ey! 
cae TY eS CS ae wh nl? 
(470) 


where x! stands for 7'(#+-1). 

Now, we can construct, in various ways, 
analytic functions of w for which w=1 is a 
singularity of the same nature as for (l—w)-1/”. 
For this purpose, we notice that the nature of 
a singularity of a power series Scnz” is com- 
pletely determined by the asymptotic behaviour 
of the coefficients c, as n—-co (Titchmarsh 
Fe eat opm 

By Stirling’s formula we have 

(—3,m)~(—1)"(an)?2~(—1) x(n +p]? . 

(4.8) 


For convenience, we first consider the series 
(4.6). The series (4.5) will be considered 
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later. Remembering (4.8) we have 


(l—w)1?20(—2)71? = (m-+4)~ 12 MF1/2) 


~ ema eiae (4.9) 


where the symbol~denotes that the functions 
on both sides of it have a singularity of the 
same nature. The last member has been 
obtained by putting »y=2+4 and noting that 
the summation and integration will give a- 
symptotically equal results. In fact, since we 
are concerned with a divergent series, we are 
only interested in the coefficient c, for mo, 
and thus any finite number of cn can be re- 
placed by arbitrary values without affecting 
the nature of the singularity under consider- 
ation. Accordingly the lower limit of the 
infinite integral can be given any arbitrary 
value. For the present purpose it is con- 
venient to take the lower limit as zero. Thus, 
by the definition of the 7’-function, we have 


co o 
| wp -t2dy = | e7 Vlog wy-l/2dy 
0 0 


=O UO) he 
Hence 
(l—w)-!?~(—log w)7!/? . (4.10) 
It may be remarked here that we should 
have immediately arrived at the result, if we 
noticed that in the neighbourhood of w=1 
log w= —log {1—(—w)} 
(lw) +i Ww Ps oe ae 


§ 5. 


In order to deal with a compressible flow 
past an obstacle, it is clear that we should 
find, at least, a solution of the equation (3.1) 
which has a singularity at w=1 (correspond- 
ing {to c=7t,, J—0) of theesame naturesas 
(4.4). Let us call a solution possessing a cer- 
tain singularity at a point (r=rt,, 0=0) a 
fundamental solution. 

We shall now find a fundamental solution 
of the same nature as (l—w)-1/? by using the 
procedure suggested in the preceding section. 
First, we write (4.9) in the form 


Fundamental Solutions 


dd —w)*oa( Smet Sancti E) mente : 


(Dake) 
Now, it may be expected that the solution of 


(3.1) can in general be expressed as (3.4), so 
that, remembering (3.3), we have 


db =|" FI (ny ?Z, 3(nicyen’dn . (5.2) 


But, by the use of the asymptotic expansions 
of the Bessel functions, we have for 2— co 
(nz/2)/e7 nrg W312, .2)(mic)ert 
ee igs Cage a Cais ) 
If we assume that the velocity at infinity, 
q=U, corresponds to r=1t,, then U<q<1 will 
correspond to t,>c>0. Hence, noting that 
|exp m[(c—t,)+76]| =exp n(c—7,)<1, we may 
take 


el nV" dn-na( nT i. 
2 


0 
«ET NTIG- 1/8¢1/2 FT, /5@)(mir er" 


| FY, 73 (nirje-"1- dn , 
0 


(5.4) 


as a candidate for the fundamental solution 
looked for. In fact, F has the form (5.2) 
and, moreover, the asymptotic behaviour of 
its integrand as m—co is quite similar to that 
of (6.1). 

Now we have (Watson [15], p. 74) 


H,@(z)=(¢ sin vz)-Y[eJ,(z)—J_v(2)] . 


CaSy) 
Also we have (Watson [15], p. 386) 
c) {(@W+b7)\/?—a}” 
yale = + 5.6 
\ é J(bt)dt b*(a2+b?)/? ? ( ) 
if Re(a+ib)>0, Re(v)>-—1, where such 


branch of (a?+b?)'/? should be taken that 
(a+b? —a| <5). 
In (5.6) we can put a=r,—20, b=it, v=1/3, 
since 
Re (a+2b)= Re (t,;—2041)=T, 47 >0 , 
Re (+1/3)>-1. 


Then, by (5.5), we find 


Hi, 3 (nize "C1 ‘dn 
0 
ro US{(g2@— 28g 8 19g? 2) — 95 
g2/3 sin (72/3)(o?—t?)? 


, 


ie By 


with g=t,—20. 
Next, to simplify the various formulae, let 
us put a=—zbcosa. Then (5.6) reduces to 


ze ret iva 


ies ibaa Imae0y 

| e7' J (bb)\dt=F eae maz 
(5.8) 
where Re (axib)>0 , a=—ibcosa. 


In particular, putting a=t,—70, b=it, we 
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have in place of (5.7) 
| AO (nir)e-"1- dn 
0 
O7Y-1 gy = 
eecl  e 
TSin yz sina 
(5.9) 


Inserting (5.9) with v=1/3 in (5.4), we have 
finally 


1/2 ain A 
F=( 8 ) sin 4(a+@) (5.10) 
3G sin @ 
where 
™%1—20=rTrcosa, a=&+im, y>0. (6.11) 


Now it is quite easy to show directly that 
the function F, as given by (5.10), has in fact 
the singularity required. For this purpose, 
let us put 


o=t—7470 . (onl) 
Then, by (5.11) we have 
w=t(1—cos w@)=2r sin? (a/2) , (6.13) 
whence 
Sin (a//2)=(@/2r)? ; (5.14) 


consequently, in the neighbourhood of r=r;, , 
0=0, i.e., o=0, we have a-(2w/r)!”. There- 
fore, as w—0 (5.10) becomes 


F-(8/3t)}” a“! sin (1/3) 071” , 
Thus it is confirmed that F has a singularity 


at t=7t,, 9=0 which is of the same nature 
as the singularity of (l—w)7!””. 


§6. Another Method of Obtaining a Funda- 
mental Solution 

We can also obtain a fundamental solution 

for compressible flow, starting from the in- 


finite series (4.5) for incompressible flow. 
Thus, we have, for g<U, 


(l—w)"12= 3) (—4,n)(—w)” 
n=0 
VE ee seu LLL iO 6.1) 
~ie AN yA  enld , 5 
° Ga 
Then we introduce 
Fazrrtreit” Hainer dn d 


(6.2 ) 


Now, we can show that* 


*) This can be proved just as (5.9) by assum- 
ing 7,<—t. The result is then extended to the 
actual case 7;>0 by analytic continuation, 
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| Ay (nirjer1- dn 
0 
_ 26-*7* sin v(r-+a) 


E ; a lhin a0). 
T Sin yx sin a 
(6.3 ) 
where T1--20=tTCcosa. (6.4 ) 


Therefore (6.2) becomes 
ae apy sin Mata) 
Be sin @ 
which is just the same as (5.10) except for 
the sign. 


§ 7. 

It is to be noted that the fundamental solu- 
tion (5.10) or (6.5) for compressible flow is 
expressed in a simple form in terms of vari- 
ables tr, a. This suggests us to introduce rt, 
@ as independent variables, in place of t, 0, 
in order to integrate the fundamental equa- 
tion (3.1). 

Thus, from 


(6.5) 


’ 


Introduction of New Variables 


T,—20=T cosa, CHS 
where @ is of course complex, we have the 


transformation formulae 


0_0 cotad 2 z 9 
Oc. Or t Oa’ 06 ctsina da’ 
(oleZ>) 
Hence (2.1) becomes 
Pinal: OM 12's oe 
ge Net Gee an Py Goedel 


1 a 
——,cot an, ake mea? 


Let us assume here 
Ko=—bc-*, (7.4) 
In our case b6=5/36, but we can deal with the 
general case of an arbitrary value of b just 
in the same way. 
It will readily be seen that (7.3) has a par- 
ticular solution 


b= A(a), 

where A(q@) has to satisfy 
A’ —(2m—1) cot a A’—{b+m(m—1)}A=0, 
(7.6 ) 


dashes denoting differentiation with respect 
to a. If, in particular, m=1/2, (7.6) reduces 
to 


b=const . 


m=const, © C7.5,) 


A’ +”r?A=0, e=4t—-—b). 


Hence A=e*!*, and consequently 


Chad) 
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Drjg=tiltetixe 
is a particular solution of (7.3). 
Now it is obvious from the original equa- 
tion (2.1) that if fis a solution, then @¢/00 is 
also a solution. Therefore, starting from ¢ 1/2, 
we can obtain a series of particular solutions 
A” /2/00 , 0 d4)2/00? ,... Accordingly, remem- 
bering (7.2), we find that 


CAS 


Oo” F Z 0 n vi . 
a eg (Neen es Se [/2ptina 
1/2 y= : Gat 
Prj-n oo” ras fe sina 0a 
=yrrl/2-n = t d \ etixa (7.9) 
sin a da 


(where n=0,1,...) are particular solutions of 
(6.3). It will be obvious that (7.9) are nothing 
other than the solutions (7.5) which correspond 
LOR — 3 I 

In our problem 5=5/36 and hence, by (7.7), 
VS 

In particular, putting ~=1, we have from 
(7.9) 


ey, 
Wy rl Tbe 


SG 
3sina ~ Wak 


It will readily be seen that the previous result 
(5.10) or (6.5) can be obtained as a linear 
combination of (7.10), as should naturally be 
expected. 


$8. General Solution of (7.3) 


It can be shown without difficulty that the 
general solution of (7.6) is given by 
A=sin™a{C,Pn™(cos @)+C,Qn™(cos a@)} , 
(8:1) 


where Py,” and Qn,” are the associated 


Legendre functions, and 
n=—t+e=—3+(4-—5))/. 
Hence, by (7.5), we find that 


Pm=c™ sin” a{CyPn™(cos @)+C.Qn™(cos a)} 
(8.3 ) 


(8.2 ) 


is a solution of (7.3). 
Now we have (Hobson [5], p. 204) 
Pre) =e-™™ x 
yc Anu) sin (2-+m)x — Q_n-1™(“#) sin (#—m)zx 
7 COS NT 


(8.4) 
Therefore we can also write (8.3) in the form 
Pm=t™ sin” a{C\Qn™(cos @) 
+ CO _nav(COS 2) oe) 
C,, C, being arbitrary. Further, it is im- 
mediately seen from Hobson [5], p. 286, that 


1954) 


Qn™(COS a) 
-(=)" (w+m)! exp [(m+Bxt+(n+})ali 
2} (n+3)! sin’? a 
x F(m+3,—m+4,n+3/2; (1—e!*)-}) , 
(8.6 ) 


Q—-n-1(COs @) 

=i 7 ) oe —1)! exp [(m+4)x—(n+3)ali 

2 74)! sin? a 
xFim+3, oa ee 
CEM) 

F(a, b,c; x) being the hypergeometric series. 
In view of the fact that each one of the 
above hypergeometric series reduces to a finite 
sum when a is a half odd integer, either 
positive or negative, the solution #», as given 
by (8.5), is then expressible in terms of ele- 
mentary functions of r and a. For example, 
we Nave, for 77—i/2. 


m+3,—n+3;(1 


Q,1/2(cos a) = (7¢/2)/2@8tt/s gina sin-!/a , 
Qo 160s a) =r 2) eee *** sin 7a... 
Substituting these into (8.5), we obtain 
Pip=r? (cee? +e,e- 1") , 


which is the same as the previous result (7.8). 


§9. Transonic Property of Fundamental 


Solutions 


Let us now show that each one of the par- 
ticular solutions obtained above can represent 
a transonic flow which contains both sub- and 


supersonic regions. 
From (2.2) we have 
CK ie hre Ye o., Co.15) 
where 
Vda § Oguthiaee. (9.2) 


R is easily seen to be an anlytic function of 
72/3, and hence, of g—1. On the other hand, 
we have from (8.5) 


gh DA fel Breet ala sin” af{CQn™(cos Qa) 
4+C.Q_n1™cos a)}. (9.3) 
Now we have for |“|>1 (Hobson [5], p. 195) 


emt (—4)!(+m)!,., Bes 
m 25) y2—] m/2 yy (m+m+1) 
Qn) Qn+1 CoE (u ) 
(ntmt2 ntm+1 ed =) 
<F( 9 ; 9 5 Ar gta) 


(9.4 ) 


But, putting “=cosa, we have, in virtue of 
CHD); 
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IPSs aaa “(ay 


sin? @=1—W2 = 77? —(c, 
Hence (9.3) can be rewritten as 


ae he) 


Mm 


= Cy/7 + 9/8 (52 — (cy) —79)2})"(e — 29) med) 
Ee ae Aas ae 3 a ) 
2 2° (t—76)? 
+Cy/r- "V9 (¢2 (x, — 49)? "(e100)" ™ 


aes tiation ge y 


Qe Vitae? Wig aeearay 


Ci’, C,’ being certain arbitrary constants re- 
lated to C, and C,. In our case n=—1/6, so 
that 7"*5/6— 72/3, --"-1/6—]_ Therefore t1/°hm 
and hence ¥, as given by (9.1), is analytic as 
a function of 7?/* near r=0, that is, of q—1l 
near q=l. Thus ¥ represents transonic flow 
such that the subsonic region is smoothly 
continued to the supersonic region. 


§ 10. Nature of Sigularity of Fundamental 
Solutions 
Next we shall study the nature of the sin- 
gularity possessed by the particular solutions 
(8.5). 
According to Hobson [5], p. 205, we have 


Qn M=C[H—-D/et+ Dr? 

xF(—n, n+1, 14+m; 40—7)) 

+O[(4— Det)” 
xF(—n, n+1, l—m; 30—2)), 
(10.1) 
C,, C, being certain constants. It will be 
obvious that Q_, 1” has quite a similar ex- 
pression as above. 
Putting “=cos@ and remembering (5.14) 

we get 


401 —p)=sin? 4a@=0/2t,  @=t— T1108, 


—(u—1)/(#4+1) Stan? 4a=a0/Q2r—o@) . 
Hence (8.5) can be expressed in the form 


m= Awo"F(—n, n+1, 1+m; w/2r) 

+ B(2c—w)"F(—n, n+1, 1—m; w/2t) , 

(10.2) 
A, B being certain constants. (10.2) shows 
clearly that ¢m has, at o=0 or w=2r, a zero 
of order m, which is a branch point if s is 
not an integer. In the subsonic case tc is real 
and positive, so that, according as t is posi- 
tive or negative, either o=0 or w=2r can take 
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place corresponding to (t=11, 0=0) or (t=—7,, 
0=0) respectively. Thus it may naturally be 
expected that » will play, in the theory of 
compressible flow, a role similar to that 
(l1—w)” plays in the theory of incompressible 
flow. 

In the supersonic case, however, t is purely 
imaginary, and hence w=0 and w=2r cor- 
respond to 


lc] +0=0 jcr|=e@=0, (10.3) 


respectively, t: being necessarily zero in both 
cases. Thus, in the supersonic case, the singu- 
larity (with t;=0) is not isolated as in the 
subsonic case, but, so to speak, it extends 
over a particular pair of characteristic curves 
passing through the origin (r=0, 6=0), 1.e. 


and 
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respondence exists between the domain 7>0, 
—o<f<co and the domain 


—7/2<€<x/2, >0 if 
or 
mecE<3n/2, 950 if re 


Eliminating y or & from (11.2) we get re- 
spectively 


n>0, (11.3) 


(11.5) 
(11.6) 


Thus £=const are a system of confocal el- 
lipses with foci at (t1, 0), (—t, 0) and 7=const 
are a system of confocal hyperbolas with the 
same foci. 

Next we consider the supersonic case g>c. 
Then we have to put t=7-*|r], so that 


t cosh y= |r|sinh (y—(3/2)z2) , 


zt? cos? E+ & cot? E=7;” , 


t? cosh? 7—@ coth? 7=T,? . 


OG bs 
10 , ! aay SNe c sinh y= |r|cosh (7—(3/2)n7Z) . 
: Sl le PP LSLES, Of 92-77 Mee Accordingly, if we formally make 
Bes Oe \ of, the transformations 
é aa roi-8|e|, g->9-+(3/2)nid,, (11.7) 
4 <2 the relations (11.2) will be expressed 
Ook; in terms of the real variables €, 7 as 
; og | ; |c|=7, sec E cosech7 , 
0 ef=| 1-0 é=7,tanEcothy. (11.8) 
‘ : The domain of the variables £,7 
oz ee é are again given by (11.3) or (11.4) 
a6 ‘ é according as t,>>0 or 7,<0. 
We. Eliminating 7 or & from (11.8) we 
2G ; get respectively 
/ 
3 |c|?2 cos? E—@ cot? E=—7,”, (11.9) 
|c |]? sinh? y»—@ tanh? y=r,?. (11.10) 
sy UE as ga esse ae a Thus €=const and 7=const are both 
a Pee : systems of hyperbolas. 
no evn Inear coordinates (¢,7) in the Fig. 2 shows the curvilinear net 


|c|:0=0, which may suitably be called branch 
lines. 


§11. Curvilinear Coordinates (£,7) 


Let us consider the curvilinear coordinates 
(E,7”) given by (5.11): 


™%—l0=TCOSsa , a=E+iy7. (11.1) 


In the subsonic case g<c, t is real and 
positive. Hence, separating real and imagi- 
nary parts of (11.1), we get 


T=T sec & sech7 , #=7, tan &€ tanhy . 
(alisiee23) 


It may readily be seen that one-to-one cor- 


&€=const, 7=const as given by (11.5), 
1.6) (TAS), “and (tO) 

Finally it should be remarked that, when 
considering the supersonic case, a=&+72y 
should be replaced by a—(3/2)z in the expres- 
sion for # in accordance with the formal 
transformations (11.7). 


§ 12. Flow Represented by ¢;,. Flow in a 


Channel 


Let us consider the flow pattern represented 
by the particular solution ¢,/,. By (7.8) we 


have 
Dig t pKa ; 


esis ae) 
Putting a=E+7y and separating real and 


1954) 


imaginary parts, we obtain 
Dip=tet cos cE, tV2e**1 sin KE . 
(12.2) 
Further, forming linear combinations, we may 
also find that 


Jij,=t?(A cos eE+B sin r€) 

x (C cosh «7+ Dsinh «7) @2:3) 
is a solution, where A, B, C, D are arbitrary 
constants. 

In particular, taking B=C=0 and remember- 
ing (9.2), we have 


VY /2=Rz/3 cos cE sinh xy . (12.4) 
It can readily be seen that (12.4) represents 
a flow in a channel (two-dimensional Laval 
nozzle) which is symmetrical with respect to 
both x- and y-axes. For, remembering (11.2) 
and (11.8), we can easily find that the stream 
lines ¥=const in the 76-plane are such as 
shown in Fig. 3. Hence the physical plane 
should be as shown in Fig. 4. 
Similarly we may also find that 
¥ =Rr'/3(A cos e+ Bsin r&) 

x(Ccosh «7+Dsinh «y) (12.5) 
represents the flow in a channel which is in 
general unsymmetrical with respect to both 
z- and y-axes. But, if B=0, the channel is 
symmetrical with respect to the y-axis; and 
if C=0, it is symmetrical with respect to the 
x-axis. 

The expression (12.5) is appropriate to the 
subsonic case. For the supersonic case we 
should make the substitution: 
E—>€, y-7+(3/2)zz and hence 


Y=R\|r|'/4(A cos cE+B sin r&) 
x(C sinh «y7+Dcosh cy) (12.6) 


is the analytic continuation of (12.5). It should 
be remembered that (&, 7) in (12.5) are related 
to (t,@) by (11.2) while those in (12.6) by 
(11.8). 

Finally it may be added that some numeri- 
cal calculations have been carried out in the 
case of symmetrical channels in collaboration 
with H. Hasimoto. Also it has been found 
that in the case of r,=0 the analysis can be 
simplified considerably and some informations 
can be obtained concerning the transition from 
symmetrical to unsymmetrical flow patterns 
in a Laval nozzle with increasing Mach num- 
ber. These will be reported in a forthcoming 
paper*. 
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Fig. 3. Flow in a channel. Flow pattern in the 
7é-plane. 


ee 
i 


| 


Fig. 4. Flow in achannel. Fow pattern in the 


physical plane. 


$13. Flow Represented by ¢-1;,. Flow 


around a Lenticular-Shaped Body 


Putting 2z=—1/2 in (8.6) and (8.7) we have 
respectively 

Q,,7!(cos OES Cc VANE eB rahe dh 8 sin7!?a ; 
Qe nan (COS @) 

(gr) 2a teeth eae sin7!2a@ A 

Substituting these in (8.5) we have 
@321) 
which is nothing other than the already obtain- 
ed result (7.10). 

Putting a=&+7zy in (13.1) and separating 
real and imaginary parts we get 


coe D-H eGFor sin (ltKE 
+e" G#«)7 sin (1Fx)&} , 


Parp=t7 et **/sin a , 


Pan cP D-H eG*o” cos (LeK)E 
—e~ G+" cos (LF x)E} , 
(13.2) 
where D=cosh 2y7—cos 2& . ise) 


* Tomotika and Tamada [13] have studied the 
transition from symmetrical (Taylor’s type) to 
unsymmetrical (Meyer’s type) flow pattern in an 
unsymmetrical Laval nozzle. It will be seen that 
this type of flow corresponds to a particular 
selection of values of A, B, C, D in (12.5). 
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Forming a linear combination of (13.2), we 
have 
ey —r-1/2J)-1 > 
x[C(sin «,€ cosh «.4-+sin #2& cosh £7) 
+C,(sin «& cosh c7—sin K€ sinh £7) 
+C;3(cos & cosh 27—COS KE cosh 1%) 
+C,(cos € sinh co9-++C0S 2€ sinh 4%) , 


(q=l+ke, (13.4) 


C,, C,, C3, CG, being arbitrary constants. 
The term with the coefficient C; in (13.4) is 
even with respect to € and odd with respect 


k,=1—x«) , 


toy: Therefore $_1, with C=C,=C,=0 will 
0 
T (cl 
Fig. 5. Flow around a lenticular-shaped body. 


Flow pattern in the 70-plane. 


Fig. 6. Flow around a lenticular-shaped body. 
Flow pattern in the physical plane. 


represent a flow symmetrical with respect to 
both z- and y-axes. Then combining with 
Vij. given by (12.4), we have 


Y= Rr'/*[cos cE sinh «7 
— Ar 'D-1{cos (1+ «)& sinh 1—«)y 
+cos (l—«)& sinh (1+ «)7}], (13.5) 
or 
¥ =R\|t|'/[cos cE cosh «7 
+A|rc|~1D,-{cos (1+«)& sinh (l—«)y 
—cos (l—«)& sinh (1+«)y}], (13.6) 
corresponding to the subsonic or supersonic 
case respectively. Here A is an arbitrary 
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constant and 
D,=cosh 24+ cos 2& . @sen) 


The stream function ¥ given by (13.5) and 
(13.6) represents in the modified hodograph 
plane (r,@) such flow patterns as shown in 
Fig. 5, and thus in the physical plane a flow 
past a lenticular-shaped body with double 
symmetry as shown in Fig. 6. The results 
of numerical calculation will be reported in a 
forthcoming paper. 

Further, it may be added that the flow past 
unsymmetrical lenticular bodies would be ob- 
tained by taking a linear combination of #_1/2 
and ¢/, as given by (13.4) and (12.3) respec- 
tively. 
$14. Discussions of the Assumption: 

k=—(5/36)r-? 

We have adopted in this paper the simplify- 
ing assumption 

k= —(5/36)r-? . (14.1) 
We shall now consider the accuracy of the 
assumption. 


In a recent paper von Mises and Schiffer [11] 
have studied in detail the physical relations 
corresponding to the assumption 

k=—pbe=*; (14.2) 
so that it will be sufficient here to give some 
additional discussions of the physical behaviour 
of the hypothetical gas. 

From (2.5) and (14.2), we have 


PKU b 


4 Kis=( , (14.3) 
hig (se 
which on integration gives 
Ka 712(Ark+Br-), c=4—-b, (14.4) 


where A and B are arbitrary constants. 
(14.4) can also be written in the form 


KU = peyt(c* + eo7-*)? , (14.5) 
c, and c, being arbitrary constants. 
From (2.3) and (2.4) we have 
dt =— K1?(0/00)q-1dq . (14.6) 


But, from the Bernoulli equation, we have 


dp=—oqdq , (14.7) 
whence 
oie dp 22 Wess dq ( 
Cc 7, 0g Gen (14.8) 


Combining this with (2.4), we obtain 


1954) 


dq 


OE 
qa e[K(0/p0)? —1] ’ 
which, in conjunction with (14.6), gives 
0/00) =|K-1—(0/0))?]K'?dr . (14.10) 


Remembering (14.5), we can integrate (14.10) 
in the form 


(14.9) 


c= fa(Clpticuyts)e (14.11) 
where c; is an arbitrary constant of integration 
and f; is a certain definite function. Substi- 
tuting from (14.5) and (14.11) in (14.9) and 
integrating, we obtain 


Q=Csf o(C10; C2, C3) , (14.12) 
where c, is an arbitrary constant and f, is a 


definite function. Furthere, from (14.7), we 
shall find 

P=Cs5tC,"1¢2 f3(C10; €2,€3), (14.13) 
cs being another arbitrary constant and f; a 
definite function. 

Thus the p-p relation of the hypothetical 
gas has 7 parameters r, 0, C1,-.-, €;, which 
may be so chosen as to obtain good agreement 
with the real gas. (In our determination 
«=1/3, and 6 parameters remain to be chosen 
appropriately.) 

Now, von Karman-Tsien’s hypothetical gas 
corresponds to the assumption AK=1, so that 
(eC — le) ee ISE 4 e pAabamMeLenrs 
remain to be determined. Our hypothetical 
gas («=1/3) has, therefore, two more degrees 
of freedom than von Karman-Tsien’s gas, and 
thus it would be expected to afford better 
agreement with the real gas. 

Up to this point the discussion on the merit 
of our hypothetical gas is quite similar to the 
discussion given by von Mises and Schiffer 
[11]. But, the present author believes that 
the essential advantage of our method should 
be found in the following procedure. Thus, 
in actual calculations, we should not use the 
hypothetical gas relations K(p), t(e), ge), Pw) 
as given by (14.5), (14.11), (14.12), (14.13), but 
instead always use the real gas relations such 
as given by (2.6), (2.7) and (2.8). Accordingly, 
approximation lies only in using approximate 
functional form for the stream function ¥, 
e.g. K-'/471/2Z, /3(mic)e"® in place of 


Q"F (an, bn, n+1; G?/2Bco*)e”"® , 
where B=(r—1)7} 
Any bn =3(n— BYALA +28)7 +B}? ], 
while keeping to the exact values for the 


and 
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argument t(q). Such a prescription is indeed 
familiar in the usual application of the WKB 
method. 

In the previous paper [7] we have calculated 
several cases of subsonic flow past obstacles 
by employing the approximation k(r)=0, with 
the same prescription as above, and obtained 
remarkably good results. This fact may be 
considered to show that our prescription is 
founded on a sound basis. 


§ 15. Comparison with the Usual Transonic 
Approximation 


It is well known that the hodograph equa- 
tion can be written in the form 


Ov ow 
ar on OF GSD) 
where 
=|? sas (15.2) 
Po @ 


and K is given by (2.4). In the neighbour- 
hood of g=1, K can be approximated by 
K=—bt , (5:3) 
neglecting second and higher powers of f. 
Here 6=—(dK/dt),-); and, in particular, for 
the adiabatic flow we have 
b=(r+1)(00/0%)?=(r +) Rt) VOY , 
(15.4) 
0, being the density pertaining to the critical 
state g=q,(=1). Usual transonic approxima- 
tion (as well as Tomotika and Tamada’s as- 
sumption) consists in adopting (15.3) as a 
substitute for (2.4); thus (15.1) reduces to the 
Tricomi equation 
OY [072 —70°¥ /0P?=0 , 
with PALL TE, 
In the usual transonic approximation (15.2) 
is further approximated by 


(15:5) 


t=(0x/00)(@/a@x—1) , (15.6) 
so that 
= (r +1)? (00/0n¢ = +1) 4(Q—G4)/Ox » 
(15.7) 


and 7 immediately represents the magnitude 
of velocity on a suitable scale [4]. 
Now we have [6] 


dt=—K'"dt “ (15.8) 
whence, by (15.3), 
c= (2/3)b'(—2)3” , (15.9) 


so that 
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K =(3/2)?/3-4/%22/8 (15.10) 


Inserting this into (2.5), we have finally 
k= 36/3605; (15,12) 


which is nothing but the assumption forming 
the basis of our method. Accordingly, the 
assumption (15.3), on which the usual tran- 
sonic approximation is based, is found to be 
more restrictive than our assumption (15.11). 
This may also be seen from the fact that 
(15.10) is a special case of (14.5) such that 
C.=0. Further, it may be interesting to note 
that we have only to put r=(2/3)b/?(—2)¥/? in 
our various formulae in order to obtain the 
corresponding formulae for the usual transonic 
approximation. 

Moreover, it should be emphasized that the 
usual transonic approximation is only appli- 
cable to the flow in which the fluid velocity 
is everwhere not very different from the 
critical velocity q=q,(=1). It might seem 
at first sight that our approximation method 
would also suffer from this restriction, in view 
of the very similar appearance of the various 
formulae to those of the above-mentioned ap- 
proximation. But this is not the case; indeed 
our adoption of the WKB variables enables 
us to widen the region of applicability so as 
to cover the region near the stagnation point 
as well. This will be made plausible by refer- 
ring to Fig. 1, where the hypothetical k-rc 
relation is compared with the real adiabatic 
gas relation.* 

On the other hand, it is easy to show that 
the basic equation (3.1) can be reduced to the 
Tricomi equation (15.5), by putting 


p=nly , T=(2/3\ 7) > 70542) 


Consequently, if a specific problem is already 
solved in the usual transonic approximation 
(in which 7 is defined by (15.7)), we can im- 
mediately obtain the solution in the WKB 
approximation proposed in this paper by the 
substitution (15.12) ; the velocity g in the final 
result is, of course, to be calculated from t+ 
by means of the relation (2.3). 

As a concluding remark, it may be sug- 
gested that the existing results of the usual 
transonic-approximation theory based on the 
Tricomi equation would be materially im- 
proved by reconsidering them from the view- 
point of the WKB method. 
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* Another justification of our approximation 
method may be obtained by considering the 
nature of the WKB method. It is concerned with 
the ordinary second-order differential equation 

d?y/da?+h?P(x)y=0 , (1) 
where P(x) has a zero at x«=0 such that 
P(@)=aye+aou?+---, a0. (2) 
a solution is asymptotically given, for k>o, 
yi 
y= P-W/421/2Z, 73(kz) ) (8) 


where z=| P/dx and 4/3 is the Bessel function 


of the order 1/8. (See, e.g. I. Imai: Phys. Rev. 
74 (1948) 113.) 

If P(x) were approximated by P(x)=a,e@ as in 
the transonic approximation, the solution would 
be given by 

Y =UV?Zy 33,2. 23/2) , (4) 
which furnishes a very good approximation to 
the exact solution near «=0, but for moderate 
values of w, the approximation is less accurate. 
On the other hand, the solution (3) reduces to (4) 
near «=0 and moreover 

y = P-1/4( Aetkz + Be-*k2) (5) 
for P(x)+-0, by means of the asymptotic expansion 
of the Bessel function. (5) is nothing other than 
the well-known formula of the usual WKB 
approximation. Thus (8) represents a very good 
approximation for all values of «, in spite of its 
resemblance to (4). 
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Absorption of Ultrasonic Waves in Organic Liquids (II) 


Liquids with Negative Temperature Coefficient of Sound Absorption 


(a) Glycols, Cyclohexanol and Cresol* 


By Tadashi KISHIMOTO and Otohiko Nomoto 
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Ultrasonic absorption coefficients (at about 8 Mc/sec) were determined 
by the pulse technique in glycols, cyclohexanol and m-cresol in 
dependence of the temperature. Also the ultrasonic velocity (at 1.43 
Mc/sec) in these liquids was determined by the ultrasonic interferometry. 
The experimental absorption coefficient cexp in these liquids decreased 
with increasing temperature quite in a similar manner as the classical 
sound absorption due to viscosity ayis. In most of the liquids investigated, 
however, exp was higher than «ayis, and the excess absorption was 
attributed to the bulk viscosity due to the hydrogen bond association in 
these liquids. The ratio cexp/ayis was nearly independent of the tem- 
perature for all these liquids, the mean values of this ratio being given 
by: ethylene glycol 4.88 ; diethylene glycol 2.23 ; triethylene glycol 0.98 ; 
polyethylene glycol 0.89; propylene glycol 1.46; cyclohexanol 1.14; and 
m-cresol 1.32. The low value of this ratio for polyethylene glycol is 
considered to be due to the experimental errors, especially those of the 
determination of the static viscosity. The activation energyies of the 
shear and the bulk viscosity were determined from the temperature 
dependence of the shear viscosity, and that of the bulk viscosity, the 
latter being calculated from the excess absorption. The two activation 
energies are nearly the same for the same liquid, being of the order 
of 8~10kcal/mole for most of the liquids here investigated, though 
slightly lower for ethylene glycol and much higher for m-cresol. The 
molecular sound absorption, if present, is small, and presumably less 
than @moi/v?=30~60 10-7 (amoi=absorption coefficient due to this 


mechanism, v=frequency) for most of the liquids investigated. 


Also 


ultrasonic absorption (at 24 Mc/sec) in water was determined and was 
found to be in good agreement with the existing results. 


§1. Introduction 


In the first part of this research” we re- 
ported of the measurements of the ultrasonic 
absorption in 12 organic liquids. All these 
liquids proved to have positive temperature 
coefficients of sound absorption, the absorption 
coefficients being far greater than the classical 
theoretical values, and it was concluded that 
the chief mechanism of sound absorption in 
these liquids are the molecular absorption. 
In this second part, we will report of the re- 
sults of the measurements of ultrasonic ab- 
sorption in some other liquids, which proved 


to have negative temperature coefficients of . 


sound absorption. 

As was noticed in the first part of this 
paper, most of the organic liquids have been 
considered hitherto as liquids with the mo- 


lecular sound absorption as the chief mecha- 
nism of sound absorption, when the sound 
absorption in these liquids are higher than 
the classical theoretical values. This, how- 
ever, requires a close reexamination, especially 
when the temperature coefficient of sound 
absorption is negative. 

It is known that the sound absorption in 
monoatomic liquids Hg, liquid Ar, and liquid 
He I (except in the very neighbourhood of 
the A-transition point) can be accounted for 
by the classical absorption mechanism due to 
viscosity and heat conduction. Highly viscous 
liquids as castor oil) and glycerine at low 
temperatures®~® exhibit relaxation phenome- 


* The text in Japanese of this paper will be 
published in “ Bulletin of the Kobayasi Institute 
of Physical Research, Vol. 4 (1954)”. 
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non of viscosity, the “frequency independent 
absorption ” a/v? decreasing with increase in 
frequency and exhibiting lower values than 
the classical theoretical values. Here a means 
the absorption coefficient and vy the frequency. 
(The glycerine at ordinary temperature ex- 
hibits higher absorption than the classical 
viscosity absorption due to the existence of 
the bulk viscosity). 

Associated liquids as water ?-!% and alco- 
hols!®-!5) on the other hand, have sound ab- 
sorption coefficients 1.5~3 times the viscosity 
absorption, the excess part being attributed 
to the bulk viscosity due to the formation of 
associated molecules by the hydrogen bonds. 
These liquids have negative temperature coef- 
ficients of sound absorption and the tempera- 
ture dependence is nearly the same as in the 
case of the classical absorption due to visco- 
sity. This indicates that the activation energy 
for shear motion of the liquid is nearly the 
same with the activation energy for compres- 
sion, because both the shear motion and the 
compression requires the breaking of hydrogen 
bonds. 

The ultrasonic absorption in most of the 
other liquids have hitherto been attributed to 
the molecular absorption. 

The classification of the liquids into four 
classes according to the ultrasonic absorption, 
i.e., the normal liquids (monoatomic liquids), 
normal liquids with relaxation phenomenon 
of viscosity (highly viscous liquids), abnormal 
liquids with bulk viscosity (water and alcohols), 
and abnormal liquids with molecular absorp- 
tion (non-associated organic liquids) have pro- 
posed by Pinkerton! (cf. also Verma!™ and 
Herzfeld for other classifications). This how- 
ever, is only schematical. There may exist 
some intermediate or combined cases as well, 
in which two or more mechanisms cooperate 
in nearly the same weights. Moreover, there 
are presumably not a small number of liquids 
with comparatively low values of ultrasonic 
absorption which are erroneously considered 
to be the liquids with the molecular absorption 
as the chief absorption mechanism. 

It is the purpose of this paper and the next 
paper to elucidate the mechanism of sound 
absorption in some of the liquids which ex- 
hibited negative temperature coefficients of 
sound absorption. We treat glycols, cyclo- 
hexanol and m-cresol in this paper, and some 
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other liquids in the following paper (part III). 


§ 2. Experimentals 


Measurements of ultrasonic absorption and 
velocity were performed in water, some gly- 
cols (ethylene glycol, diethylene glycol, tri- 
ethylene glycol, polyethylene glycol, propylene 
glycol), and two phenol derivatives (cyclo- 
hexanol and m-cresol). The absorption coef- 
ficients were obtained by the pulse technique 
and the method was the same as was employed 
in the first part of this paper. The frequency 
was selected between 1 and 30 Mc/sec accord- 
ing to the values of the absorption coefficients 
(mainly about 8 Mc/sec). The frequency de- 
pendence of sound absorption in each sub- 
stance, however, was not determined. 

The sound velocity was determined mainly 
in the purpose of utilizing it in the calculation 
of the classical absorption coefficient due to 
viscosity. As any detectable dispersion was 
not to be expected in this frequency range, 
the measurement was performed only at one 
frequency (1.43 Mc/sec). An ultrasonic inter- 
ferometer with a micrometer screw of 1/1000 
mm in accuracy was employed for this pur- 
pose. The accuracy of the velocity measure- 
ments, however, was rather small and the 
probable error was presumably of the order 
of 0.2%, though this accuracy is sufficient 
enough for our purpose. 

Also the values of y/o are necessary in 
calculating the absorption due to viscosity, 
where 7 means the viscosity coefficient and 
o the density. This was determined by em- 
ploying Ostwald’s viscosimeters in a water- 
bath thermostat. 

Sample liquids were prepared from com- 
mercial pure liquids by fractional distillation 
under addition of suitable desiccation agents. 
The samples of ethylene glycol and diethylene 
glycol, however, were not distilled. 


§3. Ultrasonic Velocity 


Fig. 1 shows the ultrasonic velocity at 1.43 
Mc/sec in the sampie liquids here investigated 
(except water) as functions of temperature. 
The accuracy of the smooth curves is of the 
order of 2m/sec, though some of the indi- 
vidual measurements are more scattered. 
Ultrasonic velocities obtained by some other 
authors’*)~1®) are-also indicated in the figure. 
Some of these data are rather scattered, but 
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the velocity data by Weissler e¢ al. on gly- 
cols are in excellent agreement with our 
measurements. 


§ 4. Ultrasonic Absorption 


Now the sound absorption due to viscosity 
is given by 
2 7 1 
3 0 V31+a2r2’ 
were w means the circular frequency (=2z»y; 
vy the frequency), V the sound velocity in the 
liquid, o and 7 the density and the viscosity 
of the liquid respectively, and cr the relaxation 
time. As we have <1 for the liquids here 
investigated and in the frequency range of 
our experiment—1l1~30 Mc/sec, the relaxation 
time being given by t=7/G, where G means 
the rigidity modulus of the liquid, we have 


on (1) 


Avis= 


eye SUE 
Avis se. 3 V3’ (29) 
as the classical sound absorption. The sound 


absorption due to thermal conductivity is 
neglibly small in liquids’! except in mercury 
and the molten metals. Classical absorption 
in each liquid was computed by this formula 
by employing the measured values of 7/p and 
that of V, given in Fig. 1. 

Sound absorption decreased with increasing 
temperature in all the liquids here investigated 
in a similar manner as in the case of classical 
absorption due to viscosity (a@yis). The ex- 
perimental absorption coefficient (@exp) was 
higher than ayis in many of the liquids, but 
the ratio 
Ca 


was nearly independent of the temperature. 

From the temperature dependence of ultra- 
sonic absorption it was concluded that the 
liquids here investigated, i.e., glycols, cyclo- 
hexanol and #-cresol belong to that type of 
liquids in which the sound absorption is mainly 
due to the shear viscosity and the bulk visco- 
sity, aS water and alcohols, but in which the 
molecular absorption is negligible. The ultra- 
sonic absorption in ethylene glycol can be 
accounted for by the classical viscosity ab- 
sorption only. 


(i) Water (H.O) 


T= Qexp/ Avis ) 


There are some precise measurements on _ 


the temperature dependence of ultrasonic ab- 
sorption in distilled water already (cf. Pinker- 
ton, Smith and Beyer®, Fox and Rock”, 
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Fig. 1. Temperature dependence of ultrasonic 
velocity in glycols, cyclohexanol and m-cresol 
(1.43 Mc/sec). 
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Fig. 2. Temperature dependence of ultrasonic 
absorption in water. 


etc.) We performed the absorption measure- 
ments in distilled water in order to test the 
accuracy of our measuring equipments. Fig. 
2 gives the ultrasonic absorption coefficient 
(at 24 Mc/sec) in distilled water as function 
of temperature. It is in good agreement with 
the former precise results. As the theoretical 
interpretation of sound absorption in water 
has been discussed in detail already (cf. Hall!”), 
we reproduce only the experimental result 
here. 


(ii) Ethylene glycol (HO-CH.-CH.-OH, Mo- 
lecular weight M=62.05) 

Fig. 3 shows the ultrasonic absorption in 
ethylene glycol as function of temperature. 
The curve in dotted line in the figure shows 
the classical absorption. It is to be seen that 


1024 T. KISHIMOTO and O. Nomoto (Vol. 9, 


ethylene glycol 
600 |- -———|— | 
x10"! | 
Ole Pe Fs 
p00) — 
fe 
400|— 
c0G ess 
; ; : 
POO aS eae 
i Eaastoad node = ot 
SS 
Sxl Aig/2 
eat ae ea oe 
Vie et | 
LE pre epee . ie 
oO 10 20 30°C 
= 5 S06 ASSET SEG Fig. 4. Temperature dependence of ultrasonic 


absorption in diethylene glycol. 
Fig. 3. Temperature dependence of ultrasonic 
absorption in ethylene glycol. 


Table I. Ultrasonic velocity and absorption in ethylene glycol as functions of temperature. 


f sen teipense! ii as x 1017 ——s x 1017 pak 
Xe gr/cm3 m/sec ve ve ip 
10 26.8 1693 145.2 
15 20.8 1682 550 114.9 4.78 
20 16.7 1671 460 On 4.88 
25 Se7. 1660 386 78.7 4.90 
30 pe? 1646 325 66.0 4.91 
35 9.3 1630 283 Daa 5.00 


mean 4.88 


Table HU. Ultrasonic velocity and absorption in diethylene glycol as functions of temperature. 


: Bs, Mh See on we 08 sh 
16 gr/cms m/sec zl My ap 
5 1050 

10 52 1618 725 By Aes if 2.24 
15 35.4 1610 520 230.0 2°26 
20 28.0 1598 400 180.4 2.23 
25 22,4 1583 325 143.0 PEAS 
30 17.8 1567 275 12156 Zee 
35 14.8 1551 237 104.2 2.24 


mean 2.23 


the total absorption is about 5 times greater 
than the classical absorption due to viscosity, 
but their ratio is almost independent of the 
temperature. Table I gives the values of 
4/0, V, exp, Gyis, and the ratio r=a@exp/avis 
at various temperatures. 

It is reasonable to suppose that the differ- 
ence between the observed and the classical 
absorption is due to bulk viscosity, i.e., 


Qexp=Qclass + @bulk vis=@vistQ@bulk vis ; 
(4) 
because the temperature dependence of @pulk vis 
must be nearly the same with that of ayis 
also from theoretical point of view, as is to 
be discussed later. Also the OH-groups con- 
tained in the molecules of this liquid suggest 
the formation of hydrogen bonds between 
neighbouring molecules (i.e., association), 
which may account for the mechanism of 
bulk viscosity of this liquid. The absorption 
due to bulk viscosity is given theoretically by 
Lise 
Ae Oh ce 


where « means the bulk viscosity. 


27? 


@pulk vis >= 


(iii) Diethylene glycol 
(HO-CH,-CH,-O-CH.-CH,-OH, M=106.08) 

Fig. 4 shows the observed and the classical 
ultrasonic absorption coefficients (at about 8 
Mc/sec) in diethylene glycol in dependence of 
temperature and Table II shows the values of 
nylo, V, @exp, vis, and their ration 7 at vari- 
ous temperatures. The observed absorption 
is greater than the classical theoretical value 
by a factor of about 2.25 and this factor is 
independent of temperature within the ac- 
curacy of measurements. 

Also this liquid is to be supposed to exhibit 
bulk viscosity by the OH-groups as in the 
case of ethylene glycol. The excess absorp- 
tion due to bulk viscosity, however, is smaller 


Table II. 
t 7/0 V 
centi-poise/ 
RG gr/cm? m/sec 
5 
10 126 1655 
15 95 1641 
20 71 1627 
25 Do) 1611 
30 44 1594 
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than in the case of ethylene glycol by a factor 
of about 2/3, while the absorption due to shear 
viscosity is twice as large as in the case of 
ethylene glycol. This, presumably, is due to 
the greater size of the molecule of diethylene 
glycol as compared to the ethylene glycol. 


(iv) Triethylene glycol 
(HO-CH,-CH,-O-CH,-CH,-O-CH,-CH,.-OH, 
M= 150.11) 

Fig. 5, curves a, soow the observed and 
the classical sound absorptions (8 Mc/sec) in 
this liquid in dependence of temperature and 
Table III shows the data of y/o, V, dexp/v?, 
Qyis/v?, and their ratio 7 at various tempera- 
tures. The observed absorption is nearly the 
same with the viscosity absorption except at 
low temperatures, where @exp becomes some- 
what higher than ayis. 


1500 
x10” 
/ b 
O/, 
¥ polyethylene glycol 
1000 > 
500}— 
a 
triethylene glycol 
(@) < ” 
19) 10 20 30 40 °C 
Fig. 5. Temperature dependence of ultrasonic 


absorption in triethylene glycol (curves a) and 
polyethylene glycol (curves b). 


(v) Polyethylene glycol 

Fig. 5, curves 6, show the observed and the 
classical absorption (8 Mc/sec) in this liquid 
in dependence of temperature, and Table IV 


SeEP_ 1017 a oe 
vy? v2 nO 
1300 
760 730.8 1.04 
530 565.2 0.94 
405 433.4 0.935 
325 345.8 0.945 
295 285.6 1.035 


mean 
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Table IV. Ultrasonic velocity and absorption in polyethylene glycol as functions of 


temperature (8.00 Mc/sec). 


7/0 


ratio 


centi-poise / " ii Te x 1017 
XG gr/cm3 m/sec 2 x r 
15 230 1625 1350 1409 OEI5 
20 160 1608 950 1011 0.94 
25 124 1590 (fs) 810.9 0.90 
30 oe) 1571 570, Ons 0.85 
35 78 SSS 450 547.4 0.83 


mean (0.89 


Table V. Ultrasonic velocity and absorption in propylene glycol as functions of temperature. 


7/0 


V 


ratio 


centi-poise / OEP 40 “318s enone 

rG gr/cm?3 m/sec MP r 

10 2000 

15 WL 1537 1420 919.8 1.54 

20 ol 1523 1060 677.2 R50 

25 68 1509 800 520.3 1.54 

30 By 1496 570 408.3 1.40 

35 40 1483 435 322.4 oo 

40 oe 1470 310 264.8 136 
mean 1.46 


1000 


5 O 


Fig. 6. Temperature dependence of ultrasonic 
absorption in propylene glycol. 
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30 


40 


shows the values of y/o, V, Qexp/v?, avis/v?, 
and their ratio 7 at various temperatures. The 
observed absorption is somewhat lower than 
the viscosity absorption in this case. This, 
however, may presumably be due to experi- 
mental errors, because the relaxation of shear 
viscosity after Eq. (1) is not to be expected 
at this frequency considering the observed 
values of the static viscosity. The experi- 
mental errors are to be introduced not only 
in the measurements of @exp, but more pro- 
bably in the measurements of 7/0 by the 
Ostwald’s viscosimeters. We have noticed 
that our velosity data for ethylene glycols are 
in good agreement with those obtained by 
Weissler, Fitzgerald, and Resnick! . This 
may indicate the accuracy of the velocity 
measurements as well as the purities of the 
sample liquids. The viscosity data, on the 
other hand, are not in good agreement with 
those of Weissler ef al. Also the table values 
(International Critical Tables, etc.) are not in 
agreement neither with our measurements 
nor with those of Weissler e¢ ai. This indi- 
cates the uncertainty of viscosity measure- 
ments as compared with the measurements 
of ultrasonic absorption. Therefore, we may 
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suppose the calculated values of ayis more 
uncertain than the observed values of @exp. 
(vi) Propylene glycol (CH,-CHOH-CH.OH, 
M=76.06) 

The ultrasonic absorption in propylene glycol 


is represented in Fig. 6 and Table V. The 
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ratio 7=a-xp/ay 5 decreases with increasing 
temperature slightly. The values of @exp and 
a@yis are higher, but that of the ratio 7 is 
lower, than are to be expected from the mo- 
lecular weight only. This is presumably due 
to the difference in molecular structure. 


Table VI. Ultrasonic velocity and absorption in cyclohexanol as functions of temperature. 


t 7/0 V , ratio 
centi-poise | eo SEE Ait 

AC gr/cm m/sec Me es r 

10 128 1518.0 1140 962 1.18 

15) 97 1502.5 870 752 1.16 

20 Wiles 1483.0 670 576 ILI) 

25 54.0 1462.0 515 454 1.13 

30 415 1440.0 410 365 ih, WZ 

35 3225 1417.0 335 300 Li 

mean 1.14 
(vii) Cyelohexanol ((CH.);COH, M=100.09) eu at. Phy 5, 2 iy 
Fig. 7 shows the observed and the classical x10” 
: : ‘ 8 | cyclohexanol 
sound absorption (at ca. 8.6 Mc/sec) in this of, 
E q = y 
liquid in dependence of temperature and Table 
6 shows the values of 7/0, V, @exp/v?, Avis/v?, rope 
and their ratio y at various temperatures. The 
observed sound absorption is higher than ayis 
by about 15% in this case, the ratio 7 being 
nearly independent of the temperature. Also 500 
this liquid is supposed to exhibit bulk visco- 
sity because of the associating nature of the 
OH-group. The contribution of bulk viscosity 
on sound absorption, however, is much de- oh ae 30 Bae 
creased in this liquid than in the case of ethyl- 
Fig. 7. Temperature dependence of ultrasonic 


ene glycol and diethylene glycol presumably 
because there is only one OH-group in one 
molecule of cyclohexanol, while there are two 
OH-groups in one molecule of glycols. 
(viii) m-cresol (C,H,-CH;(OH), 14=108.06) 
Fig. 8 shows the ultrasonic absorption in 
m-cresol, and Table VII shows the values of 
4/0, V, @exp/v?, @vis/v?, and their ratio 7 at 


t} 


absorption in cyclohexanol. 


various temperatures. The experimental ab- 
sorption is higher than the viscosity absorp- 
tion by about 30%, the ratio being nearly 
independent of the temperature. Also this 
liquid has one OH-group per molecule and 
presumably exhibits bulk viscosity by hydro- 


Table VII. Ultrasonic velocity and absorption in m-cresol as functions of temperature 

(ca. 7.7 Mc/sec). 

t : V F ratio 
eas : aoe x 1017 aus 1017 

AS gr/cm? m/sec La ¥ r 

5) 78 (1542) * 750 DDIES oye 

10 51 (1528) * 495 375.8 35 

15 oo 1514 335 20D il al 


mean 1.32 


* extrapolated values. 
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Fig. 8. Temperature dependence of ultrasonic 
absorption in m-cresol. 


gen bonds. 


§5. Activation Energies of the Shear and 
the Bulk Viscosity 


We have already stated that the values of 
the ultrasonic absorption in glycols, cyclo- 
hexanol and -cresol decrease with increasing 
temperature nearly in the same proportion as 
the classical sound absorption due to viscosity. 
This leads us to conclude that the excess ab- 
sorption, in case it is present, is mainly due 
to the bulk viscosity, for the temperature 
dependence of the shear and the bulk visco- 
sity are considered to be nearly the same. In 
these liquids the both mechanism involves the 
movement of molecules which requires the 
breaking of hydrogen bonds. 

The activation energy for the shear visco- 
sity Eyis and that for the bulk viscosity 
Epuik vis Were obtained from the temperature 
dependence of 7 and «x, the latter being calcu- 
lated from the excess absorption a@pulk vis= 
Hexp— Avis by Eq. (5). 

Here we assumed the relations 


7=0 Exp (Eyis/RT) , (6) 
and 
kK=Ko CXP (Epulk vis/RT) , C7) 


where 7 and «» are the constants, R means 
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the universal gas constant, and T the absolute 
temperature. As, however, the temperature 
variation of the density o is far smaller than 
those of 7 and «, we neglected the former in 
this calculation and employed the approximate 
relations 


n/0=(y/0)o exp (Evis/RT) , ( 6’) 


and 
k/o=(/0)o exp (Epuk vis/RT),  (7") 
in place of Eq. (6) and (7). 

Fig. 9 shows the curves of y/o and «/o vs. 
1/T for the liquids here investigated. These 
are straight lines, when 7/o and «/o are plot- 
ted in logarithmic scale as in these figures, 
and this indicates the applicability of (6’) and 
ae 

The values of the activation energies are 
tabulated in Table VIII, together with the mo- 
lecular weight, and the absorption coefficients 
at 20°C. As is to be seen in the table, Eyis 
and Epbuik vis are nearly the same for the same 
liquid; they are of the order of 8~10 kcal/mole 
for many of the liquids here investigated, al- 
though those for ethylene glycol are some- 
what lower and those of m-cresol are much 
higher. They increase with increasing mo- 
lecular weight in the series: ethylene, diethyl- 
ene, and triethylene glycol. 


centipoise/gr/cm? 


Fig. 9. Temperature dependence of 7/p and «/0 
in glycols, cyclohexanol and m-cresol. 
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Table VIII. 
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Ultrasonic absorption and the activation energies of the shear and the bulk 
viscosity for glycols, cyclohexanol and %m-cresol. 


activation energies 


Pere molecular ond a 
liquid weight oP 5¢ 1017 VS x 1017 
naa. M a‘ ifr Evis E’puix vis 
glycols nitenT -j = — 
ethylene glycol 62.05 460 94.1 4.88 nO 6.6 
diethylene glycol 106.08 400 180.4 Zee 8.2 8.4 
triethylene glycol TSO ial 405 433.4 0.935 On — 
polyethylene glycol 950 1011 0.94 9.6 — 
propylene glycol 76.06 1060 677.2 1.56 10.3 7 
phenol derivatives — ay, we mt 
cyclohexanol 100.09 670 576 I} 9.0 10.6 
m-cresol (15°C) 108.06 835 265a1 1.27 13.6 16.0 
It is probable that the sound absorption in 
ht > : References 
these liquids may involve a small part of mo- AY 
1) T. Kishimoto and O. Nomoto: J. Phys. Soc. 


lecular absorption. In general, if the molecular 
absorption. @mo is also present, the experi- 
mental absorption coefficient must be given by 


(8) 


We can conclude, however, that the molecular 
sound absorption, if present, is very small 
for all these liquids. As the molecular ab- 
sorption is only slightly dependent of temper- 
ature, slightly increasing with increasing 
temperature, any molecular absorption of more 
than @mo1/vy?=30~60 x 10-!" in magnitude will 
affect the values of the ratio 7=a@exp/avis for 
most of the liquids here investigated appreci- 
ably, and presumably be excluded. The mo- 
lecular absorption in these liquids are con- 
sidered to be small also from theoretical points 
of view. For it is known that the liquids 
with high molecular absorption consists of 
molecules with high symmetry such as carbon 
disulphide and benzene, while liquids consti- 
tuting of the molecules with low symmetry 
exhibit low values of (molecular) sound ab- 
sorption. The molecules of associating liquids 
as here investigated, are considered to have 
strong mutual interactions and this may ac- 
count for the low molecular absorption, 2.e., 
the high efficiency of energy exchange between 
vibrational and translational degrees of free- 
doms of the molecules. 


Qexp = Avis + @bulk vis + @mol « 


Acknowledgements 


In conclusion, we express our sincere thanks 
to Mr. S. Okui, Assistant Professor, Institute 
of Pharmaceutics, Faculty of Medicine, Tokyo 
University, for his kind collaboration in distil- 
lation and desiccation of the sample liquids. 


Japan 9 (1954) 620. 

2) O.Nomoto, T. Kishimoto and T. Ikeda: 
Kobayasi Inst. Phys. Res. 2 (1952) 72. 

3) I. G. Mikhailov: C. R.(Doklady) Nauk URSS. 
89 (1953) 991. 

4) T. A. Litovitz: 
(1951) 75. 

5) F. E. Fox and T. A. Litovitz: Colloquium 
over ultrasonore trillingen (Brussels 1951) 38. 

6) T. A. Litovitz and D. Sette: J. Chem. Phys. 
ZATI953) ee 

7) J. M. M. Pinkerton: Nature 160 (1947) 128. 

8) M. C. Smith and R. T. Beyer: J. Acous. 
Soc. Amer. 20 (1948) 608. 

9) Ke E.aPox and G. Ds Rock) Jn yAcouss soc, 
Amer. 12 (1941), 505; Phys. Rev. 7O (1946) 68. 


Bull. 


J. Acous. Soc. Amer. 23 


10) L. Hall: Phys. Rev. 71 (1947) 318. 

11) J. R. Pellam and J. Galt: J. Chem. Phys. 14 
(1946) 608. 

12) Chuy; Burton: J. Acous. Soc: Amer: (20 
(1948) 186. 

13) J. M. M. Pinkerton: Proc. Phys. Soc. B62 
(1949) 129. 


14) G. S. Verma: J. Chem. Phys. 18 (1950) 1352. 
15) A. Weissler, J. W. Fitzgerald and I. Resnick: 
J. Appl. Phys. 18 (1947) 434. 


16) G. W. Willard: J. Acous. Soc. Amer. 12 
(1941) 438. 

17) W. Schaaffs: Zeits. Phys. Chem. 194 (1944) 
28. 


18) S. Bhagavantam and Ch. V. Joga Rao: Proc. 
Indian Acad. Sci. 8A (1939) 312. 
19) P. Biquard: Annale de physique 6 (1936) 


195. 


Short Notes 


J. PHys. Soc. JAPAN 9 (1954) 1030~1031 


Hall Effect in Cesium Antimonide with 
Audiofrequency Currents 


By Toshimichi SAKATA 
The Electrical Communication 
Laboratory, Tokyo 


(Received November 25, 1953) 


In the previous report the writer has pointed 
out that there is a linear relation between log Ry 
or log 2 and 1/7, where Ry, is the Hall coefficient 
and 2 is the number of carriers. 

The primary object of this work is to observe 
changes in the magnitude and phase of Hall effect 
between 189 and 357°K. The construction of ex- 
perimental vacuum tube was nearly the same as 
described Schematic 


in the previous report). 


diagram of the entire circuit is shown in Fig. 1. 


Our results are summarized in Tables I, Il and 


Ill. (d is the thickness of the sample.) 


For all specimens the value of the activation 
energy derived from the Hall coefficient agrees 
well with that derived from the temperature varia- 


tion of resistivity. 


PROBE 
BALANCE 
CIRCUIT 


PHASE 
DETECTOR 


Fig. 1. Schematic diagram of the entire circuit 
for measuring the Hall effects by a.c methods. 


The mobility of holes is 6~11 cm?/volt. Sec., and 
the mean free path 7 is 4~7x10-8cm from 345 to 


Table I. Characteristic properties of Cs3Sb. 
Temp. Resistance H/2 Ruld Sign of Hall 
Sample Ss Voto. 
aK ohm eV Gauss. Amp. Coeff. Ry 
if 296 5.33 x 106 OFZ, 0.150 + 
2 296.4 1.84 7 0.25 0.010 SS 
4 295%2 1.01 x 107 0.23 0.051 ah 
5 29720 RAO)! ae ORBZ 0.140 ake 
6 298 3.00 x 106 Y 0.060 + 
i 298.2 1.64 x 105 0.28 0.002 ++ 
8 297 .2 4.96 x 106 0.24 0.089 + 
9 299 3.26 x 10° 0.28 0.006 + 
Table Il. R,/d as a function of absolute temperature. 
Temp Resistance Ruld Temp. Resistance Ruld 
ball Volt 8 Volt 
AS ohm Gauss. Amp. mS ohm ‘Gauss. Amp. 
No. 1 INO ame 
209 5.06 x 108 23,00 200 wee anphdacascios 19.9 
222 2 Our 8.61 227 2.70 x 108 2.35 
238 7.20 x 107 3.01 250 9.80 x 107 0.79 
250 4.01» ea 273 4,30° 7 0.32 
273 wey Wy 0.44 297 PEN & 0.14 
296 5.33 x 106 0.15 302 soe Omi 
306 3.82 7 0.10, 306 1.55 7 0.11 
308 Bowl % 0.095 313 Les. 7 0.09 
315 PAeeXay Mi 0.075 
323 2.32 9 0.05, : Deas ee 
334 1.61 7 0.03, 201 2.05 x 108 4.41 
345 ae, 0.03 210 1.24 2.60 
228 4.44 «107 0.97 
244 PW 0.44 
273 6.81 x 106 0.14 
298 SHOZ many 0.06 
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temperature dependence of the effective thermo- 
electric power of two specimens, measurements 
were carried out between 220 and 305°K. The 
thermoelectro-motive forces were determined by 
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Table III. 
Tube iTenip. Ru ~ Mobilit ; tj eter | Lot eee 
Volt cm a - i 
No. SK _ Gauss. Amp. cm?/Volt-sec cm73 cm~3 Ot cnhis! 
1 296 1.2x 10-5 115 616x101 1.82102) 44502 
4 295 Bass ill iG 1.10 x 1016 1.5 x 100 U2 @ 
5 303 (ASO 6.7 OSs Oe wv WAS = 
6 298 AE Drea Ste % se 1.40 » 
ae Va — —= — a eas 
8 " 6.3 2 6.0 UL MO 7% nO sil 2 
200°K. The mobility varies approximately as means of zero method, operating in conjunction 
Lhe with an electrometer tube.) Fig. 1 shows relation 
between Q and 1/7. Within the limits of experi- 
Reference 
1) T. Sakata: J. Phys. Soc. Japan 8 (1953) 793. Table I. The calculated characteristics of n, ¢ 
and Ry versus 1/T. 
ae tt ~¥ <r anal 
| | 3 
Tube | 103/T) » (cm-3) eo Coss) ¢ (eV) 
J. Pays. Soc. JAPAN 9 (1954) 1031~1032 : aot pcos 
- 3.28/ 6.6 x106 | 1.1210 
On the Thermoelectric Power of Cesium Breau || ZO 7 1S er, 
: - Bad3 26g" 7 PA 
Antimonide B.6hln2k0 7 3.70» 
yas et 1 BO thyile 7 6.89 7 OmnS 
By Toshimichi SAKATA | 3.94 724 x 1015 1.02 «103 
The Electrical Communication ae a a: Eo s | 
Laboratory, Tokyo eer onlin. 6.89 7 | 
eI slot ie 3.30 | 1.741017 4.25x10 | 
Q | 
In the impurity range the numbers of intrinsic He tee f | Des é 
electrons and holes due to thermal excitation are 3.66 8.52 «1016 8.68. 7 
negligible compared to the number of holes excited 2 a ae 1 ie OZ ian O ss 
from acceptor levels. According to Johnson and 410.1356 3 | 2°07 q 
Lark-Horovitz™, the thermoelectic power Q is ALOT TONGA EQ) ip 
given by 4.50 | 1.82 Y 4.06 uw 
Q= £k/e[2—log nh#/2(2nmkT)9/?] . (1) — 
: ; : Table II. 
In this case, the chemical potential ¢ may be 
related to the carrier density(m) by the well-known | . fi | A ete B/2 
3 -3 Bee eae ee 4 
Ph ee > Tube | 103/T| m (cm-3) | Ruf eR ickty (eV) 
€=kT log nhi/2(2nmkT)/2 . (2) 13.201 1.3 x101 5.69 x 102 
Thus the conventional theory predicts the follow- | 3e49) | (ase LO LOTS SnO: 
ing relation between Q and Ry (Hall coefficient) 1 es 5 i pape sae : 0.23 
in the impurity range, }3.90| 2.3 » S21 
a eee eS, ” By Ole | 
Q= +—(log RyT?/2— 5.32) . (3) | 4.30 | 8.0 x10" OC) ay i | 
é = 
If these expressions are valid, measurement of the | aon ee OM | j ae ps 
thermoelectric power should give approximate 3-60 al i 1.80 7 
values of the Hall coefficient and carrier density 2 Brecoil || acts 3.02 a7 0.20 
of the same sample. ee oe i Sieh 
The purpose of this note is to examine the 4.34 | 6.371015 1.16 «103 
relation between Q and Ry by measuring them —— 
for two samples of Cs3;Sb. In order to find the fie eae “Ree oh Me ae 
ucti : 


mental error, the lines were straight. The carrier 
density m. Hall constant Ry and chemical potential 
¢ are found, for a given temperature, from the 


emg) 


30 34 WS6o"38 40 42 44 
lO/; 
Fig. 1. The measured thermoelectric power 
plotted against 1/7’. 
for 


m 0 
E 
xe) 
A 
(3) 
a 
ac 
2 
10 
Ke) 
32 34 36 38 40 42 44 
Fig. 2. Comparison of calculated and measured 
Hall const. for two samples. The circles 


represent the experimental result and the full 
curve shows the resultant Eq. (3). 


values of Q at that temperature by using the 
above equations (1), (2) and (3). The calculated 
values are given in Table I. The conductivity and 
Hall constant heve been measured on the same 
specimens in the manner already mentioned®). The 
results obtained are given in Table II. Fig. 2 
shows the measured (Table II) and calculated 
(Table I) Hall constants for two samples. 
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On the Electron Bombardment Effect for 
Deposited Barium Oxide Films (II) 


By T. ImaAr and Y. MIZUSHIMA 


Llectrical Communication Laboratory, 
Nippon Telegraph and Telephone 
Public Corporation 


(Received August 17, 1954) 


In the previous paper) the variations of emission 
caused by the electron bombardment upon the 
barium oxide films were reported. The films were 
deposited from the oxide coated cathode and the 
results showed activation or deactivation pheno- 
mena from case to case. The cause of these 
phenomena was ascribed reasonably to the produc- 
tion of free barium atoms owing to the dissocia- 
tion of the oxide by the electron bombardment. 
Thus optimum quantity of the surface barium has 
been expected to give the maximum value of 
emission in the deposited film, and the change of 
emission due to the electron impact has been 
supposed to be influenced primarily by the quantity 
of the free barium existed in the film from the 
beginning. In order to ensure the above supposi- 
tion, further investigations are undertaken in this 
paper. 


x 23K 19 '°tA) 


Bormbarding Condition 
—*%— 100V, 0-7mA 
—-— 200V, 3 mA 


~---- Heating the Film up to 
750°C 
( Emission at 750°K ) 


—— > Emission 


O 20 40 60 80 100 120 140 160 180 200 226 240 


—» Time of Electron Bombardment ( min.) 


Fig. 1. Increment and Decrement by alternative 
electron bombardment and heat—treatment. 


Two kinds of deposited films are formed on 
nickel sleeves by flashing the oxide cathodes coated 
on Pt and Ta sleeve respectively. Deposited film 
formed from the oxide coating on Pt sleeve con- 
tains extremely a small quantity of free barium, 
while quite large is contained in the film formed 
from the coating on Ta sleeve.22 The result of 
the bombardment showed that the emission of the 
former film, which is very small initially, increased 
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Fig. 2. Rate of emission decay under heat— 


treatment. 
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Fig. 3. Logarithmic plot of the rate of decay 
against inverse temperature. 


by a factor of 100 by the electron bombardment, 
while in the latter, the increase in emission due 
to the bombardment is scarce and the longer 
bombardment causes the tendency to deactivation. 

Furthermore, as the extremely inactive thin film, 
the barium film oxidized completely is taken under 
investigation in detail. The stoichiometric barium 
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Emission 


——» Temperature 


ee EMmiSsion 


Time ( min.) 


Fig. 4. Disappearance of the temperature effect 
probably due to the saturation of diffusing 
agent. 


oxide film is formed by heating the evaporated 
barium film at 500°C in an oxygen atmosphere of 
10-1mm Hg. Though the emission of this film is 
extremely small, electron bombardment causes a 
marked increase in emission as seen at the left 
side of Fig. 1. Raising the film temperature after 
the electron bombardment causes a strong decrease 
in emission which is intensified as the temperature 
becomes higher, and the further electron bombard- 
ment after the decrease due to the temperature 
raising again brings about an increment of emission. 
The feature of the change of emission by the 
alternative electron bombardment and temperature 
raising is shown at the right side of Fig. 1. An 
example of the detailed feature of emission decay 
process, such as @, @, @, @ in Fig. 1, caused by 
the temperature raising is illustrated in Fig. 2 
together with the variation of film temperature. 
Assuming that the decay is linear with time, 
logarithmic plot of the decay rate against 1/T 
gives a straight line whose slope corresponds to 
the energy of about 3.5eV. Fig. 3 indicates such 
plots obtained for the process @ and (3), and shows 
good reproducibility of the temperature effect in 
the decay process. Although in Fig. 2 decrease in 
emission continues linearly with time during 
the short-time measurement, the prolonged heat- 
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ing causes breakdown in the linearity of the decay 
curve to reach an equilibrium. Thus, by heating 
the film at higher temperature the decrease in 
emission becomes slight about 750°C 
emission reachs to a final state in a short time as 


and at 


shown in Fig. 4. 

This temperature effect may be explained by the 
diffusion of barium atom through the film. The 
value of 3.5eV obtained in Fig. 3 is higher than 
that obtained in the previous paper (2.0ev) and 
this may be due to difficulties in the diffusion of 
the free barium through the pure barium oxide 
film which needs larger activation energy com- 
pared to the normal oxide cathode material, with 
many lattice imperfections or impurities. The 
linearity of the decay curve shown in Fig. 2 
represents the constancy of the gradient of barium 
density inside the film during the _ short-time 
measurement. As the gradient of the barium 
density becomes smaller due to its diffusion, the 
decay becomes slower and at last emission decay 
disappears as seen in Fig. 4. 

It will be mentioned conclusively, in view of 
these results, that the smaller the quantity of the 
free barium existed in the film at the beginning, 
the more remarkable the activation due to the 
electron bombardment, and for the film which 
contains a large number of free barium deactiva- 
tion may be found by the electron bombardment. 
It will be concluded further that the barium atoms 
produced by the electron bombardment are the 
main cause of emission change of the deposited 
film suffered by the electron bombardment. 
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Effect of the Base Metal on the Electron 
Dissociation of Deposited Barium 
Oxide Films 
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During the life test of minuature pentode with 
titanium anode, the contact difference of potential 
between control grid and cathode was found to 
decrease remarkably, and gray deposit was 
observed gradually on the glass wall faced to the 
window of the anode. These phenomena were 
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supposed to be due to the deposition of barium 
atoms on the grid and glass envelope, which were 
dissociated by electron bombardment upon barium 
oxide film evaporated on the titanium anode. As 
the tube with nickel anode did not indicate such 
phenomena, it will be expected that the efficiency 
of dissociation of the barium oxide film by electron 
bombardment may differ considerably for two 
films. 

In this paper comparisons of pressure of gas 
evolved from the deposited film and of decrease 
of barium atoms on the anode both caused by 
electron bombardment are made for the two films 
mentioned above. 

(1) Measurement of gas pressure 

Gas pressures are compared for two valves with 
the nickel and the titanium anode during electron 
bombardment, after several depositions of barium 
oxide from the cathode are made onto these anodes. 
Fig. 1 (a) shows evolution of gas measured for a 
valve with the titanium anode, while Fig. 1 (b) 
indicates that for a valve with the nickel anode. 
In Fig. 1 (a) the evolution of gas, which disappears 
after heating the anode at high temperature by 
electron bombardment, becomes marked as the 
deposition becomes thicker. In Fig. 1 (b) the 
evolution of gas is quite small and the increment 
of pressure is not found appreciable although the 
depositing and the bombarding condition is same 
as that for Fig. 1 (a). 

(2) Comparision of the quantity of barium on 

the anodes 

By the use of barium isotope, quantities of 
barium on the titanium and the nickel anodes on 
which deposition were made are compared after 
electron bombardment. The results are _ illustrat- 
ed in Table 1 together with the result of the blank 
test for these anodes. Smaller counts for the 
titanium anodes measured after electron bombard- 
ment indicate the larger rate of release of barium 
atoms from them. 

From these results it may be clear that dissocia- 
tion of the deposited barium oxide film on titanium 
takes place more markedly by the electron 
bombardment than of the film on nickel. Thus it 
may be sure that the released barium atoms deposit 
onto the control grid and so the work function of 
the grid is lowered in the valve with the titanium 
anode. 

In the previous paper,” comparision of gas evolu- 
tion was made for the nickel and the tantalum 
anodes both contaminated with evaporating materi- 
als from oxide cathode and it was pointed out that 
the evolution of gas, probably oxygen, caused by 
electron bombardment was far larger for the 
latter. Reductive base metal such as tantalum and 
titanium, therefore, may act effectively for the 
dissociation due to electron bombardment of barium 
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Bombarding Condition 
250 V, 5mA 
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| Fig. 1. Gas evolution from the titanium and nickel anodes covered by deposited film. 
Table I. 
: Conditions of Counts Counts Ratio of Mean Ss 
No. Electron Bom- | per min. per min. c.p.m. 
bardment for Ti for Ni Ti/Ni (Ti/Ni) 
1 180 V 906 1688 0.54 ; ; 
I 2 15mA 814 WBN 0.66 0.58 
> | fom do Myline 204 379 0.54 
4 | 180V 446 507 0.84 aa 
II 5 3mA 415 646 0.64 0.84 
6 | for 120 Min. 639 | 690 0.93 
Tf No 768 1022 On75 : 
Ill 8 Bombard- 128 103 24 0.99 
| 9 590 595 0.99 | 


oxide film deposited on it. 


ment 


It is interesting that 
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the evolution of oxygen is quite large in spite of 


the good affinity of these metal for oxygen. Multiple Lines in the Energy Spectrum 


of Electrons Passing through 


References : 
an Mg Foil 


1) Presented by T. Imai at the Joint Meeting 
of the Tokyo annexes of three Institutes of Ele- 
ctrical Engineers of Japan, Oct., 1954. 

2) T. Imai: J. Phys. Soc. Japan 9 (1954) 28. 


By Hiroshi WATANABE 


Hitachi Central Research Lab. Kokubunji, 
Tokyo, Japan 


(Received September 27, 1954) 


During the course of the experiment of electron 
velocity analysis, a number of equally spaced and 
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very sharp lines are observed in the energy 
spectrum of electrons which have passed through 
an Mg foil. 

The electron velocity analyzer used in this ex- 
periment is of the same type as that of 
Mollenstedt, the details of which is to be pub- 


lished in this Journal. 


An example is shown in Fig. 1. 


Fig. 1. The energy spectrum of electrons which 
have passed through an Mg foil of ca. 600A. 


The Mg foil was prepared by evaporating Mg 
metal onto a collodion film in a highly evacuated 
belljar, then dissolving the collodion film in 50% 
ether-alcohol. The estimated thickness of the Mg 
foil was ca. 600A, and the foil had a metallic 
lustre. Electron diffraction patterns of the foil 
have shown a trace of MgO. It is probable that 
an oxide film covers the metal foil, but since this 
Mg foil is sufficiently thick and the rings of MgO 
are very feeble in the diffraction patterns the 
author considers with confidence that the sharp 
lines in the energy spectrum correspond to the 
energy losses in an Mg foil. It is also known that 
the energy spectrum of MgO has lines of different 
energy values.~) 

Fig. 1 shows the energy spectrum of electrons 
passing through the Mg foil. It contains the un- 
disturbed baseline (the leftmost line) corresponding 
to the primary energy of 25 kev, and equally spaced 
lines representing the energy losses of integral 
multiples of a fairly sharply defined basic unit. 
Table I gives the energy distances of the sharp 
lines from the baseline and also the approximate 
half widths of them. 

Ruthemann*) has reported similar multiple lines 
observed in the energy spectra of electrons passing 
through Al and Be foils. Bohm and Pines) have 
considered that these energy losses would be 
caused by the excitation of a plasma oscillation of 
the electron gas in the metals. Pines®) also has 
calculated the energy quantum of a plasma oscilla- 


Short Notes 


vol. &: 


tion in Mg as 10.8 ev, and has proposed the exis- 
tence of very sharp lines in the energy spectrum 
of Mg. Since the Mg atom possesses a small ion 
core and the interaction of plasma oscillation with 
the core electrons is considered to be quite weak, 
the energy spectrum of electrons passing through 
Mg foil would have a number of very sharp lines 
corresponding to the excitation of undamped 
plasma oscillation. 


Table I. The energy distances and the estimated 
half widths of the lines in the spectrum. 


Ist line 2nd line 3rd line 4th line 


Bnerey Sin Dey iA AN aGW 
Distance 


Half Width 1.5 1.5 7 3 


The energy distance of 10.3ev between two 
lines in the present experiment agrees fairly well 
with the calculated value of 10.8ev. The half 
widths of the lines are considered to be extremely 
narrow as compared with those of the other 
metals. 

Recently Marton and Leder®) have reported the 
energy losses of electrons in passage through thin 
films by means of the similar instrument. Accord- 
ing to their experimental data the energy spectrum 
of Mg foil is reported to have two lines at 9.7 and 
20.3ev. Although the values of energy losses are 
nearly equal to those of the present experiment, 
the estimated half width of the line at 20.3ev is 
remarkably large. The author believes that the 
line at 20.3ev found in Marton’s experiment may 
be attributed to some other origin. 

It is a pleasure of the author to express his 
thanks to Dr. B. Tadano and Mr. N. Morito of his 
laboratory for their encouragement throughout this 
experiment. 
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Errata 
On the Electron Bombardment Effect for Deposited Barium Oxide Films 
By Tetsuji IMAI 
J. Phys. Soc. Japan 9 (1954) 28~37 
right column line 19 lines should be read lies 
right column 
lines 9 and 10 enhancement of increment of the gas 
dissociation as " evolution as the depositing 
bombarding energy quantity increases. 
increases. 
right column line 30 far- ” fur- 
left column line 1 vatirn 4 vation 
right column line 23 Fig. 10 n Fig. 9 
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